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Abstract
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B. Applications

The simulation results have shown that our proposed estimators behave as well if not better
than the classical estimators. In what follows, we compare the results of fitting the same set of
estimators to real data. We thus wish to investigate whether the inference that can be drawn from
widely used data sets on important economics issues changes when we use our robust estimators.
The first uses data drawn from the Panel Study of Income Dynamics (PSID) with N = 595 and
T = 7 and focuses on the returns to education. The second investigates crime rates in North
Carolina and uses data from N = 90 counties over a period of T' = 7 years.

B.1. The Cornwell-Rupert earnings equations

In their paper, Cornwell and Rupert (1988) use data from the PSID over 1976 — 1982 to regress
the log wage on years of education (ED), weeks of work (WKS), years of full-time experience (EXP),
occupation (OCC=1 if blue-collar), region of residence (SOUTH = 1), Urban area (SMSA = 1),
industry (IND = 1 if manufacturing), marital status (MS = 1 if married), sex (FEM = 1), race (BLK
= 1), and a union dummy (see also Baltagi and Khanti-Akom (1990)). As per our previous notation,
we let X; = (OCC,SOUTH, SMSA,IND), Xo = (EXP,EXP2,WKS,MS,UNION), Z; =
(FEM,BLK) and Zs = ED. For the Mundlak model, we omit Z; and Z> and consider that only
the variables in X5 are correlated with the individual effects.

The estimation results are reported in Table B1. Notice first that since we assume that only
the X5 variables are correlated with the individual effects, the standard Within estimator does not
match the Mundlak-type FE. This is especially the case for the X; variables, i.e OCC,SOUTH,
SMSA,IND. On the other hand, the Mundlak-type FE, our 3S estimators and the FB estimator
yield qualitatively very similar results. This is true both for the X; and X5 variables. Likewise, the
estimates of Tegp, .. ., Tynion and of aﬁ and 03 are nearly identical across the different estimators.

We next focus on the Hausman-Taylor model. This specification requires that Z; and Zs
be included in the model. Furthermore, the assumed correlation between the individual ef-
fects and Xo and Z, justifies the use of an IV method whose instruments are given by Agr =
[Qw X1,Qw Xa, PX4,Z1], where Qw = Inyr — P is the within-transformation. Recall from our
discussion of the HT estimator that the nature of the correlation is left unspecified. We have
proposed to proxy it through the polynomial function f[] = (T2; — Ezg)’ © (Zo; — Ez,)*, where
s need to be specified empirically.!

Table B2 reports the results of relevant estimators as well as those obtained from fitting the
standard random effects model for the sake of completeness and despite the fact it is known to
be biased. Contrary to the previous table, the classical (HT) and Bayesian estimators yield qual-
itatively different results. According to the former, workers living in the South and employed
as blue collars have the same wages as elsewhere. The Bayesian estimators, on the other hand,
find a statistically significant negative difference of about 4.5% and 6% in each case, respectively.
Likewise, living in a SMSA has a negative impact on the wage rates according to the HT estimator
but a positive one according to our robust estimators, which seems more reasonable. While union
has no impact according to the IV estimator, we find a positive, reasonable and significant effect
when using Bayesian estimators. The estimated coefficients of other time-varying variables ind,
exp, exp?, wks and ms are similar whatever the estimation method. Yet, the more interesting
differences concern the parameter estimates associated with the time invariant variables, i.e. gen-
der, race and education (Z; and Zs). Indeed, according to the our robust estimators, women are
more discriminated against than blacks which is the exact opposite found with the HT estima-
tor.2 The returns to education is also four percentage points lower according to the 3S estimators.
As expected from the Monte Carlo simulations, the Bayesian estimators yield considerably more
precise estimates. For instance, the 3S bootstrap 95% confidence interval of ED is [8.06%; 12.9%)]
whereas that of the HT estimator is [9.55%;18.03%]. Recall from Table 4 that the 3S bootstrap
estimator yielded a slightly biased parameter estimate of the endogeneous time-invariant variable.
Its smaller variance more than compensated for the bias as its RMSE was also much smaller.

L As suggested, we proxy the individual effects by i = (Z;’L Zy) -1 Z,,y, where §J are the fitted values of the pooling
regression y = X181+ XoB2 + Z1m1 + Zan. We next compute the correlation between i and Za. Since the estimated
correlation is large (0.612), we have set s = 1.

2Baltagi and Bresson (2012) propose a robust HT estimator and compare it with the standard HT estimator with
the same data. They get similar returns to education but very different gender and race effects. The magnitude of
the parameter estimates of gender and race change in a similar fashion to ours.
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B.2. The Cornwell-Trumbull crime model

Cornwell and Trumbull (1994) estimate an economic model of crime using panel data on 90
counties in North Carolina over the period 1981-1987. The model relates crime rates to a set
of variables that proxy deterrent effects and returns to legal opportunities. All the variables are
expressed in logarithms and include the probability of arrest (Py4), the probability of conviction
conditional on being arrested (Pg), the probability of a prison sentence given conviction (Pp),
policemen per capita as a measure of the county’s ability to detect crime (Police), the popula-
tion density (Density), the percentage of the minority groups at the county level (Pctmin), and
regional dummies for western and central counties (West, Central). Opportunities in the legal
sector are proxied by the weekly average wage rates at the county level in two distinct industries:
transportation, utilities and communication (Wtuc), and manufacturing (Wmfg).

Table B3 shows that the MCS, the robust and the FB estimators yield qualitatively similar
results.> Note however that the Bayesian estimators match more closely the Within estimates (FE)
than the MCS does, although the confidence intervals of all estimators overlap. In addition, the 3S
bootstrap and 3S t-dist yield smaller standard errors than the FB does. The estimated variances
of the residuals, 02, are identical across estimators but the Within estimator yields a much larger

value of the variance of the individual effects, 02.

3We use an iterated (iter = 100) MCS procedure so as to match the results of Baltagi et al. (2009). The m
coefficients are not reported to save on space. They are available upon request.
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C. The first step of the robust Bayesian estimator in the two-stage hierarchy

C.1. Derivation of eq.(8)
Asy=XB+Wb+u,u~ N(0,%) with ¥ = 77 Ix7, the joint probability density function
(pdf) of y, given the observables and the parameters, is:

oy X0 8) = (£) 7 exp (~ L= XB- W)y —X5-Wh).

Let y* = y — Wb. We can write (see Koop (2003), Bauwens et al. (2005) or Hsiao and Pesaran
(2008) for instance):

and
NT

P 1 X.67) = (5=) T exp (<57 - XB) (v - XB)).
Let B (b) = (X'X)'X'y* = Ax'X'y* and v (b) = (y* — X3 (b)) (y* — X3 (b)), where Ax = X'X.
Then

AxB(b) = X'y* and B’ (b) = y* XAY

(y* = XB) (y* — XB) = y*'y* — B (b) AxS — B'AxB (b) + f'Axf
:y*’y*—B’u AxB—'Ax B(b)+B'Axp
B (b) AxB (b) — B (b) Ax P (b)
B (b) AxB (b) — B (b) AxB (b)
(y*—Xﬂ)'(y*—Xﬂ>:y*'y*+<ﬂ Bo)Ax (B-Bw)
B’ (b) Ax B (b) + B (b) AxB (b)
A<> xB ().

gy = B ) AxB () + B (D) AxB(6) = 5 ) AxB (1) = y'y" —y XBb) - F () X'y"
+3' (b) X' X3 (b)

(v - XB®) (v - X50)
= v(B)

then
(v = XB) (v = XB) = (8- B()Ax (8- B (b)) +v(8).

