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ABSTRACT: Sintering models at the atomistic, particle and component scales are briefly reviewed 
and problems in the current generation of sintering models are highlighted. A strategy of multi-scale 
modelling is proposed and our progress in the multiscale modelling is reported. Mathematical details 
of the models are left out and the paper is set out to demonstrate what is possible in the next generation 
of sintering models.  
 
1. Introduction 
 
Sintering is a process in which powder compacts are fired and consolidated into strong solids. Driven 
by the reduction in surface energy, a porous material shrinks and consolidates at elevated 
temperatures. Sintering can be achieved by a range of mechanisms including viscous flow, solid state 
diffusion, vapour evaporation/condensation, or formation of a small amount of liquid phase. Most 
ceramic products are made by sintering. Accurately predicting the shrinkage and microstructure of 
sintered products is very useful to ceramic manufacturers. However modelling sintering is one of the 
most challenging problems in material modelling. Sintering deformation is fundamentally linked to 
microstructural evolution and depends on very subtle changes in microstructure and chemistry, 
sometimes at the atomic level. Consequently, the ability of prediction by the current generation of 
sintering models (using the continuum finite element analysis for example) is poor. On the other hand, 
this challenge has provided an ideal platform for integrating modelling techniques at the atomistic, 
particle and continuum levels. Bringing together multi-scale elements to create an integrated sintering 
model is the theme of this paper. The integrated model represents a significant step forward in 
improving the predictive capability of the sintering models.   
 
2. An overview of sintering models at different length scales 
 
Sintering models have been developed at the atomistic, particle and component scales which were 
recently reviewed by Pan [1]. Here a brief overview and update is provided. A full reference list can 
be found in [1]. 
 
Atomistic modes: One of the major developments in materials chemistry during the past two decades is 
the growing ability of computational techniques to model accurately the behaviour of solid materials at 
the atomistic level. Molecular dynamics is one such technique which provides a detailed picture of the 
evolution of atomic positions and velocities as a function of time based on Newton’s equations of 
motion. The atomic interactions are characterised by the inter-atomic potentials, hence the chemical 
composition of the material is explicit in the model. The thermodynamic and kinetic properties of the 
material can be extracted from the simulation results. For example, one can calculate the diffusion 
coefficient using the time-dependent mean square displacements. It is a powerful tool to understand 
the effect of impurities and doping on diffusion coefficients and interfacial energies, which are the 
fundamental parameters controlling the sintering process. Currently direct molecular dynamic 
simulation of particle sintering is only possible for nano-sized particles because of their extreme 
demand for computing power.  Such simulations have been performed by several authors which were 
basically people’s first attempts to show that this could be done[2].  
 
Particle models: Sintering models at the particle scale have come a long way since the classical works 
by early pioneers such as Frenkel, Kuczynski, Herring, Coble, Kingery and et al. Two major advances 
have been made, mainly due to the growing ability of computational techniques. The first one is that 
the discrete element technique has been developed to model the interaction between thousands of 
particles[3]. This technique is however limited to sintering at the very early stage because it relies on 
contact laws which assume isolated contacts.  The second one is that a variational numerical technique 
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has been developed which is able to follow the detailed microstructural evolution of particle compacts 
consisting of thousands of particles of arbitrary shapes and sizes to a fully dense solid[4,5]. At the core 
of the microscopic model are the kinetic laws governing solid-state diffusion and grain-boundary 
migration. A material is characterised by the specific surface and grain-boundary energies, diffusion 
coefficients and grain-boundary mobility. The micro-mechanical model can handle agglomeration, 
particle/grain size/pore distributions and anisotropy, but it cannot directly model the effect of 
impurities and doping.  Their influence on the microstructural evolution is reflected in the diffusion 
coefficient and interfacial energies. Currently the variational model is limited to solid state and viscous 
sintering.  
 
