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ABSTRACT. In this article we describe the triangulated structure of the bounded derived cat-
egory of a gentle algebra by describing the triangles induced by the morphisms between inde-
composable objects in a basis of their Hom-space.

INTRODUCTION

Derived categories provide a common framework for homological algebra in subjects such
as algebra, geometry and mathematical physics. For example, in mathematical physics, in the
context of homological mirror symmetry, they are the natural setting for Bridgeland’s stability
conditions [II]. In algebraic geometry, they arise in the study of non-commutative crepant
resolutions which are often studied via an algebra whose derived category is equivalent to the
derived category of the smooth variety resolving the singularity [47]. In representation theory,
derived categories are the natural setting for tilting theory of finite dimensional algebras, see for
example [34]. Thus understanding the structure of derived categories and their properties is an
important problem. However, owing to their complexity, in general, this is difficult to achieve.
Therefore in the cases, where this is achievable, it is of great value to obtain as much detailed
knowledge of the derived category as possible.

In the context of the representation theory of finite dimensional algebras, we will now describe
a situation where it is possible to gain insight into the structure of derived categories. According
to the tame-wild dichotomy [20], algebras are either of tame representation type, that is, all
indecomposable finite-dimensional modules may be classified, or they are of wild representation
type and it is considered that a complete classification is impossible. Therefore much of the
work in representation theory has been focused on tame algebras and for particular classes of
tame algebras we have a good understanding of their (classical) representation theory, that is of
their modules categories. A good example of this are special biserial algebras [48], a prominent
class of tame algebras, that has been widely studied, with many exciting recent developments,
see for example [I], 2, B 21, 23] 24, 27, 29, 46, 49]. One of the reasons that special biserial
algebras are so well-understood is that their indecomposable representations are classified in
terms of strings and bands [32], 43, [48].

The notion of derived-tameness was introduced in [30]. In the case of derived-tame algebras
we can gain concrete insight into the structure of the derived category. Gentle algebras are
derived tame [§]. They form a subclass of special biserial algebras which is closed under derived
equivalence [45]. They are, therefore, a natural class of algebras whose derived category is the
object of intensive study. As a result, our understanding of the structure of derived categories
of gentle algebras parallels that of our understanding of their module categories.

Gentle algebras first arose in the setting of tilting theory in the classification of iterated tilted
algebras of type A and type A in [5] and [7] respectively. They now play an important role
in many areas of mathematics: in algebra, they occur in cluster theory as Jacobian algebras
associated to surface triangulations [0, 28, [39], and in recent advances in invariant theory [22].
In addition to their widespread appearance in representation theory and algebra, gentle algebras
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also are increasingly ubiquituous in geometric contexts. For example, their singularity category
[14] — which measures how far an algebra or variety is away from being nonsingular — was
described in [37]. They feature prominently in the programme to understand singularities of
nodal curves [I5], 16, [I7] and in an algebraic approach to mirror symmetry [10, 33, [38], 41].

From now on let A be a gentle algebra and D’(A) be its bounded derived category with
shift functor ¥. The indecomposable objects in D?(A) have been classified [§] in terms of
string combinatorics: namely they are given in terms of homotopy strings and homotopy bands,
the terminology originating in [9]; see also [15] for a similar approach in the context of nodal
algebras. The corresponding indecomposable complexes are called string complexes and band
complezes, respectively.

Using the Happel functor [34], the Auslander—Reiten (AR) structure of the perfect category
K®(proj(A)) was determined in [9]. See also [4, §6] for similar results without the use of the
Happel functor. A canonical basis for the morphisms between string complexes and (one-
dimensional) band complexes in D’(A) was given in [4] in terms of three types of morphism:
graph maps, single maps and double maps. We will call this the standard basis.

A general description of the middle terms of triangles of the form Q°® — E* — P®* — XQ°,
where P*® and Q°® are indecomposable objects, is not known. In this article, using (homotopy)
string combinatorics, we describe the mapping cones of elements of the standard basis for the
morphisms between string complexes and (one-dimensional) band complexes. As such, we ex-
plicitly describe the middle terms of extensions for a standard basis of ExtlDb( A) (P*, Q%) =
H omlD,, ) (P*,XQ°®) where P*®* and Q° are string or band complexes. Understanding middle
terms of extensions is important for many applications, for example: in cluster theory, these
form the basis of the so-called exchange triangles and exchange relations [13] [I8] 20} B35, [36];
understanding middle terms of extensions is a key ingredient in classifying torsion pairs in tri-
angulated categories [25, [31) [40, 42, 50]; the description of middle terms of extensions in the
derived category of derived-discrete algebras is instrumental in the classification of thick sub-
categories of discrete derived categories [I2] and they have been used in [19] to show that the
short exact sequences given in [44] form a basis of the Ext!-space between any two indecompos-
able A-modules, thus answering this longstanding open question. Moreover, the results of this
paper have been applied in [41] to give a geometric interpretation of mapping cones in terms of
resolutions of crossing curves in the context of a geometric model of the derived category of a
gentle algebra.

In D®(A) the middle term E® of an extension Q® — E® — P* f—.> 3.Q° is given by the inverse
shift of the mapping cone M}. of the map f*®. In this paper, we describe the indecomposable
summands of the mapping cones of the standard basis elements, that is of maps f® in the
canonical basis of Homps(y)(P*, Q%), where P* and Q°® are indecomposable complexes. Our
description is general in that our results cover both string and band complexes. Our main results
can be summarised in the following graphical description of the mapping cones of standard basis
elements:

Theorem. Let A be a gentle algebra. Suppose Q% and Q2 are indecomposable objects in D(A),
where o and T are the corresponding homotopy strings or bands. Let f® € Home(A)(Q;,Q;)
be a standard basis element. Then the indecomposable summands of the mapping cone MJ?. are
given by the homotopy strings and bands occurring in the green and red boxes resulting from the
following graphical calculus.
(1) Let 0 = Borpora and T = d1ppTRY and suppose f® is a graph map corresponding to
the overlap p. Then M?3. is given by:

B or Pk P1 OR Jot

AAAAAANAAN @ 0 ° . . ® AN

2




(2) Let 0 = Boroga and 7 = 0T TRY and suppose f* is a single map. Then M3, is gwen

by:
T T I —
fl/
= fTL
\/W\/:)/VV\N. - L] .\/VVV’\‘I{VW
(3) Let 0 = Borocora and T = ST, ToTRY and suppose f* is a double map. Then M3, is
given by:
g8 - or - oc - OR . o
fL[ [fR

We refer the reader to Sections and 4| for precise statements and details.

Convention. Throughout this article, all modules will be left modules and all maps will be
composed from left to right.

1. BACKGROUND

1.1. The homotopy category and mapping cones. The required background on derived
and triangulated categories in the setting of representation theory can be found in [34].

Let A be a finite-dimensional algebra over an algebraically closed field k. The category of
interest in this article will be K%~ (proj(A)), the homotopy category of right bounded complexes
of projective left A-modules with bounded cohomology. The morphisms of K»~(proj(A)) are
cochain maps of complexes up to homotopy. It is well known that K»~(proj(A)) ~ D’(A),
the bounded derived category of finitely generated left A-modules and for convenience we shall
always identify D?(A) with K®(proj(A)).