So the joint pdf can be written as:

NT

py 1 X6 = (52) " e (-5 {v@®+B-B®)YAx (8-8v))})-

The base prior of 3 is given by: § ~ N (ﬁoLKl, (TgOAX)fl). Combining the pdf of y and the pdf

of the base prior, we get the predictive density corresponding to the base prior:

m(y*lﬂmb,go)://Wo(B,Tlgo)Xp(y*\X,b,T) a8 dr

0 REK1

=//p(ﬂIT,Bo,go)xp(T)Xp(y*IX,b,T) dp dr

0 REK1
5 (7). () (1) 1Axl”

-/ xexp (= 40(8 = Boue, ) Nx (8~ foue)) (B dr
0w | xexp (=5 {v®)+ (8- BB)Ax(5-BB)})



NTLK) Ky TR

m (" [ mo.bg0) = //{ xeXp( (2;)}‘25{9190((7/3) 50y Ax (- B0) )}) }dﬁdf

RK1 (B = Botr,) Ax (B — Botry,
We can simplify the expression inside the exponentiation:
= (B =B (®)Ax(8 =B (b) +90(8 — Bots,) Ax (8 = Bourc,)-

As the Bayes estimate of 3 is given by? (see Bauwens et al. (2005)):

=

Bu(b| go) = (Wgog()”ﬁ> with 7, = go + 1,

then

F =n.(8'AxB — 28.(0)AxB) + goBot, Ax ., + B (b) Ax/ (b)
=n.(8—B(b]90)Ax (B = B:(b] g0)) — B (b)Ax B+ (b | go0)
+ goBot’g, Axtre, + B (b) Ax B (b)
= 10.(8 = B.(b] 90) Ax (8 = B (b g0)) + 2 (Bouwe, — B®) Ax (Bouwe, ~ B (D)
= (g0+1) (B~ Bub] 90)Ax (B~ Bu(b | g >>

N ( 90 ) (B(b) —5051(1) Ax (B\(b) —ﬁoLKl) )

go+1

We can then write

m(y* | 7T07b7g()) :/
0
}

—I{U )
wexp| {0+ (350190 Ax(d - ﬁ*(b\go)) ap dr
{1 () (00 o) o 30

/t/ exp [~ 2 (g0 -+ 1) (8 = Bu(b] 90)) Ax (5~ 5. | 90))] dﬁ}

NT+K1

1\ 2 K NG 1/2
() @@ Ax ]

1 NTH K, 1
2

90> (7)

Ay |l/2
27T [Ax]

x {exp [—; {v(b) 4 (gogi 1) (B®) ~ o) Ax (B(b) - 50%)” dT}.

The multiple integral

Iiws = [ exp (=G (o0+ 18 = 5.0 | ) Ax(8 — 5.(b ] 90))) d

RE1
can be written as
oo o0 T
Lo, = / /exp( T(go+ 1)(8 — ulb | 00)) Ax (B — 5.(b | 00))) BB
= |D|71/.../exp (fg(goJrl)s’s) dsy...dsk,,

4Derivation of this estimator is presented below.
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where s = D(8 — 8+(b| go)). Then,

[e’e) K1
-1 T 9
Izx, = |D| / exp (—5 (go+1)s ) ds] ,
and using the Gauss integral formula
/ exp (—aacQ) dx = \/?
a

we get

1 27 K2 —1/2 K1 /2 —K1/2
Iy, = |D| P = |Ax]| (2) [7(g0 +1)] .

Hence we can write

5% NT+K;
m(y | mo,b, 90) = / )2 g (g0 + 1) A | T AR I 2 T
0
X exp (-T {v (b) + ( g0 ) (B (b) — Botx, ) Ax (B (b) — ﬁOLKl)}) dr
2 go+1
Ki/2 7 o - 1+
o) = ) (L) [P e (o0 () (2 dr.
go+1 0 2 (go+1) 1-R3,
where N R
p2 — (B0 = Porx,)'Ax (B (b) — Boux,)
(B (b) — Botre, ) Axc (B (6) — fotre,) + v (D)
Using a property of the Gamma function, i.e.,
T T(b+1
/tb exp (—at) dt = %
0

we thus get

7 90 faur 90 '
*| 7, b,90) = H 1+
70 0) (90+1> ( (90+1> v (b)
_NT

T go K2 go R?ao ’
() (G (1—R§0>> ®
with F( T)
i 5
)y (0 ()
Q.E.D

Following a similar line of reasoning, it trivially follows that

~ — ([ hy \? ho R} o
= 1 0

(b(8) = bote,) Aw (b.(5) — bot,)
(b(B) — boure,) Aw (b (B) — botr,) + v (B)

o~

with b(8) = (WW) ™" W'§, v (B) = (§ — Wb(8))'(§ — Wb (5)) and § =y — X3

where

2
Rbo_

17



C.2. Derivation of eq.(10) and eq.(11)
The maximization of m (y* | ¢,b, go) is equivalent to maximizing logm (y* | ¢,b, go). Write:

NT g (B\(b) - B LKl)/AX(B(b) — Byik,)
210g<1+<9q11) ) q )

Next we take the derivative of the above expression with respect to 5, and g, to obtain the first
order conditions:

alog m (y* | q, b7 gO)

d alogm(y* | qvb7gO)

=0 an =0
8ﬁq agq
The first term, (Ologm (y* | ¢,b) /05,), leads to
810gm(y* | Q7b790) (NT> 0 IOg ~ 1+ ~
= "\ 5| 37 b)—Bqti,) A b)—Bqt
3@1 D) 85(; (gfil) (B(b)—B Kl)v(;;(ﬁ() Bqtry)
B (NT) 1
-\ 2 ) g0\ (BO)=Bourc,) Ax (BO)=Byrrc)
Lo (i ) O s
g ~
(1) (-2 BO) - By e, =0

Since

( dq ) (B(b) — /BqLKl)/AX(/B\(b) — 6qLK1)] - # 0 and finite
v (B)

it follows that N
(B (D) = Bytr,) Axix, = 0.

Thus N i R
ﬁq = (LlKlebKl) L/Kleﬁ (b) . (10)

The second term of the first order conditions is

Ologm (y* | ¢,0) _,

This implies

alogm<y*|q7bago) _ a{[(llog( 9q )}

994 994

1
(NT) B log I+
=) 53lo 2\ (BO)—Baixy) Ax (B(b)—Baixy)
2 094 (gqg-i-l) - v(;; -

=)

with R R
R — (B (b) — Batr,)' Ax (B (b) — Bytx,)

P17 (B (b) — Byracr ' Axc (B (b) — Bytre,) + v (b)

Therefore

5 [gq(gqlm} - (NQT) (94 +1) {(gq“)”" (Rﬁﬂ
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or equivalently

Let A= R%q/(l - R%q). Hence

9 —1
B K, ~ (NT - K, R3, )
MENTA- KA+ T K \1-R '

It follows that

~

gg=  min(go,9;) )
. (NT — K1 (B(0) = Bytre,)'Mx (B (0) = Byrr,) 1) _1]

with g = max e o (0)

-1
o (NT — K R3O\ .
’ K, 1-— qu '

