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This note presented an extended version of the Hamilton—J 7] H. J. Sussmann, “A maximum principle for hybrid optimal control

cobi-Bellman (HJB) inequality to be used for optimal control of problems,” inProc. 38th IEEE Conf. Decision and Contydi999, pp.
hybrid systems. The extended version constitutes a successful mar-  425-430. _ _ -
riage between computer science and control theory, containing pufé8] V- I. Utkin, “Variable structure systems with sliding modesfEEE

. ) . . . ) . Trans. Automat. Contrvol. AC-22, pp. 212-222, Apr. 1977.
discrete-dynamic programming as well as pure continuous dynamlﬁg] R. Vinter, “Convex duality and nonlinear optimal contrdblAM J. Con-

programming as special cases. trol Optim, vol. 31, no. 2, pp. 518-538, Mar. 1993.
The extended HJB inequality, which gives a lower bound on the

value function, was discretized to a finite, computer-solvable LP that
preserves the lower bound property. Based on the value function, an
approximation of the optimal control feedback law was derived.

A problem with DP is the “curse of dimensionality,” an expression

coined by Bellman, the inventor of this method. Since the cost for @utput Violation Compensation for Systems With Output

family of trajectories is computed (rather than a single trajectory as in Constraints
the Pontryagin maximum principle), the problem grows exponentially
in the number of states. Matthew C. Turner and lan Postlethwaite

The advantage with this method, however, is its applicability and
ease of use for low-dimension systems. The discretization method pre-

sented in this note allows problems with up to three continuous statesAbstract—The problem of output constraints in linear systems is
on a 336-MHz Ultra Sparc II con5|d(_ere_d, gnd a new methodology which helps _the clos_ed loop respect
) . these limits is described. The new methodology invokes ideas from the
A set of MATLAB commands has been compiled by the authors ttiwindup literature in order to address the problem from a practical
make it easy to test the aforementioned methods and implement it of view. This leads to a design procedure very much like that found
examples. The LP solver that is used is “PCx,” developed by the Qpantiwindup design. First, a linear controller ignoring output constraints

timization Technology Center, lllinois. The MATLAB commands ands designed. Then, an additional compensation network which ensures
at the output limits are, as far as possible, respected is added. As the

i %
a manual of usage are available free of charge upon request from Kstraints occur at the output, global results can be obtained for both

authors. stable and unstable plants.
Index Terms—Linear systems, output constraints, saturation.
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is exceeded too frequently, this can cause increased wear on compdn [2], a similar, but different, problem to the one we define
nents, requiring more frequent maintenance to preserve performaheee is considered. Reference [2] treats the stability analysis of a
and safety. Thus the study of output limits is an important subject fsingle-input—single-output closed-loop system subject to both input
engineers. and output constraints. Our work differs from [2] in that we consider
There are several ways of tackling what we call “output corthe designof a violation compensator which can be “retro-fitted” to
straints"—constraints on a system’s state, or linear combinatioggsure stability and we do not explicitly consider input constraints.
of states, which can be measured or estimated reasonably accuNotation is standard throughout, wih|| := v/+’x denoting the
rately—some already existing in the literature. Many of these hatmiclidean norm anflz||, denoting theZ,, norm of a vector:(¢). The
been combined with the input-constraint literature and have, arguabifducedZ, normis||H ()i, := supg e, (1H (@)|lp/[x[). The
not been given the attention they deserve in their own right. Possilslistance is given bylist(«, X') := infwex || —w]|. The space of real
one of the more complete works on output constraints is that of [3gtional,: x j-dimensional transfer function matrices is deno&d’;
where the authors group both state and control constraints into the subset of these which are analytic in the closed right-half complex
search for a “maximum output admissible set’—the set of all statpkne, with supremum on the imaginary axis, is dend&éd™ .
such that these time domain constraints are not violated. This leads to
a quite significant linear programming problem and a controller can Il. PROBLEM FORMULATION
be designed such that it ensures that the state always belongs to the |
maximum output admissible set. A. Nominal System
Another way of incorporating such constraints into controller de- We consider the plant
sign is via model predictive control, and other receding horizon-based

strategies. In such an approach, time domain constraints such as control ip = Aprp + Bpu + Bpad
and state limits can be taken into account by adding them as constraints G(s)~ < y=Cpap+ Dyu+ Dyud (1)
in the optimization procedure. However, along with the method of [3], 91 = Cpirp 4+ Dy + Dypard

such an approach is generally expensive in terms of computation and is
often lacking in terms of.lntumon. Thu;, for many a.p.plllcat.lops, partICWheremp € R" is the plant statey € R™ is the control inputy €
ularly those where real-time computational availability is limited, theSﬁ,, . S

. - . v is the output, which is fed back to the controllére R"¢ N £,1
two methods can be unattractive for the practical control engineer.

