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Abstract

The paper develops a general Bayesian framework for robust linear static panel data models using ε
-contamination. A two-step approach is employed to derive the conditional type-II maximum like-
lihood (ML-II) posterior distribution of the coefficients and individual effects. The ML-II posterior
means are weighted averages of the Bayes estimator under a base prior and the data-dependent
empirical Bayes estimator. Two-stage and three stage hierarchy estimators are developed and
their finite sample performance is investigated through a series of Monte Carlo experiments. These
include standard random effects as well as Mundlak-type, Chamberlain-type and Hausman-Taylor-
type models. The simulation results underscore the relatively good performance of the three-stage
hierarchy estimator. Within a single theoretical framework, our Bayesian approach encompasses a
variety of specifications while conventional methods require separate estimators for each case.
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B. Applications

The simulation results have shown that our proposed estimators behave as well if not better
than the classical estimators. In what follows, we compare the results of fitting the same set of
estimators to real data. We thus wish to investigate whether the inference that can be drawn from
widely used data sets on important economics issues changes when we use our robust estimators.
The first uses data drawn from the Panel Study of Income Dynamics (PSID) with N = 595 and
T = 7 and focuses on the returns to education. The second investigates crime rates in North
Carolina and uses data from N = 90 counties over a period of T = 7 years.

B.1. The Cornwell-Rupert earnings equations

In their paper, Cornwell and Rupert (1988) use data from the PSID over 1976−1982 to regress
the log wage on years of education (ED), weeks of work (WKS), years of full-time experience (EXP),
occupation (OCC=1 if blue-collar), region of residence (SOUTH = 1), Urban area (SMSA = 1),
industry (IND = 1 if manufacturing), marital status (MS = 1 if married), sex (FEM = 1), race (BLK
= 1), and a union dummy (see also Baltagi and Khanti-Akom (1990)). As per our previous notation,
we let X1 = (OCC,SOUTH, SMSA, IND), X2 = (EXP,EXP2,WKS,MS,UNION), Z1 =
(FEM,BLK) and Z2 = ED. For the Mundlak model, we omit Z1 and Z2 and consider that only
the variables in X2 are correlated with the individual effects.

The estimation results are reported in Table B1. Notice first that since we assume that only
the X2 variables are correlated with the individual effects, the standard Within estimator does not
match the Mundlak-type FE. This is especially the case for the X1 variables, i.e OCC,SOUTH,
SMSA, IND. On the other hand, the Mundlak-type FE, our 3S estimators and the FB estimator
yield qualitatively very similar results. This is true both for the X1 and X2 variables. Likewise, the
estimates of πexp, . . . , πunion and of σ2

µ and σ2
u are nearly identical across the different estimators.

We next focus on the Hausman-Taylor model. This specification requires that Z1 and Z2

be included in the model. Furthermore, the assumed correlation between the individual ef-
fects and X2 and Z2 justifies the use of an IV method whose instruments are given by AHT =
[QWX1, QWX2, PX1, Z1], where QW = INT − P is the within-transformation. Recall from our
discussion of the HT estimator that the nature of the correlation is left unspecified. We have
proposed to proxy it through the polynomial function f [·] = (x2,i − Ex2)

2 � (Z2i − EZ2)
s
, where

s need to be specified empirically.1

Table B2 reports the results of relevant estimators as well as those obtained from fitting the
standard random effects model for the sake of completeness and despite the fact it is known to
be biased. Contrary to the previous table, the classical (HT) and Bayesian estimators yield qual-
itatively different results. According to the former, workers living in the South and employed
as blue collars have the same wages as elsewhere. The Bayesian estimators, on the other hand,
find a statistically significant negative difference of about 4.5% and 6% in each case, respectively.
Likewise, living in a SMSA has a negative impact on the wage rates according to the HT estimator
but a positive one according to our robust estimators, which seems more reasonable. While union
has no impact according to the IV estimator, we find a positive, reasonable and significant effect
when using Bayesian estimators. The estimated coefficients of other time-varying variables ind,
exp, exp2, wks and ms are similar whatever the estimation method. Yet, the more interesting
differences concern the parameter estimates associated with the time invariant variables, i.e. gen-
der, race and education (Z1 and Z2). Indeed, according to the our robust estimators, women are
more discriminated against than blacks which is the exact opposite found with the HT estima-
tor.2 The returns to education is also four percentage points lower according to the 3S estimators.
As expected from the Monte Carlo simulations, the Bayesian estimators yield considerably more
precise estimates. For instance, the 3S bootstrap 95% confidence interval of ED is [8.06%; 12.9%]
whereas that of the HT estimator is [9.55%; 18.03%]. Recall from Table 4 that the 3S bootstrap
estimator yielded a slightly biased parameter estimate of the endogeneous time-invariant variable.
Its smaller variance more than compensated for the bias as its RMSE was also much smaller.

1As suggested, we proxy the individual effects by µ̂ =
(
Z′µZµ

)−1
Z′µŷ, where ŷ are the fitted values of the pooling

regression y = X1β1+ X2β2 +Z1η1 +Z2η. We next compute the correlation between µ̂ and Z2. Since the estimated
correlation is large (0.612), we have set s = 1.

2Baltagi and Bresson (2012) propose a robust HT estimator and compare it with the standard HT estimator with
the same data. They get similar returns to education but very different gender and race effects. The magnitude of
the parameter estimates of gender and race change in a similar fashion to ours.
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B.2. The Cornwell-Trumbull crime model

Cornwell and Trumbull (1994) estimate an economic model of crime using panel data on 90
counties in North Carolina over the period 1981–1987. The model relates crime rates to a set
of variables that proxy deterrent effects and returns to legal opportunities. All the variables are
expressed in logarithms and include the probability of arrest (PA), the probability of conviction
conditional on being arrested (PC), the probability of a prison sentence given conviction (PP ),
policemen per capita as a measure of the county’s ability to detect crime (Police), the popula-
tion density (Density), the percentage of the minority groups at the county level (Pctmin), and
regional dummies for western and central counties (West, Central). Opportunities in the legal
sector are proxied by the weekly average wage rates at the county level in two distinct industries:
transportation, utilities and communication (Wtuc), and manufacturing (Wmfg).

Table B3 shows that the MCS, the robust and the FB estimators yield qualitatively similar
results.3 Note however that the Bayesian estimators match more closely the Within estimates (FE)
than the MCS does, although the confidence intervals of all estimators overlap. In addition, the 3S
bootstrap and 3S t-dist yield smaller standard errors than the FB does. The estimated variances
of the residuals, σ2

u, are identical across estimators but the Within estimator yields a much larger
value of the variance of the individual effects, σ2

µ.

3We use an iterated (iter = 100) MCS procedure so as to match the results of Baltagi et al. (2009). The πt
coefficients are not reported to save on space. They are available upon request.
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C. The first step of the robust Bayesian estimator in the two-stage hierarchy

C.1. Derivation of eq.(8)

As y = Xβ + Wb + u , u ∼ N (0,Σ) with Σ = τ−1INT , the joint probability density function
(pdf) of y, given the observables and the parameters, is:

p (y | X, b, τ, β) =
( τ

2π

)NT
2

exp
(
−τ

2
(y −Xβ −Wb)′(y −Xβ −Wb)

)
.

Let y∗ = y −Wb. We can write (see Koop (2003), Bauwens et al. (2005) or Hsiao and Pesaran
(2008) for instance):

(y∗ −Xβ)′(y∗ −Xβ) = y∗′y∗ − y∗′Xβ − β′X ′y∗ + β′X ′Xβ

and

p (y∗ | X, b, τ) =
( τ

2π

)NT
2

exp
(
−τ

2
(y∗ −Xβ)′(y∗ −Xβ)

)
.

Let β̂ (b) = (X ′X)−1X ′y∗ = Λ−1
X X ′y∗ and v (b) = (y∗ −Xβ̂ (b))′(y∗ −Xβ̂ (b)), where ΛX = X ′X.

Then

ΛX β̂ (b) = X ′y∗ and β̂′ (b) = y∗′XΛ−1
X

(y∗ −Xβ)′(y∗ −Xβ) = y∗′y∗ − β̂′ (b) ΛXβ − β′ΛX β̂ (b) + β′ΛXβ

= y∗′y∗ − β̂′ (b) ΛXβ − β′ΛX β̂ (b) + β′ΛXβ

+ β̂′ (b) ΛX β̂ (b)− β̂′ (b) ΛX β̂ (b)

+ β̂′ (b) ΛX β̂ (b)− β̂′ (b) ΛX β̂ (b)

(y∗ −Xβ)′(y∗ −Xβ) = y∗′y∗ + (β − β̂ (b))′ΛX

(
β − β̂ (b)

)
− β̂′ (b) ΛX β̂ (b) + β̂′ (b) ΛX β̂ (b)

− β̂′ (b) ΛX β̂ (b) .

Since

y∗′y∗ − β̂′ (b) ΛX β̂ (b) + β̂′ (b) ΛX β̂ (b)− β̂′ (b) ΛX β̂ (b) = y∗′y∗ − y∗′Xβ̂ (b)− β̂′ (b)X ′y∗

+β̂′ (b)X ′Xβ̂ (b)

=
(
y∗ −Xβ̂ (b)

)′
(y∗ −Xβ̂ (b))

= v (β)

then
(y∗ −Xβ)′(y∗ −Xβ) = (β − β̂ (b))′ΛX

(
β − β̂ (b)

)
+ v (β) .

So the joint pdf can be written as:

p (y∗ | X, b, τ) =
( τ

2π

)NT
2

exp
(
−τ

2

{
v (β) + (β − β̂ (b))′ΛX

(
β − β̂ (b)

)})
.

The base prior of β is given by: β ∼ N
(
β0ιK1 , (τg0ΛX)

−1
)

. Combining the pdf of y and the pdf

of the base prior, we get the predictive density corresponding to the base prior:

m (y∗ | π0, b, g0) =

∞∫
0

∫
RK1

π0 (β, τ | g0)× p (y∗ | X, b, τ) dβ dτ

=

∞∫
0

∫
RK1

p (β | τ, β0, g0)× p (τ)× p (y∗ | X, b, τ) dβ dτ

=

∞∫
0

∫
RK1


(
τ
2π

)NT
2
(
τg0
2π

)K1
2
(

1
τ

)
|ΛX |1/2

× exp
(
− τg02 (β − β0ιK1)′ΛX(β − β0ιK1)

)
× exp

(
− τ2

{
v (b) + (β − β̂ (b))′ΛX(β − β̂ (b)

})
 dβ dτ
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m (y∗ | π0, b, g0) =

∞∫
0

∫
RK1


(

1
2π

)NT+K1
2 g

K1
2

0 (τ)
NT+K1

2 −1 |ΛX |1/2

× exp

(
− τ2 {v (β)} − τ

2

{
(β − β̂ (b))′ΛX(β − β̂ (b)

+g0(β − β0ιK1)′ΛX(β − β0ιK11)

})  dβ dτ.