= max

Q.E.D

C.3. Derivation of eq.(12), eq.(13) and eq.(15)

If 7§ (8,7 | go) denotes the posterior density of (8, 7) for the prior 7 (5, 7) and if ¢* (8,7 | go)
denotes the posterior density of (3, 7) for the prior ¢ (8, 7), then the ML-II posterior density of
(B,7) is given by

7 (8,7 go) = o LW 1K DRET | 90)

6f [ py | X,b,7)7 (8,7 | g0) dB dr
RE1

py | X,b,m) {1 —e)mo (87 [90) +€q(B,7 [ 90)}
J [ | X.0,7) {1 —e)m (B, 7| g0) +G(B.7 | go)} dB dr

0 RK1
_ (0 =9)pW [ X,b,7)m (8,7 [ go) +ep(y™ | X,6,7)q (B, 7 | go)
(1_€)f f p(y* |X7b,7')7r0(/3’,7|go)dﬁd7
0 RK1
+e [ [ py* | X,b,7)G(B,7 | go) dBdr
0 RK1
Since
A~k _ (1 _E)p(y* | X,b,T) ) (537- | gO) +Ep(y* | X,b,T) 6(677— | gO)
7 (8,7 | go0) = Kb ) 1X,
(1 E)m(y |7T0,b,go)+€m(y |Q7b7go)
N p(y*|X,b,T)7To(B,T|go)> N (p(y*vavT)Z]\(ﬁaT|go)>
g < m(y* | 7707b1 g(]) ( 6) m(y* | (],b, g(])
then R R
7 (8.7 1 90) = Moo (8,7 1 90) + (1= s ) 4" (87 | 90)
with

(1 B s)m (y* | ﬂ-Ovba gO)
—e)m (y* | m0,b,90) +em (y* | G,b,90)

Aﬂago = (1
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~ [ em (y* | q,0,
Aﬁ,g(): 1+ (y |q gO) :|

(1 - s)m (y* | 7T07ba gO)

(B(b)—=Borx,) Ax (B(b)—Porx,)

K1 /2 “
—|14+-= 3] 1+ (goil) ()
1—-e¢ 40 + (7) (B(b)—=Bqrry) Ax (B(b)—Bqtrc,)
v(b)

Integration of 7 (3,7 | go) with respect to 7 leads to the marginal ML-II posterior density of 3 :

%*(ﬂ\go>:/?r*<6m|go>dT:X5,QO/w:;<ﬁ,T|go>d7+ ~ Nogn /q (6.7 ] 90)d
0 0 0

We must first define 75 (5,7 | go) and ¢* (8,7 | go). As

77*(67'|g)=p<y*|X7b,T>ﬂ_0(ﬁ7T|go): p(y*|X7b7T)7T0(ﬂ7T‘go)
oI m (y* | o, b, go) T . ’
g’ f p(y |X7b,T)7TO(BaT|go) dﬁdT
RE1
where
_ I (%) ( 90 )K1/2
WimD =y, 0 w1
x 1+( %0 )(B(b)—ﬁoLKJ'AX(B(b)—ﬁoLKl) 7
go+1 v (b) ’
and where

%)g(ﬁla = _1|A |1/2

(
x exp (—T42(8 = Botk, ) Ax (B — Botk,))
xexp (—3 {o ) +(B-BO)YAx(B-F0)})

p(y* |X7b77—)7‘-0 (677— | gO)

NT+K;

NT+K, 1 2 Ky
= 7-( 2 *—1) |AX|1/2 <27T> 902 X exp( 72.907!'07,3) ,
with
Prop = v(B)+ (90+1) (8- B.(0) Ax (B — B.(D))
9o > ! ~
+ (go n 1) (B®) = Bor, ) Ax (B®) = o, )
then N -
75 (8,7 | 90) = Lo (b) x F(7=7 1) « exp (‘59%0,6) )

where

2 (NT+K1) K ar 1/2

Lo (b) = T (ML) ko2’ (go+1)2 w(b) 2 .[Ax]
2

v 14 ( 90 ) (B\(b) - BOLKl)/AX (B\(b) _ BobKl)

go+1 v (b)
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Similarly, the expression of ¢* (8,7 | go) is defined as:

p(y*|X7baT)a\(ﬂaT|go) — p(y*|X7baT)a\(ﬂaTlgo)
" 165 90) [ o | X.0.7)G(8.7 | 0) dB dr
0 RK

1

¢ (B, 7]g9) =

R
NT+K;

_ T
= Lg(b) x T( 2 1) % exp (—?pqﬁg) ,

with
eap = v(B)+@G+1) (8- Brs ] go))'AX (8 Bes | a0))
+ (gfl) (B®) ~ Borrc,) Ax (BO) ~ By, )
and

9— (K1)
FOF)

5\ (BO) = Bore) Ax (BO) — By,
<1+ (55) v (5) |

NT

G+1)% v ()5 Ay

(%)

and where B (b | go) is the empirical Bayes estimator of 3 for the contaminated prior distribution
q(B,7) (see the derivation below):

E(b) =+ ngqLKl .

- _ -
Bes (b g0) Gat1

Integration of 7 (3,7 | go) with respect to 7 leads to the marginal ML-II posterior density of 3 :

T (Blgo) = | 7 (B,7]g0)dr
/
= g0 [ 75 (BT | go)dr + (1= Ngg,) [ ¢ (BT | go)dr
/ -2 ]
= Ro0075 (8] 90) + (1= No.00 ) T (8 | 90) (12)

So,

(B g) = /WS(B,Tlgo)dT
0

Ly (b)/q—(‘NT;rKl -1) X exp (—%go,ro,g) dr
0

_NT+Ky NT + K
= Lo() x 2 T r <+) '
' 2
Then 7§ (8 | go) is given by
T NTH+K; K NT _ NT+K,
T (B lg0) = (2 K) \AX\1/2(90+1)27J(5)(2)><%(7ﬁ2 )
r() :

()

Ay +< 9 >(B(b)—50LK1)UA(2<)(/§(M)—5OLK1)
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We therefore get

* T (gO + 1)K1/2
To (6 ‘ 90) = Hﬂ'o NT+K; )
2

’ B(b)—Bot "Ax (B(b)—Bot
(go + 1) EBoO0 A (3-5.0) +( ) (B®)—Bo Kl)v(;;(f%b) Boua) 4 4

go+1
with

Hy =

0

F(NT;IQ) |AX|1/2
m2T (B v (6)?