Continuum models: The finite element method can be used to calculate sintering deformation of 
components of sophisticated shapes. At the core of the finite element analysis are the constitutive laws 
for the material response.  At the macroscopic scale, the sintering process can be considered as a 
viscous deformation of a continuum solid driven by a self-existing stress. The fundamental equation 
governing the viscous deformation is the stress – strain rate relation, known as the constitutive law. 
For micron-sized particles, a linear constitutive law has been found to be valid for a large range of 
powder materials: 
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in which ijε&  is the strain rate,  and ijs mσ  the devitoric and mean stresses, sσ  the self-existing stress 

known as the sintering potential, Sη  the shear viscosity, Bη  the bulk viscosity, and ijδ  the Kronecker 
delta function. The simplicity of eqn. (1) is deceiving because the two viscosities are strong functions 
of temperature and microstructure, both changes significantly in the sintering process. To use the 
constitutive law in a finite element analysis, the dependence of the viscosities and the sintering 
potential on the temperature and microstructure must be known. There are two ways of obtaining this 
dependence: (a) using a micromechanical (particle scale) material model and (b) directly fitting the 
experimental data. Various micromechanical models have been proposed. However their predictions 
are so diverse that it is difficult to know which one to use. Directly measuring the viscosities has been 
done by several research groups [6]. The measurement is however full of pitfalls. A force has to be 
applied to the fragile sample at high temperature to measure the viscosities and the sintering potential. 
This very force can alter the microstructure and lead to a viscosity for an unwanted microstructure (a 
highly anisotropic one for example). The viscosities and sintering potential also have to be measured 
across the full range of sintering temperature and density which is very time-consuming. The tensile 
viscosity of a powder compact is very different from the compressive one; a particle cluster has a 
much higher resistance to compression than to tension. Applying a tensile force to a fragile powder 
compact is even more difficult and we are not aware of any such measurement. Conventional 
constitutive models of sintering are expressed in terms of the evolution of two scalar state variables, 
density and grain-size. They do not provide any information about how changes in initial particle size 
distributions or agglomeration influence the constitutive response.  Also, they do not provide 
information about the influence of chemical impurity and doping on the kinetic constants and how this 
affects the details of the densification and grain-growth processes. Most of the models assume that the 
response is isotropic.  The anisotropic structure developed during compaction can have a strong 
influence on deformation and grain-growth during sintering.  It is important to fully model material 
anisotropy and its influence on distortion of a component during sintering. Because of these 
difficulties, finite element calculation of sintering deformation has not been widely used in the ceramic 
industry.  
 
Compaction models: The sintering process cannot be modelled in isolation. Non-uniform initial 
density and residual stresses induce differential sintering, distortion and even cracks. It is extremely 
important to provide the sintering analysis with reliable input for the initial material state and residual 
stresses. This requires the development of computational models of the compaction process whose 
output is compatible with the requirements of the sintering models. A range of constitutive models 
have been developed for compaction [7].  Like the sintering models described above, conventional 
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models assume that the state can be described in terms of the density. It is then relatively 
straightforward to combine the compaction model with sintering models which employ the same state 
variables.   
 
Model integration:  Table one summarises the input and output of sintering models at atomistic, 
particle and macroscopic scales respectively.  
 

Table one - Input and output of sintering models at different length scales. 

 
 
Effort is being made to integrate these models into a multiscale sintering model. Fig. 1 shows our 
strategy for the multiscale modelling. The aim is to allow information shown in the right column of 
Fig. 1 to be taken into account. These variables are critical to the quality control of advanced ceramic 
products but are not currently considered in the continuum finite element analysis of sintering. Not all 
the integrations shown in Fig. 1 have been achieved. In the following sections, examples are provided 
to show our recent progress in the model integration.  
 

 
 

Fig. 1. Flowchart for the integration of sintering models at atomistic, particle and  
continuum levels, and with powder compaction models.  

 
3. A local-global model for pore evolution 
 
It is possible to couple a particle scale model with a continuum scale model as shown in Fig. 2. 
Locally around the pore (inside the dashed circle) the detailed microstructural evolution is followed 
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while in the remote region (marked by B) the material is assumed to be continuum and deform by 
viscous flow governed by Eqn. (1). The microstructural evolution is governed by the laws of solid-
state diffusion and grain-boundary migration while the deformation in the continuum region is 
governed by the constitutive law. The two regions are connected through a variational principle 
initially used for diffusional creep crack propagation by Needleman and Rice [8]. 
 