The oth  taking int t outout traint dth is a disturbance acting on the plant, and:= R? is the output on which
‘e other way of taking Info accoun ou“ put constraints, ?n N€ Ofiits are imposed. We make no assumption on the location of the poles
which we revisit in this note, is so-called “override control.” This is

dt G(s). From this, we define the following transfer function matrices

technique used predominantly in industry as, typically, it is the simplet%t represent the disturbance feedforward and feedback paitésof
and least restrictive in terms of nominal controller structure. There is

little documentation describing this approach to handling output con-

straints, the most lucid and comprehensive accounts occurring in [4] Gi(s) ~ {
and [5]. Essentially, the idea behind override control is to design a con-

troller such that, for a given output, the system behaves as normal until

an output limit—which may be in a different channel to that being come assume that the following stabilizing linear controller has been de-
trolled—is violated, in which case the control is altered to bring thisigned

output below its limit again. This is closely related to multimode con-

trol (e.g., [9]), where there are more control objectives than control in- T. = Acxe + Bey + Berr
puts and to obtain satisfactory performance, the control system must be K(s) ~ { w = Ceve + Doy + Deyr
switched at certain points. The works of [5] and [4] givesaralysisof

performance and stability of such systems and guidelines on designivigerez. € R« is the controller state ande R"" N £, represents a
compensators, but, in our opinion, do not tackle sliethesiof such disturbance on the controller, normally the reference input. From this,
compensators in a methodical manner. In addition, much of the workire designate the following transfer functions:

[4]is directed toward single-loop schemes, which allows one to observe

a very similar structure to antiwindup systems. Another paper related A, B.. A, B,
to these ideas is that of [14], although the actual control strategy used ~ K1(s) ~ {04 D. } Ka(s) ~ {C‘ D }
is invariance based and results in a more complicated control law. ‘ - ‘ ‘

The work in this note was motivated by real engineering problems . . .
. L . Assumption 1: The nominal closed loop system formed out of the
where the plant under consideration is quite large and where any s

lution to an output constraint problem must be simple due to furthm?erigglrg;ﬁslon of(s) and () is internally stable and well posed

constraints on computation. The basic, but less general, framework gfu R _
the problem we consider was introduced in [13] and used in [12] for « { I —Ka(s)
successfully conditioning a vertical/short takeoff land (VSTOL) air- ,_G2(5) ,I I, .

craft model (a similar but purely static approach was used in [8]). * limg—oo(I — K2G2) ™" (s) exists.

We use the same basic idea as override control; first, a controller is' NiS is necessary for our work to make any practical sense, and, in
designed for the nominal linear system: then, in the event of output v@dition, we assume thdf(s) has been de5|gne_d such that for most
lation, an additional compensator becomes active to regulate the oufgRIimen reference demands(?) behaves sensibly and exceeds its
back below its limit. However, our work builds on the traditional overlmits only occasionally. This assumption is reminiscent of the anti-
ride control in several useful ways: it gives a definition of the probledyindup literature where it is implicitly assumed that the control input
we are trying to solve with our output violation compensator; it givedaturates infrequently.
sufficient conditions, in terms of linear matrix inequalities (LMIs), for 1Although this seems to preclude persistent disturbances, one could view

anoutput violation compensatdo exist; and it is directed at multivari-  as an initial perturbation from a final equilibrium with 0 to overcome this
able systems as well as single-loop configurations. technical difficulty.
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Fig. 1. Output violation compensation scheme. Fig. 3. Alternative output violation compensation scheme.
Output violation - .
c;l:npensator wherew = [r’ d']’—a full description of these state-space matrices
5 ‘ is given in the Appendix for convenience. By Assumptiondlijs a
D 7 Hurwitz matrix.
‘ An important variation on this theme is to feednto the controller
¢ ¥, as shown in Fig. 3, wherg € R"" is subtracted from the reference
and can be interpreted as a “back-off” of the reference demand. In this
; u case, the dimensions eft) and®(s) are changed and the modified
r 1 K G ; y  form of the controller is
i ‘— ¢ i K(s) &e = Acwe + Bey + Ber(r — ¢) (8)
H H L(8) ~
: : u=Cecxe+ Dey + Der(r — 0).
Nominal Linear System  Gy(s) This can be important from a conceptual point of view and also can

allow one to take advantage of an already decoupled closed loop in the
Yhse of multivariable systems (assumiiig(s) has been decoupled to
some extent using (s)). This case can be handled with little extra dif-
ficulty; only the state-space matrices (given in the Appendix) change.