NT
2

~

B®) - forx,) Ax (B®) - Boi,
X 1+<gogil>( OK)U(;( OK)

K./2
If we suppose that My 53 = (?;(Z)l)Axy then |Mo,5\1/2 _ (g;(—g)l) ! |AX|1/2 and

NT+K;

(€0,8) "2 [(B — Bu(b)) Mo,g(B — Bu(b) + E05] =

D (M) | My 5|

AR ()

9o (B(b) B ﬁOLK1>/AX (B(b) - ﬁoLm)
9o + 1) v (b) '

™o (B 90) =

with &3 = 1 + ( (13)

So 7§ (B | go) is the pdf of a multivariate t-distribution with mean vector S8, (b), variance-covariance

—1
matrix &}fTA{Of and degrees of freedom (NT') (see Bauwens et al. (2005)). ¢* (8 | go) is defined
equivalently by:

oo oo
NT+K T
7 (B 90) =/ (B,7 | go)dr =L /T N xeXp(—§sOa,ﬁ)dT-
0 0
Then ¢* (B) is given by
5 K1/2
* ~ +1
q (6 ‘ gO) = Hq (g ) NT+Kq *
~ (ﬁ—EEB(b))/AX(ﬁ—BEB(b)) g (E(b)—BqLKI)IAX (B(M)—BqLKl) 2
{(9 +1) e + (#) u(b) +1
with
_ F(NT2+K1)|AX|1/2
! wK1 /27 (ML) 4 ()< /2
~ N / N . =
g\ (B®) =B ) Ax (Bb) = By, )
x| 1+ <A )
g+1 v (b)

Notice that ¢* (8 | go) is the pdf of a multivariate ¢t-distribution with mean vector B rp (b), variance-

M71
covariance matrix g?{,Bsz’ﬁ > and degrees of freedom (NT) with

Egp =1+ (@%1) (B(b) _Bq%)vA(; (B(b) _B‘JLK‘) and M5 = (@H)) Ax.  (15)

Q.ED
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C.4. Derivation of eq.(14) and eq.(16).
To prove equation (16), start from Bayes’s theorem:

p(Bly") < (|8 p(B) .

Asy* ~ N (XB,7  Iyr) and B ~ N (Byi,, (75Ax) "), then the product p (y*[8)p () is pro-

portional to exp {—%Q*} where Q* is given by (see Koop (2003), Bauwens et al. (2005) or Hsiao
and Pesaran (2008) for instance):

Q" = T —XB) W~ XP) 475 (8~ B ) Ax (8 By,

= Ty -y XB - TAX 'y + T8 XXB

~ ~ ~\ 2
+7G8'Mx B~ 758/ AxBytic, — 798t Ax B + 75 (By) i, Axuies-

We can write
QF = {TﬁﬁlAXﬁ + 78 X'XB — 1GB,8 Axtx, — T8 Xy* — 79Bti, Ax B — Ty*/X/B}
+ {ry*/y* +7¢ (@1)2 L/KIAXLKl}
=B (tgAx +7X'X) 3 - (qu\AXBqLKl + TX’y*) B TngLKleﬁ X8
+ {Ty*’y* + T§B\§L’K1AxLK1}

Let D = (tgAx + TX’X)il. If we add and subtract R’"DR in Q*, with R = (TﬁAXBqLKl + TX’y*),
then

B (rgAx +7X'X) 8= 8 (19Ax By, +7X'y") = 7B, Axc B — ry X5

Q- o P
+ (TgAX,é’qLKl + TX’y*) D (7‘9/\XBqLK1 + TX’y*)
9
. Tylyt + Tﬁﬂ/(ﬂ) LlKlAXLKl
- (TgAngLKl JrTX’y*) D (TEAXBqLKl + TX’y*)
= Qi +Qs5.
So
o B (rghx +7X'X) B — 8 (1GhxByure, +7X'y") — 13Bgerc, Ax B — ry” X5
1 =

+ (T/g\AngLKl + TX’y*)/D (TﬁAXBqLKl + TX’y*)
= D75~ (viAxByurc, +7X'y") — (r9Ax By, +7X'y7) B
+ <T§AXBqLK1 + TX'y*)/D (TﬁAXBqLKl + TX’y*)
— BD'B—-BD'D (TgAXBqLKl n TX’y*) - (TgAXBqLKl + TX/y*)I D'D'3
+ (T’g\AXB\qLK1 + TX’y*)/ D'D7'D (rgAx B+ 7X'y")
Let BEB(b | g0) =D (TX’y* —I—T/g\BqAxl,Kl). Then
Qi = BD'B-8D " Bes(b|g) ~ Brp(b] 90)D B+ Brp(b | 90)D Bes(b | o)
= <ﬁ ~ Bes(b| go)>/D71 (5 — Bep(b| 90)) :
Since
Q5 = Yyt + T§§§L/K1AXLK1
- (TX/?J* + T/g\BqAXLKl)/ D (TX/y* + T/g\quXLKl) ;
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Q% is a constant relative to p (8ly*). So exp{f%Qg} integrates to 1. Therefore, the marginal
distribution of g given y* is proportional to exp{—%QT}. Consequently, the empirical Bayes

estimator Bgp (b | go) of B is given by
Bes(b| go) =D (TX’y* + TngAxLK1> , with D = (rgAx + 7X'X) ",
Hence
Ben (0] g0) = D (rX'y" + 738, Axue, ) = (G+ 1) Ax) " (X'y" + B, )

= (@+1)" (A XY + 3B, )

B0 s G- 0 (503
= S =80 - = (B0 - ) (16)

Asy* ~ N (XB, TfllNT) and § ~ N <BOLK1, (TgoAx)_l), then, following the previous derivations,
we can show that 5,(b | go) is the Bayes estimate of 8 for the prior distribution 7 (3,7 | go) :

B(b) + gobPorc,

14
go+1 (14)

Q.ED

D. The second step of the robust Bayesian estimator in the three-stage hierarchy

D.1. Deriwation of eq.(20) and eq.(21)

In the second step of the two-stage hierarchy, we have derived the predictive density corre-
sponding to the base prior conditional on hy (See section C.1):

~ K2/2 i — bos ’ T ~ bos — T2
m (i | 70, B, ho) = H(hth) <1+<hoh—(|)—l)((5) bOK2>vA(;V)( (8) bm)>

Ky /2 —-5F
_ gt / 1+ ho i .
ho+1 ho+1 1- Ry

Then, the unconditional predictive density corresponding to the base prior is given by

m (G| 70.8) = / m (7 | 7o, B, ho) p(ho)dho
0

T

- ) K/2 R2 e
h b
Ll x/ () (H (ritr) (“*050)) dho,
0

B C,d c+d
() X h(c)_l (1-&-1h0>
since hc L) c+d)
p(h 0,d>0
Letgo:hh" —@:ﬁ,hozﬁand dhoz(l—go)_gdga, SO

T

1 R2 — 55t
/ ert (1 _ ya-1 (1 +o (1 7?}%2 )) dp (20)
0 bo

¢) ~ NT Ky | K Ry
Hxo Py | —— 22 0
by ey terd TR )

m (y | mo, 8

EE

w| &
ol

D
\%+
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where o F} is the Gaussian hypergeometric function.® Following the lines of the second step of the
robust estimator in the two-stage hierarchy, we have

/f\Lq = min (he, h"),

-1
L NT — Ko R}
with A* = max O,{( e ><1qu>—1}

ho if ho < h*
h* if  hg > h*

and the predictive density corresponding to the contaminated prior conditional on hy is:

SO
h. =

q=

K _NT

7 hO TQ ho qu 2 . *

~ H(’m“) 1+(ho+1) 1-RZ it ho<h
m(y|q7bah0): a NT

7 _n =5 B R T
H (h*+1) (1 + (m) <1_}%q>) if hg > h*.