Definition 1.1. Let (P*,dp) and (Q*, dg) be complexes in K»~(proj(A)) and suppose f*: P* —
Q* is a cochain map. The mapping cone of f* is the complex (M;.,de.) given by

n n+1 n n _d?j_l fn+1
My =P ®&Q" and df.:{ 0 an }
1.2. Gentle algebras. The definition of a gentle algebra goes back to [7], where they first
occurred as iterated tilted algebras of type A.

Definition 1.2. A finite-dimensional k-algebra is called gentle if it is Morita equivalent to an
algebra k@ /I where @) is a quiver and I an admissible ideal in k@ such that

(1) For each vertex ¢ € Qq there are at most two arrows starting at 7 and at most two arrows
ending at i;

(2) For each arrow a € @)1 there is at most one arrow b such that ba ¢ I and at most one
arrow ¢ such that ac ¢ I

(3) For each arrow a € Q; there is at most one arrow b with s(b) = e(a) and ba € I and at
most one arrow ¢ with e(c) = s(a) and ac € I;

(4) The ideal I is generated by length two monomial relations.

Note that if one removes condition (3) and relaxes condition (4) so that I is generated simply
by monomial relations one obtains a so-called string algebra.
From now on, A will be a gentle algebra.
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1.3. String and band complexes. The indecomposable complexes in Db(A) are parametrised
by homotopy strings and bands. The original reference is [8] but we use the notation and
terminology of [4] dropping some of the formality regarding cohomological degrees. All modules
will be finitely generated left modules and therefore paths in the quiver will be read from right
to left. For each a € Qi we define a formal inverse arrow @ = a~! with s(@) = e(a) and
e(a) = s(a). For a path p=ay,,---a1 in (Q, ) the inverse path is p = a7 - - - @y.

Definitions 1.3. We recall the following definitions.

(1) A walk in (Q,I) is a sequence w = wy - - - wy satisfying s(w; 1) = e(w;), where each w;
is either an arrow or an inverse arrow, and where the sequence does not contain any
subsequence of the form aa or aa for some a € Q.

(2) A (finite) homotopy string is a walk of finite length in (@, ). In addition there are
trivial homotopy strings for each vertex = € Q).

(3) A subwalk p = w; ---w; of a homotopy string o = w; - - -w; is a homotopy letter if

(a) p or pis apathin (Q,I); and,

(b) wj, w1 € Q1, or Wy, wi—1 € Q1, or wyw;—1 € I, or w;—jw; € I; and,

(c) wj,wjt1 € Q1, or Wj, w1 € Q1, or wjiw; € I, or wjw;41 € 1.
The subwalk p is a direct homotopy letter if it is a path in (@, I) and an inverse homotopy
letter if p is a path in (@, I). This partitions a homotopy string o into homotopy letters
and we write 0 = oy, ---01 for this decomposition. A homotopy subletter of p is a
subwalk of p.

(4) A trivial homotopy letter is one of the form p = 1, for some = € (p. Sometimes we
shall assert the nonexistence of homotopy letters, and in this case we write p = &.

(5) Let 0 = oy, - - - 01 be a homotopy string decomposed into its homotopy letters. A subwalk
T =o0j---0; with 1 <14 < j <nis called a homotopy substring of o.

(6) A homotopy band is a homotopy string o = o, - - - 01 with s(o) = e(0), 01 # o, 0 £ 7™
for some homotopy substring 7 and m > 1, and ¢ has equal numbers of direct and
inverse homotopy letters.

(7) A (possibly infinite) walk w = wy, - - - wy is called a direct antipath if each w; € Q1 is a
direct homotopy letter; it is called an inverse antipath if each w; € Q1 and each w; is
an inverse homotopy letter.

(8) A left infinite walk w = - -wy, - - - wowy is a left infinite homotopy string if there exists
m > 1 such that v = - - - wy, - - - Wy 1wy, is a direct antipath.

(9) A right infinite walk w = w_qw_g---w_,, --- is a right infinite homotopy string if there
exists m > 1 such that v =w_pw_;_1---w_, -+ is an inverse antipath.

(10) A two-sided infinite walk w = ---wowjwow_1 - -+ is called a two-sided infinite homo-
topy string if there exist integers n > m such that - --v,41v, is a direct antipath and
UmUm—1 -+ is an inverse antipath.

(11) A two-sided, left or right infinite homotopy string is called an infinite homotopy string.

Let o be a (possibly infinite) homotopy string. Modulo the equivalence relation o ~ @, the
set of homotopy strings determine the string complezes Py. Up to the equivalence relation
given by inversion and cyclic permutation, the homotopy bands together with scalars A € k*
and strictly positive integers n determine the band complezes By , ,,. By [8, Thm. 3], the string
and band complexes form a complete set of indecomposable complexes in K»~(proj(A)) up to
isomorphism. We refer to [§] for precise details of the construction of the complexes Py and
B;ﬂ A from a homotopy string or band . The indecomposable perfect complexes are precisely
the band complexes and the string complexes arising from finite homotopy strings. In what
follows, we will only consider band complexes B; , ; which we will write as By . When we do
not wish to explicitly identify whether an indecomposable complex is a string or band complex

we use the notation
0 = P?  if o is a (possibly infinite) homotopy string;
o | By, ifoisahomotopy band.
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Let 0 = gy, - - - 01 be a homotopy string or band. We shall make frequent use of the following
unfolded diagram notation from [4]:

On o2 o1

1.4. The standard basis. Let ¢ and 7 be homotopy strings or bands. The main theorem of
[4] establishes a basis for Homps(y)(Q5, Q7) which we recall here.

Theorem 1.4 ([4, Theorem 3.15]). Let o and T be homotopy strings or bands. Then there is a
basis of Homps(py(Q5, QF) given by:

o graph maps f*: Q5 — QF;

o singleton single maps f*: Q5 — Q3;

o singleton double maps f*: Q5 — QF;

e quasi-graph maps ¢: Q% ~ L1Q°.

A quasi-graph map is not a map but in fact determines a homotopy class of single and double
maps, hence we use the notation ~». We now briefly recap the types of maps occurring in
Theorem 1.4

1.4.1. Graph maps. Suppose o and 7 are homotopy strings or bands of the form,
o = Borpora and T = T pTRY, Or 0 = Borp and T = 07, p,

where «, 3,7 and § are homotopy substrings, o1, 0r, 77, and 7 are homotopy letters (possibly
empty, in which case the corresponding homotopy substring «, 5,7 or § would be empty as
well), and p is a (possibly trivial) maximal common homotopy substring, and in the second case
an infinite homotopy substring of ¢ and 7. Moreover, we assume that p occurs in the same
cohomological degrees in both homotopy strings. These setups are indicated in the following
unfolded diagrams of Q)% and Q%:

(1) 0 B . oL o Pk o Pk—1 P2 o P1 . OR o &
p
, o || ||
QT 1) * TL * Pk * Pk—1 P2 * P1 * TR * v
(2) Py U o 0h g fol g P22 g P,
. o |
P2 ° ° ° ° °
5 TL p—1 p—2 p-3

where we require (x) and (**) to commute. This data defines a map of complexes f®: Q% — Q2
called a graph map. The isomorphisms indicated in diagrams and together with f; and
fr, should they exist, are the components of f*.

