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Canonicity and Bi-Approximation
in Non-Classical Logics

Tomoyuki Suzuki

Abstract

Non-classical logics, or variants of non-classical logics, have rapidly been developed
together with the progress of computer science since the 20th century. Typically,
we have found that many variants of non-classical logics are represented as ordered
algebraic structures, more precisely as lattice expansions. From this point of view,
we can think about the study of ordered algebraic structures, like lattice expansions
or more generally poset expansions, as a universal approach to non-classical log-
ics. Towards a general study of non-classical logics, in this dissertation, we discuss
canonicity and bi-approximation in non-classical logics, especially in lattice expan-
sions and poset expansions. Canonicity provides us with a connection between
logical calculi and space-based semantics, e.g. relational semantics, possible world
semantics or topological semantics. Note that these results are traditionally consid-
ered over bounded distributive lattice-based logics, because they are based on Stone
representation. Today, thanks to the recent generalisation of canonical extensions,
we can talk about the canonicity over poset expansions. During our investigation of
canonicity over poset expansions, we will find the notion of bi-approximation, and
apply it to non-classical logics, especially with resource sensitive logics.
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Chapter 1

About this dissertation

1.1 Background and motivation

Since the early 20th century, the study area of mathematical logic, a.k.a. symbolic
logic, has widely and rapidly been spreading out based on the foundation of math-
ematics or closely related to the formal analysis of computer systems. As a part of
branches of the large stream, we can find non-classical logics: modal logics, condi-
tional logics, intuitionistic logic, many-valued logics, relevance logics, fuzzy logics,
linear logic, substructural logic and those with additional modalities or quantifica-
tions, e.g. [5, 66, 11, 12, 70, 8, 34, 74, 63, 68, 23|. For example, substructural logic
originally appeared as an analysis of meanings of structural rules in Gentzen’s se-
quent calculi LK and LJ, and today it is also known as a uniform study of resource
sensitive logics like relevance logic, fuzzy logics, intuitionistic logic, many-valued
logics and linear logic.

As semantic models of (especially) propositional non-classical logics, we often

consider classes of ordered algebras, or lattice expansions, e.g. modal algebras, Heyt-



ing algebras, residuated algebras, etc. Note that, in the middle of 19th century when
mathematical logic emerged, the original idea itself already appeared in the works
of Boole, De Morgan, etc. Thanks to Lindenbaum-Tarski algebras, these (proposi-
tional) non-classical logics naturally behave with those algebraic models, hence it is
a recent trend to introduce those logics as classes of lattice-based algebras. We may
call those logics lattice-based logics or algebraic logics. We mention that for pred-
icate (quantified) logics like first-order logic, first-order modal logics, higher-order
logics, etc., there are also various discussions of algebraic models, or more generally
categorical models: cylindric algebras, polyadic algebras, hyperdoctrins, fibrations
or topoi, e.g. [61, 39, 40, 56, 47, 55, 9, 59, 7, 37].

On the other hand, the invention of relational semantics, the so-called Kripke
semantics [54], had a great impact on modal logic. Since the invention, modal logic
has been applied to various areas particularly in computer science. The complete-
ness property for modal logics with respect to Kripke semantics is called Kripke
completeness. It tells us that Kripke complete modal logics characterise a class of
relational structures. We often prove the completeness results by Henkin’s canoni-
cal model construction. Nowadays, thanks to Sahlqvist theorem [71], we can obtain
many Kripke complete modal logics and classes of the corresponding relational struc-
tures which are first-order definable. Note that Sahlqvist theorem was proved based
on the following works [22, 57]: see e.g. [36]. Sahlqvist theorem has been rephrased
as the algebraic analysis of perfect extensions (canonical extensions) of Boolean al-
gebras with operators [50, 51|, based on Stone representation for Boolean algebras
[77]. Later, the theorem is reformulated and extended in the light of canonical ex-

tensions, for example, in [72, 73, 14, 38]. Therefore, an algebraic study of Kripke



completeness, canonicity which is the representation property via canonical exten-
sions, or more generally duality between lattice expansions and ordered topological
spaces, e.g. Stone duality [78], attracts our interests. Recently, the study of canon-
icity, representation and duality is also featured from the point of applications to

computer science. For example, in [1, p.5], we can find the following phrase.

The importance of Stone duality for Computer Science is that it
provides the right framework for understanding the relationship between

denotational semantics and program logic.

In process algebra (e.g. [24]), program logics (variants of modal logics), for example,
Hennessy-Milner logic [45], computation tree logic [20] or linear temporal logic [65]
have used to analyse several transition systems of computer processes, the so-called
model checking.

Nowadays, we can also find many variants of non-classical logics or resource
sensitive logics applied to computer science, for example, linear logic [19], Hoare
logic [46], dynamic logic [42], separation logic [69], Kleene algebra with tests [52, 53],
etc. “Can we also obtain the right framework for understanding the relationship
between relational-based semantics and non-classical logics?” More precisely, “which
types of non-classical logics can have a Stone-type representation (closed under
canonical extensions)?” In the literature, there are many contributions for specific
non-classical logics: e.g. sequent systems [15, 16], BCK logics [64], relevant logic [70,
87], poset-based substructural logics [18], intuitionistic modal logic [33], distributive
lattice expansions [49], relevant modal logics [76]. In this dissertation, we present
a general theory of canonical representations for propositional non-classical logics

which universally subsumes the above results.



To extend the representation theorem between relational semantics and, not nec-
essarily distributive, lattice-based logics (or poset-based logics), it is necessary to
generalise Stone representation for bounded distributive lattices to a representa-
tion for posets or lattices. To do so, we introduce the construction of canonical
extensions of posets via Dedekind-MacNeille completions, whose construction has
already appeared in [4]. Nowadays, canonical extensions are also universally charac-
terised over posets by topological terms as compact dense completions [29, 27, 18|.
In this dissertation, however, we define exactly the same structures, i.e. Dedekind-
MacNeille completions and canonical extensions, in a different manner from their
original construction in [33], which allows us to think about those completions as a
collection of bi-directionally approrimated points. We call the property that every
point is approximated both from above and from below bi-approzximation, which is
also known as denseness in the topological characterisation [18]. We will show how
reasonably the bi-approximation works for canonicity and how naturally it fits to
non-classical logics, especially substructural logic (reasoning logical consequences)

in this dissertation.

1.2 Overview

This dissertation mainly consists of the current author’s works during his PhD re-
search: canonicity of lattice expansions (Chapters 2, 3 and 4) is in [84], canonicity
of poset expansions (Chapters 2, 5 and 6) is in [79] and bi-approximation semantics,
a relational-type semantics, for substructural logic (Chapter 8) is in [83].

Thinking about logical consequences, we often accept the following two reason-

ings:



1. “if A then A” always holds,

2. “if A then B” and “if B then C” imply “if A then C.”

When we look at each logical consequence “if A then B” as a binary relation <
on the set of all propositions, i.e. A < B. The above conditions tell us that the
set of all propositions and the binary relation < form a preorder set. From this
point of view, we can see order theory as a mathematical tool to probe logical rea-
sonings. In Chapter 2, we give preliminary definitions in order theory, e.g. posets,
lattices, filters, ideals, etc., which are mainly discussed in this dissertation. More-
over, we also provide the main constructions of completions of posets and distributive
lattices, i.e. Stone representations, Dedekind-MacNeille completions and canonical
extensions. Furthermore, we define bi-approximation and bases with help of the
canonical extension of posets.

Given a propositional logic, the Lindenbaum-Tarski algebra (free algebra) gives
us an algebraic characterisation of the logic. When we consider well known log-
ics like classical logic, modal logic, intuitionistic logic or substructural logic, the
algebraic counterparts are described with lattice expansions, which consist of an
underlying lattice and operations on it. In other words, lattice expansions are a
universal machinery to study lattice-based logics. In Chapter 3, we introduce lat-
tice expansions and give examples of ordered algebraic structures which are seen as
algebraic counterparts of non-classical logics, e.g. modal logic, distributive modal
logic and substructural logic. And we discuss canonical extensions of lattice expan-
sions based on the canonical extension of posets. In addition, we explain Ghilardi
and Meloni’s parallel computation [33] and extend it from Heyting algebras with a

unary modality to lattice expansions in general. In Chapter 4, as applications to



non-classical logics, we show our canonicity results to substructural logic, relevant
modal logics and distributive modal logic, and compare with existing results.

The argument of canonical extensions are nowadays generalised up to posets
in general. Surprisingly, we can universally characterise canonical extensions over
posets, i.e. including lattices, bounded distributive lattices and Boolean algebras, as
compact dense completions, and they are unique up to isomorphism. One question
that arise with this generalisation is that the canonicity property over poset expan-
sions in general. More precisely, how does the lack of the lattice operations V and A
affect our canonicity argument? In Chapter 5, we discuss a way to extend Ghilardi
and Meloni’s canonicity methodology to poset expansions. Then we notice that even
the simple version of our canonicity method for lattice expansions does not hold on
poset expansions in general. Nevertheless, we show that we can still use the frame-
work by carefully removing the problematic cases and obtain reasonable canonicity
results for poset expansions as well. During the discussion, we also notice that the
presence of the empty bases directly affects our methodology for poset expansions
and consider how to deal with the presence of the empty bases. Furthermore, in
Chapter 6, we illustrate that our canonicity results can still cover many canonical
inequalities.

In Chapter 7, we give other perspectives of canonical extensions. Here we ex-
plain canonical extensions as compact dense completions based on the terminology
[29] and the descendants [27, 18]. We summarise Ghilardi and Meloni’s canonicity
methodology for lattice expansions in the light of the topological characterisation of
canonical extensions, as compact dense completions, and illustrate it with giving a

concrete example from substructural logic. Furthermore, we also introduce another



aspect of canonical extensions “an estimation of the perfect information from the
observable data.” And, we show a Unschdrferelation (uncertainty principle) in the
canonical extension.

When we think about bounded distributive lattice based logics, e.g. intuitionistic
logic, modal logic, relevance logic or distributive modal logic, the Kripke-type se-
mantics, or Routley-Meyer semantics, is obtained as the Stone-dual space of lattice
expansions of those logics. However, without the distributivity, the same technique
does not work anymore. This is because, if we interpret conjunctions and disjunc-

tions as follows:

1. wlFpAY < wlF ¢ and w Ik ¥,

2. wlF VY <= wlk ¢ or wlk 1,

wlF @A (Y Vx) always implies w IF (¢ A1) V (¢ Atp). That is, the above interpreta-
tion always validates the distributive law. Then, how can we consider a space-based
semantics, or a relational-type semantics, for lattice-based logics in general? To
give a possible answer to this question, in Chapter 8, we introduce bi-approzimation
semantics, a two sorted relational-type semantic, for substructural logic via the
canonical extensions of lattice expansions to characterise Ghilardi and Meloni’s par-
allel computation. As a result, we can also prove the first-order definability, which
completes Sahlqvist argument for substructural logic [80].

Finally, we summarise the results in this dissertation and give some future works

in Chapter 9.



1.3 Main results

The main results in this dissertation are the following.
In Chapter 3, we extend Ghilardi and Meloni’s canonicity methodology to lattice

expansions and inequalities.

Main Theorem (for lattice expansions). Let s, t be terms over lattice expansions.

An inequality s < t is canonical, if it has consistent variable occurrence.

In Chapter 5, we prove a canonicity result for poset expansions.

Main Theorem (for poset expansions). Let s,t be terms over poset expansions.

An inequality s < t is canonical, whenever it satisfies the following two conditions:

1. s <t has consistent variable occurrence,

2. each variable in s < t is uniquely signed either in the —-signed construction
tree of s or in the +-signed construction tree of t. Note that these construction

trees are not pruned.

In Chapter 8, we show that substructural logic extended by the canonical in-
equalities obtained by Theorem 3.3.22 is complete with respect to bi-approximation

semantics, which is actually first-order definable [80].

Main Theorem (Sahlqvist-type completeness for substructural logic). Let 2 be a
set of sequents which have consistent variable occurrence (see Main Theorem 3.3.22
and Section 4.1). A substructural logic extended by ) is complete with respect to a

class of p-frames.



Chapter 2

Ordered structures and canonical

extensions

How can we present logical reasonings and compute them? When we consider logical

consequences, we quite often accept the following two reasonings:
1. “f A then A” always holds,
2. “if A then B” and “if B then C” imply “if A then C.”

It tells us that, if we interpret a logical consequence “if A then B” as a binary
relation A < B, the tuple of the set of propositions and this binary relation forms
a preordered set. In this chapter, we briefly recall the basic terminology of or-
der theory, algebras relating to some non-classical logics, and Stone representation,
Dedekind-MacNeille completions and canonical extensions of ordered sets, which are

also strongly connected to non-classical logics.



2.1 Preordered sets, posets and lattices

As preliminaries, we recall the basic terminology of order theory for this dissertation,
see e.g. [4, 10, 13].

Let P be a set. A binary relation < on P is a preorder, if it satisfies the following

conditions:
1. for each a € P. a < a, (reflexivity)
2. for all a,b,c € P.if a <band b < ¢ then a < c. (transitivity)

We call a pair (P, <) of an underlying set P and a preorder < on P a preordered

set. Furthermore, if a preorder < on P also satisfies the following condition:

3. forall a,b € P.if a <band b < a then a = b, (anti-symmetry)

we call < a partial order, and the pair (P, <) a partially ordered set or a poset for
short.

Given a poset (P, <) and a subset S C P, an element sup .S satisfying the
following conditions (Items 4 and 5), if it exists in P, is called the least upper bound

of S or the supremum of S:

4. foralls € S. s <suplS,

5. for all a € P. if s < a for all s € S then sup S < a.

Order dually, an element inf S satisfying the following conditions (Items 6 and 7),

if it exists in P, is called the greatest lower bound or the infimum of S:

6. forall s € S. inf S <s,

7. forallae P. if a < s for all s € S then a <inf S.

10



The supremum of the empty set sup ), if it exists in P, we denote it as a constant L,
i.e. L =sup0, called bottom. And, the infimum of the empty set inf ), if it exists in
P, we denote it as a constant T, i.e. T = inf (), called top. If a poset (P, <) has both
bottom and top, we call it bounded and sometimes denote the constants clearly as
(P,<,T,1).

Given a poset (P, <) and arbitrary elements a,b € P, the element sup{a, b}, if
it exists in P, is the (binary) join of a and b denoted by a V b, and the element
inf{a, b}, if it exists in P, is the (binary) meet of a and b, denoted by a Ab. A poset
(P, <) is a lattice, if a V b and a A b exist in P for arbitrary a,b € P. Furthermore,
if a poset (P, <) has the supremum and the infimum for arbitrary subsets of P, we
call it a complete lattice.

We sum up our ordered structures as follows.

Preordered set : a set with a reflexive and transitive binary relation

Poset : a set with a reflexive, transitive and anti-symmetric binary relation

Bounded poset : a poset with top and bottom

Lattice : a poset with all binary joins and all binary meets

Bounded lattice : a poset with all finite supremums, which are supremums for

finite subsets, and all finite infimums, which are infimums for finite subsets

Complete lattice : a poset with all supremums and all infimums for arbitrary

(possibly infinite) subsets

Lattices can be also introduced as algebraic structures as follows.

11



Definition 2.1.1 (Lattice). A triple (L, V,A) is a lattice, where L is a set, and V

and A are binary operations, the so-called lattice operations, on L satisfying

l.avVb=>bVa, aANb="0bAa, (commutativity)
2.aVv(bVve)=(aVb) Ve, aN(bAc)=(aNb)Ac, (associativity)
3. aV(aNb) =a, aN(aVbd)=a, (absorption)

for all a,b,c € L.

Remark 2.1.2. To define lattices, we often assume the idempotency for joins and
meets, i.e. aVa = a and a Aa = a. However, they are deducible from the absorption

laws as follows.

aVa=aV(aA(aVd)=a aNa=aAl(aV(aNb))=a

It is known that a lattice L. = (L, V, A) can be seen as a poset with the following

partial order < induced by lattice operations: for all a,b € L, we let

a<b << aVb=b < aANb=a.

Next we introduce classes of lattices and lattice expansions which appear in later

sections (see Section 3.1). These structures are e.g. in [4, 10, 11, 12, 13, 25].

Definition 2.1.3 (Distributive lattice). A lattice L = (L, V, A) is distributive, if it

satisfies the following conditions, the so-called distributive laws:

1. forall a,b,c€ L.aN (bVec)=(aAb)V (aAc),

2. forall a,b,ce L.aV (bAc)=(aVb)A(aVc).

12



Definition 2.1.4 (Boolean algebra). A Boolean algebra is a bounded distributive
lattice (L,V,A, T, L) with a unary operation —, the so-called complement, which

satisfies

1. forallae L.aV (-a) =T and a A (—a) = L,

2. forall a € L. =(—a) = a,

3. for all a,b € L. =(a Ab) = (—a) V (=b) and —(a V b) = (—a) A (—b).

Definition 2.1.5 (Modal algebra). A modal algebra (L,V,\,—, T, L, ) is a Boolean

algebra (L,V,A,—, T, L) with a unary operation ¢ which satisfies

1. for all a,b € L. {(a V b) = (Oa) V (Ob),

2. 0L =1.

Definition 2.1.6 (Heyting algebra). A Heyting algebra is a bounded distributive

lattice (L, V, A, T, L) with a binary operation — which satisfies

aNb<c < b<a—c forall a,b,c € L.

Definition 2.1.7 (Full Lambek algebra). A full Lambek algebra, FL-algebra for
short, is a 8-tuple (L,V,A,o,\,/,1,0), where (L,V,A) is a lattice, (L,o0,1) is a
monoid, 0 is a constant in L, and the binary operations o, \ and / satisfy the

residuation law: for all a,b,c € L,

aob<c <= b<a\c < a<c/b.

Definition 2.1.8 (Many-valued algebra). A many-valued algebra, MV-algebra for
short, is a commutative monoid (L, @, e) with a unary operation — which satisfies

13



1. for all a € L. =(—a) = a,

2. foralla € L. a® (—e) = e,

3. forall a,b € L. (=((—a) ®b)) ®b=(—((-b) ®a)) ®a.

Note that there are two ways to prove that MV-algebras are term-equivalent to
specific FL-algebras (see [12]).

Hereinafter, to avoid nesting brackets, we sometimes omit brackets with respect-
ing the tightness of operations as usual. That is, unary operations are the most
tight, lattice operations are the second most, and the others follow. For example,
—a V b\c A —d is a shorthand for ((—a) V b)\(c A (—d)).

Finally, we recall some fundamental terms in order theory. Let P = (P, <) be a
poset. A subset S of P is an upset, if it is upward closed, i.e. if a < b and a € S then
be S for all a,b € P. Order-dually, a subset S of P is a downset, if it is downward
closed. Note that the empty set () is an upset and a downset, and the underlying set
P is also an upset and a downset. A subset S of P is down-directed, if there exists
at least one lower bound in S for each pair of elements in S, i.e. for all a,b € S,
there exists ¢ € S such that ¢ < a and ¢ < b. Order-dually, a subset S of P is
up-directed, if there exists at least one upper bound in S for each pair of elements
in S. We call non-empty, down-directed upsets filters and non-empty, up-directed
downsets ideals. Over lattices, our definitions of filters and ideals correspond to the
lattice-theoretic filters and ideals. That is, given a lattice (L, V, A), a subset S of L
is a filter (an ideal), if S is non-empty and upward closed (downward closed), and
for all a,b € S, we have aAb € S (a Vb€ S). Furthermore, over lattices, a filter F'
(an ideal I) is prime, if for all a,b € L. ifavb e F (aAb€ I)thena€ Forbe F
(a € I or b e I). Over Boolean algebras, prime filters (prime ideals) coincide with

14



maximal filters (mazximal ideals). We sometimes call maximal filters ultrafilters.

2.2 Stone representation, Dedekind-MacNeille com-

pletion and the canonical extension

In this section, we present the main constructions of Dedekind-MacNeille comple-
tions and canonical extensions of ordered structures that we study in this disserta-
tion. In order theory, a completion P of an ordered structure P = (P, <), e.g. posets
or lattices, is a complete lattice on which P is order-embeddable, i.e. there exists an
injective order-preserving map from PP to P. Whenever we consider ordered algebraic
structures as poset expansions (or lattice expansions), we assume that a completion
is not only an order-embeddable but also homomorphic as an algebraic structure.
That is, there exists an injective order-preserving homomorphism from the original
algebraic structure to the completion. For example, a complete lattice L is a com-
pletion of a lattice L, if there exists an injective order-preserving homomorphism A

which satisfies h(a vy, b) = h(a) Vg h(b) and h(a A, b) = h(a) Ag h(b) for all a,b € L.

Stone representation Let L = (L,V,A, T, 1) be a bounded distributive lattice,
and P(IL), P for short, the set of all prime filters of I ordered by inclusion. Then,
the set U(P) of all upsets of P is a completion of L. We sometimes refer to P as
the dual space of L and denote P as L., and sometimes refer to U(P) as the dual

algebra of P and denote U(P) as PT.

Theorem 2.2.1 (Stone representation for bounded distributive lattices [78]). Every

bounded distributive lattice I has a completion (ILy)*. The embedding” : L — (L))"

15



is given by the following: for each a € L, we let

a:={PeP|ac P}

Remark 2.2.2. In duality theory between lattices and (ordered) topological spaces,
one can find dualities based on Stone representation: Stone duality for Boolean
algebras [77], see also [48], Priestley duality for distributive lattices [67], see also

[13], and Esakia duality for Heyting algebras [21], see also [3].

Dedekind-MacNeille completion Let P = (P, <) be a poset. The original
Dedekind-MacNeille completion P of P is given by the collection of all subsets S of

P satisfying (S*)! = S, where * and ' are defined as follows [60, 4, 13]:
1. S*:={a€e P|VseS. s<a}, (the set of upper bounds of 5)
2. St:={aeP|VseS a<s} (the set of lower bounds of S)

The order on P is the set-inclusion. Intuitively speaking, the Dedekind-MacNeille
completion PP is the sublattice of (_*)-stable subsets of the powerset complete lattice
p(P).

However, to focus on a different aspect of the Dedekind-MacNeille completion,
we redefine it as an abstract (point-free) structure as follows. Let D(IP) be the set of
all downsets of P ordered by inclusion C, and U(PP)? the set of all upsets of P ordered
by the reverse-inclusion D. Note that the superscript _2 points out that U(P)? is
the order dual structure of U(IP) ordered by inclusion C. Between D(P) and U(P),
we introduce two order-preserving maps A : D(P) — U(P)? and v : U(P)? — D(P)

as follows: for all D € D(P) and all U € U(PP)?, we let
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1. \(D):={a€ P|Vde D.d<a}, (the set of upper bounds of D)

2. v(U) ={aeP|VueclU a<u}. (the set of lower bounds of U)

Remark 2.2.3. Note that these maps A\ (lambda) and v (upsilon) are exactly the

same as _* and _!, respectively. Then one may feel that A\ should correspond to

! not to _“.

However, this is just a matter of taste: in the original notation, S
means “taking upper bounds of S”, whereas A(D) states “constructing the least
upper bound of D” which is also explained as “approximation from below (the

lower-side)” later. Analogously, v(U) says “constructing the greatest lower bound

of U by approximating from the upper-side.” See also Section 7.1.

Proposition 2.2.4 (Galois connection A 4 v). X and v form a Galois connection,

A= wv. That is, for all D € D(P) and all U € U(P)?, we have

AND)2U < D CuoU).

Recall that the order on U(IP)? is the reverse-inclusion D.

By a fact in category theory, we obtain the following: see e.g. [55, 6, 58].

Proposition 2.2.5. The images v[U(P)?] and \[D(P)] are isomorphic via the Galois

connection X - v, i.e. v[U(P)°] = \[D(P)].
The following lemma is also obtained by a fact of Galois connections.

Lemma 2.2.6. The original Dedekind-MacNeille completion (P*)! is isomorphic to
v[U(P)?] and to \[D(P)].
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Thanks to Lemma 2.2.6, we can re-define Dedekind-MacNeille completions as

follows.

Definition 2.2.7 (Dedekind-MacNeille completion). An abstract ordered structure

P is a Dedekind-MacNeille completion of P, when there exist two isomorphisms

4P — vU(P)?] and 4 : P — A[D(P)] which make the following diagram commute.

As we saw in Lemma 2.2.6, the two definitions of Dedekind-MacNeille comple-
tions coincide. But, our definition of Dedekind-MacNeille completions claims “every

element of P is approzimated both from above and from below (bi-approzimation).”

Remark 2.2.8. The Dedekind-MacNeille completions in Definition 2.2.7 are, by
definition, unique up to isomorphism. Therefore, hereinafter, we call them the

Dedekind-MacNeille completion. Moreover, for every poset P, the existence of the

Dedekind-MacNeille completion P is guaranteed by v[U(P)?] and A\[D(P)].

Canonical extensions The canonical extension of ordered algebraic structures
is a completion which is originally given by Stone representation and is also closely
related to Henkin’s canonical model in modal logic. More precisely, given a modal
logic L, the Stone space (dual space) £ of the Lindenbaum-Tarski algebra £ for L
corresponds to Henkin’s canonical model for L. The study of canonical extensions
of Boolean algebras with operators has already appeared in [50, 51] based on Stone

representation for Boolean algebras. In this paragraph, to apply this type of com-
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pletions to poset expansions in general, we introduce canonical extensions of posets.
Recall that Stone representation only works over bounded distributive lattices with
Axiom of Choice. One can find that the construction itself has already appeared in
[4]. But, we mention that the same (or the closely related) construction is also in
[85, 35, 86, 2, 33, 44, 41, 27, 18]. Here, to introduce Ghilardi and Meloni’s parallel
computation, which is the main technique of our canonicity methodology, we focus
especially on the construction of the canonical extension in [33].

Let P = (P, <) be a poset. We denote by F(P), F for short, and Z(P), Z for
short, the set of all filters of P and the set of all ideals of P, respectively. On the
union FUZ, of F and Z, we define a binary relation C as follows: for each F,G € F

and I,J € Z, we let

3. FCI < FNI#0,

4. ICF <= Viel,Vfe F.i<f.

It is straightforwardly proved that C is a partial order on both F and Z but not on
F UZ, because C is not anti-symmetric on F UZ. More precisely, for each a € P,
the principal filter Ta := {b | a < b} and the principal ideal Ja := {b | b < a} satisfy
Ta C la and Ja C ta, but Ta # Ja. To make the binary relation C on F U Z anti-
symmetric, we define the equivalence relation ~ as follows: for all X,Y € FUZ, we
let X ~Y «<— X LCVY and Y C X. Note that the equivalence relation identifies

each principal filter with the principal ideal generated by the same element.
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Definition 2.2.9 (Intermediate level). Let P be a poset. The quotient poset of

F UZ with respect to ~ is the intermediate level, denoted by F +p Z.

Next, to construct the canonical extension of P, we take the Dedekind-MacNeille
completion of F +pZ. That is, we define a Galois connection A 4 v between the set
D(F) of all downsets of (F,C) and the set U(Z)? of all upsets of (Z,C) as follows.

For each § € D(F) and each J € U(ZT)?, we let
1. A@)={I€T|VFeF FCI},

2. v(0)={FeF|VIeld FLCI}

D(F) Uz’

Henceforward, we denote the image of A and the image of v as U, and D,,
i.e. D, = v[U(Z)?] and Uy = A[D(F)]. Then, we define the canonical extension of

posets as follows.

Definition 2.2.10 (Canonical extension). Let P be a poset. A triple (P, *, ;), P
for short, is the canonical extension of P, if P is the Dedekind-MacNeille completion
of the intermediate level F +p Z. In other words, there exist two isomorphisms

+:P—D,and 4:P — Uy, and (P, *, ;) makes the following diagram commute.

Note that the existence of canonical extensions is trivial, because we can take
(D, id, A) or (Uy,v,id) as a canonical extension.
Remark 2.2.11.
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1. The reason we define a triple (P +, 4) as the canonical extension is that it
gives us the possibility to calculate simultaneously in D, and in Uy: see also

Section 7.2.

2. When we consider the class of bounded distributive lattices, we can define two
adjoint pairs among D(F), U(P) and U(Z)?, where P is the set of all prime
filters and U (P) is the set of all upset of (P, C), as follows: for each § € D(F),
each B € U(P) and each T € U(Z)?, we let

(a) M(F):={PeP|3IFeF FCP}
(b) Ao(R):={I €T |VPEP. PP = PNI+0,
(¢) n(R):={FeF|VPeP. FCP = Pcgy),

(d) v(3):={PeP|VIed. PNI+0}.

)\1 )\2
DF)__ + —UP)_ + —uUaye

Then, with the Prime filter theorem, e.g. [13], or equivalently the Axiom of
Choice, we can prove that the images D,, and U, are isomorphic to the standard

canonical extension given by Stone representation, e.g. [29].

Remark 2.2.12. With the terminology in [29, 41] taken over from [50, 51], a* € D,
and oy € U, are explained as a join of closed elements and a meet of open elements,
respectively: see also Section 7.1. However, to build the parallel computation, it is
necessary for us to make the clear distinction of these two directions of the approx-

imation, e.g. o} (approximated from above) and o4 (approximated from below).
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We sum up the construction and relations between structures as follows.

1
Pe———— F+pZ CIC D vy = P
I UT)? ~—— T,

We can define the following two canonical embeddings > : P — D, and ”: P — U,

as follows. For each a € P, we let
l.a:={FeFlacF},

2.a:={le€Z|acl}

2.3 Bi-approximation and bases

It is a fact that, for each poset, we can characterise the canonical extensions of
posets with a topological terminology and prove they are unique up to isomorphism
(see Section 7.1). Nevertheless, in Definition 2.2.10, we introduced the canonical
extensions of posets as an abstract (point-free) complete lattice which is isomorphic
to both D, and U,. This is because, to prove canonicity, we would like to come
always back to D, and U, to compute term functions on canonical extensions. We
call this property that canonical extensions are isomorphic to both D, and U, bi-
directional approximation, or bi-approximation for short. Note that this property is

topologically explained as denseness (see Section 7.1).
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Bi-approximation in canonical extensions Given a poset P, the canonical

extension PP is an abstract structure which is isomorphic to both D,, and U,.

]D)v U)\

b

Our setting allows us to reason about P both in D, and in U, in parallel. That
is, every element o € P can be seen as an element ot € D, that is a downset of
filters, and as an element ay € Uy, that is an upset of ideals. Since each element in
D, is an image of an upset J of ideals, namely ot = v(J), we call J a (ideal) basis
of o, and we also say that « is approzimated by J. Analogously, if oy = A(F) for
some downset § of filters, we call § a (filter) basis of o, and we also say that « is
approzimated by §. Note that the superscript -+ and the subscript -+ mean that o*
is approximated from the upper-side and oy is approximated from the lower-side:
see also Remark 2.2.3 and Section 7.1.

For every poset, we can prove the following.
Proposition 2.3.1.
1. For each o € P, we have o = v(ay) and ay = A(at).
2. For all o, B € P, we have that a < 8 <= ot C B+ <= a3 D Br.

8. For any § € D(F) and any T € U(T)?, if an = N(F) (T is a basis of a) and

B =wv(T) (I is a basis of B), we have

a<p << VFe§ ViedJ FCI.
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4. For each a € P, we have that o is a C-downset and oy 18 an C-upset.

Remark 2.3.2. In addition to Item 4 in Proposition 2.3.1, if P is a lattice, we
can also state that, for every a € P, a* is an ideal of (F,C), and ay is a filter of
(Z,C), where joins on F and meets on Z are the set-theoretical intersection, see also

Definition 3.2.1.

The non-empty basis and boundedness When we consider the canonical ex-
tension P of a poset P, we notice the presence of empty bases, i.e. the empty set 0
of filters (the empty filter basis) and the empty set (7 of ideals (the empty ideal
basis). In general, the empty filter basis is a basis of the bottom L in P and the
empty ideal basis is a basis of the top T in P, but they may not be unique. That
is, there may be some non-empty other downsets of filters, especially L+ and some

other non-empty upsets of ideals, especially T4 (Fig. 2.1).

Figure 2.1: Top and bottom in the canonical extension

In our method, the presence of empty bases makes our proofs complex. Not only
that, it sometimes affects our technique critically (Chapter 5). Here we give two

typical classes of posets where we can assume the non-emptiness of bases.

Bounded posets : for an arbitrary bounded poset (P, <, T, L), the principal filter
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1L intersects with all ideals in Z, hence A({1L}) =Z = ;. And, the principal

ideal | T intersects with all filters in F, hence v({JT}) = F = T+,

Lattices : for an arbitrary lattice (L,V,A), the whole underlying set L is non-
empty, upward closed, downward closed, closed under finite joins and closed
under finite meets. Therefore, L is a filter and an ideal. Because filters and
ideals are non-empty, every ideal intersects with L and every filter intersects

with L, i.e. \({L}) =Z = Ly and v({L}) = F = TH

Therefore, hereinafter, when we think about bounded posets and lattices, we assume
that every basis is non-empty. But, for posets in general, we cannot assume the non-

emptiness of bases.
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Chapter 3

Canonicity of lattice expansions

In this chapter, we first introduce lattice expansions, which uniformly subsume well-
known algebraic counterparts of substructural and lattice-based logics. Moreover,
we consider canonical extensions of lattice expansions. In this end, we generalise

Ghilardi and Meloni’s canonicity methodology to lattice expansions in general.

3.1 Lattice expansions

Let P be a poset. The order dual structure is denoted by adding the superscript _2
as P?. To distinguish the original poset P from the order dual structure P? clearly,
we sometimes denote the original poset by adding the superscript _! like P'. A
n-ary function f on P is a e-operation on P, if there exists a list, called order-type,
€= (€1,...,€,), € € {1,0} for each i € {1,...,n}, such that f is a monotone map

from the product domain.

fiPUx ... x P 5P

26



We call a pair of an underlying poset P and a set of e-operations on P a poset
expansion. For example, the lattice operations V : P! x P! — P and A : P! x P! — P
are (1,1)-operations on P, hence every lattice is a poset expansion. Furthermore,
the lattice operations are uniquely defined by the order <: for arbitrary a,b € L,
a<b < aVb=0b < aAb=a,eg [10]. In this chapter, we focus only on
lattice expansions, which consists of an underlying lattice I and a set of e-operations
on L.

A n-ary e-operation f : L x --- x L — L is a e-join preserving operation
(e-meet preserving operation), if f is a e-operation which is join-preserving (meet-
preserving) from the product domain L x - - - xL¢». Note that this is different from

preserving joins (meets) in each coordinate.

