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Abstract

Energy supply systems are usually considered as individual sub-systems with separate energy vectors. However,
the use of Combined Heat and Power (CHP) units, heat pumps and electric boilers creates linkages between
electricity and heat networks. Two combined analysis methods were developed to investigate the performance of
electricity and heat networks as an integrated whole. These two methods were the decomposed and integrated
electrical-hydraulic-thermal calculation techniques in the forms of power flow and simple optimal dispatch.
Both methods were based on models of the electrical network, hydraulic and thermal circuits, and the coupling
components, focusing on CHP units and circulation pumps. A case study of Barry Island electricity and district
heating networks was conducted, showing how both electrical and heat demand in a self-sufficient system (no
interconnection with external systems) were met using CHP units. The comparison showed that the integrated

method requires less iteration than the decomposed method.

Keywords: energy supply networks; combined analysis; power flow; Combined Heat and Power (CHP); district

heating

1. Introduction

Energy supply systems are usually considered as individual sub-systems with separate energy vectors,
e.g. electricity, heat, gas or hydrogen. In the present Smart Grid vision [1], the role of electricity is
most prominent with limited consideration of other energy networks. However, there are many
benefits to be gained by considering the energy system as an integrated whole. Energy flows supplied
from alternative sources can be controlled; therefore, security of energy supply could be increased.
The most energy efficient operating regime can be determined and energy losses, costs and emissions
could be minimised. Independent planning and operation of separate energy networks will unlikely
yield an overall optimum, since synergies between the different energy vectors cannot be exploited.
Thus, an integration of energy systems is highly desirable [2, 3].

One of the examples of integrated energy networks is district heating systems with Combined Heat
and Power (CHP) units. CHP units, electric boilers and heat pumps connected to a district heating
system act as linkages between electricity and heat networks. Such integrated electricity and heat
networks with energy storage could contribute to more efficient utilisation of distributed energy. The
coupling components (CHP units, heat pumps, electric boilers and circulation pumps) increase the
flexibility for equalising the fluctuations from the renewable energy. As the penetration of the
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renewable energy sources increases, the interaction of electricity and heat networks becomes tighter
and modelling of electricity and heat networks as a whole becomes more important.

Several approaches for modelling the integration of different energy systems have been published.
Examples include energy hubs [2], multi-energy systems and distributed multi-generation [4-6],
community energy [4], smart energy systems [7], and integrated energy systems [8].

A generic framework for steady-state analysis and optimisation of energy systems was investigated by
Geidl and Andersson [2]. The coupling between multiple energy carriers was modelled using energy
hubs. Using the energy hub concept, input power of electricity, natural gas and district heat is
converted to electricity and heat output power through an efficiency coupling matrix. The model
showed the potential for reduction of overall energy cost and emissions.

Smart multi-energy and distributed multi-generation systems were described by Mancarella et al [4-6].
In multi-energy systems, coupling of electricity, heating, cooling and gas networks takes place
through various distributed technologies such as CHP, micro-CHP, heat pumps, solar thermal,
photovoltaic and energy storage systems. A holistic overview from an energy, environmental, and
techno-economic perspective was provided.

Several methods were developed to investigate combined electricity and natural gas networks [2, 9-
13], where gas turbine generators are the linkages between the gas and electricity networks. An
approach was used to execute a single gas and power flow analysis in a unified framework based on
the Newton-Raphson formulation [12].

A few studies investigated the combined electricity and heat networks, e.g. an integrated optimal
power flow of electricity and heat networks [14]. The integration of technical design, greenhouse gas
emission analysis and financial analysis for integrated community energy systems was modelled by
Rees [15, 16]. In these models the electrical, thermal and gas power flows were calculated
independently and linked through generating units.

Two methods for combined analysis were developed to investigate the performance of electricity and
heat networks. The methods were based on the hydraulic-thermal model of heat networks and the
electrical power flow model. The decomposed analysis method is to solve the independent hydraulic
equations, thermal equations, and electrical power flow equations sequentially. The integrated analysis
method is to solve the combined hydraulic equations and thermal equations, and electrical power flow
equations simultaneously as an integrated whole. In this paper the description of both methods and the
results of analysis using a case study were presented.

2. Combined Electricity and District Heating Networks

A schematic drawing of combined electricity and district heating networks is shown in Figure 1. The
electricity and heat networks are linked through the coupling components (e.g., CHP units, heat
pumps, electric boilers and circulation pumps), which are represented as the Sources in Figure 1.
These coupling components allow the flows of energy between the two networks. CHP units generate
electricity and heat simultaneously; heat pumps and electric boilers convert electricity to heat;
circulation pumps consume electricity to circulate water in the district heating network. These
coupling components increase the flexibility of the electricity and heat supply systems for facilitating
the integration of intermittent renewable energy.
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From the modelling point of view, heat pumps or electric boilers are equivalent to CHP units with
negative electrical power output. Electrical power generators are equivalent to CHP units with zero
heat output. These components are generalised as an electrical and heat interface with adjustable heat-
to-power ratio. Heat and electrical power outputs of the interface are described by their equivalent
heat-to-power ratios as introduced by Mancarella [17].