Below we explicitly write down the right endpoint conditions making (#*) commute, where
we have separated out the situation in as a kind of ‘infinite right endpoint condition’:

(RG1) &% o (RG2) o507, o
| BREE
o——= o e<—o
Tr=0rfr 7 TR=W v

(RG3) o —"> o (RGoo) o7t o1 o 22 o 7%
H ZNCH . .
< Ty CT o YT Yo ®

The left endpoint conditions making (x) commute are defined dually.
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The maximality of p as a common homotopy substring of ¢ and 7 necessarily means that
or, # 71, and o # T unless, in each case, both are empty. We write len(p) = k for the length
of the overlap p. In the second case, we write len(p) = cc.

In we use the notation Q® because the complexes may be either string or band com-
plexes. As soon as the maximal common homotopy substring is infinite, however, we are forced
to have string complexes arising from infinite homotopy strings. The notation de-
notes a homotopy substring. In the case ¢ = 7 is a homotopy band then for the Hom-space
Hompp ) (B;,)\, B;w) there is a subtle distinction between the case A\ = p and A # p. In the
first case the overlap p = o gives rise to a graph map, namely the identity map. In the second
case the overlap p = o does not give rise to a nonzero (graph) map. In both cases, all other
overlaps p give rise to graph maps as indicated.

1.4.2. Single maps. The unfolded diagrams of a single map f*: Q5 — Q2 is

Qe B o L o R . @
%
Q2 . ° °

) TL TR ol

where f is a nontrivial path in (Q, I) subject to the following conditions:

(L1) either o, is inverse or oy, is direct and o, f has a subpath in I;
(L2) either 77, is direct or 77, is inverse and f77 has a subpath in I;
(R1) either o is direct or o is inverse and o f has a subpath in I; and
(R2) either 7p is inverse or 7g is direct and f7r has a subpath in I.

A single map f*: Q5 — Q2, with single component f, is called a singleton single map if its

unfolded diagram, up to inversion of one of ¢ or 7, is

B oL or=ffr o
e ——>0

[ ]

if
o <—20
6 L rR=ffL v

where f does not contain oy, nor 77, as a homotopy subletter, o7, and 77 never contain f as a
homotopy subletter, and any of oy, og, 71, or 7 is allowed to be an empty homotopy letter &.

Not all single maps are nonzero in K%~ (proj(A)), those that are occur either as singleton
single maps or in a homotopy class determined by a quasi-graph map, which is described below.

1.4.3. Double maps. A double map f*: Q5 — Q% has the following unfolded diagram:

Q° B o Tl ¢ 70 o TR o, «
. fLi/ \LfR
Qr: 500w YT T 0T

where fr and fr are nontrivial paths in (@, I) such that fr7¢ = ocfr has no subpath in I,
conditions (L1) and (L2) hold for f;, and (R1) and (R2) hold for fr. A double map f*: Q% — Q2
is a singleton double map if there exists a nontrivial path f’ in (Q,I) such that oc = frf’ and
o = f'fr.

As above, not all double maps are nonzero in K®~(proj(A)), those that are occur either as
singleton double maps or in a homotopy class determined by a quasi-graph map.

1.4.4. Quasi-graph maps. If in Section [1.4.1|[1)), the squares marked () and (*x) do not com-

mute, then the diagram determines a quasi-graph map ¢: Q5 ~» Q3. Below we spell out the

non-commuting endpoint conditions for (xx), which we call the quasi-graph map right endpoint
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conditions,

OR=TRTp

(RQ1) o —>"o~< (RQ2) e L (RQ3) o<

o— >0 Y —Y °e——>oeo
TR Y TR=0w' Y TR

where w and w’ are direct homotopy letters, and all primed homotopy (sub)letters are nontrivial.
In (RQ3) we also permit o or 7 (but not both) to be zero. The quasi-graph map left endpoint
conditions are defined dually.

A quasi-graph map ¢: Q% ~ L 7'Q® determines a family of homotopy equivalent single
and/or double maps. All nonzero single or double maps that are not singleton occur in this
way. We refer to [4, Prop. 4.8] for explicit details on the single or double maps lying in a
homotopy class determined by a given quasi-graph map.

Finally, we remark ‘quasi-graph maps’ satisfying the graph map endpoint conditions give
rise to a family of null-homotopic single and/or double maps. As such quasi-graph maps never
arise from diagrams of the form because such diagrams always satisfy a graph map endpoint
conditions, namely (RGoo) or its dual (LGoo).

2. MAPPING CONES OF GRAPH MAPS

In this section we compute the mapping cones of graph maps. We first start by describing
the unfolded diagram of the mapping cone of a graph map.

2.1. The unfolded diagram of the mapping cone of a graph map. Let f*: Q% — Q2 be
a graph map. The unfolded diagram of M]?. has one of the following forms.

BN
NANNRE

2.2. Mapping cones of graph maps between string complexes. Let o and 7 be homotopy
strings and f*: Py — P? be a graph map between the corresponding string complexes. In this
case the generic situation is for M;. to have two indecomposable summands, which are again
string complexes and whose strings can be read off from o, 7 and f® in a natural way. We
start with a technical definition which ensures that the unfolded diagram of the graph map is
properly oriented for the mapping cone calculus in the case that f® is a graph map supported
in precisely one degree.

Definition 2.1. Let ¢ and 7 be homotopy strings and suppose f*: Py — P? is a graph map
concentrated in precisely one degree, i.e. the maximal common homotopy substring p is trivial
and satisfies the graph map endpoint conditions (RG3) and (LG3):

oL OR
oO<——0 —>0

o ——>0<—0
TL TR

We say that the homotopy strings o and 7 are compatibly oriented if o7, # 0 and o7 # 0.
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We observe that if a graph map is supported in more than one degree, either by having pre-
cisely one isomorphism and satisfying endpoint conditions so that one of f;, or fr is nonempty,
or by having isomorphisms in at least two cohomological degrees (making p of length at least 1),
then the homotopy strings and graph map between them is forced to be ‘compatibly oriented’.

Note that in the following if a homotopy string ¢ = @ then the corresponding string complex
P2 =0°.

Theorem 2.2. Let o and 7 be (possibly infinite) homotopy strings and suppose f®: Py — P? is
a graph map. Suppose that o and T are compatibly oriented. Then we have the following cases.

(1) If o = Borpora and T = OTLpTRY then the mapping cone M3, is isomorphic in

K~ (proj(A)) to the direct sum of PS5 & P, where
ATRORC  if op # @ and TR # O; @ULT'LS ifor, # 9 and 11, # O,
— gl if op = _ 0 if o = 9
€1 = (0] ifTR:@; and ¢y = ﬁ ’ifTLZQ;
1] ifop =0 and Tp = I, & if o, =@ and T, = @,

(2) If 0 = pora and T = pRYy then the mapping cone M3, is isomorphic in K%~ (proj(A))

to P?, where

YTRORQ if oR # D and TR # O;

U Bl if or = ;
a if TR = @;
] ifop =0 and Tp = Q.