We can simplify the expression inside the exponentiation:

z = (β − β̂ (b))′ΛX(β − β̂ (b) + g0(β − β0ιK1
)′ΛX(β − β0ιK1

).

As the Bayes estimate of β is given by4 (see Bauwens et al. (2005)):

β∗(b | g0) =

(
β̂ (b) + g0β0ιK1

n∗

)
with n∗ = g0 + 1,

then

z = n∗(β
′ΛXβ − 2β′∗(b)ΛXβ) + g0β0ι

′
K1

ΛXιK11
+ β̂′ (b) ΛX β̂ (b)

= n∗(β − β∗(b | g0))′ΛX(β − β∗(b | g0))− n∗β′∗(b)ΛXβ∗(b | g0)

+ g0β0ι
′
K1

ΛXιK1
+ β̂′ (b) ΛX β̂ (b)

= n∗(β − β∗(b | g0))′ΛX(β − β∗(b | g0)) +
g0

n∗

(
β0ιK1

− β̂ (b)
)′

ΛX

(
β0ιK1

− β̂ (b)
)

= (g0 + 1) (β − β∗(b | g0))′ΛX(β − β∗(b | g0))

+

(
g0

g0 + 1

)(
β̂ (b)− β0ιK1

)′
ΛX

(
β̂ (b)− β0ιK1

)
.

We can then write

m (y∗ | π0, b, g0) =

∞∫
0

∫
RK1

(
1

2π

)NT+K1
2

g
K1
2

0 (τ)
NT+K1

2 −1 |ΛX |1/2

× exp

 − τ2 {v (β)}

− τ2

{
(g0 + 1) (β − β∗(b | g0))′ΛX(β − β∗(b | g0))

+
(

g0
g0+1

)(
β̂ (b)− β0ιK1

)′
ΛX

(
β̂ (b)− β0ιK1

) }
 dβ dτ

=

∞∫
0


∫

RK1

exp
[
−τ

2
(g0 + 1) (β − β∗(b | g0))′ΛX(β − β∗(b | g0))

]
dβ


×
(

1

2π

)NT+K1
2

g
K1
2

0 (τ)
NT+K1

2 −1 |ΛX |1/2

×
{

exp

[
−τ

2

{
v (b) +

(
g0

g0 + 1

)(
β̂ (b)− β0ιK1

)′
ΛX

(
β̂ (b)− β0ιK1

)}]
dτ

}
.

The multiple integral

IRK1 =

∫
RK1

exp
(
−τ

2
(g0 + 1)(β − β∗(b | g0))′ΛX(β − β∗(b | g0))

)
dβ

can be written as

IRK1 =

∞∫
−∞

...

∞∫
−∞

exp
(
−τ

2
(g0 + 1)(β − β∗(b | g0))′ΛX(β − β∗(b | g0))

)
dβ1...dβK1

= |D|−1

∞∫
−∞

...

∞∫
−∞

exp
(
−τ

2
(g0 + 1) s′s

)
ds1...dsK1

,

4Derivation of this estimator is presented below.
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where s = D(β − β∗(b | g0)). Then,

IRK1 = |D|−1

 ∞∫
−∞

exp
(
−τ

2
(g0 + 1) s2

)
ds

K1

,

and using the Gauss integral formula

∞∫
−∞

exp
(
−ax2

)
dx =

√
π

a

we get

IRK1 = |D|−1

(
2π

τ(g0 + 1)

)K1/2

= |ΛX |−1/2
(2π)

K1/2 . [τ(g0 + 1)]
−K1/2 .

Hence we can write

m (y | π0, b, g0) =

∞∫
0

(2π)
K1/2

(
1

2π

)NT+K1
2

g
K1/2
0 (g0 + 1)−K1/2. |ΛX |−1/2 |ΛX |1/2 τ−K1/2τ

NT+K1
2 −1

× exp

(
−τ

2

{
v (b) +

(
g0

g0 + 1

)
(β̂ (b)− β0ιK1)′ΛX(β̂ (b)− β0ιK1)

})
dτ

m (y | π0, b, g0) = (2π)
−NT/2

(
g0

g0 + 1

)K1/2
∞∫

0

τ
NT
2 −1 exp

−τ
2
v (b)

 1+(
g0
g0+1

)(
R2
β0

1−R2
β0

) 
 dτ,

where

R2
β0

=
(β̂ (b)− β0ιK1

)′ΛX(β̂ (b)− β0ιK1
)

(β̂ (b)− β0ιK1
)′ΛX(β̂ (b)− β0ιK1

) + v (b)
.

Using a property of the Gamma function, i.e.,

∞∫
0

tb exp (−at) dt =
Γ(b+ 1)

ab+1

we thus get

m (y? | π0, b, g0) = H̃

(
g0

g0 + 1

)K1/2
(

1 +

(
g0

g0 + 1

)
(β̂ (b)− β0ιK1)′ΛX(β̂ (b)− β0ιK1)

v (b)

)−NT2

= H̃

(
g0

g0 + 1

)K1/2
(

1 +

(
g0

g0 + 1

)(
R2
β0

1−R2
β0

))−NT2
(8)

with

H̃ =
Γ
(
NT
2

)
π(NT2 )v (b)(

NT
2 )

.

Q.E.D
Following a similar line of reasoning, it trivially follows that

m (ỹ | π0, β, h0) = H̃

(
h0

h0 + 1

)K2/2
(

1 +

(
h0

h0 + 1

)(
R2
b0

1−R2
b0

))−NT2
where

R2
b0 =

(̂b (β)− b0ιK2
)′ΛW (̂b (β)− b0ιK2

)

(̂b (β)− b0ιK2
)′ΛW (̂b (β)− b0ιK2

) + v (β)
,

with b̂ (β) = (W ′W )
−1
W ′ỹ, v (β) = (ỹ −Wb̂ (β))′(ỹ −Wb̂ (β)) and ỹ = y −Xβ
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C.2. Derivation of eq.(10) and eq.(11)

The maximization of m (y∗ | q, b, g0) is equivalent to maximizing logm (y∗ | q, b, g0). Write:

logm (y∗ | q, b, g0) = log H̃ +
K1

2
log

(
gq

gq + 1

)
−NT

2
log

(
1 +

(
gq

gq + 1

)
(β̂ (b)− βqιK1)′ΛX(β̂ (b)− βqιK1)

v (b)

)
.

Next we take the derivative of the above expression with respect to βq and gq to obtain the first
order conditions:

∂ logm (y∗ | q, b, g0)

∂βq
= 0 and

∂ logm (y∗ | q, b, g0)

∂gq
= 0

The first term, (∂ logm (y∗ | q, b) /∂βq), leads to

∂ logm (y∗ | q, b, g0)

∂βq
= −

(
NT

2

)
∂

∂βq

{
log

(
1+(

gq
gq+1

)
(β̂(b)−βqιK1

)′ΛX(β̂(b)−βqιK1
)

v(b)

)}

= −
(
NT

2

)
.

 1

1 +
(

gq
gq+1

)
.
(β̂(b)−βqιK1

)′ΛX(β̂(b)−βqιK1
)

v(β)


×
(

gq
gq + 1

)
(−2) (β̂ (b)− βqιK1

)′ΛXιK1
= 0.

Since [
1 +

(
gq

gq + 1

)
(β̂ (b)− βqιK1

)′ΛX(β̂ (b)− βqιK1
)

v (β)

]−1

6= 0 and finite

it follows that
(β̂ (b)− βqιK1

)′ΛXιK1
= 0.

Thus
β̂q =

(
ι′K1

ΛXιK1

)−1
ι′K1

ΛX β̂ (b) . (10)

The second term of the first order conditions is

∂ logm (y∗ | q, b)
∂gq

= 0.

This implies

∂ logm (y∗ | q, b, g0)

∂gq
=

∂

∂gq

{
K1

2
log

(
gq

gq + 1

)}
−
(
NT

2

)
∂

∂gq

{
log

(
1+(

gq
gq+1

)
(β̂(b)−βqιK1

)′ΛX(β̂(b)−βqιK1
)

v(b)

)}

=
K1

2

[
1

gq (gq + 1)

]
−
(
NT

2

)
(

R2
βq

1−R2
βq

)
(gq + 1) + gq

(
R2
βq

1−R2
βq

) 1

gq + 1

 = 0,

with

R2
βq =

(β̂ (b)− βqιK1
)′ΛX(β̂ (b)− βqιK1

)

(β̂ (b)− βqιK1
)′ΛX(β̂ (b)− βqιK1

) + v (b)
.

Therefore

K1

2

[
1

gq (gq + 1)

]
=

(
NT

2

)
(

R2
βq

1−R2
βq

)
(gq + 1)

[
(gq + 1) + gq

(
R2
βq

1−R2
βq

)]
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or equivalently

K1

2

[
1

gq

]
=

(
NT

2

)
(

R2
βq

1−R2
βq

)
(gq + 1) + gq

(
R2
βq

1−R2
βq

)


gq =

(
K1

NT

)gq
((

R2
βq

1−R2
βq

)
+ 1

)
+ 1(

R2
βq

1−R2
βq

)
 .

Let A = R2
βq
/(1−R2

βq
). Hence

gq =
K1

NTA−K1(A+ 1)
=

(
NT −K1

K1
.

(
R2
βq

1−R2
βq

)
− 1

)−1

.

It follows that

ĝq = min
(
g0, g

∗
q

)
(11)

with g∗q = max

0,

(
NT −K1

K1

(β̂ (b)− β̂qιK1)′ΛX(β̂ (b)− β̂qιK1)

v (b)
− 1

)−1


= max

0,

(
NT −K1

K1

(
R2
βq

1−R2
βq

)
− 1

)−1
 .

