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Abstract

In this thesis we study the second Hochschild cohomology group of all tame weakly

symmetric algebras having simply connected Galois coverings and only periodic mod-

ules. These algebras have been determined up to Morita equivalence by BiaÃlkowski,

Holm and Skowroński in [4] where they give finite dimensional algebras A1(λ), A2(λ), A3,

. . . , A16 which are a full set of representatives of the equivalence classes. Hochschild

cohomology is invariant under Morita equivalence, and this thesis describes HH2(Λ) for

each algebra Λ = A1(λ), A2(λ), A3, . . . , A16 in this list. We also find the periodicity of

the simple modules for each of these algebras. Moreover, for the algebra A1(λ) we find

the minimal projective bimodule resolution of A1(λ) and discuss the periodicity of this

resolution.
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Introduction

Hochschild cohomology is an important invariant in the representation theory of

algebras, and it is well known from work of [24, Proposition 2.5] (see also [19, Theorem

4.2]) that it is invariant under Morita equivalence and derived equivalence. In this thesis

we study the second Hochschild cohomology group of a finite dimensional algebra over

an algebraically closed field K. This is linked to the theory of deformations which we

describe in Chapter 2.

The theory of the cohomology of algebras was initiated by Hochschild in [21] and

evolved in tandem with group cohomology. The nth Hochschild cohomology group of a

finite dimensional algebra Λ is defined by HHn(Λ) := Extn
Λe(Λ, Λ) where Λe is the en-

veloping algebra of Λ. The Hochschild cohomology ring of Λ is HH∗(Λ) := ⊕n>0 HHn(Λ)

with the Yoneda product. Chapters 1 and 2 introduce the second Hochschild cohomol-

ogy group and explore the link between the bar resolution and deformation theory.

Chapter 3 investigates a minimal projective bimodule resolution of Λ. We start by dis-

cussing the beginning of a minimal projective bimodule resolution of Λ of Green and

Snashall from [16] and the minimal projective resolution of Λ/r of Green, Solberg and

Zacharia in [18]. From this we can determine the second Hochschild cohomology group

HH2(Λ).

We are interested in tame weakly symmetric algebras having simply connected Ga-

lois coverings and only τ−periodic modules where τ is Auslander-Reiten translate.

The class of finite dimensional algebras over an algebraically closed field K may be

divided into two disjoint classes wild and tame as shown in [8]. One class is formed

by the wild algebras whose representation theory comprises the representation theories

of all finite dimensional K− algebras. The second class consists of tame algebras for

which the indecomposable modules occur in each dimension d, in a finite number of

discrete and a finite number of one-parameter families. So a classification of the finite

dimensional modules is only feasible for tame algebras (see [25]). The tame weakly

symmetric algebras having simply connected Galois coverings and only τ−periodic

modules have been determined up to Morita equivalence by BiaÃlkowski and Skowroński

in [5] and up to derived equivalence by BiaÃlkowski, Holm and Skowroński in [4]. A

complete list of representatives of the Morita equivalence classes is given by algebras

A1(λ), A2(λ), A3, . . . , A16 which we describe explicitly by quiver and relations in the

main body of the thesis. These algebras are precisely the weakly symmetric algebras of

tubular type and nonsingular Cartan matrix. We recall here the following two results

from [5].

Theorem 4.6. [5, Theorem 2] Let Λ be a basic connected finite dimensional algebra

over an algebraically closed field K. Then Λ is weakly symmetric of tubular type

and nonsingular Cartan matrix if and only if Λ is isomorphic to one of the algebras

A1(λ), A2(λ), λ ∈ K \ {0, 1}, A3 (if charK = 2), or Ai, 4 6 i 6 16.
iv



Note that the algebra A3 is also weakly symmetric of tubular type and nonsingular

Cartan matrix if charK 6= 2.

Theorem 4.7. [5, Corollary 3] Let Λ be a weakly symmetric algebra of tubular type

and with nonsingular Cartan matrix. Then Λ has at most four simple modules and its

stable Auslander-Reiten quiver consists of tubes of rank 6 4.

After a brief introduction to derived equivalence and Morita equivalence in Chapter

4, we discuss the derived equivalence classes of [4].

Theorem 4.10. [4]

(1) The algebras A5 and A6 are derived equivalent.

(2) The algebras A12, A13, A14, A15 and A16 are derived equivalent.

(3) The algebras A4, A7, A8, A9, A10 and A11 are derived equivalent.

Chapters 5-20 of this thesis study the second Hochschild cohomology group for the

algebras A1(λ), A2(λ), A3, . . . , A16 by finding the basis and the dimension of this group.

The second Hochschild cohomology group of the algebra A3 was determined by [1] and

[13], details are given in Chapter 7. The results of these chapters are summarized in

the following Theorem.

Theorem 20.2. Let λ ∈ K \ {0, 1}.

For the algebra Λ = A1(λ), we have dimHH2(Λ) = 3,

the algebra Λ = A2(λ) has dimHH2(Λ) =
{

6 if charK = 2
4 if charK 6= 2,

the algebra Λ = Ai where i = 4, 7, 8, 9, 10, 11 has dim HH2(Λ) = 2,

the algebra Λ = Aj where j = 5, 6 has dim HH2(Λ) =





3 if charK = 2
4 if charK = 3
3 if charK 6= 2, 3,

and for the algebra Λ = Ak where k = 12, 13, 14, 15, 16, we have

dimHH2(Λ) =
{

3 if charK = 2
2 if charK 6= 2.

In Chapters 21-26 we show that the simple modules for the algebras A1(λ), A2(λ), A5,

A6, A7 and A12 are Ω−periodic and find the periodicity. Recall that A1(λ), A2(λ), A5, A7,

A12 are a complete set of representatives of the derived equivalence classes. However,

despite having A5 and A6 in the same derived equivalence class, we study both of them

and show that the periodicity of their simple modules is different.

We also discuss the periodicity of the algebra A1(λ). Chapter 21 finds a minimal

projective bimodule resolution of the algebra A1(λ). This done by defining projectives

Pm and maps dm : Pm → Pm−1, and proving that (Pm, dm) is a complex, then by using

an argument in [16] prove that (Pm, dm) is a minimal projective bimodule resolution

of A1(λ). The main results in this chapter are:
v



Theorem 21.6. Let Λ = A1(λ) where λ ∈ K \ {0, 1}. If there exists some n > 1 such

that (−λ)n = 1 then Ω4n
Λe(Λ) ∼= Λ as bimodules. Moreover Λ has a periodic projective

Λ− Λ−bimodule resolution.

Theorem 21.7. For Λ = A1(λ) we have that HH∗(Λ)/N = K or K[x]. If there is n > 1

with (−λ)n = 1 then HH∗(Λ)/N ∼= K[x] where x is in degree m, and m is minimal

such that Ωm
Λe(Λ) ∼= Λ as bimodules. In this case m divides 4n.

Remark. (1) The algebras A1(λ) and A2(λ) are of “quaternion” type as defined in

[10], where it is proved in [11] that almost all algebras of quaternion type are periodic

as bimodules. However the small parameters are not covered by the results in [11].

Theorem 21.1 is dealing with one of the small parameter cases.

(2) The algebra A4 is the smallest “mesh algebra” Λ(Cn) of Dynkin type Cn, as

introduced in the survey article in [12]. This algebra is also amongst the ones studied

in a recent paper by Dugas [9].

vi



1. Background Definitions

1.1. Projective Modules.

In this section R is a ring and all modules are right modules. The definitions and

results are standard and can be found in [2].

Definition 1.1. Let A,B, C be R-modules and f : A → B, g : B → C be R-module

homomorphisms. The sequence

A
f // B

g // C

is exact at B if Im f = Ker g. A short exact sequence is a sequence of R-modules and

R-module homomorphisms of the form

0 // A
f // B

g // C // 0

which is exact at A, B and C.

Equivalently, this sequence is exact at A if and only if f is 1− 1, it is exact at B if

and only if Im f = Ker g and it is exact at C if and only if g is onto.

Definition 1.2. A long exact sequence is a sequence of R-modules and R-module ho-

momorphisms of the form

0 // A1
f1 // A2

f2 // · · · // An−1
fn−1 // An

fn // 0

such that it is exact at A1, A2, . . . , An.

Definition 1.3. Let P, M and N be R-modules. Then P is a projective R-module if

for each epimorphism g : M → N and each R-homomorphism ν : P → N there is an

R-homomorphism ν : P → M such that the diagram commutes:

P
ν

~~|
|

|
|

ν

²²
M g

// N // 0

Definition 1.4. Let M be a right R-module. Then a projective resolution of M is an

exact sequence of projective R-modules P i and R-module homomorphisms di such that

· · · // Pn+1 dn+1
// Pn dn

// · · · // P 2 d2
// P 1 d1

// P 0 d0
// R // 0

is exact at P i and R for all i > 0.

Proposition 1.5. Let R be a ring. Then R is a projective right R-module.

Proposition 1.6. Let R be a ring and e an idempotent (e2 = e) in R. Then eR is a

projective right R-module.
1



1.2. Quivers and Relations.

The definitions and results in this section are taken from [10]. Throughout this section

we assume K is a field.

Definition 1.7. A quiver Q is a directed graph Q = {Q0,Q1, o, t} where Q0 is the

set of vertices, Q1 is the set of arrows, and o, t are maps Q1 → Q0. Given an arrow

α ∈ Q1, we say it starts at vertex o(α) and terminates at vertex t(α). The quiver is

said to be finite provided both Q0 and Q1 are finite sets.

Definition 1.8. (a): Given v, w ∈ Q0, then a path of length l > 1 from v to w is a path

α1α2 · · ·αl where αi is an arrow satisfying o(α1) = v, t(αi) = o(αi+1) and t(αl) = w. In

addition, we also define for any vertex v of Q, a path of length zero ( from v to itself)

denoted by ev. We write o(ev) = v = t(ev).

(b): The path algebra KQ of Q is defined to be the K-vector space with basis the set of

all paths in Q. The product of two paths is taken to be the composition if it exists and

zero otherwise.

Definition 1.9. Let Q be a finite quiver and RQ be the arrow ideal of the path algebra

KQ. A two-sided ideal I of KQ is said to be admissible if there exists m > 2 such that

Rm
Q ⊆ I ⊆ R2

Q [3].

We write paths from left to right and deal with right modules.

1.3. Radical.

Throughout this section K is a field and Λ is a finite dimensional algebra. All the

definitions in this section can be found in [2].

Definition 1.10. Let Λ be a finite dimensional algebra and M a Λ-module, the rad-

ical of M, denoted by radM, is the smallest submodule of M such that M/rad M is

semisimple.

Remark.

(1) radM is also the intersection of all the maximal submodules of ([2, 9.13]).

(2) radM is the submodule of M such that M/radM is the largest semisimple

quotient of M .

(3) For a finite dimensional algebra Λ = KQ/I, then rad(Λ) is the ideal of Λ

generated by all the arrows of Q, and we write rad Λ = r.

Now we define the top and the socle of the right R-module M.

Definition 1.11. [10] Let M be a right R-module. Then the top of M is the largest

semisimple factor R-module of M, that is, topM = M/ rad(M). If Q has n vertices

then topΛ = Λ/ radΛ = Ke1 ⊕ · · · ⊕Ken.

Definition 1.12. [10] Let M be a right module. Then the socle of M is the largest

semisimple submodule of M. The socle of M is denoted by soc M .
2



1.4. Homological Algebra.

Suppose that Λ is a finite dimensional algebra, K is a field, M is a right Λ-module and

Pn are Λ-modules for n > 0. Then if we have a map dn : Pn → Pn−1 then we have an

induced map dn∗, that is, dn∗ : Hom(Pn−1,M) → Hom(Pn,M) is given by f 7→ f · dn:

Pn dn
// Pn−1

f // M .

Definition 1.13. Let Λ be a finite dimensional algebra over K. Then the opposite

algebra Λop is defined as the vector space Λ with new multiplication a ∗ b := ba where

a, b ∈ Λ. The enveloping algebra Λe of Λ is defined as the vector space Λop ⊗K Λ with

the multiplication given as follows:

(a⊗ b)(c⊗ d) = (a ∗ c)⊗ bd

= ca⊗ bd.

Proposition 1.14. If M is a Λ− Λ-bimodule then M is a right Λe-module via

m(a⊗ b) = (am)b = a(mb)

for a, b ∈ Λ, m ∈ M.

Throughout this thesis we use the notation of a Λ−Λ-bimodule interchangeably with

the notation of a right Λe-module.

Suppose Pn, Pn−1 are Λ− Λ−bimodules and dn : Pn → Pn−1 is a Λ− Λ−bimodule

homomorphism. Then dn∗ : HomΛe(Pn−1, Λ) → HomΛe(Pn, Λ) is also a Λ−Λ-bimodule

homomorphism.

Consider a projective bimodule resolution of Λ

· · · // Pn dn
// Pn−1 dn−1

// · · · // P 2 d2
// P 1 d1

// P 0 d0
// Λ // 0 (1)

so the P i are projective Λ− Λ−bimodules. Apply HomΛe(−, Λ) to get

0 // HomΛe(P 0, Λ) d1∗
// HomΛe(P 1, Λ) d2∗

// . . .

// HomΛe(Pn−2, Λ) dn−1∗
// HomΛe(Pn−1, Λ) dn∗

// HomΛe(Pn, Λ) // . . . (2)

Definition 1.15. A sequence of modules and homomorphisms

X1
d1 // X2

d2 // X3
d3 // · · ·

with d2 = 0, that is, di+1di = 0 for all i, is called a complex.

Proposition 1.16. The sequence (2) is a complex.

Thus we can construct the factor (quotient) module Ker dn+1∗/ Im dn∗ for each n.

Definition 1.17. The projective resolution (1) of Λ as a Λ− Λ−bimodule is minimal

if Im dn ⊆ rad(Pn−1) for all n > 1.
3



If M is a right Λ-module, consider a projective resolution of M

. . . // Q2 ∂2
// Q1 ∂1

// Q0 // M // 0

so the Qi are projective right Λ-modules. We will apply HomΛ(−, Λ) to get the complex

0 // Hom(Q0, Λ) ∂1∗
// Hom(Q1, Λ) ∂2∗

// . . .

and so Im ∂n∗ ⊆ Ker ∂n+1∗.

Definition 1.18. With the above notation Extn
Λ(M, Λ) = Ker ∂n+1∗/ Im ∂n∗ and

Extn
Λe(Λ, Λ) = Ker dn+1∗/ Im dn∗.

Note that in the case (P ∗, d∗) is a projective resolution of Λ as a bimodule, we write

δn = dn+1∗. So Extn
Λe(Λ, Λ) = Ker δn/ Im δn−1.

Definition 1.19. Suppose that Λ is a finite dimensional algebra over a field K. Then

the nth Hochschild cohomology group is HHn(Λ) := ExtnΛe(Λ,Λ). The Hochschild coho-

mology ring of Λ is HH∗(Λ) := ⊕n>0 HHn(Λ) with Yoneda product.

Note that we can consider the elements of ExtnΛe(Λ, Λ) as exact sequences

0 // Λ // En // En−1 // · · · // E1 // Λ // 0

where Λ, Ei are all Λ− Λ-bimodules.

Theorem 1.20. [22] Extn
Λ(M, Λ) is independent of the choice of projective resolution

of M as a Λ-module. Extn
Λe(Λ,Λ) is independent of the choice of projective resolution

of Λ as a Λe-module.

4



2. The bar resolution and deformation theory

In this chapter, we describe the link between the deformation theory of Λ and the

cohomology group HH2(Λ) for a finite dimensional algebra Λ over a field K.

2.1. The bar resolution.

Throughout this section we will let A be a Λ− Λ-bimodule and use left modules. We

follow [6] and [19].

Definition 2.1. Let Sn(Λ) = Λ⊗(n+2) be the left Λ ⊗K Λop-module which has n + 2

copies of Λ, n > −1, and Λe acts via

(µ⊗ ν∗)(λ0 ⊗ · · · ⊗ λn+1) = (µλ0)⊗ λ1 ⊗ · · · ⊗ (λn+1ν).

Definition 2.2. Let b′n : Sn(Λ) → Sn−1(Λ) be defined via

b′n : (λ0 ⊗ · · · ⊗ λn+1) 7→
n∑

i=0

(−1)iλ0 ⊗ · · · ⊗ λiλi+1 ⊗ λn+1.

Proposition 2.3. Let

S∗(Λ) = · · · // Sn+1(Λ)
b′n+1 // Sn(Λ)

b′n // Sn−1(Λ)
b′n−1 //

· · · // S1(Λ)
b′1 // Λ // 0.

Then S∗(Λ) is a chain complex.

Definition 2.4. [7] A chain contraction f : C −→ C for a chain complex C = (Cn, ∂n)

is a sequence of maps fn : Cn → Cn+1

· · · // Cn+1
∂n+1 //

id
²²

Cn
∂n //

id
²²

fn

||yy
yy

yy
yy

Cn−1
∂n−1//

id
²²

fn−1

||yy
yy

yy
yy

· · ·

· · · // Cn+1
∂n+1

// Cn
∂n

// Cn−1
∂n−1

// · · ·

satisfying

∂n+1 ◦ fn + fn−1 ◦ ∂n = idCn .

Proposition 2.5. Let sn : Sn−1(Λ) → Sn(Λ) be given by

sn(λ0 ⊗ · · · ⊗ λn) 7→ λ0 ⊗ · · · ⊗ λn ⊗ 1.

Then b′n+1 ◦ sn+1 − sn ◦ b′n = (−1)n+1 idSn .

From Definition 2.4 and Proposition 2.5, if we substitute ∂n+1 by b′n+1 and fn by

(−1)n+1sn+1, so that ∂n is replaced by b′n and fn+1 by (−1)nsn, then we have that

b′n+1◦(−1)n+1sn+1+(−1)nsn◦b′n = (−1)n+1(b′n+1◦sn+1−sn◦b′n) = (−1)n+1(−1)n+1 id =

(−1)2n+2 id = idSn . Hence (−1)nsn is a chain contraction of S∗(Λ).

Proposition 2.6. The chain complex S∗(Λ) = (Sn(Λ), b′n) is exact.
5



Proposition 2.7. Let S̃n(Λ) = Λ⊗n with n > 0. Then we have an isomorphism

Sn(Λ) ∼= (Λ⊗ Λop)⊗ S̃n(Λ) given by

λ0 ⊗ · · · ⊗ λn+1 ↔ (λ0 ⊗ λ∗n+1)⊗ (λ1 ⊗ · · · ⊗ λn)

as Λe-modules.

So, since S̃n(Λ) is a projective K-module, Sn(Λ) is a projective Λe-module and S∗(Λ)

is exact, it follows that S∗(Λ) is a projective resolution of Λ as a Λe-module.

Definition 2.8. The projective resolution S∗(Λ) of Λ as a Λe-module is called the

acyclic Hochschild complex.

Definition 2.9. Let Sn(Λ, A) = HomΛe(Sn(Λ), A).

Proposition 2.10.

Sn(Λ, A) ∼= HomΛe(Λe ⊗ S̃n(Λ), A)

∼= HomK(S̃n(Λ), A).

Definition 2.11. [19] Let bn be the map

bn : HomK(S̃n(Λ), A) → HomK(S̃n+1(Λ), A)

given by

(bnf)(λ1 ⊗ · · · ⊗ λn+1) = λ1f(λ2 ⊗ · · · ⊗ λn+1)

+
n∑

i=1

(−1)if(λ1 ⊗ · · · ⊗ λiλi+1 ⊗ · · · ⊗ λn+1)

+ (−1)n+1f(λ1 ⊗ · · · ⊗ λn)λn+1,

for all n > 0, λ1 ⊗ · · · ⊗ λn+1 ∈ S̃n+1(Λ) and f ∈ HomK(S̃n(Λ), A).

Proposition 2.12. The complex S∗(Λ, A) = (Sn(Λ, A), bn) is a cochain complex.

Definition 2.13. Let A be a Λ − Λ-bimodule. Then Hn(Λ, A) is the nth cohomology

group of the cochain complex S∗(Λ, A). It is called the nth Hochschild cohomology group

of Λ with coefficients in bimodule A.

A Hochschild n-cochain is a K-linear map Λ⊗n → A and the group of all n-cochains is

HomK(S̃n(Λ), A). The kernel of bn in HomK(S̃n(Λ), A) is called the group of n-cocycles.

The image of bn−1 in HomK(S̃n(Λ), A) is called the group of n-coboundaries. The nth

Hochschild cohomology group Hn(Λ, A) is defined to be Ker bn/ Im bn−1.

Using the facts that S∗(Λ) is a projective resolution of Λ as a Λe-module and that

Ext∗Λe(Λ, Λ) is independent of choice of projective resolution of Λ [22], it follows that

Hn(Λ, A) ∼= Extn
Λe(Λ, A)

is indeed the nth Hochschild cohomology group as described in chapter 1. Recall that

we write HHn(Λ) for Hn(Λ,Λ).
6



2.2. The centre of Λ and Derivations of Λ.

Definition 2.14. [19] Let K be a field and let A be a Λ− Λ−bimodule. Let

Der(Λ, A) = {δ ∈ HomK(Λ, A) | δ(ab) = aδ(b) + δ(a)b, for all a, b ∈ Λ}

be the K-vector space of derivations of Λ on A. We write Der0(Λ, A) to denote the

subspace of inner derivations, that is,

Der0(Λ, A) = {δx : Λ → A | δx(a) = ax− xa, x ∈ A and a ∈ Λ}.

Proposition 2.15. Let Λ be a finite dimensional K-algebra where K is a field and let

A be a Λ− Λ−bimodule. Then the following hold:

(i) HomΛ(Λ, A) ∼= A.

(ii) If Λ = A then HH0(Λ) = Z(Λ), the centre of Λ.

(iii) H1(Λ, A) = Der(Λ, A)/Der0(Λ, A).

Definition 2.16. [19] Suppose that δ ∈ Der(Λ, A). Then δ is called an outer derivation

if the residue class of δ in H1(Λ, A) is different from zero.

2.3. Deformation Theory.

Gerstenhaber in [15] introduced algebraic deformation theory for associative algebras.

All definitions and theorems in this section can be found in [14].

Let K be a field. A one-parameter algebraic deformation of a finite dimensional

K-algebra Λ, may be considered informally as a family of algebras {Λt} parameterized

by K such that Λ0
∼= Λ and the multiplicative structure of Λt varies algebraically with

t.

Definition 2.17. Let Λ[[t]] be the K[[t]]-module of power series with coefficients in Λ,

so that Λ[[t]] = Λ⊗K K[[t]] as a module.

Now we will give the formal definition of a deformation.

Definition 2.18. A one-parameter formal deformation of a K-algebra Λ is a formal

power series F = Σ∞n=0fntn with coefficients in Homk(Λ ⊗ Λ, Λ) and for all a, b ∈
Λ, f0(a, b) = ab. The deformation Λ[[t]] with the multiplication defined by F can be

written as Λ[[t]]F or ΛF . If F is finite, or at least finite for each pair (a, b) ∈ Λ ⊗ Λ,

the multiplication may be defined on Λ[t] over K[t].

Definition 2.19. Let Λ be an associative K-algebra. Then the deformation ΛF is

called associative if

F (F (a, b), c) = F (a, F (b, c)) for all a, b, c ∈ Λ.

If we expand F (F (a, b), c) we will get F (F (a, b), c) = F (Σ∞r=0fr(a, b)tr, c)

= Σ∞r=0F (fr(a, b)tr, c) = Σ∞r=0Σ
∞
s=0fs(fr(a, b)tr, c)ts = Σ∞r=0Σ

∞
s=0fs(fr(a, b), c)tr+s. Also
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we have F (a, F (b, c)) = F (a,Σ∞r=0fr(b, c)tr) = Σ∞r=0F (a, fr(b, c))tr

= Σ∞r=0Σ
∞
s=0fs(a, fr(b, c))tr+s. Now if we collect the coefficients of tn we have

Σn
i=0fi(fn−i(a, b), c) = Σn

i=0fi(a, fn−i(b, c)) (1)

Definition 2.20. Let fn be the first non zero coefficient after f0 in the expansion

F = Σfmtm. Then fn is called the infinitesimal of F.

Theorem 2.21. [14] If F is an associative deformation of Λ then the infinitesimal fn

of F is a Hochschild 2-cocycle.

Proof. Let F be an associative deformation of Λ and fn be the infinitesimal of F . We

can write (1) as

f0(fn(a, b), c) + fn(f0(a, b), c) = f0(a, fn(b, c)) + fn(a, f0(b, c)).

Since f0 is multiplication in Λ we will get

fn(ab, c) + fn(a, b)c = afn(b, c) + fn(a, bc)

and then

afn(b, c)− fn(ab, c) + fn(a, bc)− fn(a, b)c = 0. (2)

From the definition of b2 the left hand side of (2) is b2(fn)(a, b, c) and therefore b2fn = 0.

So fn ∈ Ker b2. Thus fn is a Hochschild 2-cocycle. ¤

For arbitrary m, (1) may be written as

f0(fm(a, b), c) + Σm−1
i=1 fi(fm−i(a, b), c) + fm(f0(a, b), c) = f0(a, fm(b, c))

+ Σm−1
i=1 fi(a, fm−i(b, c)) + fm(a, f0(b, c)) and so

b2fm(a, b, c) = Σm−1
i=1 fi(fm−i(a, b), c)− Σm−1

i=1 fi(a, fm−i(b, c)). (3)

The right hand side of (3) is the obstruction to finding fm that extends the deformation.

Theorem 2.22. [14] The obstruction is a Hochschild 3-cocycle.

Corollary 2.23. [14] If HH3(Λ) = 0 then every 2-cocycle of Λ may be extended to an

associative deformation of Λ.

2.4. Equivalent and trivial deformations.

Given associative deformations ΛF and ΛG of Λ, we want to know when there is an

isomorphism ΛF → ΛG which keeps Λ fixed.

Definition 2.24. A formal isomorphism Ψ : ΛF → ΛG is a K[[t]]-linear map Λ[[t]]F →
Λ[[t]]G which is written in the form

Ψ(a) = ψ0(a) + ψ1(a)t + ψ2(a)t2 + ψ3(a)t3 + · · ·
8



where ψ0(a) = a and a ∈ Λ. Note that it is enough to consider a ∈ Λ, since Ψ is defined

over K[[t]]. We consider that each ψn ∈ HomK(Λ, Λ). If Ψ is multiplication preserving,

we say it is an algebraic isomorphism, if

G(Ψ(a),Ψ(b)) = Ψ(F (a, b))

for all a, b ∈ Λ.

Definition 2.25. The two deformations ΛF and ΛG are said to be equivalent if there

exists a formal isomorphism Ψ : ΛF → ΛG, that is, ΛF
∼= ΛG.

Proposition 2.26. If fn and gn are the infinitesimals of F and G respectively, then

they are in the same cohomology class, that is, they represent the same element of

HH2(Λ).

Theorem 2.27. [14] If HH2(Λ) = 0, then all deformations of Λ are isomorphic.

Definition 2.28. A deformation ΛF is called a trivial deformation if ΛF
∼= Λ, that is,

F = f0.

Definition 2.29. An algebra Λ is called rigid if it has only trivial deformations.

So if HH2(Λ) = 0 then Λ is rigid.
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3. Projective bimodule resolution of Λ

In this chapter we will look at the projective Λ−Λ-bimodule resolution of Green and

Snashall [16] and the minimal projective resolution of Green, Solberg and Zacharia [18].

We use a minimal right projective resolution of Λ/r over Λ from [18] to construct the

first four projective Λ− Λ−bimodules P i and maps Ti for i = 0, 1, 2, 3 of the minimal

projective Λ− Λ−bimodule resolution of Λ.

3.1. The minimal projective resolution of Λ/r of Green, Solberg and Zacharia.

In this section we assume that Λ is a finite dimensional algebra over a field K. Let

Λ = KQ/I and r be the Jacobson radical of Λ. Let gn
i denote an element in the set

gn where the sets gn are defined as follows in [18]: then we let Qn = ⊕gi∈gnt(gn
i )Λ and

the map dn : Qn → Qn−1 (where the maps dn are define gn). Then [18] proves that

(Qn, dn) is a minimal projective resolution of Λ/r as a right Λ-module. In [16] they use

the same sets gn and define Pn = ⊕gn
i ∈gnΛo(gn

i )⊗K t(gn
i )Λ and maps Ti : P i → P i−1.

So that the sequence · · · → P 3 → P 2 → P 1 → P 0 → Λ → 0 is the start of a minimal

projective bimodule resolution of Λ.

Note that we can get the right Λ−module resolution of Λ/r from the bimodule

resolution of Λ. The good thing is that the right Λ−module resolution of Λ/r still

contains all the information needed to construct and go back to the bimodule resolution

of Λ.

Let F = ⊕n
i=1eiKQ. Then we have an epimorphism

F → Λ/r → 0

and F is a projective KQ−module.

Now we want to look at [18] to see how they constructed the filtration of F by

KQ-submodules. This filtration is

· · · ⊂ Fm ⊂ Fm−1 ⊂ · · · ⊂ F 1 ⊂ F 0

where F i’s are right projective KQ-modules. We introduce the notation of [18] which

is required to define the submodules F i. Let R = KQ and we can choose a family

{f0
i }i∈A of elements of KQ such that the projective KQ-module ⊕i∈Af0

i R/⊕i∈Af0
i I

maps onto Λ/r = S1⊕· · ·⊕Sn. Suppose that f0 = {f0
i }n

i=1 = {e1, . . . , en} then we have

0 → Ω1
R(Λ/r) → ⊕n

i=1f
0
i R → Λ/r → 0 and F 0 = ⊕n

i=1f
0
i R = ⊕n

i=1f
0
i KQ = ⊕n

i=1eiKQ.

We have 0 → Ω1
R(Λ/r) → ⊕n

i=1eiR → Λ/r → 0 where Ω1
R(Λ/r) is a submodule

of ⊕n
i=1eiR and therefore Ω1

R(Λ/r) is projective. Choose a set {f1∗
i } of elements of

⊕n
i=1f

0
i R such that Ω1

R(Λ/r) = ⊕if
1∗
i R. Now we can discard those elements f∗i that are

in ⊕if
0
i I = ⊕n

i=1eiI and denote by {f1
i } those which are not elements of ⊕if

0
i I. This

gives us a set f1 = {f1
i }. So F 1 = ⊕if

1
i R and F 1 ⊆ F 0. In [18] the sets fm are defined
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inductively and Fm+1 = ⊕fm+1
i R, so we have a filtration of submodules

· · · ⊆ Fm+1 ⊆ Fm ⊆ · · · ⊆ F 1 ⊆ F 0.

Suppose we have already fm = fm
i . Then consider the intersection (⊕if

m
i R)∩(⊕jf

m−1
j I).

We may write this intersection as ⊕ef
m+1∗
e R. This gives the set {fm+1∗

e }. We dis-

card those elements of the set {fm+1∗
e } in ⊕if

m
i I and denote the rest of the elements

by fm+1 = {fm+1
e }. We stop if the intersection is zero and we set it equal to some

⊕if
m+1∗
i R otherwise.

Remark. [18] Note that for each m > 0, we have a representation of fm
k in ⊕if

m−1
i R

as follows

fm
k = Σif

m−1
i hm−1,m

i,k

for scalars hm−1,m
i,k ∈ R.

Definition 3.1. [18, 1.1] For m > 0 let Pm = ⊕if
m
i R/⊕if

m
i I , and let δm : Pm →

Pm−1 be the homomorphism induced by the inclusion ⊕if
m
i R ⊂ ⊕jf

m−1
j R.

Lemma 3.2. We have an isomorphism fm
1 R/fm

1 I ∼= t(fm
1 )Λ as Λ-modules.

Theorem 3.3. [18, Theorem 1.2] The resolution

(P, δ) : · · · // Pm δm
// Pm−1 δm−1

// · · · // P 1 δ1
// P 0 // Λ/r // 0

is a projective resolution of Λ/r over Λ.

Theorem 3.4. [18, Theorem 2.4] Let Λ/r be a Λ-module and let (P, δ) be the projective

resolution of Λ/r as in Theorem 3.3, where the representatives {fm} are chosen in such

a way, that for each m, no proper K-linear combination of a subset of {fm} lies in

⊕fm−1I +⊕fm∗J. Then, the resolution (P, δ) is minimal.

3.2. The first four terms in a projective Λ − Λ-bimodule resolution of Λ of

Green and Snashall.

In general, Theorem [16, 2.9] tells us the beginning of a minimal projective bimodule

resolution of Λ.

Definition 3.5. [16, 1.1] An element x in KQ is uniform if x = eixej for some i, j.

We say o(x) = ei and t(x) = ej.

Definition 3.6. [16, 1.1] Let Λ = KQ/I be finite dimensional algebra over a field K

where Q is a quiver and I is an admissible ideal. We let R denote the path algebra

R = KQ. Define the following subsets of R:

g0 is the set of vertices v of Q,

g1 is the set of arrows a of Q,

g2 is a minimal set of uniform relations x in the generating set of I.
11



Definition 3.7. [16, 2.5] Suppose that the elements of g2 are {g2
1, . . . , g

2
m2
}. From [18],

each element of g3 is in ⊕ig
2
i R∩⊕aaI where a ∈ g1. Let y denote an arbitrary element

of g3; then y = Σm2
i=1g

2
i pi = Σm2

i=1qig
2
i ri where pi, qi, ri are elements in R with qi in the

arrow ideal of R.

Notation. [16, 1.1] For x ∈ g2, we have that x is a uniform relation in the minimal

generating set for the ideal I. Moreover x is a linear combination of a finite number of

paths in R, say of r paths. So we write x = Σr
j=1cja1j · · · akj · · · asjj for j = 1, . . . , r,

cj ∈ K and aij is an arrow for all i, j.

Definition 3.8. [16, Section 2] Let P 0, P 1, P 2 and P 3 be the projective Λ−Λ−bimodules

given by:

P 0 = ⊕v∈g0Λv ⊗ vΛ,

P 1 = ⊕a∈g1Λo(a)⊗ t(a)Λ,

P 2 = ⊕x∈g2Λo(x)⊗ t(x)Λ,

P 3 = ⊕y∈g3Λo(y)⊗ t(y)Λ.

Definition 3.9. [16, Section 2] Let f : P 0 → Λ be the bimodule map given by v⊗v 7→ v.

Let T1 be the map T1 : P 1 → P 0 given by

o(a)⊗ t(a) 7→ o(a)⊗ o(a)a− at(a)⊗ t(a)

for each arrow a. Define the map T2 : P 2 → P 1 by

o(x)⊗ t(x) 7→ Σr
j=1cj(Σ

sj

k=1a1j . . . a(k−1)j ⊗ a(k+1)j . . . asjj)

for each x ∈ g2 and a1j . . . a(k−1)j ⊗a(k+1)j . . . asjj ∈ Λo(akj)⊗ t(akj)Λ. Define the map

T3 : P 3 → P 2 by

o(y)⊗ t(y) 7→ Σm2
i=1(o(g

2
i )⊗ pi − qi ⊗ ri)

where y = Σm2
i=1g

2
i pi = Σm2

i−1qig
2
i ri and pi, qiri are elements in R with qi in the arrow

ideal of R.