Remark 2.3. If in Theorem [2.21) the graph map right endpoint conditions (RG1) or (RG2)
occur then in either case y7proga = ¥ fra. Similarly, if the left endpoint conditions (LG1) or
(LG2) occur then Bor7ré = BfL0.

In order to prove Theorem [2.2] we first need the following well-known result. For the conve-
nience of the reader we provide a short proof.

Lemma 2.4. Let P® be a complex of the form

o a b 7] 4]
Pe- Pn_l[l Q]Pn®Qan+l@Q$Pn+2H

Then P* = (P")* & Q°, where (P')* and Q° are the following complezes,

ai b1—bab3 c1

PnJrl Pn+2

(PH*: oo ——=pnt

Q°: - 0 Q Q 0 .

where (P')" = P* and Q° = 0 whenever i ¢ {n,n + 1}. In particular, in the homotopy category
P* = (P))°.

P’n

1

Proof. The required isomorphism (and its inverse) are recorded in the following commutative
diagram of complexes.

b1 b c
Pe- pn—1 (a1 az2] Pra Q [b;' 12] pntl o) Q [C%] pnt2
Nl [(1] bf]l [bl—bgbg 0] l[lbli (1)] [01]
(P& Pt pra QL g pre
-| 54| (639
pPe- Pn—l xS n Q [21 bl ] Pn+1 o) Q [g%] Pn+2
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Note that the commutativity of each square follows from observing that ao = —a1by and ¢ =
—bser, which follows from the fact that P°® is a complex so that the differential squares to zero.
The final statement follows by observing that @)°® is a contractible complex. O

Remark 2.5 (Unfolded diagram interpretation of Lemma . We can reformulate the situ-
ation of Lemma [2.4] in terms of unfolded diagrams as follows. The initial complex P*® has the
following ‘unfolded diagram’:

Let o and 7 be (possibly infinite) homotopy strings and suppose f®: Py — P? is a graph
map. Since f*® is a graph map, at least one nonzero component of f*® is an isomorphism. The
next lemma summarises a straightforward analysis of the form of an unfolded diagram of f*® at
one such component.

Lemma 2.6. Let o and T be (possibly infinite) homotopy strings and suppose f®: Py — P? is a
graph map. At any given component that is an isomorphism, the unfolded diagram of f® locally
has the one of the following six forms, up to inversion of o, T or both:

. B or OR @ .. B or OR
(Z) o —>0 —> 0 s 1 o —>0 —> 0 y
s | rlpo |
e —— 0 — @ O —0<—©0
E) TL TR Y d TL TR
oL OR « . B or, OR o
(Z’I,’L) O ———0<— 0 s (ZU) A~~~ <~—— @ —> @ ,
I | i
o ——>0<—0 A~ —> 0 —> O
) TL TR Y 6 TL TR Y
oL o . B oL OR «
(’U) oO<——0 —>0 y (’U?, oO<——0 —>0
| s
O —>0<—©0 o<——0 — 0
TL TR Y ) TL TR vy

Here o, or, 71, and Tr need not be located at the endpoints of overlaps and may be empty
paths. The homotopy letters fr, fr may be paths, trivial paths or empty paths.

Recall the form of the unfolded diagram of M}. from Section The following corollary
applies the unfolded diagram interpretation of Lemma to each of the local situations occur-

ring in Lemma [2.6] The resulting unfolded diagram gives rise to a complex that is homotopic
to M?,.
f.

Corollary 2.7. Let o and 7 be (possibly infinite) homotopy strings and suppose f®: Py — P?

is a graph map. For each of the cases in Lemma above, the following (compatibly oriented)

unfolded diagrams correspond to complexes that are homotopic to M 3., where we use the notation
9



of Lemma [2.6,

. -8 —a .. -8 —a
(4) . o (i11) ~—~—o .
fr 7 Ir fr .7 Y_TROR
L TLOR 7 TLOR N
° ° ° °
0 vy ) Y
-8 —a -B —a
(4i7) . . (iv) ~——e - .
\fL \f}i \‘\ULTL /1 \f}z
\\ //TLUR
° ° ° .
d v ) ol
- - . —B -
() 8 e (vi) ~e o«
\‘\\ ~ < _ /1 \‘\ﬁo’R fL ﬁ
N o~ N
oLTL N~ - ~ < N
° ~e ° °
TLOR Y 5 5

Here the dashed arrows indicate components of the map by — babs in Lemma[2-] Note that in
each case by = 0.

Remark 2.8. Note that in cases (iii) and (iv) of Corollary [2.7] the compononents by and bs are
also zero, hence why no dashed arrows appear in those diagrams.

We are now ready for the proof of Theorem [2.2]

Proof of Theorem[2.3. For convenience we distinguish between three cases: len(p) = 1, len(p) =
k > 1 and len(p) = co. The first two cases correspond to statement (1) of the theorem.

Lemma [2.6] shows all possible forms, up to inversion and inclusion of empty homotopy letters,
in the case len(p) = 1. Observe that the right and left graph map endpoint conditions together
with compatible orientation in case (v) (see Definition force, in each case, T,or = 0 and
o7, = 0. In particular, the diagrams (i) — (vi) in Corollary give precisely the unfolded
diagrams of the string complexes whose homotopy strings are ¢; and co. It follows that M3, ~
P2 @ Pg, in this case.

Now suppose len(p) = k > 1. Firstly consider the case p; is direct. Two applications of
Corollary show that the mapping cone M7, has an unfolded diagram of the following form.
On the left hand side we are in one of cases (i), (iii), (iv) or (vi) of Corollary and on the

right hand side we are in cases (i), (ii) or (iii).

Here, 1 = f1, is a downward pointing direct homotopy letter whenever o, and 77, have the same
orientation (cases (i), (iii) and (vi)) and g3 = or7r is an upward pointing inverse homotopy
letter whenever o7, and 77, have opposite orientation (case (iv)). Note that, in this case o777 # 0.
In cases (iii) and (vi) p2 does not exist for degree reasons and in cases (i) and (iv), p2 = 77k,
which as above is zero. Now we turn to the right hand side of the diagram. In the case that or
is direct, whence we fall into (i) or (ii), 1 = p1or = 0. In the case that op is inverse, putting
us in case (iii), then v; does not exist for degree reasons. Finally, if o and 7z have the same
orientation (cases (i) and (iii)), we have vy = f is a downward pointing direct homotopy letter.
If o and 7 have opposite orientations (case (ii)) then v = GR7R is an upward pointing inverse
homotopy letter, which, as before, is nonzero.

Now we consider the case that p; is inverse. We have already dealt with the left hand side of
the diagram above, so we only consider the right hand side of the unfolded diagram. Here we

10



fall into case (vi) or the duals to cases (i) and (iv).

—B —Pk—-1 —p2 -
° ° . ° U °
s \ \ \ \\\\\ va
B} L7 b2 T - o
° ° ° ° ° ~e
0 Pk—1 P2 ~

Here, if both o and 7R are direct (putting us in case (vi)), 11 does not exist for degree reasons
and 19 = fr is a downward pointing direct homotopy letter. If 7 is inverse, we fall into the
dual of case (i) or case (iv) and v; = p17r = 0. If both o and 7 are inverse (putting us in the
dual of case (i)), then 19 = fr is a downward pointing direct homotopy letter. If o is direct
and 7g is inverse (dual to case (iv)), then v = GrTR is an upwards pointing inverse homotopy
letter.