Example 3.1.1 (Modal algebra, e.g. [5]). A modal algebra 2 = (L,—, 0, L) is a
lattice expansion, where (L, =, 1) is a Boolean algebra, and ¢ : L' — L is a 1-join

preserving operation satisfying ¢ L = L.

Example 3.1.2 (Distributive modal algebra, [30]). A distributive modal algebra
A= (L, L, T,0,0,>,<) is a lattice expansion, where (L, L, T) is a bounded dis-

tributive lattice, and
1. ¢ :L! — L is a 1-join preserving operation satisfying ¢_L = L,
2. O: L' — L is a 1-meet preserving operation satisfying T = T,
3. >: L9 — L is a O-meet preserving operation satisfying > 1 = T,
4. <: L2 — L is a O-join preserving operation satisfying <1 T = L.

A e-operation is a e-additive operation (e-multiplicative operation), if it is join-
preserving (meet-preserving) in each coordinate. Note that joins in order dual
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structures are meets and meets in order dual structures are joins. For example,
f L2 x L' — L is (9, 1)-additive, if we have the following two equations: for all

a,r,y € L,

L f(xAy,a) = f(x,a)V f(y,a),

2. fla,zVy) = f(a,z)V f(a,y).

Among e-additive operations and e-multiplicative operations, we are interested

in the following pairs of e-additive operations and e-multiplicative operations.

Definition 3.1.3 (Adjoint pair). Let [ be a (1, ..., u,)-additive (n-ary) operation
and 7 a (v, ...,v,)-multiplicative (n-ary) operation, where, for a fixed coordinate
i, i; = v; = 1 and, for the other coordinates k(# ), p and vy, are the reverse order,
ie. up =0 and vy = 1, or up, = 1 and v, = 0. [ and r form an adjoint pair with
respect to the i-th coordinate, or simply adjoint pair, denoted by [ ¢ r, if [ and r

satisfy the following: for all a;,...,a;—1,a;41,...,an, 2,y € L,

lag, ..., a4, 1,%,6i11,...,0,) <Yy <= = <r(ay,...,0;1,Y,0ix1,---,0,). (3.1)

As in category theory, if a pair of maps [ and r satisfies the condition (3.1), we

say that [ is a left-adjoint to r and r is a right-adjoint to .

Proposition 3.1.4 (e.g. [55]). Let | and r be n-ary maps. If I and r form an
adjoint pair | = r, | is join-preserving with respect to the i-th coordinate, and r is

meet-preserving with respect to the i-th coordinate.

Remark 3.1.5. Proposition 3.1.4 does not state that [ and r are either join-

preserving or meet-preserving from the product domain.
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Note that our adjoint pairs are a parametrised version of the standard adjoint-
ness in category theory, because we also assume that [ is p-additive and r is v-
multiplicative, not only for the i-th coordinate. It is necessary later: see Lemma
3.3.8.

When we consider lattice-based logics, the parametrised version of adjoint pairs
with p-additivity and v-multiplicativity is fundamental (see the following examples).
Example 3.1.6 (Heyting algebra, e.g. [11]). A Heyting algebra 2 = (L, —, T, L)
is a lattice expansion, where (IL, T, L) is a bounded distributive lattice, and A and
— form an adjoint pair; —: L2 x L' — L is a right-adjoint to A : L' x L' — L.
Example 3.1.7 (FL-algebra, e.g. [63]). A FL-algebra 2l = (L., 0,\,/,1,0) is a lattice
expansion, where L is the underlying lattice, (L,0,1) a monoid, 0 an arbitrary
constant, and (1, 1)-additive operation o, (9, 1)-multiplicative operation \ and (1, 0)-
multiplicative operation / form adjoint pairs o =%\ and o ! /.

Example 3.1.8 (B.Cpg-algebra, [75, 76]). We can consider each B.Cpg-algebra
A= (L,o,—,—, 0,0, 1) as a lattice expansion as follows. L is the underlying

lattice, 1 the left identity element of o, and

1. o: L' x L' - L and —: L? x L' — L form an adjoint pair o 4'—,

2. = :L? = L is a 0-join preserving and O-meet preserving operation satisfying

——=a = a for each a € L,
3. O : L' = L is a 1-join preserving operation,
4. O:L!' — L is a 1-meet preserving operation,

5. [0 : L' — L is a 1-meet preserving operation defined by [Ha = —(—a for each
a€lL,
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6. & : L' — L is a 1-join preserving operation defined by ®a = —[—-a for each

a € L.

Note that we should write —: L' x L? — L because of o 4'—. But, we adopt the

conventional notation —: L? x L' — L here.

Many algebraic structures of lattice-based logics are included in our general
framework: especially, lattice expansions consisting of e-join preserving operations,
e-meet preserving operations, e-additive operations, e-multiplicative operations, ad-

joint pairs and constants.

3.2 Canonical extensions of lattice expansions

In this section, based on the approach of [33], we extend e-operations on a lattice
LL to the canonical extension L in two steps. That is, we firstly extend e-operations
onto the intermediate level. Then we extend those operations onto DD, and U, to
make them isomorphic. Otherwise, we cannot define the canonical extension of
lattice expansions: see Definition 2.2.10.

The canonicity approach of [18] or [27] also uses the extended basic operations
on the intermediate level to define the canonical extension of operations. However,
as distinct from the approach there, our interest is to lift up term functions from
a lattice onto the intermediate level, not only basic operations. Then, we face with
the fact that the intermediate level is two-sorted: F and Z. We achieve to lift up
term functions on the two phases, by introducing the parallel computation with the
following notation: z||y. See also Section 7.2.

To save space, within this section, except Proposition 3.2.10, Proposition 3.2.11
and Abbreviation 3.2.4, we discuss only two types of e-operations f : L! x L! — L
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and g : L? x L' — L. That is, we focus on a lattice expansion (L, f, g). However,
the argument is straightforwardly extended to arbitrary e-operations.

Based on given e-operations, we inductively define terms as usual.

term ::=p; | f(term,term) | g(term,term),

where p; is a propositional variable. Next we interpret each term t as a function,

called a term function, t: L x --- x . = L as follows. For all xy,...,x, € L, we let
Lopi(xy,...,2) =y,
2. flty, to)(xr, . ) = fti(zg, .o ), ta(xy, .o xy)),
3. gty ta)(w1, . xp) = g(ti(xy, . @), ta(Ty, .o, x)).

Note that we interpret each propositional variable p; as the i-th projection map.

Term functions on the intermediate level To construct the parallel compu-

tation on the intermediate level, we firstly extend the basic operations f and g to

two types of partial functions on F 41, ZL:
1. f:FxF—-Fand f:ITxXxT—1I,

2.9 IxF—=>Fandg: FxT =TI,

as follows.

Definition 3.2.1 (e-operations on the intermediate level). For all F,G € F and

I,J €7, we define

1. f(F,G):={zx € L|3Jac F,3bed. f(a,b) <z},
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2. f(I,J)={yeL|Jdacl,FbeG. y< f(a,b)},

3. g(I,F):={x € L|Ja€cl,3beF. g(a,b) <z},

4. g(F,I):={ye L|Jac F,Fbel. y<gab)}.

We can check that these partial functions are well-defined, which is a special case
of Proposition 5.2.2. The lattice operations V : L! x L! — L and A: L' x L' — L
are also extended to the intermediate level, by Definition 3.2.1, as follows: for all

F.Ge FandI,J €T, welet

1. FVG:={x€L|JaceF,FbeG.avb<z} (=FNG),

2. IvJ:={yeLlL|dacl,FbeJ y<aVb} (=L(IUJ)),

3. FANG:={zeLlL|JaecF,F3beG anb<z} (=1NFUQ)),

4. INJ:={yelL|3aecl,FbeJ y<aAb} (=1INJ),

where (I U J) is the ideal generated by I U J and (F U G) is the filter generated

by FUG.

Remark 3.2.2. These lattice operations on the intermediate level are partial func-
tions. Therefore, the intermediate level may not be a lattice. For example, we do
not define F'V I nor I A F' for any non-principal filter /' and any non-principal ideal
I. On the other hand, whenever we restrict these operations on F or Z, (F,V, A)

and (Z,V, A) form lattices.

If our interest were only to define the canonical extension of basic operations,
some functions in Definition 3.2.1 would be redundant. For example, if we want to

take f7 (o-extension) and g™ (m-extension), they are defined only by Items 1 and
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4, see Remark 3.2.7, the definitions of f; (3.7) and (3.8), and the definition of g*
(3.9) and (3.10). However, in our case, because the main interest is to calculate
term functions on the intermediate level, all functions defined in Definition 3.2.1 are
essential, e.g. see Proposition 3.3.2.

Additionally, to introduce term (partial) functions on the intermediate level, we
also introduce the following notation, P||N where P, N € F +1 Z, and P and N
are in the different sorts. Namely, if P € F then N € Z, and conversely, if P € 7
then N € F. The notation P||N means P is assigned to the positive occurrences
and N is assigned to the negative occurrences. Then, term (partial) functions on the

intermediate level are defined in parallel: for all Fy,...,F, € F and I1,...,I, € T,

pi(F|I) == F; piI|F) == 1I;

&~

ft(E), (1] F))

f(t, ) (FI) = f0(FT), t(FIT)) | f(t, t2)(]LF)

9(tr, ) (P := g(L (| F), ta(F[|1)) | g(tr, t2) (L[| F) := g(t2(F[|]), t2(1]|F))

where (F||I) and (I||F) are (Fi||11, ..., Fy||I,) and (I1||F1, ..., I,||Fy). For example,

9(g(p1,p2), f(p1,p2)) is calculated on the two phases in parallel as follows: for all

FGeFandl,J eI,

L g(g(p1, p2), [ (1, p2))(FI1, GI|T) = g(g(F, J), f(F, G)),

2. 9(9(p1,p2), f(pr, p)) I F, JNG) = g(g(1, G), f(1,])).

On the intermediate level, we can straightforwardly prove the monotonicity

lemma.

Lemma 3.2.3 (Monotonicity on the intermediate level). Let t be a term. For all

Fi,... F,,Gy,....G, e Fand Iy,...,I,,J1,....J, €L, if F; C G; and I; T J; for
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each i € {1,...,n}, we have

t(F T, Fulldn) CE Gl Ly - - Gl 1),

t(L||Gy, ..o L||Gr) T (|| F, -y Tl ).

Abbreviation 3.2.4 (Parallel notations). Before moving further, we introduce
some abridged notations relating to the parallel notation ||. Hereafter, we often
encounter arguments with parallel notations, especially in Section 3.3. Moreover,
the generality of our theory requires these abbreviations to simplify our discussion.

Let X1,...,X,,Y1,...,Y, be arbitrary elements. We let

Let X1,...,%0,D1,...,2, be sets, and f is a e-operation. In f(Z,...,Z,), we

assume the following. For each coordinate k € {1,...,n},

Zi € X ife,=1

Zkemk if ¢ = 0.

In later sections, we introduce term types, e.g. U-term and N-term in Definition
3.3.3. For all terms (term functions) ¢y, ..., t,, if we have a e-operation f, and term

types S and T, we let, in f(ty,...,t,),

t, is a S-term  if ¢, =1
tr is a (9)|T)-term <= (3.4)

tp is a T-term  if ¢, = 0.
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Similarly, f(t(s|r),--.,t(s)r)) means that the k-th term is a S-term if ¢, = 1 and
the k-th term is a T-term if ¢, = 0 for every k. Moreover, f(c,...,ts|r),-.-,C)
means that there exists only one coordinate k substituted by tg if ¢, = 1 and by tr

if ¢, = 0, and other coordinates are fixed by constants (constant terms).

Parallel computation on lattices To prove canonicity, it is necessary to build
a firm connection between term functions on the original lattice and term functions
on the intermediate level. However, since term functions on the intermediate level
are two-sorted with the parallel notation ||, it is not easy to directly connect them
to term functions on the original lattice in general. Here, by introducing the par-
allel computation for term functions on the original lattice, we obtain an indirect
connection between term functions on the original lattice and term functions on the
intermediate level: see Lemma 3.2.6.

For all x1,..., 2, y1,.-.,Yn € L, we let

3. g(ty, ta)(zlly) = g(ta(yll2), ta(z]ly))-

That is, only when we take the order dual elements, e.g. the first argument in g, we
swap the left-hand side and the right-hand side. Hence, in t(z1]|y1,- ., Znl|Yn),
the positive occurrences of p; are replaced by x; and the negative occurrences
of p; are replaced by y; for each propositional variable p;. In general, we have
that t(z1,...,2,) = t(x1||ly1,...,zn|lyn), if all variables appear positively in ¢.

But, whenever we use the same element for both sides, e.g. z||z, we can state
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that t(z1,...,2,) = t(z1]|z1, ..., 2s]|zn). We can prove the following monotonic-

ity lemma straightforwardly.

Lemma 3.2.5 (Monotonicity on LL). Let t be a term. For all x1,...,Zn, Y1, -, Yn,

Zlyens Zn, Wy Wy € Ly if oy <y and z; < w; for each i € {1,...,n}, we have

75(351||7~U1a S 7$n||wn) < t(?JlHZh ce aynHZn)

The connection between term functions on I and on the intermediate level is

given by the following lemma.

Lemma 3.2.6. Lett be a term. Forall Fy,...,F, € F, I1,...,I, €T andx,y € L,

we have

1.z €t(F|I) <= Yl e{l,...,n},3a € F, b, € L. t(as|by,. .., an|bn) < =,

2. yet(|F) < Vie{l,...,n},3q € ,3d € Fr. y < t(ci||d, ..., cnlldn).

Proof. Simultaneous induction on ¢. Basic cases are trivial. Here, we only check the
induction step of Item 1 for g(t1,t3). Assume that ¢; and t; satisfy Items 1 and 2.
(=). Itz e g(ti,ta)(F||I) = g(t1(I||F), t2(F||I)), there exist a € t;(I||F) and

b € to(I]|F') such that g(a,b) < z. By induction hypothesis, for each | € {1,...,n},

there exist f;, g, € F; and 14, j; € I; such that a < t;(i]|f) and ¢3(g||j) < b. Since

each Fj is a filter and each I; is an ideal, there exist h; € F; and k; € I; such that

hi < fi, by < g1, i < ky and j; < k;. By Lemma 3.2.5, we have that a < t;(k||/h) and

to(h||k) < b. Therefore, g(t1,t2)(h||k) < g(a,b) < x.

(«<). If there exist f; € F; and ¢; € I; such that g(t1,t2)(f||7) < z, by definition,

we have x € g(t1,t2)(F[|I), because t1(i[|f) € ti(I[|[F) and to(f|li) € t2(F||1) by

induction hypothesis. O



Term functions on the canonical extension Next we extend e-operations to
the canonical extension L. Since the canonical extension L is isomorphic to both
D, and U,, it is necessary to extend each e-operation onto D, and Uy to make them
isomorphic. Otherwise, we cannot define the canonical extension, see Definition
2.2.10.

In general, we have two types of the extensions, ¥ approzimated from above and
_+ approzimated from below for each e-operation (approximation: see Section 2.3).
In other words, since the canonical extension L is isomorphic to two structures D,
and Uy, for every e-operation f we have two natural extensions f+ defined on D,
(and copied to Uy), and f; defined on Uy (and copied to D,).

For the (1,1)-operation f:L! x L! — L, the extension f* is defined on D,

(fHe ) = o({f(I, )| ] € oy, J € By}), (3.5)

and copied onto Uy:

(e, B)) = A(fH(a, B))- (3.6)

We mention that (f+(a, 8))* and (f*(a, B)); are the same operations, but the values
are evaluated in the different sorts, (f*(a, 8))* € D, and (f*(c, B8))+ € Uy, see also

Section 2.3. On the other hand, the extension f; is defined on Uy:

(frlo, B)r = AM{S(F,G) | F € a*,G € B}), (3.7)

and copied onto D,,:

(frla, B) = v((fr(a, B)h). (3.8)
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For the (9, 1)-operation g : L? x L' — L, the extension g* is defined on D,

(9*(, B))" == v({g(F 1) | F € o, I € B4}), (3.9)
and copied onto Uy:
(9"(a, B))1 = AM(g* (e B)))- (3.10)

On the other hand, the extension g; is defined on Uy:

(gr(e, B)1 = A{g(L, F) | I € ay, F € B}), (3.11)

and copied onto D,,:

(gr(ex, B)" = v((gr(e, B)1)- (3.12)

Note that, by definition, f*, f;, g* or g4 are two pairs of two functions (one is on
D,, e.g. (3.5) and the other is on Uy, e.g. (3.6)) which are always the same functions
for any e-operation regardless of their properties, like (e-)join preserving, etc.
Conversely, in general, we cannot show that the two types of the extensions f*
and f; agree, nor that the two types of the extensions g* and gy do. That is, for

example, the following two Equations (3.13) and (3.14) may not hold:

v{fIL D) [T € oy, T € Br}) = vA{f(F.G) | F € o, G € B'})), (3.13)

M{(F,G) | F eat,Gep})=Mo({fI,]) | I €ay,J € Bi})). (3.14)

Therefore, to define the canonical extension of lattice expansions, it is necessary

to choose the appropriate extension (the approximating direction + or ;) for each
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operation first.

Remark 3.2.7. The extension f* coincides with f™ (m-extension) and the extension

f+ corresponds to f? (o-extension) in e.g. [18].

Remark 3.2.8. We cannot define the canonical extensions of arbitrary lattice ex-
pansions in a uniform way. Namely, for an arbitrary e-operation f, we do not know,
in general, which extension f*+ or f; of f is appropriate. But, in substructural logic,
the canonical extensions of fusion o and residuals \ and / have to be oy, \* and /*.

Otherwise, the adjointness does not hold on the canonical extension: see [31] or [32].

Once we have obtained canonical extensions of lattice expansions, based on these
operations, we inductively define term functions on L. Let f be either f* or f, and
g either g* or g;. Recall, once more that, before we define term functions on the
canonical extension, we must decide which extension is chosen for each e-operation.
Let (L, f, §) be the canonical extension of (L, f, g). Notice that the lattice operations
are special cases of f, see also Proposition 3.2.10 and Proposition 3.2.11. For all

ai, ..., o, €L, we let
Dy-1: (pilaq,...,an)) = o,
D,-2 : (f(tl,tg)(al, o)) = (f(tl(ozl, co ) ta(ar, . an))Y,

) ta(an, . an)))t

N=}
~—~
~

=
—~
o
iy

D=3 (Gt to)(aq, ..., an))* = (
Ux-1: (pjlai,...,on)) i= auy,
Uy-2: (f(tl, ta)(o, ... ap))t = (f(tl(al, co 0y ta(an, o)),

Ux-3: (g(t1,t2) (o, .. o))y = (g1 (0, .., o), ta(an, ... an)))s
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Hereafter, we focus on the canonical extension of constants, e-join preserving op-
erations, e-meet preserving operations, e-additive operations, e-multiplicative opera-
tions, and adjoint pairs. For constants, we can straightforwardly prove the following

proposition.

Proposition 3.2.9. Let L be a lattice, and ¢ a constant in .. Then, the two
types of canonical extensions are, on D,, ¢t := {F € F | ¢ € F} and, on Uy,
¢y :={I € T|ce€ I}. Moreover, we have that ¢* = v(ct) and ¢y = AN(c*). If a
constant 1 € L is the identity of a binary (1,1)-operation o : L' x L' — L, then,
regardless of the canonical extension of o (either of ot and oy), 1% is the identity of

o on D, and 14 is the identity of o on U,.

The following proposition states that all e-join preserving operations and e-meet
preserving operations are smooth, or continuous, i.e. two types of extensions, o-
extension (approximated from below) and m-extension (approximated from above)

coincide: see also [27].

Proposition 3.2.10. Let L be a lattice, f : L x --- x L — 1L a e-join preserving
operation, and g : L x -+ x L — 1L a e-meet preserving operation. Then, for all

ai,...,a, €L, we have (recall the abbreviation Equation (3.3))

v({f(V1, .., Vo) | Vi € (arpllan)}) = v A{ (X, .. Xo) | Xk € (awtllary)})),
(3.15)
M{g(X1, .., Xo) | Xi € (atllary)}) = Mo({g(Ya, ..., Ya) | Ve € (arpllonh)})).

(3.16)

Proof. To save space, we assume that f : L? x L! — L is a e-join preserving
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operation. That is, we claim Equation (3.15):

v{f(FI) | Feat,Jep}) =vA{f(1,G)| ] €ar,G € BY)).

But, we can easily generalise for arbitrary cases.
Firstly, we notice that

fUI,G) T f(F, ), (3.17)
for all F € a*, I € ay, G € B* and J € B;, since we have that F C [ and G C J
(Proposition 2.3.1). By Equation (3.17), we have

f(F7J) E)‘({f(LG) | IEO‘%GEﬁi})'

Therefore, vON{f([,G) | I € oy, G € B8*})) Co({f(F,J) | F € a*, J € B4}).

To prove the converse direction, it suffices to show that, there exist F' € a* and
J € By such that f(F,J) C Y, foreach Y € N{f(I,G) | I € ay,G € B*}). Let Y
be in A({f(I,G) | I € ay,G € B*}). Then, for arbitrary K € oy and H € 8+, we

have f(K,H) CY. Now we define the following two sets.

[N, H):={z |y €Y, 3h e H. f(x,g9) <y}

[NEY) = {z |3k e K,3y Y. f(k,z) <y}

Next we prove that f; (Y, H) is a filter and f, ' (K,Y) is an ideal. Firstly f; (Y, H)
and f;*(K,Y) are non-empty, because of f(K,H) C Y. Since the domain of f

is L? x IL!, it is trivial that f;'(Y, H) is an upset and f,'(K,Y) is a downset.
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For all 1,75 € f{'(Y,H) and z3,24 € f; '(K,Y), there exist v,y ys,ys € Y,
hi,hy € H and ky, ke € K such that f(zy, k1) < 1, f(22,h2) <y, f(k1,23) < ys
and f(k2,x4) < y4. By the e-join preservability of f, (recall that the domain of f is

L9 x L), we have

f(x1 Az, hy V he) = f(x1,h1) V f(xe, he) < 11 V Yo,

f(ki Nkoy 3V ay) = f(ki,23) V fke, 24) < Y3V ya.

Therefore, 1 Ay € f{ (Y, H) and 13V x4 € f5 *(K,Y). Besides, we can also prove
that f{'(Y,H) C K’ and H' C f;*(K,Y) for all K’ € ay and H' € 3, because,
by definition, we have f(K,H') T Y and f(K',H) CZ Y. So, f;*(Y,H) € a* and

f5 H(K,Y) € B4. Finally, we show that

fUTH YV H), f (K Y))EY.

Let a € f(f{'(Y,H), f~(K,Y)). By Lemma 3.2.6, there exist z; € f; *(Y, H) and
w9 € f31(K,Y) such that a < f(x1,25). Since 7, € f~HY, H) and z, € f5 ' (K,Y),
there exist y1,y2 € Y, h € H and k € K such that f(z1,h) <y and f(k,z) < ys.
By the e-join preservability of f and the monotonicity of f (recall that the domain

of fis LY x L), we have

agf(xlaxQ) Sf(l'l/\k,h\/l‘z):f(l’l,h)\/f(k,l'2> Syl\/yZ'

Therefore, a € Y. e-meet preserving operations are analogous. O]

Moreover, for e-join preserving operations and e-meet preserving operations, we
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obtain the following proposition.

Proposition 3.2.11. Let L be a lattice, f : L' x --- x L — L a e-join preserving
operation, and g : L x --- x L — L a e-meet preserving operation. Then, the
extension fy of f, approzimated from below, is a e-join preserving operation on L,

and the extension f* of f, approzimated from above, is a e-meet preserving operation

on L.

Proof. To save space, we treat only a (9, 1)-multiplicative operation g : L x L — L.

For arbitrary oy, as, f1, B2 € L, we can trivially prove

g1 V ag, Bi A Ba) < g*(au, Br) A g (ag, Ba).

For the converse inequality, by Proposition 2.3.1, it suffices to show that, for each
X € (g¥(aq, 1)) N (g*(aa, B2))*, we have X € (g (ay V o, B1 A B2))F. For arbitrary
X' € (V) and Y’ € (81 A o)y, there exist F € ant, G € ap*, I € Sy, and
J € B2y such that X' C F'VG and I A J EY'. Furthermore, by X E g(F,I) and

X C g(G,J), we obtain

X Cg(FI)Ag(G, )= g(FVG,INT)E g(X,Y").

]

For e-additive operations and e-multiplicative operations, we can prove the fol-

lowing.

Proposition 3.2.12. Let L. be a lattice, [ : L x --- x L — L an e-additive

operation, and v : L x --- x L — IL a e-multiplicative operation. Then, the
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extension ly of I, approximated from below, is e-additive on L, the extension r+ of r,

approzimated from above, is e-multiplicative on L.

Proof. To save space, we focus only on a (1,9)-additive operation [ : L' x L9 — L.

For arbitrary «, 3, € L, we trivially have

h(aV B,7) > (e, ) VI (B, 7).

Conversely, by Proposition 2.3.1, we need to show that

(@ V B,y 2 (e, 7)) N (4(B, 7))+

Let Y be an arbitrary element of (I+(a,v))+ N (I+(8,7))s. For an arbitrary K € ~,

we define a set

'Y, K):={z|eY,Ike K Iz, k) <y}

We can prove that [71(Y, K) is an ideal. Moreover, by assumption, we also have
that [71(Y, K) € ayx N By, hence, for each X € (aV B8)¥, we have X C I7!(Y, K). By
definition, it follows that [(X, K) C Y.

(o, BAY) =l(a, B) A l4(c,7y) is analogous. O
Furthermore, for adjoint pairs, we can show the following.

Proposition 3.2.13. Let I be an underlying lattice, and a p-additive operation
[: LM x-. - xL* — L and a v-multiplicative operation r : IL"* x - - - xL"» — L form
an adjoint pair with respect to the i-th coordinate | ' r. Then, the extension Iy of I,
approximated from below, and the extension v+ of r, approzimated from above, form
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an adjoint pair with respect to the i-th coordinate on L, Ly i rt. In other words,
left-adjoints defined on Uy, approximated from below, and right-adjoints defined on

D, approxzimated from above, preserve adjointness on the canonical extension.

Proof. To save space, we consider [ : L' x L' — L and r : L? x L' — L satisfying
[ 42 r. But, we can easily extend the argument to arbitrary adjoint pairs.

By Proposition 2.3.1, it suffices to prove (I4(y,@)); 2 By <= ot C (rt(y, 8))Y,
for all o, 3,v € L.

We claim that, for all F,G € F and I € 7,

(G, F)C I < FCr(G,I). (3.18)

But, it is almost direct from the adjointness on L.
(=). Let F be an arbitrary element of ot. For all G € +* and I € f, by
the assumption, we have that f(G,F) C I. By the condition (3.18), we obtain

F Cr(G,I), hence F € (r*(v, 8))*. The reverse direction is analogous. O

3.3 Ghilardi & Meloni’s canonicity methodology

In this section, we firstly generalise the approach in [33] from Heyting algebras with
unary modalities to arbitrary lattice expansions and from equalities to inequalities,
and show the simple but strong key technique of their method. Secondly, we syntac-
tically describe a class of canonical inequalities of lattice expansions which consists
of constants, e-join preserving operations, e-meet preserving operations, e-additive
operations, e-multiplicative operations and adjoint pairs. We remind that one can

apply our technique only after the canonical extensions of all operations in a target
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lattice expansion are given. That is, we assume that for each e-operation f, its
canonical extension is already defined either by f* or by f;.
Now we define the canonicity of inequalities. Hereinafter, we call both terms

and term functions simply terms.

Definition 3.3.1 (Canonicity). Let s, ¢ be terms. An inequality s < t is canon-
ical with respect to a class of lattice expansions, if, for every lattice expansion

L in the class and all ay,...,ay € L, s(aq,...,ay) < t(aq,...,ay) whenever

s(xy,...,xn) <t(xy,...,xy) forall zy,..., 2y € L.

Thanks to the parallel computation, we can straightforwardly obtain the follow-

ing proposition, for each term ¢.

Proposition 3.3.2 (Rough basis). Let t be an arbitrary term and o, ... ,ay € L.

We have

t((l/l, e ,(l/]\r)‘L 2 {t(F1||]1, Ce ,FNHIN) | Fk € O[k¢7lk € O‘kT}’

t(&l, e 7aN)T 2 {t(IIHFla Ce ,]NHFN) | ]k € O[kT7Fk € O./]CJ'}.

Proposition 3.3.2 claims that, for each term ¢, the set of filters of the form ¢(F||)
is always in t(a)* and the set of ideals of the form ¢(I||F) is always in ¢(a), where
F. € oyt and I, € age: see also Section 7.2.

The following is the central definition, introduced in [33], to obtain the canonicity

results.

Definition 3.3.3 (U-term and N-term). Let ¢ be a term. ¢ is a U-term, if, for all
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t(CMl, c. aaN)T = A({t(FlHIl; .. .,FNH[N) ‘ Fk € O{ki,Ik € akT}).

t is a N-term, if, for all oy, ..., ay € L,

ton,. . an) = vt Fr, - Il Fy) | I € oy, Fr € a'}).

U-terms and N-terms can be explained with the approximation as follows: for
each U-term ¢, the value t(aq,...,ay) can be approximated from below by the set
of filters ¢(F||I), where F), € oyt and I € ayy. Conversely, if a term ¢ is not a

U-term, the set of filters ¢(F||I), where Fj, € ay* and I € oy, may not be enough

to reconstruct the limiting point ¢(ay, ..., ay), cf. Proposition 3.3.2. Analogously

for N-terms. See also Section 7.2.

Remark 3.3.4. The important reason to introduce U-terms and N-terms is that we
can simply prove the canonicity of inequalities s < t whenever s is a U-term and ¢

1s a N-term.

With U-terms and N-terms, we obtain the following canonicity results for arbi-

trary lattice expansions. Note that this is a simple version of Theorem 3.3.22.

Theorem 3.3.5. Let s, t be terms. An inequality s <t is canonical, whenever s is

a U-term and t 15 a N-term.

Proof. Let I be an arbitrary lattice expansion. We need to show the follow-
ing: whenever s(xy,...,zy) < t(xq1,...,zx) for all z1,..., 2y € L, we have that

s(ar,...,ay) <tla,...,ay) for all ay,...,ay € L.
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Suppose that s(z1,...,2y5) < t(xy,...,zy) for all 1,..., 2y € L. For arbitrary

ai,...,ay € L, since s is a U-term and ¢ is a N-term, we have

S(Oél, c 704N)T = >\({5<F1H117 e ,FNHIN) | F € aki,lk € akT});

t(&l, .. ,CYN)i = U({t([luFl, c ;INHFN) | I, € OékTyFk S Oéki}).

By Proposition 2.3.1, it suffices to show, for arbitrary Fj, Gy, € ai* and I, J;, € gty

S(F1||Il7 .. -aFNH]N) E t(J1||G1, . .,JN”GN).

Since each oyt is an ideal and each ape is a filter by Proposition 2.3.1, for all
Fi., Gy € ait and I, J;, € Qp, there exist Fy V Gj, € ait and I A Jp € agr. By

Lemma 3.2.3, we obtain that

S(Fl”]h e ,FNHIN) E S((Fl V GI)H(II A Jl), ey (FN V GN)”(IN N JN)),

t((LAJ)(FLV Gh)s- o (I A JN)[[(Fn vV G)) E (|G, - IN[IG).
Here, for each k € {1,..., N}, we have Fy VG, C Iy AJy, i.e. (FrVGR)N(ILNAJL) # 0,
so let xj be an element in (F) V G) N (I A Jg). Then, by assumption, we obtain

s(xi||zy, .. xenllen) = sz, .. xen) <z, .. xy) = a2, . e |ley).

Therefore, we conclude s(Fi||I1,..., Fy|In) C t(J1]|Gy,- .., IN|]|GN)- O

Remark 3.3.6. Theorem 3.3.5 is a general fact for arbitrary lattice expansions.
However, we have not discussed how to recognise U-terms and N-terms, yet. Now,
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we start to focus on lattice expansions which consist of constants, e-join preserv-
ing operations, e-meet preserving operations, e-additive operations, e-multiplicative
operations and adjoint pairs. Then, we can syntactically describe large classes of
U-terms and N-terms. Furthermore, we can also extend Theorem 3.3.5 to cover a

larger class of canonical inequalities, to Theorem 3.3.22.

Syntactic description of canonical inequalities Hereafter, we consider a lat-

tice expansion (L, f, g, =, 1,7, ¢), where
1. f:L% x --- x L% — L is an arbitrary d-join preserving operation on L,
2. g: L x ... x L — L is an arbitrary e-meet preserving operation on L,

3. = : L9 — L is an arbitrary 0-join-preserving and d-meet-preserving operation

satisfying ——x = z for each x € L, so-called an involution,
4. [: LM x --- x L* — L is an arbitrary p-additive operation,
5. r:L" x --- x L”» — LL is an arbitrary v-multiplicative operation,
6. cis an arbitrary constant in L,

7. the arities m,m’ and n are less than a natural number N, and we assume that

N is always large enough for any arity.

Note that the lattice operations V and A are special cases of f and g, respectively,
and an involution is a special case of both f and g. Recall that adjoint pairs are
special cases of u-additive operations and r-multiplicative operations. When we need
to assume that [ and r form an adjoint pair for a fixed coordinate i, we emphasise

it by I ¥ r. This is the only reason we introduce [ and r with the same arity

49



n. By Propositions 3.2.9, 3.2.10, 3.2.11, 3.2.12 and 3.2.13, we define the canonical
extension of the lattice expansion as (L, Vi, AV frogb =, Ly b e). Here, we denote
neither =4, ¢4 nor =+, ¢t because = and ¢ are not only smooth but also unbiased:
cf. V, A, f or g are smooth but biased (see Proposition 3.2.10). In fact, without
the adjointness of [ = r, we have not had any counterexample to show that [+ and
r+ should not be canonical extensions, yet. However, Proposition 3.2.12 supports to
define (L, Vi, AV fry gb =, L, ¥ e) as the canonical extension without the adjointness
of [ and r. In other words, even if [ and r do not form any adjoint pair, we call it
the canonical extension.

By definition, we obtain the following lemma.

Lemma 3.3.7. All constants and propositional variables are both U-terms and N-
terms. Moreover, every term built up only from constants (without variables) is also

both a U-term and a N-term.

We call terms without variables constant terms. It is trivial that every constant
term is a constant. Therefore, we sometimes do not distinguish constant terms from

constants.