Then the unconditional predictive density corresponding to the contaminated prior is given by:

m(@|38) = / m (y | G, B o) p(ho)dho
0
- h* ho K3 /2 ho qu -5
_ H x / (h0+1) (1 + (ho+1> <1qu>) dho
.B(C7 d) 1 1 c+d
0 X hg TThe

NT

R N O R R A
B(e,d) \ h*+1 h*+1 1—qu

oo . 1 c+d

/ho (1+ho> dhy.

h*

5The Euler integral formula is given by (see Abramovitz and Stegun (1970)):

1
/(t)“Qi1 (1- t)es—aez—1 (1—2t)"%dt = B(a2,a3 —a2) X2 Fi (a1;a2;a3;2)
0

I'(a2)T (a3 — a2)
I (a3)
where 2 F (a1;a2; a3; z) is the Gaussian hypergeometric function with 2 F1 (a1;a2;a3;2) =2 Fi (a2;a1;as3;2). This

is a special function represented by the hypergeometric series. For | z |< 1, the hypergeometric function is defined
by the power series:

x2 F1 (a1;a2;a3;2)

X (a1)(az 'Zj
2F1 (ar;a2;a3;2) = Mj
j=o (a3z); J!

where (a1); is the Pochhammer symbol defined by

1 it j=

(al)f{ ar (a1 +1) (a1 +5—1) = SO G50
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L X( n )Kf<1+( W )( Ry, ))
B (c,d) h* +1 h*+1) \1-Rp
1
< [ o a- e e,
e

so we get two incomplete Gaussian hypergeometric functions. Let ¢ = ( hiil) t. The solution of

the first one is given by:

n*

h* 1 K R2 T2
2 +e-1 o yd—1 by _
/ (¢) (1= <1+¢<1_R§ >> dp
0 q
K 1 —
% T2+c * d—1 * R2
_ (Lt /t%“—l - () 1 (D T, dt
h* +1 h* +1 h*+1) \1-Rj
0 q

(2 )* D(% +o)
h* +1 I (52 +c+1)

Ky  NT Ko h* h* R}
Fo| =2 LT g 22 1 —— ). q
X 1(2 temmlodng et ’(h*+1)’ (h*+1) <1qu

pe | FFe
+1 K2 NT K2 h h b

— "7 R =2 T g 22 1: . q
K:t2e 1(2 Tl may et ’(h*+1)’ (h*+1) (1—R§q>>’

where Fy(.) is the Appell hypergeometric function.® The second incomplete Gaussian hypergeo-
metric function can be written as:

h

1 1 h*:l
@ 1— ) dp = / (@) (1 - o) dp / (@) (1— o) dy
* 0 0

h
E3

c h*+1

n \© .
: B@,d)_(hﬂ)xzﬂ(ad_l;c“;( ).

6The Appell hypergeometric function (see Appell (1882), Abramovitz and Stegun (1970), Slater (1966)) is a
formal extension of the hypergeometric function to two variables:

Fi (a;by;b2;¢c35y) = > > Mi&

j=0k=0 (©)j+k J! k!

1
= 1_‘((1)1—‘1_\((620‘)0/(15)(11 (1_t)cfa71 (l_rt)—bl (1—yt)*b2 &t

where (a1); is the Pochhammer symbol.

26



Then the unconditional predictive density corresponding to the contaminated prior is given by:

m(y|qp)= (21)

« B2,
2. () 7"
Ko+2c¢

x R}
K2 _ NT Kz h bq
XF +Cl d +C+1’h*+1’ h 1 1R127q))

Ko 2 -&F
h* 2 Rq
() 1) ()
+ (s5)
y B (c,d) — L
X9 (c;d 1; c—&-l,h*ﬂ)

D.2. Derivation of eq.(23)

Under the contamination class of prior, the empirical Bayes estimator of b in the two-stage
hierarchy (conditional on hg) can be written as:

b (B) + hqbgtx
h +1

bep (B | ho)

_ h01+1 /b\(ﬁ)—i_ h(’)lil /b\ql’Kz if hOSh*
)08 + (5257 ) Dotr, i ho > b

The (unconditional) empirical Bayes estimator of b for the three-stage hierarchy model is thus
given by

(oo}

bep (B) = /ZEB (B | ho) p(ho)dhg

0

) ct+d+1 dho

~ hr o ct+d+
1 b(®) Of h! (ﬁ) dho +bytrcy f hi <1+h0
B(C, d) —|—{Z(ﬁ) (g +1> —|—b LK (m>}h{’ h(c) 1 (1+h0>c+d dhe

Let ¢ = % Then

. 1RO @ T 0 b | @) (- ) g
beg (8) = Ble.d) 0 . 1 °
0 () e (s5) ) [ @ -0 g

We get three incomplete Gaussian hypergeometric functions. Let ¢ = < ) t. The solution of

h*+1
the first one is given by

?H(@C_l (1—)dy = 0/1 <(h*h-: 1)15) o <1 _ (h*h-: 1)t>d (h*}i S

= (hf—;ﬂ)szl( —d;c+1; - )

h*+1
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The solution of the second one is:

RF+1 1 B ¢ b d—1 B
‘A-@)dp = t) (1- t dt
[era-otae = [(Ga) (1-Gis) Gy
0 0
(7)™ :
= mx2F1<c+1;1—d;c+2;h*+1)7

and the solution of the third one is:

h

h*:l
) dp - / (@) (A=)
0

)

It follows the empirical Bayes estimator of b for the three-stage hierarchy model is given by:

1
@)1 —p) " dy
h*l

h*+

/l(w)c1 (1-
0

h* )C
h*+1
A X9 Fy (c;d—l;c—l—l;(
c

h*

B(c,d)—( 1

~ e _h* ¢ * T
b(B) 7(”'*31) X2 Iy (C; —dyc+1; —th)
—~ (gi*)”l .
1 +bqtr, hjjl X9 Fy c-l—l;l—d;c—i—?;—hfJrl
=g |+ 0 (k) s (50) g
B (o) — (B
X ’ c .
I X9 Fy (c;dfl;chl;h,’}—H) |

E. Variance-covariance matrices of the 2S and 3S robust Bayesian estimators

Following Berger (1985)( p.207), the ML-II posterior variance-covariance matrix of 3 of the
first step of the 2S robust Bayesian estimator is given by

Var (Bus-11) = XsgVar(ms (8 o)l + (1= Xs,0, ) Var @ (81 go)]

R0 (1= R ) (801 90) — B (0] 90)) (8.6 90) — B (0 90))

3 So8 v(0) \ 1
= Ao (NT—290+1 Ax

3 £q.8 v (b) -1
i (1 )‘5790) (NT —2,+1 Ay

+ 0 (1= R0 ) (801 90) = B (0] 90)) (.6 90) — B (0 90)) -

The ML-II posterior variance-covariance matrix of b of the second step of the 25 robust Bayesian
estimator can be derived in a similar fashion to that of Barp_1;.
Sop v(B)

)a
NT —2hg +1
+ (1 —:\\b,ho) < LI >A

NT -2, +1
+ Moo (1 _//\\b,ho) (b*(ﬁ | ho) —bes (B | ho)) (b*(ﬂ | ho) —bes (B | ho)),-

-1
w

Var (EMLJI) = Xb,ho (

—1
w
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The ML-IT posterior variance-covariance matrix of b of the 3S robust Bayesian estimator can
be derived as in the two-stage hierarchy model:

-~ o fop v(B) ) -1
Var (bML”)_)‘b<NT2'h0+1 Aw

~ A ) -
+ (1_)‘b) (NTQ—2;§q+1>AW1

#30 (1-8) (b.08) ~ B (8)) (0(8) ~ B (9))

The main differences with the latter relate to the definition of the Bayes estimator b.(8), the
empirical Bayes estimator bgp (8) and the weights A, (as compared to b, (5 | ho), brp (B | ho) and
Ab,ho)-