It follows that M3, is homotopic to the direct sum of the string complexes P}, and Py, and the
mapping cone of id®: P;, — P;, where p’ is the homotopy string p’ = px_1--- p2. In particular,
M. is contractible. Note that in the case n = 1, p’ = @ is the empty homotopy string and
therefore Pp', = 0® and when n = 2, p/ =1 is a trivial homotopy string. It follows that
M3, ~ P & P,

Finally, suppose len(p) = oo, which puts us into statement (2) of the theorem, or its dual.
Let’s consider the setup in statement (2), which gives us the following unfolded diagram after
one application of Corollary where p1 and po are defined as above.

e(p1)

THANINN

It follows that M;. is homotopic to the direct sum of the string complex P? and the mapping
cone of id®: Pp', — Pp',7 where p’ is the infinite homotopy string p' = p_op_3p_4---. Hence,

Mj. ~ P2 O

2.3. Mapping cones of graph maps involving a band complex. Suppose ¢ and 7 are
homotopy strings or bands, with at least one being a homotopy band. In this section we
consider the mapping cones of graph maps f®: Q% — Q2. The difference with Theorem
is that now M]?. has only one indecomposable summand. Moreover, this summand is a band
complex precisely when both ¢ and 7 are homotopy bands, and is a string complex otherwise.

We start with the situation that both ¢ and 7 are homotopy bands. We impose the convention
that the scalars A and u are placed on direct arrows of o and 7, respectively.

Proposition 2.9. Let 0 = Soppoga and 7 = 0T, pTR7Y be homotopy bands. Suppose f*: B3\ —

B2, is a compatibly oriented graph map which is not the identity. Then

AL o By i len(p) is even;
* T B - if len(p) is odd,

1

where ¢ = BoTL07TrORQ and where the scalar A\~ is placed on a direct homotopy letter of

a, B, 7 oré.
Note that here we make use Remark when describing the homotopy band c.

Proof. We first check that ¢ = Bo7,07TrRoO g is a homotopy band. To do this, we introduce
some notation. Let

0(0) = #direct homotopy letters of o, and, ¢(0) = # inverse homotopy letters of o.

We must show that d(c¢) = ¢(c¢). Suppose, as usual, that ¢ = o, --- 01 and 7 = 75, - - - 71. Then
we have m = 2m/ and n = 2n/, where m’ = 9(o) = «(0) and n’ = 9(1) = (7).
11



We start by dealing with the case that f*: B; » — Br, does not satisfy the graph map
endpoint conditions (RG3) or (LG3); note that f* cannot satisfy (RGoo) or (LGoo) because o
and 7 are homotopy bands. In this case ¢ = Bf167 fro.

Suppose d(orpor) =1 = O(rrp7tr) and t(oppor) =1 = v(rppTr). Then d(a) +9(B) = m/ —1
and ¢(a) + ¢(B) = m/ = I'. Similarly, 9(y) + 9(8) = n’ — 1 and «(y) + ¢(0) = n' —I'. Tt follows
that

) = 0(a)
we) = a)

The remaining cases are:

IPB)+1(y) +u(d)+1=m'—l+n" =1 +1, and,
(B +0()+000)+1=m'—1"+n" —1+1.

e f*satisfies (RG3) but not (LG3) so that ¢ = B f167(Tror)a, where since Tp is an inverse
homotopy letter then (Tror) is a direct homotopy letter;

o f* satisfies (LG3) but not (RG3) so that ¢ = (o1 7)07 fra, where since o7, is an inverse
homotopy letter then (o;77) is also an inverse homotopy letter;

e f*satisfies (RG3) and (LG3) so that ¢ = B(o17L)07(TROR), with the same observations
as above.

In each case, we obtain d(c) = m' +n' —1 —1'+1 = (c¢). Hence ¢ is a homotopy band, as
claimed.

The remainder of the proof is the same as the proof of Theorem except that we have
to take into account the scalar £Apu~!. First let us deal with the sign. Consider a homotopy
band o = oy, --- 01 and place a minus sign on any two homotopy letters, say o; and o; with
m > j > i > 1. Then the following diagram induces an isomorphism of band complexes.

o1 Tm —0j Tj—1 Oi+1 —0; o1 Tm
[ [ ] [ ] [ [ ] [ ] [ ] [ ] [ ] [
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

g1 Om O'j 0']'_1 441 g; g1 Om

Now the unfolded diagram of the complex homotopic to M e given by the arguments of Theo-
rem using Lemma [2.4) and Corollary [2.7] corresponds prec1se1y to the homotopy band c. In
this unfolded diagram, the homotopy letters carrying a minus sign are precisely those of the
homotopy substrings a and 8. The number of homotopy letters in « and 5 is equal to m —k+2,
which is even if and only if £ = len(p) is even. In the case that len(p) is even, all the minus
signs can be eliminated by an isomorphism as above. In the case that len(p) is odd, all but one
minus sign can be removed by such an isomorphism. This deals with the signs.

To deal with the scalar Az ~! note that a scalar can be moved along to an adjacent homotopy
letter as indicated in the following diagram.

Ao Oi—1 Ao Oi—1
0%04)0 o ——> 0 <— 0

| |

[ ] H e ——>0
7i Aoi—1 S

This completes the proof. O
It is useful to illustrate the proof of Proposition in an example.
Example 2.10. Let A be the algebra given by the following quiver with relations.

c . f
3—4—>6

oI e T

2H5T75

AT
1——8
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Consider the following homotopy bands: ¢ = édcb, 7 = jigfcba. We consider graph maps
fe: ox — Biy defined by the following unfolded diagram.

° A le d c b A le
% ° ° ° ° ° °
» e
B2 o< o< ° ° ° o< o
M 3 7 p=1g f c ba j

Let ¢, = efdgija. Let us work through the calculation of M;. using the techniques of Lemma|2.4
and Corollary

—2le —d —c b -2 le
[ ] [ [ ] [ ] [ ] [ ]
\ \ \a‘\
oe<—0<—0 ° ° ° oe<—o
J i ntg f ¢ ba J

Removing the isomorphisms using Corollary we get the following unfolded diagram of a
homotopic complex, where o denotes the removed endpoints of the isomorphisms.

-2 le -2 le
oe<—20 __ 0O O o <—20
w X
J i v 1g

Straightening this out, we get the following unfolded diagram,

-\~le  df plg i J a —\le df
LRI [ ] [ ] [ ] [ ] [ ] [ ]

which gives rise to a band complex isomorphic to a band complex with the unfolded diagram,

B df  —xuTlg i J a e df
[ ] [ ] [ ] [ ] [ ] [ ]

We now state the corresponding statements when only one of ¢ or 7 is a homotopy band. In
these cases M;. is a string complex and there are no signs or scalars to take care of.

Proposition 2.11. Let 0 = Boppora be a homotopy band and T = dTrpTrY be a homotopy
string. Suppose f*°: B;’)\ — P? is a compatibly oriented graph map. Then M$. is isomorphic
to the string complex P2, where c = STLGLBATRTRY.