Notation. Throughout this thesis we will write Λei⊗α ejΛ to express the summand of

P 1 corresponding to the arrow α between the idempotents ei and ej and Λei⊗g2
k
ejΛ to

express the summand of P 2 corresponding to the relation g2
k between the idempotents

ei and ej .

Theorem 3.10. [16, Theorem 2.9] With the above definitions, the following sequence

forms part of a minimal projective resolution of Λ over Λe:

P 3
T3 // P 2

T2 // P 1
T1 // P 0

f // Λ // 0

with maps Ti : P i → P i−1 for i = 1, 2, 3 and f : P 0 → Λ.
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4. Tame weakly symmetric algebras having only periodic modules

In this chapter we will look at the tame weakly symmetric algebras having simply

connected Galois coverings and only τ−periodic modules where τ is the Auslander-

Reiten translate. These algebras were classified in [4] and [5] up to Morita equivalence

and derived equivalence. We will let K be an algebraically closed field and Λ a finite

dimensional K−algebra with identity.

Definition 4.1. [10, I.3] Let mod Λ be the category of finite dimensional left Λ−modules

and let D : modΛ → modΛop be the standard duality HomK(−,K). So D(Λ) is a right

Λ−module.

Definition 4.2. [10, I.3] An algebra Λ is called selfinjective if Λ ∼= D(Λ) as right

Λ−modules, that is, the projective right Λ−modules are injective.

We also need D(Λ) to have a left Λ−module structure.

Definition 4.3. [10, I.3] An algebra Λ is called symmetric if Λ and D(Λ) are isomorphic

as Λ− Λ−bimodules.

Definition 4.4. [10, I.3] An algebra Λ is called weakly symmetric if for any indecom-

posable projective Λ−module P the socle soc P ∼= topP/ radP.

Note that every symmetric algebra is weakly symmetric and every weakly symmetric

algebra is selfinjective.

Definition 4.5. [10, I.8] For a selfinjective algebra Λ, we denote by Γ s
Λ the stable

Auslander-Reiten quiver of Λ, obtained from the Auslander-Reiten quiver ΓΛ of Λ by

removing all projective modules and arrows attached to them.

Theorem 4.6. [5, Theorem 2] Let Λ be a basic connected finite dimensional alge-

bra over an algebraically closed field K. Then Λ is weakly symmetric of tubular type

and nonsingular Cartan matrix if and only if Λ is isomorphic to one of the algebras

A1(λ), A2(λ), λ ∈ K \ {0, 1}, A3 (if charK = 2), or Ai, 4 6 i 6 16.

These algebras Ai where i = 1, . . . , 16 are explicitly described in Chapters 5 to 20 of

this thesis.

Theorem 4.7. [5, Corollary 3] Let Λ be a weakly symmetric algebra of tubular type

and with nonsingular Cartan matrix CΛ. Then Λ has at most four simple modules and

Γ s
Λ consists of tubes of rank 6 4.

So each simple module S satisfies τk(S) � S where τ is the Auslander-Reiten trans-

late and k 6 4. If Λ is symmetric then τ ∼= Ω2
Λ so Ωm

Λ (S) ∼= S for m 6 8.

Now we define Morita equivalence and derived equivalence (see [25] and [24]).
13



Definition 4.8. Two algebras R and S are said to be Morita equivalent if their module

categories mod R and mod S are equivalent.

Definition 4.9. Let Λ and Γ be finite dimensional algebras and let A = mod Λ and B =

mod Γ. If there is a triangle equivalence D(A) → D(B) between the derived categories

D(A) and D(B) then we say Λ and Γ are derived equivalent.

Hochschild cohomology is Morita invariant, so if R and S are Morita equivalent

algebras then HH∗(R) ∼= HH∗(S). Rickard in [24] showed that Hochschild cohomology

is also invariant under derived equivalence. It is well-known that if two algebras are

Morita equivalent then they are derived equivalent (see [25]).

BiaÃlkowski, Holm and Skowroński in their paper [4] describe the tame weakly sym-

metric algebras having simply connected Galois coverings and only τ−periodic modules

up to derived equivalence.

Theorem 4.10.

(i) [4, Lemma 2.1] The algebras A5 and A6 are derived equivalent.

(ii) [4, Lemma 3.1, 3.2, 3.3, 3.4] The algebras A12, A13, A14, A15 and A16 are derived

equivalent.

(iii) [4, Lemma 4.1, 4.2, 4.3, 4.4, 4.5] The algebras A4, A7, A8, A9, A10 and A11 are

derived equivalent.

We describe and determine the second Hochschild cohomology group of these algebras

Ai where i = 1, . . . , 16 in Chapters 5 to 20. Also in these chapters, when we find the

minimal projective resolutions of the simple Λ-modules Sn of the Ai algebras we mean

the beginning of the minimal projective resolutions of the simple Λ-modules Sn of the

Ai algebras. And when we refer to periodicity we mean Ω−periodic.
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5. The algebra A1(λ)

Throughout the following chapters we will let K be an algebraically closed field and

Λ a finite dimensional K−algebra.

Definition 5.1. Let A1(λ) be the algebra KQ/I where Q is the quiver

0
α //

1
σ //

γ
oo 2

β
oo

and

I = 〈αγα− ασβ, βγα− λβσβ, γαγ − σβγ, γασ − λσβσ〉

where λ ∈ K \ {0, 1}.

5.1. The structure of the indecomposable projectives.

We start by considering the elements of length 4. For αγασ, we have αγασ = α(γασ) =

λασβσ = λαγασ so that (1− λ)αγασ = 0; since λ 6= 1 and λ 6= 0 we have αγασ = 0.

Similarly we can show that βγαγ and ασβσ are zero elements. Also we can show that

all the elements of length 5 are zero elements such as αγαγα. The non zero elements

of length 4 are αγαγ, γαγα, and βσβσ.

So the indecomposable projective Λ-modules are e0Λ, e1Λ, e2Λ where

e0Λ = sp{e0, α, ασ, αγ, αγα, αγαγ},
e1Λ = sp{e1, σ, γ, σβ, γα, γαγ, σβσ, γαγα},
e2Λ = sp{e2, β, βγ, βσ, βσβ, βσβσ}.

So we have for e0Λ

0

1

¡¡
¡¡

¡¡
¡

>>
>>

>>
>

2

>>
>>

>>
> 0

¡¡
¡¡

¡¡
¡

1

0
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for e1Λ

1

¡¡
¡¡

¡¡
¡

>>
>>

>>
>

2 0

1 1

2

>>
>>

>>
> 0

¡¡
¡¡

¡¡
¡

1

and for e2Λ

2

1

¡¡
¡¡

¡¡
¡

>>
>>

>>
>

0

>>
>>

>>
> 2

¡¡
¡¡

¡¡
¡

1

2

Also we can express e0Λ, e1Λ and e2Λ as follows:

for e0Λ

e0

α

vvvvvvvvv

HHHHHHHHH

ασ

GGGGG
GGGG αγ

ww
ww

ww
ww

w

αγα

αγαγ
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for e1Λ

e1

uuuuuuuuuu

IIIIIIIIII

σ γ

σβ γα

σβσ

HH
HH

HH
HH

H
γαγ

vvvvvvvvv

γαγα

and for e2Λ

e2

β

yyyyyyyyy

FFFFFFFFF

βγ

EEEEEEEE βσ

xxxxxxxx

βσβ

βσβσ

We may indicate the structures of the indecomposable projectives as follows:

e0Λ e1Λ e2Λ

0 1 2

1 0 2 1

0 2 1 1 0 2

1 0 2 1

0 1 2

5.2. The minimal projective resolutions of the simple Λ-modules S0, S2.

We have the minimal projective resolutions of the simple Λ-modules S0 and S2:

For S0 we have;

· · · // e0Λ
∂3

// e1Λ
∂2

// e1Λ
∂1

// e0Λ // S0
// 0

where

∂1 : e1ζ 7→ αe1ζ,

∂2 : e1ζ 7→ (γα− σβ)e1ζ,
17



∂3 : e0ν 7→ γe0ν,

for ζ, ν ∈ Λ.

For S2:

· · · // e2Λ
∂3

// e1Λ
∂2

// e1Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e1ζ 7→ βe1ζ,

∂2 : e1ζ 7→ (γα− λσβ)e1ζ,

∂3 : e2η 7→ σe2η,

for ζ, η ∈ Λ.

5.3. The minimal projective resolution of the simple Λ-module S1.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3. For the simple Λ-module

S1, the minimal projective resolution of S1 begins:

· · · // e0Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : (e0ν, e2η) 7→ γe0ν + σe2η, for ν, η ∈ Λ.

5.3.1. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e0ν = c0e0 + c1α + c2ασ + c3αγ + c4αγα + c5αγαγ

and e2η = c6e2 + c7β + c8βγ + c9βσ + c10βσβ + c11βσβσ with ci ∈ K. Assume that

(e0ν, e2η) ∈ Ker ∂1 then γe0ν + σe2η = 0 so γ(c0e0 + c1α + c2ασ + c3αγ + c4αγα +

c5αγαγ) + σ(c6e2 + c7β + c8βγ + c9βσ + c10βσβ + c11βσβσ) = 0, that is, c0γ + c1γα +

c2γασ + c3γαγ + c4γαγα + c6σ + c7σβ + c8σβγ + c9σβσ + c10σβσβ = 0. So c0γ +

c1γα + c6σ + c7σβ + (c2 + c9λ
−1)σβσ + (c3 + c8)γαγ + (c4 + c10λ

−1)γαγα = 0 which

implies that c0 = c1 = 0 = c6 = c7 and c9 = −c2λ, c8 = −c3, c10 = −c4λ. Thus

e0ν = c2ασ + c3αγ + c4αγα + c5αγαγ and e2η = −c2λβσ− c3βγ − c4λβσβ + c11βσβσ.

Hence Ker ∂1 = {(c2ασ + c3αγ + c4αγα + c5αγαγ,−c2λβσ − c3βγ − c4λβσβ +

c11βσβσ) : ci ∈ K}.

Claim. Ker ∂1 = (αγ,−βγ)e0Λ + (ασ,−λβσ)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = (c2ασ + c3αγ + c4αγα + c5αγαγ,−c2λβσ − c3βγ −
c4λβσβ + c11βσβσ), that is, x = (αγ,−βγ)(c3e0 + c4α + c5αγ) + (ασ,−λβσ)(c2e2 −
c11λ

−1βσ) since ασβσ = 0 and βγαγ = 0. Thus x ∈ (αγ,−βγ)e0Λ + (ασ,−λβσ)e2Λ

and therefore Ker ∂1 ⊆ (αγ,−βγ)e0Λ + (ασ,−λβσ)e2Λ.

On the other hand, let y = (αγ,−βγ)e0ν + (ασ,−λβσ)e2η ∈ (αγ,−βγ)e0Λ +

(ασ,−λβσ)e2Λ. Then, from the definition of ∂1, we have that ∂1(y) = γ(αγe0ν +

ασe2η) − σ(βγe0ν + λβσe2η) = (γαγ − σβγ)e0ν + (γασ − λσβσ)e2η = 0. Therefore

y ∈ Ker ∂1 and so (αγ,−βγ)e0Λ + (ασ,−λβσ)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (αγ,−βγ)e0Λ + (ασ,−λβσ)e2Λ. ¤
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So ∂2 : e0Λ⊕e2Λ → e0Λ⊕e2Λ is given by (e0ν, e2η) 7→ (αγ,−βγ)e0ν+(ασ,−λβσ)e2η,

for ν, η ∈ Λ.

5.3.2. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Assume that (e0ν, e2η) ∈ Ker ∂2. Then (αγ,

− βγ)e0ν + (ασ,−λβσ)e2η = (0, 0). Write e0ν = c0e0 + c1α + c2ασ + c3αγ + c4αγα +

c5αγαγ and e2η = c6e2 + c7β + c8βγ + c9βσ + c10βσβ + c11βσβσ with ci ∈ K. So

(αγ,−βγ)e0ν + (ασ,−λβσ)e2η = (αγ,−βγ)(c0e0 + c1α + c2ασ + c3αγ + c4αγα +

c5αγαγ)+(ασ,−λβσ)(c6e2+c7β+c8βγ+c9βσ+c10βσβ+c11βσβσ) = (c0αγ+c1αγα+

c3αγαγ,−c0βγ − c1βγα − c2βγασ) + (c6ασ + c7ασβ + c8ασβγ,−c6λβσ − c7λβσβ −
c9λβσβσ) = (0, 0). Thus c0αγ + c1αγα + c3αγαγ + c6ασ + c7ασβ + c8ασβγ = 0 and

−c0βγ−c1βγα−c2βγασ−c6λβσ−c7λβσβ−c9λβσβσ = 0, that is, c0αγ+c6ασ+(c1 +

c7)αγα+(c3 + c8)αγαγ = 0 and −c0βγ− c6λβσ− (c1 + c7)λβσβ− (c2 + c9)λβσβσ = 0.

So from the two sequences we have c0 = 0 = c6, c7 = −c1, c8 = −c3 and c9 = −c2.

Thus e0ν = c1α + c2ασ + c3αγ + c4αγα + c5αγαγ and e2η = −c1β − c2βσ − c3βγ +

c10βσβ + c11βσβσ. Hence Ker ∂2 = {(c1α + c2ασ + c3αγ + c4αγα + c5αγαγ,−c1β −
c2βσ − c3βγ + c10βσβ + c11βσβσ) : ci ∈ K}.

Claim. Ker ∂2 = (α,−β)e1Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c1α + c2ασ + c3αγ + c4αγα + c5αγαγ,−c1β −
c2βσ− c3βγ + c10βσβ + c11βσβσ) so u = (α,−β)(c1e1 + c2σ + c3γ + c5γαγ− c11σβσ)+

(αγ, βσ)(c4α + c10β). Now we can show that (αγ, βσ)(c4α + c10β) ⊆ (α,−β)Λ, since

(αγ, βσ)(c4α+c10β) = (α,−β)(1−λ)−1((c4+c10)γα−(λc4+c10)σβ). So (αγ, βσ)(c4α+

c10β) ⊆ (α,−β)e1Λ. Hence u ∈ (α,−β)e1Λ and therefore Ker ∂2 ⊆ (α,−β)e1Λ.

On the other hand, let v = (α,−β)e1ζ ∈ (α,−β)e1Λ. Then, from the definition

of ∂2, we have that ∂2(v) = ∂2((α,−β)e1ζ) = ((αγ,−βγ)α + (ασ,−λβσ)(−β)) =

(αγα− ασβ)− (βγα− λβσβ) = 0. Therefore (α,−β)e1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α,−β)e1Λ. ¤

So the map ∂3 : e1Λ → e0Λ⊕ e2Λ is given by e1ζ 7→ (α,−β)e1ζ, for ζ ∈ Λ.

Thus the minimal projective resolution of the simple Λ-module S1 starts

· · · // e1Λ
∂3

// e0Λ⊕ e2Λ
∂2

// e0Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e0ν, e2η) 7→ γe0ν + σe2η,

∂2 : (e0ν, e2η) 7→ (αγ,−βγ)e0ν + (ασ,−λβσ)e2η,

∂3 : e1ζ 7→ (α,−β)e1ζ,

for ν, η, ζ ∈ Λ.

5.4. g3 for S0, S1 and S2.

Now we want to find the elements of g3; these are paths in KQ.
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For S0 we have

e0
∂3

// γ ∂2
// (γα− σβ)γ ∂1

// α(γα− σβ)γ = αγαγ − ασβγ ,

so αγαγ − ασβγ ∈ g3.

For S1

e1
∂3→ (α,−β) ∂2→ (αγ,−βγ)α − (ασ,−λβσ)β = (αγα − ασβ,−βγα + λβσβ) ∂1→

γ(αγα− ασβ)− σ(βγα− λβσβ), so (γαγα− γασβ)− (σβγα− λσβσβ) ∈ g3.

For S2

e2
∂3

// σ
∂2

// (γα− λσβ)σ ∂1
// β(γα− λσβ)σ = βγασ − λβσβσ ,

so βγασ − λβσβσ ∈ g3.

Let g3
1 = αγαγ − ασβγ, g3

2 = (γαγα− γασβ)− (σβγα− λσβσβ), and g3
3 = βγασ −

λβσβσ. So g3 = {g3
1, g

3
2, g

3
3}.

We know that g2 = {αγα− ασβ, βγα− λβσβ, γαγ − σβγ, γασ − λσβσ}. Denote

g2
1 = αγα− ασβ,

g2
2 = γαγ − σβγ,

g2
3 = γασ − λσβσ and

g2
4 = βγα− λβσβ.

So we have

g3
1 = g2

1γ = αg2
2,

g3
2 = g2

2α− g2
3β = γg2

1 − σg2
4 and

g3
3 = g2

4σ = βg2
3.

5.5. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

5.5.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e0 ⊗g2

1
e1 7→ j1α + j2αγα

e1 ⊗g2
2

e0 7→ j3γ + j4γαγ

e1 ⊗g2
3

e2 7→ j5σ + j6σβσ

e2 ⊗g2
4

e1 7→ j7β + j8βσβ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by
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e0 ⊗g3
1

e0 7→ e0 ⊗g2
1

γ − α⊗g2
2

e0

e1 ⊗g3
2

e1 7→ e1 ⊗g2
2

α− e1 ⊗g2
3

β − γ ⊗g2
1

e1 + σ ⊗g2
4

e1

e2 ⊗g3
3

e2 7→ e2 ⊗g2
4

σ − β ⊗g2
3

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e0⊗g3
1
e0) = θ((e0⊗g2

1
e1)γ −α(e1⊗g2

2
e0)) = (j1α + j2αγα)γ −α(j3γ +

j4γαγ) = (j1 − j3)αγ + (j2 − j4)αγαγ = 0 so j1 = j3 and j2 = j4.

Also θd3(e1⊗g3
2
e1) = θ(e1⊗g2

2
α− e1⊗g2

3
β − γ ⊗g2

1
e1 + σ⊗g2

4
e1) = θ((e1⊗g2

2
e0)α−

(e1⊗g2
3
e2)β− γ(e0⊗g2

1
e1) + σ(e2⊗g2

4
e1)) = j3γα + j4γαγα− j5σβ− j6σβσβ− j1γα−

j2γαγα+ j7σβ + j8σβσβ = (j3− j1)γα+(j4− j2)γαγα+(j7− j5)σβ +(j8− j6)σβσβ =

(j3 − j1)γα + (j7 − j5)σβ + (λ−1(j2 − j4) + j8 − j6)σβσβ = 0, so j3 = j1, j7 = j5 and

j8 = λ−1(j4 − j2) + j6.

And θd3(e2 ⊗g3
3

e2) = θ(e2 ⊗g2
4

σ − β ⊗g2
3

e2) = θ(e2 ⊗g2
4

e1)σ − β(e1 ⊗g2
3

e2) =

(j7β + j8βσβ)σ − β(j5σ + j6σβσ) = (j7 − j5)βσ + (j8 − j6)βσβσ = 0, so j7 = j5 and

j8 = j6.

So θ ∈ Ker δ2 is given by

P 2 → Λ
e0 ⊗g2

1
e1 7→ j1α + j2αγα

e1 ⊗g2
2

e0 7→ j1γ + j2γαγ

e1 ⊗g2
3

e2 7→ j5σ + j6σβσ

e2 ⊗g2
4

e1 7→ j5β + j6βσβ,

where ji ∈ K. Hence dimKer δ2 = 4.

5.5.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e0 ⊗α e1 → z0α + z1αγα

e1 ⊗σ e2 → z2σ + z3σβσ

e2 ⊗β e1 → z4β + z5βσβ

e1 ⊗γ e0 → z6γ + z7γαγ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e0 ⊗g2
1

e1 7→ e0 ⊗α γα + α⊗γ α + αγ ⊗α e1 − e0 ⊗α σβ − α⊗σ β − ασ ⊗β e1

e1 ⊗g2
2

e0 7→ e1 ⊗γ αγ + γ ⊗α γ + γα⊗γ e0 − e1 ⊗σ βγ − σ ⊗β γ − σβ ⊗γ e0

e1 ⊗g2
3

e2 7→ e1 ⊗γ ασ + γ ⊗α σ + γα⊗σ e2 − e1 ⊗σ λβσ − λσ ⊗β σ − λσβ ⊗σ e2

e2 ⊗g2
4

e1 7→ e2 ⊗β γα + β ⊗γ α + βγ ⊗α e1 − e2 ⊗β λσβ − λβ ⊗σ β − λβσ ⊗β e1.

Then the map ϕd2 is given by

ϕd2(e0 ⊗g2
1

e1) = (z0α + z1αγα)γα + α(z6γ + z7γαγ)α + αγ(z0α + z1αγα)− (z0α +

z1αγα)σβ−α(z2σ + z3σβσ)β−ασ(z4β + z5βσβ) = z0αγα+ z6αγα+ z0αγα− z0ασβ−
z2ασβ − z4ασβ = (z0 − z2 − z4 + z6)αγα,
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ϕd2(e1 ⊗g2
2

e0) = (z6γ + z7γαγ)αγ + γ(z0α + z1αγα)γ + γα(z6γ + z7γαγ) − (z2σ +

z3σβσ)βγ− σ(z4β + z5βσβ)γ− σβ(z6γ + z7γαγ) = z6γαγ + z0γαγ + z6γαγ− z2σβγ −
z4σβγ − z6σβγ = (z0 − z2 − z4 + z6)γαγ,

ϕd2(e1 ⊗g2
3

e2) = (z6γ + z7γαγ)ασ + γ(z0α + z1αγα)σ + γα(z2σ + z3σβσ)− (z2σ +

z3σβσ)λβσ − λσ(z4β + z5βσβ)σ − λσβ(z2σ + z3σβσ) = z6γασ + z0γασ + z2γασ −
z2λσβσ − z4λσβσ − z2λσβσ = (z0 − z2 − z4 + z6)λσβσ, and

ϕd2(e2 ⊗g2
4

e1) = (z4β + z5βσβ)γα + β(z6γ + z7γαγ)α + βγ(z0α + z1αγα)− (z4β +

z5βσβ)λσβ − λβ(z2σ + z3σβσ)β − λβσ(z4β + z5βσβ) = z4βγα + z6βγα + z0βγα −
z4λβσβ−z2λβσβ−z4λβσβ = (z0−z2−z4+z6)λβσβ. We will write z = (z0−z2−z4+z6)

for zi ∈ K.

Thus ϕd2 is given by
P 2 → Λ
e0 ⊗g2

1
e1 7→ zαγα

e1 ⊗g2
2

e0 7→ zγαγ

e1 ⊗g2
3

e2 7→ zλσβσ

e2 ⊗g2
4

e1 7→ zλβσβ,

for some z ∈ K. Therefore dim Im δ1 = 1.

5.5.3. HH2(Λ).

From 5.5.1 and 5.5.2 we have that dim HH2(Λ) = 3 and

HH2(Λ) =





P 2 → Λ
e0 ⊗g2

1
e1 7→ d0α + d1αγα

e1 ⊗g2
2

e0 7→ d0γ + d1γαγ

e1 ⊗g2
3

e2 7→ d2σ

e2 ⊗g2
4

e1 7→ d2β





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, u} where

x : P 2 → Λ
e0 ⊗g2

1
e1 7→ α

e1 ⊗g2
2

e0 7→ γ

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

3
e2 7→ σ

e2 ⊗g2
4

e1 7→ β

else 7→ 0,

u : P 2 → Λ
e0 ⊗g2

1
e1 7→ αγα

e1 ⊗g2
2

e0 7→ γαγ

else 7→ 0.

Note that u represents the same element of HH2(Λ) as
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P 2 → Λ
e0 ⊗g2

1
e1 7→ −σβσ

e1 ⊗g2
2

e0 7→ −βσβ

else 7→ 0.

So we can write HH2(Λ) as

HH2(Λ) =





P 2 → Λ
e0 ⊗g2

1
e1 7→ d0α

e1 ⊗g2
2

e0 7→ d0γ

e1 ⊗g2
3

e2 7→ d2σ + d3σβσ

e2 ⊗g2
4

e1 7→ d2β + d3βσβ





with di ∈ K.
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6. The algebra A2(λ)

Definition 6.1. [5] Let A2(λ) be the algebra KQ/I where Q is the quiver

1α
%% σ //

2
γ

oo β
yy

and

I = 〈α2 − σγ, λβ2 − γσ, γα− βγ, σβ − ασ〉
where λ ∈ K \ {0, 1}.

6.1. The structure of the indecomposable projectives.

We start by considering the elements of length three and four, for ασβ, we have ασβ =

α2σ = σγσ = λσβ2 = λασβ so that (1 − λ)ασβ = 0 since λ 6= 1 and λ 6= 0 we have

ασβ = 0. Similarly we can show that α2σ, σγσ, σβ2, βγα, β2γ, γσγ and γα2 are the

zero elements. Also we can show that all the elements of length four are zero elements

such as α4. The non zero elements of length three are α3 = σβγ = ασγ = σγα and

β3 = λ−1γασ = λ−1γσβ = λ−1βγσ.

So the indecomposable projective Λ-modules are e1Λ and e2Λ where

e1Λ = sp{e1, α, σ, σβ, α2, α3},
e2Λ = sp{e2, γ, β, γα, β2, β3}.

for e1Λ

e1

zz
zz

zz
zz

DD
DD

DD
DD

α

QQQQQQQQQQQQQQQ σ

mmmmmmmmmmmmmmmm
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and for e2Λ

e2
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BB
BB

BB
BB

γ

PPPPPPPPPPPPPPPP β

nnnnnnnnnnnnnnnn

γα
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ÄÄ

ÄÄ
Ä

β3

6.2. The minimal projective resolutions of the simple Λ-modules S1 and S2.
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6.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : e1Λ⊕ e2Λ → e1Λ is given by (e1ζ, e2η) → αe1ζ + σe2η, for ζ, η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

6.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e1ζ = c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3 and e2η =

c7e2 + c8γ + c9β + c10γα + c11β
2 + c12β

3 with ci ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂1

then αe1ζ +σe2η = 0 so α(c1e1 +c2α+c3σ+c4σβ +c5α
2 +c6α

3)+σ(c7e2 +c8γ +c9β +

c10γα + c11β
2 + c12β

3) = 0, that is, c1α + c2α
2 + c3ασ + c5α

3 + c7σ + c8σγ + c9σβ +

c10σγα = 0, that is, c1α + c2α
2 + c3σβ + c5α

3 + c7σ + c8α
2 + c9σβ + c10α

3 = 0. So

c1α + (c2 + c8)α2 + (c3 + c9)σβ + (c5 + c10)α3 + c7σ = 0 which implies that c1 = 0 = c7

and c8 = −c2, c9 = −c3 and c10 = −c5. Thus e1ζ = c2α + c3σ + c4σβ + c5α
2 + c6α

3 and

e2η = −c2γ − c3β − c5γα + c11β
2 + c12β

3.

Hence Ker ∂1 = {(c2α+c3σ+c4σβ+c5α
2 +c6α

3,−c2γ−c3β−c5γα+c11β
2 +c12β

3) :

ci ∈ K}.

Claim. Ker ∂1 = (α,−γ)e1Λ + (−σ, β)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = (c2α + c3σ + c4σβ + c5α
2 + c6α

3,−c2γ − c3β −
c5γα + c11β

2 + c12β
3), that is, x = (α,−γ)(c2e1 + c5α + c6α

2) + (−σ, β)(−c3e2 −
c4β − c12β

2) + (0, β2)(c4e2 + c11e2). However we can show that (0, β2)(c4e2 + c11e2) ⊆
(α,−γ)e1Λ+(−σ, β)e2Λ, since (0, β2)(c4e2 +c11e2) = (α,−γ)(1−λ)−1σ(c4e2 +c11e2)+

(−σ, β)(1 − λ)−1β(c4e2 + c11e2). Thus x ∈ (α,−γ)e1Λ + (−σ, β)e2Λ and therefore

Ker ∂1 ⊆ (α,−γ)e1Λ + (−σ, β)e2Λ.

On the other hand, let y = (α,−γ)e1ζ+(−σ, β)e2η ∈ (α,−γ)e1Λ+(−σ, β)e2Λ. Then,

from the definition of ∂1, we have that ∂1(y) = α(αe1ζ − σe2η) + σ(−γe1ζ + βe2η) =

(α2−σγ)e1ζ+(σβ−ασ)e2η = 0. Therefore y ∈ Ker ∂1 and so (α,−γ)e1Λ+(−σ, β)e2Λ ⊆
Ker ∂1.

Hence Ker ∂1 = (α,−γ)e1Λ + (−σ, β)e2Λ. ¤

So ∂2 : e1Λ⊕ e2Λ → e1Λ⊕ e2Λ is given by (e1ζ, e2η) 7→ (α,−γ)e1ζ + (−σ, β)e2η, for

ζ, η ∈ Λ.

6.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Assume that (e1ζ, e2η) ∈ Ker ∂2. Then (α,−γ)e1ζ

+ (−σ, β)e2η = (0, 0). We know that e1ζ = c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3

and e2η = c7e2 + c8γ + c9β + c10γα + c11β
2 + c12β

3 with ci ∈ K. So (α,−γ)e1ζ +
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(−σ, β)e2η = (α,−γ)(c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3) + (−σ, β)(c7e2 + c8γ +

c9β + c10γα + c11β
2 + c12β

3) = (c1α + c2α
2 + c3ασ + c5α

3,−c1γ − c2γα − c3γσ −
c4γσβ) + (−c7σ − c8σγ − c9σβ − c10σγα, c7β + c8βγ + c9β

2 + c11β
3) = (0, 0). Thus

c1α+c2α
2 +c3σβ +c5α

3−c7σ−c8α
2−c9σβ−c10α

3 = 0 which implies that c1α+(c2−
c8)α2 +(c3−c9)σβ +(c5−c10)α3−c7σ = 0 and therefore c1 = 0, c7 = 0, c8 = c2, c9 = c3

and c5 = c10. Also −c1γ−c2γα−c3λβ2−c4λβ3 +c7β +c8γα+c9β
2 +c11β

3 = 0, that is

−c1γ+(−c2+c8)γα+(−c3λ+c9)β2+(−c4λ+c11)β3+c7β = 0 and therefore c1 = 0, c7 =

0, , c8 = c2, c9 = λc3 and c11 = λc4. Note that from the two sequences we have that

c3 = 0 = c9. Thus e1ζ = c2α+c4σβ+c5α
2 +c6α

3 and e2η = c2γ+c5γα+c4λβ2 +c12β
3.

Hence Ker ∂2 = {(c2α + c4σβ + c5α
2 + c6α

3, c2γ + c5γα + c4λβ2 + c12β
3) : ci ∈ K}.

Claim. Ker ∂2 = (α, γ)e1Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2α+c4σβ +c5α
2 +c6α

3, c2γ +c5γα+c4λβ2 +c12β
3)

so u = (α, γ)(c2e1 + c4σ + c5α + c6α
2 + c12λ

−1ασ). Hence u ∈ (α, γ)e1Λ and therefore

Ker ∂2 ⊆ (α, γ)e1Λ.

On the other hand, let v = (α, γ)e1ζ ∈ (α, γ)e1Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2((α, γ)e1ζ) = ((α,−γ)α + (−σ, β)γ) = (α2− σγ)− (γα− βγ) = 0.

Therefore (α, γ)e1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α,−β)e1Λ. ¤

So the map ∂3 : e1Λ → e1Λ⊕ e2Λ is given by e1ζ 7→ (α, γ)e1ζ, for ζ ∈ Λ.

6.2.4. The minimal projective resolution of the simple Λ-module S2.

Now the minimal projective resolution of the simple Λ-module S2 starts by:

· · · // e1Λ⊕ e2Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e1Λ⊕ e2Λ → e2Λ is given by (e1ζ, e2η) 7→ γe1ζ + βe2η, for ζ, η ∈ Λ.

Now we want to find Ker ∂1 and Ker ∂2 for S2.

6.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2), let e1ζ = c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3 and e2η =

c7e2+c8γ+c9β+c10γα+c11β
2+c12β

3 with ci ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂1 then

γe1ζ+βe2η = 0 so γ(c1e1+c2α+c3σ+c4σβ+c5α
2+c6α

3)+β(c7e2+c8γ+c9β+c10γα+

c11β
2 + c12β

3) = 0, that is, c1γ + c2γα+ c3γσ + c4γσβ + c7β + c8βγ + c9β
2 + c11β

3 = 0,

that is, c1α + (c2 + c8)γα + (c3λ + c9)β2 + (c4λ + c11)β3 + c7β = 0. So c1 = 0 = c7,

c8 = −c2, c9 = −c3λ and c11 = −c4λ. Thus e1ζ = c2α + c3σ + c4σβ + c5α
2 + c6α

3 and

e2η = −c2γ − c3λβ + c10γα− c4λβ2 + c12β
3.

Hence Ker ∂1 = {(c2α+c3σ+c4σβ+c5α
2+c6α

3,−c2γ−c3λβ+c10γα−c4λβ2+c12β
3) :

ci ∈ K}.

Claim. Ker ∂1 = (α,−γ)e1Λ + (σ,−λβ)e2Λ.
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Proof. Let x ∈ Ker ∂1; then x = (c2α + c3σ + c4σβ + c5α
2 + c6α

3,−c2γ − c3λβ +

c10γα− c4λβ2 + c12β
3), that is, x = (α,−γ)(c2e1 + c5α+ c6α

2)+ (σ,−λβ)(c3e2 + c4β−
c12λ

−1β2) + (0, γα)(c10e1 + c5e1). However we can show that (0, γα)(c10e1 + c5e1) ⊆
(α,−γ)e1Λ + (σ,−λβ)e2Λ, since (c10e1 + c5e1) = (α,−γ)(λ − 1)−1α(c10e1 + c5e1) +

(σ,−λβ)(λ−1)−1(−γ)(c10e1 + c5e1). Thus x ∈ (α,−γ)e1Λ+(σ,−λβ)e2Λ and therefore

Ker ∂1 ⊆ (α,−γ)e1Λ + (σ,−λβ)e2Λ.

On the other hand, let y = (α,−γ)e1ζ + (σ,−λβ)e2η ∈ (α,−γ)e1Λ + (σ,−λβ)e2Λ.