F. Positive or negative semidefinite differences of MSE

The mean of the ML-II posterior density of 3 is given by:

BMLJI = Mg B [m5 (B190)] + (1= Asg) Eld" (B g0)]
= A8g0B:(b ] 90) + (1 = Ag,g) BeB (b ] 90) -

NT
R2 2
o, \ (14 (9 +1) 171[;%
€ Ggt1 0 Bo

1—¢| 2% R%
1 B
go+ 1+(g +1) <1—Rq;"§ >
q

The ML-II posterior variance-covariance matrix of 3 is given by (see above):

with
—1

)‘5»90 = |1+

Var (Bys-11) = ApgVar [ (8 | go)] + (1 = Ago) Var [¢” (8 | go)]
+ As.90 (1= Ag.g0) (B(b | 90) = Ben (b ] 90)) (Bu(b | 90) — Brs (b ] 90))’

Under the null, Hy : € = 0, the weight is A\g 4, = 1 and the restricted estimate is
ﬁrest = B (b | gO)

while under Hj : & # 0, the unrestricted estimate is B, = 8,908 (b | go)+ (1 - Xg,go) Bes (b g0) -

Following Magnus and Durbin (1999), we can write the joint distribution of 5, and B, as:

Brest \ _ Bun +Q Var[r5 (8| 90)]  Var[rs (8] g0)]
( Bun ) (( Bun ) | ( Varlsg (3] g0)] Var[rs (8] go)] + ))
where
Q= (1—Xgg0) (B«(b | 90) — BeB (b ] g0))
and

D = (1-2Agg)[Varlg™ (B 1g0)] —Varlmg (B ]90)]]
8,90 (1 = Ag,g0) (Be(b | 90) — BeB (b] 90)) (B«(b | 90) — Ben (b g0))’

Applying Theorem 1 of Magnus and Durbin (1999) on this joint distribution, we get the conditions
under which M SFE (B\Test) — MSE (Bun) are positive or negative semidefinite:

MSE (Brest) = MSE (Bun) = QQ' = D

and hence
MSE (Brewt) < MSE (Bun) i QDQ < 1
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and

MSE (Emst) > MSE (Bun) ifQ'DQ>1
D~ denotes the generalized inverse of D. If M SE (,@mst) and MSE (B\un) are two positive semidef-

inite matrices, the notation MSFE (Brest) < MSE (Bun) means that MSE (B\W) —MSE (B\Test)
is positive semidefinite.

30



G. Full Bayesian estimators

We also derive the full Bayesian estimators for RE world, the Mundlak world, the Chamberlain
world and the Hausman-Taylor world.”

G.1. Gibbs sampling for the RE world

We run full Bayesian estimates (Gibbs sampling) on the RE world following the works of Chib
and Carlin (1999), Koop (2003), Chib (2008), and Greenberg (2008) to mention a few. They have
proposed algorithms for the three-stage hierarchical models in a standard RE world. Our initial
specification y; = X;8 + W;b; + u; could be written as the following 3S hierarchy:

First stage : yi = Xif8 + vrpi + ug, u; ~ N(O, TﬁlfT)

Second stage : B~ N (8o, Bo) and p; ~ N (0,07)
Third stage : T~ G (%, %) and 0, ~G (1),

where y; is (T x 1), X; is (T x K1), u; is (T x 1). The (T x K3) matrix W; of our original model
has been replaced by the (T' x 1) vector of ones, ¢r, and the (K5 x 1) vector b; is replaced by the
scalar p; which expresses the time-invariant individual effect. G(.) is the Gamma distribution.

We can define the conditional posterior distributions within the Gibbs sampler of the previous
model for the RE world®.

1. We choose diffuse priors with the following hyperparameters 8y = Og,, By = 1021k, , ag = 2,
dg = 200, 79 = 2, 1o = 200 such that the means of the precision 7 and 0;2 are F[1] =
E [0,%] = 1072 and their variances® are Var [r] = Var [0,?] = 107%.

2. We draw initial values of:

6(0) ~ N(BOaBO) 77_(0) ~ G(ao 50)

o2V~ (%) o~ (0.027)

3. At the d** (for d = 1,..., D) draw, we sample:

(d)
@ o o o
T G( 5 5 >
(d)
—2(d) 71 m
o, G(2, 5 >
G N(—iu) Dh,(d))
8@ o N(’(d) Bl(d))

"We thank two referees for this suggestion.

8See below for the derivations.

9A random variable x follows a Gamma distribution G(a, 3) with shape a and scale f if its pdf can be written
as

(a3
o 0,8) = 5ot exp(—pa).
Its mean and variance are given by E [z] = § and Var [x] = L%
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N !
59D = s+ Z (?‘/Z _ X, ,/Tui(d—l)) % (yi Y (i LTMi(d—l))
=1
ANV
m@ = no+d ul
=1
D@ = {T#d) n 0;2«1)}—1
@' = D@ {T(d)b}ﬂgd_l)}
gi(d—l) = y— Xiﬂ(dil)
N —1
B@ = Z (Xz(Bﬂl(d)Xz) + Byt
=1
3 - (d)
B = By (X{Bil yi) + By 'Bo
i=1
o = oo+ NT
v = Y+N

For the Gibbs sampling, we run D = 1,000 draws and we burn the Dy, = 500 first draws.
We store all the vectors 8 and {y;},_, _ and the scalars 02 and o2 for the D*(= D — Dyyrn)
draws. When the D draws are completed, we compute their posterior means and standard errors

on the D* last draws.

G.2. Gibbs sampling for the Mundlak world, the Chamberlain world and the Hausman-Taylor world

The assumption E [p;] = 0 assumes exchangeability and independence of the p; and the covari-
ates in X;. This assumption is unrealistic in the Mundlak world, the Chamberlain world or in the
Hausman-Taylor world. Dependence between pu; and covariates A; (possibly including covariates
in X;) may be introduced in a hierarchical fashion (see Greenberg (2008)) by assuming:

pi ~ N (Aiy,02) with v ~ N (v, Go) -

A; is a (1 x r) vector of covariates and v a (r x 1) vector of parameters. vy and Gy are known
hyperparameters. Then, u; = A;y + v; with v; ~ N(0,02). Moreover, the nature of A; changes,
depending on the specified world in our Monte-Carlo simulation study:

e for the Mundlak world, A; = Zs; and v = .
e for the Chamberlain world, 4; = (z2i1, ¥22, ..., x2;7) and vy = (71, 7o, ).
e for the Hausman-Taylor world, A; = f (Za;, Z2;).

This approach — with new hyperparameters 79 and Gg — could be rather complicated espe-
cially for the Hausman-Taylor world. But we can use the 3S hierarchy with few changes in the
set explanatory variables, the coefficients vector and in the specific effects. As u; = A;v 4+ v; with
v; ~ N(0,02), we can write y; = X;8 + vrp; +u; = (X8 + 10 Aiy) + trv; + u; and our initial 3S
hierarchy becomes

First stage : vy, = X8 + trv; 4+ ui, u; ~ N(0, 7 7p)

Second stage : B* ~ N (Bo, By) and v; ~ N (0,03)
Third stage : TNG(%,%O) and 0;2~G(77°,"2—°).

where X = [X;, 4;], ' = (8',7) and o, = Var[An] + o2. Ev] = 0 assumes exchange-
ability and independence of the v; and the covariates in X;. For the Hausman-Taylor world,
v = XiB + Zin+ vrp; + u;, we use our proposed strategy: p; = (Tz; — Ezz) Ox + (T2 — E@)2 ®©
(Zgi — EZz) 0Z + v;.