Figure 1: Schematic diagram of the combined electricity and district heating networks in islanded mode

Conventional electrical power flow calculations use a single slack busbar. While in the integrated
analysis of the combined networks, one electrical slack busbar and one heat slack node are used.

In the case of islanded operation of the electrical network, two CHP units are chosen as the slack
busbar and the slack node (Source 1 and Source 2 in Figure 1). In grid-connected mode as shown in
Figure 2, the electricity slack busbar is chosen as the grid connection point, so there is no heat
generated at the electricity slack busbar. Therefore, the grid-connected mode can be considered as a
simplified special case of islanded operation.

Other than the CHP unit being the electricity slack busbar, CHP units with adjustable real power
output and voltage magnitude are classified as PV busbars; the other CHP units such as micro-CHP
are classified as PQ busbars with given real and reactive power output.

Figure 2: Schematic diagram of the combined electricity and district heating networks in grid-connected mode

CHP units and other coupling components allow flows of energy between the two networks. In
islanded mode, the heat power generated by Source 2 (at the electricity slack busbar) is determined by
the electrical power generated from this unit. Similarly, the electrical power generated from Source 1
(at the heat slack node) is a function of the heat network. Neither the heat network nor the electricity
network can be analysed without taking into account the other network.

The power flow formulation of a district heating network is similar to that of an electrical network.
The AC electrical power flow model for electrical networks is well established [18, 19]. An integrated
hydraulic-thermal calculation technique of district heating networks, the so-called thermal power flow
was described in this paper. Based on these two power flows, an integrated electrical-hydraulic-
thermal calculation technique, the so-called integrated power flow was developed using the Newton-
Raphson method. In the integrated power flow, the known and unknown variables of electricity and
heat networks are shown in Table 1.

Table 1: Known and unknown variables of electricity and heat networks

The analogues of three types of busbars and nodes in the electrical and thermal power flows are shown
in Table 2. Each type of busbar and node is classified according to two known quantities.

Table 2: Analogues of busbar and node types in electrical and thermal power flows

3. Analysis of District Heating Networks

District Heating Networks usually consist of supply and return pipes that deliver heat, in the form of
hot water or steam, from the point of generation to the end consumers [8, 20]. In a simulation of a

3
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district heating network, the variables are: pressure and mass flow rates in the hydraulic model; supply
and return temperatures and heat power in the thermal model. Hydraulic and thermal analysis is
carried out to determine the mass flow rates within each pipe and the supply and return temperatures
at each node. Usually, hydraulic analysis is carried out before the thermal analysis [20-23]. It is
common to perform hydraulic calculations using the Hardy-Cross or Newton-Raphson methods [20-
24]. The Hardy-Cross method considers each loop independently and the Newton-Raphson method
considers all loops simultaneously [20]. The decomposed hydraulic and thermal analysis of a pipe
network using the Newton-Raphson method is described in [21].

An integrated hydraulic-thermal model of district heating networks, solved by the Newton-Raphson
method, was used in this study. In the hydraulic model, the network description is based on a graph-
theoretical method. In the thermal model, a matrix approach was used.

3.1 Hydraulic Model

3.1.1 Continuity of Flow

The continuity of flow is expressed as: the mass flow that enters into a node is equal to the mass flow
that leaves the node plus the flow consumption at the node. For the entire hydraulic network, the
continuity of flow is expressed as

At =1, 1)

where A is the network incidence matrix that relates the nodes to the branches; m is the mass flow
(kg/s) within each pipe; m, is the mass flow (kg/s) through each node injected from a source or
discharged to a load.

3.1.2 Loop Pressure Equation

Head loss is the pressure change in meters due to the pipe friction. The loop pressure equation states
that the sum of head losses around a closed loop must be equal to zero. For the entire hydraulic
network, the loop pressure equation is expressed as

Bhs=0 (2

where B is the loop incidence matrix that relates the loops to the branches; and h; is the vector of the
head losses (m).

3.1.3 Head Loss Equation

The relation between the flow and the head losses along each pipe is
hy = K m|| (3)

where K is the vector of the resistance coefficients of each pipe. K generally depends largely on the
diameter of a pipe. The resistance coefficient K of a pipe is calculated from the friction factor f. The
details are described in reference [25].
Hence, Equation (2) is expressed as
Npipe
B Kiinltit| = " ByKyriy |1 = 0 (@)
j=1

where nyige is the number of pipes; i is the index of loops and j is the index of pipes.
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3.2 Thermal Model

The thermal model is used to determine the temperatures at each node. There are three different
temperatures associated with each node (Figure 3): the supply temperature (Ts); the outlet temperature
(T,) and the return temperature (T;) [26]. The outlet temperature is defined as the temperature of the
flow at the outlet of each node before mixing in the return network. Usually, the supply temperatures
at each source and the return temperatures at each load before mixing are specified in the thermal
model [20, 22, 27, 28]. The load return temperature depends on the supply temperature, the outdoor
temperature and the heat load [29-32]. For simplicity, the return temperature is assumed to be known
at each load.