Then, from the definition of ∂1, we have that ∂1(y) = γ(αe1ζ + σe2η) + β(−γe1ζ −
λβe2η) = (γα−βγ)e1ζ− (λβ2−γσ)e2η = 0. Therefore y ∈ Ker ∂1 and so (α,−γ)e1Λ+

(σ,−λβ)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α,−γ)e1Λ + (σ,−λβ)e2Λ. ¤

So ∂2 : e1Λ ⊕ e2Λ → e1Λ ⊕ e2Λ is given by (e1ζ, e2η) 7→ (α,−γ)e1ζ + (σ,−λβ)e2η,

for ζ, η ∈ Λ.

6.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Assume that (e1ζ, e2η) ∈ Ker ∂2. Then (α,−γ)e1ζ

+ (σ,−λβ)e2η = (0, 0). We know that e1ζ = c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3 and

e2η = c7e2+c8γ+c9β+c10γα+c11β
2+c12β

3 with ci ∈ K. So (α,−γ)e1ζ+(σ,−λβ)e2η =

(α,−γ)(c1e1 + c2α + c3σ + c4σβ + c5α
2 + c6α

3) + (σ,−λβ)(c7e2 + c8γ + c9β + c10γα +

c11β
2+c12β

3) = (c1α+c2α
2+c3ασ+c5α

3,−c1γ−c2γα−c3γσ−c4γσβ)+(c7σ+c8σγ+

c9σβ + c10σγα,−c7λβ − c8λβγ − c9λβ2 − c11λβ3) = (0, 0). Thus c1α + c2α
2 + c3σβ +

c5α
3+c7σ+c8α

2+c9σβ+c10α
3 = 0 which implies that c1α+(c2+c8)α2+(c3+c9)σβ+

(c5 + c10)α3 + c7σ = 0 and therefore c1 = 0, c7 = 0, c8 = −c2, c9 = −c3 and c10 = −c5.

Also −c1γ−c2γα−c3λβ2−c4λβ3−c7λβ−c8λγα−c9λβ2−c11λβ3 = 0, that is, −c1γ +

(−c2−c8λ)γα+(−c3−c9)λβ2 +(−c4−c11)λβ3−c7λβ = 0 and therefore c1 = 0, c7 = 0,

c8 = −c2λ
−1, c9 = −c3 and c11 = −c4. Note that from the two sequences we have that

c2 = 0 = c8. Thus e1ζ = c3σ+c4σβ+c5α
2+c6α

3 and e2η = −c3β−c5γα−c4β
2+c12β

3.

Hence Ker ∂2 = {(c3σ + c4σβ + c5α
2 + c6α

3,−c3β − c5γα− c4β
2 + c12β

3) : ci ∈ K}.
Claim. Ker ∂2 = (σ, β)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c3σ+c4σβ+c5α
2 +c6α

3,−c3β−c5γα−c4β
2 +c12β

3)

so u = (σ,−β)(c3e2 + c4β + c5γ + c6γα − c12β
2). Hence u ∈ (σ,−β)e2Λ and therefore

Ker ∂2 ⊆ (σ,−β)e2Λ.

On the other hand, let v = (σ,−β)e2η ∈ (σ,−β)e2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2((σ,−β))e2η) = ((α,−γ)σ + (σ,−λβ)(−β)) = −(−ασ +

σβ) + (λβ2 − γσ) = 0. Therefore (σ,−β)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (σ,−β)e2Λ. ¤

So the map ∂3 : e2Λ → e1Λ⊕ e2Λ is given by e2η 7→ (σ,−β)e2η, for η ∈ Λ.

Thus the maps for S1 are:

∂1 : (e1ζ, e2η) 7→ αe1ζ + σe2η,
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∂2 : (e1ζ, e2η) 7→ (α,−γ)e1ζ + (−σ, β)e2η,

∂3 : e1ζ 7→ (α, γ)e1ζ,

for ζ, η ∈ Λ.

And the maps for S2 are:

∂1 : (e1ζ, e2η) 7→ γe1ζ + βe2η,

∂2 : (e1ζ, e2η) 7→ (α,−γ)e1ζ + (σ,−λβ)e2η,

∂3 : e2η 7→ (σ,−β)e2η,

for ζ, η ∈ Λ.

6.3. g3 for S1 and S2.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3→ (α, γ) ∂2→ (α,−γ)α+(−σ, β)γ = (α2,−γα)+(−σγ, βγ) = (α2−σγ,−γα+βγ) ∂1→

α(α2 − σγ)− σ(γα− βγ), so (α3 − ασγ)− (σγα− σβγ) ∈ g3.

For S2

e2
∂3→ (σ,−β) ∂2→ (α,−γ)σ + (σ,−λβ)(−β) = (ασ,−γσ) + (−σβ, λβ2) = (−(−ασ +

σβ), λβ2 − γσ) ∂1→ −(γσβ − γασ) + (λβ3 − βγσ), so −γ(σβ − ασ) + β(λβ2 − γσ) ∈ g3.

Let g3
1 = α3−ασγ−σγα+σβγ and g3

2 = −γσβ+γασ+λβ3−βγσ. So g3 = {g3
1, g

3
2}.

We know that g2 = {α2 − σγ, λβ2 − γσ, γα− βγ, σβ − ασ}. Denote

g2
1 = α2 − σγ,

g2
2 = λβ2 − γσ,

g2
3 = γα− βγ and

g2
4 = σβ − ασ.

So we have

g3
1 = g2

1α + g2
4γ = αg2

1 − σg2
3 and

g3
2 = g2

2β + g2
3σ = βg2

2 − γg2
4.

6.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

6.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).
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So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e2 ⊗g2
2

e2 7→ j5e2 + j6β + j7β
2 + j8β

3

e2 ⊗g2
3

e1 7→ j9γ + j10γα

e1 ⊗g2
4

e2 7→ j11σ + j12σβ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

α + e1 ⊗g2
4

γ − α⊗g2
1

e1 + σ ⊗g2
3

e1

e2 ⊗g3
2

e2 7→ e2 ⊗g2
2

β + e2 ⊗g2
3

σ − β ⊗g2
2

e2 + γ ⊗g2
4

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1⊗g3
1
e1) = θ((e1⊗g2

1
e1)α+(e1⊗g2

4
e2)γ−α(e1⊗g2

1
e1)+σ(e2⊗g2

3
e1)) =

(j1e1+j2α+j3α
2+j4α

3)α+(j11σ+j12σβ)γ−α(j1e1+j2α+j3α
2+j4α

3)+σ(j9γ+j10γα) =

j11α
2 + j12α

3 + j9α
2 + j10α

3 = (j9 + j11)α2 + (j10 + j12)α3 = 0, so j11 = −j9 and

j12 = −j10.

And θd3(e2 ⊗g3
2

e2) = θ((e2 ⊗g2
2

e2)β + (e2 ⊗g2
3

e1)σ − β(e2 ⊗g2
2

e2) + γ(e1 ⊗g2
4

e2)) =

(j5e2+j6β+j7β
2+j8β

3)β+(j9γ+j10γα)σ−β(j5e2+j6β+j7β
2+j8β

3)+γ(j11σ+j12σβ) =

j9γσ + j10γασ + j11γσ + j12γσβ = (j9 + j11)λβ2 + (j10 + j12)λβ3 = 0, so j9 = −j11 and

j12 = −j10, for ji ∈ K.

So θ ∈ Ker δ2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e2 ⊗g2
2

e2 7→ j5e2 + j6β + j7β
2 + j8β

3

e2 ⊗g2
3

e1 7→ j9γ + j10γα

e1 ⊗g2
4

e2 7→ −j9σ − j10σβ,

where ji ∈ K. Hence dimKer δ2 = 10.

6.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e1 → z0e1 + z1α + z2α
2 + z3α

3

e1 ⊗σ e2 → z4σ + z5σβ

e2 ⊗γ e1 → z6γ + z7γα

e2 ⊗β e2 → z8e2 + z9β + z10β
2 + z11β

3,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α α + α⊗α e1 − e1 ⊗σ γ − σ ⊗γ e1

e2 ⊗g2
2

e2 7→ e2 ⊗β λβ + λβ ⊗β e2 − e2 ⊗γ σ − γ ⊗σ e2

e2 ⊗g2
3

e1 7→ e2 ⊗γ α + γ ⊗α e1 − e2 ⊗β γ − β ⊗γ e1

e1 ⊗g2
4

e2 7→ e1 ⊗σ β + σ ⊗β e2 − e1 ⊗α σ − α⊗σ e2.

Then the map ϕd2 is given by
29



ϕd2(e1 ⊗g2
1

e1) = (z0e1 + z1α + z2α
2 + z3α

3)α + α(z0e1 + z1α + z2α
2 + z3α

3) −
(z4σ + z5σβ)γ − σ(z6γ + z7γα) = 2z0α + 2z1α

2 + 2z2α
3 − z4α

2 − z5α
3 − z6α

2 − z7α
3 =

2z0α + (2z1 − z4 − z6)α2 + (2z2 − z5 − z7)α3,

ϕd2(e2 ⊗g2
2
e2) = (z8e2 + z9β + z10β

2 + z11β
3)λβ + λβ(z8e2 + z9β + z10β

2 + z11β
3)−

(z6γ + z7γα)σ − γ(z4σ + z5σβ) = 2z8λβ + (2z9 − z6 − z4)λβ2 + (2z10 − z5 − z7)λβ3,

ϕd2(e2⊗g2
3
e1) = (z6γ + z7γα)α+γ(z0e1 + z1α+ z2α

2 + z3α
3)− (z8e2 + z9β + z10β

2 +

z11β
3)γ − β(z6γ + z7γα) = (z0 − z8)γ + (z1 − z9)γα, and

ϕd2(e1⊗g2
4
e2) = (z4σ+z5σβ)β +σ(z8e2 +z9β +z10β

2 +z11β
3)− (z0e1 +z1α+z2α

2 +

z3α
3)σ − α(z4σ + z5σβ) = (z8 − z0)σ + (z9 − z1)σβ.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z4 − z6)α2 + (2z2 − z5 − z7)α3

e2 ⊗g2
2

e2 7→ 2z8λβ + (2z9 − z4 − z6)λβ2 + (2z10 − z5 − z7)λβ3

e2 ⊗g2
3

e1 7→ (z0 − z8)γ + (z1 − z9)γα

e1 ⊗g2
4

e2 7→ (z8 − z0)σ + (z9 − z1)σβ,

where zi ∈ K.

Now we need to consider two cases if charK = 2 and if charK 6= 2.

If charK = 2 then ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ (z4 + z6)α2 + (z5 + z7)α3

e2 ⊗g2
2

e2 7→ (z4 + z6)λβ2 + (z5 + z7)λβ3

e2 ⊗g2
3

e1 7→ (z0 + z8)γ + (z1 + z9)γα

e1 ⊗g2
4

e2 7→ (z0 + z8)σ + (z1 + z9)σβ,

where zi ∈ K and therefore dim Im δ1 = 4.

If charK 6= 2 then ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z4 − z6)α2 + (2z2 − z5 − z7)α3

e2 ⊗g2
2

e2 7→ 2z8λβ + (2z9 − z4 − z6)λβ2 + (2z10 − z5 − z7)λβ3

e2 ⊗g2
3

e1 7→ (z0 − z8)γ + (z1 − z9)γα

e1 ⊗g2
4

e2 7→ −(z0 − z8)σ − (z1 − z9)σβ,

where zi ∈ K. Note that z1−z9 = 1
2 [(2z1−z4−z6)−(2z9−z4−z6)]. Then dim Im δ1 = 6.

6.4.3. HH2(Λ).

From 6.4.1 and 6.4.2 we have that if charK = 2 then dimHH2(Λ) = 6 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α + d3α

2 + d4α
3

e2 ⊗g2
2

e2 7→ d5e2 + d6β

e2 ⊗g2
3

e1 7→ 0
e1 ⊗g2

4
e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{x0, x1, x2, x3, x4, x5} where
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x0 : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0,

x1 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

else 7→ 0,

x2 : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

else 7→ 0,

x3 : P 2 → Λ
e2 ⊗g2

2
e2 7→ β

else 7→ 0,

x4 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α2

else 7→ 0,

x5 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α3

else 7→ 0.

Note that x4 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −λβ2

else 7→ 0,

and x5 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −λβ3

else 7→ 0.

If charK 6= 2 then dim HH2(Λ) = 4 and we have

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α

2 + d3α
3

e2 ⊗g2
2

e2 7→ d4e2

e2 ⊗g2
3

e1 7→ 0
e1 ⊗g2

4
e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{y1, y2, y3, y4} where

y1 : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0,

y2 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α2

else 7→ 0,
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y3 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α3

else 7→ 0,

y4 : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

else 7→ 0.

Note that y2 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −λβ2

else 7→ 0,

and y3 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −λβ3

else 7→ 0.
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7. The algebra A3

Definition 7.1. [5] Let A3 be the algebra KQ/I where Q is the quiver
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1
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@@¡¡¡¡¡¡¡

3
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^^>>>>>>>

and

I = 〈βα + δγ + εζ, αβ, ζε, γδ〉.

This is the preprojective algebra of type D4.

Theorem 7.2. [1, Theorem 4.1] Let Λ = A3. Assume charK = 2. Then

dimHH2(Λ) = 3.

Theorem 7.3. [13, Theorem 3.3 and Lemma 3.5] Let Λ = A3. Assume charK 6= 2.

Then HH2(Λ) = 0.

Theorem 7.4. [13, Section 2.10] For the algebra A3, the preprojective algebra of type

D4, we have Ω3(Si) ∼= Si for all i = 1, 2, 3, 4. Moreover, A3 is periodic as a bimodule of

period 3 if charK = 2, and of period 6 otherwise.
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8. The algebra A4

Definition 8.1. [5] Let A4 be the algebra KQ/I where Q is the quiver
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and

I = 〈βα + δγ + εζ, αβ, γε, ζδ〉.

8.1. The structure of the indecomposable projectives.

The zero elements of length two are αβ, γε, ζδ and the non zero elements of length two

are βα, δγ, εζ, αδ, αε, γδ, γβ, ζε, ζβ. Note that:

δγ = −βα− εζ,

βα = −δγ − εζ,

εζ = −δγ − βα.

Also the zero elements of length three are: αβα, γεζ, βαβ, εζδ, ζδγ, δγε but the non

zero elements of length three are:

αδγ = −αεζ,

δγβ = −εζβ,

δγδ = −βαδ,

γδγ = −γβα,

εζε = −βαε,

ζεζ = −ζβα.

For the elements of length four the zero elements are: αδγδ, αεζε, γβαε, γεζβ,

ζδγδ, ζεζβ, αβαε, γδγβ, ζδγβ. The non zero elements of length four are:

αδγβ = −αεζβ,

γδγδ = −γβαδ,

ζεζε = −ζβαε,

βαδγ = δγβα = εζεζ = −βαεζ = −δγδγ = −εζβα.

Note that all elements of length five are zero elements. So the indecomposable projective

Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, α, αδ, αε, αδγ, αδγβ},
e2Λ = sp{e2, γ, γβ, γδ, γδγ, γδγδ},
e3Λ = sp{e3, ζ, ζε, ζβ, ζεζ, ζεζε},
e4Λ = sp{e4, β, δ, ε, βα, δγ, βαε, δγδ, εζβ, βαεζ}.
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And for e4Λ
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8.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

8.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e4Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e4Λ → e1Λ is given by e4µ 7→ αe4µ, for µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

8.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e4µ = t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε +

t8δγδ + t9εζβ + t10βαεζ with ti ∈ K. Assume that e4µ ∈ Ker ∂1. Then αe4µ = 0 so

α(t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε + t8δγδ + t9εζβ + t10βαεζ) = 0, that

is, t1α + t3αδ + t4αε + t6αδγ + t9αεζβ = 0 and then t1 = t3 = t4 = t6 = t9 = 0. Thus

e4µ = t2β + t5βα + t7βαε + t8δγδ + t10βαεζ.

Hence Ker ∂1 = {t2β + t5βα + t7βαε + t8δγδ + t10βαεζ : ti ∈ K}.

Claim. Ker ∂1 = βe1Λ.

Proof. Let x ∈ Ker ∂1; then x = t2β + t5βα + t7βαε + t8δγδ + t10βαεζ, that is, x =

β(t2e1 + t5α + t7αε− t8αδ + t10αεζ). Thus x ∈ βe1Λ and therefore Ker ∂1 ⊆ βe1Λ.

On the other hand, let y = βe1ν ∈ βe1Λ. Then, from the definition of ∂1, we have

that ∂1(y) = α(βe1ν) = αβe1ν = 0. Therefore y ∈ Ker ∂1 and so βe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = βe1Λ. ¤

So ∂2 : e1Λ → e4Λ is given by: e1ν 7→ βe1ν, for ν ∈ Λ.
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8.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1ν = c1e1 + c2α + c3αδ + c4αε + c5αδγ +

c6αδγβ. Assume that e1ν ∈ Ker ∂2. Then βe1ν = 0. So βe1ν = β(c1e1 + c2α + c3αδ +

c4αε + c5αδγ + c6αδγβ) = c1β + c2βα + c3βαδ + c4βαε + c5βαδγ + c6βαδγβ = 0. So

c1β+c2βα+c3βαδ+c4βαε+c5βαδγ = 0 which implies that c1 = c2 = c3 = c4 = c5 = 0.

Thus e1ν = c6αδγβ and therefore Ker ∂2 = {c6αδγβ : c6 ∈ K}.

Claim. Ker ∂2 = αδγβe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = c6αδγβ so u = αδγβ(c6e1). Hence u ∈ αδγβe1Λ and

therefore Ker ∂2 ⊆ αδγβe1Λ.

On the other hand, let v = αδγβe1ν ∈ αδγβe1Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(αδγβe1ν) = βαδγβe1ν = 0. Therefore αδγβe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = αδγβe1Λ. ¤

Note that Ker ∂2 ∼= S1 and so Ω3(S1) ∼= S1.

So the map ∂3 : e1Λ → e1Λ is given by e1ν 7→ αδγβe1ν, for ν ∈ Λ.

8.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e4Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e4Λ → e2Λ is given by e4µ → γe4µ, for µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

8.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2), let e4µ = t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε +

t8δγδ + t9εζβ + t10βαεζ with ti ∈ K. Assume that e4µ ∈ Ker ∂1. Then γe4µ = 0 so

γ(t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε + t8δγδ + t9εζβ + t10βαεζ) = 0, that is,

t1γ+t2γβ+t3γδ+t5γβα+t6γδγ+t8γδγδ = t1γ+t2γβ+t3γδ−t5γδγ+t6γδγ+t8γδγδ =

0. So t1 = t2 = t3 = t8 = 0 and t6 − t5 = 0 which implies that t6 = t5. Thus

e4µ = t4ε + t5(βα + δγ) + t7βαε + t9εζβ + t10βαεζ.

Hence Ker ∂1 = {t4ε + t5(βα + δγ) + t7βαε + t9εζβ + t10βαεζ : ti ∈ K}.

Claim. Ker ∂1 = εe3Λ.

Proof. Let x ∈ Ker ∂1; then x = t4ε + t5(βα + δγ) + t7βαε + t9εζβ + t10βαεζ. So

x = ε(t4e3 − t5ζ − t7ζε + t9ζβ − t10ζεζ). Thus x ∈ εe3Λ and therefore Ker ∂1 ⊆ εe3Λ.

On the other hand, let y = εe3λ ∈ εe3Λ. Then, from the definition of ∂1, we have

that ∂1(y) = γ(εe3λ) = γεe3λ = 0. Therefore y ∈ Ker ∂1 and so εe3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = εe3Λ. ¤

So ∂2 : e3Λ → e4Λ is given by: e3λ 7→ εe3λ, for λ ∈ Λ.
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8.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e3λ = d1e3 + d2ζ + d3ζε + d4ζβ + d5ζεζ +

d6ζεζε. Assume that e3λ ∈ Ker ∂2. Then εe3λ = 0. So εe3λ = ε(d1e3 + d2ζ + d3ζε +

d4ζβ + d5ζεζ + d6ζεζε) = d1ε + d2εζ + d3εζε + d4εζβ + d5εζεζ = 0 which implies that

d1 = d2 = d3 = d4 = d5 = 0. Thus e3λ = d6ζεζε and therefore Ker ∂2 = {d6ζεζε : d6 ∈
K}.

Claim. Ker ∂2 = ζεζεe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = d6ζεζε so u = ζεζε(d6e3). Hence u ∈ ζεζεe3Λ and

therefore Ker ∂2 ⊆ ζεζεe3Λ.

On the other hand, let v = ζεζεe3λ ∈ ζεζεe3Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(ζεζεe3λ) = εζεζεe3λ = 0. Therefore ζεζεe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = ζεζεe3Λ. ¤

Note that Ker ∂2 ∼= S3, so Ω3(S2) ∼= S3.

So the map ∂3 : e3Λ → e3Λ is given by e3λ 7→ ζεζεe3λ, for λ ∈ Λ.

8.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e4Λ → e3Λ is given by e4µ → ζe4µ, for µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

8.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3), let e4µ = t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε +

t8δγδ + t9εζβ + t10βαεζ with ti ∈ K. Assume that e4µ ∈ Ker ∂1. Then ζe4µ = 0 so

ζ(t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε + t8δγδ + t9εζβ + t10βαεζ) = 0, that is,

t1ζ + t2ζβ + t4ζε + t5ζβα + t7ζβαε = 0. So t1 = t2 = t4 = t5 = t7 = 0. Thus e4µ =

t3δ+ t6δγ + t8δγδ+ t9εζβ + t10βαεζ, that is, e4µ = t3δ+ t6δγ + t8δγδ− t9δγβ− t10δγδγ.

Hence Ker ∂1 = {t3δ + t6δγ + t8δγδ − t9δγβ − t10δγδγ : ti ∈ K}.

Claim. Ker ∂1 = δe2Λ.

Proof. Let x ∈ Ker ∂1; then x = t3δ + t6δγ + t8δγδ − t9δγβ − t10δγδγ. So x = δ(t3e2 +

t6γ + t8γδ − t9γβ − t10γδγ). Thus x ∈ δe2Λ and therefore Ker ∂1 ⊆ δe2Λ.

On the other hand, let y = δe2η ∈ δe2Λ. Then, from the definition of ∂1, we have

that ∂1(y) = ζ(δe2η) = ζδe2η = 0. Therefore y ∈ Ker ∂1 and so δe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = δe2Λ. ¤

So ∂2 : e2Λ → e4Λ is given by: e2η 7→ δe2η, for η ∈ Λ.
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8.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e2η = f1e2 + f2γ + f3γβ + f4γδ + f5γδγ +

f6γδγδ. Assume that e2η ∈ Ker ∂2. Then δe2η = 0. So δe2η = δ(f1e2 + f2γ + f3γβ +

f4γδ + f5γδγ + f6γδγδ) = f1δ + f2δγ + f3δγβ + f4δγδ + f5δγδγ = 0 which implies that

f1 = f2 = f3 = f4 = f5 = 0. Thus e2η = f6γδγδ and therefore Ker ∂2 = {f6γδγδ : f6 ∈
K}.

Claim. Ker ∂2 = γδγδe2Λ.

Proof. Let u ∈ Ker ∂2. Then u = f6γδγδ, that is, u = γδγδ(f6e2). Hence u ∈ γδγδe2Λ

and therefore Ker ∂2 ⊆ γδγδe2Λ.

On the other hand, let v = γδγδe2η ∈ γδγδe2Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(γδγδe2η) = δγδγδe2η = 0. Therefore γδγδe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = γδγδe2Λ. ¤

We remark that Ker ∂2 ∼= S2, so Ω3(S3) ∼= S2.

So the map ∂3 : e2Λ → e2Λ is given by e2η 7→ γδγδe2η, for η ∈ Λ.

8.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e1Λ⊕ e2Λ⊕ e3Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e1Λ⊕ e2Λ⊕ e3Λ → e4Λ is given by (e1ν, e2η, e3λ) 7→ βe1ν + δe2η + εe3λ, for

ν, λ, η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.

8.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4), let e1ν = c1e1 + c2α + c3αδ + c4αε + c5αδγ + c6αδγβ, e2η =

f1e2 +f2γ +f3γβ+f4γδ+f5γδγ +f6γδγδ and e3λ = d1e3 +d2ζ +d3ζε+d4ζβ+d5ζεζ +

d6ζεζε, with ci, fi, di ∈ K. Assume that (e1ν, e2η, e3λ) ∈ Ker ∂1. Then βe1ν + δe2η +

εe3λ = 0 so β(c1e1 + c2α + c3αδ + c4αε + c5αδγ + c6αδγβ) + δ(f1e2 + f2γ + f3γβ +

f4γδ + f5γδγ + f6γδγδ) + ε(d1e3 + d2ζ + d3ζε + d4ζβ + d5ζεζ + d6ζεζε) = 0, that is,

c1β+c2βα+c3βαδ+c4βαε+c5βαδγ+f1δ+f2δγ+f3δγβ+f4δγδ+f5δγδγ+d1ε+d2εζ+

d3εζε+d4εζβ+d5εζεζ = c1β+c2βα−c3δγδ−c4εζε−c5δγδγ+f1δ+f2δγ−f3εζβ+f4δγδ+

f5δγδγ + d1ε + d2εζ + d3εζε + d4εζβ + d5εζεζ = 0. Then c1β + c2βα + (−c3 + f4)δγδ +

(−c4 +d3)εζε+(−c5 +f5)δγδγ +f1δ +f2δγ +(−f3 +d4)εζβ +d1ε+d2εζ +d5εζεζ = 0.

Therefore c1 = c2 = d1 = d2 = d5 = f1 = f2 = 0, c3 = f4, c4 = d3, c5 = f5 and f3 = d4.

Thus e1ν = c3αδ + c4αε + c5αδγ + c6αδγβ, e2η = f3γβ + c3γδ + c5γδγ + f6γδγδ and

e3λ = c4ζε + d4ζβ + d6ζεζε.

Hence Ker ∂1 = {(c3αδ+c4αε+c5αδγ+c6αδγβ, f3γβ+c3γδ+c5γδγ+f6γδγδ, c4ζε+

d4ζβ + d6ζεζε) : ci, fi, di ∈ K}.
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Claim. Ker ∂1 = (α, γ, ζ)e4Λ.

Proof. Let x ∈ Ker ∂1; then x = (c3αδ + c4αε+ c5αδγ + c6αδγβ, f3γβ + c3γδ + c5γδγ +

f6γδγδ, c4ζε + d4ζβ + d6ζεζε), that is, x = (α, γ, ζ)(c3δ + c4ε + c5δγ + c6δγβ + f3β +

f6δγδ + d6εζε). Thus x ∈ (α, γ, ζ)e4Λ and therefore Ker ∂1 ⊆ (α, γ, ζ)e4Λ.

On the other hand, let y = (α, γ, ζ)e4µ ∈ (α, γ, ζ)e4Λ. Then, from the definition of

∂1, we have that ∂1(y) = ∂1((α, γ, ζ)e4µ) = (βα+δγ+εζ)e4µ = 0. Therefore y ∈ Ker ∂1

and so (α, γ, ζ)e4Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α, γ, ζ)e4Λ. ¤

So ∂2 : e4Λ → e1Λ⊕ e2Λ⊕ e3Λ is given by: e4µ 7→ (α, γ, ζ)e4µ, for µ ∈ Λ.

8.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e4µ = t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ +

t7βαε + t8δγδ + t9εζβ + t10βαεζ. Assume that e4µ ∈ Ker ∂2. Then (α, γ, ζ)e4µ = 0.

So (α, γ, ζ)e4µ = (α, γ, ζ)(t1e4 + t2β + t3δ + t4ε + t5βα + t6δγ + t7βαε + t8δγδ +

t9εζβ + t10βαεζ) = (t1α + t3αδ + t4αε + t6αδγ + t9αεζβ, t1γ + t2γβ + t3γδ + (−t5 +

t6)γδγ + t8γδγδ, t1ζ + t2ζβ + t4ζε + t5ζβα + t7ζβαε) = (0, 0, 0). Then t1α + t3αδ +

t4αε + t6αδγ + t9αεζβ = 0 which implies that t1 = t3 = t4 = t6 = t9 = 0. And

t1γ + t2γβ + t3γδ + (−t5 + t6)γδγ + t8γδγδ = 0, so t1 = t2 = t3 = t8 = 0 and t6 = t5.

Also t1ζ + t2ζβ + t4ζε + t5ζβα + t7ζβαε = 0 so t1 = t2 = t4 = t5 = t7 = 0. Hence

t1 = t2 = t3 = t4 = t5 = t6 = t7 = t8 = t9 = 0. Thus e4µ = t10βαεζ and therefore

Ker ∂2 = {t10βαεζ : t10 ∈ K}.

Claim. Ker ∂2 = βαεζe4Λ.

Proof. Let u ∈ Ker ∂2. Then u = t10βαεζ so u = βαεζ(t10e4). Hence u ∈ βαεζe4Λ and

therefore Ker ∂2 ⊆ βαεζe4Λ.

On the other hand, let v = βαεζe4µ ∈ βαεζe4Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(βαεζe4µ) = (α, γ, ζ)βαεζe4µ = (0, 0, 0). Therefore βαεζe4Λ ⊆
Ker ∂2.

Hence Ker ∂2 = βαεζe4Λ. ¤

Note that Ker ∂2 ∼= S4 and so Ω3(S4) ∼= S4.

So the map ∂3 : e4Λ → e4Λ is given by e4µ 7→ βαεζe4µ, for µ ∈ Λ.

Thus the maps for S1 are:

∂1 : e4µ 7→ αe4µ,

∂2 : e1ν 7→ βe1ν,

∂3 : e1ν 7→ αδγβe1ν,

for ν, µ ∈ Λ.

The maps for S2 are:

∂1 : e4µ 7→ γe4µ,

∂2 : e3λ 7→ εe3λ,
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∂3 : e3λ 7→ ζεζεe3λ,

for µ, λ ∈ Λ.

The maps for S3 are:

∂1 : e4µ 7→ ζe4µ,

∂2 : e2η 7→ δe2η,

∂3 : e2η 7→ γδγδe2η,

for η, µ ∈ Λ.

The maps for S4 are:

∂1 : (e1ν, e2η, e3λ) 7→ βe1ν + δe2η + εe3λ,

∂2 : e4µ 7→ (α, γ, ζ)e4µ,

∂3 : e4µ 7→ βαεζe4µ,

for ν, η, µ, λ ∈ Λ.

8.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3→ αδγβ

∂2→ β(αδγβ) ∂1→ αβ(αδγβ), so αβ(αδγβ) ∈ g3.

For S2

e3
∂3→ ζεζε

∂2→ ε(ζεζε) ∂1→ γε(ζεζε), so γε(ζεζε) ∈ g3.

For S3

e2
∂3→ γδγδ

∂2→ δ(γδγδ) ∂1→ ζδ(γδγδ), so ζδ(γδγδ) ∈ g3.

For S4

e4
∂3→ βαεζ

∂2→ (α, γ, ζ)βαεζ = (αβαεζ, γβαεζ, ζβαεζ) ∂1→ β(αβαεζ) + δ(γβαεζ)

+ ε(ζβαεζ), so βαβαεζ + δγβαεζ + εζβαεζ = (βα + δγ + εζ)βαεζ ∈ g3.

Let g3
1 = αβαδγβ, g3

2 = γεζεζε, g3
3 = ζδγδγδ, and g3

4 = βαβαεζ + δγβαεζ + εζβαεζ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4}.

We know that g2 = {βα + δγ + εζ, αβ, γε, ζδ}. Denote

g2
1 = αβ,

g2
2 = γε,

g2
3 = ζδ and

g2
4 = βα + δγ + εζ.

So we have

g3
1 = g2

1αδγβ = αg2
4δγβ − αεg2

3γβ + αδg2
2ζβ − αδγg2

4β + αδγβg2
1,

g3
2 = g2

2ζεζε = γg2
4εζε− γδg2

2ζε + γβg2
1αε− γβαg2

4ε + γβαδg2
2,
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g3
3 = g2

3γδγδ = ζg2
4δγδ − ζεg2

3γδ + ζβg2
1αδ − ζβαg2

4δ + ζβαεg2
3 and

g3
4 = g2

4βαεζ = βg2
1αεζ − δg2

2ζεζ + εg2
3γδγ + δγg2

4εζ − εζg2
4δγ − δγδg2

2ζ

− εζβg2
1α + εζεg2

3γ + εζβαg2
4.

8.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

8.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2αδγβ

e2 ⊗g2
2

e3 7→ 0
e3 ⊗g2

3
e2 7→ 0

e4 ⊗g2
4

e4 7→ j3e4 + j4βα + j5δγ + j6βαεζ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

αδγβ

− [α⊗g2
4

δγβ − αε⊗g2
3

γβ + αδ ⊗g2
2

ζβ − αδγ ⊗g2
4

β + αδγβ ⊗g2
1

e1],

e2 ⊗g3
2

e3 7→ e2 ⊗g2
2

ζεζε

− [γ ⊗g2
4

εζε− γδ ⊗g2
2

ζε + γβ ⊗g2
1

αε− γβα⊗g2
4

ε + γβαδ ⊗g2
2

e3],

e3 ⊗g3
3

e2 7→ e3 ⊗g2
3

γδγδ

− [ζ ⊗g2
4

δγδ − ζε⊗g2
3

γδ + ζβ ⊗g2
1

αδ − ζβα⊗g2
4

δ + ζβαε⊗g2
3

e2],

e4 ⊗g3
4

e4 7→ e4 ⊗g2
4

βαεζ

− [β ⊗g2
1

αεζ − δ ⊗g2
2

ζεζ + ε⊗g2
3

γδγ + δγ ⊗g2
4

εζ − εζ ⊗g2
4

δγ

− δγδ ⊗g2
2

ζ − εζβ ⊗g2
1

α + εζε⊗g2
3

γ + εζβα⊗g2
4

e4].

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1⊗g3
1
e1) = (j1e1+j2αδγβ)αδγβ−[α(j3e4+j4βα+j5δγ+j6βαεζ)δγβ−

αδγ(j3e4 + j4βα + j5δγ + j6βαεζ)β + αδγβ(j1e1 + j2αδγβ)] = 0,

for θd3(e2 ⊗g3
2
e3) = −[γ(j3e4 + j4βα + j5δγ + j6βαεζ)εζε + γβ(j1e1 + j2αδγβ)αε−

γβα(j3e4 + j4βα + j5δγ + j6βαεζ)ε] = 0,

also for θd3(e3⊗g3
3
e2) = −[ζ(j3e4+j4βα+j5δγ+j6βαεζ)δγδ+ζβ(j1e1+j2αδγβ)αδ−

ζβα(j3e4 + j4βα + j5δγ + j6βαεζ)δ] = 0,

and for θd3(e4⊗g3
4
e4) = (j3e4 +j4βα+j5δγ +j6βαεζ)βαεζ− [β(j1e1 +j2αδγβ)αεζ +

δγ(j3e4 + j4βα + j5δγ + j6βαεζ)εζ − εζ(j3e4 + j4βα + j5δγ + j6βαεζ)δγ − εζβ(j1e1 +

j2αδγβ)α + εζβα(j3e4 + j4βα + j5δγ + j6βαεζ)] = 0.
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So θ ∈ Ker δ2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2αδγβ

e2 ⊗g2
2

e3 7→ 0
e3 ⊗g2

3
e2 7→ 0

e4 ⊗g2
4

e4 7→ j3e4 + j4βα + j5δγ + j6βαεζ,

where ji ∈ K. Hence dimKer δ2 = 6.