Q.E.D

C.3. Derivation of eq.(12), eq.(13) and eq.(15)

If π∗0 (β, τ | g0) denotes the posterior density of (β, τ) for the prior π0 (β, τ) and if q∗ (β, τ | g0)
denotes the posterior density of (β, τ) for the prior q (β, τ), then the ML-II posterior density of
(β, τ) is given by

π̂∗ (β, τ | g0) =
p (y∗ | X, b, τ) π̂ (β, τ | g0)

∞∫
0

∫
RK1

p (y∗ | X, b, τ) π̂ (β, τ | g0) dβ dτ

=
p (y∗ | X, b, τ) {(1− ε)π0 (β, τ | g0) + εq̂ (β, τ | g0)}

∞∫
0

∫
RK1

p (y∗ | X, b, τ) {(1− ε)π0 (β, τ | g0) + εq̂ (β, τ | g0)} dβ dτ

=
(1− ε) p (y∗ | X, b, τ)π0 (β, τ | g0) + εp (y∗ | X, b, τ) q̂ (β, τ | g0) (1− ε)

∞∫
0

∫
RK1

p (y∗ | X, b, τ)π0 (β, τ | g0) dβdτ

+ε
∞∫
0

∫
RK1

p (y∗ | X, b, τ) q̂ (β, τ | g0) dβdτ


.

Since

π̂∗ (β, τ | g0) =
(1− ε) p (y∗ | X, b, τ)π0 (β, τ | g0) + εp (y∗ | X, b, τ) q̂ (β, τ | g0)

(1− ε)m (y∗ | π0, b, g0) + εm (y∗ | q̂, b, g0)

= λ̂β

(
p (y∗ | X, b, τ)π0 (β, τ | g0)

m (y∗ | π0, b, g0)

)
+
(

1− λ̂β
)(p (y∗ | X, b, τ) q̂ (β, τ | g0)

m (y∗ | q̂, b, g0)

)
,

then
π̂∗ (β, τ | g0) = λ̂β,g0π

∗
0 (β, τ | g0) +

(
1− λ̂β,g0

)
q∗ (β, τ | g0)

with

λ̂β,g0 =
(1− ε)m (y∗ | π0, b, g0)

(1− ε)m (y∗ | π0, b, g0) + εm (y∗ | q̂, b, g0)
.
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λ̂β,g0 =

[
1 +

εm (y∗ | q̂, b, g0)

(1− ε)m (y∗ | π0, b, g0)

]

=

1 +
ε

1− ε

(
ĝ
ĝ+1
g0
g0+1

)K1/2
1 +

(
g0
g0+1

)
(β̂(b)−β0ιK1

)′ΛX(β̂(b)−β0ιK1
)

v(b)

1 +
(

ĝ
ĝ+1

)
(β̂(b)−β̂qιK1

)′ΛX(β̂(b)−β̂qιK1
)

v(b)


NT
2


−1

=

1 +
ε

1− ε

(
ĝ
ĝ+1
g0
g0+1

)K1/2

1 +
(

g0
g0+1

)(
R2
β0

1−R2
β0

)
1 +

(
ĝ
ĝ+1

)(
R2
βq

1−R2
βq

)


NT
2

−1

Integration of π̂∗ (β, τ | g0) with respect to τ leads to the marginal ML-II posterior density of β :

π̂∗ (β | g0) =

∞∫
0

π̂∗ (β, τ | g0) dτ = λ̂β,g0

∞∫
0

π∗0 (β, τ | g0) dτ +
(

1− λ̂β,g0
) ∞∫

0

q∗ (β, τ | g0) dτ.

We must first define π∗0 (β, τ | g0) and q∗ (β, τ | g0). As

π∗0 (β, τ | g0) =
p (y∗ | X, b, τ)π0 (β, τ | g0)

m (y∗ | π0, b, g0)
=

p (y∗ | X, b, τ)π0 (β, τ | g0)
∞∫
0

∫
RK1

p (y∗ | X, b, τ)π0 (β, τ | g0) dβdτ

,

where

m (y∗ | π0, b) =
Γ
(
NT
2

)
π(NT2 )v (b)(

NT
2 )

(
g0

g0 + 1

)K1/2

×

(
1 +

(
g0

g0 + 1

)
(β̂ (b)− β0ιK1)′ΛX(β̂ (b)− β0ιK1)

v (b)

)−NT2
,

and where

p (y∗ | X, b, τ)π0 (β, τ | g0) =


(
τ
2π

)NT
2
(
τg0
2π

)K1
2 τ−1 |ΛX |1/2

× exp
(
− τg02 (β − β0ιK1

)′ΛX(β − β0ιK1
)
)

× exp
(
− τ2

{
v (b) + (β − β̂ (b))′ΛX(β − β̂ (b)

})


= τ(NT+K1
2 −1) |ΛX |1/2

(
1

2π

)NT+K1
2

g
K1
2

0 × exp
(
−τ

2
ϕπ0,β

)
,

with

ϕπ0,β = v (β) + (g0 + 1) (β − β∗(b))′ ΛX (β − β∗(b))

+

(
g0

g0 + 1

)(
β̂(b)− β0ιK1

)′
ΛX

(
β̂(b)− β0ιK1

)
,

then
π∗0 (β, τ | g0) = L0 (b)× τ(NT+K1

2 −1) × exp
(
−τ

2
ϕπ0,β

)
,

where

L0 (b) =
2−(NT+K1

2 )

Γ
(
NT
2

)
.πK1/2

. (g0 + 1)
K1
2 .v (b)

NT
2 . |ΛX |1/2

×


1 +

(
g0

g0 + 1

) (β̂(b)− β0ιK1

)′
ΛX

(
β̂(b)− β0ιK1

)
v (b)


(NT2 )

 .
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Similarly, the expression of q∗ (β, τ | g0) is defined as:

q∗ (β, τ | g0) =
p (y∗ | X, b, τ) q̂ (β, τ | g0)

m (y∗ | q̂, b, g0)
=

p (y∗ | X, b, τ) q̂ (β, τ | g0)
∞∫
0

∫
RK1

p (y∗ | X, b, τ) q̂ (β, τ | g0) dβ dτ

= Lq̂ (b)× τ(NT+K1
2 −1) × exp

(
−τ

2
ϕq̂,β

)
,

with

ϕq̂,β = v (β) + (ĝ + 1)
(
β − β̂EB (b | g0)

)′
ΛX

(
β − β̂EB (b | g0)

)
+

(
ĝ

ĝ + 1

)(
β̂(b)− β̂qιK1

)′
ΛX

(
β̂(b)− β̂qιK1

)
and

Lq̂ (b) =
2−(K1)

Γ
(
NT
2

)
πK1/2

(ĝ + 1)
K1
2 v (b)(

NT
2 ) |ΛX |1/2

×


1 +

(
ĝ

ĝ + 1

) (β̂(b)− β̂qιK1

)′
ΛX

(
β̂(b)− β̂qιK1

)
v (β)


(NT2 )

 ,
and where β̂EB (b | g0) is the empirical Bayes estimator of β for the contaminated prior distribution
q (β, τ) (see the derivation below):

β̂EB (b | g0) =
β̂ (b) + ĝqβ̂qιK1

ĝq + 1
.

Integration of π̂∗ (β, τ | g0) with respect to τ leads to the marginal ML-II posterior density of β :

π̂∗ (β | g0) =

∞∫
0

π̂∗ (β, τ | g0) dτ

= λ̂β,g0

∞∫
0

π∗0 (β, τ | g0) dτ +
(

1− λ̂β,g0
) ∞∫

0

q∗ (β, τ | g0) dτ

= λ̂β,g0π
∗
0 (β | g0) +

(
1− λ̂β,g0

)
q̂∗ (β | g0) (12)

So,

π∗0 (β | g0) =

∞∫
0

π∗0 (β, τ | g0) dτ

= L0 (b)

∞∫
0

τ(NT+K1
2 −1) × exp

(
−τ

2
ϕπ0,β

)
dτ

= L0 (b)× 2(NT+K1
2 )ϕ

(−NT+K1
2 )

π0,β
Γ

(
NT +K1

2

)
.

Then π∗0 (β | g0) is given by

π∗0 (β | g0) =
Γ
(
NT+K1

2

)
Γ
(
NT
2

)
π
K1
2

|ΛX |1/2 (g0 + 1)
K
2 v (b)(

NT
2 ) × ϕ(−NT+K1

2 )
π0,β

×

1 +

(
g0

g0 + 1

) (β̂(b)− β0ιK1

)′
ΛX

(
β̂(µ)− β0ιK1

)
v (b)


(NT2 )

.
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We therefore get

π∗0 (β | g0) = H̃π0

(g0 + 1)
K1/2(

(g0 + 1) (β−β∗(b))′ΛX(β−β∗(b))
v(b) +

(
g0
g0+1

)
(β̂(b)−β0ιK1)

′
ΛX(β̂(b)−β0ιK1)
v(b) + 1

)NT+K1
2

,

with

H̃π0 =
Γ
(
NT+K1

2

)
|ΛX |1/2

πK/2Γ
(
NT
2

)
v (β)

K1/2

×

1 +

(
g0

g0 + 1

) (β̂(b)− β0ιK1

)′
ΛX

(
β̂(b)− β0ιK1

)
v (b)


NT
2

.

If we suppose that M0,β = (g0+1)
v(b) ΛX , then |M0,β |1/2 =

(
g0+1
v(b)

)K1/2

|ΛX |1/2 and

π∗0 (β | g0) =
Γ
(
NT+K1

2

)
|M0,β |1/2

πK1/2Γ
(
NT
2

) (ξ0,β)
NT/2

[(β − β∗(b))′M0,β(β − β∗(b)) + ξ0,β ]
−NT+K1

2 ,

with ξ0,β = 1 +

(
g0

g0 + 1

) (β̂(b)− β0ιK1

)′
ΛX

(
β̂(b)− β0ιK1

)
v (b)

. (13)

So π∗0 (β | g0) is the pdf of a multivariate t-distribution with mean vector β∗(b), variance-covariance

matrix

(
ξ0,βM

−1
0,β

NT−2

)
and degrees of freedom (NT ) (see Bauwens et al. (2005)). q∗ (β | g0) is defined

equivalently by:

q̂∗ (β | g0) =

∞∫
0

q̂∗ (β, τ | g0) dτ = Lq̂ (b)

∞∫
0

τ(NT+K1
2 −1) × exp

(
−τ

2
ϕq̂,β

)
dτ.