Lemma 3.3.8. Let oy, ...,ax €L, F1,...,88 € p(F), andJy,...,Tn € p(T)?. If.
foreach k € {1,..., N}, § and Ty, are bases of ay,, then we have (recall Abbreviation

3.2.4)
1 (Vilan, a0 = X{RV By | FL € 31, Fy € 5},
2. (Mo, a0l =v({L ALy | I € 31, I € 3a}),
5. (frlan, .. om))y = A{F (X, Xon) | X € (SkllT0)1),

4' (g¢<041, B 7O‘m’))i - U({g()/b s 7Ym’) | Y, € (3k||3k)});
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9. 2(en)y = AM{~L [ i € Th}),

6. ~(on)r =v({=F1 | Fy € §1}),

7 (o, o))y = A{UX, - Xn) | Xk € (Skl1T0)}),
8. (rH(on, ... o)) = v({r(Y1,....Ya) | Yi € (TklI3k)})-

Proof. By definition, every basis § (J) is a subset of a* (a4). Therefore, the C-
direction is trivial for each case. Items 1, 2, 5, and 6 are special cases of Items 3 and
4. But, with the lattice structures, we can show Items 1 and 2 much easier than
Items 3 and 4. So, we firstly prove Item 1.

Let I be an arbitrary element in A({F} V Fy | F} € §1, F» € §o}). For arbitrary

Fi1 € 31 and F;, € §o, we have Fy V F5 C I. We can easily show that

FIVFEKCE] <— FiCland FrbC 1. (319)

Therefore, I € a4 and I € ayy. Then, for arbitrary G, € a;tand Go € apt, G T 1
and Go C I. Again, by (3.19) we have G; V Gy C I, hence I € (ay V4 ag)s.
(Item 3). Let Y be an element of A({f(X1,...,Xmn) | Xx € (F«lJx)}). By

definition, for each X € (§¢||Jx), we have

Then, we define the following sets: for each k € {1,...,m}, we let

Yii={zp| It € Xq,...,Ix, € Xop, y €Y. fz1,...,2m) <y}
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Then, we can show that Y} is an ideal if 0, = 1, otherwise, Y}, is a filter if d, = 0: see
also the proof of Proposition 3.2.10. By the definition of Y}, we have Y}, € (aj+]|ax?).

By the d-join preservability of f, we also obtain

It follows that Y € (fy(a1, ..., aum))+. Item 4 is analogous.

Finally, we check Item 7. To simplify our proof, we here assume that [ and r
form an adjoint pair, i.e. [ 4 r. But, we can prove the same results without the
adjointness.

Let Y € A\{U(Xq1,..., Xn) | Xi € (8kl|Tk)}). For each X, € (§x||Ty), we have

I(X1,...,X,) CY.

By the adjointness of [ and r, we can straightforwardly obtain

(X1, ., X)CVY < X;Cr(Xy,....Y,. .., X,) (3.20)

)

Since X; is arbitrary, r(Xi,...,Y,..., X,) € a;;. Hence, for an arbitrary X] € a;*,

X/ Cr(Xy,...,Y,..., X,). Again by (3.20), we have

I(Xy,...,X,...,X,)CY.

If [ has a right-adjoint 7’ for a coordinate &, i.e. I ¥ r, we could repeat to replace each
X € (F|73) with X’ € (a*||ay) with the same method, and then we could conclude

Y € (Iy(ay, ..., ay,))r. However, we do not assume that, for each coordinate, [V has
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a right-adjoint. Therefore, it may not work. Nevertheless, we can somehow imitate
the technique. Namely, even if [ does not have right-adjoints for some coordinates,
we can define the lacking right-adjoints on the intermediate level. This is exactly
the reason we assume that [ is additive.

Let k be a coordinate for which [ does not have a right-adjoint. Whenever

[(X1,...,X,) CY holds, we can define the following set:

Vi ={ox | 3dx, € Xq,..., 30, € Xp,,Fy €Y. U(z1,...,2,) <y}

Since [ is additive, we can prove that, if u; = 1, then Y}, is an ideal satisfying

I(X1,...,.X,) CY <= X, CY,, (3.21)

and, if p, = 0, then Y} is a filter satisfying

Note that these conditions (3.21) and (3.22) coincide with the covariant adjointness
and contravariant adjointness, respectively. This is the end of the proof. Item 8 is

analogous. O]

Remark 3.3.9. Lemma 3.3.8 looks similar to the definition of the canonical ex-
tensions of each operation. However, Lemma 3.3.8 proposes an effective evaluation.
For example, let o : L' x L' — L be a non-associative fusion-like (1,1)-additive

operation. By definition, the value (oot (5 o4 y)) is calculated as follows: firstly, we
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calculate

(Bor )t =v(N{GoH |G € B H € 7'})),

then we obtain

(a0 (BorM)y =A{FoF'|Fea', F e v(\{GoH |G € p* H e y'}))})

On the other hand, thanks to Lemma 3.3.8 (Item 7), we can evaluate the same value

as follows:

(aor (Bor )y =A{Fo(GoH)|FcaGep*Hecqy. (3.23)

Note that, in the latter case, v(A(_)) does not appear.

From Lemma 3.3.8, we can straightforwardly prove the following lemma: see

e.g. Equation (3.23).

Lemma 3.3.10. Let ty,...,ty be terms. Then, we have (recall Abbreviation 3.2.4)
1. t1 V ty is a U-term whenever ty and ty are U-terms,
2. t1 Nty is a N-term whenever t; and ty are N-terms,
3. f(t1, ..., tm) is a U-term whenever ty is a (U||N)-term for each k € {1,...,m},
4. g(t1, ... ty) is a N-term wheneverty is a (N||U)-term for each k € {1,...,m'},
5. —ty 18 a U-term whenever t1 is a N-term,
6. —ty 1s a N-term whenever t1 is a U-term,

7. Uty ... t,) is a U-term whenever ty, is a (U||N)-term for each k € {1,...,n},
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8. r(ty, ..., t,) is a N-term whenever ty, is a (N|U)-term for each k € {1,...,n}.
Furthermore, we obtain the following U-terms and N-terms.

Lemma 3.3.11. FEvery term of type t\ is a N-term and every term of type t, is a

U-term (recall Abbreviation 3.2.4), where t, and t, are defined as follows.

tve=plelty Viv ] fEwn, - ton) [t [ ety -5 0),

thu=plelta Atal gt - b)) | Tty [ (e tagyy, - 0)

With the distributive law, on distributive lattice expansions, we can also add t, Ac
and ¢ ANty to type ty, and t, vV ¢ and ¢V t, to type tn, where ¢ is a constant or a

constant term.

Proof. This proof will be divided into the following two parts: firstly, by the def-
inition of type t, and type t,, we can obtain the following by induction. For all

T1yeo oy TNy Y1y ooy YNy 21y - -5 2N, W1, ..., WN € L, we have

ty((z1 Vy)ll(ze Awr), .o (o Vo) || (2v A wn))

= tV(xIHZh cee 7‘7:NHZN> V t\/(ylnwlu s )yNHwN)v

tal@ Ayn)ll(z V), (en Ayn)l|(2n V wn))
=ta(xe||z1, - onllzn) Ata(ljwe, - yn]|ww)-

Secondly, we show t, is a N-term and ¢, is a U-term. Here we check only that t,
is a N-term. However, it is order dually shown that ¢, is a U-term. By the definitions
of type t, and type t, and Lemmata 3.3.7 and 3.3.10, it is straightforward that every
term of type ty is a U-term and every term of type ¢, is a N-term.
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Let t be a term of type t,. Then, we have, for all oy, ..., an € L,

t(CMl, c. aaN)T = A({t(FlHIl; .. .,FNH[N) ‘ Fk € O{ki,Ik € akT}).

To prove that t is a N-term, we need to check that

U(t(Ozl, C. ,OZN)T) = U({t([lnFl, . ,INHFN) | [k € akTasz € Oéki})

C is trivial. To prove the converse DO, it suffices to show that, for an arbitrary

Y € t(aq,...,an)s, there exist I € oy and Fy, € oyt such that

Let Y be an arbitrary element of t(ay,...,ay)s. For arbitrary Fj € ait and
I;; € auy, by definition, we have t(Fi[|1y,..., Fn|Iy) E Y. Now we replace || with ,
(comma). We obtain

t(Fb-[l?"'uFNa]N)EY (324)

Then, we notice that

L' xL9x - - x L' xL? - L

can be seen as a e-join preserving operation on L, as we checked firstly. Then, we
can use exactly the same technique to find the appropriate ideals and filters with

the proof of Proposition 3.2.10. O

Remark 3.3.12. The important technique in the proof of Lemma 3.3.11 is to show
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the existence of ideals and filters satisfying the condition (3.24). Although additivity
(multiplicativity) is enough to define these ideals and filters, the join-preservability
(meet-preservability) from the product domain is necessary to prove the condition
(3.24). Since [ and r may be neither join-preserving nor meet-preserving from the
product domain, it is difficult to use the same methodology without fixing the other

coordinates with constants or constant terms, like I(c, ..., tw|n),---,C).

From the above Lemmata 3.3.7, 3.3.10 and 3.3.11, we directly obtain the follow-

ing theorem.

Theorem 3.3.13. Each term of type t, is a U-term and each term of type t is a

N-term, where t, and t~ are defined as follows.

tou=plcltoViu] fEuimy - tupny) | ta [ WEwgny, - tuny) | ta,

tnn=pleltan Ata | gty - tagw) | to | 7@y - - tagw) | v

Over distributive lattice expansions, with the distributive law, we can also add

tu Aty to type ty, and tn V tn to type tn.

Now, with Theorems 3.3.5 and 3.3.13, we can syntactically obtain a class of
canonical inequalities. However, canonical inequalities t, < t5 do not cover the
standard Sahlqvist formulae, e.g. [11] or [5], even if we consider ¢, < ¢~ on modal
algebras. For example, although any positive formula is Sahlqvist in modal logic, our
canonical inequalities cannot cover some positive formulae. Therefore, to extend our
results, we analyse other terms not of type ¢t and ¢t. We start with the construction
trees of terms. Let ¢ be an arbitrary term. We draw the standard construction tree
of t in which the root is ¢ and every leaf is either a variable or a constant. Now we
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add labels (U, N or ?) to the construction tree of ¢ in the following manner ruled by

Theorem 3.3.13. Note that the labelling starts at the root not leaves.

N (U) labelling algorithm

1. The root is labelled with N (U).

2. If the node is either a constant or a variable, then we have finished labelling

the branch. Otherwise, we label the children along the following rule. If the

node is

(a)
(b)
()

t1 V ty and labelled with U, then label t; and ¢, with U,
t1 Nty and labelled with N, then label t; and £ with N,

either f(t,...,ty) or l(t1,...,t,) and labelled with U, then, for each
coordinate k, label t; with U if 6, = 1 or ux = 1, and label ¢, with N if

O =0 or puy = 0,

either g(ty,...,tm) or r(ty,...,t,) and labelled with N, then, for each
coordinate k, label ¢, with N if ¢, = 1 or v, = 1, and label ¢, with U if

€, =0 or v, =0,
=it labelled with U, then label ¢t with N,
-t labelled with N, then label ¢ with U,

either ¢, labelled with U or ¢, labelled with N, then label every node (not
only the children) below the current node with U or N, respectively and

stop labelling the branch,
not satisfying any of (a) - (g), label the all nodes below the current node
with 7.
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3. Move to every child and repeat Item 2 until every node in the tree is labelled.

Over distributive lattice expansions, we can replace Items (a) and (b) in Item 2 with

the following two Items (a’) and (b’):

(a”) either t; V ty or t; Aty labelled with U, then label ¢; and t5 with U,

(b’) either t; Aty or t1 V tg labelled with N, then label ¢; and t5 with N.

We call this labelled tree the N-labelled construction tree of t because of the labelling
the root with N. We can define the U-labelled construction tree of t by the same
algorithm with the only exception that we start labelling the root with U, instead of
N. In Section 4.4, we can find an example of N-labelling in Fig. 4.2 and an example
of U-labelling in Fig. 4.1. Note that these labellings are based on distributive lattice

expansions. By Theorem 3.3.13, we obtain the following proposition.

Proposition 3.3.14. Let t be a term. t is a U-term of type ty, if and only if there
is no node labelled with 7 in the U-labelled construction tree of t. t is a N-term of
type tn, if and only if there is no node labelled with 7 in the N-labelled construction

tree of t.

We also introduce the A-labelled construction tree of t and the V-labelled construc-
tion tree of t: see Proposition 4.4.3. These labelling rules are similar to N-labelled
construction trees or U-labelled construction trees, but they are ruled by Lemma

3.3.11.

A (V) labelling algorithm

1. The root is labelled with A (V).
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2. If the node is either a constant or a variable, then we have finished labelling
the branch. Otherwise, we label the children along the following rule. If the
node is

(a) t1 V ty labelled with V, then label ¢; and ¢, with Vv,
(b) t1 Aty labelled with A, then label ¢; and to with A,

(¢) f(ti,...,tn) labelled with V, then, for each coordinate k, label t; with V
if 6, = 1, and label t;, with A if 6, = 0,

(d) g(tq,...,tn) labelled with A, then, for each coordinate k, label ¢, with
A if €, = 1, and label ¢, with V if ¢, = 0,

(e) =it labelled with V, then label ¢ with A,

(f) —t labelled with A, then label ¢ with V,

(g) l(c1,. .. tgy...,cp) labelled with V where ¢y, ..., cx_1, Cri1, - - ., ¢ are con-
stants or constant terms, label every node below ¢y, ..., ¢p_1,Cri1,...,Cn
(not only for the children) with Vv, and label ¢; with V if y; = 1 and label

tr with A if u, = 0,

(h) r(c1,...,tg, ..., cn) labelled with A where ¢;,..., ¢k 1,Cks1,...,¢, are
constants or constant terms, label each node below ¢y, .. ., cx_1, ki1, .., Cn
(not only for the children) with A, and label ¢, with A if v, = 1 and label

tk with V if Vi = 8,

(i) not satisfying (a) - (h), label the all nodes below the current node with

7.

3. Move to every child and repeat Item 2 until every node in the tree is labelled.
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Over distributive lattice expansions, we can add the following Items (a’) and (b’) to

Ttem 2:

(a”) either t A c or ¢ At, where ¢ is a constant (term), labelled with Vv, then label all

nodes below ¢ with V and label ¢ with V,

(b’) either ¢V ¢ or ¢V t, where ¢ is a constant (term), labelled with A, then label all

nodes below ¢ with A and label ¢t with A.

By Lemma 3.3.11, we have the following proposition.

Proposition 3.3.15. Let t be a term. t is a U-term of type tn, if and only if there
is no node labelled with 7 in the A-labelled construction tree of t. t is a N-term of
type ty, if and only if there is no node labelled with 7 in the \V-labelled construction

tree of t.

Based on N-labelled construction trees and U-labelled construction trees, we

define the following.

Definition 3.3.16 (Critical subterm). Let ¢ be a term. A subterm of ¢ is N-critical
(U-critical), if it is both a node labelled by either U or N and a parent of nodes

labelled with ? in the N-labelled (U-labelled) construction tree of t.

We can find examples of critical subterms in Fig. 4.1 and Fig. 4.2, in Section 4.4

There are two technical reasons to introduce critical subterms. The first one is
that, if a term contains U-critical (N-critical) subterms, it is not of type ty (¢n).
Another is that every term can be seen as a U-term (N-term), if each U-critical
(N-critical) subterm is replaced by a new variable: see Definition 3.3.20 and Propo-
sition 3.3.21 Next, to state the main theorem for lattice expansions, Theorem 3.3.22,
clearly, we define the following.
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Definition 3.3.17 (Well-pruned tree). Let s, ¢ be terms. A (possibly empty) sub-
tree of the construction tree of t is pruned, if it is obtained by pruning some branches
away. A pruned tree of the construction tree of ¢ is U-well-pruned (N-well-pruned),
if every leaf of the tree is a propositional variable and each path from a leaf to
the root contain a U-critical (N-critical) subterm. The U-well-pruned (the N-well-
pruned) tree of t is the largest U-well-pruned (N-well-pruned) tree of ¢. Especially,
if ¢ is a U-term (N-term), the U-well-pruned (the N-pruned) tree of ¢ is an empty
tree. For an inequality s < t, the well-pruned pair of tree for s <t is a pair of the

U-well-pruned tree of s and the N-well-pruned tree of t.

We can find an example of the U-well-pruned tree in Fig. 4.1 and an example of
the N-well-pruned tree in Fig. 4.2 in Section 4.4 In those figures, the dashed lines
are pruned to obtain the well-pruned trees.

On the well-pruned pair of trees for s < ¢, we label every node with a sign (4 or

—) in the following manner. Note that we can do the same labelling before pruning.

Signing algorithm

1. Label the root of the U-well-pruned tree of s with — and the root of the

N-well-pruned tree of ¢t with +.

2. If the node does not have any child, we stop labelling. Otherwise, we label +

or — for each child based on the following step.

(a) If the node is either ¢; V t3 or t; A tg, then label ¢; and t with the same

sign of the current node.

(b) If the node is —t, then label ¢ with the converse sign of the current node.
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(¢) Otherwise, the node is one of f(ty,...,tn), g(t1,... tw), U(t1, ..., t,) and
r(t1,...,t,). Then, for each coordinate k, label ¢; with the same sign of
the current node if the k-th order type (0, €k, pr or 1) is 1, and label

tr, with the converse node if the k-th order type (g, €, px or vy) is 0.

3. Move to every child and repeat Item 2 until every node is labelled.

The well-pruned pair of trees for s < t is signed, if it is labelled along with the
signing algorithm. For example, if s is a negative term, in which every variable
occurs negatively, and ¢ is a positive term, in which every variable occurs positively,
every variable in the signed well-pruned pair of trees for s < t is labelled with +. We
can find an example of the —-signed tree in Fig. 4.1 and an example of the +-signed

tree in Fig. 4.2, in Section 4.4

Definition 3.3.18 (Consistent variable occurrence). Let s, t be terms. An inequal-
ity s <t has consistent variable occurrence, if there exists no propositional variable

signed with both — and + in the signed well-pruned pair of trees for s < t.

Remark 3.3.19. We want to apply an analogous argument of the proof of Theorem
3.3.5 not only for U-terms and N-terms but also for all terms and inequalities (recall
that Theorem 3.3.5 states canonicity of inequalities s < ¢, where s is a U-term
and t is a N-term). It is crucial to introduce pseudoterms to analyse all terms and
inequalities: see Theorem 3.3.22 We mention that [33] did not define pseudoterms,
and hence it is unclear whether their main theorem [33, Theorem 7.2] can be applied

for non-N-terms.

Definition 3.3.20 (Pseudo-U-term and pseudo-N-term). Let ¢ be a term. A term

t' is the pseudo-N-term of t (the pseudo-U-term of t), if every N-critical (U-critical)
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subterms of ¢ is replaced with a new variable. Note that, even if a N-critical (U-
critical) subterm appears in ¢t more than once, we replace each occurrence with

distinct variables.

Clearly, for each term ¢ of type ¢~ (type ty), the pseudo-N-term of ¢ (the pseudo-
U-term of t) is t itself.

In general, if ¢ is the pseudoterm of ¢, then ¢’ and ¢ are different. However, the
next proposition provides us with a meaningful connection between terms and the
pseudoterms. The proof is straightforward from a fact that every pseudo-N-term is

a N-term and every pseudo-U-term is a U-term.

Proposition 3.3.21. Let s, t be terms. We denote by t(p1,...,pn) (or t(p), for

short) that each variable in t is a variable py, analogously s(pi,...,pn) or s(p). Let

t1,...,t, be all N-critical subterms of t, s1,...,sy all U-critical subterms of s, and
t’(g, Q- --,qa) the pseudo-N-term of t, where each ty in t is replaced by qx, and
s'"(p, 1, - - - @) the pseudo-U-term of s, where each sy in s is replaced with q,. Then,

we have

t(p) =t'(p.qrs- - 4a)[ta(p) /a1 - - ta(p) /qal,

s(p) =5 dh, - @) s1(p) /1, - - -5 56(p)/ a3)-

Moreover, we also have, for all aq,...,ay € L,

tan,....an) = o({t(L||F, ... In||Fx. Vi, ... YD),

S(Oél, .o 705N)T = A({S/(Flufl, “en ,FNHIN,Xl, NP ,Xb>}),
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where all I, € oy, Fy, € ait, and'

Yy € (trlon, .. an)tllte(aa, ..., an)b),

Xk € (Sk(Oél, Ce ,OéN)H’Sk(O{l, e aaN)T)-

Now we state the main theorem for lattice expansions.

Main Theorem 3.3.22 (for lattice expansions). Let s, t be terms over lattice

expansions. An inequality s <t is canonical, if it has consistent variable occurrence.

Proof. Recall Abbreviation 3.2.4. Let p1,...,par, Parst, - --,pn be all variables in

s <t s7,...,s, U-critical subterms of s signed with —, s7,..., s U-critical sub-
terms of s signed with +, ¢, ..., ¢} N-critical subterms signed with +, and ¢1,...,t;

N-critical subterms signed with — in the signed well-pruned pair of trees for s < t.
Now, since s < t has consistent variable occurrence, without loss of generality, we
can assume that all py,...,py are signed with + and all py;4q,...,py are signed
with — in the signed well-pruned pair of trees for s < . Let s’ be the pseudo-U-term

of s and t' the pseudo-N-term of t. By Proposition 3.3.21, we have

s(aq,...,an)y = X{S'(FI| 13, .-, Ex N, Gry o oo, Gay 1y oo ) }),

tlon,...,an) = v({t'IJ||E), ... IG|FY Ky, .. Ko, Hy, ... Hy)Y),

where F), € a,*, F € o, and I, € auy, I € ayy for each u € {1,...,N},
Gy € s;(aq,...,ay)* for each g € {1,...,a}, J; € 5] (ay,...,an); for each j €

{1,...,b}, Ky €t} (a1,...,an)s for each k € {1,...,c}, and Hy, € t; (avq,...,ay)*

'We do not use the parallel notation || for Y3 and Xj, because each critical subterm is replaced
with a fresh variable, hence it occurs only once, positively or negatively.
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for each h € {1,...,d}.? By Proposition 2.3.1, it suffices to show that, for each

uru?

F,;,F” I 157Gg7Jj7Kk7Hh7

S/(FIHII, Gl, ce ,Ga, 5 Jl, ceey Jb> C tl(IHHFu,Kl, ce 7KC,H1, ey Hd>,

Since every ot is an ideal of filters and every a4 is a filter of ideals, there exist

F, € a, and I, € s for each u € {1,..., N} such that, by Lemma 3.2.3, we have

S/(F/H],,Gl,...,Ga,Jl,...,Jb) E S/( ||],G1,...,Ga7J1,...,Jb),

t'(I|F,Ky,...,K.,,Hy,...,Hy) Ct(I"|F", Ky,...,K., Hy,...,Hy),

Therefore, hereafter, we will show

Sl( H[,Gl,...,Ga,Jl,...,Jb) Et/([HF,Kl,...,Kc,Hl,...,Hd),

By Proposition 3.3.2, for each g € {1,...,a}, j € {1,...,b}, k € {1,...,¢}

he{l,...,d}, we have

GgES;<II||F17"'7INHFN)7 (325)
sy (Fullly, ..., Fx|lIn) E Jj, (3.26)
ty (BA[l L, - FllIn) E Ky, (3.27)
Hy Tt (L Fs. . In| Fy)- (3.28)

2The reason we do not use | notations for G, J;, Ki, and Hy, is that we never use the other
side elements by occurrences of s~,s7,tT and t~. That is, even if the same critical subterms occur
more than twice in a term, we replace it with a fresh variable each time.
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Because, p1,...,py are signed with + and ppriq, ..., py are signed with — in the

signed well-pruned pair of trees for s < ¢, we can rewrite (3.25) - (3.28) as follows:

Gg ES;(Fl,...,FM,IMJrl,...,IN),

S;F(Fl,...,FM,IMJrl,...,IN> EJJ',
t—k‘r(Fla"'7FM>IM+17-"7]N) EKka
HhEt}:(Flw"7FM7[M+17"'7IN)'

By Lemma 3.2.6, there exist f7,... € F,and if,... 3}, 4 € 1, for each

P
» J a+b+c+d

pe{l,...,M} and each ¢ € {M + 1,..., N} such that, for each g, j, k, h,

— gl M M+1 N
Sg(fg? ’fg 77’g+7 77’9)6G97
+/r1 M M+1 N
87 (fivar- > fivarTjra >+ s 0jua) € Jj
+ 1 M -M41 N
Uy (fk+a+b7 oo Srrarn Yerathr - 7Zk’+a+b) € K,
— 1 M M+1 N
th (fh+a+b+c7 s 7fh+a+b+c? Zh—i—a—‘,—b—i—c’ s 72h+a+b+c) € Hh'

For each u € {1,..., N}, since F, C I, (recall that F, € a,,* and I, € 1), there

exists x!, € F, N I,. Then, for each g € {1,...,a}, 7 € {1,...,b}, k € {1,...,¢},
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he{l,...,d}, we have

Finl > T = x’1/\f11/\"'/\fc}+b+c+d7
Fynly 3 av = 2y AN AN ea
Fyoanlys 2 a2y = x/]M—f—l V Z{VI—H VeV Zlg/—[i-—"l;-}-c—i-d?
Fynliy > TN = Ty VY Vo Vighy e
Moreover, by Lemma 3.2.5, we have s, (z1,...,7n5) € Gy, sj(xl,...,:vN) € Jj,

t (x1,...,2n) € Ky and t; (21, ...,2n) € Hy foreach g € {1,...,a},j € {1,...,b},
ke{l,....;c}, h € {1,...,d}. (Recall our assumption; py,...,py are signed with

4+, hence they are positive in sj and ¢, and negative in s, and ¢, . Conversely,

PM+1, - -, PN are signed with —, hence they are positive in s,

and ¢, , and negative

in sj and ¢;.) Therefore, we have

s(x1,...,xn) = s(xi||vy, .. enlley) € S(F|I,Gy, ..., Ga, 1,0 ),  (3.29)

t([L’1, o ,J?N) = t(l‘lnl’l, R ,ZL‘N||$N) € t/(IHF, K, ... ,Kc,Hl, c ,Hd), (330)

Since s(z1,...,zn) < t(xy,...xy) for each xy1,..., 2y € L, and s(F||I) is a filter

and t(I||F') is an ideal, by (3.29) and (3.30), we have

8,< ||I,G1,...,Ga,<]17...,<]b) Et,(IHF,Kl,...,KC,Hl,...,Hd>
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Hence,

]

Remark 3.3.23. This theorem extends [33, Theorem 7.2] from Heyting algebras
to lattice expansions which may be neither bounded nor distributive, and from
equalities to inequalities. Therefore, we can apply our method to several algebraic

logics: for example, substructural logic or lattice-based logics.

69



Chapter 4

Applications to lattice-based logics

In the previous chapter, we have generalised Ghilardi and Meloni’s canonicity method-
ology to lattice expansions in general and shown the canonicity results in Theorem
3.3.22. In this chapter, we will show how to interpret our canonicity results to spe-
cific lattice-based logics, especially to variants of substructural logics and distribu-
tive modal logic, and show that our canonicity results not only uniformly subsume
known canonicity results of those logics, but also account for many new canonicity

results.

4.1 Application 1: Substructural logic

In this section, we apply Theorem 3.3.22 to substructural logic. Firstly, we recall
substructural logic: see [25]. Our language consists of propositional variables, two
constants t and f, and five logical connectives V, A, o, —, <. Formulae are induc-

tively defined as follows:

Fro=plt|f|FrvVFr|FrANFr|FroFr|Fr— Fr|Fr<« Fr.
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Definition 4.1.1 (Substructural logic). A set L of formulae is a substructural logic,

if it satisfies

1. L contains all formulae which are provable in the sequent system FL (see

Fig. 8.1),

2. ifp e L and ¢ — ¢ € L, then ¢ € L,

3.ifpeLand p At €L,

4. if ¢ € L, then, for an arbitrary formula ¢, we have that ¢y — (¢ o) € L and

(Yoog) ¢ el
5. L is closed under substitution.

Replacing in Item 1 the sequent system FL with the sequent system DFL [62, 63],
see also Section 8.2, defines distributive substructural logics. Moreover, adding the
following two initial sequents, I' = T and I, F, ¥ = ¢, defines bounded distribu-
tive substructural logics, where T and F are constants additionally introduced to
consider bounded distributive substructural logics: see Section 4.2. Note that our
bounded distributive substructural logics are different from extensions of FL,,, which

is bounded with 1 and 0.

Hereafter, t,f,V, A, 0, — and <« are denoted by 1,0, V, A, 0, \, /, respectively. As

algebraic semantics of substructural logic, we introduce FL-algebras.

Definition 4.1.2 (FL-algebra). A tuple A = (A, V, A, 0,\,/,1,0) is a FL-algebra, if
(A, Vv, A) is a lattice, (A, o, 1) a monoid, 0 an arbitrary constant in A, and 2 satisfies
the residuation law: aob < ¢ <= b < a\c < a < ¢/b for each a,b,c € A.

Moreover, if (A, Vv, A) is a distributive lattice, 2 is called a DFL-algebra.
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As we mentioned in Example 3.1.7, every FL-algebra is a lattice expansion having
constants 1 and 0 and adjoint pairs o <2 \ and o 4! /. The canonical extension of
FL-algebras &4 = (A, V,A,0,\,/,1,0) is (2, Vi, AY 04, \¥, /¥,1,0), by Proposition

3.2.13.

Theorem 4.1.3 (Canonical extension of FL-algebras). The canonical extension of

FL-algebras is also a FL-algebra.
Now, we define canonicity in substructural logic.

Definition 4.1.4 (Canonicity of term). On the class of FL-algebras, a term t is

canonical, if the inequality 1 < ¢ is canonical.
As a corollary of Theorem 3.3.5, we obtain the following.
Corollary 4.1.5. In substructural logic, every N-term is canonical.

On our language for substructural logic, the terms of type ty, type tn, type ty

and type t, in Theorem 3.3.13 are interpreted as follows:

tou=pl 10|ty Viy|[tyoty|ta,

tm :p|1 | O|tn/\tm|tu\tm|tm/tu|t\/7
t\/Z::p’1|O‘t\/\/t\/’t\/00|cot\/,
thu=p L0 [ta Ata [8N\C [ C\EA [ E4/C | Cfty,

where C' is a constant or a constant term.
Then, applying Theorem 3.3.22, we find that our technique covers most of canoni-
cal formulae of substructural logic: for example, the following inequalities are canon-
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ical.

1. (Commutativity): p; o ps < ps o py.

[\)

. (Square-increase): p < pop.

w

. (Right-lower-bound): p; o ps < po.

4. (A non-commutative version of Peirce’s law): ((p1\p2)\p1) < p1-

5. (A non-commutative version of double negation): ((p\0)\0) < p.

[18] covers 1, 2 and 3, while it does not prove the others. [25] proves that the
canonicity of inequalities s < t, where s and ¢ are finite compositions of V and o.
This is also a consequence of our approach: if s and ¢ are finite compositions of V
and o, we have that s is a U-term and ¢ does not have any negative occurrences,
which means s < t has consistent variable occurrence. So, s < t is canonical.
Furthermore, against the deficiency “As soon as we begin mixing multiplication
(fusion) with divisions (residuals), things go wrong” in [25, p.302], Theorem 3.3.22
supplies many canonical inequalities containing both the fusion o and the residuals

\ and /. For example, the following inequalities are consequences of Theorem 3.3.22:

6. 1 < (p2/(p2\p1))\(p100),

7. pro(p2\p1) < p2o (p2/p1),

8. p1o(p1/p2) < (p20op2)/(p1op2),

9. (p2/p1) o (p1\p3) < p1\(p2 A p3),

10. p3\(p1 o p2) < (p1/ps)\p2-
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4.2 Application 2: Completeness

One of the advantages of proving canonicity is that canonicity immediately provides
Kripke completeness for bounded distributive lattice-based logics, e.g. intuitionis-
tic logic or modal logic. Note that the argument of relational-type semantics for
lattice-based logics in general is not completely done, yet. This is because the
relational-type semantics over lattice-based logics, without Stone representation, is
not thoroughly explained. We will come back to this discussion and one possible
answer in Chapter 8. In this section, however, we focus only on bounded distribu-
tive substructural logics. In bounded distributive substructural logics, a relational
semantics is spelled out via Stone representation in [81, 82].

In bounded distributive substructural logics, our language consists of propo-
sitional variables, four constants t, f, T and F, and five logical connectives. The
algebraic counterparts of bounded distributive substructural logics are bounded DFL-
algebras A = (A,V, N\, 0,\,/,1,0, T, L), where (A, V,A, T, L) is a bounded distribu-
tive lattice. Here, T and | are constants corresponding to T and F, respectively.
Firstly, we introduce the standard canonical extension of bounded DFL-algebras,

via Stone representation and prove that it corresponds to the canonical extension

<ﬁa \/Tv /\Jla Oty \ia /1'7 17 07 T7 J—)

Definition 4.2.1 (Stone representation of bounded DFL-algebras). For a bounded
DFL-algebra 2 = (A,V,A,0,\,/,1,0, T, L), the canonical extension of 2 given
by Stone representation is (A;)T = U(P(A)),U,N,*,\, / Pi(2A),Po(A), P(2A),0),
where P(21) is the set of all prime filters of 2, P;(2) the set of all prime filters
containing 1, Py(A) the set of all prime filters containing 0, U(X) the set of all

upsets of X with respect to the set-theoretical inclusion, and binary operations
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*,\, / on U(P(A)) are defined as follows; for each X,Y € U(P(2)),

1. X«Y:={PeP®)|IFeX,3Ge€Y. FoG C P},

2. X\Y ={PePQ)|VF,GePA). FoPCG, Fe X = GeY},

3.V /X ={PeP®)|VF,GeP). PoFCG, Fe X = GeY},

where FoG :={rx € A|3f € F,3g € G. fog < z}. Notice that this is the same as
o on the intermediate level in Definition 3.2.1. Here, it is restricted only for prime

filters.

Note that prime filter frames 2, of bounded DFL-algebras correspond to rela-

tional (Kripke) semantics, DFL-frames.