8.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e4 → z1α + z2αδγ

e4 ⊗β e1 → z3β + z4εζβ

e2 ⊗γ e4 → z5γ + z6γδγ

e4 ⊗δ e2 → z7δ + z8δγδ

e3 ⊗ζ e4 → z9ζ + z10ζεζ

e4 ⊗ε e3 → z11ε + z12βαε,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α β + α⊗β e1

e2 ⊗g2
2

e3 7→ e2 ⊗γ ε + γ ⊗ε e3

e3 ⊗g2
3

e2 7→ e3 ⊗ζ δ + ζ ⊗δ e2

e4 ⊗g2
4

e4 7→ e4 ⊗β α + β ⊗α e4 + e4 ⊗δ γ + δ ⊗γ e4 + e4 ⊗ε ζ + ε⊗ζ e4.

Then the map ϕd2 is given by

ϕd2(e1 ⊗g2
1

e1) = (z1α + z2αδγ)β + α(z3β + z4εζβ) = (z2 − z4)αδγβ,

ϕd2(e2 ⊗g2
2

e3) = (z5γ + z6γδγ)ε + γ(z11ε + z12βαε) = 0,

ϕd2(e3 ⊗g2
3

e2) = (z9ζ + z10ζεζ)δ + ζ(z7δ + z8δγδ) = 0, and

ϕd2(e4⊗g2
4
e4) = (z3β+z4εζβ)α+β(z1α+z2αδγ)+(z7δ+z8δγδ)γ+δ(z5γ+z6γδγ)+

(z11ε + z12βαε)ζ + ε(z9ζ + z10ζεζ) = (z1 + z3 − z9 − z11)βα + (z5 + z7 − z9 − z11)δγ +

(−z2+z4+z6+z8−z10+z12)βαεζ. We will write c1 = z2−z4, c2 = z1+z3−z9−z11, c3 =

z5 + z7 − z9 − z11 and c4 = −z2 + z4 + z6 + z8 − z10 + z12, for ci ∈ K.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ c1αδγβ

e2 ⊗g2
2

e3 7→ 0
e3 ⊗g2

3
e2 7→ 0

e4 ⊗g2
4

e4 7→ c2βα + c3δγ + c4βαεζ,

where c1, c2, c3, c4 ∈ K. Therefore dim Im δ1 = 4.
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8.4.3. HH2(Λ).

From 8.4.1 and 8.4.2 we have that dim HH2(Λ) = 2 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e2 ⊗g2
2

e3 7→ 0
e3 ⊗g2

3
e2 7→ 0

e4 ⊗g2
4

e4 7→ d2e4





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0

and
y : P 2 → Λ
e4 ⊗g2

4
e4 7→ e4

else 7→ 0.

8.5. The period of the simple A4−modules.

Theorem 8.2. For the algebra A4, we have Ω3(S1) ∼= S1, Ω3(S2) ∼= S3, Ω3(S3) ∼= S2

and Ω3(S4) ∼= S4. Hence Ω6(Si) ∼= Si for all i = 1, 2, 3, 4.
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9. The algebra A5

Definition 9.1. [5] Let A5 be the algebra KQ/I where Q is the quiver

1γ
%% β //

2
α

oo

and

I = 〈γ2 − βα, αγβ〉.

9.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ and e2Λ where

e1Λ = sp{e1, γ, β, γβ, γ2, γ2β, γ3, γ4},
e2Λ = sp{e2, α, αγ, αβ, αγ2, αβαβ}.
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9.2. The minimal projective resolutions of the simple Λ-modules S1 and S2.
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9.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e1Λ⊕ e2Λ → e1Λ is given by (e1ζ, e2η) → γe1ζ + βe2η, for ζ, η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

9.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e1ζ = c1e1 + c2γ + c3β + c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4

and e2η = d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ with ci, di ∈ K. Assume that

(e1ζ, e2η) ∈ Ker ∂1. Then γe1ζ + βe2η = 0 so γ(c1e1 + c2γ + c3β + c4γβ + c5γ
2 +

c6γ
2β + c7γ

3 + c8γ
4) + β(d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ) = 0, that is,

c1γ + c2γ
2 + c3γβ + c4γ

2β + c5γ
3 + c7γ

4 + d1β + d2βα + d3βαγ + d4βαβ + d5βαγ2 = 0,

that is, c1γ+c2γ
2+c3γβ+c4γ

2β+c5γ
3+c7γ

4+d1β+d2γ
2+d3γ

3+d4γ
2β+d5γ

4 = 0. So

c1γ+d1β+(c2+d2)γ2+c3γβ+(c5+d3)γ3+(c4+d4)γ2β+(c7+d5)γ4 = 0 which implies

that c1 = c3 = 0 = d1 and d2 = −c2, d3 = −c5, d4 = −c4 and d5 = −c7. Thus e1ζ =

c2γ+c4γβ+c5γ
2+c6γ

2β+c7γ
3+c8γ

4 and e2η = −c2α−c4αβ−c5αγ−c7αγ2+d6αβαβ.

Hence Ker ∂1 = {(c2γ + c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4,−c2α − c4αβ − c5αγ −
c7αγ2 + d6αβαβ) : ci ∈ K}.

Claim. Ker ∂1 = (γ,−α)e1Λ.

Proof. Let x ∈ Ker ∂1; then x = (c2γ+c4γβ+c5γ
2+c6γ

2β+c7γ
3+c8γ

4,−c2α−c4αβ−
c5αγ − c7αγ2 + d6αβαβ), that is, x = (γ,−α)(c2e1 + c4β + c5γ + c6γβ + c7γ

2 + c8γ
3 −

d6βαβ). Thus x ∈ (γ,−α)e1Λ and therefore Ker ∂1 ⊆ (γ,−α)e1Λ.

On the other hand, let y = (γ,−α)e1ζ ∈ (γ,−α)e1Λ. Then, from the definition of ∂1,

we have that ∂1(y) = γ(γe1ζ) + β(−αe1ζ) = (γ2 − βα)e1ζ = 0. Therefore y ∈ Ker ∂1

and so (γ,−α)e1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (γ,−α)e1Λ. ¤

So ∂2 : e1Λ → e1Λ⊕ e2Λ is given by: e1ζ 7→ (γ,−α)e1ζ, for ζ ∈ Λ.

9.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Assume that e1ζ ∈ Ker ∂2. Then (γ,−α)e1ζ =

(0, 0). We know that e1ζ = c1e1 + c2γ + c3β + c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4 with

ci ∈ K. So (γ,−α)e1ζ = (γ,−α)(c1e1 +c2γ +c3β +c4γβ +c5γ
2 +c6γ

2β +c7γ
3 +c8γ

4) =

(c1γ+c2γ
2+c3γβ+c4γ

2β+c5γ
3+c7γ

4,−c1α−c2αγ−c3αβ−c5αγ2−c6αγ2β) = (0, 0). So

c1γ+c2γ
2+c3γβ+c4γ

2β+c5γ
3+c7γ

4 = 0, which implies that, c1 = c2 = c3 = c4 = c5 =

c7 = 0 and −c1α−c2αγ−c3αβ−c5αγ2−c6αγ2β = 0, that is, c1 = c2 = c3 = c5 = c6 = 0.

Thus e1ζ = c8γ
4 and therefore Ker ∂2 = {c8γ

4 : c8 ∈ K}.

Claim. Ker ∂2 = γ4e1Λ.
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Proof. Let u ∈ Ker ∂2. Then u = c8γ
4 so u = γ4(c8e1). Hence u ∈ γ4e1Λ and therefore

Ker ∂2 ⊆ γ4e1Λ.

On the other hand, let v = γ4e1ζ ∈ γ4e1Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(γ4e1ζ) = (γ,−α)(γ4e1ζ) = (γ5,−αγ4)e1ζ = (0, 0). Therefore

γ4e1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = γ4e1Λ. ¤

We remark that Ker ∂2 ∼= S1 so that Ω3(S1) = S1.

The map ∂3 : e1Λ → e1Λ is given by e1ζ 7→ γ4e1ζ, for ζ ∈ Λ.

9.2.4. The minimal projective resolution of the simple Λ-module S2.

Now the minimal projective resolution of the simple Λ-module S2 starts by:

· · · // e1Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ → e2Λ is given by e1ζ 7→ αe1ζ, for ζ ∈ Λ.

Now we want to find Ker ∂1 and Ker ∂2 for S2.

9.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2), let e1ζ = c1e1 + c2γ + c3β + c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4

with ci ∈ K. Assume that e1ζ ∈ Ker ∂1. Then αe1ζ = 0 so α(c1e1 + c2γ + c3β + c4γβ +

c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4) = 0, that is, c1α + c2αγ + c3αβ + c5αγ2 + c6αγ2β = 0. So

c1 = c2 = c3 = c5 = c6 = 0. Thus e1ζ = c4γβ + c7γ
3 + c8γ

4.

Hence Ker ∂1 = {c4γβ + c7γ
3 + c8γ

4 : ci ∈ K}.

Claim. Ker ∂1 = γβe2Λ.

Proof. Let x ∈ Ker ∂1; then x = c4γβ + c7γ
3 + c8γ

4, that is, x = γβ(c4e2 + c7α+ c8αγ).

Thus x ∈ γβe2Λ and therefore Ker ∂1 ⊆ γβe2Λ.

On the other hand, let y = γβe2η ∈ γβe2Λ. Then, from the definition of ∂1, we have

that ∂1(y) = α(γβe2η) = αγβe2η = 0. Therefore y ∈ Ker ∂1 and so γβe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γβe2Λ. ¤

So ∂2 : e2Λ → e1Λ is given by: e2η 7→ γβe2η, for η ∈ Λ.

9.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Assume that e2η ∈ Ker ∂2. Then γβe2η = 0.

We know that e2η = d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ with di ∈ K. So

γβ(d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ) = d1γβ + d2γβα + d3γβαγ = 0, that

is, d1γβ + d2γ
3 + d3γ

4 = 0 so d1 = d2 = d3 = 0. Thus e2η = d4αβ + d5αγ2 + d6αβαβ.

Hence Ker ∂2 = {d4αβ + d5αγ2 + d6αβαβ : d4, d5, d6 ∈ K}.

Claim. Ker ∂2 = αβe2Λ.
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Proof. Let u ∈ Ker ∂2. Then u = d4αβ+d5αγ2+d6αβαβ so u = αβ(d4e2+d5α+d6αβ).

Hence u ∈ αβe2Λ and therefore Ker ∂2 ⊆ αβe2Λ.

On the other hand, let v = αβe2η ∈ αβe2Λ. Then, from the definition of ∂2, we have

that ∂2(v) = ∂2(αβe2η) = γβ(αβe2η) = γ3βe2η = 0. Therefore αβe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = αβe2Λ. ¤

The map ∂3 : e2Λ → e2Λ is given by e2η 7→ αβe2η, for η ∈ Λ.

Thus the maps for S1 are:

∂1 : (e1ζ, e2η) 7→ γe1ζ + βe2η,

∂2 : e1ζ 7→ (γ,−α)e1ζ,

∂3 : e1ζ 7→ γ4e1ζ,

for ζ, η ∈ Λ.

The maps for S2 are:

∂1 : e1ζ 7→ αe1ζ,

∂2 : e2η 7→ γβe2η,

∂3 : e2η 7→ αβe2η,

for ζ, η ∈ Λ.

9.3. g3 for S1 and S2.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3

// γ4 ∂2
// (γ,−α)γ4 = (γ5,−αγ4) ∂1

// γ6 − βαγ4 , so γ6 − βαγ4 ∈ g3.

For S2

e2
∂3

// αβ
∂2

// γβαβ
∂1

// αγβαβ , so αγβαβ ∈ g3.

Let g3
1 = γ6 − βαγ4 and g3

2 = αγβαβ. So g3 = {g3
1, g

3
2}.

We know that g2 = {γ2 − βα, αγβ}. Denote

g2
1 = γ2 − βα and

g2
2 = αγβ.

So we have

g3
1 = γ6 − βαγ4 = g2

1γ
4

= γg2
1γ

3 + γβg2
2α− βαγg2

1γ − βg2
2αγ + γβαγg2

1 and

g3
2 = αγβαβ = g2

2αβ = αg2
1γβ − αγg2

1β + αβg2
2.

9.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .
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9.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

e1 ⊗g2
1

e1 7→ j1e1 + j2γ + j3γ
2 + j4γ

3 + j5γ
4

e2 ⊗g2
2

e2 7→ j6e2 + j7αβ + j8αβαβ,

for some ji ∈ K.

The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1
e1 7→ e1 ⊗g2

1
γ4 − [γ ⊗g2

1
γ3 − β ⊗g2

2
αγ + γβ ⊗g2

2
α− βαγ ⊗g2

1
γ + γβαγ ⊗g2

1
e1]

e2 ⊗g3
2

e2 7→ e2 ⊗g2
2

αβ − α⊗g2
1

γβ + αγ ⊗g2
1

β − αβ ⊗g2
2

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1⊗g3
1
e1) = (j1e1 + j2γ + j3γ

2 + j4γ
3 + j5γ

4)γ4− γ(j1e1 + j2γ + j3γ
2 +

j4γ
3 +j5γ

4)γ3 +β(j6e2 +j7αβ +j8αβαβ)αγ−γβ(j6e2 +j7αβ +j8αβαβ)α+βαγ(j1e1 +

j2γ + j3γ
2 + j4γ

3 + j5γ
4)γ − γβαγ(j1e1 + j2γ + j3γ

2 + j4γ
3 + j5γ

4) = 0.

And θd3(e2 ⊗g3
2

e2) = (j6e2 + j7αβ + j8αβαβ)αβ − α(j1e1 + j2γ + j3γ
2 + j4γ

3 +

j5γ
4)γβ + αγ(j1e1 + j2γ + j3γ

2 + j4γ
3 + j5γ

4)β − αβ(j6e2 + j7αβ + j8αβαβ) = 0.

So θ ∈ Ker δ2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2γ + j3γ

2 + j4γ
3 + j5γ

4

e2 ⊗g2
2

e2 7→ j6e2 + j7αβ + j8αβαβ,

where ji ∈ K. Hence dimKer δ2 = 8 and therefore Ker δ2 = HomΛe(P 2,Λ).

9.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗γ e1 → z0e1 + z1γ + z2γ
2 + z3γ

3 + z4γ
4

e1 ⊗β e2 → z5β + z6γβ + z7γ
2β

e2 ⊗α e1 → z8α + z9αγ + z10αγ2,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗γ γ + γ ⊗γ e1 − e1 ⊗β α− β ⊗α e1

e2 ⊗g2
2

e2 7→ e2 ⊗α γβ + α⊗γ β + αγ ⊗β e2.

Then the map ϕd2 is given by

ϕd2(e1 ⊗g2
1

e1) = (z0e1 + z1γ + z2γ
2 + z3γ

3 + z4γ
4)γ + γ(z0e1 + z1γ + z2γ

2 + z3γ
3 +

z4γ
4)− (z5β + z6γβ + z7γ

2β)α− β(z8α + z9αγ + z10αγ2) = 2z0γ + (2z1 − z5 − z8)γ2 +

(2z2 − z6 − z9)γ3 + (2z3 − z7 − z10)γ4,

ϕd2(e2 ⊗g2
2

e2) = (z8α + z9αγ + z10αγ2)γβ + α(z0e1 + z1γ + z2γ
2 + z3γ

3 + z4γ
4)β +

αγ(z5β + z6γβ + z7γ
2β) = z0αβ + (z2 + z6 + z9)αβαβ.
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Therefore ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0γ + (2z1 − z5 − z8)γ2 + (3z2 − c)γ3 + (2z3 − z7 − z10)γ4

e2 ⊗g2
2

e2 7→ z0αβ + cαβαβ,

where c = z2 +z6 +z9 and zi ∈ K. Note that the 2 in Im δ1 occurs because of the power

of γ in the relation γ2 − βα.

So if charK = 2 then dim Im δ1 = 5 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ (z5 + z8)γ2 + (z6 + z9)γ3 + (z7 + z10)γ4

e2 ⊗g2
2

e2 7→ z0αβ + cαβαβ,

where c = z2 + z6 + z9 and zi ∈ K.

If charK = 3 then dim Im δ1 = 4 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0γ + (2z1 − z5 − z8)γ2 − cγ3 + (2z3 − z7 − z10)γ4

e2 ⊗g2
2

e2 7→ z0αβ + cαβαβ,

where c = z2 + z6 + z9 and zi ∈ K.

Now if charK 6= 2, 3 then dim Im δ1 = 5 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0γ + (2z1 − z5 − z8)γ2 + (3z2 − c)γ3 + (2z3 − z7 − z10)γ4

e2 ⊗g2
2

e2 7→ z0αβ + cαβαβ,

where c = z2 + z6 + z9 and zi ∈ K.

9.4.3. HH2(Λ).

From 9.4.1 and 9.4.2 we have that if charK = 2 then dimHH2(Λ) = 3 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2γ

e2 ⊗g2
2

e2 7→ d3e2





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, u} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ γ

else 7→ 0,

u : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

else 7→ 0.

If charK = 3 then dim HH2(Λ) = 4 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2γ + d3γ

3

e2 ⊗g2
2

e2 7→ d4e2
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with di ∈ K.

A basis of HH2(Λ) = sp{y1, y2, y3, y4} where

y1 : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0,

y2 : P 2 → Λ
e1 ⊗g2

1
e1 7→ γ

else 7→ 0,

y3 : P 2 → Λ
e1 ⊗g2

1
e1 7→ γ3

else 7→ 0,

y4 : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

else 7→ 0.

Note that y2 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −αβ

else 7→ 0,

and y3 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −αβαβ

else 7→ 0.

If charK 6= 2, 3 then dim HH2(Λ) = 3 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2γ

e2 ⊗g2
2

e2 7→ d3e2





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, w} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ γ

else 7→ 0,

w : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

else 7→ 0.

Note that y represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −αβ

else 7→ 0.
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10. The algebra A6

Definition 10.1. [5] Let A6 be the algebra KQ/I where Q is the quiver

1α
%% γ //

2
β

oo

and

I = 〈α3 − γβ, βγ, βα2, α2γ〉.

10.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ and e2Λ where

e1Λ = sp{e1, α, γ, αγ, α2, α3, α4},
e2Λ = sp{e2, β, βα, βαγ}.

We have e1Λ

e1

xx
xx

xx
x

SSSSSSSSSSSSSSS

α

yy
yy

yy
y

EE
EE

EE
E γ

¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯

αγ

DD
DD

DD
DD

DD
DD

DD
DD

D α2

FF
FF

FF
F

α3

xx
xx

xx
x

α4

and for e2Λ

e2

β

βα

βαγ

10.2. The minimal projective resolutions of the simple Λ-modules S1 and S2.

10.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e1Λ⊕ e2Λ → e1Λ is given by (e1ζ, e2η) → αe1ζ + γe2η, for ζ, η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.
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10.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ and

e2η = d1e2+d2β+d3βα+d4βαγ with ci, di ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂1. Then

αe1ζ+γe2η = 0. So α(c1e1+c2γ+c3α+c4α
2+c5α

3+c6α
4+c7αγ)+γ(d1e2+d2β+d3βα+

d4βαγ) = 0, that is, c1α + c2αγ + c3α
2 + c4α

3 + c5α
4 + d1γ + d2γβ + d3γβα = 0. Then

c1α+c2αγ+c3α
2+(c4+d2)α3+(c5+d3)α4+d1γ = 0. So c1 = c2 = c3 = 0 = d1, d2 = −c4

and d3 = −c5. Thus e1ζ = c4α
2 + c5α

3 + c6α
4 + c7αγ and e2η = −c4β− c5βα + d4βαγ.

Hence Ker ∂1 = {(c4α
2 + c5α

3 + c6α
4 + c7αγ,−c4β − c5βα + d4βαγ) : ci, di ∈ K}.

Claim. Ker ∂1 = (α2,−β)e1Λ + (αγ, 0)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = (c4α
2 + c5α

3 + c6α
4 + c7αγ,−c4β − c5βα + d4βαγ),

that is, x = (α2,−β)(c4e1 +c5α+c6α
2−d4αγ)+(αγ, 0)(c7e2). Thus x ∈ (α2,−β)e1Λ+

(αγ, 0)e2Λ and therefore Ker ∂1 ⊆ (α2,−β)e1Λ + (αγ, 0)e2Λ.

On the other hand, let y = (α2,−β)e1ζ + (αγ, 0)e2η ∈ (α2,−β)e1Λ + (αγ, 0)e2Λ.

Then, from the definition of ∂1, we have that ∂1(y) = ∂1(α2e1ζ + αγe2η,−βe1ζ) =

α(α2e1ζ + αγe2η) + γ(−βe1ζ) = (α3 − γβ)e1ζ + α2γe2η = 0. Therefore y ∈ Ker ∂1 and

so (α2,−β)e1Λ + (αγ, 0)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α2,−β)e1Λ + (αγ, 0)e2Λ. ¤

So ∂2 : e1Λ ⊕ e2Λ → e1Λ ⊕ e2Λ is given by: (e1ζ, e2η) 7→ (α2,−β)e1ζ + (αγ, 0)e2η,

for ζ, η ∈ Λ.

10.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4

+c7αγ and e2η = d1e2+d2β+d3βα+d4βαγ with ci, di ∈ K. We assume that (e1ζ, e2η) ∈
Ker ∂2. Then (α2,−β)e1ζ + (αγ, 0)e2η = (0, 0). So (α2,−β)e1ζ + (αγ, 0)e2η = (α2,

−β)(c1e1+c2γ+c3α+c4α
2+c5α

3+c6α
4+c7αγ)+(αγ, 0)(d1e2+d2β+d3βα+d4βαγ) =

(c1α
2 + c3α

3 + c4α
4,−c1β − c3βα − c7βαγ) + (d1αγ + d2αγβ, 0) = (c1α

2 + c3α
3 +

c4α
4 + d1αγ + d2αγβ,−c1β − c3βα− c7βαγ) = (0, 0). So (c1α

2 + c3α
3 + (c4 + d2)α4 +

d1αγ,−c1β − c3βα − c7βαγ) = (0, 0). Thus c1 = c3 = c7 = d1 = 0 and d2 = −c4.

Hence e1ζ = c2γ + c4α
2 + c5α

3 + c6α
4 and e2η = −c4β + d3βα + d4βαγ. Therefore

Ker ∂2 = {(c2γ + c4α
2 + c5α

3 + c6α
4,−c4β + d3βα + d4βαγ) : ci, di ∈ K}.

Claim. Ker ∂2 = (α2,−β)e1Λ + (γ, 0)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2γ+c4α
2+c5α

3+c6α
4,−c4β+d3βα+d4βαγ) so u =

(α2,−β)(c4e1+c5α+c6α
2−d3α−d4αγ)+(γ, 0)(c2e2+d3β)+(0, β)(c5α). However we can

show (0, β)(c5α) ⊆ (α2,−β)e1Λ+(γ, 0)e2Λ, since (0, β)(c5α) = (α2,−β)e1ν +(γ, 0)e2µ

where e1ν = −c5α and e2µ = c5β. So u ∈ (α2,−β)e1Λ + (γ, 0)e2Λ and therefore

Ker ∂2 ⊆ (α2,−β)e1Λ + (γ, 0)e2Λ.

On the other hand, let v = (α2,−β)e1ζ + (γ, 0)e2η ∈ (α2,−β)e1Λ + (γ, 0)e2Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((α2,−β)e1ζ+(γ, 0)e2η) = ∂2(α2e1ζ+
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γe2η,−βe1ζ) = (α2,−β)(α2e1ζ + γe2η) + (αγ, 0)(−βe1ζ) = ((α4 + α2γe2η,−βα2e1ζ −
βγe2η)+(−αγβe1ζ, 0) = ((α4−αγβ)e1ζ+α2γe2η,−βα2e1ζ−βγe2η) = (0, 0). Therefore

(α2,−β)e1Λ + (γ, 0)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α2,−β)e1Λ + (γ, 0)e2Λ. ¤

So the map ∂3 : e1Λ ⊕ e2Λ → e1Λ ⊕ e2Λ is given by (e1ζ, e2η) 7→ (α2,−β)e1ζ +

(γ, 0)e2η, for ζ, η ∈ Λ.

10.2.4. The minimal projective resolution of the simple Λ-module S2.

Now the minimal projective resolution of the simple Λ-module S2 starts by:

· · · // e1Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ → e2Λ is given by e1ζ 7→ βe1ζ, for ζ ∈ Λ.

Now we want to find Ker ∂1 and Ker ∂2 for S2.

10.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ with

ci ∈ K. Assume that e1ζ ∈ Ker ∂2. Then βe1ζ = 0. So βe1ζ = β(c1e1 + c2γ + c3α +

c4α
2 + c5α

3 + c6α
4 + c7αγ) = c1β + c3βα + c7βαγ = 0. Thus c1 = c3 = c7 = 0. Hence

e1ζ = c2γ +c4α
2 +c5α

3 +c6α
4. Therefore Ker ∂2 = {c2γ +c4α

2 +c5α
3 +c6α

4 : ci ∈ K}.

Claim. Ker ∂2 = α2e1Λ + γe2Λ.

Proof. Let x ∈ Ker ∂1; then x = c2γ + c4α
2 + c5α

3 + c6α
4. So x = α2(c4e1 + c5α +

c6α
2) + γ(c2e2). Thus x ∈ α2e1Λ + γe2Λ and therefore Ker ∂1 ⊆ α2e1Λ + γe2Λ.

On the other hand, let y = α2e1ζ + γe2η ∈ α2e1Λ + γe2Λ. Then, from the definition

of ∂1, we have that ∂1(y) = ∂1(α2e1ζ +γe2η) = β(α2e1ζ +γe2η) = βα2e1ζ +βγe2η = 0.

Therefore y ∈ Ker ∂1 and so α2e1Λ + γe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = α2e1Λ + γe2Λ. ¤

So ∂2 : e1Λ⊕ e2Λ → e1Λ is given by: (e1ζ, e2η) 7→ α2e1ζ + γe2η, for ζ, η ∈ Λ.

10.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e1ζ = c1e1 +c2γ+c3α+c4α
2 +c5α

3 +c6α
4 +

c7αγ and e2η = d1e2 + d2β + d3βα + d4βαγ with ci, di ∈ K. Assume that (e1ζ, e2η) ∈
Ker ∂2. Then α2e1ζ + γe2η = 0. So α2e1ζ + γe2η = α2(c1e1 + c2γ + c3α+ c4α

2 + c5α
3 +

c6α
4+c7αγ)+γ(d1e2+d2β+d3βα+d4βαγ) = c1α

2+c3α
3+c4α

4+d1γ+d2γβ+d3γβα = 0

so c1α
2 +(c3 +d2)α3 +(c4 +d3)α4 +d1γ = 0. Thus c1 = 0 = d1, d2 = −c3 and d3 = −c4.

Hence e1ζ = c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ and e2η = −c3β − c4βα + d4βαγ.

Therefore Ker ∂2 = {(c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ,−c3β − c4βα + d4βαγ) :

ci, di ∈ K}.

Claim. Ker ∂2 = (α,−β)e1Λ + (γ, 0)e2Λ.
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Proof. Let u ∈ Ker ∂2. Then u = (c2γ +c3α+c4α
2 +c5α

3 +c6α
4 +c7αγ,−c3β−c4βα+

d4βαγ) so u = (α,−β)(c3e1 + c4α + c5α
2 + c6α

3 + c7γ − d4αγ) + (γ, 0)(c2e2). Hence

u ∈ (α,−β)e1Λ + (γ, 0)e2Λ and therefore Ker ∂2 ⊆ (α,−β)e1Λ + (γ, 0)e2Λ.

On the other hand, let v = (α,−β)e1ζ + (γ, 0)e2η ∈ (α,−β)e1Λ + (γ, 0)e2Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((α,−β)e1ζ +(γ, 0)e2η) = ∂2(αe1ζ +

γe2η,−βe1ζ) = α2(αe1ζ + γe2η) + γ(−βe1ζ) = (α3 − γβ)e1ζ + α2γe2η = 0. Therefore

(α,−β)e1Λ + (γ, 0)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α,−β)e1Λ + (γ, 0)e2Λ. ¤

So the map ∂3 : e1Λ⊕e2Λ → e1Λ⊕e2Λ is given by (e1ζ, e2η) 7→ (α,−β)e1ζ+(γ, 0)e2η,

for ζ, η ∈ Λ.

Thus the maps for S1 are:

∂1 : (e1ζ, e2η) 7→ αe1ζ + γe2η,

∂2 : (e1ζ, e2η) 7→ (α2,−β)e1ζ + (αγ, 0)e2η,

∂3 : (e1ζ, e2η) 7→ (α2,−β)e1ζ + (γ, 0)e2η,

for ζ, η ∈ Λ.

The maps for S2 are:

∂1 : e1ζ 7→ βe1ζ,

∂2 : (e1ζ, e2η) 7→ α2e1ζ + γe2η,

∂3 : (e1ζ, e2η) 7→ (α,−β)e1ζ + (γ, 0)e2η,

for ζ, η ∈ Λ.

10.3. g3 for S1 and S2.

Now we want to find the elements of g3; these are paths in KQ.

For S1

(e1, 0) ∂3→ (α2,−β) ∂2→ (α2,−β)α2 + (αγ, 0)(−β) = (α4,−βα2) + (−αγβ, 0) = (α4 −
αγβ,−βα2) ∂1→ α(α4−αγβ)+γ(−βα2) = α5−α2γβ−γβα2, so α5−α2γβ−γβα2 ∈ g3.

(0, e2)
∂3→ (γ, 0) ∂2→ (α2,−β)γ = (α2γ,−βγ) ∂1→ α3γ − γβγ, so α3γ − γβγ ∈ g3.

For S2

(e1, 0) ∂3→ (α,−β) ∂2→ α3 − γβ
∂1→ βα3 − βγβ, so βα3 − βγβ ∈ g3.

(0, e2)
∂3→ (γ, 0) ∂2→ α2γ

∂1→ βα2γ, so βα2γ ∈ g3.

Let g3
1 = α5 − α2γβ − γβα2, g3

2 = α3γ − γβγ, g3
3 = βα3 − βγβ and g3

4 = βα2γ So

g3 = {g3
1, g

3
2, g

3
3, g

3
4}.

We know that g2 = {α3 − γβ, βγ, βα2, α2γ}. Denote

g2
1 = α3 − γβ,

g2
2 = βγ,

g2
3 = βα2 and

g2
4 = α2γ.
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So we have

g3
1 = α5 − α2γβ − γβα2 = g2

1α
2 − g2

4β = α2g2
1 − γg2

3,

g3
2 = α3γ − γβγ = g2

1γ = αg2
4 − γg2

2,

g3
3 = βα3 − βγβ = g2

3α− g2
2β = βg2

1,

g3
4 = βα2γ = g2

3γ = βg2
4.

10.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

10.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

e1 ⊗g2
1

e1 7→ j1e1 + j2α + j3α
2 + j4α

3 + j5α
4

e2 ⊗g2
2

e2 7→ j6e2 + j7βαγ

e2 ⊗g2
3

e1 7→ j8β + j9βα

e1 ⊗g2
4

e2 7→ j10γ + j11αγ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

α2 − e1 ⊗g2
4

β − α2 ⊗g2
1

e1 + γ ⊗g2
3

e1

e1 ⊗g3
2

e2 7→ e1 ⊗g2
1

γ − α⊗g2
4

e2 + γ ⊗g2
2

e2

e2 ⊗g3
3

e1 7→ e2 ⊗g2
3

α− e2 ⊗g2
2

β − β ⊗g2
1

e1

e2 ⊗g3
4

e2 7→ e2 ⊗g2
3

γ − β ⊗g2
4

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e1) = (j1e1 + j2α + j3α
2 + j4α

3 + j5α
4)α2 − (j10γ + j11αγ)β −

α2(j1e1 + j2α + j3α
2 + j4α

3 + j5α
4) + γ(j8β + j9βα) = (j8 − j10)α3 + (j9 − j11)α4 = 0.

So j10 = j8, j11 = j9.

For θd3(e1⊗g3
2
e2) = (j1e1 + j2α + j3α

2 + j4α
3 + j5α

4)γ−α(j10γ + j11αγ) + γ(j6e2 +

j7βαγ) = (j1 + j6)γ + (j2 − j10)αγ = 0. Hence j6 = −j1 and j10 = j2.

Also θd3(e2⊗g3
3
e1) = (j8β + j9βα)α− (j6e2 + j7βαγ)β−β(j1e1 + j2α+ j3α

2 + j4α
3 +

j5α
4) = −(j1 + j6)β + (j8 − j2)βα = 0. Hence j6 = −j1 and j8 = j2.

And θd3(e2 ⊗g3
4

e2) = (j8β + j9βα)γ − β(j10γ + j11αγ) = (j9 − j11)βαγ = 0. So

j11 = j9.

So θ ∈ Ker δ2 is given by

e1 ⊗g2
1

e1 7→ j1e1 + j2α + j3α
2 + j4α

3 + j5α
4

e2 ⊗g2
2

e2 7→ −j1e2 + j7βαγ

e2 ⊗g2
3

e1 7→ j2β + j9βα

e1 ⊗g2
4

e2 7→ j2γ + j9αγ,

where ji ∈ K. Hence dimKer δ2 = 7.
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10.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e1 → z1e1 + z2α + z3α
2 + z4α

3 + z5α
4

e1 ⊗γ e2 → z6γ + z7αγ

e2 ⊗β e1 → z8β + z9βα,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α α2 + α⊗α α + α2 ⊗α e1 − e1 ⊗γ β − γ ⊗β e1

e2 ⊗g2
2

e2 7→ e2 ⊗β γ + β ⊗γ e2

e2 ⊗g2
3

e1 7→ e2 ⊗β α2 + β ⊗α α + βα⊗α e1

e1 ⊗g2
4

e2 7→ e1 ⊗α αγ + α⊗α γ + α2 ⊗γ e2.