Then, X; = [X;, Zi, Ai| = | Xi, Zi, (%2 — Bxz) , (Fa7 — E)” © (Zas — EZz)i| and 8 = (81,7’

(6/777/7 93(7 9/2)/’
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G.3. Derivation of the posterior densities of the Gibbs sampling for the RE world
Our initial specification y; = X;8 + W;b; + u; is written as the following 3S hierarchy:

First stage i Yi = Xzﬁ Foorp; 4w, up ~ N(O, Eu) with Zu — 7__1]T

Second stage : B ~ N (Bo, Bo) and p; ~ N (0,%,) with 33, = o7}
Third stage : TNG(%,%O) and U,IQNG(W?O’%O)'

where y; is (T x 1), X; is (T x K1), u; is (T x 1). The (T x K») matrix W; has been replaced by
the (T x 1) vector of ones ¢ and the (K2 x 1) vector b; is replaced by the scalar p; which expresses
the time-invariant individual effect and p = (1, pia, ..., )’ is the (N x 1) vector of time-invariant
effects. G(.) is the Gamma distribution.

The known hyperparameters are: 5y, By, g, do, Yo and 19. The posterior distribution is propor-
tional to:

The posterior distribution of the precision 7 is given by:

N
1
\Eul’% exp [2 Zl (yi — XiB — trp) S (yi — XaBB — LTHi)]
01| _T%
X T2 exp[ 2]

@+ NT _

N
= 77 2 exp [—72— {50 + Z (yi — Xif — LT,ui)/ (yi — Xif — LT,U,Z')}‘|
i=1

(65} 51
T G<2’2>
Witha1:a0+NT
N

and 6 = 6o+ Y (yi — Xi — 1omi) (yi — XiB — 1)

i=1

then

The posterior distribution of the precision 0‘;2 is given by:

2

Op

b
z
®
]
o)
\
Q
=
[\
t\
=
| I
X
)
T
LR
S5
¥
®
k]
ko]
\
Q
=
=
o
| I

then

-2 Y1 M
< o(z1)
Tu 2779
and 1 = 1o + '
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Following Chib and Carlin (1999) and Greenberg (2008), it is preferable to sample 8 and p in one
block as 7 (ﬁ, wly, X, T, O’Z) rather than in two blocks 7 (ﬁ |y, X, u, 7, O’Z) and 7 (u |y, X, B, T, UZ),
because of potential correlation between the two. This is done by using:

m(Bply, X, 100) = 7By, X, ur00) x7(ply. X, B,7,07)

N
7((6 | y7X7M7770/3) X Hﬂ-(ﬂ’b | yi7Xi76aTao-;21,)
=1

The first terms on the right-hand side is obtained by integrating out the p; from 7 (B, wly, X, T, ai).
For the second term, set g; = y; — X;0 and complete the square in ;.

1 . 1~
™ (Mi | i, Xi, B, 7, Ui) & exp [—2 (7 — LTﬂi)/Eul (7: — LTM)]

X exp {—; (i) ;1 (Mz‘)}

Let us consider the expressions in the exponentiations, ignoring the (—%) terms:
(i — vrpa) Sy (G — vop) + () S50 ()
= UL — Ry e — Sy i+ Sy e+ Y
=y oSy er + 501 e — 20 [0S0 ) + 915 G
pi [Terir + 0,%] s — 2u [repgi] + TG
= i [T7 40,2 i = 200 [T i) + 795
Since we are only concerned with the distribution of ju;, and as ¥, (= 77 1Ir) is assumed to be
known, terms that do not involve pu; are all absorbed into the proportionality constant. Applying

this idea to the expressions between brackets, then, the posterior distribution of the time-invariant
specific effect p; is given by:

wi ~ N (@, D)
with Dy; = [5p5, er + 5,17
and ﬁz = DM [L/TZJIQJ
which is equivalent to
ni ~ N (@, D)
with Dy; = [T+ U;ﬂ -
and 7i; = Dy; [Tupgi]
To find the posterior distribution of 3, we write:
yi = XiB + (trps +us) = XiB + 9
and integrate out u; and u;. Then
EW)] = E|[(rpi+w) (erps +w);)
= B pip] v + [uiwg]
As u; ~ N(0,%,) with ¥, =77 Iy and p; ~ N (0,%,) with ¥, = 0'12“ then
E W] = vr Sty + Sy = 00 Jr + 7 'p = By;
which implies y; ~ N (X3, By;). It follows that

N
ﬂ-(ﬁ|y7Xa,u’7T7U;24,) &« exp [_;Z(yl_Xlﬂ)/Blzl (yz_XlB)]

i=1

X exp [—; (B—B0) By (B— 50)]
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Completing the expressions between brackets, we get:

N

> (yi = XiB) Byi' (i — XiB) + (B — o) By ' (B — Bo)

i=1

N N
= ,B’ZXBlX —23’[2 X/Bi;'vi) + By ' Bo
=1 =1

+ Z yiBr;tyi + By By Bo

i=1

from which we have

ﬁ ~ N (Ba Bl)
N —1
with By = | > (X/B'X:) + B!
=1
with By; = o Jr + 7 'r, Vi
N
and B =By | > (X/By;'yi) + By ' fo
1=1

H. Laplace approximations

H.1. Laplace approximation of the predictive density based on the base prior

The unconditional predictive density corresponding to the base prior is given by

m (F | 70, 8) = / m (7 | 7o, B, ho) plho)dho
0

NT
2

~ ) K»/2 R2 -
h
__H (ho-?—l) (1+ (h0+1> (11[1%02 ))
= X bo dho
B (C, d) o1 1 ct+d
0 X hg <1+h0)
B(d, 52 +¢) ~ NT K, K, R?
=202 VRGP — =2 d;— 0 .
Bled) 2\ gy tag et 1—RZ

As shown by Liang et al. (2008), numerical overflow is problematic for moderate to large NT and
large R%O in Gaussian hypergeometric functions. As the Laplace approximation involves an integral
with respect to a normal kernel, we follow the suggestion of Liang et al. (2008) to develop the

expansion after a change of variables to ¢ = log (h?il) . Thus ﬁ =(1—explg]), ho = li’;i[lﬁ](ﬂ

and dho = 72257 dg. Then:

NT
2

m@m,m:B{zd)/oexp o (5 re)] 0 ewit <1+exp[¢]-<1R§;50>> s

Let [ (¢) be the logarithm of the previous integrand function:

2

2
l(¢):¢<K2+c> +(d—1)10g(1—exp[¢])—g10g 1+exp[d] (1—%22 )
bo

The Laplace approximation is given by:

] —1
/ exp [l ()] dé ~ V/27.5;. exp [l (q/i;ﬂ , with 67 = (_ ddlqb(f) L_A) )
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Setting I’ (¢) = 0 gives a quadratic equation in exp [¢] :

NT exp [¢] (fﬁ%)

Ky exp [¢]

U(g) = (2 +C>—(d_ )1—exp[¢]_2{1+exp[¢](1R§§2 )} :