 
Fig. 2.  A local-global model combining particle and continuum models 

 
Fig. 3 shows a simple example of computer simulation using the local and global model. In this simple 
case, the continuum region is assumed to deform by Coble creep and the pore is assumed to be 
surrounded by identical grains. Only the local model is shown in the figure. The model predicts that 
the pore grows instead of shrinking in consistence with Kingery’s theory.  
 

            
 

Fig. 3.  Computer simulated evolution of a large pore using the local-global model.  
 
The Kingery’s theory is however invalid if the grains surrounding the large pore are non-uniform as in 
practice. Ref. [9] provides a full discussion for the sintering kinetics of large pores.  
 
4. On-line constitutive law 
 
Traditionally constitutive laws (Hooke’s law for example) and the finite element method were 
developed separately. An analytical expression of the constitutive law is developed first and then 
implemented into a finite element computer programme. A unique feature of the sintering constitutive 
law is that the parameters in the law and even the law itself change significantly as the density and 
grain size increase during sintering. A so-called on-line constitutive law has been proposed to address 
this issue, first by Olevsky and et. al. [10] and later improved by Huang and Pan [11]. Instead of using 
a pre-established constitutive law, the constitutive response of the material is “derived” numerically 
and simultaneously as a finite element analysis is being carried out. To do so, a micromechanical 
(particle) model is adopted at each integration point of a continuum finite element model. At each 
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timestep, the macroscopic state of the material is fed into the micromechanical model which returns a 
corresponding constitutive response (providing viscosities and sintering potential). Fig. 4 shows 
computer simulated density distribution in a sintered material containing hard inclusions. Symmetry 
was assumed so that only a quarter of the model is shown. In this problem, because of the constraints 
by the large and rigid particles (the dark and rectangular regions), the small powder particles may 
either separate or approach each other depending on the macroscopic strain state. Very different 
constitutive responses can be expected in the separating and the approaching cases. On the other hand 
the macroscopic strain state can only be determined if the constitutive law of the powder matrix is 
known. The constitutive response and the macroscopic deformation are therefore interconnected. 
Using the on-line approach, the density evolution of the matrix material can be predicted as shown in 
the figure. More details of the numerical scheme can be found in [11]. 
 

 
 

Fig. 4. Computer simulated density distribution in a powder material containing  
rigid inclusions. Only a quarter of the model is shown. 

 
5.  Finite element calculation of sintering deformation without a constitutive law 
 
While the constitutive laws based on micromechanical models are being improved, it has been shown 
that a full constitutive law may not be necessary for a “proof of concept” finite element analysis [12]. 
It is possible to use only the densification data (density as a function of time), which is part of the 
constitutive response, in a finite element analysis to predict the sintering deformation to a good 
accuracy. Fig. 5 compares finite element predictions of sintering deformation obtained using the 
densification data (labelled as DFEM) and the full constitutive law of Eqn. (1) respectively.  
 

 
 

Fig. 5. Finite element predictions of sintering deformation for a cracked film on a rigid substrate 
obtained using the full constitutive law (Eqn. 1) and densification data respectively.  
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An initially cracked thin film is constrained by a rigid substrate. The figure shows the predicted profile 
of the film after 30 minutes of sintering. It can be seen that a full constitutive law, which is difficult to 
calibrate as discussed in section 2, is unnecessary. Experimental case studies can be found in [12] 
which showed that finite element analysis using the densification data alone can give good predictions 
for both solid state and liquid phase sintering. 
 
6. Concluding remark 
 
Due to several generations of research, our fundamental understanding of the sintering phenomenon is 
clear. However our ability to predict the microstructure evolution and component deformation during 
the sintering process is still not yet matured enough for the computer models to be used routinely by 
the ceramic industry. The multiscale modelling approach may bring us one step closer to achieve this 
aim. In the meantime empirical approaches, like the one reported in ref. [12], can be used at least as a 
tool for a “proof of concept” material design. 
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