Definition 4.2.2 (DFL-frame). A tuple F = (W, W,, W¢, R,) is a DFL-frame, if W
is a non-empty set, W; a non-empty subset of W, W; a subset of W, R, a ternary

relation, and T satisfies the following. For each w,v,u, s, w’, v, v’ € W, we have

1. 3t € Wy Ro(w,t,w) and 3t € Wy Ro(w, w, t'),

2. Ry(w,v,u),w 2w v 2v,u 2u= R,(w, v u),

3. dx € W. (Ro(w, z, s) and Ro(x,v,u))

<— Jy e W. (Ro(w,v,y) and R,(y,u, s)),

4. w =<vand w € W, imply v € W,

5. w =wv and w € Wy imply v € Wy,

where w v <= 3t € W;. R,(v,t,w) or Ro(v,w,t).
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A valuation is a function from the set of propositional variables to the set of all
=-upsets of W. Then, we prove the following theorem. Note that, in the proof, we
use the Prime filter theorem, see e.g. [13], and the Squeeze lemma in [17], which

depend on the Axiom of Choice.

Theorem 4.2.3. Let A be a bounded DFL-algebra. With the Axiom of Choice, the
canonical extension of A is isomorphic to the canonical extension (A4)" of A given

by Stone representation.

Proof. Recall Ttem (b) in Remark 2.2.11. Tt states that the underlying set of ()"
and 2 are isomorphic. What we need to prove is that every operation and constant
in bounded DFL-algebras coincides. The constant part is rather trivial. We here
only check V4 and \*.

For each a, 3 € 2, we claim that

(Vv By = Ao(vaay) Uva(Br)), (4.1)

(@\"B)" = va(Aa(a?) \ Ai(B)). (4.2)

(4.1) Let P be an arbitrary prime filter in vy(cyy) U vo(Br). Then, either, for each
I €ay, PNI#0,or, for each J € By, PNJ # 0. By the way, since o < V4 3
and f < aV+f3, by Proposition 2.3.1, we have (aV+/5)+ C a4 and (aV4+53)+ C Sr.
It follows the C-direction. Conversely, suppose that I & (aV+[3)+. Then, there
exist F' € ot and G € B* such that FVGZ I < (FNG)NI=1{. By the
Prime filter theorem, we can obtain a prime filter P satisfying that VG C P

and P NI = (. Therefore, I & Ag(va(ar) U va(54)).

(4.2) Let X be an arbitrary element in (a\*3)¥, P an arbitrary prime filter satisfying
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X C P. Since X € (a\*B)t, for each F' € a* and each J € f;, we have
X C F\J. By the adjointness on the intermediate level, we also obtain that
F o X € B*. For arbitrary prime filters P, P, if P, o P C P,. Then, there
exists F' € at such that Fo X C Fo P C P, € %, hence the C-direction
holds. On the other hand, suppose that X ¢ (a\'*8)*. There exist ' € at,
J € B¢ such that X N (F\J) = 0. It follows that (F o X)NJ = (. By the
Prime filter theorem, there exists a prime filter P, such that F'o X C P,. By
the Squeeze lemma, there exist prime filters P, P, such that X C P, I’ C P,

and P o P, C P,. Therefore, the D-direction is completed.
O

In bounded distributive substructural logics, by Lemma 3.3.11 and Theorem

3.3.13, we can obtain the following terms of type ty, tn, ty and tx:

tU:::p‘1|0’T‘L‘tu\/tu’tu/\tu|tuotu|t/\,

tm:p|1’0’T‘J_‘tmvtm’tm/\tm’tu\tm’tm/tu‘t\/,

t\/:p|1|O’T|J_|t\/\/t\/‘t\//\0|0/\t\/|t\/OC|COt\/,

thun=p | L[O[T[L[taVC|CVEr [t AtA [ ENC | C\EA [ EA/C | CJty,

where C' is a constant or a constant term. Based on these terms of type t, tn, ty

and t,. We can obtain canonical inequalities with Theorem 3.3.22. For example,

L 1 < (pi\(0/p2)\(p1\0),

2. pi\(p\0) <0,
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3. (p1 Ap2)\ps < (p2\0)/(p1 A ((p3\0)\0)),
4. 1< p;V(pi\0),
5. p1 A (p1\p2) < po,

Items 1 and 2 are derived without the distributivity, whereas the distributivity is

essential for Items 3, 4 and 5.

Proposition 4.2.4. Given a bounded distributive substructural logic L, if the class
of bounded DFL-algebras validating L is closed under the canonical extension, L is

Kripke complete.
As a corollary, together with Theorem 3.3.22, we obtain the following.

Theorem 4.2.5. Let I' be a set of canonical formulae as in Theorem 3.3.22. A

bounded distributive substructural logic extended by ' is Kripke complete.

4.3 Application 3: Relevant modal logics

In this section, we compare our method with a Sahlqvist theorem for relevant modal
logic in [76]. Our language of relevant modal logics consists of propositional vari-
ables, one constant 1, nine logical connectives V, A, o, —, =, ¢, [, <] and ¢. Formulae

are inductively defined as follows:

Fro=p|1|FrVvFEr|FrANFr|FroFr|Fr— Fr|QOFr|OFr|EFr|&Fr.

In [75, 76], the following algebra is given as the algebraic semantics of relevance

modal logics.

78



Definition 4.3.1 (B.Chy-algebra). A tuple A = (A, V, A0, —, =, O, 0,E,&,1) is a

B.Crg-algebra, if (A, V, A) is a distributive lattice, and 2 satisfies, for all a,b,c € A,
1. a < bimpliesaoc < boc,
2. a < bimplies coa < cob,
3.a0b<c <<= a<b—c
4. aVb=—(—-aA-b),
5. O(a Ab) = Oa A O,
6. O(aVb)=>CaV Ob,
7. loa=a,
8. [Ha = —Q—a,
9. &a = -O—a.

Remark 4.3.2. In B.Chy-algebras, o may not be associative nor commutative. In

this sense, B.C-algebras are weaker than FL-algebras or commutative FL-algebras.

Every B.Cpy-algebra can be seen as a lattice expansion. So, the canonical ex-
tension of B.Crg-algebras is defined as (A, V4, A%, 0p, =¥, =, 01, %, T4, &4, 1): see

Example 3.1.8 It is necessary to check the following theorem.

Theorem 4.3.3 (Canonical extension of B.Cqy-algebras). The canonical extension

of a B.Coy-algebra is also a B.Cry-algebra.

Proof. 1t is analogous to the proof of Theorem 4.1.3, except Item 4 in Definition

4.3.1.
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Let o, 8 be arbitrary elements in . Since both « Vi 8 and —(=a AY =) are

U-term, see terms of type ty, tn, ty and t5 (4.3) - (4.6), we have

(Vi B)y =A{F VG| F€aGepy

~(ma At =B = A{~(=FA-G) | F € o, G € 34}).
Then, we notice that it suffices to show that, for each F' € at and each G € S*,
FV G = —(=F N—G), which is straightforward. O

Definition 4.3.4 (Canonicity of term). On the class of B.Cyy-algebras, a formula

(term) ¢ is canonical, if the inequality 1 <t is canonical.
As a corollary of Theorem 3.3.5, we obtain the following.
Corollary 4.3.5. In relevant modal logics, every N-term is canonical.

Now, we syntactically describe a class of canonical formulae. By Lemma 3.3.11

and Theorem 3.3.13, we obtain the following terms of type t, tn, ty and t,.

tu :::p| 1|tu\/tu|tu/\tu|tUOtu|_‘tm|<>tu|®tu|t/\, (43)

tm :::p|]_’tm\/tm|tm/\tm|tU—>tm|_‘tu||:|tm|Etm|t\/, (44)

t\/:p|1’t\/\/t\/‘t\//\C’C/\t\/‘t\/OC|COt\/’_‘t/\’Qtv’@t\/, (45)

t/\:p|1|t/\/\t/\|t/\\/C|C\/t/\‘t\/—>C|C—>t/\’_‘t\/’Dt/\|Et/\, (46)

where C' is a constant or a constant term.
As a corollary of Theorem 3.3.22, together with terms of type t, tn, ty and t,
(4.3) - (4.6), we obtain canonical logics of relevance modal logics. We briefly check
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that [76] is a consequence of our approach. [76] proves that a finite conjunction of
W' (B — () is canonical, where l" is a n-composition of O or [, C' is a positive
formula, and B is untied: B:=p | N | BAB | OB | &B where N is a negative
formula. As our method is not closed under conjunctions, we think about a set of
W (B — () instead of conjunctions. Let us consider the inequality 1 < l"(B — C).
There is only one possibility that lB"(B — (') has N-critical subterms; as positive
formulae, in C', and as negative formulae, in B. It follows that the inequality
has consistent variable occurrence. Therefore, all Sahlqvist formulae in [76] are
consequences of our theorem. On the other hand, for example, formulae in the

following list
L (pro(p2 = p1)) = ((prop2) = (p20p2)).
2. ((Op1 = p2) o (pr = —p3)) = O(p1 = (p2 A —p3))-
3. O(p1 o (p2 = p1)) = O(Op2 0 (Lp1 = p2))-

are not of type W"(B — C') but they are consequences of Theorem 3.3.22, together

with the terms of type t, tn, ty and t, (4.3) - (4.6).

4.4 Application 4: Distributive modal logic

In this section, we give a comparison between Ghilardi and Meloni’s method and the
technique of [30]. Firstly, we fix the language for the setting in [30]. A distributive
modal algebra is a tuple A = (A, V, A, L, T,0,0, >, <). As we saw in Example 3.1.2,
together with Proposition 3.2.10, distributive modal algebras are smooth lattice

expansions. Based on the language, we obtain that the syntactically described terms
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of types ty, tn, tyv and t, are,

tU:p|J_|—|—‘tu\/tU’tu/\tu|<>tu|<]tm‘t/\,

tm:p|J_‘—|—|tm\/tﬁ|tﬂ/\tm||:|tm’|>tu|t\/,

t\/:p‘J_|T|t\/\/t\/|t\//\C’C/\t\/|<>t\/|<]t/\,

thi=p| L] TtaVC|CVits|ta ANta | Otp > ty,

where C'is a constant term: see Lemma 3.3.11 and Theorem 3.3.13.

Now, we briefly recall the canonicity algorithm shown in [30]. In [30, p.79], there
is a slogan “the main feature that may make non-Sahlqvist formulae ill-behaved is
that the ‘outside’ connectives are ‘universal’ (boxes), while the ‘inside’ connectives
are ‘choice’ connectives (that is, diamonds or disjunction).”

Let s <t be an inequality. On the construction (generation) trees of s and ¢, we
label every node with a sign (+ or —) in the following manner.! This labelling also

starts with the root.

Signing algorithm in [30]

1. Label the root of the construction tree of s with — and the root of the con-

struction tree of ¢t with +.

2. If the current note does not have any child, we stop labelling. Otherwise, we

label + or — for each child based on the following step.

(a) If the node is either > t or <1 ¢, then label ¢ with the converse sign of the

!This labelling is the converse of the original work [30]. Reversing + and —, these signs directly
correspond to our signs on the well-pruned pair of trees for s < t.
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current node.

(b) Otherwise, label every child with the same sign of the current node.

3. Move every child and repeat Item 2 until every node is labelled.

Based on these signs, we define universal nodes and choice nodes as follows.

1. A node is choice, if either the node is signed with + and the outermost connec-
tive is A, or >, or the node is signed with — and the outermost connective

is vV, or <.

2. A node is universal, if either the node is signed with + and the outermost
connective is ¢ or <, or the node is signed with — and the outermost connective

is O or .

Moreover, a universal node is called the first universal node, if there is not any
universal node on the path from it to the root, except itself. This is not defined in

[30], but it allows us to compare the two method simply.

Systematic analysis of two types of terminology We compare these labelling
rules, and our terminology (U-terms, N-terms, critical terms) with choice nodes
and universal nodes in [30]. We can straightforwardly understand that the signing
algorithm (+ and —) in [30] is exactly the same as our signing algorithm before
pruning, see Definition 3.3.17% Let us start with an example, an inequality s < ¢,

where

s=(>(A(<q))V(<OpAq),

t= (0> ((>p)Ag) AE(<p) AlgV D))

2Qur signing is introduced after pruning. But, we can naturally consider the same algorithm
without pruning.
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Figure 4.1: The U-labelled and —-signed construction tree of s
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Figure 4.2: The N-labelled and +-signed construction tree of ¢
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To compare the two methods clearly, we draw the following labelled and signed
construction trees of s and ¢ (Fig. 4.1 and Fig. 4.2), where each node is denoted
by a tuple (the outermost connective, the sign of the node, the label of the node),

universal nodes and choice nodes are denoted by subscripts U and C, and dashed

lines are pruned when we consider the well-pruned trees.

At first, we may feel that the signs — and + are similar to the labels U and
N respectively. However, it is apparent from the above example that they are not

precisely the same. Next, we check the details of the labels (U, N and 7) and the
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signs (4 and —). Our discussion is separated into two parts: above the first universal
nodes and below the first universal nodes, if they exist.
We prove the following proposition for every node above the first universal node,

from which there is no universal node on the path to the root.

Proposition 4.4.1. Above the first universal nodes (if they exist), every node is
either labelled with U and signed with —, called type (—,U), or labelled N and signed
with +, called type (4+,N). Hence, above the first universal nodes (if they ezist), U

and N correspond to — and +, respectively.

Proof. Induction on the construction trees of s and ¢. The basic steps are the roots.
It is straightforward by definition, because the root of s is labelled with U and signed
with —, hence it is of type (—,U), and the root of ¢ is labelled with N and signed
with +, hence it is of type (+,N).

To consider the inductive steps, we compare the labelling algorithms and the

signing algorithm. Then, we can sum up as follows:

1. if a outermost connective of a node of type (—,U) is one of V, A, O, we label
the children of the node with the same label U and the same sign —; that is,

every child is of type (—,U),

2. if a outermost connective of a node of type (—,U) is <1, we label the child of
the node with the label N and the converse sign +; that is, the child is of type

(+7 ﬂ)’

3. if a node of type (—,U) is neither Item 1 nor Item 2, the outermost connective

of the node must be either of [J and >,
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4. if a outermost connective of a node of type (+,N) is one of V, A, [, we label
the children of the node with the same label N and the same sign +; that is,

every child is of type (+,N),

5. if a outermost connective of a node of type (4,N) is >, we label the child of

the node with the label U and the converse sign —; that is, the child is of type

(_7U)7

6. If a node of type (+,N) is neither Item 4 nor Item 5, the outermost connective

of the node must be either of ¢ and <.

Then, whenever we consider the cases of Items 1, 2, 4 and 5, they prove the inductive
steps, hence U and N correspond to — and +, respectively. Now, we focus on the
cases of Items 3 and 6. If a node satisfies Item 3 or 6 and above the first universal

node, by the definition of universal nodes, the node is the first universal node. [

Remark 4.4.2. Let s <t be an inequality. If the construction trees of s and ¢ have
no universal node, s is a term of type ¢, containing no subterms of type t, and t,,

and t is a term of type ¢, containing no subterms of type ¢, and tx.

We look back to the conditions of Items 3 and 6 in the proof of Proposition 4.4.1.
In our U-labelling and N-labelling algorithms, if a node satisfies one of Items 3 and
6, we must have a break of the labelling from the root to the leaves, see Section 3.3,

because, if a node is of type (—,U) and satisfies Item 3, we have two choices to label:

(i) if the node is a term of type t,, all nodes below the node, not only the children,

are labelled with U,

(ii) otherwise, all nodes below the node are labelled with ?.
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Analogously, if a node is of type (+,N) and satisfies Item 6, we have two choices to

label:

(i) if the node is a term of type t, all nodes below the node, not only the children,

are labelled with N,

(ii) otherwise, all nodes below the node are labelled with ?.

Note that any term is a critical subterm, if Item (ii) holds.

Next, we compare the labelling algorithms under the first universal nodes. Let
A be the first universal node of type (—,U), and B the first universal node of type
(4+,N). To compare the labelling under the first universal nodes A and B, we recall
the A-labelled construction tree of A and the V-labelled construction tree of B in
Section 3.3. Note that, if the A-labelled (V-labelled) construction tree of A (B) has
no nodes labelled with 7, A is a term of type ¢, (ty), hence A (B) is not critical. In
the A-labelled and —-signed construction tree of A and the V-labelled and +-signed
construction tree of B (note that signs are the same as the above ones), we can prove
the following proposition. In the proof of Proposition 4.4.3, we compare the signing
algorithm in [30] and the A-labelling V-labelling algorithm based on non-distributive
cases. We will shortly come back to the comparison with A-labelling and V-labelling

on distributive cases in Remark 4.4.5.

Proposition 4.4.3. In the N-labelled and —-signed construction tree of A, every
node above any choice node is either of type (—, \) or of type (+,V). Analogously,
in the V-labelled and +-signed construction tree of B, every node above any choice

node is either of type (+,V) or of type (—, \).

Proof. Induction on the construction trees of A and B. The basic cases are rather
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trivial, by definition. To discuss the induction steps, we compare our labelling
algorithms and the signing algorithm. Remind that we here compare the signing in
[30] with the A-labelling and V-labelling based on non-distributive cases, i.e. without

(a’) and (b’): see A (V) labelling algorithm.

1. If a connective of a node of type (—,A) is either of A and O, we label the
children with the same label A and the same sign —; that is, every child of the

node is of type (—, A).

2. If a connective of a node of type (—, A) is &>, we label the child with the label

V and the converse sign +; that is, the child is of type (+, V).

3. If a node of type (—, A) is neither item 1 nor item 2, a connective of the node

must be one of V, ¢, <.

4. If a connective of a node of type (+,V) is either of V and ¢, we label the
children with the same label V and the same sign +; that is, every child is of

type (+, V).

5. If a connective of a node of type (+, V) is <, we label the child with the label

A and the converse sign —; that is, the child is of type (—, A).

6. If a node of type (+, V) is neither item 4 nor item 5, a connective of the node

must be one of A, [, >.

Then, when we see item 1, 2, 4 and 5, they prove the induction steps. Moreover,
if a node satisfies item 3 or item 4, it is a choice node by the definition of choice

nodes. O

As a corollary, we straightforwardly obtain the following.
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Corollary 4.4.4. Critical subterms are the first universal nodes which contain

choice nodes in their scopes.

Remark 4.4.5. The converse of Corollary 4.4.4 is not true in general. That is, there
are some terms which have the first universal nodes containing choice nodes in their
scopes but are not critical. In the inequality O((OL) V (> p)) < O((> p) V (< p)),
for example, the (sub)term CJ((L) V (> p)) is the first universal node containing
a choice node (L) V (> p), but it is not U-critical. The difference comes from the
A-labelling algorithm on the distributive-cases: see (a’) and (b’) in the A-labelling

algorithm in Section 3.3.

Comparison of two results By Corollary 4.4.4, we can conclude that canonicity
results in [30] are also consequences of Theorem 3.3.22. On the other hand, as
we saw in Remark 4.4.5, the class of canonical inequalities syntactically obtained
by our approach is slightly larger than the one in [30]. The difference comes from
the definition of choice nodes and the A-labelling and V-labelling algorithms based
on the distributive-cases. Concretely, the definitions that V signed with — and A
signed with + are choice are slightly stronger conditions than what we assume. On
the other hand, both results coincide, if we modify the definition of choice nodes
of [30] as follows: A node is choice, if every branch of the node contains at least
one propositional variable, and either the node is signed with + and the outermost
connective is A, [J or >, or the node is signed with — and the outermost connective

is V, ¢ or <. Then, we can summarise the correspondence as in Table 4.1.3

3In the table, the signs + and — are the converse to the original notation in [30]
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Table 4.1: Summary of the Correspondence

Our terminology Terminology in [30]
+ +
U signed with — and not below the first universal node
N signed with + and not below the first universal node
critical the first universal node containing choice nodes in the scope
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Chapter 5

Canonicity of poset expansions

The argument of canonical extensions are nowadays generalised up to posets in gen-
eral. We can universally characterise canonical extensions over posets, i.e. including
lattices, bounded distributive lattices and Boolean algebras, as compact dense com-
pletions and they are unique up to isomorphism (see Section 7.1). With this recent
generalisation of canonical extensions, one of the questions which naturally arise is
the canonicity property over poset expansions in general. More precisely, how does
the lack of the lattice operations V and A affect our canonicity argument?

In this chapter, we will show that the main technique of Ghilardi and Meloni’s
canonicity methodology does not work over poset expansions in general. However,
we will also show that, by removing ill-behaved parts carefully, we can still account

for reasonably many canonical results of poset expansions.

5.1 Poset expansions

In this section, we recall poset expansions: see Section 3.1. Let P be a poset. A

n-ary function on P is a e-operation, if there exists a list, order-type, € = (€1, ..., €,),
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in which each ¢; is either 1 or 0, such that f is monotone from the product poset
P x - x P to the codomain P. Among e-operations, we define the following
properties for poset expansions. Note that these properties are the generalised

versions of the case of lattice expansions.

Definition 5.1.1 (Join-preservability and meet-preservability). Let P = (P, <p)
and Q = (@, <) be posets. A monotone map f : P — Q is join-preserving, if,
for all py,ps € P and each ¢ € @ satisfying f(p1) <g ¢ and f(p2) <g ¢, there
exists p € P such that py <p p, p» <p p and f(p) <g ¢. Order-dually, a monotone
map g : P — Q is meet-preserving, if, for all p;,ps € P and each ¢ € @) satisfying
q <¢ g(p1) and q <g g(p2), there exists p € P such that p <p p;, p <p ps and
q <o 9(p). Especially, if a e-operation f is join-preserving (meet-preserving) from

the product domain P x - - - x P it is called e-join-preserving (e-meet-preserving).

Definition 5.1.2 (Strictness). Let P = (P,<p) and Q = (Q,<g) be posets. A
monotone map f : P — Q is L-strict, if, for each ¢ € @, there exists p € P such
that f(p) <g ¢. Analogously, a monotone map g : P — Q is T-strict, if, for each

q € @, there exists p € P such that ¢ <g g(p).

Definition 5.1.3 (Additivity and multiplicativity). Let P be a poset. A e-operation
[P x - x P — Pis e-additive, if [ is join-preserving for each coordinate. Addi-
tionally, if [ satisfies | -strictness for each coordinate, [ is € -additive. Analogously,
a e-operation r : P x ... x P — P is e-multiplicative, if r is meet-preserving for
each coordinate. Moreover, if r satisfies T-strictness for each coordinate as well, r

T

is €' -multiplicative. If the order-type is clear, we sometimes refer them simply to

additive, | -additive, multiplicative and T -multiplicative.

Example 5.1.4. Let P be a poset and 7 : P! x PP — P a (1,9)-operation. r
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is (1,0) — multiplicative, if r satisfies the following Items 1 and 2: for arbitrary

p17p27avbaq € P7

1. if ¢ < r(p1,b) and g < r(py, b), there exists p € P such that p < p1, p < py

and g < r(p,b),

2. if ¢ < r(a,p;1) and ¢ < r(a,p2), there exists p € P such that p; < p, po < p

and ¢ < r(a,p). (Note that the order of the second coordinate is reversed.)

Moreover, if 7 also satisfies the following Items 3 and 4, r is (1,)-multiplicative.

For all a,b,q € P,

3. there exists p; € P such that g < r(py,b),

4. there exists py € P such that g < r(a, ps).

Definition 5.1.5 (Adjoint pair). Let P be a poset, [ : P#* x --. x P#» — P a n-ary
p-additive operation, r : P** x ... x P"» — P a n-ary r-multiplicative operation,
and ¢ be a fixed coordinate in {1,...,n}. A pair [ and r forms an adjoint pair with
respect to the coordinate i, denoted by [ ¢ r, if p; = v; = 1 and, for all the other
coordinates the order-types are opposite, i.e. either u;, = 1 and v, = 0 or i = 0
and v, = 1 for each k € {1,...,i — 1,i+1,...,n}, and they satisfy the following

adjointness condition: for all x,y,cy,...,c, € P, we have

l(cl,...,ci,l,a:,ciﬂ,...,cn) <y < -1'ST(Clg--',Ci—lgygci+17~-,cn)-

Remark 5.1.6. As in the case of lattice expansions, our definition of adjoint pairs
require the join-preservability and the meet-preservability for each coordinate, not

only for the i-th coordinate. It is necessary to prove Theorems 5.5.16 and 5.5.17.
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We call a pair of a poset P and a set of e-operations on P a poset expansion,
denoted by (P, f1,...)."! In the rest of this section and the following section (Section
5.2), we consider just a poset expansion (P, f, g), where f is a (1, 1)-operation and
g is a (0,1)-operation. But, it is straightforwardly extended to arbitrary poset
expansions. Based on the poset expansion (P, f, g), we inductively define terms as
usual.

term = p; | f(term,term) | g(term,term),

where p; is a propositional variable. We think about terms as term functions as

follows: for all x1,...,xy € P, we let
1. pi(zy, ..., zoN) ==y,
2. flty, to)(xy, ..., xn) = f(ti(xg, ... 2n), ta(xy, ..., 2N)),
3. gty ta) (1, ... xn) == g(ti(zq, ..., xN), ta(x, ..., 2N)),

where, and hereinafter, we always assume that N is a finite number which is large

enough to cover any arity as in the case of lattice expansions.

5.2 Canonical extension of poset expansions

In this section, we introduce canonical extensions of poset expansions on two steps,
via the intermediate level. We note that the main technique invented in [33] is not
only to extend each operation on a poset onto the canonical extension but also to
lift up the evaluation of all term functions onto the intermediate level, which is used

to approzimate the values of term functions on the canonical extension, see also [84].

'Each operation can have its own order-type, e.g. (P, f,g) where f is (1, 1)-operation and g is
(0, 1)-operation. In other words, the order type € is not uniform for all operations.
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We extend e-operations on the intermediate level as follows. Note that the following
definition looks like the same as Definition 3.2.1. But, in the following definition,

filters and ideals are based on posets.

Definition 5.2.1 (e-operation on the intermediate level). For all F,G € F and all

1,J €7, welet

1. f(F,G):={zx€P|JdacF,AeqG. fla,b) <z},

2. f(I,J) ={yeP|Jacl,Fbe J y< f(a,b)},

3. gU,F):={x€P|Jacl,FbeF. g(ab) <z},

4. g(F,I):={ye P|Jac F,Fbel. y<gab)}.

Proposition 5.2.2. Fach e-operation on the intermediate level is well-defined. That
is,f is extended to both f : F x F — F (Item 1) and f : T XTI — T (Item 2). g is

extended to both g : T X F — F (Item 3) and g : F x T — T (Item 4).

Proof. We check only Item 3, here. But, the others are analogously proved. For
each filter F' € F and each ideal I € Z, since every filter and every ideal are non-
empty, g(I, F') is also non-empty. By definition, g(I, F') is upward closed. For all
x1,x9 € g(I, F), there exist aj,as € I and by, by € F such that g(as,b1) < 27 and
g(ag,by) < x9. As I is an ideal and F' is a filter, there exist a € I and b € F such

that a1 < a, as <a, b <b; and b < by. Since g is a (0, 1)-operation, we obtain

g(a,b) < g(ay,b1) < zy and g(a,b) < g(az, be) < xo.

Since g(a,b) € g(I,F) and g(a,b) is a lower bound of {xy, 25}, g(I, F) is down-
directed. Hence, it is a filter. n
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Remark 5.2.3. On the intermediate level, we naturally have two types of extensions
of e-operations: extending on filters and extending on ideals. Since they are order-
dually related, i.e. every filter on P! is an ideal on P? vice versa, every order-dual
coordinate should be the opposite-type. For example, each first coordinate of a

(0, 1)-operation g is the opposite sort. g: Z x F — Fand g: F xZ — T.

Remark 5.2.4. Since our target is to evaluate every term function on the interme-
diate level and to use them to approximate the value on the canonical extension,
the both types of extensions are mandatory. Otherwise, we would have some term

functions which cannot be computed on the intermediate level (see Section 7.2).

Parallel computation on the intermediate level To computer all term func-
tions on the intermediate level, we first introduce the [|-notation, e.g. Pos||Neg,
which means that positive occurrences are replaced by Pos and negative occur-
rences are replaced by Neg (see [33]). Based on the [-notation, we inductively
evaluate term functions on the intermediate level as follows: for all F},..., Fy € F

and all I,..., Iy € Z, we let

pi(F||l]) = F; plI||F) =1,

&~

ft, ) (FIT) = fG(F), t(FI1) | f (b ) (L) = [ F), (1] F))

g9(tr, t2)(FI1) = g(ta (| F), t2(FI1)) | g(tr, t2) (L F) = g(e2(F[|T), t2(1][ F))

where (F||I) = (Fi|lL,...., Fy|lIy) and (Z|F) = (L], ... In| Fx).

Example 5.2.5. For each F' € F and each I € Z, the term g(p;,p;1) is calculated

in parallel as follows:

L g(p,,p)(FII) = g(p: (LI F), i (F||1)) = g(I, F),
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2. g(p1, p)UNF) = g(pr (FIT), pr (TN F)) = g(F, ).

As in the case of lattice expansions, we straightforwardly obtain the following

monotonicity lemma, by the parallel induction.

Lemma 5.2.6 (Monotonicity on the intermediate level). Let t be a term. For all
Fl,...,FN,Gl,...,GN € F and all L,....In,J1,...., Iy € T, Zka C Gy and

I, C© Jy for each k € {1,..., N}, we have

t(Fy||Jhs .o FnllIN) CHG ||, ..., GN][IN),

t(L]|Ge, .. IN||GN) E (]| Fry .- N FN).

Next we introduce the ||-notation on the poset expansion (P, f, g), which allows us
to build up a stable relationship between term functions on the poset expansion and
those on the intermediate level (see Lemma 5.2.8). On the poset expansion (P, f, g},
we define the (partial) term functions as follows: for all zq,...,2n,%1,...,yny € P,

we let

L pi(xl”yl, s 7xNHyN) = Ty,

2. f(t, to)(xillyr, - onllyn) == f(G(zllys, - onllyn), ta(@lys, - - 2nllyw),

3. g(ty, to)(zillyr, - - - znllyn) = g(ti(llze, - ywllen), te(21 |y, - - 2n|lyn)).

We note that, whenever we put the same variable for each occurrence, e.g. x|z, for
each coordinate, we obtain t(x1,...,zn) = t(z1||21,...,2zn]zy). On P, we obtain

the monotonicity lemma.
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Lemma 5.2.7. Let t be a term. For arbitrary xi,...,Tn, Y1, YN, Z1s---5 2N,

wi, ..., wy € P, if x, <y and zx < wy, for each k € {1,..., N}, we have

t(zifJwy, . onllwn) < Hyillz, - ynllen).

As in the case of lattice expansions, we also obtain the following lemma. Note
that the statement in Lemma 5.2.8 is exactly the same as Lemma 3.2.6, but filters

and ideals are based on posets.

Lemma 5.2.8. Lett be a term. For all F',...,Fx € F, all I,...,In € Z and all

x,y € P, we have

1. x et(F||I) < Vke{l,...,N},3ay, € Fy,3by € Iy. t(al|d) < =z,

2. yet(I|F) < Vke{l,...,N},3ey, € Iy, 3dy € Fr. y < t(c||d).

Proof. Parallel induction. Base cases are straightforward (recall that every filter
and every ideal are non-empty). Here we check only the inductive step of ¢ for Item
2. But the others are analogous.

(=). Foreachy € g(t1,t2)(I||F) = g(t1(F||I),t2(I|| F')), by definition, there exist

21 € t1(F||I) and z9 € to(I||F') such that y < g(z1, 22). By induction hypothesis, for

each k € {1,..., N}, there exist ay,dy € Fx and by, ¢, € Ij, such that t;(al|b) < z

and zo < ta(c||d). Since each Fy is a filter and I} is an ideal, there exist f; € F}, and

ix € I, such that f, < ap, fi <dg, by <1 and ¢ < 7. By Lemma 5.2.7, we obtain

y < g(21,22) < g(ta(allb), ta(clld)) < g(ta(f117), t2(illf)) = g(tr, t2) (ElLS)-

(«<). Suppose that, for each k € {1,..., N} there exist ¢, € I and dj € F
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such that y < g(t1,t2)(c||d) = g(t1(d||c), t2(c||d)). By induction hypothesis, we have

ti(dllc) € ti(F||I) and ty(c||d) € to(I[|F). Therefore, by the definition of g on the

intermediate level, we conclude y € g(t1,t2)(I[|F). O

Canonical extensions of ec-operations Next we extend e-operations to the
canonical extension. As in the lattice expansion case, we have two natural choices of
extensions for each operation. Namely, one is approximated from below, denoted by
adding the subscript _+, e.g. f;, and the other is approzimated from above, denoted
by adding the superscript _*, e.g. f*. Furthermore, since the canonical extension P
is a point-free structure which is isomorphic to both D, and U, we have two ways

of the evaluation for each value: on D,,, denoted by _*+, and on Uy, denoted by .

Remark 5.2.9. We list both definitions, approximated from below and approx-
imated from above, for each e-operation, below. However, in general, these two
types of extensions do not coincide (see [31] or [32]). Therefore, before discussing
canonicity of poset expansions, we must decide how to choose the extension. We

will come back to the discussion in Section 5.5.

The extension f; (approximated from below) of the (1, 1)-operation f is defined

as follows: for all o, B € P, we let
L (file,8)r = A{[(F,G) | F € a',G € p+}),

2. (fyle, B))* = v((fr(a, B))-

The extension g4 (approximated from below) of the (0, 1)-operation g is defined as

follows: for all a, 8 € P, we let

L (gi(a, )t = A{g(I,F) | I € oy, F € B}),
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2. (g1(a, B)* = v((g1(, B))1)-

Note that each Item 1 is evaluated on Uy and each Item 2 is evaluated on D, (pay
attention to the subscript 4 and the superscript V).
The extension f+ (approximated from above) of the (1, 1)-operation f is defined

as follows: for all o, 8 € P, we let
L (fHa. B)r = o({f(L, ) [ T € oy, J € Bt}),

2. (fH(e, B))r = M(fH (e, B)Y).

The extension g* (approximated from above) of the (9, 1)-operation g is defined as

follows: for all a, B € P, we let
L (g"(a, B))r = v({g(F. 1) | F € a*, 1 € B1}),
2. (g4(a, B))r = M(g*(ex, B))Y).

Note that each Item 1 is evaluated on D, and each Item 2 is evaluated on U, (pay
attention to the superscript + and the subscript ). Based on these extensions, we
inductively define term functions on P. Recall once more that we have to choose
the extension type for each operation before defining term functions. Here, we use
that f, instead of either f; or f*, and §, instead of either g, or g*. For arbitrary

ai,...,ay € P, we let

(Pi(@))* = ast (Pi(@))t = iy
(f(tr, t2) (@) = (F(tr (@), t2(@)) | (F(tr,t2) (@) = (
(9(t1,12)(@))* == (9(t(a), t2(@)))* | (9(tr, t2)(@))s = (

Iy
gy

(t1(@); ta(@)))r
(t1(@), t2(a)))y

Qe
Nl

where () = (aq,...,ay).
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5.3 Problem of extending Ghilardi and Meloni’s

methodology for poset expansions

In this section and the next section (Sections 5.3 and 5.4), we will discuss canonicity
of arbitrary poset expansions. Within these two sections, we assume that we have
already defined the canonical extension of each operation f, either f; or f*. We
here summarise Ghilardi and Meloni’s canonicity methodology for lattice expansions
(Section 3.3), and bring up a problem to generalise it to poset expansions. Firstly,

We define canonicity of inequalities for poset expansions as follows.