Figure 3: Temperatures associated with each node

The heat power is calculated using equation [20, 32]
@ = Cpming (T —T,) (5)

where @ is the vector of heat power (Wy,) consumed or supplied at each node; C, is the specific heat
of water (J kg™ °C™), C,, = 4.182 x 10°MJ kg™ °C™); and 1in,, is the vector of the mass flow rate (kg/s)
through each node injected from a supply or discharged to a load.

The temperature at the outlet of a pipe is calculated using equation [20, 32, 33].

_AL 6
Tena = (Tstart - Ta)e Gom 4 T, ( )

where Ty, and Teng are the temperatures at the start node and the end node of a pipe (°C); T, is the
ambient temperature (°C); A is the overall heat transfer coefficient of each pipe per unit length (W m™
°C™); L is the length of each pipe (m); and m is the mass flow rate (kg/s) within each pipe.

Equation (6) shows that if the mass flow rate within a pipe is larger, the temperature at the end node of
the pipe is larger and the temperature drop along the pipe is smaller.

AL

For brevity, denoting Tyeqre = Tstart — Ta» Tong = Tena — Ta» ¥ = e ™, thus Equation (6) is
written as

Te/nd = Ts/tart\P )

The temperature of water leaving a node with more than one incoming pipe is calculated as the
mixture temperature of the incoming flows using Equation (8). Temperature at the start of each pipe
leaving the node is equal to the mixture temperature at the node [20, 32, 34].

(D oue) Toue = ) GiinTin) ®)

where T,,,; is the mixture temperature of a node (°C); m,,,; is the mass flow rate within a pipe leaving
the node (kg/s); T;, is the temperature of flow at the end of an incoming pipe (°C); and m,, is the
mass flow rate within a pipe coming into the node (kg/s).

For a district heating network, the thermal model determines the supply temperatures at each load and
the return temperatures at each load and source. The assumptions are that supply temperatures at each

5
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source and return temperatures at each load before mixing are specified, as well as mass flow rates
within each pipe [20, 22, 27, 28]. The problem becomes complex when the thermal model equations
are applied to a district heating network with arbitrary topology. Therefore, a matrix formulation of a
thermal model was used. Furthermore, a general program for the thermal model in a district heating
network was developed in MATLAB.

3.3 Hydraulic-Thermal Model

For a district heating network, the objective of the hydraulic-thermal model is to determine the mass
flow rates m within each pipe, the load supply temperatures and the source return temperatures. It is
assumed that the source supply temperatures and the load return temperatures are specified; the mass
flow rates m, or the heat power & are specified at all nodes except the slack node [20, 22, 27, 28].
The slack node is defined to supply the heat power difference between the total system loads plus
losses and the sum of specified heat power at the source nodes.

If the nodal injected mass flow rate m, is specified, the hydraulic-thermal model calculations are
performed independently [21, 34]. Firstly, the pipe mass flow rate rin is calculated by the hydraulic
model. Then, the results of the hydraulic model m are substituted into the thermal model. Finally, the
load supply temperatures and the source return temperatures are calculated by the thermal model.

Alternatively, if the heat power @ consumed or supplied at each node is specified, two methods are
adopted to perform the calculation of the hydraulic-thermal model. Conventionally, the calculation is
through an iterative procedure — referred to as the decomposed hydraulic-thermal method — between
the individual hydraulic and thermal models [22]. In this paper, an integrated hydraulic-thermal
method was proposed, in which the hydraulic and thermal models were combined in a single system
of equations. The two methods were described together with the integration of the electrical power
flow model in Section 5.

The integrated calculation combines the individual hydraulic and thermal analyses using the Newton-
Raphson approach. It takes into account the coupling between the individual hydraulic and thermal
analyses. For instance, the thermal calculation cannot be performed without knowing the pipe mass
flows. The hydraulic calculation cannot be performed without knowing temperatures under the
assumption that the nodal heat power is specified.

The proposed methods can handle the initial conditions with arbitrary flow directions. During each
iteration, the network incidence matrix A and the loop incidence matrix B are updated according to the
signs of the pipe mass flow rates. Based on matrix A, the formulation of the temperature mixing
equations in the thermal model is updated at each iteration.

4, Electrical Power Flow Analysis

Given a power system described by an admittance matrix, and given a subset of voltage magnitudes,
voltage angles and real and reactive power injections, the electrical power flow determines the other
voltage magnitudes and angles, and real and reactive power injections.