Then the map ϕd2 is given by

ϕd2(e1⊗g2
1
e1) = (z1e1 + z2α+ z3α

2 + z4α
3 + z5α

4)α2 +α(z1e1 + z2α+ z3α
2 + z4α

3 +

z5α
4)α + α2(z1e1 + z2α + z3α

2 + z4α
3 + z5α

4) − (z6γ + z7αγ)β − γ(z8β + z9βα) =

3z1α
2 + (3z2 − z6 − z8)α3 + (3z3 − z7 − z9)α4,

ϕd2(e2 ⊗g2
2

e2) = (z8β + z9βα)γ + β(z6γ + z7αγ) = (z7 + z9)βαγ,

ϕd2(e2⊗g2
3
e1) = (z8β + z9βα)α2 + β(z1e1 + z2α + z3α

2 + z4α
3 + z5α

4)α + βα(z1e1 +

z2α + z3α
2 + z4α

3 + z5α
4) = 2z1βα,

ϕd2(e1⊗g2
4
e2) = (z1e1 + z2α+ z3α

2 + z4α
3 + z5α

4)αγ +α(z1e1 + z2α+ z3α
2 + z4α

3 +

z5α
4)γ + α2(z6γ + z7αγ) = 2z1αγ.

So ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 3z1α

2 + (3z2 − z6 − z8)α3 + (3z3 − z7 − z9)α4

e2 ⊗g2
2

e2 7→ (z7 + z9)βαγ

e2 ⊗g2
3

e1 7→ 2z1βα

e1 ⊗g2
4

e2 7→ 2z1αγ,

where zi ∈ K. Note that the 3 in Im δ1 occurs because of the power of α in the relation

α3−γβ. Thus we need to consider three cases, namely charK = 2, charK = 3, charK 6=
2, 3.

If charK = 2 then dim Im δ1 = 4 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ z1α

2 + (z2 + z6 + z8)α3 + (z3 + z7 + z9)α4

e2 ⊗g2
2

e2 7→ (z7 + z9)βαγ

e2 ⊗g2
3

e1 7→ 0
e1 ⊗g2

4
e2 7→ 0,

where zi ∈ K.
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If charK = 3 then dim Im δ1 = 3 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ −(z6 + z8)α3 − (z7 + z9)α4

e2 ⊗g2
2

e2 7→ (z7 + z9)βαγ

e2 ⊗g2
3

e1 7→ 2z1βα

e1 ⊗g2
4

e2 7→ 2z1αγ,

where zi ∈ K.

Finally, if charK 6= 2, 3 then dim Im δ1 = 4 and ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 3z1α

2 + (3z2 − z6 − z8)α3 + (3z3 − z7 − z9)α4

e2 ⊗g2
2

e2 7→ (z7 + z9)βαγ

e2 ⊗g2
3

e1 7→ 2z1βα

e1 ⊗g2
4

e2 7→ 2z1αγ,

where zi ∈ K.

10.4.3. HH2(Λ).

If charK = 2 then dim HH2(Λ) = 3 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α

e2 ⊗g2
2

e2 7→ −d1e2

e2 ⊗g2
3

e1 7→ d2β + d3βα

e1 ⊗g2
4

e2 7→ d2γ + d3αγ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
2

e2 7→ −e2

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

e2 ⊗g2
3

e1 7→ β

e1 ⊗g2
4

e2 7→ γ

else 7→ 0,

z : P 2 → Λ
e2 ⊗g2

3
e1 7→ βα

e1 ⊗g2
4

e2 7→ αγ

else 7→ 0.

If charK = 3 then dim HH2(Λ) = 4 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α + d3α

2 + d4α
4

e2 ⊗g2
2

e2 7→ −d1e2

e2 ⊗g2
3

e1 7→ d2β

e1 ⊗g2
4

e2 7→ d2γ





with di ∈ K.
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A basis of HH2(Λ) = sp{x0, x1, x2, x3} where

x0 : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
2

e2 7→ −e2

else 7→ 0,

x1 : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

e2 ⊗g2
3

e1 7→ β

e1 ⊗g2
4

e2 7→ γ

else 7→ 0,

x2 : P 2 → Λ
e2 ⊗g2

1
e1 7→ α2

else 7→ 0,

x3 : P 2 → Λ
e2 ⊗g2

1
e1 7→ α4

else 7→ 0.

Note that x3 represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

2
e2 7→ −βαγ

else 7→ 0.

Finally, if charK 6= 2, 3 then dim HH2(Λ) = 3 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α + d3α

2

e2 ⊗g2
2

e2 7→ −d1e2

e2 ⊗g2
3

e1 7→ d2β

e1 ⊗g2
4

e2 7→ d2γ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
2

e2 7→ −e2

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

e2 ⊗g2
3

e1 7→ β

e1 ⊗g2
4

e2 7→ γ

else 7→ 0,

z : P 2 → Λ
e2 ⊗g2

1
e1 7→ α2

else 7→ 0.

Note that z represents the same element of HH2(Λ) as
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z : P 2 → Λ
e2 ⊗g2

3
e1 7→ −3

2βα

e1 ⊗g2
4

e2 7→ −3
2αγ

else 7→ 0.
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11. The algebra A7

Definition 11.1. [5] Let A7 be the algebra KQ/I where Q is the quiver

1
α //

2
δ //

β
oo 3

ε //

γ
oo 4

ζ
oo

and

I = 〈βα− δγ, γδ − εζ, αδε, ζγβ〉.

11.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, α, αβ, αδ, αβα, αβαβ},
e2Λ = sp{e2, β, δ, βα, δε, βαβ, δεζ, βαβα},
e3Λ = sp{e3, γ, ε, γβ, εζ, γβα, εζε, εζεζ},
e4Λ = sp{e4, ζ, ζγ, ζε, ζεζ, ζεζε}.

So we have for e1Λ

e1

α

wwwwwwwww

GGGGGGGGG

αβ

FFFFFFFF αδ

yy
yy

yy
yy

y

αβα

αβαβ

For e2Λ

e2

vvvvvvvvvv

GGGGGGGGGG

β

GGGGGGGGGG δ

xx
xx

xx
xx

xx

BB
BB

BB
BB

B

βα

ww
ww

ww
ww

w

FF
FF

FF
FF

F δε

||
||

||
||

βαβ

GG
GG

GG
GG

G
δεζ

xxxxxxxx

βαβα
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Also e3Λ

e3

GGGGGGGGG

vv
vv

vv
vv

vv

γ

yyyyyyyy

GG
GG

GG
GG

GG ε

xxxxxxxxx

γβ

DD
DD

DD
DD

εζ

EEEEEEEE

xx
xx

xx
xx

x

γβα

FFFFFFFF
εζε

yy
yy

yy
yy

εζεζ

And for e4Λ

e4

ζ

zz
zz

zz
zz

z

CC
CC

CC
CC

C

ζγ

DD
DD

DD
DD

ζε

{{
{{

{{
{{

ζεζ

ζεζε

11.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

11.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ αe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

11.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e2ν = d1e2 + d2β + d3δ + d4βα + d5δε + d6βαβ + d7δεζ +

d8βαβα with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then αe2ν = 0, so α(d1e2 + d2β +

d3δ+d4βα+d5δε+d6βαβ+d7δεζ+d8βαβα) = 0, that is, d1α+d2αβ+d3αδ+d4αβα+

d6αβαβ = 0 and then d1 = d2 = d3 = d4 = d6 = 0. Thus e2ν = d5δε+d7δεζ +d8βαβα.

Hence Ker ∂1 = {d5δε + d7δεζ + d8βαβα : di ∈ K}.
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Claim. Ker ∂1 = δεe4Λ.

Proof. Let x ∈ Ker ∂1; then x = d5δε + d7δεζ + d8βαβα, that is, x = δε(d5e4 + d7ζ +

d8ζγ). Thus x ∈ δεe4Λ and therefore Ker ∂1 ⊆ δεe4Λ.

On the other hand, let y = δεe4µ ∈ δεe4Λ. Then, from the definition of ∂1, we have

that ∂1(y) = α(δεe4µ) = αδεe4µ = 0. Therefore y ∈ Ker ∂1 and so δεe4Λ ⊆ Ker ∂1.

Hence Ker ∂1 = δεe4Λ. ¤

So ∂2 : e4Λ → e2Λ is given by e4µ 7→ δεe4µ, for µ ∈ Λ.

11.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e4µ = t1e4+t2ζ+t3ζγ+t4ζε+t5ζεζ+t6ζεζε.

Assume that e4µ ∈ Ker ∂2. Then δεe4µ = 0. So δεe4µ = δε(t1e4 + t2ζ + t3ζγ + t4ζε +

t5ζεζ + t6ζεζε) = t1δε + t2δεζ + t3δεζγ = 0 so t1 = t2 = t3 = 0. Thus e4µ = t4ζε +

t5ζεζ + t6ζεζε and therefore Ker ∂2 = {t4ζε + t5ζεζ + t6ζεζε : ti ∈ K}.

Claim. Ker ∂2 = ζεe4Λ.

Proof. Let u ∈ Ker ∂2. Then u = t4ζε + t5ζεζ + t6ζεζε so u = ζε(t4e4 + t5ζ + t6ζε).

Hence u ∈ ζεe4Λ and therefore Ker ∂2 ⊆ ζεe4Λ.

On the other hand, let v = ζεe4µ ∈ ζεe4Λ. Then, from the definition of ∂2, we have

that ∂2(v) = ∂2(ζεe4µ) = δεζεe4µ = 0. Therefore v ∈ Ker ∂2 and then ζεe4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = ζεe4Λ. ¤

So the map ∂3 : e4Λ → e4Λ is given by e4µ 7→ ζεe4µ, for µ ∈ Λ.

11.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) → βe1η + δe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

11.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2α + c3αβ + c4αδ + c5αβα + c6αβαβ and

e3λ = f1e3 + f2γ + f3ε+ f4γβ + f5εζ + f6γβα+ f7εζε+ f8εζεζ with ci, fi ∈ K. Assume

that (e1η, e3λ) ∈ Ker ∂1. Then βe1η+δe3λ = 0 so β(c1e1 +c2α+c3αβ+c4αδ+c5αβα+

c6αβαβ) + δ(f1e3 + f2γ + f3ε + f4γβ + f5εζ + f6γβα + f7εζε + f8εζεζ) = 0, that is,

c1β + c2βα+ c3βαβ + c4βαδ + c5βαβα+ f1δ + f2δγ + f3δε+ f4δγβ + f5δεζ + f6δγβα =

c1β + (c2 + f2)βα + (c3 + f4)βαβ + (c4 + f5)δεζ + (c5 + f6)βαβα + f1δ + f3δε = 0. So

c1 = f1 = f3 = 0, c2 +f2 = 0, c3 +f4 = 0, c4 +f5 = 0 and c5 +f6 = 0. So f2 = −c2, f4 =

−c3, f5 = −c4 and f6 = −c5. Thus e2η = c2α + c3αβ + c4αδ + c5αβα + c6αβαβ and

e3λ = −c2γ − c3γβ − c4εζ − c5γβα + f7εζε + f8εζεζ.
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Hence Ker ∂1 = {(c2α+c3αβ+c4αδ+c5αβα+c6αβαβ,−c2γ−c3γβ−c4εζ−c5γβα+

f7εζε + f8εζεζ) : ci, fi ∈ K}.

Claim. Ker ∂1 = (α,−γ)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = (c2α + c3αβ + c4αδ + c5αβα + c6αβαβ,−c2γ− c3γβ−
c4εζ − c5γβα + f7εζε + f8εζεζ). So x = (α,−γ)(c2e2 + c3β + c4δ + c5βα + c6βαβ −
f7δε− f8δεζ). Thus x ∈ (α,−γ)e2Λ and therefore Ker ∂1 ⊆ (α,−γ)e2Λ.

On the other hand, let y = (α,−γ)e2ν ∈ (α,−γ)e2Λ. Then, from the definition of

∂1, we have that ∂1(y) = (βα− δγ)e2ν = 0. Therefore y ∈ Ker ∂1 and so (α,−γ)e2Λ ⊆
Ker ∂1.

Hence Ker ∂1 = (α,−γ)e2Λ. ¤

So ∂2 : e2Λ → e1Λ⊕ e3Λ is given by e2ν 7→ (α,−γ)e2ν, for ν ∈ Λ.

11.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e2ν = d1e2 + d2β + d3δ + d4βα + d5δε +

d6βαβ+d7δεζ+d8βαβα with di ∈ K. Assume that e2ν ∈ Ker ∂2. Then (α,−γ)e2ν = 0.

So (α,−γ)e2ν = (α,−γ)(d1e2 +d2β +d3δ +d4βα+d5δε+d6βαβ +d7δεζ +d8βαβα) =

(d1α+d2αβ+d3αδ+d4αβα+d6αβαβ,−d1γ−d2γβ−d3γδ−d4γβα−d5γδε−d7γδεζ) =

(0, 0). So d1α+d2αβ+d3αδ+d4αβα+d6αβαβ = 0 and then d1 = d2 = d3 = d4 = d6 = 0.

Also −d1γ − d2γβ − d3γδ − d4γβα− d5γδε− d7γδεζ = 0, that is, d1 = d2 = d3 = d4 =

d5 = d7 = 0. Thus e2ν = d8βαβα and therefore Ker ∂2 = {d8βαβα : d8 ∈ K}.

Claim. Ker ∂2 = βαβαe2Λ.

Proof. Let u ∈ Ker ∂2. Then u = d8βαβα so u = βαβα(d8e2). Hence u ∈ βαβαe2Λ

and therefore Ker ∂2 ⊆ βαβαe2Λ.

On the other hand, let v = βαβαe2ν ∈ βαβαe2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2(βαβαe2ν) = (αβαβα,−γβαβα)e2ν = (0, 0). Therefore

v ∈ Ker ∂2 and then βαβαe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βαβαe2Λ. ¤

Note that Ker ∂2 ∼= S2, so Ω3(S2) ∼= S2.

So the map ∂3 : e2Λ → e2Λ is given by e2ν 7→ βαβαe2ν, for ν ∈ Λ.

11.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ⊕ e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e2Λ⊕ e4Λ → e3Λ is given by (e2ν, e4µ) 7→ γe2ν + εe4µ, for ν, µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.
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11.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e2ν = d1e2 + d2β + d3δ + d4βα + d5δε + d6βαβ + d7δεζ +

d8βαβα and e4µ = t1e4 + t2ζ + t3ζγ + t4ζε + t5ζεζ + t6ζεζε with di, ti ∈ K. Assume

that (e2ν, e4µ) ∈ Ker ∂1. Then γe2ν + εe4µ = 0 so γ(d1e2 + d2β + d3δ + d4βα + d5δε +

d6βαβ + d7δεζ + d8βαβα) + ε(t1e4 + t2ζ + t3ζγ + t4ζε + t5ζεζ + t6ζεζε) = 0, that is,

d1γ + d2γβ + d3γδ + d4γβα + d5γδε + d7γδεζ + t1ε + t2εζ + t3εζγ + t4εζε + t5εζεζ =

d1γ + d2γβ + (d3 + t2)εζ + (d4 + t3)εζγ + (d5 + t4)εζε + (d7 + t5)εζεζ + t1ε = 0. So

d1 = d2 = t1 = 0, t2 = −d3, t3 = −d4, t4 = −d5 and t5 = −d7. Thus e2ν = d3δ+d4βα+

d5δε + d6βαβ + d7δεζ + d8βαβα and e4µ = −d3ζ − d4ζγ − d5ζε− d7ζεζ + t6ζεζε.

Hence Ker ∂1 = {(d3δ+d4βα+d5δε+d6βαβ+d7δεζ +d8βαβα,−d3ζ−d4ζγ−d5ζε−
d7ζεζ + t6ζεζε) : di, ti ∈ K}.

Claim. Ker ∂1 = (δ,−ζ)e3Λ.

Proof. Let x ∈ Ker ∂1; then x = (d3δ +d4βα+d5δε+d6βαβ +d7δεζ +d8βαβα,−d3ζ−
d4ζγ−d5ζε−d7ζεζ + t6ζεζε). So x = (δ,−ζ)(d3e3 +d4γ +d5ε+d6γβ +d7εζ +d8γβα−
t6εζε). Thus x ∈ (δ,−ζ)e3Λ and therefore Ker ∂1 ⊆ (δ,−ζ)e3Λ.

On the other hand, let y = (δ,−ζ)e3λ ∈ (δ,−ζ)e3Λ. Then, from the definition of

∂1, we have that ∂1(y) = (γδ − εζ)e3λ = 0. Therefore y ∈ Ker ∂1 and so (δ,−ζ)e3Λ ⊆
Ker ∂1.

Hence Ker ∂1 = (δ,−ζ)e3Λ. ¤

So ∂2 : e3Λ → e2Λ⊕ e4Λ is given by: e3λ 7→ (δ,−ζ)e3λ, for λ ∈ Λ.

11.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e3λ = f1e3 + f2γ + f3ε + f4γβ + f5εζ +

f6γβα + f7εζε + f8εζεζ with fi ∈ K. Assume that e3λ ∈ Ker ∂2. Then (δ,−ζ)e3λ = 0.

So (δ,−ζ)e3λ = (δ,−ζ)(f1e3+f2γ+f3ε+f4γβ+f5εζ+f6γβα+f7εζε+f8εζεζ) = (f1δ+

f2δγ +f3δε+f4δγβ +f5δεζ +f6δγβα,−f1ζ−f2ζγ−f3ζε−f5ζεζ−f7ζεζε) = (0, 0). So

f1δ+f2δγ+f3δε+f4δγβ+f5δεζ+f6δγβα = 0, that is, f1 = f2 = f3 = f4 = f5 = f6 = 0.

Also −f1ζ − f2ζγ − f3ζε − f5ζεζ − f7ζεζε = 0 and then f1 = f2 = f3 = f5 = f7 = 0.

Thus e3λ = f8εζεζ and therefore Ker ∂2 = {f8εζεζ : f8 ∈ K}.

Claim. Ker ∂2 = εζεζe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = f8εζεζ, that is, u = εζεζ(f8e3). Hence u ∈ εζεζe3Λ

and therefore Ker ∂2 ⊆ εζεζe3Λ.

On the other hand, let v = εζεζe3λ ∈ εζεζe3Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(εζεζe3λ) = (δ,−ζ)εζεζe3λ = (δεζεζ,−ζεζεζ)

e3λ = (0, 0). Therefore v ∈ Ker ∂2 and then εζεζe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = εζεζe3Λ. ¤

We remark that Ker ∂2 ∼= S3, so Ω3(S3) ∼= S3.

So the map ∂3 : e3Λ → e3Λ is given by e3λ 7→ εζεζe3λ, for λ ∈ Λ.
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11.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e3Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e3Λ → e4Λ is given by e3λ 7→ ζe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.

11.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4). Let e3λ = f1e3+f2γ+f3ε+f4γβ+f5εζ+f6γβα+f7εζε+f8εζεζ

with fi ∈ K. Assume that e3λ ∈ Ker ∂1. Then ζe3λ = 0 so ζ(f1e3 + f2γ + f3ε + f4γβ +

f5εζ + f6γβα + f7εζε + f8εζεζ) = 0, that is, f1ζ + f2ζγ + f3ζε + f5ζεζ + f7ζεζε = 0.

Therefore f1 = f2 = f3 = f5 = f7 = 0. Thus e3λ = f4γβ + f6γβα + f8εζεζ.

Hence Ker ∂1 = {f4γβ + f6γβα + f8εζεζ : fi ∈ K}.

Claim. Ker ∂1 = γβe1Λ.

Proof. Let x ∈ Ker ∂1; then x = f4γβ + f6γβα + f8εζεζ, that is, x = γβ(f4e1 + f6α +

f8αδ). Thus x ∈ γβe1Λ and therefore Ker ∂1 ⊆ γβe1Λ.

On the other hand, let y = γβe1η ∈ γβe1Λ. Then, from the definition of ∂1, we have

that ∂1(y) = ∂1(γβe1η) = ζγβe1η = 0. Therefore y ∈ Ker ∂1 and so γβe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γβe1Λ. ¤

So ∂2 : e1Λ → e3Λ is given by e1η 7→ γβe1η, for η ∈ Λ.

11.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e1η = c1e1 + c2α + c3αβ + c4αδ + c5αβα +

c6αβαβ with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then γβe1η = 0. So γβe1η = γβ(c1e1+

c2α + c3αβ + c4αδ + c5αβα + c6αβαβ) = 0. Then c1γβ + c2γβα + c4γβαδ = 0, that

is, c1 = c2 = c4 = 0. Thus e1η = c3αβ + c5αβα + c6αβαβ and therefore Ker ∂2 =

{c3αβ + c5αβα + c6αβαβ : ci ∈ K}.

Claim. Ker ∂2 = αβe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = c3αβ+c5αβα+c6αβαβ so u = αβ(c3e1+c5α+c6αβ).

Hence u ∈ αβe1Λ and therefore Ker ∂2 ⊆ αβe1Λ.

On the other hand, let v = αβe1η ∈ αβe1Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(αβe1η) = γβαβe1η = 0. Therefore v ∈ Ker ∂2 and then αβe1Λ ⊆
Ker ∂2.

Hence Ker ∂2 = αβe1Λ. ¤

So the map ∂3 : e1Λ → e1Λ is given by e1η 7→ αβe1η, for η ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ αe2ν,
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∂2 : e4µ 7→ δεe4µ,

∂3 : e4µ 7→ ζεe4µ,

for ν, µ ∈ Λ.

Also the maps for S2 are:

∂1 : (e1η, e3λ) 7→ βe1η + δe3λ,

∂2 : e2ν 7→ (α,−γ)e2ν,

∂3 : e2ν 7→ βαβαe2ν,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : (e2ν, e4µ) 7→ γe2ν + εe4µ,

∂2 : e3λ 7→ (δ,−ζ)e3λ,

∂3 : e3λ 7→ εζεζe3λ,

for η, µ, λ ∈ Λ.

Moreover, the maps for S4 are:

∂1 : e3λ 7→ ζe3λ,

∂2 : e1η 7→ γβe1η,

∂3 : e1η 7→ αβe1η,

for η, λ ∈ Λ.

11.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e4
∂3

// ζε
∂2

// δεζε
∂1

// αδεζε , so αδεζε ∈ g3.

For S2

e2
∂3

// βαβα
∂2

// (α,−γ)βαβα
∂1

// βαβαβα− δγβαβα ,

so βαβαβα− δγβαβα ∈ g3.

For S3

e3
∂3

// εζεζ
∂2

// (δ,−ζ)εζεζ
∂1

// γδεζεζ − εζεζεζ , so γδεζεζ − εζεζεζ ∈ g3.

For S4

e1
∂3

// αβ
∂2

// γβαβ
∂1

// ζγβαβ , so ζγβαβ ∈ g3.

Let g3
1 = αδεζε, g3

2 = βαβαβα− δγβαβα, g3
3 = γδεζεζ − εζεζεζ, and g3

4 = ζγβαβ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4}.

We know that g2 = {βα− δγ, γδ − εζ, αδε, ζγβ}. Denote

g2
1 = βα− δγ,

g2
2 = γδ − εζ,

g2
3 = αδε and

g2
4 = ζγβ.
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So we have

g3
1 = g2

3ζε = −αg2
1δε− αδg2

2ε + αβg2
3,

g3
2 = g2

1βαβα = βg2
3ζγ − δg2

2γβα− δγg2
1βα− δεg2

4α + βαg2
1δγ + βαδg2

2γ

+ βαβαg2
1,

g3
3 = g2

2εζεζ = −γg2
1δεζ − εg2

4αδ − γδg2
2εζ + γβg2

3ζ + εζg2
2γδ + εζγg2

1δ

+ εζεζg2
2 and

g3
4 = g2

4αβ = ζg2
2γβ + ζγg2

1β + ζεg2
4.

11.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

11.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e2 ⊗g2

1
e2 7→ j1e2 + j2βα + j3βαβα

e3 ⊗g2
2

e3 7→ j4e3 + j5εζ + j6εζεζ

e1 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e1 7→ 0,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e4 7→ e1 ⊗g2
3

ζε− [−α⊗g2
1

δε− αδ ⊗g2
2

ε + αβ ⊗g2
3

e4],

e2 ⊗g3
2

e2 7→ e2 ⊗g2
1

βαβα

− [β ⊗g2
3

ζγ − δ ⊗g2
2

γβα− δγ ⊗g2
1

βα− δε⊗g2
4

α + βα⊗g2
1

δγ

+ βαδ ⊗g2
2

γ + βαβα⊗g2
1

e2],

e3 ⊗g3
3

e3 7→ e3 ⊗g2
2

εζεζ

− [−γ ⊗g2
1

δεζ − ε⊗g2
4

αδ − γδ ⊗g2
2

εζ + γβ ⊗g2
3

ζ + εζ ⊗g2
2

γδ

+ εζγ ⊗g2
1

δ + εζεζ ⊗g2
2

e3],

e4 ⊗g3
4

e1 7→ e4 ⊗g2
4

αβ − [ζ ⊗g2
2

γβ + ζγ ⊗g2
1

β + ζε⊗g2
4

e1].

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e4) = α(j1e2 + j2βα + j3βαβα)δε + αδ(j4e3 + j5εζ

+ j6εζεζ)ε = 0

for θd3(e2 ⊗g3
2

e2) = (j1e2 + j2βα + j3βαβα)βαβα− [−δ(j4e3 + j5εζ

+ j6εζεζ)γβα− δγ(j1e2 + j2βα + j3βαβα)βα + βα(j1e2 + j2βα

+ j3βαβα)δγ + βαδ(j4e3 + j5εζ + j6εζεζ)γ + βαβα(j1e2 + j2βα

+ j3βαβα)] = 0
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also for θd3(e3 ⊗g3
3

e3) = (j4e3 + j5εζ + j6εζεζ)εζεζ − [−γ(j1e2 + j2βα

+ j3βαβα)δεζ − γδ(j4e3 + j5εζ + j6εζεζ)εζ + εζ(j4e3 + j5εζ + j6εζεζ)γδ

+ εζγ(j1e2 + j2βα + j3βαβα)δ + εζεζ(j4e3 + j5εζ + j6εζεζ)] = 0

and for θd3(e4 ⊗g3
4

e1) = −ζ(j4e3 + j5εζ + j6εζεζ)γβ − ζγ(j1e2 + j2βα

+ j3βαβα)β = 0.

So θ ∈ Ker δ2 is given by

θ : P 2 → Λ
e2 ⊗g2

1
e2 7→ j1e2 + j2βα + j3βαβα

e3 ⊗g2
2

e3 7→ j4e3 + j5εζ + j6εζεζ

e1 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e1 7→ 0,

where ji ∈ K. Hence dimKer δ2 = 6 and then Ker δ2 = HomΛe(P 2, Λ).

11.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e2 → z1α + z2αβα

e2 ⊗β e1 → z3β + z4βαβ

e2 ⊗δ e3 → z5δ + z6δεζ

e3 ⊗γ e2 → z7γ + z8γβα

e3 ⊗ε e4 → z9ε + z10εζε

e4 ⊗ζ e3 → z11ζ + z12ζεζ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e2 ⊗g2
1

e2 7→ e2 ⊗β α + β ⊗α e2 − e2 ⊗δ γ − δ ⊗γ e2

e3 ⊗g2
2

e3 7→ e3 ⊗γ δ + γ ⊗δ e3 − e3 ⊗ε ζ − ε⊗ζ e3

e1 ⊗g2
3

e4 7→ e1 ⊗α δε + α⊗δ ε + αδ ⊗ε e4

e4 ⊗g2
4

e1 7→ e4 ⊗ζ γβ + ζ ⊗γ β + ζγ ⊗β e1.

Then the map ϕd2 is given by

ϕd2(e2 ⊗g2
1

e2) = (z3β + z4βαβ)α + β(z1α + z2αβα)− (z5δ + z6δεζ)γ

− δ(z7γ + z8γβα) = (z1 + z3 − z5 − z7)βα + (z2 + z4 − z6 − z8)βαβα,

ϕd2(e3 ⊗g2
2

e3) = (z7γ + z8γβα)δ + γ(z5δ + z6δεζ)− (z9ε + z10εζε)ζ

− ε(z11ζ + z12ζεζ) = (z5 + z7 − z9 − z11)εζ + (z6 + z8 − z10 − z12)εζεζ,

ϕd2(e1 ⊗g2
3

e4) = (z1α + z2αβα)δε + α(z5δ + z6δεζ)ε + αδ(z9ε + z10εζε) = 0,

ϕd2(e4 ⊗g2
4

e1) = (z11ζ + z12ζεζ)γβ + ζ(z7γ + z8γβα)β + ζγ(z3β + z4βαβ) = 0.

Thus ϕd2 is given by

P 2 → Λ
e2 ⊗g2

1
e2 7→ (z1 + z3 − z5 − z7)βα + (z2 + z4 − z6 − z8)βαβα

e3 ⊗g2
2

e3 7→ (z5 + z7 − z9 − z11)εζ + (z6 + z8 − z10 − z12)εζεζ

e1 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e1 7→ 0,
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where zi ∈ K. Therefore dim Im δ1 = 4.

11.4.3. HH2(Λ).

From 11.4.1 and 11.4.2 we have that dim HH2(Λ) = 2 and then

HH2(Λ) =





P 2 → Λ
e2 ⊗g2

1
e2 7→ d1e2

e3 ⊗g2
2

e3 7→ d2e3

e1 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e1 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e2 ⊗g2

1
e2 7→ e2

else 7→ 0,

y : P 2 → Λ
e3 ⊗g2

2
e3 7→ e3

else 7→ 0.
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12. The algebra A8

Definition 12.1. [5] Let A8 be the algebra KQ/I where Q is the quiver

1

σ

²²

α

ÁÁ>
>>

>>
>> 4
δoo

2
ζ

// 3

γ

OO

β

^^>>>>>>>

and

I = 〈αβα− σζ, βαβ − γδ, ζγ, δσ, βαγ, αβσ, ζβα, δαβ〉.

12.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, σ, α, αγ, αβ, αβα, αβαβ},
e2Λ = sp{e2, ζ, ζβ, ζβσ},
e3Λ = sp{e3, β, γ, βσ, βα, βαβ, βαβα},
e4Λ = sp{e4, δ, δα, δαγ}.

So we have for e1Λ

e1

ww
ww

ww
ww

w

GG
GG

GG
GG

G

σ

33
33

33
33

33
33

33
33

α

xxxxxxxx

AA
AA

AA
AA

αβ αγ

||
||

||
||

||
||

||
||

||
||

αβα

αβαβ

For e2Λ

e2

ζ

ζβ

ζβσ
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Also e3Λ
e3

EE
EE

EE
EE

E

yy
yy

yy
yy

y

β

ÄÄ
ÄÄ

ÄÄ
ÄÄ

DD
DD

DD
DD

D γ

¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯̄

βσ

BB
BB

BB
BB

BB
BB

BB
BB

BB
BB

βα

βαβ

βαβα

And for e4Λ
e4

δ

δα

δαγ

12.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

12.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ⊕ e3Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ⊕ e3Λ → e1Λ is given by (e2ν, e3λ) 7→ σe2ν + αe3λ, for ν, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

12.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1), let e2ν = d1e2+d2ζ+d3ζβ+d4ζβσ and e3λ = f1e3+f2β+f3γ+

f4βσ+f5βα+f6βαβ +f7βαβα with di, fi ∈ K. Assume that (e2ν, e3λ) ∈ Ker ∂1. Then

σe2ν +αe3λ = 0, so σ(d1e2 +d2ζ +d3ζβ +d4ζβσ)+α(f1e3 +f2β +f3γ +f4βσ+f5βα+

f6βαβ + f7βαβα) = d1σ + d2σζ + d3σζβ + f1α + f2αβ + f3αγ + f5αβα + f6αβαβ = 0,

that is, d1σ + f1α + f2αβ + f3αγ + (d2 + f5)αβα + (d3 + f6)αβαβ = 0 and then

d1 = f1 = f2 = f3 = 0, d2 + f5 = 0, d3 + f6 = 0 so f5 = −d2 and f6 = −d3. Thus

e2ν = d2ζ + d3ζβ + d4ζβσ and e3λ = f4βσ − d2βα− d3βαβ + f7βαβα.

Hence Ker ∂1 = {(d2ζ +d3ζβ +d4ζβσ, f4βσ−d2βα−d3βαβ +f7βαβα) : di, fi ∈ K}.
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Claim. Ker ∂1 = (0, βσ)e2Λ + (−ζ, βα)e3Λ.

Proof. Let x ∈ Ker ∂1; then x = (d2ζ +d3ζβ +d4ζβσ, f4βσ−d2βα−d3βαβ +f7βαβα),

that is, x = (0, βσ)(f4e2)+(−ζ, βα)(−d2e3−d3β−d4βσ+f7βα). Thus x ∈ (0, βσ)e2Λ+

(−ζ, βα)e3Λ and therefore Ker ∂1 ⊆ (0, βσ)e2Λ + (−ζ, βα)e3Λ.

On the other hand, let y = (0, βσ)e2ν + (−ζ, βα)e3λ ∈ (0, βσ)e2Λ + (−ζ, βα)e3Λ.

Then from the definition of ∂1, we have that ∂1(y) = ∂1((0, βσ)e2ν + (−ζ, βα)e3λ) =

∂1(−ζe3λ, βαe3λ+βσe2ν) = −σζe3λ+αβαe3λ+αβσe2ν = (αβα−σζ)e3λ+αβσe2ν =

0. Therefore y ∈ Ker ∂1 and so (0, βσ)e2Λ + (−ζ, βα)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (0, βσ)e2Λ + (−ζ, βα)e3Λ. ¤

So ∂2 : e2Λ ⊕ e3Λ → e2Λ ⊕ e3Λ is given by (e2ν, e3λ) 7→ (0, βσ)e2ν + (−ζ, βα)e3λ,

for ν, λ ∈ Λ.

12.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e2ν = d1e2 + d2ζ + d3ζβ + d4ζβσ and

e3λ = f1e3 + f2β + f3γ + f4βσ + f5βα + f6βαβ + f7βαβα with di, fi ∈ K. As-

sume that (e2ν, e3λ) ∈ Ker ∂2. Then (0, βσ)e2ν + (−ζ, βα)e3λ = (0, 0). So (0, βσ)e2ν +

(−ζ, βα)e3λ = (0, βσ)(d1e2 +d2ζ +d3ζβ +d4ζβσ)+(−ζ, βα)(f1e3 +f2β +f3γ +f4βσ+

f5βα+f6βαβ +f7βαβα) = (0, d1βσ +d2βσζ)+(−f1ζ−f2ζβ−f4ζβσ, f1βα+f2βαβ +

f5βαβα) = (−f1ζ − f2ζβ − f4ζβσ, d1βσ + d2βσζ + f1βα + f2βαβ + f5βαβα) = (0, 0)

so −f1ζ − f2ζβ − f4ζβσ = 0, that is, f1 = f2 = f4 = 0. Also d1βσ + f1βα + f2βαβ +

(d2 + f5)βαβα = 0, that is, d1 = f1 = f2 = 0, d2 + f5 = 0 so d1 = f1 = f2 = f4 = 0 and

f5 = −d2. Thus e2ν = d2ζ + d3ζβ + d4ζβσ and e3λ = f3γ − d2βα + f6βαβ + f7βαβα.