Then q∗ (β) is given by

q∗ (β | g0) = H̃q
(ĝ + 1)

K1/2{
(ĝ + 1)

(β−β̂EB(b))
′
ΛX(β−β̂EB(b))
v(b) +

(
ĝ
ĝ+1

)
(β̂(b)−β̂qιK1)

′
ΛX(β̂(µ)−β̂qιK1)
v(b) + 1

}NT+K1
2

,

with

H̃q =
Γ
(
NT+K1

2

)
|ΛX |1/2

πK1/2Γ
(
NT
2

)
v (b)

K1/2

×

1 +

(
ĝ

ĝ + 1

) (β̂(b)− β̂qιK1

)′
ΛX

(
β̂(b)− β̂qιK1

)
v (b)


NT
2

.

Notice that q∗ (β | g0) is the pdf of a multivariate t-distribution with mean vector β̂EB (b), variance-

covariance matrix

(
ξq,βM

−1
q,β

NT−2

)
and degrees of freedom (NT ) with

ξq,β = 1 +

(
ĝ

ĝ + 1

) (β̂(b)− β̂qιK1

)′
ΛX

(
β̂(b)− β̂qιK1

)
v (b)

and Mq,β =

(
(ĝ + 1)

v (β)

)
ΛX . (15)

Q.E.D

22



C.4. Derivation of eq.(14) and eq.(16).

To prove equation (16), start from Bayes’s theorem:

p (β|y∗) ∝ p (y∗|β) p (β) .

As y∗ ∼ N
(
Xβ, τ−1INT

)
and β ∼ N

(
β̂qιK1

, (τ ĝΛX)
−1
)

, then the product p (y∗|β) p (β) is pro-

portional to exp
{
− 1

2Q
∗} where Q∗ is given by (see Koop (2003), Bauwens et al. (2005) or Hsiao

and Pesaran (2008) for instance):

Q∗ = τ (y∗ −Xβ)
′
(y∗ −Xβ) + τ ĝ

(
β − β̂qιK1

)′
ΛX

(
β − β̂qιK1

)
= τy∗

′
y∗ − τy∗

′
Xβ − τβ′X ′y∗ + τβ′X ′Xβ

+τ ĝβ′ΛXβ − τ ĝβ′ΛX β̂qιK1
− τ ĝβ̂qιK1

ΛXβ + τ ĝ
(
β̂q

)2

ι′K1
ΛXιK1

.

We can write

Q∗ =
{
τ ĝβ′ΛXβ + τβ′X ′Xβ − τ ĝβ̂qβ′ΛXιK1 − τβ′Xy∗ − τ ĝβ̂qιK1ΛXβ − τy∗

′
Xβ
}

+

{
τy∗

′
y∗ + τ ĝ

(
β̂q

)2

ι′K1
ΛXιK1

}
= β′ (τ ĝΛX + τX ′X)β − β′

(
τ ĝΛX β̂qιK1

+ τX ′y∗
)
− τ ĝβ̂qιK1

ΛXβ − τy∗
′
Xβ

+
{
τy∗

′
y∗ + τ ĝβ̂2

q ι
′
K1

ΛXιK1

}
LetD = (τ ĝΛX + τX ′X)

−1
. If we add and subtractR′DR inQ∗, withR =

(
τ ĝΛX β̂qιK1 + τX ′y∗

)
,

then

Q∗ =

 β′ (τ ĝΛX + τX ′X)β − β′
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)
− τ ĝβ̂qιK1

ΛXβ − τy∗
′
Xβ

+
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)′
D
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)


+

 τy∗′y∗ + τ ĝβ̂ (µ)
2

ι′K1
ΛXιK1

−
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)′
D
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)


= Q∗1 +Q∗2.

So

Q∗1 =

 β′ (τ ĝΛX + τX ′X)β − β′
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)
− τ ĝβ̂qιK1

ΛXβ − τy∗
′
Xβ

+
(
τ ĝΛX β̂qιK1 + τX ′y∗

)′
D
(
τ ĝΛX β̂qιK1 + τX ′y∗

)


= β′D−1β − β′
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)
−
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)′
β

+
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)′
D
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)

= β′D−1β − β′D−1D
(
τ ĝΛX β̂qιK1 + τX ′y∗

)
−
(
τ ĝΛX β̂qιK1 + τX ′y∗

)′
D′D−1β

+
(
τ ĝΛX β̂qιK1

+ τX ′y∗
)′
D′D−1D (τ ĝΛXβ + τX ′y∗)

Let β̂EB(b | g0) = D
(
τX ′y∗ + τ ĝβ̂qΛXιK1

)
. Then

Q∗1 = β′D−1β − β′D−1β̂EB(b | g0)− β̂′EB(b | g0)D−1β + β̂′EB(b | g0)D−1β̂EB(b | g0)

=
(
β − β̂EB(b | g0)

)′
D−1

(
β − β̂EB(b | g0)

)
.

Since

Q∗2 = τy∗
′
y∗ + τ ĝβ̂2

q ι
′
K1

ΛXιK1

−
(
τX ′y∗ + τ ĝβ̂qΛXιK1

)′
D
(
τX ′y∗ + τ ĝβ̂qΛXιK1

)
,

23



Q∗2 is a constant relative to p (β|y∗). So exp
{
− 1

2Q
∗
2

}
integrates to 1. Therefore, the marginal

distribution of β given y∗ is proportional to exp
{
− 1

2Q
∗
1

}
. Consequently, the empirical Bayes

estimator β̂EB(b | g0) of β is given by

β̂EB(b | g0) = D
(
τX ′y∗ + τ ĝβ̂qΛXιK1

)
, with D = (τ ĝΛX + τX ′X)

−1
.

Hence

β̂EB (b | g0) = D
(
τX ′y∗ + τ ĝβ̂qΛXιK1

)
= ((ĝ + 1) ΛX)

−1
(
X ′y∗ + ĝβ̂qΛXιK1

)
= ((ĝ + 1))

−1
(

Λ−1
X X ′y∗ + ĝβ̂qιK1

)
=
β̂ (b) + ĝβ̂qιK1

ĝ + 1
= β̂ (b)− ĝ

ĝ + 1

(
β̂ (b)− β̂qιK1

)
. (16)

As y∗ ∼ N
(
Xβ, τ−1INT

)
and β ∼ N

(
β0ιK1

, (τg0ΛX)
−1
)

, then, following the previous derivations,

we can show that β∗(b | g0) is the Bayes estimate of β for the prior distribution π0 (β, τ | g0) :

β∗ (b | g0) =
β̂ (b) + g0β0ιK1

g0 + 1
. (14)

Q.E.D

D. The second step of the robust Bayesian estimator in the three-stage hierarchy

D.1. Derivation of eq.(20) and eq.(21)

In the second step of the two-stage hierarchy, we have derived the predictive density corre-
sponding to the base prior conditional on h0 (See section C.1):

m (ỹ | π0, β, h0) = H̃

(
h0

h0 + 1

)K2/2
(

1 +

(
h0

h0 + 1

)
(̂b (β)− b0ιK2)′ΛW (̂b (β)− b0ιK2)

v (β)

)−NT2

= H̃

(
h0

h0 + 1

)K2/2
(

1 +

(
h0

h0 + 1

)(
R2
b0

1−R2
b0

))−NT2
.

Then, the unconditional predictive density corresponding to the base prior is given by

m (ỹ | π0, β) =

∞∫
0

m (ỹ | π0, β, h0) p(h0)dh0

=
H̃

B (c, d)
×
∞∫

0


(

h0

h0+1

)K2/2
(

1 +
(

h0

h0+1

)(
R2
b0

1−R2
b0

))−NT2
× hc−1

0

(
1

1+h0

)c+d
 dh0,

since

p (h0) =
hc−1

0 (1 + h0)
−(c+d)

B (c, d)
, c > 0, d > 0

Let ϕ = h0

h0+1 . Then 1− ϕ = 1
h0+1 , h0 = ϕ

1−ϕ and dh0 = (1− ϕ)
−2
dϕ, so

m (ỹ | π0, β) =
H̃

B (c, d)

1∫
0

(ϕ)
K2
2 +c+1

(1− ϕ)
d−1

(
1 + ϕ

(
R2
b0

1−R2
b0

))−NT2
dϕ (20)

=
B(d, K2

2 + c)

B (c, d)
H̃ ×2 F1

(
NT

2
;
K2

2
+ c;

K2

2
+ c+ d;−

(
R2
b0

1−R2
b0

))
,
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where 2F1 is the Gaussian hypergeometric function.5 Following the lines of the second step of the
robust estimator in the two-stage hierarchy, we have

ĥq = min (h0, h
∗) ,

with h∗ = max

0,

{(
NT −K2

K2

)(
R2
bq

1−R2
bq

)
− 1

}−1


so

ĥq =

{
h0 if h0 ≤ h∗
h∗ if h0 > h∗

and the predictive density corresponding to the contaminated prior conditional on h0 is:

m (y | q̂, b, h0) =


H̃
(

h0

h0+1

)K2
2

(
1 +

(
h0

h0+1

)(
R2
bq

1−R2
bq

))−NT2
if h0 ≤ h∗

H̃
(

h∗

h∗+1

)K2
2

(
1 +

(
h∗

h∗+1

)(
R2
bq

1−R2
bq

))−NT2
if h0 > h∗.

Then the unconditional predictive density corresponding to the contaminated prior is given by:

m (ỹ | q̂, β) =

∞∫
0

m (y | q̂, β, h0) .p(h0)dh0

=
H̃

B (c, d)
×

h∗∫
0


(

h0

h0+1

)K2/2
(

1 +
(

h0

h0+1

)(
R2
bq

1−R2
bq

))−NT2
×hc−1

0

(
1

1+h0

)c+d
 dh0

+
H̃

B (c, d)

(
h∗

h∗ + 1

)K2
2

(
1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

))−NT2
×

∞∫
h∗

hc−1
0

(
1

1 + h0

)c+d
dh0.