The voltage V at busbar i is given by

Vi = |Vi|26; = |Vi| e/% = |V;|(cos 6; + j sin6;) ©)
where |V| is the voltage magnitude (p.u.). @ is the voltage angle (rad). j is the imaginary unit.

The current injected into the network at busbar i is given by



236
237
238

239

240

241
242

243
244

245

246

247
248

249

N
=) Yalk (10

n=1

where N is the number of busbars in the electricity network; Y is the admittance matrix that relates
current injection at a busbar to the busbar voltage. Current injections may be either positive (into the
busbar) or negative (out of the busbar).

Thus, the calculated complex power injected at busbar i is

N
S0= P+ jQu = Vil =V ) (lh)’ an

n=1

Equation (11) constitutes the polar form of the electrical power flow equations.
The specified complex power being injected into the network at busbar i is the complex power
difference between the source and the load.

SP= Si,source - Si,load (12)

1

Following Equations (11) and (12), the electrical complex power mismatches AS; injected at busbar i
are denoted as the specified value Sisp minus the calculated value S;.

N
85, = 57 =5, = ST~V Y (k) (13

n=1

Following Equation (13), the diagonal and off-diagonal elements are calculated as [35]

0AS; JViYi Ve k#i
S0= 2o = Ly o . (14)
o 080, UYViVuVi —jS k=i
AAS; —V,Y: e /0 k+i
Is, = : ={ . ‘_}’5. . (15)
Vil (=ViYiie % =S/IVi| k=i
Thus, the electricity Jacobian matrix is constituted as
B [Real(]sa) Real(]sv) (16)
¢ limag(Js,) Imag(Js,)

where Real represents the real part of a complex expression and Imag represents the imaginary part of
a complex expression.

Hence, the iterative form of the Newton-Raphson method is

[Igl]m - [|3|]® —Je [ﬁg (17)
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where @ is the vector of voltage angles at non-slack busbars; |V| is the vector of voltage magnitudes at
PQ busbars; AP is the vector of active power at non-slack busbars; and AQ is the vector of reactive
power at PQ busbars.

5. Combined Analysis

Two methods for combined analysis were developed to investigate the performance of electricity and
heat networks. The methods are based on the hydraulic-thermal model of heat networks and the
electrical power flow model.

For the power flow analysis, the electrical power at each busbar is specified except for the slack
busbar. Heat power is specified at each node except for the slack node. Thus, the linkages between
electrical and heat networks are the generation components (CHP units or electric boilers) at the slack
busbar or slack node, and the non-generation components such as the circulation pumps.

The assumptions for the example network shown in Figure 1 are as follows:

1) Source 1 is connected to the heat slack node and Source 2 connected to the electricity slack
busbar;

a. In grid-connected mode, Source 1 corresponds to a gas turbine CHP unit and Source 2
corresponds to the connection to the grid;

b. In islanded mode, Source 1 corresponds to a steam turbine CHP unit and Source 2
corresponds to a gas turbine CHP unit;

2) The heat-to-power ratio of the gas turbine CHP unit is constant and the gas turbine CHP unit can
be operated at partial load conditions to respond to electricity and heat load variation;

3) The fuel input rate to the steam turbine CHP unit is constant and the heat-to-power ratio of the
steam turbine CHP unit can be modulated;

4) The heat power generated by CHP units is fully utilised, without the waste of heat.

Two calculation techniques were developed to calculate the operating points of the electricity and heat
networks.

1. In the decomposed electrical-hydraulic-thermal method, the independent hydraulic equations and
thermal equations, and electrical power flow equations were calculated sequentially and linked
through the coupling components. The sequential procedure is iterated at each time step until the
solution converges to an acceptable tolerance.

2. In the integrated electrical-hydraulic-thermal method, the electrical power flow equations, the
hydraulic equations, and the thermal equations were combined and solved simultaneously as an
integrated whole.

The structure of the integrated electrical-hydraulic-thermal method is shown in Figure 4. The
hydraulic and thermal model equations are linked through the mass flow rates. The electrical power
flow equations and hydraulic-thermal model equations are linked through the coupling components.

Figure 4: Structure of the integrated electrical-hydraulic-thermal method
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5.1 Decomposed Electrical-Hydraulic-Thermal Method

In grid-connected mode, the hydraulic-thermal model is solved first. Then these results are transferred
to the electricity network through the coupling components (CHP units, heat pumps, electric boilers
and circulation pumps). Finally the electrical power flow model is solved. In grid-connected mode,
any surplus or deficit in electrical power is supplied from the main grid and there is no heat generated
at the electricity slack busbar. Therefore, only one calculation is performed by the independent
hydraulic model, thermal model and electrical power flow model.

In islanded mode, the independent hydraulic and thermal model and electrical power flow model are
solved sequentially. This sequential procedure is iterated until the solution converges to an acceptable
tolerance.