Therefore Ker ∂2 = {(d2ζ +d3ζβ +d4ζβσ, f3γ−d2βα+f6βαβ +f7βαβα) : di, fi ∈ K}.

Claim. Ker ∂2 = (−ζ, βα)e3Λ + (0, γ)e4Λ.

Proof. Let u ∈ Ker ∂2. Then u = (d2ζ + d3ζβ + d4ζβσ, f3γ − d2βα + f6βαβ + f7βαβα)

so u = (−ζ, βα)(−d2e2 − d3β − d4βσ + f7βα) + (0, γ)(f3e4 + (d3 + f6)δ). Hence u ∈
(−ζ, βα)e3Λ + (0, γ)e4Λ and therefore Ker ∂2 ⊆ (−ζ, βα)e3Λ + (0, γ)e4Λ.

On the other hand, let v = (−ζ, βα)e3λ + (0, γ)e4µ ∈ (−ζ, βα)e3Λ + (0, γ)e4Λ.

Then, from the definition of ∂2, we have that ∂2(v) = ∂2((−ζ, βα)e3λ + (0, γ)e4µ) =

∂2(−ζe3λ, βαe3λ+γe4µ) = (0, βσ)(−ζe3λ)+(−ζ, βα)(βαe3λ+γe4µ) = (0,−βσζe3λ)+

(−ζβαe3λ − ζγe4µ, βαβαe3λ + βαγe4µ) = (−ζβαe3λ − ζγe4µ, (βαβα − βσζ)e3λ +

βαγe4µ) = (0, 0). Therefore v ∈ Ker ∂2 and then (−ζ, βα)e3Λ + (0, γ)e4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (−ζ, βα)e3Λ + (0, γ)e4Λ. ¤

So the map ∂3 : e3Λ ⊕ e4Λ → e2Λ ⊕ e3Λ is given by (e3λ, e4µ) 7→ (−ζ, βα)e3λ +

(0, γ)e4µ, for λ, µ ∈ Λ.

12.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:
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· · · // e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e3Λ → e2Λ is given by e3λ → ζe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

12.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e3λ = f1e3 + f2β + f3γ + f4βσ + f5βα+ f6βαβ + f7βαβα

with fi ∈ K. Assume that e3λ ∈ Ker ∂1. Then ζe3λ = 0 so ζ(f1e3 + f2β + f3γ + f4βσ +

f5βα + f6βαβ + f7βαβα) = f1ζ + f2ζβ + f4ζβσ = 0, that is, f1 = f2 = f4 = 0. Thus

e3λ = f3γ + f5βα + f6βαβ + f7βαβα.

Hence Ker ∂1 = {f3γ + f5βα + f6βαβ + f7βαβα : fi ∈ K}.

Claim. Ker ∂1 = βαe3Λ + γe4Λ.

Proof. Let x ∈ Ker ∂1; then x = f3γ + f5βα + f6βαβ + f7βαβα. So x = βα(f5e3 +

f6β + f7βα) + γ(f3e4). Thus x ∈ βαe3Λ + γe4Λ and therefore Ker ∂1 ⊆ βαe3Λ + γe4Λ.

On the other hand, let y = βαe3λ+γe4µ ∈ βαe3Λ+γe4Λ. Then, from the definition of

∂1, we have that ∂1(y) = ∂1(βαe3λ+γe4µ) = ζβαe3λ+ζγe4µ = 0. So βαe3Λ+γe4Λ ⊆
Ker ∂1.

Hence Ker ∂1 = βαe3Λ + γe4Λ. ¤

So ∂2 : e3Λ⊕ e4Λ → e3Λ is given by (e3λ, e4µ) 7→ βαe3λ + γe4µ, for λ, µ ∈ Λ.

12.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e3λ = f1e3 + f2β + f3γ + f4βσ + f5βα +

f6βαβ + f7βαβα and e4µ = t1e4 + t2δ + t3δα + t4δαγ with fi, ti ∈ K. Assume that

(e3λ, e4µ) ∈ Ker ∂2. Then βαe3λ+γe4µ = 0. So βαe3λ+γe4µ = βα(f1e3 +f2β +f3γ +

f4βσ + f5βα + f6βαβ + f7βαβα) + γ(t1e4 + t2δ + t3δα + t4δαγ) = f1βα + f2βαβ +

f5βαβα + t1γ + t2γδ + t3γδα = f1βα + (f2 + t2)βαβ + (f5 + t3)βαβα + t1γ = 0. So

f1 = t1 = 0, t2 = −f2, t3 = −f5. Thus e3λ = f2β+f3γ+f4βσ+f5βα+f6βαβ+f7βαβα

and e4µ = −f2δ−f5δα+t4δαγ. Therefore Ker ∂2 = {(f2β+f3γ+f4βσ+f5βα+f6βαβ+

f7βαβα,−f2δ − f5δα + t4δαγ) : fi, t4 ∈ K}.

Claim. Ker ∂2 = (β,−δ)e1Λ + (γ, 0)e4Λ.

Proof. Let u ∈ Ker ∂2. Then u = (f2β + f3γ + f4βσ + f5βα + f6βαβ + f7βαβα,−f2δ−
f5δα + t4δαγ) so u = (β,−δ)(f2e1 + f4σ + f5α + f6αβ + f7αβα− t4αγ) + (γ, 0)(f3e4).

Hence u ∈ (β,−δ)e1Λ + (γ, 0)e4Λ and therefore Ker ∂2 ⊆ (β,−δ)e1Λ + (γ, 0)e4Λ.

On the other hand, let v = (β,−δ)e1η + (γ, 0)e4µ ∈ (β,−δ)e1Λ + (γ, 0)e4Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((β,−δ)e1η + (γ, 0)e4µ) = ∂2(βe1η +

γe4µ,−δe1η) = (βαβ−γδ)e1η+βαγe4µ = 0. Therefore v ∈ Ker ∂2 and then (β,−δ)e1Λ+

(γ, 0)e4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (β,−δ)e1Λ + (γ, 0)e4Λ. ¤
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So the map ∂3 : e1Λ⊕e4Λ → e3Λ⊕e4Λ is given by (e1η, e4µ) 7→ (β,−δ)e1η+(γ, 0)e4µ,

for η, µ ∈ Λ.

12.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e1Λ⊕ e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e1Λ⊕ e4Λ → e3Λ is given by (e1η, e4µ) 7→ βe1η + γe4µ, for η, µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

12.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e1η = c1e1 + c2σ + c3α + c4αγ + c5αβ + c6αβα + c7αβαβ

with ci ∈ K. Assume that (e1η, e4µ) ∈ Ker ∂1. Then βe1η + γe4µ = 0 so β(c1e1 + c2σ +

c3α + c4αγ + c5αβ + c6αβα + c7αβαβ) + γ(t1e4 + t2δ + t3δα + t4δαγ) = c1β + c2βσ +

c3βα + c5βαβ + c6βαβα + t1γ + t2γδ + t3γδα = c1β + c2βσ + c3βα + (c5 + t2)βαβ +

(c6 + t3)βαβα + t1γ = 0, that is, c1 = c2 = c3 = t1 = 0, t2 = −c5, t3 = −c6. Thus

e1η = c4αγ + c5αβ + c6αβα + c7αβαβ and e4µ = −c5δ − c6δα + t4δαγ.

Hence Ker ∂1 = {(c4αγ +c5αβ +c6αβα+c7αβαβ,−c5δ−c6δα+ t4δαγ) : ci, t4 ∈ K}.

Claim. Ker ∂1 = (αβ,−δ)e1Λ + (αγ, 0)e4Λ.

Proof. Let x ∈ Ker ∂1; then x = (c4αγ +c5αβ +c6αβα+c7αβαβ,−c5δ−c6δα+ t4δαγ).

So x = (αβ,−δ)(c5e1 + c6α + c7αβ − t4αγ) + (αγ, 0)(c4e4). Thus x ∈ (αβ,−δ)e1Λ +

(αγ, 0)e4Λ and therefore Ker ∂1 ⊆ (αβ,−δ)e1Λ + (αγ, 0)e4Λ.

On the other hand, let y = (αβ,−δ)e1η + (αγ, 0)e4µ ∈ (αβ,−δ)e1Λ + (αγ, 0)e4Λ.

Then, from the definition of ∂1, we have that ∂1(y) = ∂1((αβ,−δ)e1η + (αγ, 0)e4µ) =

∂1(αβe1η + αγe4µ,−δe1η) = (βαβ − γδ)e1η + βαγe4µ = 0. Therefore y ∈ Ker ∂1 and

so (αβ,−δ)e1Λ + (αγ, 0)e4Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (αβ,−δ)e1Λ + (αγ, 0)e4Λ. ¤

So ∂2 : e1Λ ⊕ e4Λ → e1Λ ⊕ e4Λ is given by (e1η, e4µ) 7→ (αβ,−δ)e1η + (αγ, 0)e4µ,

for η, µ ∈ Λ.

12.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e1η = c1e1+c2σ+c3α+c4αγ+c5αβ+c6αβα+

c7αβαβ and e4µ = t1e4 + t2δ + t3δα + t4δαγ with ci, ti ∈ K. Assume that (e1η, e4µ) ∈
Ker ∂2. Then (αβ,−δ)e1η + (αγ, o)e4µ = (0, 0). So (αβ,−δ)e1η + (αγ, o)e4µ = (αβ,

− δ)(c1e1 + c2σ + c3α + c4αγ + c5αβ + c6αβα + c7αβαβ) + (αγ, 0)(t1e4 + t2δ + t3δα +

t4δαγ) = (c1αβ + c3αβα + c5αβαβ + t1αγ + t2αγδ,−c1δ − c3δα − c4δαγ) = (0, 0). So

c1αβ+c3αβα+c5αβαβ+t1αγ+t2αγδ = c1αβ+c3αβα+(c5+t2)αβαβ+t1αγ = 0, that is,

c1 = c3 = t1 = 0 and c5 = −t2. Also −c1δ−c3δα−c4δαγ = 0 and then c1 = c3 = c4 = 0.
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Thus e1η = c2σ + c5αβ + c6αβα + c7αβαβ and e4µ = −c5δ + t3δα + t4δαγ. Therefore

Ker ∂2 = {(c2σ + c5αβ + c6αβα + c7αβαβ,−c5δ + t3δα + t4δαγ) : ci, ti ∈ K}.

Claim. Ker ∂2 = (αβ,−δ)e1Λ + (σ, 0)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2σ + c5αβ + c6αβα+ c7αβαβ,−c5δ + t3δα+ t4δαγ),

that is, u = (αβ,−δ)(c5e1 + c6α+ c7αβ− t4αγ)+(σ, 0)(c2e2)+(0, δα)(t3e3 + c6e3). But

we can show that (0, δα)(t3e3 + c6e3) ⊆ (αβ,−δ)e1Λ + (σ, 0)e2Λ, namely (0, δα)(t3e3 +

c6e3) = (αβ,−δ)e1η + (σ, 0)e2ν where e1η = −(t3 + c6)α and e2ν = (t3 + c6)ζ. Hence

u ∈ (αβ,−δ)e1Λ + (σ, 0)e2Λ and therefore Ker ∂2 ⊆ (αβ,−δ)e1Λ + (σ, 0)e2Λ.

On the other hand, let v = (αβ,−δ)e1η + (σ, 0)e2ν ∈ (αβ,−δ)e1Λ + (σ, 0)e2Λ.

Then, from the definition of ∂2, we have that ∂2(v) = ∂2((αβ,−δ)e1η + (σ, 0)e2ν) =

∂2(αβe1η + σe2ν,−δe1η) = (αβ,−δ)(αβe1η + σe2ν) + (αγ, 0)(−δe1η) = (αβαβe1η +

αβσe2ν,−δαβe1η− δσe2ν) + (−αγδe1η, 0) = ((αβαβ − αγδ)e1η + αβσe2ν,−δαβe1η−
δσe2ν) = (0, 0). Therefore v ∈ Ker ∂2 and then (αβ,−δ)e1Λ + (σ, 0)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (αβ,−δ)e1Λ + (σ, 0)e2Λ. ¤

So the map ∂3 : e1Λ ⊕ e2Λ → e1Λ ⊕ e4Λ is given by (e1η, e2ν) 7→ (αβ,−δ)e1η +

(σ, 0)e2ν, for η, ν ∈ Λ.

12.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e1Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e1Λ → e4Λ is given by e1η 7→ δe1η, for η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.

12.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4). Let e1η = c1e1 + c2σ + c3α + c4αγ + c5αβ + c6αβα + c7αβαβ

with ci ∈ K. Assume that e1η ∈ Ker ∂1. Then δe1η = 0 so δe1η = δ(c1e1 + c2σ +

c3α + c4αγ + c5αβ + c6αβα + c7αβαβ) = c1δ + c3δα + c4δαγ = 0, that is, Therefore

c1 = c3 = c4 = 0. Thus e1η = c2σ + c5αβ + c6αβα + c7αβαβ.

Hence Ker ∂1 = {c2σ + c5αβ + c6αβα + c7αβαβ : ci ∈ K}.

Claim. Ker ∂1 = αβe1Λ + σe2Λ.

Proof. Let x ∈ Ker ∂1; then x = c2σ + c5αβ + c6αβα + c7αβαβ, that is, x = αβ(c5e1 +

c6α + c7αβ) + σ(c2e2). Thus x ∈ αβe1Λ + σe2Λ and therefore Ker ∂1 ⊆ αβe1Λ + σe2Λ.

On the other hand, let y = αβe1η +σe2ν ∈ αβe1Λ+σe2Λ. Then, from the definition

of ∂1, we have that ∂1(y) = ∂1(αβe1η + σe2ν) = δαβe1η + δσe2ν = 0. Therefore

y ∈ Ker ∂1 and so αβe1Λ + σe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = αβe1Λ + σe2Λ. ¤
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So ∂2 : e1Λ⊕ e2Λ → e1Λ is given by (e1η, e2ν) 7→ αβe1η + σe2ν, for η, ν ∈ Λ.

12.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e1η = c1e1 + c2σ + c3α + c4αγ + c5αβ +

c6αβα + c7αβαβ and e2ν = d1e2 + d2ζ + d3ζβ + d4ζβσ where ci, di ∈ K. Assume that

(e1η, e2ν) ∈ Ker ∂2. Then αβe1η +σe2ν = 0. So αβe1η +σe2ν = αβ(c1e1 + c2σ + c3α +

c4αγ + c5αβ + c6αβα + c7αβαβ) + σ(d1e2 + d2ζ + d3ζβ + d4ζβσ) = c1αβ + c3αβα +

c5αβαβ +d1σ +d2σζ +d3σζβ = c1αβ +(c3 +d2)αβα+(c5 +d3)αβαβ +d1σ = 0. Thus

c1 = d1 = 0, d2 = −c3 and d3 = −c5. So e1η = c2σ+c3α+c4αγ+c5αβ+c6αβα+c7αβαβ

and e2ν = −c3ζ−c5ζβ+d4ζβσ. Therefore Ker ∂2 = {(c2σ+c3α+c4αγ+c5αβ+c6αβα+

c7αβαβ,−c3ζ − c5ζβ + d4ζβσ) : ci, d4 ∈ K}.

Claim. Ker ∂2 = (σ, 0)e2Λ + (α,−ζ)e3Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2σ + c3α + c4αγ + c5αβ + c6αβα + c7αβαβ,−c3ζ −
c5ζβ+d4ζβσ), that is, u = (σ, 0)(c2e2)+(α,−ζ)(c3e3+c4γ+c5β+c6βα+c7βαβ−d4βσ).

Hence u ∈ (σ, 0)e2Λ + (α,−ζ)e3Λ and therefore Ker ∂2 ⊆ (σ, 0)e2Λ + (α,−ζ)e3Λ.

On the other hand, let v = (σ, 0)e2ν + (α,−ζ)e3λ ∈ (σ, 0)e2Λ + (α,−ζ)e3Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((σ, 0)e2ν +(α,−ζ)e3λ) = ∂2(σe2ν +

αe3λ,−ζe3λ) = (αβα−σζ)e3λ+αβσe2ν = 0. Therefore v ∈ Ker ∂2 and then (σ, 0)e2Λ+

(α,−ζ)e3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (σ, 0)e2Λ + (α,−ζ)e3Λ. ¤

So the map ∂3 : e2Λ⊕e3Λ → e1Λ⊕e2Λ is given by (e2ν, e3λ) 7→ (σ, 0)e2ν+(α,−ζ)e3λ,

for ν, λ ∈ Λ.

Thus the maps for S1 are:

∂1 : (e2ν, e3λ) 7→ σe2ν + αe3λ,

∂2 : (e2ν, e3λ) 7→ (0, βσ)e2ν + (−ζ, βα)e3λ,

∂3 : (e3λ, e4µ) 7→ (−ζ, βα)e3λ + (0, γ)e4µ,

for ν, λ, µ ∈ Λ.

Also the maps for S2 are:

∂1 : e3λ → ζe3λ,

∂2 : (e3λ, e4µ) 7→ βαe3λ + γe4µ

∂3 : (e1η, e4µ) 7→ (β,−δ)e1η + (γ, 0)e4µ,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : (e1η, e4µ) 7→ βe1η + γe4µ,

∂2 : (e1η, e4µ) 7→ (αβ,−δ)e1η + (αγ, 0)e4µ,

∂3 : (e1η, e2ν) 7→ (αβ,−δ)e1η + (σ, 0)e2ν,

for η, ν, µ ∈ Λ.
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Moreover, the maps for S4 are:

∂1 : e1η 7→ δe1η,

∂2 : (e1η, e2ν) 7→ αβe1η + σe2ν,

∂3 : (e2ν, e3λ) 7→ (σ, 0)e2ν + (α,−ζ)e3λ,

for η, ν, λ ∈ Λ.

12.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

(e3, 0) ∂3→ (−ζ, βα) ∂2→ (0, βσ)(−ζ) + (−ζ, βα)(βα) = (0,−βσζ) + (−ζβα, βαβα) =

(−ζβα, βαβα− βσζ) ∂1→ −σζβα + αβαβα− αβσζ, so −σζβα + αβαβα− αβσζ ∈ g3.

(0, e4)
∂3→ (0, γ) ∂2→ (0, βσ)(0) + (−ζ, βα)(γ) = (−ζγ, βαγ) ∂1→ −σζγ + αβαγ,

so −σζγ + αβαγ ∈ g3.

For S2

(e1, 0) ∂3→ (β,−δ) ∂2→ βαβ − γδ
∂1→ ζβαβ − ζγδ, so ζβαβ − ζγδ ∈ g3.

(0, e4)
∂3→ (γ, 0) ∂2→ βαγ

∂1→ ζβαγ, so ζβαγ ∈ g3.

For S3

(e1, 0) ∂3→ (αβ,−δ) ∂2→ (αβ,−δ)αβ + (αγ, 0)(−δ) = (αβαβ − αγδ,−δαβ) ∂1→ βαβαβ −
βαγδ − γδαβ, so βαβαβ − βαγδ − γδαβ ∈ g3.

(0, e2)
∂3→ (σ, 0) ∂2→ (αβ,−δ)σ ∂1→ βαβσ − γδσ, so βαβσ − γδσ ∈ g3.

For S4

(e2, 0) ∂3→ (σ, 0) ∂2→ αβσ
∂1→ δαβσ, so δαβσ ∈ g3.

(0, e3)
∂3→ (α,−ζ) ∂2→ αβα− σζ

∂1→ δαβα− δσζ, so δαβα− δσζ ∈ g3.

Let g3
1 = αβαβα − αβσζ − σζβα, g3

2 = αβαγ − σζγ, g3
3 = ζβαβ − ζγδ, g3

4 = ζβαγ,

g3
5 = βαβαβ − βαγδ − γδαβ, g3

6 = βαβσ − γδσ, g3
7 = δαβσ and g3

8 = δαβα − δσζ. So

g3 = {g3
1, g

3
2, g

3
3, g

3
4, g

3
5, g

3
6, g

3
7, g

3
8}.

We know that g2 = {αβα− σζ, βαβ − γδ, ζγ, δσ, βαγ, αβσ, ζβα, δαβ}. Denote

g2
1 = αβα− σζ,

g2
2 = βαβ − γδ,

g2
3 = ζγ,

g2
4 = δσ,

g2
5 = βαγ,

g2
6 = αβσ,

g2
7 = ζβα and

g2
8 = δαβ.

So we have

g3
1 = g2

1βα− g2
6ζ = αβg2

1 − σg2
7,

g3
2 = g2

1γ = αg2
5 − σg2

3,
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g3
3 = g2

7β − g2
3δ = ζg2

2,

g3
4 = g2

7γ = ζg2
5,

g3
5 = g2

2αβ − g2
5δ = βαg2

2 − γg2
8,

g3
6 = g2

2σ = βg2
6 − γg2

4,

g3
7 = g2

8σ = δg2
6 and

g3
8 = g2

8α− g2
4ζ = δg2

1.

12.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

12.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1α + j2αβα

e3 ⊗g2
2

e1 7→ j3β + j4βαβ

e2 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ 0

e3 ⊗g2
5

e4 7→ j5γ

e1 ⊗g2
6

e2 7→ j6σ

e2 ⊗g2
7

e3 7→ j7ζ

e4 ⊗g2
8

e1 7→ j8δ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e3 7→ e1 ⊗g2
1

βα− e1 ⊗g2
6

ζ − αβ ⊗g2
1

e3 + σ ⊗g2
7

e3,

e1 ⊗g3
2

e4 7→ e1 ⊗g2
1

γ − α⊗g2
5

e4 + σ ⊗g2
3

e4,

e2 ⊗g3
3

e1 7→ e2 ⊗g2
7

β − e2 ⊗g2
3

δ − ζ ⊗g2
2

e1,

e2 ⊗g3
4

e4 7→ e2 ⊗g2
7

γ − ζ ⊗g2
5

e4,

e3 ⊗g3
5

e1 7→ e3 ⊗g2
2

αβ − e3 ⊗g2
5

δ − βα⊗g2
2

e1 + γ ⊗g2
8

e1,

e3 ⊗g3
6

e2 7→ e3 ⊗g2
2

σ − β ⊗g2
6

e2 + γ ⊗g2
4

e2,

e4 ⊗g3
7

e2 7→ e4 ⊗g2
8

σ − δ ⊗g2
6

e2,

e4 ⊗g3
8

e3 7→ e4 ⊗g2
8

α− e4 ⊗g2
4

ζ − δ ⊗g2
1

e3.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e3) = (j1α + j2αβα)βα− (j6σ)ζ − αβ(j1α + j2αβα) + σ(j7ζ) =

(−j6 + j7)αβα = 0 then j6 = j7.

For θd3(e1 ⊗g3
2

e4) = (j1α + j2αβα)γ − α(j5γ) = (j1 − j5)αγ = 0, that is, j1 = j5.

Also θd3(e2 ⊗g3
3

e1) = (j7ζ)β − (j3ζ)β = (j7 − j3)ζβ = 0 and then j7 = j3.
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And θd3(e2 ⊗g3
4

e4) = 0.

For θd3(e3 ⊗g3
5
e1) = (j3β + j4βαβ)αβ − (j5γ)δ − βα(j3β + j4βαβ) + γ(j8δ) = (j8 −

j5)βαβ = 0, that is, j8 = j5.

Also θd3(e3 ⊗g3
6

e2) = (j3β + j4βαβ)σ − β(j6σ) = (j3 − j6)βσ = 0 and then j6 = j3.

And θd3(e4 ⊗g3
7

e2) = 0.

And θd3(e4 ⊗g3
8

e3) = (j8δ)α− δ(j1α + j2αβα) = (j8 − j1)δα = 0, so j8 = j1.

So θ ∈ Ker δ2 is given by

θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1α + j2αβα

e3 ⊗g2
2

e1 7→ j3β + j4βαβ

e2 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ 0

e3 ⊗g2
5

e4 7→ j1γ

e1 ⊗g2
6

e2 7→ j3σ

e2 ⊗g2
7

e3 7→ j3ζ

e4 ⊗g2
8

e1 7→ j1δ,

where ji ∈ K. Hence dimKer δ2 = 4.

12.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗σ e2 → z1σ

e2 ⊗ζ e3 → z2ζ

e3 ⊗γ e4 → z3γ

e4 ⊗δ e1 → z4δ

e1 ⊗α e3 → z5α + z6αβα

e3 ⊗β e1 → z7β + z8βαβ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e3 7→ e1 ⊗α βα + α⊗β α + αβ ⊗α e3 − e1 ⊗σ ζ − σ ⊗ζ e3

e3 ⊗g2
2

e1 7→ e3 ⊗β αβ + β ⊗α β + βα⊗β e1 − e3 ⊗γ δ − γ ⊗δ e1

e2 ⊗g2
3

e4 7→ e2 ⊗ζ γ + ζ ⊗γ e4

e4 ⊗g2
4

e2 7→ e4 ⊗δ σ + δ ⊗σ e2

e3 ⊗g2
5

e4 7→ e3 ⊗β αγ + β ⊗α γ + βα⊗γ e4

e1 ⊗g2
6

e2 7→ e1 ⊗α βσ + α⊗β σ + αβ ⊗σ e2

e2 ⊗g2
7

e3 7→ e2 ⊗ζ βα + ζ ⊗β α + ζβ ⊗α e3

e4 ⊗g2
8

e1 7→ e4 ⊗δ αβ + δ ⊗α β + δα⊗β e1.

Then the map ϕd2 is given by

ϕd2(e1 ⊗g2
1

e3) = (z5α + z6αβα)βα + α(z7β + z8βαβ)α + αβ(z5α + z6αβα)

− (z1σ)ζ − σ(z2ζ) = (−z1 − z2 + 2z5 + z7)αβα,

ϕd2(e3 ⊗g2
2

e1) = (z7β + z8βαβ)αβ + β(z5α + z6αβα)β + βα(z7β + z8βαβ)

− (z3γ)δ − γ(z4δ) = (−z3 − z4 + z5 + 2z7)βαβ,
80



ϕd2(e2 ⊗g2
3

e4) = (z2ζ)γ + ζ(z3γ) = 0,

ϕd2(e4 ⊗g2
4

e2) = (z4δ)σ + δ(z1σ) = 0,

ϕd2(e3 ⊗g2
5

e4) = (z7β + z8βαβ)αγ + β(z5α + z6αβα)γ + βα(z3γ) = 0,

ϕd2(e1 ⊗g2
6

e2) = (z5α + z6αβα)βσ + α(z7β + z8βαβ)σ + αβ(z1σ) = 0,

ϕd2(e2 ⊗g2
7

e3) = (z2ζ)βα + ζ(z7β + z8βαβ)α + ζβ(z5α + z6αβα) = 0,

ϕd2(e4 ⊗g2
8

e1) = (z4δ)αβ + δ(z5α + z6αβα)β + δα(z7β + z8βαβ) = 0.

We write c = −z1 − z2 + 2z5 + z7 and c′ = −z3 − z4 + z5 + 2z7.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e3 7→ cαβα

e3 ⊗g2
2

e1 7→ c′βαβ

e2 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ 0

e3 ⊗g2
5

e4 7→ 0
e1 ⊗g2

6
e2 7→ 0

e2 ⊗g2
7

e3 7→ 0
e4 ⊗g2

8
e1 7→ 0,

where c, c′ ∈ K.

So

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e3 7→ cαβα

e3 ⊗g2
2

e1 7→ c′βαβ

else 7→ 0,





with c, c′ ∈ K. So dim Im δ1 = 2.

12.4.3. HH2(Λ). From 12.4.1 and 12.4.2 we have that dim HH2(Λ) = 2. Thus

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e3 7→ d1α

e3 ⊗g2
2

e1 7→ d2β

e2 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ 0

e3 ⊗g2
5

e4 7→ d1γ

e1 ⊗g2
6

e2 7→ d2σ

e2 ⊗g2
7

e3 7→ d2ζ

e4 ⊗g2
8

e1 7→ d1δ,





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e3 7→ α

e3 ⊗g2
5

e4 7→ γ

e4 ⊗g2
8

e1 7→ δ

else 7→ 0,
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y : P 2 → Λ
e3 ⊗g2

2
e1 7→ β

e1 ⊗g2
6

e2 7→ σ

e2 ⊗g2
7

e3 7→ ζ

else 7→ 0.
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13. The algebra A9

Definition 13.1. [5] Let A9 be the algebra KQ/I where Q is the quiver

1

α

²²

4
δoo

ε

²²
2

σ // 3

γ

OO

β
oo

and

I = 〈δα− εβ, γε− βσ, ασβ, εγδ, σγεγ〉.

13.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, α, ασ, ασγ, ασγδ},
e2Λ = sp{e2, σ, σβ, σγ, σβσ, σγδ, σβσβ},
e3Λ = sp{e3, β, γ, βσ, γδ, βσβ, βσγ, βσβσ},
e4Λ = sp{e4, δ, ε, δα, εγ, εγε, εγεγ}.

So we have for e1Λ
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σβσβ
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Also e3Λ
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And for e4Λ
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13.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

13.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ αe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

13.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2+d2σ+d3σβ+d4σγ+d5σβσ+d6σγδ+d7σβσβ

with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then αe2ν = 0, so α(d1e2 + d2σ + d3σβ +

d4σγ + d5σβσ + d6σγδ + d7σβσβ) = d1α + d2ασ + d4ασγ + d6ασγδ = 0 and then

d1 = d2 = d4 = d6 = 0. Thus e2ν = d3σβ + d5σβσ + d7σβσβ.

Hence Ker ∂1 = {d3σβ + d5σβσ + d7σβσβ : di ∈ K}.

Claim. Ker ∂1 = σβe2Λ.
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Proof. Let x ∈ Ker ∂1; then x = d3σβ + d5σβσ + d7σβσβ, that is, x = σβ(d3e2 + d5σ +

d7σβ). Thus x ∈ σβe2Λ and therefore Ker ∂1 ⊆ σβe2Λ.

On the other hand, let y = σβe2ν ∈ σβe2Λ. Then from the definition of ∂1, we have

that ∂1(y) = ∂1(σβe2ν) = ασβe2ν = 0. Therefore y ∈ Ker ∂1 and so σβe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = σβe2Λ. ¤

So ∂2 : e2Λ → e2Λ is given by e2ν 7→ σβe2ν, for ν ∈ Λ.

13.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e2ν = d1e2 + d2σ + d3σβ + d4σγ + d5σβσ +

d6σγδ +d7σβσβ with di ∈ K. Assume that e2ν ∈ Ker ∂2. Then σβe2ν = 0. So σβe2ν =

σβ(d1e2+d2σ+d3σβ+d4σγ+d5σβσ+d6σγδ+d7σβσβ) = d1σβ+d2σβσ+d3σβσβ = 0,

that is, d1 = d2 = d3 = 0. Thus e2ν = d4σγ + d5σβσ + d6σγδ + d7σβσβ. Therefore

Ker ∂2 = {d4σγ + d5σβσ + d6σγδ + d7σβσβ : di ∈ K}.

Claim. Ker ∂2 = σγe4Λ.

Proof. Let u ∈ Ker ∂2. Then u = (d4σγ + d5σβσ + d6σγδ + d7σβσβ) so u = σγ(d4e4 +

d5ε + d6δ + d7εβ). Hence u ∈ σγe4Λ and therefore Ker ∂2 ⊆ σγe4Λ.

On the other hand, let v = σγe4µ ∈ σγe4Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(σγe4µ) = σβσγe4µ = 0. Therefore v ∈ Ker ∂2 and then σγe4Λ ⊆
Ker ∂2.

Hence Ker ∂2 = σγe4Λ. ¤

So the map ∂3 : e4Λ → e2Λ is given by e4µ 7→ σγe4µ, for µ ∈ Λ.

13.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e3Λ → e2Λ is given by e3λ → σe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

13.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e3λ = f1e3 + f2β + f3γ + f4βσ + f5γδ + f6βσβ + f7βσγ +

f8βσβσ. Assume that e3λ ∈ Ker ∂1. Then σe3λ = 0 so σ(f1e3 + f2β + f3γ + f4βσ +

f5γδ +f6βσβ +f7βσγ +f8βσβσ) = f1σ +f2σβ +f3σγ +f4σβσ +f5σγδ +f6σβσβ = 0,

that is, f1 = f2 = f3 = f4 = f5 = f6 = 0. Thus e3λ = f7βσγ + f8βσβσ.

Hence Ker ∂1 = {f7βσγ + f8βσβσ : f7, f8 ∈ K}.

Claim. Ker ∂1 = γεγe4Λ.
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Proof. Let x ∈ Ker ∂1; then x = f7βσγ + f8βσβσ. So x = γεγ(f7e4 + f8ε). Thus

x ∈ γεγe4Λ and therefore Ker ∂1 ⊆ γεγe4Λ.

On the other hand, let y = γεγe4µ ∈ γεγe4Λ. Then, from the definition of ∂1, we

have that ∂1(y) = ∂1(γεγe4µ) = σγεγe4µ = 0. So y ∈ Ker ∂1 and γεγe4Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γεγe4Λ. ¤

So ∂2 : e4Λ → e3Λ is given by e4µ 7→ γεγe4µ, for µ ∈ Λ.

13.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e4µ = t1e4 + t2δ + t3ε + t4δα + t5εγ +

t6εγε + t7εγεγ. Assume that e4µ ∈ Ker ∂2. Then γεγe4µ = 0. So γεγe4µ = γεγ(t1e4 +

t2δ + t3ε + t4δα + t5εγ + t6εγε + t7εγεγ) = t1γεγ + t3γεγε = 0. So t1 = t3 = 0. Thus

e4µ = t2δ + t4δα + t5εγ + t6εγε + t7εγεγ. Therefore Ker ∂2 = {t2δ + t4δα + t5εγ +

t6εγε + t7εγεγ : ti ∈ K}.

Claim. Ker ∂2 = δe1Λ + εγe4Λ.

Proof. Let u ∈ Ker ∂2. Then u = t2δ+t4δα+t5εγ+t6εγε+t7εγεγ so u = δ(t2e1+t4α)+

εγ(t5e4 + t6ε + t7εγ). Hence u ∈ δe1Λ + εγe4Λ and therefore Ker ∂2 ⊆ δe1Λ + εγe4Λ.

On the other hand, let v = δe1η + εγe4µ ∈ δe1Λ + εγe4Λ. Then, from the definition

of ∂2, we have that ∂2(v) = ∂2(δe1η + εγe4µ) = γεγδe1η + γεγεγe4µ = 0. Therefore

v ∈ Ker ∂2 and then δe1Λ + εγe4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = δe1Λ + εγe4Λ. ¤

So the map ∂3 : e1Λ⊕e4Λ → e4Λ is given by (e1η, e4µ) 7→ δe1η+εγe4µ, for η, µ ∈ Λ.