Proposition 2.12. Let 0 = Boppora be a homotopy string and T = dT,pTRY be a homotopy
band. Suppose f®: Py — B? is a compatibly oriented graph map. Then M?3, is isomorphic to
where ¢ = BoTL,0YTRORC.

the string complex P?,

3. MAPPING CONES OF SINGLE MAPS

In this section, we describe the mapping cone calculus for single maps. As in Section [2] we
first describe the unfolded diagram of the mapping cone and then describe the mapping cone
calculus in the case of a single map between string complexes. We then deal with the cases in
which (at least) one of the indecomposable complexes is a band complex.

3.1. The unfolded diagram of the mapping cone of a single map. Let f*: Q2 — Q2
be a single map with single component f. We illustrate the unfolded diagram of M3, in the
generic situation.

-5 —or, —0OR —a




3.2. Mapping cones of single maps between string complexes. We start with a technical
definition analogous to Definition [2.1

Definition 3.1. Let 0 and 7 be homotopy strings and suppose f*: Py — P? is a (not necessarily
singleton) single map sitting in the following orientation.

We shall say that the homotopy strings o and 7 are compatibly oriented (for f*) if

(i) the homotopy letters oy, and 77, do not contain f as a subletter;
(ii) if o is direct then o f = 0 and if 77 is inverse f77 = 0;
(ili) or = ffr and 7 = f fr for some (possibly trivial) paths fr and fr, in (Q,I).

We note that the presentation of a singleton single map given in Section is already
compatibly oriented. For a general single map we simply allow f;, or fr to be trivial.

Theorem 3.2. Let f*: Py — P? be a singleton single map with single component f. Suppose

that o = Bopora and T = 0T TRY are compatibly oriented for f. Then M7 ~ P? @ P7,, where

BorLfTrd if or # @ and T, # D; YiLffra if or # @ and T # O;

Borf if op, # 9 and 11, = J; « if or # @ and Tp = J;
c = o ‘ and cg =< ;

fmro if o, =@ and T, # D; 5 if orp =@ and TR # I;

f ifop, =@ and 7, = D, (%] ifop=O and Tp = .

Remark 3.3. Observe that the form of ¢y in the case that op = @ or 7 = & is not what one
would expect from naive word combinatorics.

Proof. The strategy of the proof is to define an isomorphism i*: P? & P, — M}?. directly. This
isomorphism is easier to see at the level of unfolded diagrams. For word combinatorial reasons
it is useful to state Theorem using the compatible orientation of Definition However,
the unfolded diagrams of the mapping cones look ‘more like complexes’ and are thus easier to
work with if the opposite orientation is taken for 7. For clarity, the diagram below indicates
how the map looks using this choice of orientation.

B or or=f[r a
[ ] e ——> 0
|#
e > 0 —— ~
7 TR=fLf 7L 5
For convenience, assume 8 = oy, - 042, 0 = Oij+1, OR = 04, & = 0i—1---01] and v =

TL+*Tj—1, TR = Tj, T, = Tj4+1, 0 = Tp - - - Tj4+2. Then the unfolded diagram of the mapping cone
M?, is
f.

——— o — L —
1 -1 T=fuf T n

We define the maps i7: P? — MJ?. and i3: Py, — M]?., respectively, in the figures below. In
the figure, we write z; = e(0;), o, = s(01), y; = e(7;) and yo = s(11).
14



Titl

P(zy) == P(zp) P(xin) P(x;)
\
7 = - + P(y;) —2— Plyz) Plyn1) —— P(yn)
P(zy) —= P(zm1) P(wisa) — P(x) P(MD = Plo)
+1 +1
P(yo) = P(y1) P(yj=2) Ti1 P(yj1) W P(y;) 7P P(yj) P(yn1) N P(yn)
FIGURE 1. Unfolded diagram for i%: P} — M3..
P(zi1) == P(i2) P(z1) —2— P(xq)
P(yo) —— P(y) P(ys2) —2= P(y) + -1 71 £1
/ -/
Plam) =22 Plags) | Plaza) M\P(“) _m\_”ﬂi%l) —— P(ais) P(1) —2— P(xo)
+1 +1 +1 +1 f
Plyo) —— P(n) P(yj2) == Plyin) — =57 Pli) —— Plysm) Pyna1) —— Plyn)

FIGURE 2. Unfolded diagram for i3: P; — M3, .

It is straightforward to check that these induce well-defined morphisms of complexes: only the
commutativity of the central part of the diagram in each case is not immediately clear. The
central part of the diagram defining if: P, — M7, is,

P(a;) ! P(y))

(1 O}J( i[—lel

P(zi) ® P(y;j-1) W’P(l’i—l) ® P(y;),
[ ORfo]

which is clearly commutative. We need to check that fro;—1 = 0 in the case that o;_; is direct.
But this is clear since in that case 0;0;,_1 = 0 and o; = f fgr forcing fro;—_1 = 0. For the central
part of the diagram defining i3: Py, — M3, we have,

foff
P(y;j_1) mt P(x;—1)

[-/fL Hl i[l 0]

P(xi) ® P(yj-1) FETarEy P(zi—1) ® P(y)),
[0 4]

which is clearly commutative. We need to check that fra;71 = 0 in the case that o;,41 = o, is
inverse. Again, this is clear since o; = og = f fr together with frf # 0 and gentleness imply
that fro;11 = 0. Putting together the two diagrams, we get the following,

[g fL?fR]

P(zi) ® P(yj-1) P(y;) ® P(xi-1)
[5.9]] IRth
P(zi) ® P(yj1) — = Plzi-1) ® P(y),
[ 1]
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where the downward maps are clearly full rank matrices. In particular, i® = [g] P2 o P, —

M]?. consists of full rank matrices in each degree, and is therefore an isomorphism of complexes.

We note that in the case that op = &, the right hand side of the second diagram above does
not exist and 71 ---7;_1 = ¥ and ¢y = «. Similarly, if 7 = @ then the left hand side of the
same diagram does not exist and o = g;_1--- 01 and ¢ = «a. If both op = @ and 7 = @ then
the top line of this diagram does not exist and ¢y = @. O

3.3. Mapping cones of single maps involving a band complex. Suppose ¢ and 7 are
homotopy strings or bands, with at least one being a homotopy band. We now consider the
mapping cones of single maps f®: Q5 — Q3. As was the case in Section M}. is now
indecomposable. Moreover, M}. is a band complex if and only if o and 7 are homotopy bands.
This is the situation with which we start.

If both o and 7 are homotopy bands, then any single map f*: B; » — B2, is necessarily of
type (iv). We again impose the convention that the scalars A and p are placed on direct arrows
of o and T, respectively.

Proposition 3.4. Suppose o and 7 are homotopy bands and f*: By, — B2, with single
component f. Suppose that o = Bopora and T = 4T TRY are compatibly oriented for f*. Then
M;. is isomorphic to a band compler B} - where ¢ = Bor fTLOYTRfora and where the

1

scalar =A=' is placed on a direct homotopy letter of o, B, 7 or 9.

Note that in the statement above Tgfor = fr.ffffr = fLffr.