Fig. 2. Equivalent representation of the output violation compensati
scheme.

B. Output Limiting

Consider Fig. 1, which shows how violation compensation is intro- IIl. STABILITY AND PERFORMANCE
duced into the system. We have modeled the output limits as a satur

tion functiony, = sat(y:), where a1’he task now is to desigh(s) € R'H™ such that stability is main-

tained and some performance improvement is obtained by adding it
to the system. One appealing way to measure performance is by how

$: q e 3 7 \” 7 ! A A . .

sat(ye) = fsatlyu)s- oo satlyeq)] ©®) much the actual outpuy,(#) deviates from the ideal limited output
and sl = sl x winld 5), e > 0, S0 etls potomarce ca b messud b e st
vied{l,..., .q}. 7. denotes the output limit in thith channel of Y y(t) =0,Vr,d, o, 9

this is not possiblé. Instead we approximate this objective by trying
to keep||y|| small in response to the exogenous input;). Also, as a
subsidiary minimization problem, we would like to keg(#) small—if

d(7‘) is large this probably indicates that our original objective, that
IS the nominal linear response, has been “backed-off” considerably.
"Hence, we could pose the following optimization problem:

2 In order to activate the violation compensadgfs) € RH™, we

compare the “limited” signaj,, to the actual output signa} and if

there is a difference, thed(s) will become active. This is similar to
the antiwindup strategy except, there the “real” signal is the I|m|te
signal, ., = sat(w); here the “real” signal is the unlimited signal,
y;. If ®(s) is active, it produces a signal s) which is then fed into
the controller, thus H {” /25 }

Wil
®*(5) = arg inf sup
(6) ( ) stab.®(s) [ d’l €L, ||Zl'||p

o= A g . ,
IX’(S) ~ {J/c -AC‘LC + ch + BC? r + 01 (9)

1= Ccxc+ Dy + Derr + ¢2

whereg = [¢] ¢5]' € R"<™™. Hence, if an output has been violated,
the control is modified in order to regulate the output below the limfer some matrice$V’y, W, > 0. This objective is a hard optimization
again. Equivalently, this can be drawn as Fig. 2, where we have usedfeblem, so instead we will be content to ensure that

fact thaty = y; — sat(y;) = Dz(y1) (D=(.) represents the deadzone

-1/2 ~
operator). The resulting closed-loop can now be described by H {‘:YW / } <~ ||w||p (10)

= Ax + Bow + Bgﬁ
Geuls) ~ < y=Cyx+ Dyow+ Dyo 7) for some int.egep € [1, o0) and some suitably smatl > 0. We now
yi = Ca + Dow + Do formally define the problem we seek to address in the remainder of this
’ note (a definition which was inspired by that given in [10]).
2Note, here we consider the symmetric saturation function, although the re-
sults apply also to nonsymmetric saturation functions in the Setaf] 3In order for®(s) to become activeyj(t) # 0 for somet > 0.
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Definition 1: ®(s) € R'H is said to solve the output violation problem has been satisfied (which implies condition 2). Noting that
compensation problem if the closed loop is internally stable well poséds) is linear, and assuming zero initial conditions, proves that part

and the following conditions hold. (1) of the problem is satisfied. O
2) Ifdist(y;, ) =0Vt > 0,thend = 0V ¢ > 0 (assuming zero  Although Lemma 1 ensures the existence of a compensator which
intial conditions for®(s)). solves strongly the output violation compensation problem, using it
3) Ifdist(y;, V) € £, for some integep € [1,0), thené € £,, @as a synthesis guide would probably lead to poor results: for a large
where) = [ g1, §11] X -+ X [=T1.q5 1.q]- reaction—and, thus, swift output regulation—we would like the gain
®(s) is said to solve strongly the output violation compensaf ®(s) to be quite large. Of course, the small gain analysis of Lemma
tion problem if condition 3) holds. 1 restricts this. The following theorem allows the optimization of an
4) Inequality (10) is satisfied for some integere [1,oc), some L2 performance index using a static compensatdr
~ > 0, and some matriced’,, W > 0. Theorem 1: There exists a compensatdr € R("<T™)*7 which