2 (52 +¢) (1 - exp[¢]) [1 +exp (9] (1R§050 )}
= s —2(d —1)exp|[g] {1 +exp [¢] <1R§503]

—NTexp[¢] (1 — exp [¢]) (112;%])

2

with Den = 2 (1 —exp [¢]) {1 + exp [¢] (&)] As Den # 0, the quadratic equation in exp [¢]

2
bo

is given by:

exp [2¢)] l(l i%gég > {NT — Ky —2(c+d) + 2}

— exp [¢] [(1?5;%5()) {NT — Ky —2c¢} + Ky +2(c+d)| + K2+ 2c=0.
The roots are given by:
oo} 257
with
c, = <I—R%](~)Z§O> {NT — K3 — 2¢} + K3 + 2(c + d)

R2
Cy = 2 bo | {NT — Ko — 2(c +d)}
- R
A = [0 420, [-2¢— Ki].
As hg €]0,400[, then exp [(ﬂ €10, 1[, and only one root is positive, so:

o [5] = ATYVR

The corresponding variance is

-1
. (_ dL(¢) )
2 -~
A ly=3
[ (d—1) cxp[2ﬂ (d—1) cxp[a] -1
(1—exp[¢])? (1—exp[¢])

= NT ol 71

= exp[2¢] TR NTexp[¢] TR

bg b0

- : +

2 [Hexp[ﬂ (fi‘%a )}

-1

o[ et

_ _(d—l)exp [&] N NT exp [ﬂ (1R1§%0§O>

(1 —exp [QZ})Q 2 [1 + exp Fﬁ} (fi%o)r
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Then, the Laplace approximation of the predictive density based on the base prior is:

g 0 eplo(f +o)] @ -explo)’
m@l ) = g | x<1+exp[¢]<1?§o§0>>_2 4o

— 00

. :
5 (c,2 )L exp 1(9)]-

1

H.2. Laplace approximation of the predictive density based on the contaminated prior

Recall that
7 ho if ho<h*
1 h* if hg>h*

—1
NT — K, R, O\ .
Ks 1- R}

with

h* = max |0,

Consequently, we can write

m(y | q,05)

/m(ﬂl q, 3, ho) p(ho)dho
0

T

" B ho K2/2 ho qu T2
s i e e (5]

B (C, d) o ctd
0 x h§? (tho)
A N R,
B(e,d) \h* +1 h*+1)\1- R

(e’ 1 c+d
c—1
x /ho <1+h0> dho

h*
H AN h* R}
= —— |L+|(—+—— 1+ <
B (e, d) h*+1 h*+1 1—- Ry,

Let I (¢) be the logarithm of the integrand function of I7, with ¢ = log (h:L):

Rj
bg

As 1y (¢) is similar to [ (¢) (except for the ratio of qu), we get the same quadratic equation in
exp [¢] and hence the same roots {exp [gﬂ } . As hy € ]0,h*], then exp [QAS} € ]0, gfﬁ}, so the
1,2

only root should be positive and bounded between }0, hh—ﬂ}, i.e, exp [(ﬂ = %

+

NT
2

I

2

()= (%5 +e) +(d-1)log (1 - expe) - "5 log

in equation

(H.1) should lie within }O, hf—;l} . Then, the Laplace approximation of I is

I =~ V276, exp [11 (5)] )

As

[e%s) c+d 0
nefi () d= [ ewlel el i
h*

log((7%57)

Let I3 (¢) be the logarithm of the integrand function of I:

l2(¢) =co+ (d—1)log (1 —exp[g]).
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Setting 1} (¢) = 0 gives a first order equation in exp [¢] :

exp ¢
15 (¢) :C_(d_l)l—ex[p]kﬂ =0,
and the root is given by:
~ c
exp 9] =

As hgy € [h*, o0], then exp [(ﬂ € [hh—H, 1 {, sod € [1, C;f* { The corresponding variance is

5 (_ &Ly @) )1: - vew 3]
& d¢? =3 (1 —exp {5})2

and the Laplace approximation of Iy is

Iy ~ \/ﬂ&lz exp |:l2 ((E)] .

Then, the Laplace approximation of the predictive density based on the contaminated prior is:

AT )™ e () (2 )}
m (G148 = [q Ve AN dhs

B (c,d +
() 0 X h§™t (1+1h0>c

Fed (s
r c—1 1

/h ( +h0> o

i [ V275, exp [11 (5 l

=B (¢,d) q -*H s [1 + (;;ﬁl) (%)} 7 V275, exp [lz (QZ)}

H.3. Laplace approximation of the empirical Bayes estimator

—_

Under the contamination class of prior, the empirical Bayes estimator of § for the three-stage
hierarchy model is given by:

bep (B) = /EEB (B | ho) p(ho)dhg
0

55 oo e

h*

50 FE) «, B (6 -die+1; h*+1)

7 ()T _
+quK2 P Xo Filc+1;1 —d;c+ 2; h*+1

= Bled +{000) (7)) + b (57) |
B (o) )

X
X2F1 (C d*]. c+ ]., h*+1)

Let us write
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B0 o ey 0 () e ()

EEB(ﬁ):B(c,d)Dl—'—B(c,d) 2 B(c,d) Ds,
with

D, = 7h81 (1 +1 ho)w+1 dho = log(/hmexp ] (1 — exp [¢]) do
0 oo

Dy = 7’18 (tho)HdH dho = lOg(/hhl)exp [(c+1)¢] (1 —exp [¢])" " do
0 e

Dy = 7h81 (1 jho)c+ddh0 =1,= /0 exp [co] (1 — exp [¢])* " do.
4

Let Ip, (¢) be the logarithm of the integrand function of D;:

Ip, (¢) = cd +dlog (1 —exp[¢]) .

Setting 17, (¢) = 0 gives a first order equation in exp [¢] :

’ o €xXp [QS] N
e
and the root is given by:
~ c
o [d]= 125

As hgy €0, 00[, then exp [QAﬁ] € 10, 0o[.The corresponding variance is

52 :<_ d%lw)’ >:[ dexp |9] ]1
" 4% lo-s (1 exp [3])2

and the Laplace approximation of Dy is
Dy ~ \/%EZQDI exp [lp1 ((E)}
Let Ip, (¢) be the logarithm of the integrand function of Ds:
I, (¢) = (c+ 1) ¢+ (d—1)log (1 —exp[g]).

Setting 17, (¢) = 0 gives a first order equation in exp [¢] :

b, (6) = (e 1) = (d=1) {220 —o
and the root is given by: .
exp |6] = g

The corresponding variance is

I _(_ d21D2<¢)’ )1_ (4= V)exp 4]
Tt ) T Lo en[d]

and the Laplace approximation of Dy is

Dy ~ \/%E?DQ exp [lD2 (q@)] .

—1
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For I, the Laplace approximation of I5 is
I ~ /270y, exp [12 ((}E)}

Then the Laplace approximation of the empirical Bayes estimator of 8 on the contaminated prior
is:

N N S ctd+1
R 1| PO [ () dho+ by, fho () dho

bep (8) = )
EB B (c,d) +{/b\(/3) (q +1) +b, LI (m)}hf h! <1+h0> +ddh0

Bﬁ(il’))) \/701]3 exp {lp1 (qg)] + Bj)q(bcl,(c?i) \/%.312% exp [ZD2 (5)}

b(B) ) +bger, (7t ~ R
( i g(qd)K (h i >}\/§012 exp [l2 (ci))}
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