The flowchart of the decomposed electrical-hydraulic-thermal method is shown in Figure 5. Both
grid-connected mode and islanded mode are considered, and the islanded mode is highlighted in blue.

Figure 5: Flowchart of the decomposed electrical-hydraulic-thermal method

In the flowchart shown in Figure 5, the input data and the initialised variables are shown in Table 1.
Based on these variables, the nodal mass flow rates 7, are calculated using the heat power equation

(®).

The heat power from Source 1 at the heat slack node is denoted as @ soyrce- The electrical power
from Source 1 is denoted as P; soyrce- The heat power from Source 2 at the electricity slack busbar is
denoted as @, source- The electrical power from Source 2 is denoted as P, 5o,rce. Here, the electrical

power represents active power. Heat power from a Source is related with its generated active power
and vice versa.

D1 source 1S Calculated from the results of the decomposed hydraulic-thermal method using the heat
power equation (5).

Ql,source = CpAl,sourcem(Tsl,source - Trl,source) (18)

where Ag source 1S @ row of the network incidence matrix A that relates Source 1 at the heat slack node;
Ts1 source aNd Trq source @re the supply temperature and return temperature at Source 1.

P1.source 1S determined by @ source -

¢1,source/cm1 , gas turbine

—01 source/Z + NeFin, steam turbine (19)

Pl,CHP = {

where c,,,; is the heat-to-power ratio of the gas turbine CHP1; Z is the ratio that describes the trade-off
between heat supplied to the site and the electrical power of the extraction steam turbine
CHP1[36]; 1, is the electrical efficiency of the unit in full condensing mode; F;, (MW) is the fuel
input rate of the steam turbine unit, which is held constant in this paper.

The total electrical power supplied from Source 1 is decreased by the pump electrical power
consumption and thus Equation (19) is

Pl,source = Pl,CHP - Pp (20)

where B, is the electrical power consumed (MW,) by the pump.
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P2 .source 1S Calculated from the results of the electrical power flow calculation using Equation (11), plus
the pump electrical power consumption.

N
Pz,source = Real {Vz,source Z (Yikvk)*} + Pp (21)
k=1

In islanded mode, @, source IS determined by P source-

®2,source = CmZPZ,source (22)

where c,,,, is the heat-to-power ratio of the CHP unit at Source 2.

In Figure 6 the procedure of determining the heat and electrical power generated from Source 1 and
Source 2 is illustrated. The left line that slopes downward describes the performance curve of an
extraction steam turbine CHP unit at Source 1 and the slope is equal to the negative of the Z ratio of
Source 1 (-Z). The right line that slopes upward describes the performance curve of a gas turbine CHP
unit at Source 2 and the slope is equal to the heat-to-power ratio of Source 2 (c,,5).

Figure 6: Procedure to calculate the electrical and heat power from both Source 1 and Source 2 that link
electricity and heat networks

Following the flowchart as shown in Figure 5, the steps used to solve the model as illustrated in Figure
6 are as follows:

1) Start with the known variables as shown in Table 1 and network parameters.
2) Assume the initial conditions for the heat and electricity networks. Iteration i = 1.

3-6) Solve the hydraulic and thermal model, represented as the red dashed arrow a—b when i = 1.

7) Calculate q)gfgome, represented as a horizontal dotted line.

8) Calculate Pl(,?ource' represented as a vertical dotted line, according to the performance curve of

Source 1 using Equation (19).

9) Solve the electrical power flow model, represented as the blue solid arrow b—c when i = 1.

10) Calculate p®

. source TEPresented as a vertical solid line.

11) Calculate (Z)ggource, represented as a horizontal solid line, according to the performance curve of

Source 2 using Equation (22).
® — @(i) _ Q(i—l)

2,source — ¥ 2,source 2,source becomes |BSS than

12) This procedure is repeated from step 3 until A@
the tolerance e= 10°. i =i + 1.

5.2 Integrated Electrical-Hydraulic-Thermal Method

In the integrated electrical-hydraulic-thermal method, the electrical power flow equations, the
hydraulic equations and the thermal equations were combined to form a single system of equations
and solved simultaneously as an integrated whole using the Newton-Raphson method. The structure of
the calculation technique is shown in Figure 4 and the flowchart is shown in Figure 7. Both grid-
connected mode and islanded mode are considered, and the islanded mode is highlighted in blue.

10
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Figure 7: Flowchart of the integrated electrical-hydraulic-thermal method

In grid-connected mode, any surplus or deficit in electrical power is supplied from the main grid and
there is no heat generated at the electricity slack busbar. Thus, the derivative of the heat power
mismatches with respect to the electrical variables is zero, which means the lower off-diagonal
submatrix of the integrated Jacobian matrix is zero.

While in islanded mode, the heat generated at the electricity slack busbar (@, suree) is @ function of the
electricity network, which means the lower off-diagonal submatrix of the integrated Jacobian matrix is
nonzero.