5The Euler integral formula is given by (see Abramovitz and Stegun (1970)):

1∫
0

(t)a2−1 (1− t)a3−a2−1 (1− zt)−a1 dt = B(a2, a3 − a2)×2 F1 (a1; a2; a3; z)

=
Γ (a2) Γ (a3 − a2)

Γ (a3)
×2 F1 (a1; a2; a3; z)

where 2F1 (a1; a2; a3; z) is the Gaussian hypergeometric function with 2F1 (a1; a2; a3; z) ≡2 F1 (a2; a1; a3; z). This
is a special function represented by the hypergeometric series. For | z |< 1, the hypergeometric function is defined
by the power series:

2F1 (a1; a2; a3; z) =
∞∑
j=0

(a1)j(a2)j

(a3)j

zj

j!

where (a1)j is the Pochhammer symbol defined by

(a1)j =

{
1 if j = 0

a1 (a1 + 1) ... (a1 + j − 1) =
Γ(a1+j)

Γ(a1)
if j > 0
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Let ϕ = h0

h0+1 . Then

m (ỹ | q̂, β) =
H̃

B (c, d)
×

h∗
h∗+1∫
0

(ϕ)
K2
2 +c−1

(1− ϕ)
d−1

(
1 + ϕ

(
R2
bq

1−R2
bq

))−NT2
dϕ

+
H̃

B (c, d)
×
(

h∗

h∗ + 1

)K2
2

(
1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

))−NT2

×
1∫

h∗
h∗+1

(ϕ)
c−1

(1− ϕ)
d−1

dϕ,

so we get two incomplete Gaussian hypergeometric functions. Let ϕ =
(

h∗

h∗+1

)
t. The solution of

the first one is given by:

h∗
h∗+1∫
0

(ϕ)
K2
2 +c−1

(1− ϕ)
d−1

(
1 + ϕ

(
R2
bq

1−R2
bq

))−NT2
dϕ =

=

(
h∗

h∗ + 1

)K2
2 +c

1∫
0

t
K2
2 +c−1

(
1−

(
h∗

h∗ + 1

)
t

)d−1
(

1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

)
t

)−NT2
dt

=

(
h∗

h∗ + 1

)K2
2 +c

×
Γ
(
K2

2 + c
)

Γ
(
K2

2 + c+ 1
)

× F1

(
K2

2
+ c;

NT

2
; 1− d;

K2

2
+ c+ 1;

(
h∗

h∗ + 1

)
;−
(

h∗

h∗ + 1

)(
R2
bq

1−R2
bq

))

=
2
(

h∗

h∗+1

)K2
2 +c

K2 + 2c
× F1

(
K2

2
+ c;

NT

2
; 1− d;

K2

2
+ c+ 1;

(
h∗

h∗ + 1

)
;−
(

h∗

h∗ + 1

)(
R2
bq

1−R2
bq

))
,

where F1(.) is the Appell hypergeometric function.6 The second incomplete Gaussian hypergeo-
metric function can be written as:

1∫
h∗
h∗+1

(ϕ)
c−1

(1− ϕ)
d−1

dϕ =

1∫
0

(ϕ)
c−1

(1− ϕ)
d−1

dϕ−

h∗
h∗+1∫
0

(ϕ)
c−1

(1− ϕ)
d−1

dϕ

= B (c, d)−

(
h∗

h∗+1

)c
c

×2 F1

(
c; d− 1; c+ 1;

(
h∗

h∗ + 1

))
.

6The Appell hypergeometric function (see Appell (1882), Abramovitz and Stegun (1970), Slater (1966)) is a
formal extension of the hypergeometric function to two variables:

F1 (a; b1; b2; c;x; y) =
∞∑
j=0

∞∑
k=0

(a)j+k(b1)j(b2)k

(c)j+k

xj

j!

yk

k!

=
Γ (c)

Γ (a) Γ (c− a)

1∫
0

(t)a−1 (1− t)c−a−1 (1− xt)−b1 (1− yt)−b2 dt

where (a1)j is the Pochhammer symbol.
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Then the unconditional predictive density corresponding to the contaminated prior is given by:

m (ỹ | q̂, β) = (21)

=
H̃

B (c, d)



2.( h∗
h∗+1 )

K2
2

+c

K2+2c

× F1

(
K2

2 + c; 1− d; NT2 ; K2

2 + c+ 1; h∗

h∗+1 ;− h∗

h∗+1

(
R2
bq

1−R2
bq

))

+



[(
h∗

h∗+1

)K2
2

(
1 +

(
h∗

h∗+1

)(
R2
bq

1−R2
bq

))−NT2 ]

×

 B (c, d)− ( h∗
h∗+1 )

c

c

×2F1

(
c; d− 1; c+ 1; h∗

h∗+1

) 





D.2. Derivation of eq.(23)

Under the contamination class of prior, the empirical Bayes estimator of b in the two-stage
hierarchy (conditional on h0) can be written as:

b̂EB (β | h0) =

(
b̂ (β) + ĥq b̂qιK2

ĥq + 1

)

=


(

1
h0+1

)
b̂ (β) +

(
h0

h0+1

)
b̂qιK2 if h0 ≤ h∗(

1
h∗+1

)
b̂ (β) +

(
h∗

h∗+1

)
b̂qιK2 if h0 > h∗.

The (unconditional) empirical Bayes estimator of b for the three-stage hierarchy model is thus
given by

b̂EB (β) =

∞∫
0

b̂EB (β | h0) p(h0)dh0

=
1

B (c, d)

 b̂ (β)
h∗∫
0

hc−1
0

(
1

1+h0

)c+d+1

dh0 + b̂qιK2

h∗∫
0

hc0

(
1

1+h0

)c+d+1

dh0

+
{
b̂ (β)

(
1

g∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)} ∞∫
h∗
hc−1

0

(
1

1+h0

)c+d
dh0

 .
Let ϕ = h0

h0+1 . Then

b̂EB (β) =
1

B (c, d)


b̂ (β)

h∗
h∗+1∫
0

(ϕ)
c−1

(1− ϕ)
d
dη + b̂qιK2

h∗
h∗+1∫
0

(ϕ)
c

(1− ϕ)
d−1

dϕ

+
{
b̂ (β)

(
1

h∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)} 1∫
h∗
h∗+1

(ϕ)
c−1

(1− ϕ)
d−1

dϕ

 .

We get three incomplete Gaussian hypergeometric functions. Let ϕ =
(

h∗

h∗+1

)
t. The solution of

the first one is given by

h∗
h∗+1∫
0

(ϕ)
c−1

(1− ϕ)
d
dη =

1∫
0

(
(

h∗

h∗ + 1
)t

)c−1(
1− (

h∗

h∗ + 1
)t

)d
(

h∗

h∗ + 1
)dt

=

(
h∗

h∗+1

)c
c

×2 F1

(
c;−d; c+ 1;

h∗

h∗ + 1

)
.
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The solution of the second one is:

h∗
h∗+1∫
0

(ϕ)
c

(1− ϕ)
d−1

dϕ =

1∫
0

(
(

h∗

h∗ + 1
)t

)c(
1− (

h∗

h∗ + 1
)t

)d−1

(
h∗

h∗ + 1
)dt

=

(
h∗

h∗+1

)c+1

c+ 1
×2 F1

(
c+ 1; 1− d; c+ 2;

h∗

h∗ + 1

)
,

and the solution of the third one is:

1∫
h∗
h∗+1

(ϕ)
c−1

(1− ϕ)
d−1

dϕ =

1∫
0

(ϕ)
c−1

(1− ϕ)
d−1

dϕ−

h∗
h∗+1∫
0

(ϕ)
c−1

(1− ϕ)
d−1

dϕ

= B (c, d)−

(
h∗

h∗+1

)c
c

×2 F1

(
c; d− 1; c+ 1;

(
h∗

h∗ + 1

))
.

It follows the empirical Bayes estimator of b for the three-stage hierarchy model is given by:

b̂EB (β) =
1

B (c, d)



b̂ (β)
( h∗
h∗+1 )

c

c ×2 F1

(
c;−d; c+ 1; h∗

h∗+1

)
+b̂qιK2

( h∗
h∗+1 )

c+1

c+1 ×2 F1

(
c+ 1; 1− d; c+ 2; h∗

h∗+1

)
+
{
b̂ (β)

(
1

h∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)}
×

 B (c, d)− ( h∗
h∗+1 )

c

c

×2F1

(
c; d− 1; c+ 1; h∗

h∗+1

) 


. (23)

E. Variance-covariance matrices of the 2S and 3S robust Bayesian estimators

Following Berger (1985)( p.207), the ML-II posterior variance-covariance matrix of β of the
first step of the 2S robust Bayesian estimator is given by

V ar
(
β̂ML−II

)
= λ̂β,g0V ar [π∗0 (β | g0)] +

(
1− λ̂β,g0

)
V ar [q̂∗ (β | g0)]

+ λ̂β,g0

(
1− λ̂β,g0

)(
β∗(b | g0)− β̂EB (b | g0)

)(
β∗(b | g0)− β̂EB (b | g0)

)′
= λ̂β,g0

(
ξ0,β

NT − 2

v (b)

g0 + 1

)
Λ−1
X

+
(

1− λ̂β,g0
)( ξq,β

NT − 2

v (b)

ĝq + 1

)
Λ−1
X

+ λ̂β,g0

(
1− λ̂β,g0

)(
β∗(b | g0)− β̂EB (b | g0)

)(
β∗(b | g0)− β̂EB (b | g0)

)′
.

The ML-II posterior variance-covariance matrix of b of the second step of the 2S robust Bayesian
estimator can be derived in a similar fashion to that of β̂ML−II .

V ar
(
b̂ML−II

)
= λ̂b,h0

(
ξ0,b

NT − 2

v (β)

h0 + 1

)
Λ−1
W

+
(

1− λ̂b,h0

)( ξ1,b
NT − 2

v (β)

ĥq + 1

)
Λ−1
W

+ λ̂b,h0

(
1− λ̂b,h0

)(
b∗(β | h0)− b̂EB (β | h0)

)(
b∗(β | h0)− b̂EB (β | h0)

)′
.
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The ML-II posterior variance-covariance matrix of b of the 3S robust Bayesian estimator can
be derived as in the two-stage hierarchy model:

V ar
(
b̂ML−II

)
= λ̂b

(
ξ0,b

NT − 2
.
v (β)

h0 + 1

)
Λ−1
W

+
(

1− λ̂b
)( ξq,b

NT − 2

v (β)

ĥq + 1

)
Λ−1
W

+ λ̂b

(
1− λ̂b

)(
b∗(β)− b̂EB (β)

)(
b∗(β)− b̂EB (β)

)′
.

The main differences with the latter relate to the definition of the Bayes estimator b∗(β), the

empirical Bayes estimator b̂EB (β) and the weights λ̂b (as compared to b∗(β | h0), b̂EB (β | h0) and

λ̂b,h0).