Definition 5.3.1 (Canonicity). Let s,¢ be terms. An inequality s < ¢ is canon-
ical, if, for all ay,...,ay € P, we have s(aq,...,ay) < t(aq,...,ay) whenever

s(xy,...,on) <t(xy,...,xy) for all z9,...2y € P.
We also define U-terms and N-terms which are the same as Definition 3.3.3.

Definition 5.3.2 (U-term and N-term). Let ¢ be a term. A term t is a U-term, if,

for each aq,...,ay € P, we have

t(OZl, Ce ,O[N)»r = A({t(FIHIh .. -aFNHIN) | Fk € O[k‘L,Ik c akT})'

And, a term t is a N-term, if, for each aq,...,an € P, we have

t(Oél, e ,O[N)‘L = U({t(IIHFl; . ,]NHFN) | Ik; c O-/kTaFk € Oz;ﬁ})

Remark 5.3.3. U-terms and N-terms are explained with the bi-directional approx-
imation and bases as follows. As we saw in Section 2.3, the canonical extension is
a point-free structure on which every value is always evaluated by the bi-directional
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approximation, * and 4. Conversely, every element on the canonical extension has
at least one, not necessarily unique, filter basis and at least one, not necessarily
unique, ideal basis. If a term t is a U-term, it claims that we have a reasonable
filter basis of ¢(cu,...,ay): namely, the set of filters which form ¢(F||]), for each
Fy. € gt and each I, € s, for each coordinate k € {1,..., N}. Analogously, if a
term ¢ is a N-term, it says that we have a reasonable ideal basis of t(ay,...,an):
namely, the set of ideals which form t(M), for each I, € gy and each Fj, € agt,

for each coordinate k € {1,...,N}.

Remark 5.3.4. Unlike what happens in the setting of lattice expansions, we need
to mention clearly how the empty elements are treated. Let ¢ be a term (function).
The set {t(F||I) | Fx € ax*, Iy € gy} is empty, if at least one of the filters or the
ideals which are necessary to compute ¢ on the intermediate level is missing. For
example, the set {pa(F1|| 11, Fo|| o) | Fi € ant, Fy € ao¥, 1 € auy, Ir € any} is empty,

if and only if ant = 0.

The most important reason to introduce these terms is that, whenever we con-
sider lattice expansions, we can prove Theorem 3.3.5. Now we look a sketch of the

proof.

Theorem 5.3.5. Let s,t be terms. Quer lattice expansions, an inequality s <t is

canonical, whenever s is a U-term and t is a N-term.

(Sketch). Let s be a U-term, and ¢ a N-term. We assume that, forall z1, ..., zy € L,
we have s(z1,...,2x5) < t(z1,...,7y). By Definition 5.3.2, for all oy, ..., ay € L,

we have

S(O&l, . 7aN)T = /\({S(Flnll, . ,FNHIN) | Fk < Oéki,]k - O‘kT}),
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ton,. .. an) = vt B, - Il Fx) | I € oy, Fr € a'}).

Now what we want to show is s(ay,...,an) < t(ai,...,an). By Proposition
2.3.1, it is equivalent to proving that, for all F, G) € a;* and all I, J), € gy, WE
have

s(Fi||f1, ..., Fy|In) C t(L]|Gy,- -, IN||GN)- (5.1)

Over lattice expansions, to verify the condition (5.1), we use the following fact:
foreach k € {1,..., N}, if Fy, Gy € oyt and I, Ji, € iy, then FyNGrN 1N Jy, # 0.
This is because every filter in oy, and every ideal in o+ has non-empty intersection,
ie. NI, #0, F,bnJ, #0, Gp.N I, # 0 and G N J, # 0. So, we take a € Fj, N I,
be FyNJy, ce GyNI, de GrNJ,. Since Fj, and G}, are filters, and [, and J;, are
downward closed, we have a Ab € F, NI, N J, and cAd € G, NI, N J,. Moreover,

as Fj, and G, are upward closed, and I and J, are ideals, we obtain

(a/\b)\/(C/\d)Ekaka[kﬂJk.

Note that the uniqueness of the join of {aAb, cAd} is essentially working. Therefore,

F.NG,NI;NJ, # 0, hence there is x, € F, N Gy, N I, N J;. Then, together with

the assumption s(xy,...,xy) < t(z1,...,2xN), we have
s(zy||z1, - xen||len) = s, on) < t(x,.. xn) = oz, - 2en]|2N).
(5.2)
By Lemma 5.2.8, we have
S(ZE1||.171, . ,[ENH.IN) € S(F1||[1, . ,FNHIN), (53)
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Figure 5.1: P,
T

L

Figure 5.2: The canonical extension P, of P

D, Uy
{11, 10, 1b, 1e} (Ltatbtd)  {lelT) (14,17}
{14, 70, 10) (e, 1,17}
{11, 1a} (LA} {lale 1, 4T} {16, Le,4d, 4T}
oo e
t(ijHIl, .. ,ZL'NHZEN) € t(J1||G1, ey JNHGN) (54)
It derives s(Fi|| L1, ..., Ex||In) T t(J1||Gy, ..., IN||GN). O

However, over poset expansions, the same methodology does not work in general.
Let us consider a poset P. given by the Hasse diagram Fig. 5.1. On the poset P.,
every filter and every ideal are principal: for each x € P, Tz :={y € P | z < y}
and |z := {y € P |y < a}. That is, we have F(P.) = {TL,ta, 1, T¢,1d, 1T} and
Z(P.) = {4L,la,lb,lec,ld, | T}. Therefore, F +p, Z = {L,a,b,c,d, T}. Then, we
obtain D, and U, expressed by the Hasse diagram Fig. 5.2. Since the canonical

extension of P, is isomorphic to D, and Uy, there must exist & € P, such that
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at = {1L1,1a,10} and ay = {|c,}d,}T}. We can affirm two facts about this «.
Firstly, unlike over lattice expansions, a* is not an ideal of filters: see Proposition
2.3.1 (Item 4). In this case, there is no lower bound of {fa, b} in at. Analogously,
a4 is not a filter of ideals. Secondly, if we take ta,th € ot and |c,|d € a4, unlike

in the case of lattice expansions, we obtain

tantbNlenld = 0.

Recall that, over lattice expansions, to find a tuple of elements satisfying all
condition (5.2), (5.3) and (5.4), we can take a tuple (z1||z1,...,zxN||zn) Where,
for each coordinate k, x, € F, N Gy N I, N J,. However, over poset expansions,
F, NG N Iy N J, may be empty, as we saw in the above example. Therefore, we

cannot directly apply Ghilardi and Meloni’s method to arbitrary poset expansions.

5.4 A solution: canonicity of poset expansions

In the previous section, we found a problem to generalise Ghilardi and Meloni’s
technique to poset expansions. Nevertheless, we can still leverage our insight to find
canonical inequalities over arbitrary poset expansions. In this section, we carefully
remove problematic conditions to extend Ghilardi and Meloni’s method to poset
expansions, and systematically obtain canonicity results for arbitrary poset expan-
sions.

We recall the signing algorithm for construction trees of terms in Section 3.3.
However, we now label the signs without prunings. Let ¢ be a term. On the con-

struction tree of ¢, we label each node with a sign + or — in the following manner.
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Note that our labelling start at the root.

Signing algorithm
1. Label the root with +.

2. If the node does not have any child, we have finished labelling the branch.
Otherwise, the node is labelled with a e-operation f : P x -.- x P> — P by
f(t1,...,t,). Then, for each coordinate k, we label the child ¢, with the same
sign of the current node if ¢, = 1, and label the child ¢; with the converse sign

of the current node if ¢, = 0.
3. Move to each child and repeat Item 2 until every node is labelled.

We call the construction tree of ¢ +-signed. We also define the —-signed construction
tree of ¢t with the same labelling rule except Item 1: we start labelling the root with
—: see e.g. Fig. 5.5 and Fig. 5.6 in Section 5.5.

Now, we show the following canonicity theorem for arbitrary poset expansions.

Theorem 5.4.1. Let s,t be terms. An inequality s < t is canonical, whenever s is
a U-term, t a N-term, and there is no propositional variable in s < t satisfying the

following two conditions:
1. it is signed with + and — in the —-signed construction tree of s,
2. it 1s signed with + and — in the +-signed construction tree of t.

Proof. For arbitrary o, ...,ay € P, since s is a U-term and t is a N-term, we have

S(Ozl, ce 70(]\[)T = /\({S(Flnll, ce ,FNHIN) | k. e CY]{L,]]C S Osz}),
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ton,. .. an) = vt B, - Il Fx) | I € oy, Fr € a'}).

By Proposition 2.3.1, s(aq,...,ay) < t(ag,...,ay) is equivalent to the following:

for all F},Gy € au*,...,Fy,Gn € any* and all I, J; € aig, .. In, In € any,

S(F1||Il7 ey FNHIN) E t(J1||G1, ceey JN”GN) (55)

As distinct from the lattice case, there may be oyt = 0 or Qg = () for some coordi-
nate k. In this case, if the emptiness makes the set {s(F|[I) | Fr € ax*, [y € app}
empty, s(ai,...,ay) = L. Analogously, we obtain t(ay,...,ay) = T, when-
ever the emptiness makes the set {t(I||F)) | Iy € agy, Iy € a,*} empty. Hence,
the statement trivially holds. Hereafter, we consider the case that both the set
{s(FIlI) | Fr € aw*, I € oy} and the set {t(I||F) | I € ap, Fr € ai'} are
non-empty.

To save space, we assume that s < t contains only four propositional variables
P1, D2, P3, P4 By assumption, without loss of the generality, we can assume that
there is no p; (p2) signed with + (—) in the —-signed construction tree of s and
there is no p3 (p4) signed with — (+) in the +-signed construction tree of ¢. In other
words, in s, p; appear only positively and p, appear only negatively (recall that s
is —-signed), and, in ¢, p3 appear only positively and ps does only negatively.

Here, by our assumption, the condition (5.5) can be simplified as follows: for all

F,G, € aﬁ, L FyL Gy e Oé4i and all I, J; € Q14 - - Sy, Jy € Qg

s(Fh, Iy, Fs|| 15, Fyl|1y) C t(N]|Gy, Jo||Ga, J3, Ga). (5.6)

So, we will verify the condition (5.6). As J; is an element of a4, we obtain F} T J;
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and G; C Jp, hence there exist z{ € Fy N J; and 2] € Gy N J;. Since J; is an
ideal, there exists x; € J; such that z{ < z; and zf < x;. Then, we obtain
xr1 € F1NG1NJy because F and GGy are upsets. Analogously, we can obtain elements
To, X3, Ty satisfying xo € Ib N Jo NGy, x5 € F3NI3NJ3, and x4 € Fy NGy N 14 By

Lemma 5.2.8, we have

8(1‘1725'2,1;3,1'4) - 8(x17x27'r3||x37'r4”x4) S S(F17[27F3||]37F4HI4)7

t(fEl, X2, x3,$4) - t(xIH‘/L‘th”an $37x4) S t(JlHGh J2HG27 J37 G4)

By assumption, s(z1,...,24) < t(z1,...,24). Hence, s(ay,...,aq) < t(aq,...,q4).

]

Remark 5.4.2. In Theorem 5.4.1, we mainly used the following fact: for arbitrary
F,G € atand I,J € ay, FNG N 1IN .J may be empty over posets. However, on
posets, we still have that all intersections of three out of four (F, G, I, J) are always

non-empty, e.g FNG NI # (.

In addition to Theorem 5.4.1, we also show the following two theorems for arbi-

trary poset expansions.

Theorem 5.4.3. Let s,t be terms. An inequality s < t is canonical, whenever
s and t are U-terms, all propositional variables in t also appear in s, and every
propositional variable is uniformly signed either only by + or only by — in both the

+-signed construction tree of s and the +-signed construction tree of t.2

Proof. We assume that all propositional variables in s <t are py, ..., p, signed with

2This condition looks like uniform formulae. However, it is not the same. This is because the
signs in s and in ¢ are dually related. For example, in FL-algebras, s <t <= 1 < s\t, hence
every positive proposition in s occurs negatively in s\¢.
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+ and pyi1, .-, Pass Signed with — in the +-signed construction tree of s and +-
signed construction tree of . In other words, all py, ..., p, occur positively both in
s and in ¢, and all pyy1, ..., pery Occur negatively both in s and in t.

By definition, for arbitrary oy, ...,ay € P, we have

S(Oél, ... ,OJN)T = )\({S(Fl”fl, .. :FNHIN) ’ F, € aki,fk € OékT}),

t(Oél, - ,OJN)T = )\({t(FlHIh .. .,FNH[N) ‘ F, € OékJ',Ik € akT})'

By Proposition 2.3.1, the condition s(ay,...,ayn) < t(aq,...,ay) is equivalent
to the following condition s(oy,...,an)s 2 t(aq,...,an)r. Hence, it suffices to

show that, for all F} € ay*,...,Fy € ayt and all I; € Qigy .. IN € ang,

s(Fi||l1, ..., En||IN) Ct(Fi|| 11, ..., Fy|IN). (5.7)

If there is an element o' = 0 or Qg = () for some coordinate k and it forces
that the set {t(F||I) | F. € ai*, Iy € ax} is empty. By our assumption, the fact
derives that the set {s(F|[I) | F. € ax* I € age} is also empty. It follows that
s(aq,...,ay) = t(ag,...,ay) = L, hence the statement holds. This is exactly
why we assume that every propositional variable in ¢ occurs in s as well (see also
Theorem 5.4.5). Hereafter, we assume that the sets {s(F||I) | Fx € ax*, I € ayy}

and {t(F||I) | F, € ay*, I € oy} are non-empty.

By our assumption, the condition (5.7) is equivalent to

S(Fl, ce 7FaaIa+17 ce 7Ia+b) E t(Fl, ey Fa7[a+17 ce ,Ia+b). (58)
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For an arbitrary « € t(Fy,..., Fy, o1, ..., Ioys), there exist f1 € Fy, ..., f, € F,
and i441 € Los1, .-y iarp € Logp such that ¢(f1, ..., fa,lat1s- -y lars) < . By as-

sumption, we have

S(fl, ey fa,’ia+1, Ce >ia+b) S t(fl, e ,fa,ia+1, R ,ia+b) S X

It follows the condition (5.8). O

We also obtain the following canonicity result. The proof is analogous to the

proof of Theorem 5.4.3.

Theorem 5.4.4. Let s,t be terms. An inequality s < t is canonical, whenever s and
t are N-terms, all propositional variables in s appear in t, and every propositional
variable is uniformly signed either only by + or only by — in both the +-signed

construction tree of s and the +-signed construction tree of t.

Theorem 5.4.1 is an analog of Theorem 3.3.5: over lattice expansions, any in-
equality s <t is canonical, whenever s is a U-term and ¢ is a N-term, regardless of
signs of variables. But, over poset expansions, the keystone of Ghilardi and Meloni’s
technique does not work (Section 5.3). Therefore, while we can extend our method
from lattice expansions to poset expansions, we can obtain restricted results. More-
over, we can also prove Theorems 5.4.3 and 5.4.4 for arbitrary poset expansions.?

In fact, for bounded poset expansions, we can weaken the variable conditions in

Theorem 5.4.3 and Theorem 5.4.4 as follows.

Theorem 5.4.5 (Theorem 5.4.3 for bounded poset expansions). Let s,t be terms.

An inequality s < t is canonical, whenever s and t are U-terms, and every proposi-

3These theorems are also provable over lattice expansions.
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tional variable is uniformly signed either only by + or only by — in both the 4-signed

construction tree of s and the +-signed construction tree of t.

Theorem 5.4.6 (Theorem 5.4.4 for bounded poset expansions). Let s,t be terms.
An inequality s < t is canonical, whenever s and t are N-terms, and every proposi-
tional variable is uniformly signed either only by + or only by — in both the 4-signed

construction tree of s and the +-signed construction tree of t.

This is because, over bounded poset expansions, we do not need to take into
account the emptiness of ot or a4 (see Section 5.5). In the following section, we
will give a syntactic characterisation of canonical inequalities of certain poset ex-
pansions. There again, unlike what happens in the setting of lattice expansions, we

will encounter a sensitive argument of emptiness, boundedness and e-operations.

Remark 5.4.7. Whereas the above five theorems are general results for arbitrary
(bounded) poset expansions, we have to mention two things. Firstly, we have not
discussed the canonical extension of arbitrary poset expansions. Namely, in practice,
we have to define how to extend e-operations and justify it for each poset expansion.
Secondly, those theorem are validated only when we obtained classes of U-terms and

MN-terms.

5.5 A syntactic description of canonical inequali-
ties

In the previous section, we carefully removed problematic conditions to extend Ghi-

lardi and Meloni’s technique from lattice expansions to arbitrary poset expansions.
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Figure 5.3: The poset [P,
c d

In this section, we will syntactically describe classes of U-terms and N-terms to
obtain a syntactic characterisation of canonical inequalities of poset expansions.

Our technique looks similar to the case of lattice expansions. But, as distinct
from the lattice case, we must seriously take into consideration the possibility of
the emptiness of « (as a set of filters or a set of ideals) in the canonical extensions,
which generates a considerable complexity of our argument. For example, as we saw
in the previous section, there are some theorems which statements are simplified by
assuming the boundedness of posets, or emptiness of bases (see Theorem 5.4.3 and
Theorem 5.4.5).

Before going further, we recall where the emptiness comes and how the bounded-
ness relates to the non-emptiness. As the canonical extension of poset is a complete
lattice, it is closed arbitrary joins and arbitrary meets. Hence, as the join of the
empty set and the meet of the empty set, it has 1 and T. Moreover, L+ =Z on Uy
and T+ = F on D, for any poset. On the other hand, we do not have the uniform
characterisations of 1+ on D, and T4 on Uy, in general. For example, let us consider
the poset P, given by the Hasse diagram Fig. 5.3. Then, we obtain the canonical
extension P, of P, in the Hasse diagram Fig. 5.4. In the canonical extension P,
of Py, we obtain L+ = () and T4 = () (cf. the canonical extension P, in Fig. 5.2).
By comparing the posets P. and P,, we notice that the emptiness of elements in

P, comes from the values A(F) and v(Z). More precisely, in general, we may not
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Figure 5.4: The canonical extension P, of P,

D, Uy
FR)=TH —— s =Ty
{1a,1b, ¢} {ta, 1b, 1d} {ic} {1d}
{1a, 15} {e, 1}
{ta} {10} {la,de, 1) {4b, Lo, 1d}
=1y o IE)=Ly)

have any filter which intersects with arbitrary ideals, and any ideal which does with
arbitrary filters, on posets. However, over bounded posets, e.g. P., thanks to the
bounded constants | and T, we can always assume the non-emptiness of 1+ and
T4, because the principal filter 1L intersects with arbitrary ideals, and the principal
ideal | T intersects with arbitrary filters.

For future use, we also show that how the binary joins and the binary meets are

computed on the canonical extension of posets.

Proposition 5.5.1 (Joins and Meets on the canonical extension). Let P a poset.

For all o, 8 € P, we have
1 (aVB)r = Nat U BY) =ar N By and (aV B)F = v(ar N B,
2. (aABYF =v(ar U By) =t N Brand (a A B)r = Mot N Bh).

Proof. For an arbitrary element v € P, we need to prove the following: (recall

Proposition 2.3.1)
1. % € oy and 4 C By if and only if v C oy N By,
2. v+ C at and v+ C B if and only if 4+ C ot N Bt
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However, this is straightforward. ]

A syntactic description of canonical extension of ec-operations Here, we
will show basic properties of canonical extensions of certain e-operations and define
the canonical extension of certain (bounded) poset expansions. Since we mainly run
two types of discussion (poset expansions and bounded poset expansions) in parallel,
to avoid possible confusion, we use the distinct notations for those operations. That
is, on posets, we focus on the following four types of e-operations (recall Definition

5.1.3):
L[] :P" x - x PP — Pis a u,-additive operation,
2. [r]:P" x -+ x P’ — P is a v -multiplicative operation,
3. O : P! — Pis a l-additive operation,
4. O: P! — Pis a l-multiplicative operation,

where diamond ¢ and boz [ form an adjoint pair, i.e. ¢ 4' [J. We mention that ¢
and [J are |-strict and T-strict, which follow the adjointness of unary operations,
since for every p € P, we have [p < Op <= OUp < p. And, on bounded
posets, we consider the following four types of e-operations (recall Definition 5.1.1

and Definition 5.1.3):
1. f:P% x ... x P — P is a §-join-preserving operation,
2. g: P x ... x P — P is a e-meet-preserving operation,
3. [:PM x ... x PP — P is a p-additive operation,

4. r: P x .-+ x P"» — P is a v-multiplicative operation.

114



Whenever we assume that [I| and [r] or [ and r form adjoint pairs with respect
to a fixed coordinate i, we explicitly denote it by [I| =* [r] or [ ¥ r. This is the
only reason we assume that |/] and [r| (I and r) have the same arity. Note that we
assume that, not just L+ and T4, but also every basis is non-empty, whenever we
discuss bounded poset expansions.

The following poset expansion is introduced in [18].

Example 5.5.2 (Residuated algebra). A residuated algebra is a poset expansion
(P,0,—,+) where P is a poset, o is a (1,1) -additive operation, — is a (9,1)"-
multiplicative operation, < is a (1,9)"-multiplicative operation, and o, — and <

form adjoint pairs o +*— and o -1«

Remark 5.5.3. In residuated algebras, the L-strictness of o and the T-strictness
of = and < follows from the residuation law (adjointness o +*— and o 4'<+-). For

example, for all a,b € P, we have ao (a — b) < b and (b <+ a)oa <b.

The following proposition shows the smoothness properties of e-join-preserving

operations and e-meet-preserving operations on bounded poset expansions.

Proposition 5.5.4. On a bounded poset P, the §-join-preserving operation f is
smooth, and the e-meet-preserving operation g is smooth. Namely, for arbitrary

A1y O, By, B € P, we have

L (filar, .. am) = (Yo, .. am))Y,

2. (g* (B, - B )t = (91(Brs - -+ B ) )1
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Proof. Here, we check only Item 2. For arbitrary fi,. .., By € P, we will show

AWV Yo) | Vi € Birll 8D = MAg(Xr,- ., Xow) | Xi € (BB
(5.9)
(C). For each coordinate k € {1,...,m'}, if Xi € (8" Biy) and Yy € (Biy||Bi"),
we have that X, C Y, when ¢, = 1 and Yy C X, when ¢, = 0. Therefor,
9(X1,..., X)) E g(Yy,...,Y). Since Xi,..., X, Y1,..., Y, are arbitrary, we

obtain

{9(X1, ., Xow) | Xk € (Bil|Ber)} S 0({g(Ye, - Yo ) | Vi € (BiyllBe¥)}), (5.10)

which concludes the C-direction.

(2). It suffices to show that, for each X € v({g(V1,...,Y:w) | Vi € (BitllBx")}),
there exist, for each coordinate k, X € (ﬁkiHBkT) such that X C g(Xq,..., X\w).
For each X € v({g(Y1,...,Ym) | Yi € (Birl|B:")}) and arbitrary Vi, € (Bi]| "), we

define X, for each k € {1,...,m'} as follows:

Xy ={yeP|Vje{l,... mI\{k},3y; €Y;,Fx € X. 2 < g(y1, -, Ym) }-
(5.11)
On bounded posets, as every element in the canonical extension is non-empty, we
can prove that each X} is non-empty. By e-meet-preservability of g, we have that X
is a filter if ¢, = 1, and X}, is an ideal if ¢, = 0 for each coordinate k. Furthermore,
by definition, we have X; € (ﬁﬁHBkT). Finally, we show X C g(Xi,...,X,w)
(9(X1,..., X)) C X). For an arbitrary a € g(X3, ..., X,y), for each coordinate k €

{1,...,m'}, there exist z; € X such that a < g(z1,...,2,). By definition of Xj,
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there exist 1,..., 2y € X and g} € Yj (for j € {1,...,k—=1,k+1,...,m'} and i €
{1,...,7-1,j+1,...,m'}) such that z, < g(y¥},...,U¢ 1, 2k, Yrsss - - -, YEy). Because
X is a filter, there exists € X such that < g(y}, ..., Yk 1. 2k Ypyrs - - - Yry). By e
meet-preservability of g, we can find wy, ..., w,y € P satisfying x < g(wy, ..., wm),
and wy < z (if ¢ = 1) and z, < wy (if ¢, = 9) for each coordinate k. Hence, we

obtain x < g(wy, ..., w,) < a, by monotonicity of g. Therefore, a € X. O

Next we prove the properties of canonical extensions of additive operations, -

additive operations, multiplicative operations and T-multiplicative operations.

Proposition 5.5.5. The extensions 1]+, [r]¥, O, O¥, Iy and v are a L-additive
operation, a T -multiplicative operation, an additive operation, a multiplicative opera-
tion, an additive operation and a multiplicative operation on the canonical extension.

Furthermore, the adjointness is also preserved. Namely, O+ ' O, and if [1| = [r],

then 1|+ = [r]Y, and if L 4P r, then Iy 1t

Proof. Here we check only p, -additivity of ||+ and the adjointness |1]+ = [r]. But,
the other cases are analogous.

(L-strictness of [l]+). Since the canonical extension is a complete lattice, it
suffices to show the following condition for each coordinate k € {1,...,n}: for

arbitrary o, ..., a, € P,

1. if the order-type py, = 1, then [l]4+(aq,...ap—1, L, agy1, ..., ) < L,

2. if the order-type px = 0, then [I|+(ov, ... ap—1, T, Qps1, ..., 00) < L.

Firstly, 14+ = ( does not happen. Secondly, whenever there exists a coordinate

je{l,...,k—1,k+1,...,n} such that the order-type y; = 1 and a;* = 0 or the
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order-type p; = 0 and oy, = (), Ttems 1 and 2 trivially hold. Otherwise, for an

arbitrary ¥ € 14 and all X € (aﬁ”ah) (recall Abbreviation 3.2.4), we define

Yi={axp,eP|Vje{l,....n}\{k},Ix; € X;,Ty €Y. |l|(x1,...,2,) <y}

Then, we can straightforwardly obtain that Y} is an ideal if pp = 1, and if Y} is a
filter if p, = 0. Note that the non-emptiness comes from L-strictness of /] and the
directed-ness is from p-additivity. Because 1+ = v(Z) and T4 = A(F), we obtain
that X C Yy if g, = 1, and Yy C Xy, if pp = 9, for each X € (L¥||T+). Therefore,
Items 1 and 2 hold.

(u-additivity of |l]4+). By Proposition 5.5.1, it suffices to show the following

condition for each coordinate k € {1,...,n}: for arbitrary a, 8,7, 71,...,7m € P, if

,Uk:L
U (s o, vm) <vyand [U+(v, ..o, 8,0 00mm) <7y
= [l]+(71,--,aV B, .. m) <7,
and if p, = 0,
U+ (y1s - van oo vm) <vyand [L+(v, ..o, 8,0 oomm) <7y
:LlJT(’Yl""7aA/67"'77n)S’Y'

If 74 = 0, which means v = T, it is trivial. And, if there exists a coordinate
je{l,....,k—1,k+1,...,n} such that the order-type x; = 1 and v;* = 0 or the
order-type y1; = 0 and ;. = 0, we obtain [l]+(y1,...,7:) = L (regardless of a,

B, aV poraA ). Hence, it trivially holds. Otherwise, for arbitrary Y € ~ and
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Xj € (aj*]laj,), we define

Vi ={areP|Vje{l,....n}\{k},32; € X;,Fy € Y. [[|(z1,...,2,) <y}

As above, we can prove that Y} is an ideal if pp = 1 and Y} is a filter if pyp = 0.
Furthermore, this ideal (filter) Y}, simulates an adjointness on the intermediate level.

Namely, for an arbitrary filter (ideal) X}, we have

(5.12)

Vi C X, = [I(X1,....X,) CY).

Therefore, by [1]+(71,-- 0, ..7) < v and [[+(y,..-, 8, ..., 7) < 7, we have
Ve € ((aV B)1][(a A B)*), which concludes with Equation (5.12) that, for each
Xi € ((aV B)|(a A B)r), we obtain [1|(Xy,...,X,) CY.

([L] 4* [r]). We prove that, if |I| and [r] form an adjoint pair, the extensions
|1]+ and [r]¥ also form an adjoint pair on the canonical extension P. Namely, for

all 05757717"'77% EF?

(s sy ooy n) < B <= a< [P (ve, o0 By V)

If there exist a ~; which is either v;* = 0 or v; =0, it trivially holds (see Items
1 and 2 above). Moreover, if either a* = @) or 8y = 0, this is also trivial. Hereafter,
we treat the non-empty case. For arbitrary F € o, I € f;, and all X; € (|| 7ky)

and all Y; € (yq/[7x"), we claim

(X1, Fro X)) C T = FC[r|(Yi,....1,....Y,).



(=). If there exist @ € F, b € I, x € Xj for each coordinate k such that
|[](z1,...,a,...,2,) < b. Furthermore, for each coordinate k, as Xy C Y}, there
exists an element ¥y, € X NYy. Since X is a filter and Y}, is downward closed, there
exists an element z;, such that z; € X NYy, 2 < 2 and 2z, < y,. Moreover, by
monotonicity of |1, we have [1](z1,...,a,...,2,) <b. By the adjointness |I| = [r],
we obtain a < [r](z1,...,b,...,2,), which means F'C [r](Y},...,I,...,Y,).

(«). This is analogous. Therefore, 1] = [r]+. O
Proposition 5.5.4 and Proposition 5.5.5 authorise the following definition.

Definition 5.5.6 (Canonical extension of poset expansions). The canonical exten-
sion of a poset expansion (P, |1], [r], 0,0, ¢), where ¢ is a constant, is the 6-tuple
(P, [1]+, [r], 01,0, ¢). The 6-tuple (P, fr, g%, Iy, 7%, ¢) is the canonical extension of
a bounded poset expansion (P, f,g,l,7,c), where P is a bounded poset and ¢ is a

constant.

Remark 5.5.7. (a) Proposition 5.5.5 tells us that canonical extensions of poset
expansions with constants, 1 -additive operations, T-multiplicative operations,
diamond, box and strict adjoint pairs satisfy the necessary conditions of canon-
ical extensions. Moreover, this is a unique way to preserve adjointness, in
general (see [31]). However, we do not know, whether it is sufficient or not.
For example, a full algebra for linear logic in [2, p.516] is satisfying o+ asso-
ciativity axioms. But, we do not know whether these axioms are satisfied on

the canonical extension.*

(b) By Proposition 5.5.5, the canonical extension of a bounded poset expan-

4Note that the canonical extensions of o and -+ are uniquely defined, since o is a left adjoint to
both implications (— and <), and + is a right adjoint to both coimplications (— and ).
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sion with constants, additive operations, multiplicative operations and ad-
joint pairs satisfy the essential requirements of canonical extensions. But,
as distinct from the lattice case, we do not know whether the canonical ex-
tensions of e-join-preserving operations (e-meet-preserving operations) satisfy
e-join-preservability (e-meet-preservability) on the canonical extension or not.
Nevertheless, by Proposition 5.5.4, we justify our canonical extension of a
bounded poset expansion with constants, e-join-preserving operations, e-meet-
preserving operations, additive operations, multiplicative operations and ad-

joint pairs.

Without the adjointness of |I| and [r] (I and r), we also assume that the
canonical extensions of |/] and [r] (I and r) are |I]; and [r]* (I and V), be-
cause the additivity of |1]1 (I+) and the multiplicativity of p* (r) are naturally

proved.

For bounded lattice expansions, we do not need to assume 1-strictness or
T-strictness. It is used only in the proof of Proposition 5.5.5 to prove the

non-emptiness of Y;. Note that, for ¢ and [J, we can take (Y and QY as Y.

A syntactic characterisation of U-terms and N-terms As in the case of

lattice expansions, we will describe a class of U-terms and a class of N-terms.

Hereafter, we consider a poset expansion (P, [I], [r],,, ¢), a bounded poset ex-

pansion (P, f,g,l,7,c), and their canonical extensions (P, [l]+, [7]*, O1,[¥, ¢) and

<F7 fT7 giu lTu Tl(u C>'5

Firstly, we straightforwardly notice the following for propositional variables, con-

5Since a constant c is trivially smooth, i.e. ¢4 = ct, and unbiased, we do not add 4 or _*. On
the other hand,while f and g are also smooth, they are biased (see Proposition 5.5.4).
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stants and constant terms, which are terms containing no propositional variable.

Lemma 5.5.8. All propositional variables are both U-terms and N-terms. Fach

constant is a U-term and a N-term. Every constant term is a U-term and a N-term.

Proof. Here we show just that a propositional variable p; is a U-term. That is, for

arbitrary aq,...,ay € P, we have

(Pig(ar, . an))r = MApd(E) | Yk € {L,..., N}, Fi € oyt I, € cup}).

However, this is straightforward, because it means a;y = A{F; | F; € a;*}) (recall
the empty condition of the right hand side in Remark 5.3.4). This is exactly the

definition of filter bases. ]
On the poset expansion (P, |], [r], 0,0, ¢), we obtain the following.

Lemma 5.5.9. Let a,o,...,a, € P. For arbitrary §,31,...,8. € 9(F) and

3,71,...,3, € (T)%, if Fr. and Ty, are bases of ay, for each index k € {_,1,...,n},

Lo (e, am))r = MU (X - Xa) [ X € (BklIT0)}),
2. ([rTHen, - o)) = v({[r1(Va, . Vo) | Vi € (BellT0)}),
3. (Or(@)r = A{OF | F € §}),

4. (OHe)) =o({DI | T €7}).

Proof. We check only Item 1. (C). This is straightforward.