The iterative form of the Newton-Raphson method is
x(i+1) =x () —]_1AF (23)

where i is the iteration number; x is the vector of state variables as shown in Equation (24); AF is the
vector of total mismatches as shown in Equation (25); and J is the Jacobian matrix as shown in
Equation (26).

(24)

Following the structure of the integrated electrical-hydraulic-thermal method as shown in Figure 4,
AF is expressed as

AF =

PSP — Real{V(YV)*}

AP « Active power mismatches

[AQ] Q" — Imag{V(YV)"} | Reactive power mismatches

| A® | |64 (Ts —T,) — @7 | Heat power mismatches (25)
Ap |~ |B K || -0 « Loop pressure mismatches

| AT | [ €sTs10aa — bs | < Supply temperature mismatches

lAT'r lCrT-yr loaq — br J<— Return temperature mismatches

where ¢, is a matrix of coefficients for supply temperature calculation and ¢, is a matrix of
coefficients for return temperature calculation. Their calculations in detail were described in [25]. The
superscript sp represents specified.

Conventionally, for electrical power flow analysis, the vector PP in the active power mismatches is
specified. While for the integrated electrical-hydraulic-thermal method, in the mismatches AF in
Equation (25), the element P; s,,,,ce Of the vector PSP is determined from the heat power generated at
the heat slack node and it is expressed as a function of the heat network. Thus, the derivative of the

electrical power mismatches (AP) with respect to the heat variables (i) is nonzero (apl;;%).

Conventionally, for hydraulic and thermal analysis, the vector @ in the heat power mismatches is
specified. While for the integrated method in islanded mode, the element @, s,,,,-c. Of the vector @ is
expressed as a function of the electricity network. Thus, the derivative of the heat power mismatches
(A®) with respect to the electrical variables (0, |V]) is nonzero.

11
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The integrated Jacobian matrix J is derived from the mismatches AF. It consists of four submatrices:
electricity submatrix J,, electricity to heat submatrix J,;, heat to electricity submatrix J;, and heat
submatrix .

rdAP 0AP QAP OAP]
96 dlVl am oT
dAQ 9AQ OAQ AAQ
J= Jo Ja| |06 alv] om oT (26)
Jre Jnl (980 940 9ap a0
90  dlVl om aT
AT OAT QAT OAT
| 96 9|lv| om T |

where the shaded block matrices are nonzero and the others are zero. The off-diagonal submatrix
highlighted in blue is zero in grid-connected mode and nonzero in islanded mode.

For J.,, the vector of the nonzero elements % is calculated using Equations (18) and (19)

aPl,source _ aPl,CHP

om om
_ { CpAl,source (Tsl,source - r1,source)/cm1 »gas turbine (27)
_CpAl,source (Tsl,source - Trl,source)/z ,Steam turbine

where A;surce 1S @ row of the network incidence matrix A that relates to Source 1 at the heat slack
node. In the return network, the term Tq ource 1S €Xpressed as a function of the pipe mass flow rates

mn and the load return temperatures T;',load' For simplicity, the derivatives of the term T soyce With
respect to iz and T 44 are very small and are neglected.

In the case of circulation pumps, the derivative of the term B, (the electrical power consumed by the
pumps) with respect to mn in Equations (19) and (20) is very small and is neglected.

For Jje, in grid-connected mode, the heat power is not a function of the electricity network thus
Jhe = 0. Inislanded mode, J;,. is nonzero and the vector of the nonzero elements is calculated using
Equations (21) and (22)

aQ)Z,source aQ)Z,source
06, ENA

| = cmalReGViYiV)  Re(=Vi¥ie %)) 28)

where the subscript i represents Source 2 at the electricity slack busbar.

The procedure used to illustrate the example networks linked by a CHP unit only is shown in Figure 8.
During each iteration, the electrical and heat power generated from two sources are obtained
simultaneously, which are represented as the points on the performance curves (the left line that slopes
downward and the right line that slopes upward) of two CHP units. Due to the scale of the graph,
starting from the 6th points on two lines, the two points on two lines are then simultaneously moved to
the next two points with the same index at each iteration. The iteration procedure is repeated until the
maximum absolute value of elements in the mismatches |AF| becomes less than the tolerance ¢ = 107.

Figure 8: Procedure to calculate the electrical and heat power from both Source 1 and Source 2 that link
electricity and heat networks
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5.3 Optimal Dispatch

As an addition to the power flow, the use of optimal dispatch was added to the combined analysis and
was solved by the Newton-Raphson method. The heat and electrical power generated from all sources
were unknown. For simplicity, the optimal dispatch of electricity generation only was considered in
this study.

The heat and electrical power generated from Source 1 and Source 2 and non-slack Source 3 were
unknown and their heat-to-power ratios were known (Table 3). Comparing to the power flow, it can be
seen that one more variable was added. Thus, one more equation was added to solve the problem. This
additional equation was formed using the equal-incremental-fuel-cost criterion [18, 19, 37].