13.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ⊕ e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e2Λ⊕ e4Λ → e3Λ is given by (e2ν, e4µ) 7→ βe2ν + γe4µ, for ν, µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

13.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e2ν = d1e2+d2σ+d3σβ+d4σγ+d5σβσ+d6σγδ+d7σβσβ

and e4µ = t1e4 + t2δ + t3ε + t4δα + t5εγ + t6εγε + t7εγεγ with di, ti ∈ K. Assume

that (e2ν, e4µ) ∈ Ker ∂1. Then βe2ν + γe4µ = 0 so β(d1e2 + d2σ + d3σβ + d4σγ +

d5σβσ + d6σγδ + d7σβσβ) + γ(t1e4 + t2δ + t3ε + t4δα + t5εγ + t6εγε + t7εγεγ) =

d1β + d2βσ + d3βσβ + d4βσγ + d5βσβσ + t1γ + t2γδ + t3γε+ t4γδα + t5γεγ + t6γεγε =

d1β + t1γ + t2γδ+(d2 + t3)βσ+(d3 + t4)βσβ +(d4 + t5)γεγ +(d5 + t6)βσβσ = 0, that is,

d1 = t1 = t2 = 0, t3 = −d2, t4 = −d3, t5 = −d4 and t6 = −d5. Thus e2ν = d2σ + d3σβ +

d4σγ + d5σβσ + d6σγδ + d7σβσβ and e4µ = −d2ε− d3δα− d4εγ − d5εγε + t7εγεγ.
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Hence Ker ∂1 = {(d2σ + d3σβ + d4σγ + d5σβσ + d6σγδ + d7σβσβ,−d2ε − d3δα −
d4εγ − d5εγε + t7εγεγ) : di, t7 ∈ K}.

Claim. Ker ∂1 = (−σ, ε)e3Λ.

Proof. Let x ∈ Ker ∂1; then x = (d2σ+d3σβ+d4σγ+d5σβσ+d6σγδ+d7σβσβ,−d2ε−
d3δα − d4εγ − d5εγε + t7εγεγ). So x = (−σ, ε)(−d2e3 − d3β − d4γ − d5βσ − d6γδ −
d7βσβ + t7γεγ). Thus x ∈ (−σ, ε)e3Λ and therefore Ker ∂1 ⊆ (−σ, ε)e3Λ.

On the other hand, let y = (−σ, ε)e3λ ∈ (−σ, ε)e3Λ. Then, from the definition of ∂1,

we have that ∂1(y) = ∂1((−σ, ε)e3λ) = (γε− βσ)e3λ = 0. Therefore y ∈ Ker ∂1 and so

(−σ, ε)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (−σ, ε)e3Λ. ¤

So ∂2 : e3Λ → e2Λ⊕ e4Λ is given by: e3λ 7→ (−σ, ε)e3λ, for λ ∈ Λ.

13.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e3λ = f1e3+f2β+f3γ+f4βσ+f5γδ+f6βσβ+

f7βσγ + f8βσβσ with fi ∈ K. Assume that e3λ ∈ Ker ∂2. Then (−σ, ε)e3λ = (0, 0). So

(−σ, ε)e3λ = (−σ, ε)(f1e3 + f2β + f3γ + f4βσ + f5γδ + f6βσβ + f7βσγ + f8βσβσ) =

(−f1σ−f2σβ−f3σγ−f4σβσ−f5σγδ−f6σβσβ, f1ε+f2εβ+f3εγ+f4εβσ+f7εβσγ) =

(0, 0). So −f1σ− f2σβ − f3σγ − f4σβσ− f5σγδ − f6σβσβ = 0, that is, f1 = f2 = f3 =

f4 = f5 = f6 = 0. Also f1ε + f2εβ + f3εγ + f4εβσ + f7εβσγ = 0 and then f1 = f2 =

f3 = f4 = f7 = 0. Thus e3λ = f8βσβσ. Therefore Ker ∂2 = {f8βσβσ : f8 ∈ K}.

Claim. Ker ∂2 = βσβσe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = f8βσβσ, that is, u = βσβσ(f8e3). Hence u ∈ βσβσe3Λ

and therefore Ker ∂2 ⊆ βσβσe3Λ.

On the other hand, let v = βσβσe3λ ∈ βσβσe3Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(βσβσe3λ) = (−σβσβσ, εβσβσ)e3λ = (0, 0). Therefore v ∈ Ker ∂2

and then βσβσe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βσβσe3Λ. ¤

So the map ∂3 : e3Λ → e3Λ is given by e3λ 7→ βσβσe3λ, for λ ∈ Λ.

Note that Ker ∂2 ∼= S3 and so Ω3(S3) ∼= S3.

13.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e1Λ⊕ e3Λ → e4Λ is given by (e1η, e3λ) 7→ δe1η + εe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.
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13.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4). Let e1η = c1e1 + c2α + c3ασ + c4ασγ + c5ασγδ and e3λ =

f1e3 + f2β + f3γ + f4βσ + f5γδ + f6βσβ + f7βσγ + f8βσβσ with ci, fi ∈ K. Assume

that (e1η, e3λ) ∈ Ker ∂1. Then δe1η + εe3λ = 0 so δe1η + εe3λ = δ(c1e1 + c2α + c3ασ +

c4ασγ + c5ασγδ) + ε(f1e3 + f2β + f3γ + f4βσ + f5γδ + f6βσβ + f7βσγ + f8βσβσ) =

c1δ + c2δα + c3δασ + c4δασγ + f1ε + f2εβ + f3εγ + f4εβσ + f7εβσγ = c1δ + (c2 +

f2)δα + (c3 + f4)εβσ + (c4 + f7)εβσγ + f1ε + f3εγ = 0, that is, c1 = f1 = f3 =

0, f2 = −c2, f4 = −c3 and f7 = −c4. Thus e1η = c2α + c3ασ + c4ασγ + c5ασγδ and

e3λ = −c2β − c3βσ + f5γδ + f6βσβ − c4βσγ + f8βσβσ.

Hence Ker ∂1 = {(c2α + c3ασ + c4ασγ + c5ασγδ,−c2β − c3βσ + f5γδ + f6βσβ −
c4βσγ + f8βσβσ) : ci, fi ∈ K}.

Claim. Ker ∂1 = (0, γδ)e1Λ + (α,−β)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = (c2α + c3ασ + c4ασγ + c5ασγδ,−c2β − c3βσ + f5γδ +

f6βσβ − c4βσγ + f8βσβσ), that is, x = (0, γδ)(f5e1) + (α,−β)(c2e2 + c3σ + c4σγ +

c5σγδ − f6σβ − f8σβσ). Thus x ∈ (0, γδ)e1Λ + (α,−β)e2Λ and therefore Ker ∂1 ⊆
(0, γδ)e1Λ + (α,−β)e2Λ.

On the other hand, let y = (0, γδ)e1η + (α,−β)e2ν ∈ (0, γδ)e1Λ + (α,−β)e2Λ.

Then, from the definition of ∂1, we have that ∂1(y) = ∂1((0, γδ)e1η + (α,−β)e2ν) =

∂1(αe2ν, γδe1η−βe2ν) = δαe2ν+εγδe1η−εβe2ν = εγδe1η+(δα−εβ)e2ν = 0. Therefore

y ∈ Ker ∂1 and so (0, γδ)e1Λ + (α,−β)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (0, γδ)e1Λ + (α,−β)e2Λ. ¤

So ∂2 : e1Λ⊕ e2Λ → e1Λ⊕ e3Λ is given by (e1η, e2ν) 7→ (0, γδ)e1η + (α,−β)e2ν, for

η, ν ∈ Λ.

13.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e1η = c1e1+c2α+c3ασ+c4ασγ+c5ασγδ and

e2ν = d1e2+d2σ+d3σβ+d4σγ+d5σβσ+d6σγδ+d7σβσβ with ci, di ∈ K. Assume that

(e1η, e2ν) ∈ Ker ∂2. Then (0, γδ)e1η+(α,−β)e2ν = (0, 0). So (0, γδ)e1η+(α,−β)e2ν =

(0, γδ)(c1e1 + c2α + c3ασ + c4ασγ + c5ασγδ) + (α,−β)(d1e2 + d2σ + d3σβ + d4σγ +

d5σβσ + d6σγδ + d7σβσβ) = (d1α + d2ασ + d4ασγ + d6ασγδ, c1γδ + c2γδα + c3γδασ−
d1β−d2βσ−d3βσβ−d4βσγ−d5βσβσ) = (0, 0). So d1α+d2ασ+d4ασγ +d6ασγδ = 0,

that is, d1 = d2 = d4 = d6 = 0. Also c1γδ + c2γδα + c3γδασ − d1β − d2βσ − d3βσβ −
d4βσγ−d5βσβσ = c1γδ−d1β−d2βσ+(c2−d3)βσβ−d4βσγ +(c3−d5)βσβσ = 0, that

is, c1 = d1 = d2 = d4 = 0, d3 = c2, d5 = c3. Thus e1η = c2α + c3ασ + c4ασγ + c5ασγδ

and e2ν = c2σβ + c3σβσ + d7σβσβ. Therefore Ker ∂2 = {(c2α + c3ασ + c4ασγ +

c5ασγδ, c2σβ + c3σβσ + d7σβσβ) : ci, d7 ∈ K}.

Claim. Ker ∂2 = (α, σβ)e2Λ.
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Proof. Let u ∈ Ker ∂2. Then u = (c2α+c3ασ+c4ασγ+c5ασγδ, c2σβ+c3σβσ+d7σβσβ),

that is, u = (α, σβ)(c2e2 + c3σ + c4σγ + c5σγδ + d7σβ). Hence u ∈ (α, σβ)e2Λ and

therefore Ker ∂2 ⊆ (α, σβ)e2Λ.

On the other hand, let v = (α, σβ)e2ν ∈ (α, σβ)e2Λ. Then, from the definition of ∂2,

we have that ∂2(v) = ∂2((α, σβ)e2ν) = (0, γδ)α+(α,−β)σβ = (ασβ, γδα−βσβ)e2ν =

(0, 0). Therefore v ∈ Ker ∂2 and then (α, σβ)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α, σβ)e2Λ. ¤

So the map ∂3 : e2Λ → e1Λ⊕ e2Λ is given by e2ν 7→ (α, σβ)e2ν, for ν ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ αe2ν,

∂2 : e2ν 7→ σβe2ν,

∂3 : e4µ 7→ σγe4µ,

for ν, µ ∈ Λ.

Also the maps for S2 are:

∂1 : e3λ → σe3λ,

∂2 : e4µ 7→ γεγe4µ

∂3 : (e1η, e4µ) 7→ δe1η + εγe4µ,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : (e2ν, e4µ) 7→ βe2ν + γe4µ,

∂2 : e3λ 7→ (−σ, ε)e3λ,

∂3 : e3λ 7→ βσβσe3λ,

for ν, λ, µ ∈ Λ.

Moreover, the maps for S4 are:

∂1 : (e1η, e3λ) 7→ δe1η + εe3λ,

∂2 : (e1η, e2ν) 7→ (0, γδ)e1η + (α,−β)e2ν,

∂3 : e2ν 7→ (α, σβ)e2ν,

for η, ν, λ ∈ Λ.

13.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e4
∂3

// σγ ∂2
// σβσγ

∂1
// ασβσγ , so ασβσγ ∈ g3.

For S2

(e1, 0) ∂3
// δ

∂2
// γεγδ

∂1
// σγεγδ , so σγεγδ ∈ g3.

(0, e4)
∂3

// εγ ∂2
// γεγεγ ∂1

// σγεγεγ , so σγεγεγ ∈ g3.

89



For S3

e3
∂3

// βσβσ
∂2

// (−σβσβσ, εβσβσ) ∂1
// −βσβσβσ + γεβσβσ , so γεβσβσ−βσβσβσ ∈

g3.

For S4

e2
∂3

// (α, σβ) ∂2
// (0, γδ)α + (α,−β)σβ = (ασβ, γδα− βσβ) ∂1

// δασβ + εγδα− εβσβ ,

so δασβ + εγδα− εβσβ ∈ g3.

Let g3
1 = ασβσγ, g3

2 = σγεγδ, g3
3 = σγεγεγ, g3

4 = γεβσβσ − βσβσβσ, g3
5 = δασβ +

εγδα− εβσβ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4, g

3
5}.

We know that g2 = {δα− εβ, γε− βσ, ασβ, εγδ, σγεγ}. Denote

g2
1 = δα− εβ,

g2
2 = γε− βσ,

g2
3 = ασβ,

g2
4 = εγδ,

g2
5 = σγεγ.

So we have

g3
1 = g2

3σγ = −ασg2
2γ + αg2

5,

g3
2 = g2

5δ = σγg2
4,

g3
3 = g2

5εγ = σg2
2γεγ + σβg2

5,

g3
4 = g2

2βσβσ = −γg2
1σβσ − βg2

5ε + γδg2
3σ + βσg2

2γε + βσβσg2
2,

g3
5 = g2

1σβ + g2
4α = δg2

3 + εg2
2β + εγg2

1.

13.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

13.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by
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θ : P 2 → Λ
e4 ⊗g2

1
e2 7→ j1δα

e3 ⊗g2
2

e3 7→ j2e3 + j3βσ + j4βσβσ

e1 ⊗g2
3

e2 7→ j5α

e4 ⊗g2
4

e1 7→ j6δ

e2 ⊗g2
5

e4 7→ j7σγ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e4 7→ e1 ⊗g2
3

σγ + ασ ⊗g2
2

γ − α⊗g2
5

e4,

e2 ⊗g3
2

e1 7→ e2 ⊗g2
5

δ − σγ ⊗g2
4

e1,

e2 ⊗g3
3

e4 7→ e2 ⊗g2
5

εγ − σ ⊗g2
2

γεγ − σβ ⊗g2
5

e4,

e3⊗g3
4
e3 7→ e3⊗g2

2
βσβσ+γ⊗g2

1
σβσ+β⊗g2

5
ε−γδ⊗g2

3
σ−βσ⊗g2

2
γε−βσβσ⊗g2

2
e3,

e4 ⊗g3
5

e2 7→ e4 ⊗g2
1

σβ + e4 ⊗g2
4

α− δ ⊗g2
3

e2 − ε⊗g2
2

β − εγ ⊗g2
1

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e4) = j5ασγ + j2ασγ − j7ασγ = (j2 + j5 − j7)ασγ = 0 then

j7 = j2 + j5.

For θd3(e2 ⊗g3
2

e1) = j7σγδ − j6σγδ = (−j6 + j7)σγδ = 0, that is, j6 = j7.

Also θd3(e2 ⊗g3
3

e4) = 0.

And θd3(e3⊗g3
4
e3) = (j2e3+j3βσ+j4βσβσ)βσβσ+j1γδασβσ+β(j7σγ)ε−γδ(j5α)σ−

βσ(j2e3 + j3βσ+ j4βσβσ)γε−βσβσ(j2e3 + j3βσ+ j4βσβσ) = (−j2− j5 + j7)βσβσ = 0,

that is, j7 = j2 + j5.

Finally θd3(e4⊗g3
5
e2) = j1δασβ+j6δα−j5δα−ε(j2e3+j3βσ+j4βσβσ)β−j1εγδα =

(−j2 − j5 + j6)δα = 0, that is, j6 = j2 + j5.

So θ ∈ Ker δ2 is given by

θ : P 2 → Λ
e4 ⊗g2

1
e2 7→ j1δα

e3 ⊗g2
2

e3 7→ j2e3 + j3βσ + j4βσβσ

e1 ⊗g2
3

e2 7→ j5α

e4 ⊗g2
4

e1 7→ (j2 + j5)δ
e2 ⊗g2

5
e4 7→ (j2 + j5)σγ,

where ji ∈ K. Hence dimKer δ2 = 5.

13.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e2 → z1α

e2 ⊗σ e3 → z2σ + z3σβσ

e3 ⊗β e2 → z4β + z5βσβ

e3 ⊗γ e4 → z6γ + z7βσγ

e4 ⊗ε e3 → z8ε + z9εγε

e4 ⊗δ e1 → z10δ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by
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e4 ⊗g2
1

e2 7→ e4 ⊗δ α + δ ⊗α e2 − e4 ⊗ε β − ε⊗β e2

e3 ⊗g2
2

e3 7→ e3 ⊗γ ε + γ ⊗ε e3 − e3 ⊗β σ − β ⊗σ e3

e1 ⊗g2
3

e2 7→ e1 ⊗α σβ + α⊗σ β + ασ ⊗β e2

e4 ⊗g2
4

e1 7→ e4 ⊗ε γδ + ε⊗γ δ + εγ ⊗δ e1

e2 ⊗g2
5

e4 7→ e2 ⊗σ γεγ + σ ⊗γ εγ + σγ ⊗ε γ + σγε⊗γ e4.

Then the map ϕd2 is given by

ϕd2(e4⊗g2
1
e2) = z10δα+z1δα−z8εβ−z9εγεβ−z4εβ−z5εβσβ = (z1−z4−z8+z10)δα,

ϕd2(e3⊗g2
2
e3) = z6γε+z7βσγε+z8γε+z9γεγε−z4βσ−z5βσβσ−z2βσ−z3βσβσ =

(−z2 − z4 + z6 + z8)βσ + (−z3 − z5 + z7 + z9)βσβσ,

ϕd2(e1 ⊗g2
3

e2) = 0,

ϕd2(e4 ⊗g2
4

e1) = 0,

ϕd2(e2 ⊗g2
5

e4) = 0.

Thus ϕd2 is given by

P 2 → Λ
e4 ⊗g2

1
e2 7→ (z1 − z4 − z8 + z10)δα

e3 ⊗g2
2

e3 7→ (−z2 − z4 + z6 + z8)βσ + (−z3 − z5 + z7 + z9)βσβσ

e1 ⊗g2
3

e2 7→ 0
e4 ⊗g2

4
e1 7→ 0

e2 ⊗g2
5

e4 7→ 0,

where zi ∈ K. Therefore dim Im δ1 = 3.

13.4.3. HH2(Λ).

From 13.4.1 and 13.4.2 we have that dim HH2(Λ) = 2 and then

HH2(Λ) =





P 2 → Λ
e4 ⊗g2

1
e2 7→ 0

e3 ⊗g2
2

e3 7→ d1e3

e1 ⊗g2
3

e2 7→ d2α

e4 ⊗g2
4

e1 7→ (d1 + d2)δ
e2 ⊗g2

5
e4 7→ (d1 + d2)σγ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e3 ⊗g2

2
e3 7→ e3

e4 ⊗g2
4

e1 7→ δ

e2 ⊗g2
5

e4 7→ σγ

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

3
e2 7→ α

e4 ⊗g2
4

e1 7→ δ

e2 ⊗g2
5

e4 7→ σγ

else 7→ 0.
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14. The algebra A10

Definition 14.1. [5] Let A10 be the algebra KQ/I where Q is the quiver

1

β
²²

2
δ

ÁÁ>
>>

>>
>>

α

OO

4

ζ
@@¡¡¡¡¡¡¡

3γ
oo

and

I = 〈ζαβ − ζδγζ, αβδ − δγζδ, βα, γ(ζδγ)2〉.

14.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, β, βδ, βδγ, βδγζ, βδγζα},
e2Λ = sp{e2, α, δ, αβ, δγ, αβδ, δγζ, δγζα, αβδγ, αβδγζ},
e3Λ = sp{e3, γ, γζ, γζα, γζδ, γζαβ, γζδγ, γζδγζδ},
e4Λ = sp{e4, ζ, ζα, ζδ, ζδγ, ζδγζ, ζαβδ, ζαβδγ}.

So we have for e1Λ

e1

β

βδ

βδγ

βδγζ

βδγζα
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For e2Λ

e2

JJJJJJJJJJJ

sssssssssss

α δ

αβ δγ

δγζ

jjjjjjjjjjjjjjjjjjjj

αβδ δγζα

©©
©©

©©
©©

©©
©©

©©
©©

αβδγ

IIIIIIIII

αβδγζ

Also e3Λ

e3

γ

γζ

vvvvvvvvv

IIIIIIIIII

γζα

66
66

66
66

66
66

66
66

γζδ

γζδγ

uuuuuuuuu

γζαβ

γζδγζδ
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And for e4Λ

e4

ζ

xx
xx

xx
xx

xx

GGGGGGGGGG

ζα

44
44

44
44

44
44

44
44

ζδ

ζδγ

ww
ww

ww
ww

w

ζδγζ

ζαβδ

ζαβδγ

14.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

14.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ βe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

14.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2 + d2α + d3δ + d4αβ + d5δγ + d6αβδ + d7δγζ +

d8δγζα + d9αβδγ + d10αβδγζ with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then βe2ν = 0,

so β(d1e2 +d2α+d3δ+d4αβ +d5δγ +d6αβδ+d7δγζ +d8δγζα+d9αβδγ +d10αβδγζ) =

d1β + d3βδ + d5βδγ + d7βδγζ + d8βδγζα = 0 and then d1 = d3 = d5 = d7 = d8 = 0.

Thus e2ν = d2α + d4αβ + d6αβδ + d9αβδγ + d10αβδγζ.

Hence Ker ∂1 = {d2α + d4αβ + d6αβδ + d9αβδγ + d10αβδγζ : di ∈ K}.

Claim. Ker ∂1 = αe1Λ.

Proof. Let x ∈ Ker ∂1; then x = d2α + d4αβ + d6αβδ + d9αβδγ + d10αβδγζ, that is,

x = α(d2e1 + d4β + d6βδ + d9βδγ + d10βδγζ). Thus x ∈ αe1Λ and therefore Ker ∂1 ⊆
αe1Λ.
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On the other hand, let y = αe1η ∈ αe1Λ. Then from the definition of ∂1, we have

that ∂1(y) = ∂1(αe1η) = βαe1η = 0. Therefore y ∈ Ker ∂1 and so αe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = αe1Λ. ¤

So ∂2 : e1Λ → e2Λ is given by e1η 7→ αe1η, for η ∈ Λ.

14.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2β + c3βδ + c4βδγ + c5βδγζ +

c6βδγζα with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then αe1η = 0. So αe1η = α(c1e1 +

c2β+c3βδ+c4βδγ+c5βδγζ +c6βδγζα) = c1α+c2αβ+c3αβδ+c4αβδγ+c5αβδγζ = 0,

that is, c1 = c2 = c3 = c4 = c5 = 0. Thus e1η = c6βδγζα. Therefore Ker ∂2 =

{c6βδγζα : c6 ∈ K}.

Claim. Ker ∂2 = βδγζαe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = c6βδγζα so u = βδγζα(c6e1). Hence u ∈ βδγζαe1Λ

and therefore Ker ∂2 ⊆ βδγζαe1Λ.

On the other hand, let v = βδγζαe1η ∈ βδγζαe1Λ. Then, from the definition of ∂2,

we have that ∂2(v) = ∂2(βδγζαe1η) = αβδγζαe1η = 0. Therefore v ∈ Ker ∂2 and then

βδγζαe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βδγζαe1Λ. ¤

We remark that Ker ∂2 ∼= S1 and then Ω3(S1) ∼= S1.

So the map ∂3 : e1Λ → e1Λ is given by e1η 7→ βδγζαe1η, for η ∈ Λ.

14.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) → αe1η + δe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

14.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2β + c3βδ + c4βδγ + c5βδγζ + c6βδγζα

and e3λ = f1e3 + f2γ + f3γζ + f4γζα + f5γζδ + f6γζαβ + f7γζδγ + f8γζδγζδ with

ci, fi ∈ K. Assume that (e1η, e3λ) ∈ Ker ∂1. Then αe1η + δe3λ = 0 so αe1η + δe3λ =

α(c1e1 + c2β + c3βδ + c4βδγ + c5βδγζ + c6βδγζα) + δ(f1e3 + f2γ + f3γζ + f4γζα +

f5γζδ + f6γζαβ + f7γζδγ + f8γζδγζδ) = c1α + c2αβ + c3αβδ + c4αβδγ + c5αβδγζ +

f1δ + f2δγ + f3δγζ + f4δγζα + f5δγζδ + f6δγζαβ + f7δγζδγ = c1α + c2αβ + f1δ +

f2δγ + f3δγζ + f4δγζα + (c3 + f5)αβδ + (c4 + f7)αβδγ + (c5 + f6)αβδγζ = 0, that

is, c1 = c2 = f1 = f2 = f3 = f4 = 0, f5 = −c3, f7 = −c4 and f6 = −c5. Thus

e1η = c3βδ+c4βδγ+c5βδγζ+c6βδγζα and e3λ = −c3γζδ−c4γζδγ−c5γζαβ+f8γζδγζδ.
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Hence Ker ∂1 = {(c3βδ + c4βδγ + c5βδγζ + c6βδγζα,−c3γζδ − c4γζδγ − c5γζαβ +

f8γζδγζδ) : ci, f8 ∈ K}.

Claim. Ker ∂1 = (βδ,−γζδ)e3Λ.

Proof. Let x ∈ Ker ∂1; then x = (c3βδ + c4βδγ + c5βδγζ + c6βδγζα,−c3γζδ− c4γζδγ−
c5γζαβ + f8γζδγζδ). So x = (βδ,−γζδ)(c3e3 + c4γ + c5γζ + c6γζα − f8γζδ). Thus

x ∈ (βδ,−γζδ)e3Λ and therefore Ker ∂1 ⊆ (βδ,−γζδ)e3Λ.

On the other hand, let y = (βδ,−γζδ)e3λ ∈ (βδ,−γζδ)e3Λ. Then, from the def-

inition of ∂1, we have that ∂1(y) = ∂1((βδ,−γζδ)e3λ) = (αβδ − δγζδ)e3λ = 0. So

(βδ,−γζδ)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (βδ,−γζδ)e3Λ. ¤

So ∂2 : e3Λ → e1Λ⊕ e3Λ is given by e3λ 7→ (βδ,−γζδ)e3λ, for λ ∈ Λ.

14.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e3λ = f1e3 + f2γ + f3γζ + f4γζα +

f5γζδ + f6γζαβ + f7γζδγ + f8γζδγζδ with fi ∈ K. Assume that e3λ ∈ Ker ∂2. Then

(βδ,−γζδ)e3λ = (0, 0). So (βδ,−γζδ)e3λ = (βδ,−γζδ)(f1e3 + f2γ + f3γζ + f4γζα +

f5γζδ + f6γζαβ + f7γζδγ + f8γζδγζδ) = (f1βδ + f2βδγ + f3βδγζ + f4βδγζα,−f1γζδ−
f2γζδγ − f3γζδγζ − f5γζδγζδ) = (0, 0). So f1βδ + f2βδγ + f3βδγζ + f4βδγζα = 0,

that is, f1 = f2 = f3 = f4 = 0. Also −f1γζδ − f2γζδγ − f3γζδγζ − f5γζδγζδ = 0

and then f1 = f2 = f3 = f5 = 0. Thus e3λ = f6γζαβ + f7γζδγ + f8γζδγζδ. Therefore

Ker ∂2 = {f6γζαβ + f7γζδγ + f8γζδγζδ : fi ∈ K}.

Claim. Ker ∂2 = γζδγe4Λ.

Proof. Let u ∈ Ker ∂2. Then u = f6γζαβ + f7γζδγ + f8γζδγζδ so u = γζδγ(f7e4 +

f6ζ + f8ζδ). Hence u ∈ γζδγe4Λ and therefore Ker ∂2 ⊆ γζδγe4Λ.

On the other hand, let v = γζδγe4µ ∈ γζδγe4Λ. Then, from the definition of ∂2,

we have that ∂2(v) = ∂2(γζδγe4µ) = (βδγζδγ,−γζδγζδγ)e4µ = (0, 0). Therefore v ∈
Ker ∂2 and then γζδγe4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = γζδγe4Λ. ¤

So the map ∂3 : e4Λ → e3Λ is given by e4µ 7→ γζδγe4µ, for µ ∈ Λ.

14.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e4Λ → e3Λ is given by e4µ 7→ γe4µ, for µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.
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14.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e4µ = t1e4 + t2ζ + t3ζα+ t4ζδ+ t5ζδγ + t6ζδγζ + t7ζαβδ+

t8ζαβδγ with ti ∈ K. Assume that e4µ ∈ Ker ∂1. Then γe4µ = 0 so γ(t1e4 + t2ζ +

t3ζα + t4ζδ + t5ζδγ + t6ζδγζ + t7ζαβδ + t8ζαβδγ) = t1γ + t2γζ + t3γζα + t4γζδ +

t5γζδγ + t6γζδγζ + t7γζαβδ = 0, that is, t1 = t2 = t3 = t4 = t5 = t6 = t7 = 0. Thus

e4µ = t8ζαβδγ.

Hence Ker ∂1 = {t8ζαβδγ : t8 ∈ K}.

Claim. Ker ∂1 = ζδγζδγe4Λ.

Proof. Let x ∈ Ker ∂1; then x = t8ζαβδγ. So x = ζαβδγ(t8e4). Thus x ∈ ζαβδγe4Λ

and therefore Ker ∂1 ⊆ ζαβδγe4Λ.

On the other hand, let y = ζαβδγe4µ ∈ ζαβδγe4Λ. Then, from the definition of

∂1, we have that ∂1(y) = ∂1(ζαβδγe4µ) = γζαβδγe4µ = 0. Therefore y ∈ Ker ∂1 and

so ζαβδγe4Λ ⊆ Ker ∂1. Hence Ker ∂1 = ζαβδγe4Λ. But ζαβδγ = ζδγζδγ and then

Ker ∂1 = ζδγζδγe4Λ. ¤

Note that Ker ∂1 ∼= S4 and Ω2(S3) ∼= S4.

So ∂2 : e4Λ → e4Λ is given by e4µ 7→ ζδγζδγe4µ, for µ ∈ Λ.

14.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e4µ = t1e4+t2ζ+t3ζα+t4ζδ+t5ζδγ+t6ζδγζ+

t7ζαβδ + t8ζαβδγ with ti ∈ K. Assume that e4µ ∈ Ker ∂2. Then ζδγζδγe4µ = 0. So

ζδγζδγe4µ = ζδγζδγ(t1e4 + t2ζ + t3ζα + t4ζδ + t5ζδγ + t6ζδγζ + t7ζαβδ + t8ζαβδγ) =

t1ζδγζδγ = 0, that is, t1 = 0. Thus e4µ = t2ζ + t3ζα+ t4ζδ+ t5ζδγ + t6ζδγζ + t7ζαβδ+

t8ζαβδγ. Therefore Ker ∂2 = {t2ζ + t3ζα + t4ζδ + t5ζδγ + t6ζδγζ + t7ζαβδ + t8ζαβδγ :

ti ∈ K}.

Claim. Ker ∂2 = ζe2Λ.

Proof. Let u ∈ Ker ∂2. Then u = t2ζ + t3ζα+ t4ζδ+ t5ζδγ + t6ζδγζ + t7ζαβδ+ t8ζαβδγ,

that is, u = ζ(t2e2 + t3α + t4δ + t5δγ + t6δγζ + t7αβδ + t8αβδγ). Hence u ∈ ζe2Λ and

therefore Ker ∂2 ⊆ ζe2Λ.

On the other hand, let v = ζe2ν ∈ ζe2Λ. Then, from the definition of ∂2, we have that

∂2(v) = ∂2(ζe2ν) = ζδγζδγζe2ν = 0. Therefore v ∈ Ker ∂2 and then ζe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = ζe2Λ. ¤

So the map ∂3 : e2Λ → e4Λ is given by e2ν 7→ ζe2ν, for ν ∈ Λ.

14.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e2Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e2Λ → e4Λ is given by e2ν 7→ ζe2ν, for ν ∈ Λ.
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Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.

14.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4). Let e2ν = d1e2 + d2α + d3δ + d4αβ + d5δγ + d6αβδ + d7δγζ +

d8δγζα + d9αβδγ + d10αβδγζ with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then ζe2ν = 0

so ζe2ν = ζ(d1e2 + d2α + d3δ + d4αβ + d5δγ + d6αβδ + d7δγζ + d8δγζα + d9αβδγ +

d10αβδγζ) = d1ζ + d2ζα + d3ζδ + d4ζαβ + d5ζδγ + d6ζαβδ + d7ζδγζ + d9ζαβδγ =

d1ζ + d2ζα + d3ζδ +(d4 + d7)ζδγζ + d5ζδγ + d6ζαβδ + d9ζαβδγ = 0, that is, d1 = d2 =

d3 = d5 = d6 = d9 = 0, d7 = −d4. Thus e2ν = d4(αβ − δγζ) + d8δγζα + d10αβδγζ.

Hence Ker ∂1 = {d4(αβ − δγζ) + d8δγζα + d10αβδγζ : di ∈ K}.

Claim. Ker ∂1 = (αβ − δγζ)e2Λ.

Proof. Let x ∈ Ker ∂1; then x = d4(αβ − δγζ) + d8δγζα + d10αβδγζ, that is, x =

(αβ − δγζ)(d4e2 − d8α) + αβδγζ(d10e2). However we can show that αβδγζ(d10e2) ⊆
(αβ − δγζ)e2Λ since αβδγζ(d10e2) = (αβ − δγζ)e2ψ where e2ψ = −d10αβ. Thus x ∈
(αβ − δγζ)e2Λ and therefore Ker ∂1 ⊆ (αβ − δγζ)e2Λ.

On the other hand, let y = (αβ−δγζ)e2ν ∈ (αβ−δγζ)e2Λ. Then, from the definition

of ∂1, we have that ∂1(y) = ∂1((αβ − δγζ)e2ν) = (ζαβ − ζδγζ)e2ν = 0. Therefore

y ∈ Ker ∂1 and so (αβ − δγζ)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (αβ − δγζ)e2Λ. ¤

So ∂2 : e2Λ → e2Λ is given by e2ν 7→ (αβ − δγζ)e2ν, for ν ∈ Λ.

14.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e2ν = d1e2 + d2α + d3δ + d4αβ + d5δγ +

d6αβδ + d7δγζ + d8δγζα + d9αβδγ + d10αβδγζ with di ∈ K. Assume that e2ν ∈
Ker ∂2. Then (αβ − δγζ)e2ν = 0. So (αβ − δγζ)e2ν = (αβ − δγζ)(d1e2 + d2α + d3δ +

d4αβ +d5δγ +d6αβδ +d7δγζ +d8δγζα+d9αβδγ +d10αβδγζ) = 0. So d1αβ +d3αβδ +

d5αβδγ + d7αβδγζ − d1δγζ − d2δγζα − d3δγζδ − d4δγζαβ − d5δγζδγ − d7δγζδγζ =

d1(αβ − δγζ) − d2δγζα − d4δγζαβ = 0, that is, d1 = d2 = d4 = 0. Thus e2ν =

d3δ +d5δγ +d6αβδ +d7δγζ +d8δγζα+d9αβδγ +d10αβδγζ. Therefore Ker ∂2 = {d3δ +

d5δγ + d6αβδ + d7δγζ + d8δγζα + d9αβδγ + d10αβδγζ : di ∈ K}.