(D). If there exists a coordinate k such that the order-type pup = 1 and § = 0,
or the order-type p = 0 and Jy = 0. Then, ap = L (up = 1) or ap = T (g, = 9).
Therefore, Item 1 holds (recall Items 1 and 2 in the proof of Proposition 5.5.5).
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Otherwise, for each coordinate k, for all X; € (§,||J;) and an arbitrary ideal

Te \({U/(Xy,....,Xn) | X; € (8513,)}), we define

Y, = {Z’k €P|Vj€ {1,,n}\{k},§|x] GXJ,HZ'EI. UJ(‘%‘l,,$n) SZ}

If uyp = 1, Yy is an ideal, and if p, = 0, it is a filter. By definition, we also have
that Y, € (apq|lat). Hence, we have |1](Xy, ..., Xp_1, X}, Xpy1,...,X,) C I, for
every X € (ay*||ag;) (recall Equation (5.12) in the proof of Proposition 5.5.5).
Notice that the k-th coordinate is changed from an arbitrary element of basis to
an arbitrary element of . We repeat this replacement for each coordinate, which
concludes Item 1. Note that, for Item 3, we can take [JI as Y}, and Item 4 is

analogous to Item 3. [
As a corollary of Lemma 5.5.9, we obtain the following.

Corollary 5.5.10. Let t,tq,...,t, be terms. Then, we have (recall Abbreviation

2.2.4)
1. |1ty tn) is a U-term, if ty is a (U||N)-term for each k € {1,...,n},
2. [rl(ty, ..., tn) is a N-term, if t is a (N||U)-term for each k € {1,...,n},
3. Ot is a U-term if t is a U-term,
4. Ot is a N-term if t is a N-term.

On the bounded poset expansion (P, f, g,l,r, c), we obtain the following. Recall

that we assume non-emptiness of bases.

Lemma 5.5.11. Let oy, ...,axy € P, §1,...,8n € o(F) and Jy,...,In € p(T)°.
If §x and i are non-empty bases of ay., then we have
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Lo (frlon, - am))y = A (X, - Xon) | X € (SellT8)}),
2. (9" o, o))t = v({g(M1, - Yar) | Vi € (TelIS0) 1),
3. (b, am))r = A{U(X, - X)) | X € (Skl1T0)1),
4o (rH o, o)) = o({r(Ye, . Y0) | Vi € (3ellSe) ).

Proof. Ttems 3 and 4 are analogous to Items 1 and 2 in Lemma 5.5.9. We show only
Item 2, here. (Actually, this is also analogous to Item 2 in Lemma 5.5.9). (C). This
is straightforward.

(D). Let k be each coordinate. For any X € v({g(Y1,...,Ym) | Y; € (3;I55)})

and all Y; € (J;(|F;), we define

Xy ={yweP|Vje{l,.... mI\{k},Jy; €Y;,Ix e X. 2 < g(y1,...,ym)}-

If e, =1 (e = 0), then Xy is a filter (an ideal). Note that the non-emptiness comes
from non-empty bases. Namely, as every basis is non-empty, there always exist
Y; € Z; such that X T g(Y3,...,Y,,), hence there is y, € X Ng(Y3,...,Y,), which
is a witness of the non-emptiness of X;. Moreover, by definition, X} € (au*|os).
Therefore, for an arbitrary Y, € agy, we have X T g(Y1, ..., Y], ..., Y,). We repeat

this replacement for all coordinates. O]
As a corollary of Lemma 5.5.11, we obtain the following.

Corollary 5.5.12. Let ty,...,tx be terms. Then, we have
1. f(te, ..., tm) is a U-term, if ty is a (U||N)-term for each k € {1,...,m},

2. g(ty, ... tw) is a N-term, if ty is a (N||U)-term for each k € {1,...,m'},
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3. Uty ..., tn) is a U-term, if t is a (U||N)-term for each k € {1,...,n},
4. r(ty, ... ty) is a N-term, if ty, is a (N||U)-term for each k € {1,...,n}.
Furthermore, we also have the following lemmata.

Lemma 5.5.13. On posets, every term of type tv is a N-term and every term of type

tx is a U-term, where tv and tx are defined as follows (recall Abbreviation 3.2.4):

t\_/ L=Dp ’ UJ(C, ce ,t(y“x),...,c) | <>t\_/,

fo =P ‘ (T—‘ (C, oo ,t(x”y), cee ,C) ‘ Dtx.
Proof. By Corollary 5.5.10, every term t of type tv is a U-term, hence for arbitrary
ai,...,ay € P, we have

t(ar,...,an)r = X{HE|I) | Fiy € ai®, Iy € ay}). (5.13)

Besides, we claim that each tv is a unary 1 -additive operation and each t5 is a unary
T-multiplicative operation. This is by parallel induction.

Base cases are rather trivial. Suppose that tv is a unary L-additive operation
and tz is a unary T-multiplicative operation. Let [I](c,...,ty|z7),..) be a term
function where the k-th coordinate is substituted by t(v|z).

(Case p = 1). For arbitrary z,y,z € P, if [l|(c,...,tv,...,c)(z) < z and
[](e,... tv,...,c)(y) < z, by L-additivity of |[], there exists z/ € P such that
tv(z) < 2/, tv(y) < 2 and [l](c,...,tv,...,c)(2') < z. By inductive hypoth-

esis, there exists z” € P such that © < 2/, y < 2” and tv(2”) < 2/, hence

[1](c,... ty,...,c)(2") < z. (If the domain of tv is P?, then there is 2” € P such
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that z” < x and 2" <vy).

For an arbitrary y € P, because || is L-strict, there exists € P such that
l1](e,...,z,...,¢) < y. By induction hypothesis, there is also ' € P such that
tv(z') <z, hence [l](c,... tv,...,c)(z) <.

(Case py, = 0). This is analogous.

Therefore, as ¢ is a special case of [l], tv is a unary L-additive operation. It is
analogously proved that tz is a unary T-multiplicative operation.

Next we show here that every term ¢ of type tv is a N-term. It suffices to show
that, for any X € v({t(I|F) | I € oy, F € a*}), there is a filter F' € o' such
that X C ¢(F). (If the domain of ¢ is P?, then we find an ideal I € a4 such that

X C#(I)). For each X € v({t(I||F) | I € oy, F € a*}), we define

Y:={yeP|dre X x<t(y)} (5.14)

Then, Y is a filter (Y is an ideal) which we need. Note that, to prove the non-

emptiness of Y, we use strictness of ¢. n

Lemma 5.5.14. On bounded posets, each term of type t\, is a N-term and each term

of type tn is a U-term, where t, and tn are defined as follows:

tvu=p | fle,..steny, - 0) | Ue, .o tway, - - -5 €),

thm=plgle ..oty ) | (e st avy, - - -5 C)-

Proof. The proof is analogous to the proof of Lemma 5.5.13. The difference is only

how to guarantee the non-emptiness of Y. O]
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Remark 5.5.15. We mention that the condition of Lemma 5.5.13 is restricted than

the case of lattice expansions. In [84], the term types ¢, and ¢, are defined as follows:

ty = p | fEways - teva) e - twpays -+ -5 0),

ta = p L gty - tag) [ 7(e ot gy, -+ -5 0)-

This is because, over lattice expansions, we can prove that every term of type t
is join-preserving from the product domain, and every term of type £, is meet-
preserving from the product domain. However, over poset expansions, we cannot
prove the same result without fixing other coordinates of f and g with constants,®
because the existence of the unique least upper bound and the unique greatest lower

bound is not guaranteed on posets.

Finally, we obtain the following theorems, which describe classes of U-terms and

N-terms syntactically.

Theorem 5.5.16 (U-term and N-term). On posets, every term of type t., is a U-term

and every term of type tn is a N-term, where t, and tn are defined as follows:

tun=p el G- tom) | Otu | tx,

thi=0p ’ c ‘ (T—‘ (t(HHu), o 7t(|1||u)) ‘ Otn ’ tv.

Theorem 5.5.17 (U-term and N-term). On bounded posets, each term of type t,

is a U-term and every term of type tn is a N-term, where ty and t~ are defined as

6In fact, we can weaken this restriction: f(p,... st(v||a)s - - - P) Where p is propositional variables
not appearing in t(y|r), etc. For example, if f is a (1,1)-join-preserving operation, a term function
f(p1, f(p2,p3)) is (1,1, 1)-join-preserving operation.
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follows:

tou=p el fEuim - tom) [ o, - tam) |

tni=plcl gt ta) | 7Ea, - - tagw) | v

Example 5.5.18. Over residuated algebras (P, o, —, <), the types ¢, and ¢ are

obtained as follows:

ty=p|tyoty,

tm:::p|tu—>tm‘t|—|etu.

Note that, as residuated algebras do not have any constant, we do not need ¢v nor

tx.

By Theorems 5.5.16 and 5.5.17, together with Theorems 5.4.1, 5.4.3, 5.4.4, 5.4.5
and 5.4.6, we can syntactically characterise a class of canonical inequalities. How-
ever, our results obtained so far are still restricted, because our technique can check
only the inequalities of type s < t where s is a U-term and t is a N-term. In
other words, our methodology so far does not tell how to apply our technique for
arbitrary terms containing non-U-terms or non-N-terms. Therefore, in the follow-
ing paragraph, we will expand our scope with introducing new notions, like pruned
trees, critical subterms, pseudo-U-terms or pseudo-N-terms. Finally, we will prove

Theorem 5.5.25, which uniformly subsume all theorems in Section 5.4.

The main theorem for poset expansions In this paragraph, we basically dis-
cuss the bounded poset expansion (P, f,g,[,r,c). However, whenever we apply the
following argument for the poset expansion (P, |1], [r], 0,0, ¢), we just forget about

f and g and replace | with |l] and ¢, r with [r]| and O, ¢, with tv, t, with ¢z, ¢,
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with tu and tm with tﬂ.
Based on the syntactic description of U-terms and N-terms (Theorems 5.5.16 and

5.5.17), we label construction trees of term with U, N and ? as follows:

1. Label the root with N.

2. If the node does not have any child, then we have already finished labelling

the branch. Otherwise, we label each child with the following rule.

(a) If the node is f(t1,...,t,) and labelled with U, then we label t; with U
if 0, = 1, and t; with N if &, = 9, for each coordinate k € {1,...,m}.

(b) If the node is g(t1,...,t, ) and labelled with N, then we label t; with N
if e, = 1, and ¢, with U if ¢, = 9, for each coordinate k € {1,...,m'}.

(c) If the node is I(ty, . .., t,) and labelled with U, then we label ¢; with U if
pr = 1, and ¢, with N if p = 9, for each coordinate k € {1,...,n}.

(d) If the node is r(t1, ..., t,) and labelled with N, then we label ¢, with N if
vy = 1, and t; with U if v, = 0, for each coordinate k € {1,...,n}.

(e) If the node is t, and labelled with N, then we label all nodes below the
current node with N.

(f) If the node is ¢, and labelled with U, then we label all nodes below the

current node with U.

(g) Otherwise, we label all nodes below the current node with 7.

3. Move to every child and repeat 2 until every node is labelled.

We call the construction tree N-labelled. The U-labelled construction tree is defined
by the same algorithm but labelling the root with U. Then, we can straightforwardly
claim the following proposition.
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Proposition 5.5.19. A term t is of type ty, hence a U-term, if there is no node
labelled with 7 in the U-labelled construction tree of t, and analogously, a term t
s of type tn, hence a N-term, if there is no node labelled with 7 in the N-labelled

construction tree of t.

Now, as in the case of lattice expansions, we need the following definitions.

Definition 5.5.20 (Critical subterms). Let ¢ be a term. A subterm of ¢ is N-critical
(U-critical), if it is both a node labelled with either U or N, and a parent of nodes
labelled with 7 in the N-labelled construction tree of ¢ (in the U-labelled construction

tree of t).

In the following definition, subtrees are embedding into the original trees. That

is, the roots are preserved.

Definition 5.5.21 (Well-pruned tree). Let s,¢ be terms. A subtree ¢’ of the con-
struction tree of ¢ is U-well-pruned (N-well-pruned) if, in t’, each path from a propo-
sitional variable to the root contains a U-critical (N-critical) subterm. The U-well-
pruned (the N-well-pruned) tree of t is the largest U-well-pruned (N-well-pruned)
subtree of t. Especially, if ¢ is a propositional variable, the U-well-pruned (N-well-
pruned) subtree of ¢ is the empty tree. For an inequality s < ¢, the well-pruned pair
of trees for s <t is a pair of the U-well-pruned tree of s and the N-well-pruned tree

of t.

Definition 5.5.22 (Consistent variable occurrence). Let s,¢ be terms. We say that
an tnequality s < t has consistent variable occurrence, when there is no variable in
s < t signed with both signs (+ and —) in the well-pruned pair of trees for s < t,

where s is —-signed and ¢ is +-signed.
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Figure 5.5: The U-labelled, —-signed construction tree of s

<O7U7_>
\
(—,U,—) (o/, U, —)
(p17?7+) (07?7 ) (p27u7/_> <<_’U7_)

N
(p2>?7_) (p37 -a_) (p?n 'a_) (pb??_'_)

Figure 5.6: The N-labelled, +-signed construction tree of ¢

(=N, +)
(O7U7_> (<_7m’+)
/ / N
v v N

v v N
(pg,U,—) (—>>Uv_> (pg,ﬂ,—i—) (O’U’_)
// \\

v N

(p1,7,+) (p2,7,—) (P2, U, —) (p1,U, —)

Let us take an example from residuated algebras. For the following terms s and

t, we will illustrate that the inequality s < ¢ has consistent variable occurrence.

s=(p1 — (p2ops))o(p2o(ps < p1))

t=(pso(p1 = p2)) = (p3 < (p2op))

Firstly, we draw the labelled and singed construction trees of s and ¢ in Fig. 5.5
and Fig. 5.6. On these trees, each node shows (the outermost connective, the label,
the sign). All dashed lines are pruned, when we consider the well-pruned trees.
And, framed nodes are critical: recall Example 5.5.18. Then, we notice that the
inequality s < t has consistent variable occurrence, because each variable, in the

scope of critical subterms (i.e, we only see the solid lines and ignore all dashed
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lines), is uniquely signed: p; is +, and py and p3 are —.

Definition 5.5.23 (Pseudo-U-term and pseudo-N-term). Let ¢ be a term. A term
t' is the pseudo-N-term of t (the pseudo-U-term of t), if every N-critical (U-critical)
subterms of ¢ is replaced with a fresh variable. Note that, even if a N-critical (U-
critical) subterm appears in ¢t more than once, we replace each occurrence with

distinct variables.

For the above example, we say that the following term s’ = ¢; o (py 0 ¢2) is the
pseudo-U-term of s = (p; — (p2 o p3)) o (p2 © (p3 < p1)): the U-critical subterms
p1 — (p2 o p3) and p3 < p; are replaced by fresh variables ¢; and ¢q, respectively.
We also say that the following term ¢ = (p3 0 q3) — (ps < (p2 0 p1)) is the pseudo-
N-term of t = (p3 o (py — p2)) — (p3 < (p2op1)): the N-critical subterm p; — py is
replaced by a fresh variable ¢s.

It is straightforward that, for each term ¢ of type tn (type t,), the pseudo-N-
term of ¢ (the pseudo-U-term of ¢) is ¢ itself. But, in general, pseudoterms are not
the same as the original terms. However, the next proposition provides us with
a meaningful connection between terms and the pseudoterms, which allows us to
generalise Theorem 5.4.1 from U-terms and N-terms to arbitrary terms, because
all terms can be seen as both a pseudo-U-term and a pseudo-N-term. The proof
is straightforward from the fact that every pseudo-N-term is a N-term and every

pseudo-U-term is a U-term.

Proposition 5.5.24. Let s, t be terms. We denote by t(py,...,pn) (or t(p), for

short) that each propositional variable in t is one of py in the list (p1,...,pn), anal-
ogously s(p1,...,pn) or s(p). Let ty, ... t, be all N-critical subterms of t, s1,...,Sp

all U-critical subterms of s, and t’(g, Q1,---,qa) the pseudo-N-term of t, where each
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ty in t is replaced by qi, and s'(p,r1,..., 1) the pseudo-U-term of s, where each sy

in s 18 replaced with ry. Then, we have

t(B) = t/(]_97 qis--- 7qa>[t1(2_9)/q17 s 7ta(]_9>/qa]7

s(p) = s'(p,r1, ... ) [51(p) /71, - - s6(p) /7).

Moreover, we also have, for each aq,...,ay € P,

ta)' =v({t'([|F. Y1, Ya) | Ik € oy, Fi € o0®, Y] € (t5(@)1]It5(2))}),

s(@)r = M{s'(F|II, X1,..., X}) | Fi € ag¥, Ix € anq, X € (s55()*||s;(a))}),

where (a) = (aq,...,ay).”

Finally, we obtain the main theorem for poset expansions.

Main Theorem 5.5.25 (for poset expansions). Let s,t be terms over poset ez-
pansions. An inequality s < t is canonical, whenever it satisfies the following two

conditions:

1. s <t has consistent variable occurrence,

2. each variable in s < t is uniquely signed either in the —-signed construction
tree of s or in the +-signed construction tree of t. Note that these construction

trees are not pruned.

Proof. To save space, but to discuss precisely enough, we assume that all variables

in s <t are pi, po, p3 and p, satisfying the following condition.®

"We do not use the pair of elements notation for Y; and X}, because each critical subterm is
replaced with a fresh variable, hence it occurs only once, either positively or negatively.
8Tn fact, this table does not cover all the cases, because the signs of critical subterms do not

133



y4! D2 b3 D4

s - + | +/= | +/-

t +/=|+/= + -

critical — + + —

In the above table, these signs are the same as the signed construction trees of s and
t, where s is —-signed and t is +-signed, and, by +/—, we denote that a variable
may be signed with both. For example, p3 may occur both positively and negatively
in s, but it is signed only by + in ¢ and in the scope of U-critical subterms of s. In
the third row, named critical, the signs are only in the well-pruned pair of trees for
s < t. Moreover, we assume that, in s, there are two U-critical subterms s~ signed
with — and s signed with + in the —-signed construction tree of s, and, in ¢, there
are two N-critical subterms ¢* signed with + and ¢~ signed with — in the +-signed
construction tree of ¢.

Let s’ be the pseudo-U-term of s, and ¢’ the pseudo-N-term of ¢: that is,

S(pb s 7p4> = 5/<p17 s Jp4787(p17 cee 7p4)78+(p17 cee 7p4)>7

t(pb s 7p4) = t/(ph s Jp47t+(p17 s 7p4)7t7<p17 s 7]74))-

For arbitrary o, ...,ay € P, by Proposition 5.5.24, we have

s(p)(a)r = A{S'(F'|II', G, J) | F € aw*, I}, € oy, G € 57 (p)(@)*, ] € s7(p) ()1 }),

need to correspond to the signs in s or t. For example, we can also consider a propositional variable
ps signed with — in s (but not under critical subterms) and signed with + under critical subterms.
But, the proof is analogous.

9But, if it is signed with —, it is not in the scope of U-critical subterms of s. Otherwise, s < t
does not have consistent variable occurrence.
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tp)(@) = v({t'(I"|F", K, H) | I} € oy, FY € K € t7(p)(a)y, H € 1 (p)()*}),

where (p) = (p1,...,p4) and (@) = (ay,...,an). Note that s(p)(a) = s(ay, ..., )
and t(p)(a) = t(a, ..., aq).

If there is some «y, (k € {1,...,4}) which makes the filter basis of s(a, ..., ay)
empty, then s(aq,...,a4) = L, hence the statement trivially holds. And, if there
exists some oy, (k € {1,...,4}) which makes the ideal basis of t(aq, ..., as) empty,
then t(aq,...,a4) = T, hence the statement trivially holds.

Otherwise, by Proposition 2.3.1, it suffices to show that, for any F/, F" € a,*
and I}, Il € ayy for each uw € {1,...,4}, G € s (ay,...,aq)t, J € sT(aq,...,aq)r,

U U

Kett(a,...,aq)r and H € t~ (v, ..., aq)t,

S(FL,... FIL.G,J) C eI F, ... || F) K, HD.

By our assumption, it is equivalent to prove

§'(F, I, B[ 3, Fyll1, G, ) E O IFY I3, B K H).

AsG e s (ay,...,a)% J €st(ar,...,au)r, K €tT(ay,...,aq)r, HEt (aq,...,a4)

and s < t has consistent variable occurrence, we have

GLC s (IY,F), F;, 1),

sty Fy, F3, 1) C J,

(I B By 1) E K,
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H C (1], Y Fy 1Y),
ByLemma528 thereeX1St 7‘172177'1724 [{/7 f27f27f27f2 F2”7 f??vféaf?lfvféleFé
and 19,1, 1% i" € I} such that

(17f27 3724) G;

st 13, f,4) € J,
(217f2a 3724) K,

(17f27 374) € H.

Since F{, F{' € oy’ and I} € aqy, we have F{ N F NI # 0, hence these exists
xy € FINF'NI{. Analogously, x5, € I5NFYNI), ot € FiNILNIY and x)y € FyNINFY.

Then, we obtain that

/ ! ! / . -7 . .
oy e FNF/' NI o) <a,i <ay,¢) < a8 <2, and i < 2y,

Sy € LNFY NI xy <l s < f§ 00 < 25 < f5, and @y < f2,
s € FSNIENTY. x5 < aly, w5 < f 25 < fl, 05 < f¥ and 25 < 7,
Jx, € ENILNE). o) < xy,id < a4, i) < 24,08 < 24, and i < 2.

It follows that s™(xy,...,24) € G, sT(x1,...,24) € J, tT(x1,...,24) € K and

t~(x1,...,x4) € H. Then, we obtain

s(ar,... ) € (.. Fil14. G, ),
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t(rr,... xa) € OV FY, .. IV F!, K, H).

By assumption, s(z1,...,x4) < t(xy,...,24). Therefore, the statement holds. ]

Remark 5.5.26. The proof of Theorem 5.5.25 looks similar to the proof of lattice
expansions (Theorem 3.3.22). However, in the lattice case, we need to care only
for the signs in the scopes of all critical subterms. That is, it is necessary to check
just whether s < ¢ has consistent variable occurrence. On the other hand, as we
saw in Section 5.3, we cannot prove that ¢, < ¢n is canonical for poset expansions.
Then, we also need to keep our eyes on variables in U-terms and N-terms. Theorem
5.5.25 tells us what types of combinations of signs between variables in U-terms
and N-terms and variables in the well-pruned pair of trees are acceptable under our

method.
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Chapter 6

Application to poset-based

residuated algebras

In this chapter, we will apply Theorem 5.5.25 to (poset-based) residuated algebras
introduced in [18], and show how to interpret our canonicity results on this set-
ting. In this application, we can also notice that our canonicity results account for
reasonably many canonical inequalities.

The following list shows canonical inequalities proved in [18].

1. (Associativity): (p1op2)ops < pio(p2ops) and pro(p2ops) < (p1op2) o ps.
2. (Commutativity): p; o pa < py o p.

3. (Square-increasingness): p < pop.

4. (Right-lower-boundedness): p; o py < po.

All these results are consequences of our main theorem, Theorem 5.5.25. Further-
more, we obtain many new canonical inequalities: in the following list, we can find

some remarkable examples.
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1. (Uniform inequality): s < ¢ where every propositional variable in s and ¢
uniformly signed with either + or — both in the —-signed construction tree
of s and in the +-signed construction tree of t. For example, the following

inequality in residuated algebras is of this type:

((p2op2) = p1) o ((p1 = p2) op1) < ((p2 <= p1) o p2) < ((p2 = p1) © p1).

2. (Simple Sahlqvist inequality [5, p.161]): s < ¢, where s is a term of type ¢,
and t is positive (every variable is signed with + in the +-signed construction
tree of t). For example, the following inequality in residuated algebras is of
this type:

p1o(p2ops) < (p1opa)o (p1ops).

3. (Simple Sahlqvist-like inequality 1): s < t, where s is a negative term (every
variable is signed with — in the —-signed construction tree of s), and t is a

term of type tn.!

4. (Simple Sahlqgvist-like inequality 2): s < ¢, where s is a term of type ¢, and ¢
is uniform (there is no variable in ¢ singed with both + and — in the +-signed
construction tree of t). For example, the following inequality in residuated

algebras is of this type:

p1o(p2ops) < (p2 < (p1ops)) o (p2o(pr — p2)).

5. (Simple Sahlqvist-like inequality 3): s < ¢, where ¢ is a term of type ¢, and s

'We do not have any example in residuated algebras, because we cannot have any negative term
based on the language.
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is uniform. For example, the following inequality in residuated algebras is of

this type:

(p2op1) < (p1 = (p3ops)) < (propa) = (P1 + (p20p3)).

. The following inequality in residuated algebras is not any of the above types,

namely non-uniform nor non-simple Sahlqvist(-like):

(p1 = (p2ops))o(p2o(ps 1)) < (p3o(p1— p2)) = (p3 < (P20 1))

Nevertheless, it is canonical (see Fig. 5.5 and Fig. 5.6).

140



Chapter 7

Canonical extensions from other

perspectives

So far, we have studied canonical extensions of lattice expansions, poset expansions
and the canonicity results, based on the construction given in [33], mainly to discuss
Ghilardi and Meloni’s canonicity methodology. In this chapter, we will explain Ghi-
lardi and Meloni’s canonicity methodology, in particular the parallel computation,
in the light of the topological characterisation of canonical extensions. In the end,
we will propose a new perspective of canonical extensions as a machinery to describe

continuous properties from observable data, and a Unscharferelation of order theory.

7.1 Canonical extensions as compact dense com-

pletions

The study of canonical extensions based on Stone representation [78] in [50, 51, 49] is

reformulated by introducing topological terminology, closed elements, open elements,
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denseness or compactness, in [29]. The topological characterisation of canonical ex-
tensions is taken, for example, from [27, 28, 18, 88]. Thanks to the universality of
the topological characterisation of canonical extensions, nowadays we can introduce
the canonical extension, unique up to isomorphism, over posets [18]. In this section,
we characterise our canonical extension of posets by the topological terminology,
which is used in the later sections. Note that, for poset expansions including lattice
expansions, we do not know whether there is a unique characterisation of the canon-
ical extensions. This is because we are still discussing how the canonical extension
of e-operations should be in general: see Remarks 3.2.8 and 5.2.9

Let P be a poset. A completion P of P is a complete lattice in which P is
embeddable. An element k € P is closed, if there exists a filter F' of P such that
k is the greatest lower bound of F, i.e. k = A F, which always exists in P as it is
a complete lattice. An element o € P is open, if there exists an ideal I of P such
that o is the least upper bound of I, i.e. o = \/ I, which always exists in P as it is a
complete lattice. IC(IP), or simply K, is the set of all closed elements of P. O(P), or

simple O, is the set of all open elements of P.

Remark 7.1.1. £(P) = F(P) and O(P) = Z(P). Hence, we can consider every

filter as a closed element in P and every ideal as an open element in P.

We state that the completion P is dense, if every element a of P is both the least

upper bound of the set of all closed elements below a, namely,

a=\/{keK®) |k<a},
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and the greatest lower bound of the set of all open elements above «, namely,

a=/N\{o€OP) |a<o}.

Remark 7.1.2. a4 and ot coincide with \/{k € K | k < a} and Afo € O | a <o},
respectively. That is, A constructs the least upper bounds for subsets of closed
elements (filters), and v constructs the greatest lower bounds for subsets of open
elements (ideals). In other words, A approximates elements in P from the lower-sides,
and v approximates elements in P from the upper-sides. The definition of canonical
extensions in Definition 2.2.10 allows us to keep the approximation directions by

adding the subscript 4+ and the superscript _*.

We say that the completion P is compact, if for an arbitrary pair of a closed
element k£ € IC and an open element o € O, there exists an element a in P between
k and o whenever k < o. That is, for every k € K and each o € O, if k£ < o then

there exists a € P such that £ < a < o.

Remark 7.1.3. Since every closed element is a filter F' and every open element is

an ideal I, the compactness is explained as FF T I (F N1 # ().

Theorem 7.1.4 (Uniqueness, [18]). For every poset P, if there exist compact dense
completions of P, they are isomorphic. In other words, for every poset P, a compact

dense completion of P is unique up to isomorphism.
Theorem 7.1.5 (Existence, [18]). Every poset P has a compact dense completion.

Remark 7.1.6. The construction of a compact dense completion in the proof [18,
Theorem?2.6] is exactly the same as construction of the canonical extension: see
Definition 2.2.10.
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Corollary 7.1.7. The canonical extension of a poset is a compact dense completion

of the poset.

7.2 Parallel computation and canonicity

In this section, Ghilardi and Meloni’s canonicity methodology for lattice expansions
is outlined in the light of the topological characterisation.
The main technical points of Ghilardi and Meloni’s approach can be summarised

as follows.

1. The order relation on the canonical extension is exchanged for the relationships
between closed elements (filters) and open elements (ideals): see Item 3 in

Proposition 2.3.1

2. For each term function, the parallel computation on the intermediate level,
between closed elements (filters) and open elements (ideals), is introduced:
see Section 3.2 As a result, the parallel computation allows us to discuss the
relationship between term functions on the canonical extension and on the
intermediate level, see Proposition 3.3.2 and Definition 3.3.3 Furthermore, a
tight connection between the parallel computation on the intermediate level
and term functions on the algebra is provided by introducing the parallel

computation on the algebra: see Lemma 3.2.6.

The order on the canonical extension and the intermediate level Let L
be a lattice. Since the canonical extension L is a compact dense completion, every
clement o can be seen as a join of closed elements a4 and as a meet of open elements
at, Remark 7.1.2.
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Let a and /8 be arbitrary elements in the canonical extension L, K, a closed basis
of a, i.e. ay = A(K,), and Oy an open basis of 3, i.e. at = v(Op). By Proposition

2.3.1 (Item 3), we have

a<f <<= Vke K,,VYoe O, k<o.

This fact shows that, whenever we have any closed basis of & and any open basis of
B, the order @ < 8 on the canonical extension can be verified by those bases without
taking limats.

To prove canonicity for term functions s and ¢, and arbitrary tuples of ele-
ments (aq,...,ay) in the canonical extension, we want to justify the order relation
s(ay,...,ay) < tlag,...,ayn). To syntactically characterise canonical inequalities,
we need to give explicit characterisations of closed bases of s(ay,...,ay) and open
bases of t(ay,...,ay). To this end, as we will discuss below, Ghilardi and Mel-
oni’s parallel computation provides us with an inductive characterisations of (rough)

bases.

Ghilardi and Meloni’s parallel computation on the intermediate level To
simplify our discussion, we fix our language to substructural logic, namely o, — and
< (see Section 4.1), in the rest of this section. Since fusion o is additive, we take
o7 (o-extension, which is the same as o4) as the fusion on the canonical extension.
And, since residuals — and < are multiplicative, we take —™ and <™ (7m-extensions,
which are the same as —+ and <) as the residuals on the canonical extension: see
Remark 3.2.7. In other words, for all elements a and  in the canonical extension,

we define
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1. aogﬁ::\/{kaokb|kaéaakbgﬁakaakbelc}a

2.a="B=Nk—olk<a,f<okekK,o0e O},

. +"Ta=No+k|k<af<okeK, 0O}

Therefore, to describe the canonical extension of o, — and <—, we need to define only
the following operations on the intermediate level, o : K x K — K, - K x O — O

and <—: O x K — 0. Additionally, by definition, we notice that the sets

1. {k’aokb]kagoz,kbgﬂ,k’a,kbelC},

2. {k—ol|lk<aB<okek,oc O},

B {o+k|k<aB<okeckK,oecO},

are a closed (filter) basis of o 0” 3, an open (ideal) basis of & —™ § and an open
(ideal) basis of 8 <™ «, respectively. We mention that the canonical extensions of
fusion and residuals are the same as in [18] or [27].

However, as distinct from [18] or [27], our target is to calculate each term func-
tion on the intermediate level and to characterise bases, to construct a relation with
all term functions on the canonical extension and their (rough) bases: see Proposi-
tion 3.3.2 To achieve our goal, we require introducing two additional features: the
opposite-type operations and the ||-notation on the intermediate level. Namely, we
also define the operations o : O x O —- O, -: O x K — K and +: K x O — K.
Note that we never claim that {0, 00, | @ < 0, € O, 8 < 0, € O} is an open (ideal)
basis of ao? 3, which contradicts to existing results, see MV-algebras in [31].} But,

if we do not introduce the opposite-type operations, some term functions on the

!This is actually an open (ideal) basis of a o™ 3 in general. But, there is no chance to use this
fact in our arguments, because we do not define o™ for substructural logic.
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intermediate level could not be computed, e.g. p; — (p2 © p3), because the second
argument of — is of type O which would be a mismatch with the codomain of o.
With the ||-notation, we can assign each variable with distinct elements in different
sorts, depending on either it appears positively or negatively. For example, z||y
means that z is for positive occurrences and y is for negative occurrences. Without
the ||-notation, we could not manage the terms in which a propositional variable
appears both positively and negatively, e.g. py — (p1 © pa).

Hereafter, instead of closed elements and open elements, we use filters and ideals.
This is because the parallel computation is a calculus in two-sorts: filters and ideals.
For example, the constant 1 is clopen. But, we can clearly know that 11 is a filter
(counted as a closed element) and |1 is an ideal (counted as an open element).

On the intermediate level, the parallel computation does compute all term func-
tions with positive occurrences as filters and negative occurrences as ideals on
one hand as t(Fi||I1,..., F,||l,). On the other hand, all term functions are cal-
culated with positive occurrences as ideals and negative occurrences as filters as

t(L]|Fy, ..., 1| F): see Section 3.2.

Example 7.2.1. A term function p; — (p1 0 po) is calculated in parallel as follows:

for all filters F, G and all ideals I, J,

(1 = (Prop))(FIL,GIJ) =1 = (FoG),

(p1 = (prop))||F, J||G) =F — (IolJ).

Based on the parallel computation on the intermediate level, for every term

function ¢ and all elements «;...,ay in the canonical extension, we obtain the
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following rough basis property of t(aq, ..., ay):

tF |, Follln) < tlag, ..., aq), (7.1)

ta, ... an) < HL|F,. .. L] Fy), (7.2)

for all F}, < a; and all Iy > o for each k& € {1,...,n}, see Proposition 3.3.2.
Actually, the parallel computation also allow us to characterise not only rough bases
but also bases for all term functions: see Proposition 3.3.21.2 However, the rough
description of bases should be already enough here to show our main idea and the
difference from the approach in [18], [27] or [30]. The next paragraph presents a

worked out example illustrating the use of rough bases.

An example from substructural logic In Section 4.1, we list an inequality
1 < (p2/(p2\p1))\(p1 © 0) as a canonical inequality (Item 6 in the list). Here, we
concretely discuss the canonicity along with the above explanation.