Table 3: Heat and electrical power from three sources

The equal-incremental-fuel-cost criterion states that for optimum economy the incremental fuel cost
should be identical for all contributing turbine-generator sets [18, 19]. In this paper, the equal-
incremental-fuel-cost criterion is applied to the electrical power of Source 2 and Source 3 (P, source
and P; goyrce). The electrical power of Source 1 (P; source) IS calculated from the heat power of

Source 1 (D1 source)- These are illustrated as shown in Figure 9.

Figure 9: Illustration of optimal dispatch for combined electrical and heat power
6. Case study

To demonstrate the capabilities of the combined analysis, a case study was conducted. The
decomposed and integrated calculation techniques were used to investigate the electricity and district
heating networks, as shown in Figure 10. The heat network is a low temperature district heating
network fed by three CHP units.

Figure 10: Schematic diagram of the electricity and district heating networks of the Barry Island case study

6.1 Network Description

6.1.1 Electricity Network

The schematic diagram of the electric power distribution network is shown in Figure 11. The electrical
power is supplied to 5 lumped electrical loads through an 11/0.433kV transformer at each feeder.
Source 1 is connected to the 11kV distribution network through a 33/11.5kV transformer. Bushar ix is
the slack busbar.

Figure 11: Schematic diagram of the electric power distribution network of the Barry Island case study

For the electricity network, the following assumptions were made:

1) The base apparent power is LIMVA and base voltage is 11kV.
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2) The impedance of 185mm? cable is 0.164 +j0.080€/km [38].
3) 33/11.5kV 15MVA transformer has an impedance of 18% and X/R ratio of 15 [38].

4) Active power of 5 lumped electrical loads at each load busbar:

Pi = 0.2MW,,
Pii = 0.5MW,,
Pi = 0.5MW,,
P, = 0.2MW,,
Py = 0.2MW..

5) Power factor of each electrical load: p.f. = 1.
6) Voltage magnitude of each Source:

IV 1.s0urcel = 1.02p.U.,

V2 source] = 1.05p.u.,

V3 source|] = 1.05p.u.
7) Voltage angle of Source 1: 03 source = 0°.

6.1.2 Heat Network

The schematic diagram of the heat network is shown in Figure 12. The network parameters are
presented in the Appendix.

Figure 12: Schematic diagram of the heat network of the Barry Island case study

It was assumed that the heat power of the loads is known. The heat power of the loads (MWy,) are
shown in Figure 12. The total heat power of all loads is 2.164MW,. Node 1, node 11 and node 31
correspond to three sources. Node 1 is the heat slack node.

It was assumed that:

1) Supply temperature at each source: Tsgource = 70°C.

2) Outlet temperature (return temperature before mixing) at each heat load: T, 0ag = 30°C.

6.1.3 CHP Units

For the gas turbine CHP unit at Source 1, the relation between the heat and electrical power generation
was calculated using the equation:

_ Dcup1
Cm1 =

(29)

PCHPI

where c,,; is the heat-to-power ratio, ¢,,; = 1.3 [39, 40]. @cppr (MWy,) is the useful heat output.
Pcrr1 (MW,) is the electrical power output. Both variables are unknown in this case study.

For the extraction steam turbine CHP unit at Source 2, the Z ratio was used to calculate the heat output
[36]:
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AD,  Dcup2 — Peonz

Zo = =
2 APZ Pconz - PCHPZ (30)

where Z, is the Z ratio, Z, = 8.1 [36]. A@, is the increased heat recovery and AP is reduced electrical
power output. @cypy (MWy,) is the useful heat output. Pcrp, (MW) is the electrical power output.
Both variables are unknown in this case study. P.,,, iS the electrical power generation of the
extraction unit in full condensing mode. In this mode, the heat generation is zero, thus @.y,> = 0. In
this case study, P.yny = 0.6MWyy,.

For the reciprocating engine CHP unit at Source 3, the relation between the heat and electrical power
generation was calculated using the equation:

_ Dcups

Cm3 (31)

PCHP3

where ¢,,5 is the heat-to-power ratio, ¢,,,3 = 1/0.79 [40]. ®Pcrpz (MWy,) is the useful heat output.
Pcrps (MW,) is the electrical power output. For the power flow, it is assumed that the electrical power
generated from Source 3 iS P3spyrce = 0.3MW, . Its calculated heat power is @3 soyrce =
cm3P3,source = 0.3797MW,,,. For the optimal dispatch, these are unknown.