F. Positive or negative semidefinite differences of MSE

The mean of the ML-II posterior density of β is given by:

β̂ML−II = λβ,g0E [π∗0 (β | g0)] + (1− λβ,g0)E [q∗ (β | g0)]

= λβ,g0β∗(b | g0) + (1− λβ,g0)βEB (b | g0) .

with

λβ,g0 =

1 +
ε

1− ε

 ĝq
ĝq+1
g0
g0+1

K1/2
1 +

(
g0
g0+1

)(
R2
β0

1−R2
β0

)
1 +

(
ĝq
ĝq+1

)( R2

β̂q

1−R2

β̂q

)


NT
2

−1

.

The ML-II posterior variance-covariance matrix of β is given by (see above):

V ar
(
β̂ML−II

)
= λβ,g0V ar [π∗0 (β | g0)] + (1− λβ,g0)V ar [q∗ (β | g0)]

+ λβ,g0 (1− λβ,g0) (β∗(b | g0)− βEB (b | g0)) (β∗(b | g0)− βEB (b | g0))
′

Under the null, H0 : ε = 0, the weight is λβ,g0 = 1 and the restricted estimate is

β̂rest = β∗(b | g0)

while under H1 : ε 6= 0, the unrestricted estimate is β̂un = λβ,g0β∗(b | g0)+
(

1− λ̂β,g0
)
βEB (b | g0) .

Following Magnus and Durbin (1999), we can write the joint distribution of βrest and βun as:(
β̂rest
β̂un

)
∼ N

((
βun +Q
βun

)
,

(
V ar [π∗0 (β | g0)] V ar [π∗0 (β | g0)]
V ar [π∗0 (β | g0)] V ar [π∗0 (β | g0)] +D

))
where

Q = (1− λβ,g0) (β∗(b | g0)− βEB (b | g0))

and

D = (1− λβ,g0) [V ar [q∗ (β | g0)]− V ar [π∗0 (β | g0)]]

+λβ,g0 (1− λβ,g0) (β∗(b | g0)− βEB (b | g0)) (β∗(b | g0)− βEB (b | g0))
′

Applying Theorem 1 of Magnus and Durbin (1999) on this joint distribution, we get the conditions

under which MSE
(
β̂rest

)
−MSE

(
β̂un

)
are positive or negative semidefinite:

MSE
(
β̂rest

)
−MSE

(
β̂un

)
= QQ′ −D

and hence
MSE

(
β̂rest

)
≤MSE

(
β̂un

)
iff Q′D−Q ≤ 1
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and
MSE

(
β̂rest

)
≥MSE

(
β̂un

)
iff Q′D−Q ≥ 1

D− denotes the generalized inverse ofD. IfMSE
(
β̂rest

)
andMSE

(
β̂un

)
are two positive semidef-

inite matrices, the notation MSE
(
β̂rest

)
≤MSE

(
β̂un

)
means that MSE

(
β̂un

)
−MSE

(
β̂rest

)
is positive semidefinite.
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G. Full Bayesian estimators

We also derive the full Bayesian estimators for RE world, the Mundlak world, the Chamberlain
world and the Hausman-Taylor world.7

G.1. Gibbs sampling for the RE world

We run full Bayesian estimates (Gibbs sampling) on the RE world following the works of Chib
and Carlin (1999), Koop (2003), Chib (2008), and Greenberg (2008) to mention a few. They have
proposed algorithms for the three-stage hierarchical models in a standard RE world. Our initial
specification yi = Xiβ +Wibi + ui could be written as the following 3S hierarchy:

First stage : yi = Xiβ + ιTµi + ui, ui ∼ N(0, τ−1IT )
Second stage : β ∼ N (β0, B0) and µi ∼ N

(
0, σ2

µ

)
Third stage : τ ∼ G

(
α0

2 ,
δ0
2

)
and σ−2

µ ∼ G
(
γ0
2 ,

η0
2

)
.

where yi is (T × 1), Xi is (T ×K1), ui is (T × 1). The (T ×K2) matrix Wi of our original model
has been replaced by the (T × 1) vector of ones, ιT , and the (K2 × 1) vector bi is replaced by the
scalar µi which expresses the time-invariant individual effect. G(.) is the Gamma distribution.

We can define the conditional posterior distributions within the Gibbs sampler of the previous
model for the RE world8.

1. We choose diffuse priors with the following hyperparameters β0 = 0K1 , B0 = 102IK1 , α0 = 2,
δ0 = 200, γ0 = 2, η0 = 200 such that the means of the precision τ and σ−2

µ are E [τ ] =

E
[
σ−2
µ

]
= 10−2 and their variances9 are V ar [τ ] = V ar

[
σ−2
µ

]
= 10−4.

2. We draw initial values of:

β(0) ∼ N (β0, B0) , τ (0) ∼ G
(
α0

2 ,
δ0
2

)
σ−2
µ

(0) ∼ G
(
γ0
2 ,

η0
2

)
, µ

(0)
i ∼ N

(
0, σ2

µ
(0)
)

3. At the dth (for d = 1, ..., D) draw, we sample:

τ (d) ∼ G

(
α1

2
,
δ1

(d)

2

)

σ−2
µ

(d) ∼ G

(
γ1

2
,
η1

(d)

2

)
µi

(d) ∼ N
(
µ̄i

(d), D1i
(d)
)

β(d) ∼ N
(
β̄(d), B1

(d)
)

7We thank two referees for this suggestion.
8See below for the derivations.
9A random variable x follows a Gamma distribution G(α, β) with shape α and scale β if its pdf can be written

as

p(x | α, β) =
βα

Γ(α)
xα−1 exp(−βx).

Its mean and variance are given by E [x] = α
β

and V ar [x] = α
β2 .
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where

δ1
(d) = δ0 +

N∑
i=1

(
yi −Xiβ

(d−1) − ιTµi(d−1)
)′
×
(
yi −Xiβ

(d−1) − ιTµi(d−1)
)

η1
(d) = η0 +

N∑
i=1

µ2
i
(d−1)

D1i
(d) =

[
Tτ (d) + σ−2

µ
(d)
]−1

µ̄i
(d) = D1i

(d)
[
τ (d)ι′T ỹ

(d−1)
i

]
ỹ

(d−1)
i = yi −Xiβ

(d−1)

B1i
(d) = σ2

ν
(d)
JT + τ−1(d)

IT

B1
(d) =

[
N∑
i=1

(
X ′iB

−1
1i

(d)
Xi

)
+B−1

0

]−1

β̄(d) = B1
(d)

[
N∑
i=1

(
X ′iB

−1
1i

(d)
yi

)
+B−1

0 β0

]
α1 = α0 +NT

γ1 = γ0 +N

For the Gibbs sampling, we run D = 1, 000 draws and we burn the Dburn = 500 first draws.
We store all the vectors β and {µi}i=1,...,N and the scalars σ2

ε and σ2
µ for the D∗(= D − Dburn)

draws. When the D draws are completed, we compute their posterior means and standard errors
on the D∗ last draws.

G.2. Gibbs sampling for the Mundlak world, the Chamberlain world and the Hausman-Taylor world

The assumption E [µi] = 0 assumes exchangeability and independence of the µi and the covari-
ates in Xi. This assumption is unrealistic in the Mundlak world, the Chamberlain world or in the
Hausman-Taylor world. Dependence between µi and covariates Ai (possibly including covariates
in Xi) may be introduced in a hierarchical fashion (see Greenberg (2008)) by assuming:

µi ∼ N
(
Aiγ, σ

2
ν

)
with γ ∼ N (γ0, G0) .

Ai is a (1× r) vector of covariates and γ a (r × 1) vector of parameters. γ0 and G0 are known
hyperparameters. Then, µi = Aiγ + νi with νi ∼ N(0, σ2

ν). Moreover, the nature of Ai changes,
depending on the specified world in our Monte-Carlo simulation study:

• for the Mundlak world, Ai = x̄2i and γ = π.

• for the Chamberlain world, Ai = (x2i1, x2i2, ..., x2iT ) and γ = (π1, π2, ..., πT )
′
.

• for the Hausman-Taylor world, Ai = f (x̄2i, Z2i).

This approach — with new hyperparameters γ0 and G0 — could be rather complicated espe-
cially for the Hausman-Taylor world. But we can use the 3S hierarchy with few changes in the
set explanatory variables, the coefficients vector and in the specific effects. As µi = Aiγ + νi with
νi ∼ N(0, σ2

ν), we can write yi = Xiβ + ιTµi + ui = (Xiβ + ιTAiγ) + ιT νi + ui and our initial 3S
hierarchy becomes

First stage : yi = X∗i β
∗ + ιT νi + ui, ui ∼ N(0, τ−1IT )

Second stage : β∗ ∼ N (β0, B0) and νi ∼ N
(
0, σ2

ν

)
Third stage : τ ∼ G

(
α0

2 ,
δ0
2

)
and σ−2

ν ∼ G
(
γ0
2 ,

η0
2

)
.

where X∗i = [Xi, Ai], β
∗′ = (β′, γ′)′ and σ2

µ = V ar [Aiγ] + σ2
ν . E [νi] = 0 assumes exchange-

ability and independence of the νi and the covariates in X∗i . For the Hausman-Taylor world,

yi = Xiβ + Ziη + ιTµi + ui, we use our proposed strategy: µi = (x2,i − Ex2
) θX + (x2,i − Ex2

)
2 �

(Z2i − EZ2) θZ + νi.