Let L be an FL-algebra and L the canonical extension of L. Assume that, for

all elements a,b € L., we have

1< (b/(b\a))\(a00). (7.3)

For arbitrary a, 8 € L, we want to show that 1 < (8/(5\a))\(a00). Since 1 is in L,
(hence 1 is clopen), 1 is approximated by {1}. Here, to think about this singleton
set {1} as a set of closed elements, we denote it as {11}, where 11 is the principal

filter generated by 1. On the other hand, (5/(5\a))\(a 0 0) is approximated by the

ZNote that this characterisation of bases is not as simple as equation (7.1) or equation (7.2), in
general.
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following set of open elements by definition of \™ (\*):

{F\o [k < (8/(B\a)), (o0) <o} (7.4)

Hereafter, we consider k as a filter F' and o as an ideal I. Hence, F' < (8/(5\«))
and (oo 0) < I. Thanks to the rough basis property, we also have the following

conditions: for each G < a and each J > 8 (and arbitrary J' > a and G’ < f3),

B/(B\e) = (p2/(p2\p1)) (v, B) < (p2/ (p2\p))(J'||G, J||G") = J/(J\G),

by equation (7.2) and, by equation (7.1),

Go10 = (p1o0) (G|, G'||J) < (pro0) (e, ) = a o,

where 10 is the principal filter generated by 0. Therefore, we have (C is the partial

order which is restricted on the intermediate level)

FCJ/N\G) < Fn(J/(J\G) %0, (7.5)

Got0C I < (Got0)NI 0, (7.6)

By equation (7.5) and Lemma 3.2.6, there exist j € J and ¢g; € G such that
j/(7\g1) € F. By equation (7.6) and Lemma 3.2.6, there exists g, such that
goo0 € I. Since G is a filter, the meet g of g; and gy is also in G. Further-
more, by monotonicity (Lemma 3.2.5), we also have j/(j\g) € F and go 0 € I,

hence (j/(7\g))\(g 0 0) € F\I, by Lemma 4.23. Finally, by our assumption (7.3),
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we have 11 C F\I, which concludes 1 < (5/(5\a))\(a o 0), hence the inequality is
canonical.

Therefore, based on Ghilardi and Meloni’s parallel computation, we can not just
account for the canonicity results of smooth lattice expansions in [27] or [30], but

also obtain canonical inequalities of lattice expansions with non-smooth operations.

7.3 Unscharferelation in the canonical extension

In this section we propose an Unschdrferelation (uncertainty principle) on the canon-
ical extension of a poset expansion.?

We look back to the canonicity of poset expansions first. It states that for an

inequality s < ¢, we have

PEs<t < PEs<t. (7.7)

That is, the inequality s < t is valid on P if and only if it is valid on P. In
Equation (7.7), (<)-direction is rather trivial, because P is a subalgebra of P: we
can consider P as a part of P. Therefore, the real problem of the canonicity is to
prove (=)-direction in Equation (7.7). We may explain (= )-direction as follows: if
we are interested in whether a property expressed by an inequality s < t holds on
P, it is enough to investigate only on P. That is, “a part of information, or a piece
of information, for an inequality s < ¢ on P can describe all the information, or the

perfect information, for the inequality s <t on P.”

However, in the real world, we can rarely observe all the perfect information or

3The reason we choose the German word is to avoid the term “uncertainty” in a mathematical
setting.
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facts. For example, many observable data in natural science are discrete, whereas
we often characterise those properties as continuous maps on continuous spaces. In
other words, we often estimate the perfect information from a piece of observable
information or data. From this point of view, we can think about the framework of

the canonical extension as follows.

Hypothesis 1. A poset P is a collection of observable ordered data, and the canon-

ical extension P is the complete lattice of the perfect information.

Usually, we accumulate the observable data by repeating experiments or obser-
vations again and again. For each set S of observable ordered data, we can take two
types of representatives of those data: the lower representatives of S and the upper
representatives of S. That is, the lower representatives of S are the data which
provide lower boundaries of S and the upper representatives of S are the data which

provide upper boundaries of S.

Hypothesis 2. For each set S of observable ordered data, the lower representa-
tives of S are filters F' (closed elements) including S, i.e. S C F, and the upper

representatives of S are ideals I (open elements) including S, i.e. S C I.

Therefore, the set F(PP), or IC(P), is the collection of all possible lower repre-
sentative data, and the set Z(IP), or O(P), is the collection of all possible upper

representative data.

Remark 7.3.1. If we have few observable data, the representatives are quite rough
and they could be far from keen estimations. However, by repeating observations,

we must collect many representatives which describe observable data sensibly.
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Hypothesis 3. All the perfect information is obtained by a colimit of a set of lower
representatives and by a limit of a set of upper representatives. In other words,
every information in the complete lattice of perfect information is approximated by
a set of lower representatives of from below and approximated by a set of upper

representatives from above.

Therefore, in our setting, all the observable (ordered) data, if we collect them,
form a poset P, and the complete structure of all the perfect information lies as
the canonical extension P of P. Now let us consider to denote a property t like a

movement of particles or a information flow based on our setting.

Hypothesis 4. Every property t can be described by a combination of e-operations
on P. That is, every property t which we consider here is expressed by a term

function t of a lattice expansion based on the underlying poset P.

From this point of view, we can think about the canonicity problem as a question
of type “can we obtain the perfect description of a property ¢ only by the observable
data?” The answer is, of course, “not always.” However, by using Ghilardi and

Meloni’s parallel computation, we can give a more detailed answer.

Theorem 7.3.2 (Unschérferelation). A property t may not be perfectly described by
observable data, even if we observe infinitely many times. However, if we repeat the
observation infinitely many times, the observable data of the property t would always
distribute in a certain range, in which the perfect information of the property t is

also lying.

Proof. Let t be a property. For all aq,...,ay € P, we want to know the perfect

description of t(avy, . .., ). Thanks to the parallel computation, for each coordinate
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j€A{Ll,..., N}, each closed element k; € K which is below o, i.e. k; < a;, and each

open elements o; € O which is above ¢, i.e. a;; < 0;, we have
t(kil|o1, ..., knllon) < tlaq,...,an) < t(o||ki,...,on|lkn)- (7.8)

By the way, since the canonical extension P is compact, there exists an observable
data z; € IP satisfying

kj ij SOJ',

for each coordinate j € {1,..., N}. By Lemma 3.2.6, we obtain
t(kyllo1, ..., knllon) < t(xq,...,xn) < tlor||k1,...,on|lkn). (7.9)

We state that the gap between ¢(x1,...,zy) and t(aq, ..., ay) is closer than the one
between t(ki||o1,. .., ky|lon) and t(o1]|k1, ..., on||kn), by Equations (7.8) and (7.9).
Hence, if we take more and more precise data by repeating the observation infinitely

many times, the observable data of the property ¢ distribute in the following range.

[\/{t(’ﬁHOla ko) TRy < g < o}, \{t(oallkr, - onllkn) | By < oy < Oj}] :

By Equation (7.8), the perfect description of the property t(ay,...,ay) is also in

the range. O
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Chapter 8

Bi-approximation semantics for

substructural logic

In this chapter, we will discuss a relational-type semantics, or a space-based seman-
tics, for substructural logic. Unlike what happens in the setting of modal logic,
substructural logic is not necessarily distributive, namely ¢ A (1 V x) may not imply

(@A) V (¢ A x). If we interpret conjunctions and disjunctions as follows:

l.wlF gAY <= wlF ¢ and w - 9,

2. wlFo VY <= wlk ¢ or w1,

w IF dA(PVx) always implies w IF (@A) V(¢Ax). To avoid this problem, in this dis-
sertation, we will introduce bi-approzimation semantics, a two sorted relational-type
semantics, via the canonical extension of lattice expansions, to reasons about not for-
mulae but logical consequences, or sequents. That is, we reason about premises and
conclusions separately on each sort, and evaluate logical consequences as a relation
between these two sorts. Moreover, by introducing the bi-directional approximation
and bases, we track down a connection to Kripke-type semantics for distributive
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substructural logics in Section 4.2 through a relationship between basis and the ex-
istential quantifier. Based on the framework, we prove a soundness theorem and a
completeness theorem via a representation theorem plus invariance of validity along

a back-and-force correspondences.

8.1 Discussions on relational semantics for sub-

structural logic

What is a natural relational semantics for substructural logic or resource sensitive
logics? Unlike Kripke semantics for modal logic, we can find several types of rela-
tional semantics for substructural logic based on their philosophy or on their mathe-
matical frameworks. For example, the study of relational semantics for distributive
substructural logics has led to an operational semantics for relevant implication
[85]. In [70], a ternary relational semantics, a.k.a. Routley-Meyer semantics, has
been introduced by a different interpretation of relevant implication. For distribu-
tive substructural logics, we can also find other relational semantics, see e.g. [68].
Reasoning about relational-type semantics for non-distributive substructural log-
ics, one encounters the interpretation problem of disjunction, namely how to avoid
the distributivity of conjunction and disjunction. For orthologic, one can solve the
problem on Goldblatt frames [35], by introducing a non-standard interpretation of
disjunction. With Dedekind-MacNeille frames and the closure operator interpreta-
tion in [43] and [44], one can also solve the problem by using a closure operator.
Generalized Kripke frames [26], which are introduced by characterising the inter-

mediate level of canonical extensions of lattice expansions (see e.g. [18] or [27]),
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provide another semantics in which one can avoid the disjunction problem by a
Galois connection.

The aim of the current chapter is to propose another possible relational-type
semantics for substructural logic. To achieve our goal, we introduce a two-sorted
relational-type semantics, called bi-approzimation semantics, and describe Ghilardi
and Meloni’s parallel computation on the intermediate level [33], see also [84]. Our
framework is closely related to the works [43], [44] and [26]. On the other hand, bi-
approximation semantics has novel aspects: bi-directional approzimation, bases, and
doppelganger valuations which allow us to evaluate sequents (Section 8.3). Based
on our setting, we will come across one possible interpretation of the two sorts,
premises and conclusions, and discover a relationship to Kripke-type semantics for
distributive substructural logics through bases and the existential quantifier (Sec-
tion 8.4). Furthermore, the connection between bases and the ezistential quantifier
provides an effective evaluation of sequents in bi-approximation semantics, which is
useful to prove the soundness theorem (Theorem 8.6.1). In Section 8.5, we prove
the representation theorem of FL-algebras via p-frames, which is used to show the

completeness theorem in Section 8.6.

8.2 Substructural logic

In this section, we denote propositional variables by p,q,r, p1,..., the set of all
propositional variables by ®, and t and f are logical constants representing true
and false, respectively. As logical connectives, we use disjunction V, conjunction A,
fusion (multiplication) o, implications (residuals) — and <. Formulae of substruc-

tural logic are denoted by ¢, ¥, ¢1,... and 9q,..., and the set of all formulae is
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denoted by A. The following BNF generates formulae of substructural logic.

pu=plt|f[oVo|oNG|dod|d =[P ¢

[, A3 T are (possibly empty) finite lists of formulae, and ¢ is a list of at most one

formula. Then, we call I' & ¢ a sequent.

Gentzen’s sequent system for substructural logic Let ¢, be arbitrary for-
mulae, I', A, ¥, I arbitrary (possibly empty) finite lists of formulae, ¢ a list of at
most one formula: see e.g. [63]. The sequent system FL is in Fig. 8.1. In the sequent
system FL, a formula ¢ is provable in FL if the sequent = ¢ is derivable in FL. The

substructural logic FL is the set of all provable formulae in FL.
Proposition 8.2.1 ([63]). For all formulae ¢ and 1, we have

1. ¢ is provable if and only if t & ¢ is derivable,

2. ¢ B 1 is deriwable if and only if ¢ — 1 is provable in FL if and only if 1 < ¢

1s provable in FL,

3. O1,...,0, = @ 1s derivable in FL if and only if ¢10---0 ¢, & ¢ is derivable

i FL.
The algebraic counterparts of substructural logic FL are known as FL-algebras
[25].
Definition 8.2.2 (FL-algebra). An 8-tuple A = (A, V, A, %, \,/,1,0) is a F'L-algebra,
if (A,V,A) is a lattice, (A,*,1) is a monoid, 0 is a constant in A, and for all
a,b,c e A,
axb<c <= b<a\c < a<c/b
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Figure 8.1: The sequent system FL
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By Proposition 8.2.1, we sometimes state that FL is the set of all sequents
derivable in FL. On FL-algebras, each sequent ¢4, ..., ¢, & ¢ is interpreted as an

inequality ¢q * - - *x ¢, < .

8.3 Bi-approximation semantics

In this section, we firstly introduce a polarity, see [4] or [89], which is the foundation

of bi-approximation semantics.

Polarity and bi-directional approximation

Definition 8.3.1 (Polarity). A triple (X,Y, B) is a polarity, if X and Y are non-

empty sets, and B a binary relation on X x Y, ie. B C XxY.

Given a polarity (X, Y, B), we induce a preorder <p on X UY as follows, see

[26]: for all z1,29 € X and all y1,y2 € Y, we let
1. 21 <p 19 <= for each y € Y, x5 By implies x1 By,
2. y1 <pys <= for each x € X, xBy; implies xBys,
3. 11 <py1 < x1By,
4. y1 <p 11 <= for each 2/ € X and each ¢/ € Y, /By if 2/ By, and 1By .

Hereinafter, we sometimes omit the subscript _gp from the induced preorder <g,
and refer to the triple (X,Y, <) as the polarity. That is, a polarity (X,Y, <) is a
preordered set (X UY, <).

Next, we introduce two approximation functions for polarities. Let (XY, <) be

a polarity, p(X) the poset of all subsets of X ordered by inclusion C, and p(Y)? the

159



poset of all subsets of Y ordered by reverse-inclusion 2. We define two functions

A p(X) = p(Y)? and v : p(Y)? — p(X) as follows: for each X € p(X) and each

Y € p(Y)?,

LAX):={yeY |VzeX o<y}

2.09) ={reX|Vye. <y}

The functions A and v form a Galois connection, i.e. A 4 v. Hence, the images
Mp(X)] and v[p(Y)?] are isomorphic. Hereafter, we denote the image A[p(X)] by
U and the image v[p(Y)?] by D. We mention that the images are the Dedekind-
MacNeille completion of the quotient poset of (XY, <) with respect to the equiv-
alence relation associated with <, see [4] or [13]. We call each element in D a
Galois stable X-set and refer to each Galois stable X-set by adding the superscript
 e.g. at. We call each element in U a Galois stable Y -set and refer to each Galois
stable Y-set by adding the subscript _4, e.g. a4. Since every Galois stable X-set
is an image of some (not necessarily unique) subset of Y, and every Galois stable
Y-set is an image of some (not necessarily unique) subset of X, we introduce the

following terminology:.

Definition 8.3.2 (Approximation and basis). Let X € p(X), Y € p(Y)?, ot € D
and By € U. An element ot is approzimated from above by Q) and Q) is a (Y -)basis

of a, if at = v(). An element S; is approzimated from below by X and X is a

(X -)basis of B, if By = A(X).

Later, we will construct two isomorphic FL-algebras on D and U: see Section
8.5. Namely, we will take the abstract algebra whose underlying poset is isomorphic

to both D and U. Then, we can see every point a as o* and as a4. In other words,
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every point in an abstract algebra is approximated from both above and below.
The main concept of bi-approximation semantics is to keep the two directions of

approximation: see e.g. Proposition 8.4.7.

Bi-approximation model Based on a polarity, we introduce bi-approzimation

semantics for substructural logic.

Definition 8.3.3 (P-frame for substructural logic). A p-frame for substructural
logic, p-frame for short, is a 8tuple F = (XY, <, R,Ox, Oy, Nx, Ny), where the
triple (X,Y, <) is a polarity, R C X x X x Y a ternary relation, Ox a non-empty
Galois stable X-set, Nx a Galois stable X-set, Oy and Ny are Galois stable Y -sets,

and F satisfies the following.

R-order: For all z,2' € X, 2’/ < z if and only if

do € Ox.[Vy € Y.[R(z,0,y) = 2’ <y] or Vy € Y.[R(o,z,y) = 2’ <],

R-identity: For each z € X, [Jo; € Ox,Vy € Y.[R(z,09,y) = x < y]

and Jo; € Ox,Vy € Y.[R(o1,z,y) = = < y]],

R-transitivity: For all xy, 2, 29,2, € X and y,y/ € Y,

xll S 371,1'/2 S T2,y S y/ and R(xba:%y) = R(l./bwé?y,)a

R-associativity: For all xy,x9, 23,0 € X,
dr' € X.[Vy € Y(R(x1,2',y) = x < y) and Vy € Y.(R(z2,23,Y) = 2’ <]

if and only if

d' € XMy € Y(R(2,z3,y) = x < y) and Yy € Y.(R(z1,29,Y) = o' < 9')],

O-isom: Ox = v(Oy) and Oy = A\(Ox),

N-isom: NX = U(Ny) and Ny = )\(Nx),
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o-tightness: For all x1, 2, € X, there exists x € X such that

Vy € Y.[R(x1,x2,y) if and only if 2 < y],

—-tightness: For each x; € X and each y € Y, there exists yo € Y such that

Vas € X.[R(x1, z2,y) if and only if zo < 1],

<—-tightness: For each x5 € X and each y € Y, there exists y; € Y such that

Vry € X.[R(xy1,z2,y) if and only if 21 < y4].

A p-frame F = (X,Y, <, R,Ox, Oy, Nx, Ny) is intuitively explained as follows:
the Galois stable sets Ox, Oy, Nx and Ny define the worlds where we assume t,
conclude t, assume f and conclude f. The conditions O-isom and N-isom guarantee
that every x € X where we assume the formula t (f), if and only if every y € Y where
we conclude the formula t (f) have the consequence relation z < y. The ternary
relation R is another consequence relation which allows us to reason about logical
consequences between two premises and one conclusion. The R-order condition says
that the induced relation on X, 2’ < x is also obtained by the ternary consequence
relation R. The tightness conditions guarantee that the ternary consequence relation

R respects <.

Remark 8.3.4. In Definition 8.3.3 one may feel that the conditions R-order, R-
identity and R-associativity look too complicated. However, we reformulate them

in Remark 8.4.3.

Our framework is similar to generalized Kripke frames in [26]. However, we do
not assume neither Separation axioms nor Reduced axioms, hence p-frames may
not be RS-frames. Our current purpose is to characterise Ghilardi and Meloni’s

parallel computation on the intermediate level [33], see also [84]. The main points
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of difference are how to evaluate formulae on bi-approximation semantics, i.e. the
valuation on two-sorted frames by introducing doppelganger valuation, and how to

interpret the satisfaction relation I on each sort, X and Y.

Definition 8.3.5 (Doppelginger valuation). On a p-frame F, a pair V = (V+ 14)
of two functions V¥ : ® — D and V; : ® — U is a doppelginger valuation, if V*+(p)
and V;(p) coincide for every propositional variable p € ®. That is, V*(p) = v(V;(p))

and V4(p) = M(V*¥(p)) for each propositional variable p € ®.

Definition 8.3.6 (Bi-approximation model). Given a p-frame I and a doppelgénger

valuation V, we call the pair M = (F, V') a bi-approximation model.

On a bi-approximation model M = (IF, V), we inductively define a satisfaction

relation I as follows: for each z € X, we let

X-1: M,z I-p < x € V¥(p) for each p € D,

X-2: MjzlFt < z € Oy,

X-3: M,z IFf < x € Ny,

X-4: Myzl- Vi) <= YyeV. [MylFoVe =z <y,

X-5: Mz lFop ANy <= M,xlF ¢ and M, x I- 1,

X-6: M,z lFgotp <= VYyeVY. M,ylkpoy) =<y,

X-7: Myzlkgp = <= V'e X,y eY. M,z IF ¢ and M,y IF ¢ = R(2, z,y)],

X8 Myzlk+ ¢ < V' e X,y €Y. M,z IF ¢ and M,y IF ¢ = R(x,2',y)].

163



For each y € Y, we let

Y-1: MyylFp <= y € Vi(p) for each p € D,

Y-2: M,y lFt <= y € Oy,

Y-3: My lFf < y € Ny,

Y-4: M,y lF ¢V <= M, ylF ¢ and M,y IF 1),

Y5 My koA < VeeX. MazlFoAp =z <y,

Y-6: Myl-¢op < Vay, 29 € X. [M, 21 IF ¢ and M, 5 IF ¢ = R(x1,22,7)],

Y- Myl ¢ > < Vo e X. Mzlko¢— =<y,

Y-8 M,ylk ¢« ¢ <= Ve e X. Mzl ¢ =z <yl

In bi-approximation models, the satisfaction relation I has two distinct interpreta-
tions depending on the domains X and Y. On X, we comprehend M, = |- ¢ as the
formula ¢ is assumed at x, and on Y, M, y I ¢ as the formula ¢ is concluded at y.
Moreover, we also define F,z I ¢ and F,y I ¢ as usual: for every doppelganger

valuation V', we have F,V,z IF ¢ and F, V, y IF ¢, respectively.

An interpretation of the two-sorted semantics To reason about resource
sensitive logics, we make a clear distinction between premises and conclusions, and
evaluate logical consequences as relations between premises and conclusions. On p-
frames, we think about X as a set of premise worlds where we evaluate only premises,
and about Y as a set of conclusion worlds where we evaluate just conclusions.
One may feel that the satisfaction relation M,y IF ¢, which says “the formula ¢

is concluded at the conclusion world 3”7, is the same as “the formula ¢ is true at
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7

y.” However, these two concepts are not the same. This is because, even if we
conclude a formula ¢ at y, we cannot logically judge whether the formula is true
or not. For example, if we conclude a formula ¢ meaning “tomorrow is Sunday”
at a conclusion world y, we do not have any clue to justify that the formula is
a fact. In other words, we may explain M,y IF ¢ as someone is just claiming “¢
should be concluded” without any reason. Of course, we cannot consider it as logical
reasoning. Only when we also have a reasonable premise like “today is Saturday”
or “tomorrow is Sunday,” we can justify that the logical consequence is true. More
precisely, only when we have a pair of a premise and a conclusion, we can justify

the logical consequence.

Formally the concept of truth of logical consequences on bi-approximation mod-
els is defined as follows. To reason about truth on bi-approximation models, it is
necessary to extend the satisfaction relation |- C (X xA)U(Y xA) to a relation be-
tween X x Y and pairs of two formulae A x A, or sequents. For our purpose, we
fix the interpretation between sequents and pairs of two formulae. Given a sequent
1, .., On B @, we translate it to (¢ 0 -+ 0 ¢y, ). If n =0, the left-hand side is
empty and we write (t, ). If the right-hand side is empty, we write (¢10...0¢,,f).
But, whenever it is not confusing, we do not make any distinction between sequents
and pairs of two formulae. So, both are called just sequents and are denoted by

I'= .

Definition 8.3.7 (Truth). Let Ml = (F, V') be a bi-approximation model and I' & ¢

a sequent. We let

1. M, (z,y) IF ' ¢ <= z <y whenever M,z I " and M, y IF ¢,

2. F (r,y) F T & ¢ < (F V) (z,y) F T & ¢ for each doppelganger
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valuation V,

3 MIFTE ¢ <= M,(z,y)IFT = pforallz € X and y €Y,

4. FFETE ¢ << (F,V),(z,y) FT & pforallz € X and y € Y, and every

doppelganger valuation V.

We interpret M, (z,y) IF I' = ¢ as the sequent I' = ¢ is true at the pair (x,y),

and F IF I' = ¢ as the sequent I' = ¢ is valid on F.

Remark 8.3.8. Unlike what happens in the setting of the normal Kripke semantics,
in bi-approximation models we reason about sequents but not formulae, in general.
But, thanks to Proposition 8.2.1, this distinction is not critical when we consider

substructural logic.

Hereinafter, we sometimes write (z,y) IF ¢ = ¢ instead of M, (x,y) IF ¢ = 9.

External reasoning and internal reasoning on p-frames Before we show
preliminary results for bi-approximation semantics, we explain how to evaluate
premises, conclusions and logical consequences on p-frames.

Recall the satisfaction relation I- in (X-1) - (X-8) and (Y-1) - (Y-8). We notice
that there are two types of reasoning: internal and external. Namely, there is
the reasoning on X, e.g. (X-4), or on Y, e.g. (Y-5), and there is the reasoning
given by the relation < or R between X and Y, e.g. (X-4) or (Y-6). Intuitively
speaking, the internal reasoning derives a premise from premises, or a conclusion
from conclusions, e.g. we assume ¢ A at x if and only if we assume ¢ and ¢ at = (X-
5). On the other hand, the external reasoning evaluates logical consequences. That

is, we describe a premise world by conclusion worlds, and vise versa. For example, a
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conclusion world y where we conclude ¢ A is described by all premise worlds where
we assume ¢ and ¢ (Y-5). We also say that the conclusion world y is approzimated
by the corresponding premise worlds. Analogously, e.g. (X-4), a premise world is
approximated by the corresponding conclusion worlds. See also Proposition 8.3.10.
This is what we call bi-approzimation in our framework.

Whereas the external reasoning is fundamental in bi-approximation models, we
also have the internal reasoning as well. One may feel that the internal reasoning
(Y-4) is far from our intuition. However, we can also explain it as follows. Recall the

sequent calculus LK. In LK, we consider a sequent as a pair of a finite list of premises

and a finite list of conclusions, ¢1, ..., ¢, & ¥1,...,1,. The intuitive interpretation
of this sequent is “if we assume all premises ¢4, ..., ¢,, then we conclude one of these
conclusions ¥q,...,1,.” In other words, premises are compulsory and conclusions

are elective. Therefore, it is natural to consider (Y-4) as “¢ and v are possible

conclusions at y if and only if ¢ V v is a possible conclusion at y.”

Preliminary results for bi-approximation semantics In this paragraph, we
show basic properties on bi-approximation semantics. The following proposition cor-
responds to Hereditary property in Kripke semantics for intuitionistic logic, e.g. [11].

But, it is two-sorted in our case.

Proposition 8.3.9 (Hereditary). Let M be a bi-approximation model and ¢ a for-

mula. For all elements x,2’ € X and y,y € Y, we have

1. if ' <z and ¢ is assumed at x, x |+ ¢, then it is also assumed at ', x' I+ ¢,

2. ify <y and ¢ is concluded at y, y - ¢, then it is also concluded aty', y' I+ ¢.
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Proof. Parallel induction. Base cases are straightforward, since every Galois stable

X-set is a downset and every Galois stable Y-set is an upset.

Inductive steps: V: Assume y |- ¢ V 1. By definition, y - ¢ and y IF . By
induction hypothesis, we obtain ¢’ I ¢ and ' IF ¢, hence y' IF ¢ V 1.
Suppose z I ¢ V 1. For each y IF ¢ V ¢, we have x < y. Because of

' < x, we obtain 2’ < y, hence z’ IF ¢ V 9.

A: Assume z IF ¢ A t. By definition, = IF ¢ and z I . By induction
hypothesis, we obtain 2’ I+ ¢ and 2’ IF 1, hence 2’ IF ¢ A 1. Suppose
y IF ¢ A, For each z IF ¢ A1), we have © < y. Because of y < ¢/, we

obtain z < ¢/, hence y' IF ¢ A .

o: Assume y I ¢po . If 1 IF ¢ and zy IF 1, then we have R(zq,x2,v).
Since y < 7/, by R-transitivity, we obtain R(xy,z2,y’), hence y' I ¢ o 1.
Suppose x IF ¢po1p. For each y IF ¢po1), we have x < y. Because of 2/ < z,

we obtain ' <y, hence 2’ I+ ¢ o 1.

—: Assume z IF ¢ — 1. For each z; IF ¢ and each y IF ¢, we have R(z1,z,y).
By R-transitivity, we have R(zq,2’,y), hence 2’ IF ¢ — 1. Suppose
y Ik ¢ — 1. For each x IF ¢ — 1, we have x < y. Since y < 3/, we obtain

x </, hence ¥ IF ¢ — 1.

<: Assume z |k ¢ < ¢. For each x5 IF ¢ and each y IF 1, we have R(z, x5, y).
By R-transitivity, we have R(z’,xs,y), hence =’ IF ¢ < ¢. Suppose
y IF 1 < ¢. For each z IF 1) < ¢, we have x < y. Because of y < 3/, we

obtain x < %/, hence ¢ IF ¢ < ¢.
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Proposition 8.3.10. For each bi-approximation model M, each x € X, eachy € Y,

and every formula ¢, if M,z IF ¢ and M,y I+ ¢, then x <vy. Furthermore, we have

1. Mz k¢ < foreveryy €Y. if Myl ¢ then x <y,

2. MLylk ¢ <= foreveryx € X. if M,z Ik ¢ then x <y.

Remark 8.3.11. Proposition 8.3.10 tells us initial sequents ¢ = ¢ is valid on every
p-frame . Intuitively, if ¢ is assumed at x, then it should be concluded everywhere in

Y above x. Conversely, if ¢ is concluded at y, then it should be assumed everywhere

in X below y.
As a corollary of Proposition 8.3.10, we obtain the following.

Corollary 8.3.12. For every p-frame F, each doppelginger valuation V' is naturally
extended from the set of all propositional variables ® to the set of all formulae A,

i.e. for each formula ¢, we let

1. VH¢) ={z e X |F,V,zl- ¢},

2. Vi(¢) ={y €Y |F,V,yl-¢}.

8.4 Bi-approximation, bases and the existential
quantifier

In Kripke semantics, we have a simple interpretation of modal operators ¢ and [J
as follows: for each Kripke model M and each possible world w, we let
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(i) Mw Ik 0¢p <= Fv € W such that R(w,v) and M, v I ¢,

(ii) M,w IF0O¢ <= Vv e W.if R(w,v) then M, v I ¢,

whereas, in bi-approximation models, all logical connectives are interpreted uni-
formly with conjunction, implication and universal quantifier V. For example, if we

introduce ¢ on bi-approximation semantics, it is interpreted as follows:

(iii) M,z IF Q¢ <= Vy e Y. it M,y Ik ¢ then = <y,

(iv) My IF 0o <= Vr e X.if M,z Ik ¢ then R(zx,y),

where R is a binary relation on X x Y. This is because it is essential to set up our
interpretation to return Galois stable sets. Note that item (iv) gives the definition
of ¢ on U, and item (iii) copies the same value to D: see also Section 8.5. As we saw
in Corollary 8.3.12, this setting allows us to assign the corresponding Galois stable
X-set and Y-set for every formula between D and U. On the other hand, to evaluate
any formula on bi-approximation models, we encounter the universal quantifier V
and an implication in each step, which generates considerable complexity.
However, in this section, we will show that we can reduce the complexity in
specific cases by introducing auziliary relations for R. In other words, some logical
connectives are translated into other simpler conditions with the existential quan-
tifier, which may not be equivalent to the original conditions anymore. Through
these simpler conditions, we will find the relationship between relational semantics
and bi-approximation semantics. Furthermore, we will also unearth a connection

among bi-approximation, bases and the existential quantifier.

Definition 8.4.1 (Auxiliary relations). For every bi-approximation model M and
the ternary relation R C X x X x Y, we let the following three ternary relations
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RRCX XX XX, RTCXXxYxYand REFCY x X xY:

1. R°(z1,x9,x) <= for every y € Y. if R(xy,xs,y) then z <y,

2. R7(x1,y2,y) < for every x5 € X. if R(xq,x2,y) then xo < ys,

3. R (y1,xa,y) < for every x; € X. if R(xy, z9,y) then 21 < y;.

Note that R° is related to R* in [26], but we also introduce R~ and R to show
Theorem 8.6.1. Thanks to the tightness conditions in p-frames, see Definition 8.3.3,

we obtain the following.

Lemma 8.4.2. For an arbitrary bi-approzimation model M and the ternary relation

RCXxXXY,

1. R(x1,29,y) <= for every x € X. if R°(x1,x9,2) then x <y,

2. R(x1,x9,y) < for everyys € Y. if R7(x1,y2,y) then xo < 1o,

3. R(xy,x9,y) < for everyy; € Y. if R* (y1,x2,y) then 1 < y.

Proof. Ttem 1. (=). Suppose R°(x1,z3,x), i.e. if R(xy,22,y") then z <y for every
y' € Y. By assumption, we obtain R(z1,xs,y), which derives x < y.

(«<=). Contraposition. Namely, we claim that there exists x € X such that
R°(z1,x9,x) and x £ y, under the assumption that R(z,xs,y) does not hold. Sup-
pose that R(zy,x2,y) does not hold. By o-tightness, there exists z € X such that,
R°(z1,x9,x), and, for each v/ € Y, if < ¢/, then R(z1,x9,y’). Since R(x1,xs,y)

does not hold, we have z £ y. Item 2 and item 3 are analogous to item 1. [

Remark 8.4.3. By Definition 8.4.1, we can reformulate R-order, R-identity and

R~associativity in Definition 8.3.3 as follows:
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R-order: for all x,2' € X, 2/ <z <= Jo € Ox. [R°(x,0,2') or R°(0,z,2")],

R-identity: for every = € X. [Jos € Ox. R°(x,09,7) and Jo; € Ox. R°(01,x,7)],

R-associativity: for all xq,z9, 23,2 € X.
d2' € X. [R°(z1,2,x) and R°(xq,x3,2")]

< ' € X. [R°(2/, x3,x) and R°(z1, x2,2")].

We note that similar conditions for R-order, R-identity and R-associativity can
be found in a relational semantics for distributive substructural logics, e.g. [82,
Definition 6].! Thanks to the auxiliary relations R°, R~ and R*, we obtain other

interpretations of formulae on bi-approximation semantics.

Theorem 8.4.4. For every bi-approximation model M and all formulae ¢, ¥, we

have

1.yl gpop <= Vo, € X,yp €Y. if 1 IF ¢ and R (x1,ys,y) then ys I- 1,

2. ylk oty <= Vry€ X,y1 €Y. if xo - ¢ and R (y1,x2,y) then y; IF ¢,

3. o lk ¢ =) <= Vry,x € X. if 1|k ¢ and R°(xq, 29, ) then x Ik 1,

4. 29 lFp = <= Yy,y €Y. ifyl- and R (y1, x2,y) then y; IF ¢,

5 11 lF < ¢ < Vg, x € X. if xo Ik ¢ and R°(xq, 29, ) then x Ik 1,

6. 1 lF) ¢ < Vys,y €Y. ifyl- 1 and R7(x1,y9,y) then ys I ¢,

7. x|k pohp <= Fry,19 € X such that zy I ¢, x9 IF ¢ and R°(xq, 2, ),

8 yolk ¢ = <= 3x; € X, Jy €Y such that x1 I+ ¢, y Ik and R (x1,y2,Y),

!The order of the ternary relation is different. That is, R°(x1,22,2) in this chapter is the same
as Ro(x,x1,x2) in [82].
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9. y1 Ik« ¢ <= 3Fxy € X, Jy €Y such that x5 IF ¢, y Ik ¥ and R (y1, 22, y).