Remark 1: Condition 1) ensures linear behaviowiit) never vio- S0Ives strongly the output violation compensation problempfos
lates its limits (note thaDz(y;) = 0¥ y € V): itis trivially satisfied 2 [f there exist matrice) > 0, U = diagr1,....vq) > 0, L €
if ®(s) € RH>, but if we allow®(.) to be nonlinear this condi- R{"<*")*% and a postive-real scalarsuch that the LMI
tion is needed. Condition 2) ensures thay;ift) exceeds its limits for QA + AQ BL + QC’ Bo 0 0

some finite time, thus excitin@(s), then aftery;(¢) falls below its * —2U+DL+L'D Do U L
threshold, linear behavior will eventually resume. This is reminiscen N « —ul 0 0 < 0.
of the anti-windup literature where the local structure of the controlle « . «  —w-! 0

is preserved unless saturation occurs. This property makes our workla N N N *1 Wl

special case of the general local-global framework introduced in [11]. 2 (16)

Condition 3) ensures a finit€, gain which roughly captures the per-is satisfied. Furthermore, if this inequality is satisfied, a compensator
formance of the system as discussed earlier. Condition 3) implies cQ@yjsfying anc, gain bound ofy = +/i is given byd = LU~

dition 2). U Proof: By virtue of ®(s) being linear, condition 1) of the output
This note only considers the stronger version of the problem; t|ation compensation problem is satisfied. To seethgain part, fix
weaker version, which doemtinvolvefinite £,, gains, is the subjectof ,, — 2 and note that we want to enforce (10) for some positive—definite
ongoing research. Our first result is existenceesult for admissable matricesW ,Wo > 0. As ¢ = &g, we obtain
compensators. 1/2;
Lemma 1: For a given closed-loop systef.(s), there always ex- H { ”]/2 } < Allw|lz- (17)
ists a®(s) which solves strongly the output violation compensation W,
problem for any matrice®,, W2 > 0. Assume there exists a functiefz) = 2’ P2 > 0 such that
Proof: We give a simple proof, although there are several. First, 12 ,
let G..(s) be partitioned as d.p W T 2w < o 18
w w i * Wrzl/zq)~ 7 lel” <0 (18)
= Gl =[Ger,1(s) Gerpal . 11 _ ) -
i (s) {@} [Geta(s) ()] {é} (11) Then, it follows that (17) is satisfied and, hence, the output

By the assumed stability of the nominal linear syst&m(s), the sub- Violation compensation problem is solved. Next, note that as
systems.; 1 (s) andG. »(s) are both stable. A&.2(s) € RH™ Dz(.) € Sectof0, I], we haveyi(yi; — 5:) > 0Vi € {1,....q}.

it follows that, for somey > 0 we have||Gerz||i2 = ||Geral|oc =: 7.  This implies there exists a matrit” = diagw,...,w,) > 0 such
Note also thal| Dz(.)||;,> = 1 So, by the small gain theorem, if that

_ ~—1
[B(s)lloc =€ <7 (12) FW(y —§) > 0. (19)
the closed loop i€ bounded. So, le®(s) be a transfer function sat-
isfying this bound and, moreover, let it be strictly proper to ensure weflence, a sufficient condition for inequality (18) to hold is that the in-

posedness, then it follows that equality
19l <(1 =56 |Getallclle]2 (13) ; ' Pa 4§ (W + &' Wad)j
6l <(1=5e) el Gerallo o]l (14)

—w'w + 25 Wy —§) <0 (20
Next, definez; := W,/*j andz, := W,/?6, then noting thaiV, Pl =) 0

andW, are constant matrices and thiit: zz2]|l2 < [|z1]]2 + ||22]l2  is satisfied. This can be rewritten as (21), shown at the bottom of the
we have page. Using standard Schur complement arguments and congruence
1 <lc 1501 transformations, along with the definitiops:= ~* andL := &U, it
2 ||, S IGellee(l=5e follows that this holds iff the inequality (16) is satisfied.
/2 12 To prove well posedness, we first need the following lemma, similar
( (W ) teo (” )) lwllze (15)  tg that proven in [6], except for a varyifid. The proof is found in the
Appendix.