Then, X∗i = [Xi, Zi, Ai] =
[
Xi, Zi, (x2,i − Ex2) , (x2,i − Ex2)

2 � (Z2i − EZ2)
]

and β∗′ = (β′, η′, γ′)
′

=

(β′, η′, θ′X , θ
′
Z)
′
.
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G.3. Derivation of the posterior densities of the Gibbs sampling for the RE world

Our initial specification yi = Xiβ +Wibi + ui is written as the following 3S hierarchy:
First stage : yi = Xiβ + ιTµi + ui, ui ∼ N(0,Σu) with Σu = τ−1IT

Second stage : β ∼ N (β0, B0) and µi ∼ N (0,Σµ) with Σµ = σ2
µ

Third stage : τ ∼ G
(
α0

2 ,
δ0
2

)
and σ−2

µ ∼ G
(
γ0
2 ,

η0
2

)
.

where yi is (T × 1), Xi is (T ×K1), ui is (T × 1). The (T ×K2) matrix Wi has been replaced by
the (T × 1) vector of ones ιT and the (K2 × 1) vector bi is replaced by the scalar µi which expresses
the time-invariant individual effect and µ = (µ1, µ2, ..., µN )

′
is the (N × 1) vector of time-invariant

effects. G(.) is the Gamma distribution.
The known hyperparameters are: β0, B0, α0, δ0, γ0 and η0. The posterior distribution is propor-
tional to:

π
(
β, µ, τ, σ2

µ | y,X
)

∝ |Σu|−
N
2 exp

[
−1

2

N∑
i=1

(yi −Xiβ − ιTµi)′ Σ−1
u (yi −Xiβ − ιTµi)

]

× exp

[
−1

2
(β − β0)

′
B−1

0 (β − β0)

]
× τ

α0
2 −1 exp

[
−τδ0

2

]
× σ

−2N
2

µ exp

[
−
σ−2
µ µ′µ

2

]

× σ−2[ γ02 −1]
µ exp

[
−
σ−2
µ η0

2

]
The posterior distribution of the precision τ is given by:

|Σu|−
N
2 exp

[
−1

2

N∑
i=1

(yi −Xiβ − ιTµi)′Σ−1
u (yi −Xiβ − ιTµi)

]

× τ
α0
2 −1 exp

[
−τδ0

2

]
= τ

α0+NT
2 −1 exp

[
−τ

2

{
δ0 +

N∑
i=1

(yi −Xiβ − ιTµi)′ (yi −Xiβ − ιTµi)

}]

then

τ ∼ G

(
α1

2
,
δ1
2

)
with α1 = α0 +NT

and δ1 = δ0 +

N∑
i=1

(yi −Xiβ − ιTµi)′ (yi −Xiβ − ιTµi)

The posterior distribution of the precision σ−2
µ is given by:

σ
−2N

2
µ exp

[
−
σ−2
µ µ′µ

2

]
× σ−2[ γ02 −1]

µ exp

[
−
σ−2
µ η0

2

]

= σ
−2[N+γ0

2 −1]
µ exp

[
−
σ−2
µ

2
(η0 + µ′µ)

]
then

σ−2
µ ∼ G

(γ1

2
,
η1

2

)
with γ1 = γ0 +N

and η1 = η0 + µ′µ
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Following Chib and Carlin (1999) and Greenberg (2008), it is preferable to sample β and µ in one
block as π

(
β, µ | y,X, τ, σ2

µ

)
rather than in two blocks π

(
β | y,X, µ, τ, σ2

µ

)
and π

(
µ | y,X, β, τ, σ2

µ

)
,

because of potential correlation between the two. This is done by using:

π
(
β, µ | y,X, τ, σ2

µ

)
= π

(
β | y,X, µ, τ, σ2

µ

)
× π

(
µ | y,X, β, τ, σ2

µ

)
= π

(
β | y,X, µ, τ, σ2

µ

)
×

N∏
i=1

π
(
µi | yi, Xi, β, τ, σ

2
µ

)
The first terms on the right-hand side is obtained by integrating out the µi from π

(
β, µ | y,X, τ, σ2

µ

)
.

For the second term, set ỹi = yi −Xiβ and complete the square in µi.

π
(
µi | yi, Xi, β, τ, σ

2
µ

)
∝ exp

[
−1

2
(ỹi − ιTµi)′ Σ−1

u (ỹi − ιTµi)
]

× exp

[
−1

2
(µi)

′
Σ−1
µ (µi)

]
Let us consider the expressions in the exponentiations, ignoring the

(
− 1

2

)
terms:

(ỹi − ιTµi)′Σ−1
u (ỹi − ιTµi) + (µi)

′
Σ−1
µ (µi)

= ỹ′iΣ
−1
u ỹi − ỹ′iΣ−1

u ιTµi − µ′iι′TΣ−1
u ỹi + µ′iι

′
TΣ−1

u ιTµi + µ′iΣ
−1
µ µi

= µ′i
[
ι′TΣ−1

u ιT + Σ−1
µ

]
µi − 2µ′i

[
ι′TΣ−1

u ỹi
]

+ ỹ′iΣ
−1
u ỹi

= µi
[
τι′T ιT + σ−2

µ

]
µi − 2µi [τι′T ỹi] + τ ỹ′iỹi

= µi
[
Tτ + σ−2

µ

]
µi − 2µi [τι′T ỹi] + τ ỹ′iỹi

Since we are only concerned with the distribution of µi, and as Σu(= τ−1IT ) is assumed to be
known, terms that do not involve µi are all absorbed into the proportionality constant. Applying
this idea to the expressions between brackets, then, the posterior distribution of the time-invariant
specific effect µi is given by:

µi ∼ N (µi, D1i)

with D1i =
[
ι′TΣ−1

u ιT + Σ−1
µ

]−1

and µi = D1i

[
ι′TΣ−1

u ỹi
]

which is equivalent to

µi ∼ N (µi, D1i)

with D1i =
[
Tτ + σ−2

µ

]−1

and µi = D1i [τι′T ỹi]

To find the posterior distribution of β, we write:

yi = Xiβ + (ιTµi + ui) = Xiβ + ψi

and integrate out µi and ui. Then

E [ψiψ
′
i] = E

[
(ιTµi + ui) (ιTµi + ui)

′
i

]
= ιTE [µiµ

′
i] ι
′
T + [uiu

′
i]

As ui ∼ N(0,Σu) with Σu = τ−1IT and µi ∼ N (0,Σµ) with Σµ = σ2
µ, then

E [ψiψ
′
i] = ιTΣµι

′
T + Σu = σ2

µJT + τ−1IT = B1i

which implies yi ∼ N (Xiβ,B1i). It follows that

π
(
β | y,X, µ, τ, σ2

µ

)
∝ exp

[
−1

2

N∑
i=1

(yi −Xiβ)
′
B−1

1i (yi −Xiβ)

]

× exp

[
−1

2
(β − β0)

′
B−1

0 (β − β0)

]
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Completing the expressions between brackets, we get:

N∑
i=1

(yi −Xiβ)
′
B−1

1i (yi −Xiβ) + (β − β0)
′
B−1

0 (β − β0)

= β′

[
N∑
i=1

(
X ′iB

−1
1i Xi

)
+B−1

0

]
β − 2β′

[
N∑
i=1

(
X ′iB

−1
1i yi

)
+B−1

0 β0

]

+

N∑
i=1

y′iB
−1
1i yi + β′0B

−1
0 β0

from which we have

β ∼ N
(
β,B1

)
with B1 =

[
N∑
i=1

(
X ′iB

−1
1i Xi

)
+B−1

0

]−1

with B1i = σ2
µJT + τ−1IT , ∀i

and β = B1

[
N∑
i=1

(
X ′iB

−1
1i yi

)
+B−1

0 β0

]

H. Laplace approximations

H.1. Laplace approximation of the predictive density based on the base prior

The unconditional predictive density corresponding to the base prior is given by

m (ỹ | π0, β) =

∞∫
0

m (ỹ | π0, β, h0) p(h0)dh0

=
H̃

B (c, d)
×
∞∫

0


(

h0

h0+1

)K2/2
(

1 +
(

h0

h0+1

)(
R2
b0

1−R2
b0

))−NT2
× hc−1

0

(
1

1+h0

)c+d
 dh0

=
B(d, K2

2 + c)

B (c, d)
H̃ ×2 F1

(
NT

2
;
K2

2
+ c;

K2

2
+ c+ d;−

(
R2
b0

1−R2
b0

))
.

As shown by Liang et al. (2008), numerical overflow is problematic for moderate to large NT and
large R2

b0
in Gaussian hypergeometric functions. As the Laplace approximation involves an integral

with respect to a normal kernel, we follow the suggestion of Liang et al. (2008) to develop the

expansion after a change of variables to φ = log
(

h0

h0+1

)
. Thus 1

h0+1 = (1− exp [φ]) , h0 = exp[φ]
1−exp[φ]

and dh0 = exp[φ]

(1−exp[φ])2
dφ. Then:

m (ỹ | π0, β) =
H̃

B (c, d)

0∫
−∞

exp

[
φ

(
K2

2
+ c

)]
(1− exp [φ])

d−1

(
1 + exp [φ] .

(
R2
b0

1−R2
b0

))−NT2
dφ

Let l (φ) be the logarithm of the previous integrand function:

l (φ) = φ

(
K2

2
+ c

)
+ (d− 1) log (1− exp [φ])− NT

2
log

[
1 + exp [φ]

(
R2
b0

1−R2
b0

)]
.

The Laplace approximation is given by:

0∫
−∞

exp [l (φ)] dφ '
√

2π.σ̂l. exp
[
l
(
φ̂
)]

, with σ̂2
l =

(
− d2l (φ)

dφ2

∣∣∣∣
φ=φ̂

)−1

.
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Setting l′ (φ) = 0 gives a quadratic equation in exp [φ] :

l′ (φ) =

(
K2

2
+ c

)
− (d− 1)

exp [φ]

1− exp [φ]
−

NT exp [φ]

(
R2
b0

1−R2
b0

)
2

[
1 + exp [φ]

(
R2
b0

1−R2
b0

)] = 0

=
1

Den



2
(
K2

2 + c
)

(1− exp [φ])

[
1 + exp [φ]

(
R2
b0

1−R2
b0

)]
−2 (d− 1) exp [φ]

[
1 + exp [φ]

(
R2
b0

1−R2
b0

)]
−NT exp [φ] (1− exp [φ])

(
R2
b0

1−R2
b0

)


= 0

with Den = 2 (1− exp [φ])

[
1 + exp [φ]

(
R2
b0

1−R2
b0

)]
. As Den 6= 0, the quadratic equation in exp [φ]

is given by:

exp [2φ]

[(
R2
b0

1−R2
b0

)
{NT −K2 − 2(c+ d) + 2}

]

− exp [φ]

[(
R2
b0

1−R2
b0

)
{NT −K2 − 2c}+K2 + 2(c+ d)

]
+K2 + 2c = 0.

The roots are given by: {
exp

[
φ̂
]}

1,2
=
C1 ±

√
∆

C2
,

with

C1 =

(
R2
b0

1−R2
b0

)
{NT −K2 − 2c}+K2 + 2(c+ d)

C2 = 2

(
R2
b0

1−R2
b0

)
{NT −K2 − 2(c+ d)}

∆ = [C1]
2

+ 2C2 [−2c−K1] .