Proof. Ttems 1 - 5 are analogous to item 6. And, item 8 and item 9 are analogous

to item 7.

6. By Proposition 8.3.10, Definition 8.4.1 and Lemma 8.4.2, we can prove as
follows.
T lF Y ¢ <= Vs € X,Vy e Y. xa Ik ¢,y k¢ = R(x1,x9,y)]
= Vag € X,Vyo,y € Yira Ik ¢,y Ik, R7(x1,y2,y) = 22 < o]

— vy%y € Y[y = 77Z)7R4>(x17y27y) = Y2 IF ¢]

7. Suppose that there exist x1, zo € X such that x; IF ¢, xo IF 1) and R°(x1, x9, ).
We claim that every element y € Y at which ¢ o4 is concluded is above x. If
y IF ¢ o1 holds, then, by definition, R(z1,x2,y) holds. By Definition 8.4.1, we
also obtain that = < ¢/, whenever R(xy,z5,y’) holds for every 3’ € Y. Hence,

x < y holds, which derives z IF ¢ o 1.

]

In Theorem 8.4.4, item 3 and item 5 correspond to the normal interpretations in
Kripke semantics. The same results for item 3 and item 5 are obtained by generalized
Kripke frames [26]. Moreover, item 7 looks similar to the interpretation on ternary-
relational semantics of distributive substructural logics. Item 7 must be closely
related to the discussion in [26, p.264]. However, unlike what happens in the setting
of generalized Kripke frames, the conditions of item 7, item 8 and item 9 are more
beneficial to evaluate formulae in our framework. More precisely, the auxiliary
relations R°, R~ and R* provide bases of V(¢ o)), V(¢ — ) and V(i) < ¢): see

Theorem 8.4.6 and Proposition 8.4.7.
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Related to Theorem 8.4.4, we also obtain the following results for V and A.

Theorem 8.4.5. Let Ml be an arbitrary bi-approzimation model, ¢, 1 be all formu-

lae. For each x € X and eachy €Y,

1. M,z l- ¢V <=M,z ¢ or M,z IF ),

2. M,yl- ¢ A <=M,y ¢ or M,y I .

Proof. Ttem 1. Suppose that x IF ¢ or z IF 1. For an arbitrary y € Y, if y IF ¢ V 9,
by definition, y I ¢ and y IF v. By Proposition 8.3.10, z IF ¢ or x I ¢, either way,

x <y holds. Therefore, x I ¢ V. Item 2 is analogous to item 1. [

Items 7 - 9 in Theorem 8.4.4 and Theorem 8.4.5 indicate that, when we reason
about formulae with the existential quantifier and disjunction, we may not accumu-
late all worlds in X (in Y) where the formulae are assumed (concluded). However,
as we will see below, we can still collect essential worlds in X (in Y) to gather
all worlds in 'Y (in X') where the formulae are concluded (assumed): see Theorem
8.4.6. Hereinafter, to discuss the connection between the existential quantifier and
the bi-approximation clearly, we introduce an auxiliary relation Iy, of I- as follows

(the subscript _y, refers to bases, see Theorem 8.4.6):

1. xlhps @V <= s @ Or x lFps Y,

2. y”_lis ¢/\¢ <~ y“_bsgbory“_bs'lvba

3. Tlbps potp < Jxy, 19 € X s.t. 1 Iy @, T3 IFps ¥ and R° (x4, 22, ),

4. yolbps @ > <= dx; € X, Jy € Y s.t. a1 ks @, y Ips ¥ and R7 (21, y9,y),

5. y1lbps W+ ¢ <= Txo € X,y €Y s.t. 3 Ihps &, y lbes ¥ and R (y1, xa, y).
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6. = lFps @ <= x IF ¢, whenever ¢ is a propositional variable or a constant, or

the outermost connective of ¢ is either A, — or <,

7. ylFps ¥ <= y Ik, whenever v is a propositional variable or a constant, or

the outermost connective of ¢ is either V or o.

By parallel induction, we obtain the following straightforwardly. For every formula

¢, each x € X and each y € Y, we have
1. if x IFys ¢, then z IF ¢,
2. if y lFys @, then y - ¢.
Furthermore, we also obtain the following.

Theorem 8.4.6. Let M be an arbitrary bi-approzimation model and ¢ each formula.
Then, we have the following (recall V in Corollary 8.3.12 and basis in Definition

8.3.2):
1. the set {x € X | M,z IFys ¢} is a basis of 17T(¢),
2. the set {y € Y | M,y lFps ¢} is a basis of V¢(¢).
Proof. Parallel induction. Base cases are trivial.

L o{yeY |ylFe ¢ A}) = VHp A9). (C). For each x, suppose that z < y,
if y lFps ¢ or y IFgs ¢ for every y. It is equivalent to both x < y if y IFys ¢ and
x <y if y Ik ¥. By induction hypothesis, we have x IF ¢ and x IF v, hence

zl- oA, (D). trivial.

2. M{z € X |z lFys p01p}) = Vi(hp o). For each y € Y, by Theorem 8.4.4,
Y I+ ¢O ¢ — vxlaxQ-[xl ”_bﬁ ¢7 T2 ”_[35 w = R(xlwx%y)]
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= Yy, T2, Yo.[21 Fes &, R (21,92, Y) = (22 IFes ¥ = 22 < yo)]
> Vry,ah € X[z Iy ¢, 245 IF 0 = R(xq, 25, y)].

Note that xs IFgs 10 changes to 2, IF 1. Repeat the same replacement for x;.

The other cases are analogous. O

Theorem 8.4.6 tells us that, in bi-approximation semantics, bases are (partly)
inductively characterised by the existential quantifier and disjunction: see also U-
terms, N-terms, pseudo-U-terms and pseudo-N-terms in Section 3.3. Moreover, this

property works beneficially together with the following proposition: see Remark

8.6.2.

Proposition 8.4.7. Let M be an arbitrary bi-approximation model and ¢, 1 all

formulae. Then, we have

MIF¢oe 9 <= Vee X,VyeY. if M, x lFys ¢ and M, y lFps 0, then x < y.

Proof. (=). Since z I+ ¢ (y IF ©) whenever x lFys ¢ (y IFps ©0), this is trivial. («<=).
Let x be an arbitrary element where ¢ is premised, y an arbitrary element where v
is concluded. By our assumption, for an arbitrary xg IFys ¢, we have xg < yp for
every yp lFps 1. By Theorem 8.4.6, we obtain zp IF 1, hence zp < y (Proposition
8.3.10). As xp is arbitrary, by Theorem 8.4.6, y I- ¢ also holds. Therefore, x < y

(Proposition 8.3.10). O

8.5 The Representation theorem

In this section, to prove Theorem 8.6.3, we show that FL-algebras can be represented
by p-frames. By analogy to the situation in modal logic (e.g. [5]), we will show that
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the dual frames of FL-algebras are p-frames and the dual algebras of p-frames are
FL-algebras. Moreover, the validity relations between p-frames and FL-algebras are

also proved as in the case of modal logic: see Theorem 8.5.3 and Theorem 8.5.5.

Dual algebra of p-frame For each p-frame F, we construct two isomorphic FL-
algebras in parallel based on the isomorphic posets D and U. Namely, we define the
operations V, A, %, \ and /, and the constants 1 and 0 on both D and U, as they
are isomorphic FL-algebras, i.e. (D,V, A, %,\,/,1,0) = (U,V, A, %,\,/,1,0).

Since D and U are isomorphic through the Galois connection A\ 4 v, we have
two natural ways to define each operation, in general. That is, an operation on U
is approximated from below, and take the copy to the other side via v : U — D.
Or, an operation on D is approximated from above, and take the copy to the other
side via A : D — U. In our case, the additive operations V and * are defined on U,
approximated from below, and the multiplicative operations A, \ and / are defined
on D, approximated from above. Otherwise, we cannot prove the residuality (see
[31] and [32]).

For each p-frame F = (XY, <, R,Ox, Oy, Nx, Ny), we define V, A, x, \ and /

are defined as follows: on D, for all o, B+ € D,
D-1: otV B* = v(ay V By),
D-2: ot A Bt = ot N B,
D-3: atx Bt = v(ar x By),
D-4: o\B¥ :={z9 € X |V, € o', Vy € B+. R(z1,22,9)},
D-5: Bt/at :={z1 € X | Vs € o', Vy € Br. R(z1,22,9)}
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On U, for all a4, 8y € U,
U-1: ap V By o= oy N By,
U-2: ap A By = Aot A BY),
U-3: ap* By :={y €Y | Vo, € a¥,Vay € B+ R(zy,19,9)},
Ut ar\s o= Aah\BY),

U-5: By/ay := A(B¥/at).
Based on these operations, we can show the following.

Theorem 8.5.1. Both (D,V,A,x,\,/,Ox,Nx) and (U,V,A,x,\,/,Oy, Ny) are

FL-algebras, and they are isomorphic.

Proof. Firstly, we need to check well-definedness of each operation. Namely, it is
necessary to show that every value returns a Galois stable set. The copying parts

are trivial, hence we need to check the following definition parts.

V: We claim that oy N By = Aot U BY). (). For each y € a4 N By, since y € ap
and y € B4, v <y for each z € ot U B+ (D). If y € Mot U BY), for arbitrary

T, € ot and z; € B, we have z, <y and z;, < y, hence y € ay and y € Sr.

A: We claim that ot N ¥ = v(ay U By). (C). For each x € ot N ¥, since x € ot
and z € 3%, x <y for each y € ay U B4. (D). If z € v(ay U By), for arbitrary

Yo € ay and yy, € Br, we have z < y, and = < y;, hence z € ot and z € (+.

x: We claim that oy % 8y = A{z € X | 21 € o}, 29 € B, R°(x1, 29, 7)}).
ar* By ={y €Y |V, € ot Vay € 8%, R(zy, 12,y)}
={yeY |Vx € X,Vr, € a*,Va, € B, R°(11, 29, 7) = x < y}
= {z € X |z €at zy€ B R (21, 20,7)})
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\: We claim that a\\B* =v({ys € Y | 21 € a*,y € Br, R (21,92,Y)}).
a\f¥ = {zy € X | V1 € a*,Vy € Bt, R(x1,72,y)}
= {2y € X |Vyp € Y,Vz; € a*,Vy € B4, R7 (71, y2,y) = 72 < 42}
=v({ye €Y |21 € oty € B, R (21,42, 9)})

/ is analogous to \.

Therefore, all operations are well-defined. Furthermore, these two algebras are iso-
morphic by definition. Next, we prove they are FL-algebras.

(D,V,A) and (U, V, A) are lattices. For all a, 3, 7y, we claim that?

a<yand f<y = aVp <y, (8.1)

y<aand y <[ <= vy<aAp. (8.2)

(=) of the condition (8.1). For each y € v, since oy O 44 and Sy DO 4, we have
y € ay and y € B, hence y € ay N Br. (<=) of the condition (8.1). For each y € 4,
since ay N By D 4, we obtain y € ay and y € By. The condition (8.2) is analogous.

(D, %, Ox) and (U, *, Oy) are monoids. For all a, 3, v, we claim that

ax (Bxy) = (axp)*7, (8.3)

axO=a=0x*a, (8.4)

where O is either Oy or Oy depending on the domain. The condition (8.3). Let y be
an arbitrary element in a4 * (54 *74). By Theorem 8.4.6, for all z1, z9, 23, 2", 2 € X,

if v, € o, 1y € BY, 23 € 44, R°(z1, 2, 2) and R°(x9, 73, 2'), then z < y holds. By R-

2Recall that the order < is C on D and D on U.
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associativity (see Remark 8.4.3), the condition is equivalent to that, for each element
x, for all 2” € X, if z; € o, 29 € BY, 13 € ¥, R°(2”, 23, 2) and R°(x1, 79, 2"), then
x <y, which concludes y € (ay * 1) * 4.

The left equality of the condition (8.4). (C). For each z; € a*, by R-identity,
there exists 0o, € Ox such that R°(xq,09,21). By definition, for every ¢ € Y,
if R(z1,09,v), then x; < 3 holds. Now, for every y € a4 *x Oy, by definition,
R(x1,02,y) holds, hence x; < y. Since z; is arbitrary in o}, which derives y € a.
(D). For arbitrary x € ot and o € Oy, by o-tightness, there exists 2/ € X such
that R°(z,0,2') and 2’ <y = R(z,0,y’) for each ¢y € Y. For every y € ay, we
have z < y, because of € a*. Furthermore, by R-order, 2’ < z holds. Since < is
transitive, we obtain 2’ < y, hence R(z,0,y). The right equality of the condition
(8.4) is analogous.

Finally, we will show the residuality: for all a, (3, 7,

axf<vy <= f<a\y <= a<~/p. (8.5)

(=) of the first equivalence in the condition (8.5). Let x5 be an arbitrary element
in B4, For arbitrary z; € ot and y € 4, since oy * B4 2 4, we have R(x1,x2,y).
Hence, x5 € a*\v*. (<) of the first equivalence in the condition (8.5). Let y be an
arbitrary element in ;. For arbitrary z; € a* and x5 € 8%, since % C a¥\, ¥, we

obtain R(xy,x2,y). Hence, y € oy * B;. The other equivalence is analogous. O
By Theorem 8.5.1, we naturally define the dual FL-algebras of p-frames.

Definition 8.5.2 (Dual algebra). Let F be a p-frame. The dual algebra of F is an

algebra FT = (A, V, A, *,\,/,1,0) which is isomorphic to (D, V,A,x,\,/,Ox, Nx)
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and <[U, \/, /\, *, \, /, Oy, Ny>

Along with the definition of dual algebras, we obtain the equivalence of validity,

as usual.

Theorem 8.5.3. For every p-frame F and each sequent I' = ¢, the sequent I = ¢

is valid on F if and only if it is valid on the dual algebra FT.

FIFl ¢ <— FtET<gp

Dual frame of FL-algebras Here we construct the dual frames of FL-algebras.
We mention that the dual frame corresponds to the intermediate level introduced in
[33] but see also [18] and [84].

Let A = (A, V,A,%,\,/,1,0) be a FL-algebra. The set of all filters and the set
of all ideals are denoted by F and Z. On F UZ, we define a binary relation C as

follows: for all filters F, Fy, F5 € F and all ideals I, 11,1, € Z,

1. FCF <— F12F2,

2. FCI < FnNnI#0,

3. ICF < Vacl,Vbe F.a<b,

4. L C I, < I, C L.

Next, on the triple (F,Z,C), we build a ternary relation R, and subsets Oz, Oz,

Nz and Nz as follows: for all F, Fy € F and each [ € T,

1. R(Fl,FQ,[) <~ Fl*FQEI,

where I} x Fy := {CL eA | dfi € Fi,dfs € Fy. f1x fo < a},
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2. Ogx is the set of all filters containing 1,

3. Oz is the set of all ideals containing 1,

4. Ng is the set of all filters containing 0,

5. N7z is the set of all ideals containing 0.

Then, the 8-tuple A, = (F,Z,C, R,Ox, Oz, Ng, N7) is the dual frame of A. To
prove the following theorems, we here mention that, for all F, Fi, F; € F and each

1,11, €1,

1. Fi % Fy is a filter,

2. F\l :={a€ A|3feF,Jdiel a< f\i}isan ideal,

3. I/F:={acA|Fiel,3f € F.a<i/f} is an ideal.

4. RO(Fl,FQ,F) <— FC F|xF3,

5. RH(F1,12,1> <~ Fl\IEIQ,

6. RF<]1,F2,]> <~ _[/FQ C L.

Then, we can prove the following.

Theorem 8.5.4. For any FL-algebra A, the dual frame A, is a p-frame.

Proof. By definition, (F,Z,C) is a polarity.

R-order: Let F, F’ be arbitrary filters. Suppose F' C F. Since F = F % T1, we
obtain F' C F'x11. Conversely, if F” C FxO or F' C Ox F for some O € Op,

because 1 € O, we obtain Fx O C F or O F C F, hence F' C F.

182



R-identity: Let 171 be the principal filter generated by 1. For each filter F', we have

F«11=11%F = F, hence R°(F, 11, F) and R°(11, F, F).

R-transitivity: For all Fy, F|, F5, F) € F and all [,I' € Z, if F{ C Fy, F) C F,
I C I" and F; x Fy, C I, then there exist f; € Fy, fo € F5 and i € I such that

fi* fo <4i. Since f; € F|, fo € F} and i € I', we also have F| « Fj C I'.

R-associativity: For all Fi, Fy, F3 € F, we have F| x (Fy x F3) = (I} % Fy) % F3,
by the associativity of x on A. If FF C F} % F’ and F' C F; *x F3, we obtain
F C Fyx(Fyx F3) = (Fy * Fy) x F3. Let F” = Fy % F5. Then, F C F” x F3 and

F" C Fy x F, hold.

O-isom (N-isom): For each F' € Or (Nx) and each I € Oz (Nz), they have 1 (0)

in common.

o-tightness: For all Fy, F, € F, it is trivially true that R(F}, Iy, I) if and only if

Fy % Fy, C [ for every I € Z. The other is analogous.

—-tightness: For each F; € F and each I € Z, by definition, for each F, € F,

R(Fy, Fy, 1) if and only if Fy, C Fy\1.

<—-tightness: For each F;, € F and each I € Z, by definition, for each F; € F,

R(Fl,FQ,I) if and only if Fl E [/FQ

]

We prove the validity relationship between FL-algebras and the dual p-frames.

Theorem 8.5.5. Let A be every FL-algebra and I = ¢ each sequent. If the sequent
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is valid on the dual frame A, it is also valid on the original FL-algebra A.

AET<p<«=A IFTE o

Proof. Let f : ® — A be an arbitrary assignment. We also denote the normally
extended assignment f: A — A by f. Then, we define a doppelginger valuation V/

based on f as follows: for each proposition p € ®,

1. VHp)={F e F| flp)e F} =v({lf(p)}),

2. Vilp) :=A{T € Z| f(p) € I} = A{1f(P)})-

We claim that f(¢) € F < A,,V,F I ¢ and f(¢) € I < A, V,IIF ¢,

for each filter F', each ideal I and each formula ¢. Base cases are trivial. Inductive

steps. For each filter F' € F and each ideal [ € 7,

V: Suppose that f(¢) V f(¢) = f(¢ V) € I. It is equivalent to f(¢) € I and
f(®) € I. By induction hypothesis, it is also equivalent to I IF ¢ and I IF 1),
which, by definition, I IF ¢ V .

If f(¢ Vip) € F, then F has non-empty intersection with all ideals containing
f(o V). We obtain F' I+ ¢V 1), because every ideal I satisfying I I ¢V 1
contains f(¢ V ). Conversely, if F' I ¢ V 1, then it must have non-empty

intersection with | f(¢ V 1) as well. Therefore, f(¢ V1)) € F.

A: Suppose that f(¢) A f(¢) = f(p AN) € F. Tt is equivalent to f(¢) € F and
f(®) € F. By induction hypothesis, it is also equivalent to F' I+ ¢ and F It 1),
which F'IF ¢ At by definition.

If f(¢ Ay) € I, then I has non-empty intersection with all filters containing
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f(op AN1). We obtain I IF ¢ A 1), because every filter F' satisfying F' I- ¢ A 9
contains f(¢ A ¢). Conversely, if I IF ¢ A 1, then it must have non-empty

intersection with 1f(¢ A1) as well. Therefore, f(p A1) € I.

o: Suppose that f(¢) * f() = f(po) € I. For any Fy, Fy € F, if F; IF ¢ and
F IF 4, by induction hypothesis, f(¢) € F} and f(i)) € F,. Therefore, we have
f(p) * f(x) € Fy * Fy, which derives Fy x Fy C I, i.e. R(Fy, Fy, I). Conversely,
assume that I IF ¢ o . By definition, for arbitrary F} IF ¢ and Fy I 2,

Fy % F5 C I holds. Then, 1f(¢) % Tf(¢) C I must hold, hence f(¢p o) € I.

If f(pot) € F, then F has non-empty intersection with all ideals containing
f(p o). Since every ideal [ satisfying I | ¢ o1 contains f(¢ o 1)), we have
FIF ¢o. Conversely, if F' I ¢ o), then it must have non-empty intersection

with [ f(¢ o) as well. Therefore, f(¢ o)) € F.

—: Suppose that f(¢)\f(¢) = f(¢ — ¢) € F. For arbitrary F' € F and I € T,
if F Ik ¢ and I IF 4, by induction hypothesis, f(¢) € F' and f(v) € I,
hence f(p)\f(v) € F'\I. By the residuality on A, we obtain F’' x F C I,
i.e. R(F', F, 1) holds. Conversely, assume that F' I ¢ — 1. By definition, for
arbitrary F' IF ¢ and I |+ 4, we have F'xF C I. Then, Tf(¢)«F C | f(v) must
hold as well. So, there exists z € F such that x < f(¢)\f(¥) = f(¢ — ),

hence f(¢ — 1) € F.

If f(¢p — 1) € I, then I has non-empty intersection with all filters containing
f(é — ). Since every filter F' satisfying F' I+ ¢ — 1) contains f(¢ — ¢), we
have I IF ¢ — 1. Conversely, if I IF ¢ — 1, then it must have non-empty

intersection with 1f(¢ — 1) as well. Therefore, f(¢ — ¢) € I.
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<: Suppose that f(¢)/f(¢) = f(¢ < ¢) € F. For arbitrary I’ € F and [ € Z,
if I/ I+ ¢ and I I+ 4, by induction hypothesis, f(¢) € F' and f(¢) € I,
hence f(v)/f(¢) € I/F'. By the residuality on A, we obtain F % F' C I,
i.e. R(F,F' I) holds. Conversely, assume that F' I 1 < ¢. By definition, for
arbitrary F’ IF ¢ and I I+ ¢, we have F'xF' C I. Then, Fx1f(¢) C | f(¢) must
hold as well. So, there exists x € F such that x < f(¢)/f(¢) = f(¥ + ¢),

hence f(¢ < ¢) € F.

If f(v < ¢) € I, then I has non-empty intersection with all filters containing
f(¥ < @). Since every filter F' satisfying F' IF 1) < ¢ contains f(¢ < ¢), we
have I IF ¢ < ¢. Conversely, if I IF 1) < ¢, then it must have non-empty

intersection with 1f(¢ < ¢) as well. Therefore, f(¢ < ¢) € F.

Finally, we finish up the proof. Assume I' = ¢ is not valid on A. Then, there
exists an assignment f : ® — A such that f(I') £ f(¢). We have that 1f(I') € F

and | f(p) € Z. Moreover, we also have A, V,Tf(I") IF T and A,V ][ f(¢) IF ¢.

However, since f(I') € f(p), 1f(T) £ Lf(®). Therefore, A, I T' = ¢. O

8.6 Soundness and Completeness

In this section, we will show that p-frames are a sound and complete semantics for
the substructural logic FL. Unlike what happens in the setting of relational seman-
tics for distributive substructural logics, soundness is not straightforward. This is
because bi-approximation models evaluate formulae through the Galois connection
A 1 v. To avoid this complex argument, we can use the relationship between the

bi-approrimation and the bases: recall Proposition 8.4.7.
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Theorem 8.6.1 (Soundness). Let I' = ¢ be an arbitrary sequent. If the sequent

I' = ¢ is derivable in FL, it is valid on every p-frame F.

Proof. Let F be an arbitrary p-frame and V an arbitrary doppelginger valuation
on F. On the bi-approximation model M = (F, V), all initial sequents are true, by
Proposition 8.3.10. Note that we use Proposition 8.4.7 to prove the inductive steps.
We mention that (fw) and (o &) are trivial, and (= Va), (A2 &), (E—) and (+=)

are analogous to (= V1), (A1 &), (B4) and (—F), respectively.

(cut): For arbitrary x € X and y € Y, let M,z IFys X o T o IT and M,y Ik .
Then, there exist x1, o, 23,2 € X such that z; Ik X, x9 by T, 23 Ibgs 11,
R°(z1,2',x) and R°(zy, x3,2"). By induction hypothesis, I' & ¢ is true on M.
By Proposition 8.3.10, we obtain that x5 IF ¢, hence z I ¥ o ¢ o I1. Again, by

induction hypothesis, Ml IF 3 o ¢ o II = ¢, which concludes x < y.

(tw): For arbitrary z € X andy € Y, let M, 2 Iys T'otoA and y IFys . Then, there
exist 1, xq, 3,2 € X such that 1 Ikps Ty 29 Ihps t, 23 IFes A, R°(21, 27, 2)
and R°(xq,x3,2"). Because x5 € Ox and R°(x9,x3,2'), we obtain ' < x3
by R-order. By Hereditary (Proposition 8.3.9), we also have 2’ I A, hence
x IF T'oA holds. Finally, by induction hypothesis, Ml I I'o A = ¢. Therefore,

z <.

(V &): For arbitrary x € X and y € Y, let x kg I'o (¢ V ¢0) 0 A and y IFys 9. By
inductive hypothesis, we have M IF Topo A pand MIFT oy o A & .
So, we obtain y IF 'opo A and y IF "oy o A. With repeating Definition 8.4.1
and Lemma 8.4.2, we obtain the following:

ylFTogpoA <= Yy, ys € Y,Vr1,23 € X.
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z1 IE T as b AR (g2, 23,y'), R (21,9, y) = 32 |- 9,
ylFToypoA < Y,y € Y.Vay,23 € X.

1 IF T 23 IE A R (yo, 23, y'), R (21,9, y) = ya IF 9,
ylFTo(pVY)oA < Yy y € Y,Vay, 25 € X.

X1 IF Faxfﬂ I+ Aa R<_<y27x37y/>7R_>(‘rlvy,7y) = Y2 I+ ¢V¢

Therefore, we obtain y I- ['o (¢ V ¢) o A, hence = < y.

(= V1): For arbitrary z € X and y € Y, let z Iy I and y IF ¢ V 9. By definition,

y IF ¢. By induction hypothesis, we have M I I' = ¢, hence x < y.

(A1 =): For arbitrary z € X and y € YV, let x kg T o (¢ A1h) o A and y Iy, .
Then, there exist xq, 9, x3, 2" € X such that zq Ik I', 29 IF ¢ A1), 23 Ik A,
R°(z1,2',z) and R°(zy,x3,2"). By definition, we also have x5 IF ¢, hence

xIF T o¢oA. By induction hypothesis, M IFT"o ¢ o A & ¢, hence z < y.

(&= A): For arbitrary z € X and y € Y, let o Iy I and y IFys ¢ A ¢p. By inductive
hypothesis, we have M IF ' = ¢ and M IF I" = 1. Therefore, we obtain that

x IF ¢ and z IF ¢, which derives x I+ ¢ A . Then, z < y.

(= o): For arbitrary x € X and y € Y, let x Iy T'o 3 and y IF ¢ o ¢p. Then, there
exist x1,x9 € X such that zq by T, 29 IFps X and R°(z1, 22, z). By inductive
hypothesis, we have M IF I' = ¢ and M I+ ¥ = ¢. We obtain z; IF ¢ and
xo |- 7). By definition, since y IF ¢pot), R(x1, x5, y) holds. Because of Definition

8.4.1, we conclude z < y.

(—E): For arbitrary x € X and y € Y, let x lkps Yo T o (¢ — 1) o IT and y Ik, .
By inductive hypothesis, we have M I ¥ oy o I1 & ¢, hence y IF X o1 o II.
Moreover, there exist x1, o, x3, x4, 2, 2" € X such that x1 Ik 3, 29 by T,
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x3 lFes @ — 0, x4 lFps 11, R°(x9,23,2"), R°(2,24,2") and R°(xy,2",2). By
inductive hypothesis, M IF I' & ¢, hence x5 IF ¢. Furthermore, because x5 IF ¢
and z3 |- ¢ — 1, we have that, for each " € X, if R°(zy,x3,2"”") holds, then
" I 1 (Theorem 8.4.4). Because of R°(zs,x3,2"), we obtain a’ I- 1. Hence,

we derive x |- X o9 o II. Therefore, z < y.

(=+): For arbitrary x € X and y € Y, let x by I and y IFps ¢ <— ¢. Then, there
exist zo € X and 3y’ € Y such that x5 lFes ¢, ¢ IFes ¥ and R (y, x2,9'). By
induction hypothesis, we have M IFT" o ¢ = 1, hence ' IF " o ¢. By Theorem
8.4.4, for every y" € Y, if R*(y", xo,y’), then 3’ IF T". Finally, since z IF T', we

conclude =z < y.

O

Remark 8.6.2. We mention that, in the proof of Theorem 8.6.1, we effectively
use the bi-approximation, bases and the existential quantifier, i.e. Theorem 8.4.4,

Theorem 8.4.6 and Proposition 8.4.7, to stay away from taking the Galois connection.

Theorem 8.6.3 (Completeness). Let I' = ¢ be an arbitrary sequent. If the sequent

I' & ¢ is valid on every p-frame ', then it is derivable in FL.

Proof. Let L be Lindenbaum-Tarski algebra of substructural logic FL. If I' & ¢ is
not derivable in FL, then I' = ¢ is not valid on .. By Theorem 8.5.4, the dual
frame L, of IL is a p-frame. Furthermore, by theorem 8.5.5, the sequent I' &= ¢ is

not valid on L. O

Therefore, combined with the canonicity results for substructural logic in Section

4.1, we obtain the following.
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Main Theorem 8.6.4 (Sahlqvist-type completeness for substructural logic). Let
Q be a set of sequents which have consistent variable occurrence (see Main Theorem
3.8.22 and Section 4.1). A substructural logic extended by Q2 is complete with respect

to a class of p-frames.

8.7 Conclusive remarks on bi-approximation se-

mantics

We introduced bi-approximation semantics to describe Ghilardi and Meloni’s parallel
computation on the intermediate level of the canonical extension of lattice expan-
sions. Unlike what happens in the setting of standard relational semantics, like
Kripke semantics or Routley-Meyer semantics, bi-approximation semantics is two-
sorted. However, we claim that this is a natural framework for the study of logic,
because logic is a priori two-sorted: premises and conclusions. In other words, logic
is the study of consequence relations.

From this point of view, bi-approximation semantics is a reasonable relational-
type semantics for lattice-based logics. This framework could be valuable when we
think about resource sensitive logics, since there we explicitly distinguish premises
from conclusions. Even over distributive lattice-based logics like intuitionistic logic,
our two-sorted semantics may be worthwhile. For example, the first-order definabil-
ity for intuitionistic modal logic on Kripke semantics is still open (see the footnote
in [33, p.2]), whereas the first-order definability on bi-approximation semantics is

effectively solved [80].
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Chapter 9

Summary

How can we present logical reasonings, and compute them? In this dissertation, we
have considered ordered algebraic structures, i.e. lattice expansions and poset expan-
sions, as mathematical presentations of logical reasonings, and studied the canonical
representation theorems of them, which provide the right framework between logi-
cal calculi and space-based semantics, e.g. operational semantics and denotational
semantics in computer science. As a summary, we list the results in this dissertation

and possible future work in this direction.

9.1 The results in this dissertation

In this dissertation, we have

Main Theorem 3.3.22: generalised

e generalised Ghilardi and Meloni’s canonicity methodology from Heyting alge-

bra with unary modalities to lattice expansions: see Main Theorem 3.3.22,

e applied our canonicity method to non-classical logics: substructural logic, rel-
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evant modal logics and distributive modal logic: see Chapter 4,

compared our canonicity results with a Sahlqvist theorem for distributive

modal logic in [30]: see Section 4.4,

brought up a problem to extend our canonicity technique for poset expansions:

see Section 5.3,

discussed a way to carefully remove the problematic cases and proved canon-

icity results for poset expansions: see Section 5.4,

described the canonical extension of poset expansions consisting of € -additive
operations, €' -multiplicative operations, diamonds ¢, boxes [J, adjoint pairs
and constant, and the canonical extension of bounded poset expansions con-
sisting of e-join preserving operations, e-meet preserving operations, e-additive
operations, e-multiplicative operations, adjoint pairs and constants: see Sec-
tion 5.5, and syntactically characterised canonical inequalities: see Main

Theorem 5.5.25,

applied the canonicity results for poset expansions to residuated algebras in
[18] and illustrated that our results still account for many canonical inequali-

ties: see Chapter 6,

spelled out the canonical extension of posets with the topological terms pro-

vided in [29] and the descendants [27] or [18]: see Section 7.1,

explained Ghilardi and Meloni’s parallel computation in the light of the char-
acterisation with topological terms, and illustrated how to use the parallel

computation on the intermediate level to obtain canonicity results by giving
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an example from substructural logic: see Section 7.2,

given another perspective of the canonicity problem and the canonical exten-
sion as “the estimation of the perfect information from the observable data,”
and shown a Unscharferelation which says “even if we accumulate the ob-
servable data infinitely many times, it may not enough to perfectly describe
a property, but the observable data of the property distribute in a certain

range,”: see Section 7.3

introduced bi-approximation semantics for substructural logic based on the

parallel computation on the intermediate level: see Section 8.3,

tracked down the connection between bi-approximation semantics and Kripke-
style semantics through bi-approximation, bases and the existential quantifier:

see Section 8.4,

proved a representation theorem between FL-algebras and bi-approximation
semantics: see Section 8.5, and shown that a soundness theorem and a com-
pleteness theorem for substructural logic FL via the representation theorem
plus invariance of validity along a back-and-force correspondences: see Sec-

tion 8.6,

stated a completeness theorem for extensions of FL by combining with our

canonicity results in Main Theorem 3.3.22: see Main Theorem 8.6.3.
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9.2 Future work

In this dissertation, we have studied quite a few canonicity results of lattice ex-
pansions and poset expansions by generalising Ghilardi and Meloni’s canonicity
methodology. Moreover, we have also thought about a space-based semantics of
lattice-based logics, and shown that our canonical representation theorems consis-
tently provide the right framework between logical calculi and the space-based se-
mantics, e.g. operational semantics and denotational semantics in computer science.
However, we must accept that the study of canonical representations, or duality
theories, is still under development. This is because, in this dissertation, we are
dealing only with propositional lattice-based (poset-based) logics. But, this is not
enough to capture logics applied to computer science, natural science, economics
or law. Towards a universal study of these logics via representations, or duality

theories, we list some possible future works as follows.

1. Can we syntactically describe a wider class of canonical inequalities?

2. How can we explain the notion of the bi-approximation in logical reasonings?

3. Can we have a universal representation theorem subsuming existing lattice-

based predicate logics?

4. Can we apply our representation technique to other topics in computer science,
like program logics, automata theory or language theory, or more widely to

natural science, e.g. quantum mechanics or bioinformatics?
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