Proof. The verification that ¢ is indeed a homotopy band is similar to that in the proof of
Proposition [2.9, The construction of an isomorphism ¢°: B;_ -l MJ?. proceeds exactly as
in the proof of Theorem The sign occurs by observing that one of the homotopy substrings
Om 011 and o;_1 - - - 01 has an even number of homotopy letters and the other an odd number
of homotopy letters since ¢ has in total an even number of homotopy letters and only o; has
been removed. Therefore the signs on the identity morphisms with domain P(z,,) = P(zo) in
the unfolded diagrams in Figures [I| and [2 are different. However, ¢} and 5 are ‘glued together’
to form ¢* by identifying these two maps with opposite signs. This is only possible if a minus
sign is introduced to an odd number of homotopy letters of So; and a to make it that these
maps have the same sign. By the argument of Theorem this odd number of minus signs can
then be reduced to one, which we position on the direct homotopy letter bearing the scalar. [

The following two propositions deal with the cases where precisely one of o or 7 is a homotopy
band and the other is a homotopy string. In these cases M]?. is a string complex. The proofs
proceed exactly as in Theorem Note that when o is a homotopy band we have o, # @ and

OR # O.

Proposition 3.5. Suppose o is a homotopy band and T is a homotopy string. Suppose f*: B\ —
P? is a single map with single component f. Suppose that 0 = forora and T = T TRY i

compatibly oriented for f*. Then M;. ~ P?, where
afor fTLo if TR = 9;
CcC = i —_
YrrforaBor fTLo  if TR # 2.

Proposition 3.6. Suppose o is a homotopy string and T is a homotopy band. Suppose f®: Py —
B2, is a single map with single component f. Suppose that o = foropa and T = 6TLTRY 1S
compatibly oriented for f*. Then M;. ~ P? where

c

BorfTLOVTRfoR  if OR # 2.
16
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4. MAPPING CONES OF DOUBLE MAPS

We now turn to the statement for double maps. Note that double maps are automatically
‘compatibly oriented’ and therefore we do not require such a definition in this case.

Theorem 4.1. Let f*: Py — P? be a double map with components (fr, fr). Suppose that
= Borocora and T = dtpToTRY. Then M]?. ~ P2 @ P7,, where ¢y = YyTrfrogra and
¢y = Bor fLTL0.

Proof. In terms of unfolded diagrams, the map f* is of the following form, where f is permitted
to be a trivial path. The case when f is not trivial corresponds to a singleton double map.

8 o oc=frf or a
° ° ° °
fL\L \LfR
° ° ° °
4 L Te=ffr R v

For convenience, assume o¢ = o0; and 7¢ = 7; etc. Then the unfolded diagram of the mapping
cone M7, is

—om —0it1 _Uz—_fo Oi-1 o1
[ ] [ ] [ ] [ ] [ ]
[ [} [ [ [ J
Tn Tjg1 ffR Ti—1 T1

The proof is the same as that of Theorem therefore, we just write down the maps
it: Pg, — M3, and i3: P, — M3, at the level of unfolded diagrams in the figures below. It is
then straightforward to check these define full rank matrices in each cohomological degree, so

that i® = [g} : P @ Pg, — M3, is an isomorphism.

02

P(wl 1 P(.Z'ZJ;) P(.Z'Q) 72 P(Il) o > P(xo)

P($Z 2

41 +1 Tl +1
P(yj1) P(y;-2) /P(y2) /P(yl) /P(yo)

Tj-1

30 LN

P(z;) "l—‘fgf Plai,) —= P(z3) P(z2) P(x1) P(xo)
> P(y) TP(yJ )~ Plya) o Pln) —— Pln) —— Pluo)
P(xp) —"— P(zpm1) P(z42) P(zi1) —— P(x;)
fr
+1 +1 -1 +1/
¥l P(yn) ——F P(yn1) P(ype) —5t Plym) —

T
NS A D
P(2n) —2"— P(21) P(wi0) 12 P(wia) 4— P(a) 1

SR

P(yn) —— P(yn1) Plype) —5— Plym) —m— P)) —57— Plyi)

We note that the signs on the isomorphisms P(zg) — P(x¢) and P(x,) — P(xy,) defined
in the above diagram are necessarily different because one of oy, - -- 0541 and o;_1 -- - 01 has an
even number of homotopy letters and the other an odd number of homotopy letters. O

We now give the analogous statements for double maps f®: Q% — Q% where at least one of

o or T is a homotopy band. As was the case for graph maps and single maps before, MJ?. is

indecomposable and is a band complex if and only if both ¢ and 7 are homotopy bands. In
17



this case we get an extra sign on the scalar because of the different parities in the lengths of
Om - 0i+1 and g;_1 - - - 01 noted above.

Proposition 4.2. Let ¢ = fBopocora and 7 = dtT7oTrY be homotopy bands. Suppose
I*: By, — B}, is a double map with components (fr,fr). Then M;. Y Bc.—)\;rl’ where

c= ﬁaLfoLSf’y?RfRaRa and where the scalar —A\p~!

a, 8,7 ord.

1s placed on a direct homotopy letter of

Proposition 4.3. Let 0 = Sopocora be a homotopy band and T = dT,7cTRrY be a homotopy
string. Suppose f®: B3, — P? is a double map with components (fr, fr). Then MJZ. ~ P?,

where ¢ = 01y, f1.G1BAGRfRTRY-
Proposition 4.4. Let 0 = Borocora be a homotopy string and T = 0T, ToTRY be a homotopy
band. Suppose f®: P? — B2 is a double map with components (fr,fr). Then M$, ~ P2,
where ¢ = Bor, fLTL0YTRfRORC.

5. MAPPING CONES AND QUASI-GRAPH MAPS

Single maps and double maps that are not singleton occur in a homotopy class that is deter-
mined by a quasi-graph map Ps ~ X ~!P®. In this case, it is possible to read off the mapping
cone of any representative of the homotopy class from the quasi-graph map. Before we state how
this is done, we need the following bookkeeping definition to cover the case when a quasi-graph
map is supported in precisely one cohomological degree.

Definition 5.1. Let ¢ and 7 be homotopy strings or bands and suppose p: Q% ~ X71Q® is a
quasi-graph map supported in exactly one degree, i.e. corresponds to the following diagram

B oL OR o

We say that the homotopy strings or bands ¢ and 7 are compatibly oriented on the left if

(1) If oy, is direct then 77, is either empty, inverse with o777, # 0 or direct with 7, = o} oy,
for some nontrivial o .

(2) If oy, is inverse then 7y, is inverse and oy, = 77,7} for some nontrivial 77 .

(3) If o, = @ then 7y, is inverse.

Similarly, we say that the homotopy strings or bands ¢ and 7 are compatibly oriented on the
right if the following dual conditions hold:

(1) If og is inverse then 7g is either empty, direct with op7Tr # 0 or inverse with 7 = ozoR
for some nontrivial o;.

(2) If op is direct then 7p is direct and or = T7r7}, for some nontrivial 77,.

(3) If ogp = @ then 75 is direct.

We say that the homotopy strings or bands ¢ and 7 are compatibly oriented for ¢ if they are
compatibly oriented on the left and on the right.

Note that when the maximal common homotopy substring p determining a quasi-graph map
©: Q% ~ X71Q2 is of length at least one, the homotopy strings or bands o and 7 are automat-
ically compatibly oriented for ¢ in an unfolded diagram of ¢.