It is assumed the fuel cost functions of Sources are:

— 2
fi,source - aiPi,source + biPi,source + Ci (32)

where f; source 1S the fuel cost of Source i (£/h). a;, b; and c; are constants. i = 1,2, 3. It is assumed
al = 02, b1 = 13, Cl = 50, a,z = 01, b2 = 125, C2 = 50, a3 = 04’, b3 = 12,C3 = 50 [18]

6.2 Results

The Barry Island case study examined how electrical and heat demands in a self-sufficient system (no
interconnection with external systems) were met using CHP units. The results of the decomposed and
integrated methods were very close at 10° precision and the results of the integrated method were
presented. The variables of the electrical and heat networks with reference to peak heat load
conditions were calculated as shown in Figure 13.

For the power flow, the result of the heat and electrical power supplied from CHP units at Source 1,
Source 2 and Source 3 was shown in Figure 13 (a), where the generation of Source 3 was given.

For the simple optimal dispatch, the results were shown in Figure 13 (b). The incremental fuel cost A
was calculated as 12.60£/MWHh. The total cost of Source 1, Source 2 and Source 3 for supplying
electricity over an hour was: 54.75 + 56.25 + 59.22 = 170.22£/h. Substituting the power flow
results as shown in Figure 13 (a) into the fuel cost function of the sources, the total fuel cost was
calculated as 170.60£/h. Comparing the two results, the solution of optimal dispatch saved 0.38£/h.

For the power flow, the results of the calculation of the pipe mass flow rates were shown in Figure 13
(c). The main flowroute 1 -2-5-11-13-14-19-22-25-28-31 -7 -5 was indicated using
bold lines. It is seen that in some pipes (&), €2 and @) the flows were of opposite direction
compared with the initial guess, as shown in Figure 12, and the mass flow rates were different. The
mass flow rate within pipe @2 was increased due to the flow injection from Source 3. The mass flow

rate at node 31 was the largest since the heat power generated in Source 1 was the largest.
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The results of the calculation of the supply and return temperatures at each node in the same main
flow route were shown in Figure 13 (d). Node 22 is the end of two flow streams from Source 1 and
Source 2 in the supply network and the start of the two flow streams in the return network. The lowest
supply temperature and the highest return temperature were at node 22, where two opposite flow
streams met.

In the main route of the supply network (Figure 12), the flows mix at nodes 5 and 22 only. The supply
temperature from node 1 to node 22 reduces gradually because of the heat losses.

In the same route of the return network, the flow mixing occurred at each node except node 13. Due to
the mixing and due to the assumption that the return temperature from the consumer was fixed, the
return temperature from node 22 to node 1 decreased unevenly.

Voltage magnitudes at each load and voltage angles at each busbar in the electricity network were
calculated.

Figure 13: Results of the Barry Island case study

To validate the results of the heat network analysis, the same heat network as shown in Figure 12 was
built using commercial software SINCAL [22]. The heat power of the CHP unit at Source 1 was
specified in SINCAL based on the calculated value from the combined analysis (@cupr =
1.0553MWy,). The results of the heat network obtained using the combined analysis were the same as
that obtained by SINCAL at 10°° precision.

To validate the results of the electricity network analysis, the same electricity network as shown in
Figure 11, was built using commercial software IPSA [41]. The electrical power of the CHP unit at
Source 2 was specified in IPSA based on the calculated value from the combined analysis (Pcup2 =
0.5000MW,). The results of the electricity network obtained using the combined analysis were the
same as that obtained by IPSA.

Two methods were used in this study: decomposed and integrated. The convergence characteristics of
both methods were compared as shown in Figure 14. In the power flow, the decomposed method was
solved in 33 iterations. The integrated method was solved in 14 iterations. In the optimal dispatch, the
decomposed method was solved in 43 iterations and the integrated method was solved in 15 iterations.
The comparison shows that the integrated method requires less iteration. In a simple example network
with 5 nodes, the decomposed method was solved in 16 iterations and the integrated method was
solved in 12 iterations. The comparison shows that the number of the iterations of the decomposed
method increases with the size of the networks.

Figure 14: Convergence characteristics of the decomposed and integrated methods
7. Conclusions

The combined analysis was used to investigate the integrated electrical and heat energy networks.
Two methods for combined analysis were developed to investigate the performance of electricity and
heat networks as an integrated whole. Using the combined analysis, an engineering solution was
provided to the Barry Island case study. These two methods were the decomposed and integrated
electrical-hydraulic-thermal calculation techniques in the forms of the power flow and simple optimal
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dispatch. The integrated method required fewer iterations and the number of the iterations of the
decomposed method increased with the size of the networks.

The combined analysis of integrated networks could be expanded by considering local decentralised
generation, such as local heat pumps or electric boilers installed at consumers and interconnected to
heat networks or the use of micro-CHP. The inclusion of thermal storage in a multi-time simulation is
also of interest. Other future work includes integration of more energy vectors and extension of the
model to further develop optimisation capabilities to minimise energy losses, costs and carbon
emissions in integrated energy networks. In the analysis of a heavily coupled multi-vector energy
networks, the integrated electrical-hydraulic-thermal method will play an important role due to its
flexibility and capability.
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