Setting = [Gurll(1 — 700~ (7 (1W172) + ez (W272))
proves condition 3 of the strong output violation compensation 4Static compensators require no extra states to be added to the system.

"TA'P+ PA PB4+ C'W PBy

g * Wi 4+ 3" Wed —2W + WD+ &' D'W WD, 7| <0. (21)
w * * —”)"QI w
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Lemma 2:If —2V + DV + VD' < 0 andV is diagonal posi- IV. DYNAMIC SUBOPTIMAL COMPENSATORS
tive—definite, thed — DTI(z(¢)) is nonsingular for all matrice € II,

where Although static compensators are, from a computational perspective,

desirable as they require little extra online computation, in certain cir-

cumstances they may not be appropriate as they feature no frequency

shaping. For example, we may want the sighab contain only low

mi(.) €[0,1]} (22) frequencies to avoid any jerkiness in the control input (which could
cause actuator degradation in the long term). By including a lowpass

II := {II(2(¢#)): II = diag(m1(z1(F)), ..., mq(24(1)))

wherer; (z;(t)) is unique for allz; (t). O filter in ®(s) this could be avoided easily; without such an option, it
In order to prove well posedness, we need to prove that would be difficult to enforce.
This section is devoted to the synthesis of a class of suboptimal com-
yi(t) = Ca(t) + Dow(t) + D®G(t) (23) pensators which address this problem. Rather than explicitly synthe-
sising optimal dynamic compensators which tend to be high order and
has a unique solution for aj(t) = Dz(y(t)). As Dz(y;) is a Can also suffer from numerical problems in the synthesis and imple-

globally Lipschitz sector bounded nonlinearity, there exists a unigiientation stages, we choose to synthesise suboptimal dynamic com-
A(yi(t)) € II such thatDz(y;) = A(yi(t)wi(t), V yi(t). So we Ppensators. By suboptimal compensators, we mean those by which we
can replaceD z(y;(¢)) by the uniquely determined time-varying gainchoose the dynamic part of the compensators but also cascade this
A(yl(t))y;(t) c II. Thus’ the question of well posedness reduces wth a static matrix which is Synthesised Optlmally In other WOrdS,

whether we can find a unique solution to we let&(s) be given by®(s) = &(s)K, € RC<t™>4, where
B(s5) € Rimetm)x(netm) s g given dynamic transfer function matrix,
yi(t) = C(t) + Dow(t) + DRA(yi(t))yi(t) (24) andk, € R("=+")x1 s a static matrix to be synthesised in some sort

of optimal fashion. Itis the construction &f, which the remainder of

for all yi(t). Existence is equivalent to the invertibility 01‘this sec_tion addr_esses. s - "
(I — D3A(y(t)) ¥ A() € II Using Lemma 2, we know The first step is to assigt(s) € RH> the minimal state-space

this to be the case if realization

~ dy=Asry + By
B(s) ~ {Tf sy + Byy (29)

-2V + D®V +V'®'D' < 0 (25) 6= Cyraxy+ Dstp

wherey) = K4¢. Augmenting the nominal syste6i.;(s) with these

holds for some diagonal matriX > 0. Inspecting the LMI in the g
ynamics, we have

theorem and noting thdt := ®U, we see that this is indeed the caséj

asU > 0 is diagonal. Uniqueness is somewhat harder to prove but . _

follows by noting tha D z;(.)| is monotonically increasing and such . *=Ar+ Bow + Biy

that| D= (y,)| < lynil, ¥ y.:. m Gerls) ~ g1 =Cr&+ Dorw + Didh (30)
Corollary 1: There exists a compensatdr ¢ R("etm™)xq ¢ = Co@ + Doy

which solves strongly the output violation compensation probIle I ion for the “tilded” matri . in the A di
for all integersp € [l,o00) if there exist matrices? > 0, ul expression forthe tilded matrices 1S given In the Appendix.

U = diagvi.....n,) > 0andL € R(~tm)xa gych that the jl'heore'm_z: Givend(s) € R‘H) r‘suEh t{'af q?@’(s» il‘ﬁfgirf
following LMI is satisfied: exists akth-order compensato®(s) = ®(s)K, € R
' which solves strongly the output violation compensation problem for

A+ A BL+ QC' p = 2 if there exist matrices) > 0, U = diagwvi,...,vy) > 0,
© N © U + DI?+ pl <0 (26) L e R("~*™)*4 and a positive real scalarsuch that the LMI
G BT o 5 o
Furthermore, if this inequality is satisfied, then a suitable compensat rQA +44 BlL~+ QC L= {30 Q/OZ, [{
is given by® = LU, —2U+ DL+ LDy Do L'Dy; U
* * —ul 0 0 < 0.