As h0 ∈ ]0,+∞[, then exp
[
φ̂
]
∈ ]0, 1[, and only one root is positive, so:

exp
[
φ̂
]

=
C1 +

√
∆

C2
. (H.1)

The corresponding variance is

σ̂2
l =

(
− d2l (φ)

dφ2

∣∣∣∣
φ=φ̂

)−1

=


(d−1) exp[2φ̂]
(1−exp[φ̂])2

+
(d−1) exp[φ̂]
(1−exp[φ̂])

−
NT exp[2φ̂]

(
R2
b0

1−R2
b0

)

2

[
1+exp[φ̂]

(
R2
b0

1−R2
b0

)]2 +
NT exp[φ̂]

(
R2
b0

1−R2
b0

)

2

[
1+exp[φ̂]

(
R2
b0

1−R2
b0

)]


−1

=

 (d− 1) exp
[
φ̂
]

(1− exp
[
φ̂
]
)2

+

NT exp
[
φ̂
](

R2
b0

1−R2
b0

)
2

[
1 + exp

[
φ̂
](

R2
b0

1−R2
b0

)]2


−1

.

36



Then, the Laplace approximation of the predictive density based on the base prior is:

m (ỹ | π0, β) =
H̃

B (c, d)

0∫
−∞


exp

[
φ
(
K21

2 + c
)]

(1− exp [φ])
d−1

×
(

1 + exp [φ]

(
R2
b0

1−R2
b0

))−NT2
 dφ

' H̃
√

2π

B (c, d)
σ̂l exp

[
l
(
φ̂
)]
.

H.2. Laplace approximation of the predictive density based on the contaminated prior

Recall that

ĥ =

{
h0 if h0 ≤ h∗
h∗ if h0 > h∗

,

with

h∗ = max

0,

[(
NT −K2

K2

)(
R2
bq

1−R2
bq

)
− 1

]−1


Consequently, we can write

m (ỹ | q̂, β) =

∞∫
0

m (ỹ | q̂, β, h0) p(h0)dh0

=
H̃

B (c, d)

h∗∫
0


(

h0

h0+1

)K2/2
[
1 +

(
h0

h0+1

)(
R2
bq

1−R2
bq

)]−NT2
× hc−1

0

(
1

1+h0

)c+d
 dh0

+
H̃

B (c, d)

(
h∗

h∗ + 1

)K2/2
[

1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

)]−NT2

×
∞∫
h∗

hc−1
0

(
1

1 + h0

)c+d
dh0

=
H̃

B (c, d)

I1 +

(
h∗

h∗ + 1

)K2/2
[

1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

)]−NT2
I2

 .
Let l1 (φ) be the logarithm of the integrand function of I1, with φ = log

(
h0

h0+1

)
:

l1 (φ) = φ

(
K2

2
+ c

)
+ (d− 1) log (1− exp [φ])− NT

2
log

[
1 + exp [φ]

(
R2
bq

1−R2
bq

)]
.

As l1 (φ) is similar to l (φ) (except for the ratio of R2
bq

), we get the same quadratic equation in

exp [φ] and hence the same roots
{

exp
[
φ̂
]}

1,2
. As h0 ∈ ]0, h∗], then exp

[
φ̂
]
∈
]
0, g∗

g∗+1

]
, so the

only root should be positive and bounded between
]
0, h∗

h∗+1

]
, i.e, exp

[
φ̂
]

= C1+
√

∆
C2

in equation

(H.1) should lie within
]
0, h∗

h∗+1

]
. Then, the Laplace approximation of I1 is

I1 '
√

2πσ̂l1 exp
[
l1

(
φ̂
)]
,

As

I2 =

∞∫
h∗

hc−1
0

(
1

1 + h0

)c+d
dh0 =

0∫
log( h∗

h∗+1 )

exp [cφ] (1− exp [φ])
d−1

dφ.

Let l2 (φ) be the logarithm of the integrand function of I2:

l2 (φ) = cφ+ (d− 1) log (1− exp [φ]) .
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Setting l′2 (φ) = 0 gives a first order equation in exp [φ] :

l′2 (φ) = c− (d− 1)
exp [φ]

1− exp [φ]
= 0,

and the root is given by:

exp
[
φ̂
]

=
c

c+ d− 1
.

As h0 ∈ [h∗,∞[, then exp
[
φ̂
]
∈
[

h∗

h∗+1 , 1
[
, so d ∈

[
1, c−h

∗

h∗

[
. The corresponding variance is

σ̂2
l2 =

(
− d2l2 (φ)

dφ2

∣∣∣∣
φ=φ̂

)−1

=

 (d− 1) exp
[
φ̂
]

(1− exp
[
φ̂
]
)2

−1

and the Laplace approximation of I2 is

I2 '
√

2πσ̂l2 exp
[
l2

(
φ̂
)]
.

Then, the Laplace approximation of the predictive density based on the contaminated prior is:

m (ỹ | q̂, β) =
H̃

B (c, d)

h∗∫
0


(

h0

h0+1

)K2/2
[
1 +

(
h0

h0+1

)(
R2
bq

1−R2
bq

)]−NT2
× hc−1

0

(
1

1+h0

)c+d
 dh0

+
H̃

B (c, d)

(
h∗

h∗ + 1

)K2/2
[

1 +

(
h∗

h∗ + 1

)(
R2
bq

1−R2
bq

)]−NT2

×
∞∫
h∗

hc−1
0

(
1

1 + h0

)c+d
dh0

' H̃

B (c, d)

 √
2πσ̂l1 exp

[
l1

(
φ̂
)]

+
(

g∗

g∗+1

)K1/2 [
1 +

(
g∗

g∗+1

)(
R2
u

1−R2
u

)]−NT2 √
2πσ̂l2 exp

[
l2

(
φ̂
)]
 .

H.3. Laplace approximation of the empirical Bayes estimator

Under the contamination class of prior, the empirical Bayes estimator of β for the three-stage
hierarchy model is given by:

b̂EB (β) =

∞∫
0

b̂EB (β | h0) p(h0)dh0

=
1

B (c, d)

 b̂ (β)
h∗∫
0

hc−1
0

(
1

1+h0

)c+d+1

dh0 + b̂qιK2

h∗∫
0

hc0

(
1

1+h0

)c+d+1

dh0

+
{
b̂ (β)

(
1

g∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)} ∞∫
h∗
hc−1

0

(
1

1+h0

)c+d
dh0



=
1

B (c, d)



b̂ (β)
( h∗
h∗+1 )

c

c ×2 F1

(
c;−d; c+ 1; h∗

h∗+1

)
+b̂qιK2

( h∗
h∗+1 )

c+1

c+1 ×2 F1

(
c+ 1; 1− d; c+ 2; h∗

h∗+1

)
+
{
b̂ (β)

(
1

h∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)}
×

 B (c, d)− ( h∗
h∗+1 )

c

c

×2F1

(
c; d− 1; c+ 1; h∗

h∗+1

) 


.

Let us write
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b̂EB (β) =
β̂ (b)

B (c, d)
D1 +

b̂qιK2

B (c, d)
D2 +

{
b̂ (β)

(
1

g∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)}
B (c, d)

D3,

with

D1 =

h∗∫
0

hc−1
0

(
1

1 + h0

)c+d+1

dh0 =

log( h∗
h∗+1 )∫

−∞

exp [cφ] (1− exp [φ])
d
dφ

D2 =

h∗∫
0

hc0

(
1

1 + h0

)c+d+1

dh0 =

log( h∗
h∗+1 )∫

−∞

exp [(c+ 1)φ] (1− exp [φ])
d−1

dφ

D3 =

∞∫
h∗

hc−1
0

(
1

1 + h0

)c+d
dh0 ≡ I2 =

0∫
log( h∗

h∗+1 )

exp [cφ] (1− exp [φ])
d−1

dφ.

Let lD1
(φ) be the logarithm of the integrand function of D1:

lD1
(φ) = cφ+ d log (1− exp [φ]) .

Setting l′D1
(φ) = 0 gives a first order equation in exp [φ] :

l′D1
(φ) = c− d exp [φ]

1− exp [φ]
= 0

and the root is given by:

exp
[
φ̂
]

=
c

c+ d
.

As h0 ∈ ]0,∞[, then exp
[
φ̂
]
∈ ]0,∞[.The corresponding variance is

σ̂2
lD1

=

(
− d2lD1 (φ)

dφ2

∣∣∣∣
φ=φ̂

)−1

=

 d exp
[
φ̂
]

(1− exp
[
φ̂
]
)2

−1

and the Laplace approximation of D1 is

D1 '
√

2πσ̂2
lD1

exp
[
lD1

(
φ̂
)]

Let lD2
(φ) be the logarithm of the integrand function of D2:

lD2
(φ) = (c+ 1)φ+ (d− 1) log (1− exp [φ]) .

Setting l′D2
(φ) = 0 gives a first order equation in exp [φ] :

l′D2
(φ) = (c+ 1)− (d− 1)

exp [φ]

1− exp [φ]
= 0

and the root is given by:

exp
[
φ̂
]

=
c+ 1

c+ d+ 2
.

The corresponding variance is

σ̂2
lD2

=

(
− d2lD2

(φ)

dφ2

∣∣∣∣
φ=φ̂

)−1

=

 (d− 1) exp
[
φ̂
]

(1− exp
[
φ̂
]
)2

−1

and the Laplace approximation of D2 is

D2 '
√

2πσ̂2
lD2

exp
[
lD2

(
φ̂
)]
.
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For I2, the Laplace approximation of I2 is

I2 '
√

2πσ̂l2 exp
[
l2

(
φ̂
)]

Then the Laplace approximation of the empirical Bayes estimator of β on the contaminated prior
is:

b̂EB (β) =
1

B (c, d)

 b̂ (β)
h∗∫
0

hc−1
0

(
1

1+h0

)c+d+1

dh0 + b̂qιK2

h∗∫
0

hc0

(
1

1+h0

)c+d+1

dh0

+
{
b̂ (β)

(
1

g∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)} ∞∫
h∗
hc−1

0

(
1

1+h0

)c+d
dh0


' β̂ (b)

B (c, d)
.
√

2πσ̂2
lD1

exp
[
lD1

(
φ̂
)]

+
b̂qιK2

B (c, d)

√
2π.σ̂2

lD2
exp

[
lD2

(
φ̂
)]

+

{
b̂ (β)

(
1

g∗+1

)
+ b̂qιK2

(
h∗

h∗+1

)}
B (c, d)

√
2πσ̂l2 exp

[
l2

(
φ̂
)]
.
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