Proposition 5.2. Let 0 and T be homotopy strings or bands. Suppose ¢: Q% ~ X71Q% is a
quasi-graph map determined by a mazximal common homotopy substring p, i.e. o = Boppora
and T = OTppTRY. Assume further that o and T are compatibly oriented for . Suppose
f*: Q8 — Q2 is a representative of the homotopy set determined by .

(1) If o and T are homotopy strings then MJ?. is isomorphic to Py © Py,

o » Where c1 = BoppTry
and co = 0T pORO.
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(2) If (0,A) and (7,p) are homotopy bands then M3, is isomorphic to B 1o
Lis placed on a direct homotopy letter

where

c = BopptrYOTLPoRA and where the scalar —A\u™
of a or B or an inverse homotopy letter of v or 4.

(3) If (o, \) is a homotopy band and T is a homotopy string then M$%. is isomorphic to P?,
where ¢ = 0T poraBoLPTRY-

(4) If o is a homotopy string and (7, ) is a homotopy band then M$%. is isomorphic to P?,
where ¢ = BoppTRYITLPORC.

Proof. For ease of notation, we assume ¢ and 7 are homotopy strings. Let ¢: Ps ~» $~1P®
be a quasi-graph map determined by a maximal common homotopy string p. We note that by
orienting the unfolded diagrams so that they are compatibly oriented for ¢ we have interchanged
the roles of v and § and 77, and 7 vis-a-vis the statements in Sections [3]and [l Firstly, if the
homotopy class determined by ¢ contains a double map, then we simply compute the mapping
cone of such a double map as in Theorem and Propositions [4.2] [£.3] and [£.4] So we may
assume that the homotopy class of ¢ does not contain a double map. By [4, Prop. 4.8] this
occurs if and only if quasi-graph map endpoint conditions (RQ3) and (LQ3) do not occur.

We first assume that p is a trivial homotopy string and choose a single map representative
of the homotopy class determined by . Since p is trivial, this corresponds to the situation in
Theorem [3.2) where precisely one of f7, or fr is trivial. Assume fr is nontrivial and f7, is trivial.
The left-hand diagram below indicates this situation, where the notation has been updated to
reflect the set up of the quasi-graph map in Definition indicated on the right-hand side.

B or  OorR=ffr « B or  OorR=ffr a
2
7
2
[ ] e ————> 0 [} o —— 0

g L TR=f v s L TR=f

Here oy, corresponds to the homotopy letter o;41 and 77, corresponds to 7,1 in the proof of
Theorem Since fg is nontrivial, the map }: P, — MJ?. is defined as in Figure [1| in the
proof of Theorem However, the map i3: P;, — M;. defined in Figure is only well defined
in the case that oy, is direct. In the case that o, is inverse, we need to modify the definition of
i5: P, = M3, as follows. First note that this means that ¢ satisfies the left endpoint condition
(LQ1), meaning that o, = ¢’g and 7, = g for some nontrivial paths g and ¢’ with gg’ # 0.
Then i3: P2, — M3, can be modified as in the diagram below, with the remaining components
defined as in Figure

P(zi-1)
fIr

P(y;_2) <2— P(y;1) +1

A /b

P(ais1) L2 P(a;) =22 P(a;y)

+1 1 \

Plyj_s) 21— P(yj-1) —> P(y;)

The argument when fr is trivial and f;, is nontrivial is dual to the argument above.

Finally, in the case that both f7 and fg are trivial, then len(p) > 0. In this case, one modifies
1] above using identity morphisms with alternating signs along the top string until one reaches
a direct homotopy letter or an endpoint as indicated in the second diagram above. Similarly
for 45, where one proceeds until one reaches an inverse homotopy letter or an endpoint as the
first diagram above. When one of ¢ or 7 is a homotopy band, one deals with the signs exactly

as in Propositions and O
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6. EXAMPLES

In this section we will illustrate the graphical mapping cone calculus in Db(A) developed in
Sections on some concrete examples. In the first example, we consider maps involving only
string complexes and in the second example we consider band complexes.

Example 6.1. Let A be the gentle algebra given by the following quiver and relations:

(1) Consider the homotopy strings o = edcbad and T = éfcbafe, and the graph map f*: P —
P? given by

j P(3) P(4) P(2) P(1) P(0) P(4)
| e R N
P, P(4) P(3) P(0) P(2) P(1) P(3) P(4)

By Theorem the mapping cone M3, is isomorphic to Py, & Py, where ¢ = daafe = dfe and
co = edccfe = edfe (cf. green and red boxes in the figure below).

dc a d

P(3) P(4) P(2) P(1) P(0) P(4) |
e f ld c H b H af ' €
P(4) «—— P(3) «—— P(0) P(2) P(1) ——— P(3) P(4) \

(2) Non-singleton double maps and single maps arise in the context of quasi-graph maps. As
described in Section a given quasi-graph map gives rise to a class of (single and double)
maps, which are all homotopy equivalent to each other. In particular, they all have the same
mapping cone, which is the ‘mapping cone of the quasi-graph map’. We will now illustrate this
with an example. Consider a quasi-graph map ¢: P2 ~ L1 P® for homotopy strings o = bacbh
and 7 = fcba, given by

P(2) — > P(1) —°

Py
1 b

P, P(3) P(0) —=— P(2) P(1)

by

By Proposition (1)7 the mapping cone of any single or double map f®: Py — P? in the
homotopy set determined by ¢ is isomorphic to P? @ Pg,, where ¢; = bacba and ¢y = fcb (cf.
green and red boxes in the figure below).

b a

P(2) P(1) P(0)

P(0)

We now consider a single map f®: Py — P? and a double map ¢g*: P; — P? in the homotopy
set determined by the quasi-graph map ¢.
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(i) Let f®: Py — P? be a single map in the homotopy set determined by ¢ given by

a

P, P2 —"— P(1) P(0) P(2) P(1)
B PO) " P1) et PE) < p0) —L P3)

where we have drawn the unfolded diagram so that it is compatibly oriented (see Def-
inition . By Theorem the mapping cone is M7, = P2 & P, where ¢1 = bacba

c2)
and co = fcb (cf. green and red boxes in the figure below).

P(2) P(1) ——:P(0) P(2)
P(0) «*“— P(1) < P(2) - P0) —— P(3)

P, P(2) P(1) P(0) P(2) P(1)
| b
P, P0) % P(1) <« P©2) < P(0) P(3)

By Theorem its mapping cone is Mg, = P2 @ P¢,, where ¢; = feb and ¢y = bacba

c2)
(cf. red and green boxes in the figure belovv)

P(2) P(1) P(0) P(2) P(1)
| 0L
P(0) —— P(1) «—— P(2) —~— P(0) —L—|P(3)

We finally give an example involving band complexes.

Example 6.2. Let A be the algebra given by the quiver with relations in Example Let
o = ghdf and 7 = bedc be homotopy bands with corresponding scalars A and p respectively.
By Proposition @ the mapping cone for the graph map f*: B}, — B}, given below is
M? Jo = B? = where ¢ = ghebéddf = ghebéf. Graphically this Corresponds to the following
diagrams of unfolded complexes.
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