Proof: The well-posedness part of the proof is identical to thal

of Theorem 1. The derivation of the LMI (26) is similar except tha * * * =Wyt 0
we omit the£, gain objective. To see that finité, gain still holds * * Y
note that the LMI (26) gives sufficient conditions for the existence of o o o L ) (3_1)
a Lyapunov function/(x) = 2’ Pz > 0 such that(z) < —a/jz| is s_atls_fled. I_:u_rth‘ermqre, if this mt_equ_allty is s:amsfled ilswtdble
whenw = 0. This implies that the origin of.;(s) is exponentially Satisfying afinitel, gainy = +./it is given byK, = LU ™.
stable withg = D= (y;). Now, note that the functions Proof: Noting (30), the proof is similamutatis mutandigto the
proof of Theorem 1. 0o

Corollary 2: Given®(s) € RH> such that degb(s)) = k, there
_ exists akth order compensato(s) = $(s)K, € R{etmxq
h(z,w) =C + Dow + D®D=(y1) (28)  which solves strongly the output violation compensation problem

for all integersp € [1,oc) if there exists matrices) > 0,
are globally Lipschitz in both: andw (note well-posedness). Then,;7 — diagv,,...,v,) > 0 andL € R("=t™X4 sych that the

[7, Th. 6.1] can be invoked to establish thit(x, )|, < vl[wll, for  following LMI is satisfied:

some~y > 0 and all integerg € [0, ), i.e., the output violation

compensation problem is solved strongly. o QA + AQ B, L+ QC
Remark 2: The advantage of Theorem 1 is that it gives a construc- * —2U+ DL+ L'D)

tive way of minimizing theZ: gain by way of the LMI (16). The ad-

vantage of Corollary 1 is that it is less computationally demanding, afdirthermore, if this inequality is satisfied a suitalile, is given by

not biased toward th€. gain. Ky = LU,

*

f(z,w) =Az + Bow + B®Dz(y1) 27)

<0. (32)
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Proof: Noting (30), the proof is similamutatis mutandigto the APPENDIX Il
proof of Corollary 1. od
Often, simple structures for dynamic compensators are quite ade-Proof of Lemma 2

quate for our purposes; for example, a compensator with dynamic parne proof here follows closely that of [6]. First from the assumption
_ - B thatm;(z;(¢)) is uniqueV i € {i,...,q}, it follows thatII(z(¢)) is
(s) = diag{‘Pl(S)-, <I>z(~5')} g R(metm)xmetm)(33)  ynique for allz(#) and hence that — DII(z(#)) is unique for allz(#).
Now assumel — DII(z(t)) is singular for some:(#); this implies
with &,(s), i = 1,2 chosen as first-order transfer functions may b& w # 0 such that
adequate. .
[I — DI (z(¢))]w = 0. (42)
V. CONCLUSION This implies, for some diagonal matrix > 0, that
This note has addressed the synthesis of compensators which attempt .
to constrain the output of a system to lie below a given threshold. The w'TI(=(t))V[I — DII(=(t))]Jw = 0. (43)
compensators advocated do not inhibit the small-signal performance
of the closed-loop system, in contrast to some schemes availableifining @ := II(z(¢))w, this can be written as
the literature. In addition, the compensators are always accompanied
by stability and performance guarantees and can be synthesised using @' Vw — @'VDw =0 (44)
LMIs which are now reasonably easy to solve using modern software. - @'V — %m’vﬁm _ %17)’[)'77' —0. (45)

APPENDIX | L .
AsV is diagonal andr;(.) € [0, 1], we can write

A. State-Space Realizations@f;(s) and Ge/(s) .

The state-space matrices@f, (s) are easily derived as o'V =Y mi(zi(t)viw? (46)
=1
. [4p+B,AD.C, B,AC, LI ,
4= { B.AC, Ac+ B.AD,C. > () viw} = @'V, (47)
b B,AD., Byi+ ByAD.D,, 34 =
" | Ber + B.AD,D,, B.AD,y Using this in (45) yields
B:|:O BPA:| 7 1 Iy 7 1A 1 15
I B.AD, w Vi — 517) VDo — 517) Dw <0. (48)
C, ==[AC, AD,C.] (35)
Doy :=[AD,D., AD,4] However, by assumption, we have thaV’ + DV + VD' < 0, so
D,:=[0 AD,] (36) e have a contradiction and, thus- DII(x(t)) cannot be singular.
C :=[Cp + DpAD.C, DpAC.]
- N ACKNOWLEDGMENT
DO ::[DplADcr Dpdl—i_DplAD(?Dpd] i )
D:=[0 DyA] 37) The authors would like to thank A. H. Glattfelder of ETH Zurich,

Zurich, Switzerland, for making them aware of [14] and [8], and for
several useful discussions. They would also like to thank the anony-

A — _ ) —1 ’/” — _ —1 e
whereA = (I — D, D.)” anda = (I - D.D,)" . If the modified mous reviewers for aiding the improvement of this note.

form of output violation compensation is used, where R" " is input

as described in (8), the following state-space matrices change form:
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A New Parameterization of Stable Polynomials
Il. PARAMETERIZATION OF STABLE POLYNOMIALS

T. E. Djaferis, D. L. Pepyne, and D. M. Cushing Consider the question of parameterizing the set of all stable poly-

nomials. One can approach this question in several ways. If one fixes

Abstract—n this note, we develop a new characterization of stable poly- the number of real and complex conjugate rootsz then one can e>.<press
nomials. Specifically, givenr. positive, ordered numbers (frequencies), we €ach realroot by a degree one factor and each pair of complex conjugate
develop a procedure for constructing a stable degree monic polynomial  roots by a degree two factor. Multiplying out the terms, one can obtain
with real coefficients. This construction can be viewed as a mapping from  the coefficients of the polynomial as functions of the roots. Clearly, if
the space ofre ordered frequencies to the space of stable degrae monic 4 iferent distribution of real and complex conjugate roots is chosen
polynomials. The mapping is one—one and onto, thereby giving a complete . . . . .
parameterization of all stable, degreer. monic polynomials. We show how then a different expression will be obtained. We would like to develop a
the result can be used to generate parameterizations of stabilizing fixed- different characterization, one that has the same functional representa-
order proper controllers for unity feedback systems. We apply these re- tion regardless of the polynomial root distribution. Furthermore, since
sults in the development of stability margin lower bounds for systems with o yitimate goal is robust analysis and design, we would like to have
parameter uncertainty. this parameterization give us certain advantages in that context.

Index Terms—Robustness, stability, stability margin. We first introduce the following notation and, for simplicity
of exposition, assume that is odd: ¢(s) = s" + 615" +
25" F oo F D, De(s) = dn + G285 + bn_ast + -,
Go(s) = Pn_1 + Pn_35" + Gn_ss + -+, 0(s) = ¢c(5) + 50,(5),

Stable polynomials can be studied in many ways and from a numbr) = jo.(s) + sé.(s). Suppose that we are givenfrequencies
of different perspectives. In particular, one can think of polynomials ih < w; < w2 <,---, < w, and we require that at these frequencies
terms of their roots or coefficients. One can exploit their Markov pahe value of some polynomial lies ostraight lines through the
rameters or take the Hermite—Biehler theorem viewpoint [5] and coorigin at anglesrt /4,37 /4,57 /4,...,nw/4, respectively. Note the
sider their “even” and “odd” parts. In this characterization, a polyndatistinction betweerstraight linesandrays These conditions do not
mial will be stable if and only if the even and odd parts form a “positiva priori guarantee that the constructed polynomial is stable. It would
pair.” In the “frequency domain,” one can express this fact in terms bfive been stable if we required that it lie on thgsthrough the origin
a set of frequencies that interlace. Another frequency domain interpa¢-anglesr/4, 3w /4,57 /4,...,n7/4 as an immediate consequence
tation states that a stable degre@olynomial has the property that asof the finite Nyquist theorem. In particular, we require that at jw;
w ranges from 0 tec the graph of the polynomial plotted in the com-the value of the polynomial lies on the line at anglét rad. This can
plex plane has increasing phase and the net increase/iz rad [6]. be expressed as
The finite Nyquist theorem [1] offers a different interpretation where a
polynomial is stable if and only if for at a finite number of frequencies be (Jw1) = w10, (Jwi). (1)

|. INTRODUCTION

If we require that at = jw> the value of the polynomial lie on the line
) ) ) through the origin a8 /4 rad, this can be written as
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