Claim. Ker ∂2 = δe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = d3δ + d5δγ + d6αβδ + d7δγζ + d8δγζα + d9αβδγ +

d10αβδγζ, that is, u = δ(d3e3 + d5γ + d6γζδ + d7γζ + d8γζα + d9γζδγ + d10γζδγζ).

Hence u ∈ δe3Λ and therefore Ker ∂2 ⊆ δe3Λ.

On the other hand, let v = δe3λ ∈ δe3Λ. Then, from the definition of ∂2, we have that

∂2(v) = ∂2(δe3λ) = (αβδ−δγζδ)e3λ = 0. Therefore v ∈ Ker ∂2 and then δe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = δe3Λ. ¤
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So the map ∂3 : e3Λ → e2Λ is given by e3λ 7→ δe3λ, for λ ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ βe2ν,

∂2 : e1η 7→ αe1η,

∂3 : e1η 7→ βδγζαe1η,

for η, ν ∈ Λ.

Also the maps for S2 are:

∂1 : (e1η, e3λ) → αe1η + δe3λ,

∂2 : e3λ 7→ (βδ,−γζδ)e3λ

∂3 : e4µ 7→ γζδγe4µ,

for η, µ, λ ∈ Λ.

And the maps for S3 are:

∂1 : e4µ 7→ γe4µ,

∂2 : e4µ 7→ ζδγζδγe4µ,

∂3 : e2ν 7→ ζe2ν,

for ν, µ ∈ Λ.

Moreover, the maps for S4 are:

∂1 : e2ν 7→ ζe2ν,

∂2 : e2ν 7→ (αβ − δγζ)e2ν,

∂3 : e3λ 7→ δe3λ,

for ν, λ ∈ Λ.

14.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3

// βδγζα
∂2

// αβδγζα
∂1

// βαβδγζα , so βαβδγζα ∈ g3.

For S2

e4
∂3

// γζδγ
∂2

// (βδ,−γζδ)γζδγ = (βδγζδγ,−γζδγζδγ)∂1
// αβδγζδγ − δγζδγζδγ ,

so αβδγζδγ − δγζδγζδγ ∈ g3.

For S3

e2
∂3

// ζ
∂2

// ζδγζδγζ
∂1

// γζδγζδγζ , so γζδγζδγζ ∈ g3.

For S4

e3
∂3

// δ
∂2

// αβδ − δγζδ
∂1

// ζαβδ − ζδγζδ , so ζαβδ − ζδγζδ ∈ g3.

Let g3
1 = βαβδγζα, g3

2 = αβδγζδγ − δγζδγζδγ, g3
3 = γζδγζδγζ, g3

4 = ζαβδ − ζδγζδ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4}.
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We know that g2 = {ζαβ − ζδγζ, αβδ − δγζδ, βα, γ(ζδγ)2}. Denote

g2
1 = βα,

g2
2 = αβδ − δγζδ,

g2
3 = γ(ζδγ)2,

g2
4 = ζαβ − ζδγζ.

So we have

g3
1 = g2

1βδγζα = βg2
2γζα− βδγg2

4α + βδγζαg2
1,

g3
2 = g2

2γζδγ = αg2
1βδγ − αβg2

2γ + δγg2
4δγ − δγζg2

2γ − δg2
3,

g3
3 = g2

3ζ = −γg2
4δγζ − γg2

4αβ + γζg2
2γζ + γζαg2

1β − γζδγg2
4,

g3
4 = g2

4δ = ζg2
2.

14.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

14.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βδγζα

e2 ⊗g2
2

e3 7→ j3δ + j4αβδ

e3 ⊗g2
3

e4 7→ j5γ + j6γζδγ

e4 ⊗g2
4

e2 7→ j7ζ + j8ζδγζ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

βδγζα− β ⊗g2
2

γζα + βδγ ⊗g2
4

α− βδγζα⊗g2
1

e1,

e2 ⊗g3
2

e4 7→ e2 ⊗g2
2

γζδγ − α⊗g2
1

βδγ + αβ ⊗g2
2

γ − δγ ⊗g2
4

δγ

+ δγζ ⊗g2
2

γ + δ ⊗g2
3

e4,

e3 ⊗g3
3

e2 7→ e3 ⊗g2
3

ζ + γ ⊗g2
4

δγζ + γ ⊗g2
4

αβ − γζ ⊗g2
2

γζ − γζα⊗g2
1

β

+ γζδγ ⊗g2
4

e2,

e4 ⊗g3
4

e3 7→ e4 ⊗g2
4

δ − ζ ⊗g2
2

e3.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1
e1) = (j1e1 + j2βδγζα)βδγζα− β(j3δ + j4αβδ)γζα + βδγ(j7ζ +

j8ζδγζ)α− βδγζα(j1e1 + j2βδγζα) = (−j3 + j7)βδγζα = 0 then j7 = j3.

For θd3(e2⊗g3
2
e4) = (j3δ+j4αβδ)γζδγ−α(j1e1 +j2βδγζα)βδγ+αβ(j3δ+j4αβδ)γ−

δγ(j7ζ +j8ζδγζ)δγ +δγζ(j3δ+j4αβδ)γ +δ(j5γ +j6γζδγ) = (−j1 +3j3 +j6−j7)αβδγ +

j5δγ = (−j1 + 2j3 + j6)αβδγ + j5δγ = 0, that is, j6 = j1 − 2j3, j5 = 0.
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Also θd3(e3 ⊗g3
3

e2) = (j5γ + j6γζδγ)ζ + γ(j7ζ + j8ζδγζ)δγζ + γ(j7ζ + j8ζδγζ)αβ −
γζ(j3δ+j4αβδ)γζ−γζα(j1e1+j2βδγζα)β+γζδγ(j7ζ+j8ζδγζ) = (−j1+2j7+j6)γζδγζ+

j5γζ = 0, that is, j6 = j1 − 2j3, j5 = 0.

And θd3(e4⊗g3
4
e3) = (j7ζ+j8ζδγζ)δ−ζ(j3δ+j4αβδ) = (j7−j3)ζδ+(j8−j4)ζαβδ = 0,

that is, j7 = j3, j8 = j4.

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βδγζα

e2 ⊗g2
2

e3 7→ j3δ + j4αβδ

e3 ⊗g2
3

e4 7→ (j1 − 2j3)γζδγ

e4 ⊗g2
4

e2 7→ j3ζ + j4ζδγζ,

with ji ∈ K. So dim Ker δ2 = 4. Note that if charK = 2 or if charK 6= 2 the dim Ker δ2

will remains the same.

14.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗β e2 → z1β + z2βδγζ

e2 ⊗α e1 → z3α + z4δγζα

e2 ⊗δ e3 → z5δ + z6αβδ

e3 ⊗γ e4 → z7γ + z8γζδγ

e4 ⊗ζ e2 → z9ζ + z10ζδγζ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by:

e1 ⊗g2
1

e1 7→ e1 ⊗β α + β ⊗α e1

e2⊗g2
2
e3 7→ e2⊗α βδ + α⊗β δ + αβ ⊗δ e3− e2⊗δ γζδ− δ⊗γ ζδ− δγ ⊗ζ δ− δγζ ⊗δ e3

e3 ⊗g2
3

e4 7→ e3 ⊗γ ζδγζδγ + γ ⊗ζ δγζδγ + γζ ⊗δ γζδγ + γζδ ⊗γ ζδγ + γζδγ ⊗ζ δγ

+ γζδγζ ⊗δ γ + γζδγζδ ⊗γ e4

e4⊗g2
4
e2 7→ e4⊗ζ αβ + ζ ⊗α β + ζα⊗β e2− e4⊗ζ δγζ − ζ ⊗δ γζ − ζδ⊗γ ζ − ζδγ⊗ζ e2.

Then the map ϕd2 is given by:

ϕd2(e1 ⊗g2
1

e1) = (z1β + z2βδγζ)α + β(z3α + z4δγζα) = (z2 + z4)βδγζα,

ϕd2(e2 ⊗g2
2
e3) = (z3α + z4δγζα)βδ + α(z1β + z2βδγζ)δ + αβ(z5δ + z6αβδ)− (z5δ +

z6αβδ)γζδ − δ(z7γ + z8γζδγ)ζδ − δγ(z9ζ + z10ζδγζ)δ − δγζ(z5δ + z6αβδ) = (z1 + z3 −
z5 − z7 − z9)αβδ,

ϕd2(e3 ⊗g2
4

e4) = 0,

ϕd2(e4 ⊗g2
4

e2) = (z9ζ + z10ζδγζ)αβ + ζ(z3α + z4δγζα)β + ζα(z1β + z2βδγζ) −
(z9ζ + z10ζδγζ)δγζ − ζ(z5δ + z6αβδ)γζ − ζδ(z7γ + z8γζδγ)ζ − ζδγ(z9ζ + z10ζδγζ) =

(z1 + z3 − z5 − z7 − z9)ζδγζ. We write c = z2 + z4 and c′ = z1 + z3 − z5 − z7 − z9.
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Thus ϕd2 is given by
P 2 → Λ
e1 ⊗g2

1
e1 7→ cβδγζα

e2 ⊗g2
2

e3 7→ c′αβδ

e3 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ c′ζδγζ,

where c, c′ ∈ K. Therefore dim Im δ1 = 2.

14.4.3. HH2(Λ).

From 14.4.1 and 14.4.2 we have that if charK = 2 then dim HH2(Λ) = 2 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e2 ⊗g2
2

e3 7→ d2δ

e3 ⊗g2
3

e4 7→ d1γζδγ

e4 ⊗g2
4

e2 7→ d2ζ,





with di ∈ K.

And a basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
3

e4 7→ γζδγ

else 7→ 0,

y : P 2 → Λ
e2 ⊗g2

2
e3 7→ δ

e3 ⊗g2
3

e4 7→ 0
e4 ⊗g2

4
e2 7→ ζ

else 7→ 0.

Now if charK 6= 2 then dimHH2(Λ) = 2 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e2 ⊗g2
2

e3 7→ d2δ

e3 ⊗g2
3

e4 7→ (d1 − 2d2)γζδγ

e4 ⊗g2
4

e2 7→ d2ζ





with di ∈ K.

And a basis of HH2(Λ) = sp{u, w} where

u : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
3

e4 7→ γζδγ

else 7→ 0,

and
w : P 2 → Λ
e2 ⊗g2

2
e3 7→ δ

e3 ⊗g2
3

e4 7→ −1
2γζδγ

e4 ⊗g2
4

e2 7→ ζ

else 7→ 0.
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15. The algebra A11

Definition 15.1. [5] Let A11 be the algebra KQ/I where Q is the quiver

1
β //

2
ξ //

α
oo 3

ζ //

γ
oo 4

δ
oo

and

I = 〈γαβ − γξγ, αβξ − ξγξ, βα, δγ, ξζ, (γξ)2 − ζδ〉.

15.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ, e3Λ and e4Λ where

e1Λ = sp{e1, β, βξ, βξγ, βξγα},
e2Λ = sp{e2, α, ξ, αβ, ξγ, αβξ, ξγα, αβξγ},
e3Λ = sp{e3, γ, ζ, γα, γξ, ζδ, γαβ},
e4Λ = sp{e4, δ, δζ}.

We have e1Λ

e1

β

βξ

βξγ

βξγα

For e2Λ

e2

QQQQQQQQQ

oooooooo

α ξ

αβ
NNNNNN ξγ

nnnnnnn
PPPPPPP

αβξ
PPPPPP ξγα

nnnnnn

αβξγ

Also e3Λ
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e3

VVVVVVVVVVVVVV

oooooooo

γ

ppppppp
NNNNNNN ζ

²²
²²
²²
²²
²²
²²
²²

γα

NNNNNN γξ

pppppp

γαβ

VVVVVVVVVVVVVV

ζδ

And for e4Λ

e4

δ

δζ

15.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3

and S4.

15.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ βe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

15.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2 + d2α+ d3ξ + d4αβ + d5ξγ + d6αβξ + d7ξγα+

d8αβξγ with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then βe2ν = 0, so β(d1e2 + d2α +

d3ξ + d4αβ + d5ξγ + d6αβξ + d7ξγα + d8αβξγ) = d1β + d3βξ + d5βξγ + d7βξγα = 0

and then d1 = d3 = d5 = d7 = 0. Thus e2ν = d2α + d4αβ + d6αβξ + d8αβξγ.

Hence Ker ∂1 = {d2α + d4αβ + d6αβξ + d8αβξγ : di ∈ K}.

Claim. Ker ∂1 = αe1Λ.

Proof. Let x ∈ Ker ∂1; then x = d2α + d4αβ + d6αβξ + d8αβξγ, that is, x = α(d2e1 +

d4β + d6βξ + d8βξγ). Thus x ∈ αe1Λ and therefore Ker ∂1 ⊆ αe1Λ.

On the other hand, let y = αe1η ∈ αe1Λ. Then from the definition of ∂1, we have

that ∂1(y) = ∂1(αe1η) = βαe1η = 0. Therefore y ∈ Ker ∂1 and so αe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = αe1Λ. ¤

So ∂2 : e1Λ → e2Λ is given by e1η 7→ αe1η, for η ∈ Λ.
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15.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2β + c3βξ + c4βξγ + c5βξγα

with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then αe1η = 0. So αe1η = α(c1e1+c2β+c3βξ+

c4βξγ + c5βξγα) = c1α + c2αβ + c3αβξ + c4αβξγ = 0, that is, c1 = c2 = c3 = c4 = 0.

Thus e1η = c5βξγα. Therefore Ker ∂2 = {c5βξγα : c5 ∈ K}.

Claim. Ker ∂2 = βξγαe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = c5βξγα so u = βξγα(c5e1). Hence u ∈ βξγαe1Λ and

therefore Ker ∂2 ⊆ βξγαe1Λ.

On the other hand, let v = βξγαe1η ∈ βξγαe1Λ. Then, from the definition of ∂2,

we have that∂2(v) = ∂2(βξγαe1η) = αβξγαe1η = 0. Therefore v ∈ Ker ∂2 and then

βξγαe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βξγαe1Λ. ¤

We remark that Ker ∂2 ∼= S1 and then Ω3(S1) ∼= S1.

So the map ∂3 : e1Λ → e1Λ is given by e1η 7→ βξγαe1η, for η ∈ Λ.

15.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) → αe1η + ξe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

15.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2β + c3βξ + c4βξγ + c5βξγα and e3λ =

f1e3 +f2γ +f3ζ +f4γα+f5γξ +f6ζδ+f7γαβ with ci, fi ∈ K. Assume that (e1η, e3λ) ∈
Ker ∂1. Then αe1η+ξe3λ = 0 so αe1η+ξe3λ = α(c1e1+c2β+c3βξ+c4βξγ+c5βξγα)+

ξ(f1e3 + f2γ + f3ζ + f4γα + f5γξ + f6ζδ + f7γαβ) = c1α + c2αβ + c3αβξ + c4αβξγ +

f1ξ + f2ξγ + f4ξγα + f5ξγξ + f7ξγαβ = c1α + c2αβ + (c3 + f5)αβξ + (c4 + f7)αβξγ +

f1ξ + f2ξγ + f4ξγα = 0, that is, c1 = c2 = f1 = f2 = f4 = 0, f5 = −c3, f7 = −c4. Thus

e1η = c3βξ + c4βξγ + c5βξγα and e3λ = f3ζ − c3γξ + f6ζδ − c4γαβ.

Hence Ker ∂1 = {(c3βξ + c4βξγ + c5βξγα, f3ζ − c3γξ + f6ζδ − c4γαβ) : ci, fi ∈ K}.

Claim. Ker ∂1 = (βξ,−γξ)e3Λ + (0, ζ)e4Λ.

Proof. Let x ∈ Ker ∂1; then x = (c3βξ+c4βξγ +c5βξγα, f3ζ−c3γξ+f6ζδ−c4γαβ). So

x = (βξ,−γξ)(c3e3+c4γ+c5γα)+(0, ζ)(f3e4+f6δ). Thus x ∈ (βξ,−γξ)e3Λ+(0, ζ)e4Λ

and therefore Ker ∂1 ⊆ (βξ,−γξ)e3Λ + (0, ζ)e4Λ.

On the other hand, let y = (βξ,−γξ)e3λ + (0, ζ)e4µ ∈ (βξ,−γξ)e3Λ + (0, ζ)e4Λ.

Then, from the definition of ∂1, we have that ∂1(y) = ∂1((βξ,−γξ)e3λ + (0, ζ)e4µ) =
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∂1(βξe3λ,−γξe3λ+ζe4µ) = (αβξ−ξγξ)e3λ+ξζe4µ = 0. So (βξ,−γξ)e3Λ+(0, ζ)e4Λ ⊆
Ker ∂1.

Hence Ker ∂1 = (βξ,−γξ)e3Λ + (0, ζ)e4Λ. ¤

So ∂2 : e3Λ⊕ e4Λ → e1Λ⊕ e3Λ is given by (e3λ, e4µ) 7→ (βξ,−γξ)e3λ+(0, ζ)e4µ, for

λ, µ ∈ Λ.

15.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e3λ = f1e3+f2γ+f3ζ+f4γα+f5γξ+f6ζδ+

f7γαβ and e4µ = t1e4 + t2δ + t3δζ with fi, ti ∈ K. Assume that (e3λ, e4µ) ∈ Ker ∂2.

Then (βξ,−γξ)e3λ+(0, ζ)e4µ = (0, 0). So (βξ,−γξ)e3λ+(0, ζ)e4µ = (βξ,−γξ)(f1e3 +

f2γ + f3ζ + f4γα + f5γξ + f6ζδ + f7γαβ) + (0, ζ)(t1e4 + t2δ + t3δζ) = (f1βξ + f2βξγ +

f4βξγα,−f1γξ−f2γξγ−f5γξγξ)+(0, t1ζ+t2ζδ) = (0, 0), so f1βξ+f2βξγ+f4βξγα = 0,

that is, f1 = f2 = f4 = 0. Also −f1γξ − f2γξγ + t1ζ + (t2 − f5)ζδ = 0 and then

f1 = f2 = t1 = 0 and f5 = t2. Thus e3λ = f3ζ+f5γξ+f6ζδ+f7γαβ and e4µ = f5δ+t3δζ.

Therefore Ker ∂2 = {(f3ζ + f5γξ + f6ζδ + f7γαβ, f5δ + t3δζ) : fi, t3 ∈ K}.

Claim. Ker ∂2 = (γξ, δ)e3Λ + (ζ, 0)e4Λ.

Proof. Let u ∈ Ker ∂2. Then u = (f3ζ + f5γξ + f6ζδ + f7γαβ, f5δ + t3δζ) so u =

(γξ, δ)(f5e3 + f7γ + t3ζ) + (ζ, 0)(f3e4 + f6δ). Hence u ∈ (γξ, δ)e3Λ + (ζ, 0)e4Λ and

therefore Ker ∂2 ⊆ (γξ, δ)e3Λ + (ζ, 0)e4Λ.

On the other hand, let v = (γξ, δ)e3λ + (ζ, 0)e4µ ∈ (γξ, δ)e3Λ + (ζ, 0)e4Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((γξ, δ)e3λ + (ζ, 0)e4µ) = (γξe3λ +

ζe4µ, δe3λ) = (βξ,−γξ)(γξe3λ+ζe4µ)+(0, ζ)(δe3λ) = (βξγξe3λ+βξζe4µ,−γξγξe3λ−
γξζe4µ)+(0, ζδe3λ) = (βξγξe3λ+βξζe4µ,−(γξγξ−ζδ)e3λ−γξζe4µ) = (0, 0). Therefore

v ∈ Ker ∂2 and then (γξ, δ)e3Λ + (ζ, 0)e4Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (γξ, δ)e3Λ + (ζ, 0)e4Λ. ¤

So the map ∂3 : e3Λ⊕e4Λ → e3Λ⊕e4Λ is given by (e3λ, e4µ) 7→ (γξ, δ)e3λ+(ζ, 0)e4µ,

for λ, µ ∈ Λ.

15.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ⊕ e4Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e2Λ⊕ e4Λ → e3Λ is given by (e2ν, e4µ) 7→ γe2ν + ζe4µ, for ν, µ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

15.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e2ν = d1e2 + d2α+ d3ξ + d4αβ + d5ξγ + d6αβξ + d7ξγα+

d8αβξγ and e4µ = t1e4 + t2δ + t3δζ with di, ti ∈ K. Assume that (e2ν, e4µ) ∈ Ker ∂1.
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Then γe2ν+ζe4µ = 0 so γ(d1e2+d2α+d3ξ+d4αβ+d5ξγ+d6αβξ+d7ξγα+d8αβξγ)+

ζ(t1e4 + t2δ + t3δζ) = d1γ + d2γα + d3γξ + d4γαβ + d5γξγ + d6γαβξ + t1ζ + t2ζδ =

d1γ + d2γα + d3γξ + (d4 + d5)γαβ + (d6 + t2)ζδ + t1ζ = 0, that is, d1 = d2 = d3 = t1 =

0, d5 = −d4 and t2 = −d6. Thus e2ν = d4(αβ − ξγ) + d6αβξ + d7ξγα + d8αβξγ and

e4µ = −d6δ + t3δζ.

Hence Ker ∂1 = {(d4(αβ− ξγ)+d6αβξ +d7ξγα+d8αβξγ,−d6δ + t3δζ) : di, t3 ∈ K}.

Claim. Ker ∂1 = (αβ − ξγ, 0)e2Λ + (ξγξ,−δ)e3Λ.

Proof. Let x ∈ Ker ∂1; then x = (d4(αβ− ξγ)+d6αβξ +d7ξγα+d8αβξγ,−d6δ + t3δζ).

So x = (αβ − ξγ, 0)(d4e2 + d6ξ − d7α + d8ξγ) + (ξγξ,−δ)(d6e3 + t3ζ + d8γ). Thus x ∈
(αβ− ξγ, 0)e2Λ+(ξγξ,−δ)e3Λ and therefore Ker ∂1 ⊆ (αβ− ξγ, 0)e2Λ+(ξγξ,−δ)e3Λ.

On the other hand, let y = (αβ − ξγ, 0)e2ν + (ξγξ,−δ)e3λ ∈ (αβ − ξγ, 0)e2Λ +

(ξγξ,−δ)e3Λ. Then, from the definition of ∂1, we have that ∂1(y) = ∂1((αβ−ξγ, 0)e2ν+

(ξγξ,−δ)e3λ) = ∂1((αβ−ξγ)e2ν+ξγξe3λ,−δe3λ) = (γαβ−γξγ)e2ν+(γξγξ−ζδ)e3λ =

0. Therefore y ∈ Ker ∂1 and so (αβ − ξγ, 0)e2Λ + (ξγξ,−δ)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (αβ − ξγ, 0)e2Λ + (ξγξ,−δ)e3Λ. ¤

So ∂2 : e2Λ⊕e3Λ → e2Λ⊕e4Λ is given by (e2ν, e3λ) 7→ (αβ−ξγ, 0)e2ν+(ξγξ,−δ)e3λ,

for ν, λ ∈ Λ.

15.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e2ν = d1e2 + d2α + d3ξ + d4αβ + d5ξγ +

d6αβξ +d7ξγα+d8αβξγ and e3λ = f1e3 +f2γ +f3ζ +f4γα+f5γξ +f6ζδ+f7γαβ with

di, fi ∈ K. Assume that (e2ν, e3λ) ∈ Ker ∂2. Then (αβ − ξγ, 0)e2ν + (ξγξ,−δ)e3λ =

(0, 0). So (αβ−ξγ, 0)e2ν+(ξγξ,−δ)e3λ = (αβ−ξγ, 0)(d1e2+d2α+d3ξ+d4αβ+d5ξγ+

d6αβξ +d7ξγα+d8αβξγ)+(ξγξ,−δ)(f1e3 +f2γ +f3ζ +f4γα+f5γξ +f6ζδ+f7γαβ) =

(d1αβ− d1ξγ− d2ξγα+ d3αβξ− d3ξγξ− d4ξγαβ, 0)+ (f1ξγξ + f2ξγξγ,−f1δ− f3δζ) =

(d1αβ − d1ξγ − d2ξγα − d4ξγαβ + f1ξγξ + f2ξγξγ,−f1δ − f3δζ) = (d1αβ − d1ξγ −
d2ξγα + (f2 − d4)ξγξγ + f1ξγξ,−f1δ− f3δζ) = (0, 0). So d1αβ − d1ξγ − d2ξγα + (f2 −
d4)ξγξγ + f1ξγξ = 0, that is, d1 = d2 = f1 = 0 and f2 = d4. Also −f1δ − f3δζ = 0,

that is, f1 = f3 = 0. Thus e2ν = d3ξ + d4αβ + d5ξγ + d6αβξ + d7ξγα + d8αβξγ and

e3λ = d4γ + f4γα + f5γξ + f6ζδ + f7γαβ. Therefore Ker ∂2 = {(d3ξ + d4αβ + d5ξγ +

d6αβξ + d7ξγα + d8αβξγ, d4γ + f4γα + f5γξ + f6ζδ + f7γαβ) : di, fi ∈ K}.

Claim. Ker ∂2 = (αβ, γ)e2Λ + (ξ, 0)e3Λ.

Proof. Let u ∈ Ker ∂2. Then u = (d3ξ + d4αβ + d5ξγ + d6αβξ + d7ξγα + d8αβξγ, d4γ +

f4γα + f5γξ + f6ζδ + f7γαβ), that is, u = (αβ, γ)(d4e2 + f4α + f5ξ + f6ξγξ + f7αβ) +

(ξ, 0)(d3e3 + d5γ − f5γξ + d6γξ + d7γα + d8γξγ). Hence u ∈ (αβ, γ)e2Λ + (ξ, 0)e3Λ and

therefore Ker ∂2 ⊆ (αβ, γ)e2Λ + (ξ, 0)e3Λ.

On the other hand, let v = (αβ, γ)e2ν + (ξ, 0)e3λ ∈ (αβ, γ)e2Λ + (ξ, 0)e3Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((αβ, γ)e2ν+(ξ, 0)e3λ) = ∂2(αβe2ν+
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ξe3λ, γe2ν) = (αβ − ξγ, 0)(αβe2ν + ξe3λ) + (ξγξ,−δ)(γe2ν) = (αβαβe2ν − ξγαβe2ν +

αβξe3λ − ξγξe3λ, 0) + (ξγξγe2ν,−δγe2ν) = (αβαβe2ν − ξ(γαβ − γξγ)e2ν + (αβξ −
ξγξ)e3λ,−δγe2ν) = (0, 0). Therefore v ∈ Ker ∂2 and then (αβ, γ)e2Λ + (ξ, 0)e3Λ ⊆
Ker ∂2.

Hence Ker ∂2 = (αβ, γ)e2Λ + (ξ, 0)e3Λ. ¤

So the map ∂3 : e2Λ⊕e3Λ → e2Λ⊕e3Λ is given by (e2ν, e3λ) 7→ (αβ, γ)e2ν+(ξ, 0)e3λ,

for ν, λ ∈ Λ.

15.2.10. The minimal projective resolution of the simple Λ-module S4.

The minimal projective resolution of the simple Λ-module S4 starts with:

· · · // e3Λ
∂1

// e4Λ // S4
// 0

where ∂1 : e3Λ → e4Λ is given by e3λ 7→ δe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S4.

15.2.11. Ker ∂1.

To find Ker ∂1 = Ω2(S4). Let e3λ = f1e3 + f2γ + f3ζ + f4γα + f5γξ + f6ζδ + f7γαβ

with fi ∈ K. Assume that e3λ ∈ Ker ∂1. Then δe3λ = 0 so δe3λ = δ(f1e3 + f2γ +

f3ζ + f4γα + f5γξ + f6ζδ + f7γαβ) = f1δ + f3δζ = 0, that is, f1 = f3 = 0. Thus

e3λ = f2γ + f4γα + f5γξ + f6ζδ + f7γαβ.

Hence Ker ∂1 = {f2γ + f4γα + f5γξ + f6ζδ + f7γαβ : fi ∈ K}.

Claim. Ker ∂1 = γe2Λ.

Proof. Let x ∈ Ker ∂1; then x = f2γ + f4γα + f5γξ + f6ζδ + f7γαβ, that is, x =

γ(f2e2 + f4α + f5ξ + f6ξγξ + f7αβ). Thus x ∈ γe2Λ and therefore Ker ∂1 ⊆ γe2Λ. On

the other hand, let y = γe2ν ∈ γe2Λ. Then, from the definition of ∂1, we have that

∂1(y) = ∂1(γe2ν) = δγe2ν = 0. Therefore y ∈ Ker ∂1 and so γe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γe2Λ. ¤

So ∂2 : e2Λ → e3Λ is given by e2ν 7→ γe2ν, for ν ∈ Λ.

15.2.12. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S4). Let e2ν = d1e2 + d2α + d3ξ + d4αβ + d5ξγ +

d6αβξ + d7ξγα + d8αβξγ with di ∈ K. Assume that e2ν ∈ Ker ∂2. Then γe2ν = 0. So

γe2ν = γ(d1e2+d2α+d3ξ+d4αβ+d5ξγ+d6αβξ+d7ξγα+d8αβξγ) = 0. So d1γ+d2γα+

d3γξ+d4γαβ+d5γξγ+d6γαβξ = d1γ+d2γα+d3γξ+(d4 +d5)γαβ+d6γαβξ = 0, that

is, d1 = d2 = d3 = d6 = 0 and d5 = −d4. Thus e2ν = d4αβ − d4ξγ + d7ξγα + d8αβξγ.

Therefore Ker ∂2 = {d4αβ − d4ξγ + d7ξγα + d8αβξγ : di ∈ K}.

Claim. Ker ∂2 = (αβ − ξγ)e2Λ.
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Proof. Let u ∈ Ker ∂2. Then u = d4αβ − d4ξγ + d7ξγα + d8αβξγ, that is, u = (αβ −
ξγ)(d4e2−d7α−d8αβ). Hence u ∈ (αβ− ξγ)e2Λ and therefore Ker ∂2 ⊆ (αβ− ξγ)e2Λ.

On the other hand, let v = (αβ−ξγ)e2ν ∈ (αβ−ξγ)e2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2((αβ−ξγ)e2ν) = (γαβ−γξγ)e2ν = 0. Therefore v ∈ Ker ∂2

and then (αβ − ξγ)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (αβ − ξγ)e2Λ. ¤

So the map ∂3 : e2Λ → e2Λ is given by e2ν 7→ (αβ − ξγ)e2ν, for ν ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ βe2ν,

∂2 : e1η 7→ αe1η,

∂3 : e1η 7→ βξγαe1η,

for η, ν ∈ Λ.

Also the maps for S2 are:

∂1 : (e1η, e3λ) → αe1η + ξe3λ,

∂2 : (e3λ, e4µ) 7→ (βξ,−γξ)e3λ + (0, ζ)e4µ

∂3 : (e3λ, e4µ) 7→ (γξ, δ)e3λ + (ζ, 0)e4µ,

for η, µ, λ ∈ Λ.

And the maps for S3 are:

∂1 : (e2ν, e4µ) 7→ γe2ν + ζe4µ,

∂2 : (e2ν, e3λ) 7→ (αβ − ξγ, 0)e2ν + (ξγξ,−δ)e3λ,

∂3 : (e2ν, e3λ) 7→ (αβ, γ)e2ν + (ξ, 0)e3λ,

for ν, λ, µ ∈ Λ.

Moreover, the maps for S4 are:

∂1 : e3λ 7→ δe3λ,

∂2 : e2ν 7→ γe2ν,

∂3 : e2ν 7→ (αβ − ξγ)e2ν,

for ν, λ ∈ Λ.

15.3. g3 for S1, S2, S3 and S4.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3

// βξγα
∂2

// αβξγα
∂1

// βαβξγα , so βαβξγα ∈ g3.

For S2

(e3, 0) ∂3→ (γξ, δ) ∂2→ (βξ,−γξ)γξ + (0, ζ)δ = (βξγξ,−γξγξ) + (0, ζδ) = (βξγξ,−γξγξ +

ζδ) ∂1→ αβξγξ − ξγξγξ + ξζδ, so αβξγξ − ξγξγξ + ξζδ ∈ g3.

(0, e4)
∂3

// (ζ, 0) ∂2
// (βξ,−γξ)ζ = (βξζ,−γξζ) ∂1

// αβξζ − ξγξζ , so αβξζ−ξγξζ ∈
g3.
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For S3

(e2, 0) ∂3→ (αβ, γ) ∂2→ (αβ − ξγ, 0)αβ + (ξγξ,−δ)γ = (αβαβ − ξγαβ, 0) + (ξγξγ,−δγ) =

(αβαβ− ξγαβ + ξγξγ,−δγ) ∂1→ (γαβαβ−γξγαβ +γξγξγ− ζδγ), so γαβαβ−γξγαβ +

γξγξγ − ζδγ ∈ g3.

(0, e3)
∂3

// (ξ, 0) ∂2
// (αβ − ξγ, 0)ξ = (αβξ − ξγξ, 0) ∂1

// γαβξ − γξγξ , so γαβξ−
γξγξ ∈ g3.

For S4

e2
∂3

// (αβ − ξγ) ∂2
// γαβ − γξγ

∂1
// δγαβ − δγξγ , so δγαβ − δγξγ ∈ g3.

Let g3
1 = βαβξγα,

g3
2 = αβξγξ − ξγξγξ + ξζδ,

g3
3 = αβξζ − ξγξζ,

g3
4 = γαβαβ − γξγαβ + γξγξγ − ζδγ,

g3
5 = γαβξ − γξγξ,

g3
6 = δγαβ − δγξγ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4, g

3
5, g

3
6}.

We know that g2 = {γαβ − γξγ, αβξ − ξγξ, βα, δγ, ξζ, (γξ)2 − ζδ}. Denote

g2
1 = βα,

g2
2 = αβξ − ξγξ,

g2
3 = ξζ,

g2
4 = γαβ − γξγ,

g2
5 = (γξ)2 − ζδ,

g2
6 = δγ.

So we have

g3
1 = g2

1βξγα = βg2
2γα− βξg2

4α + βξγαg2
1,

g3
2 = g2

2γξ + g2
3δ = αg2

1βξ − ξg2
5 − αβg2

2,

g3
3 = g2

2ζ = αβg2
3 − ξγg2

3,

g3
4 = g2

4αβ + g2
5γ = γαg2

1β − γξg2
4 − ζg2

6,

g3
5 = g2

4ξ = γg2
2,

g3
6 = g2

6αβ − g2
6ξγ = δg2

4.

15.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

111



15.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βξγα

e2 ⊗g2
2

e3 7→ j3ξ + j4αβξ

e2 ⊗g2
3

e4 7→ 0
e3 ⊗g2

4
e2 7→ j5γ + j6γαβ

e3 ⊗g2
5

e3 7→ j7e3 + j8γξ + j9ζδ

e4 ⊗g2
6

e2 7→ 0,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

βξγα− β ⊗g2
2

γα + βξ ⊗g2
4

α− βξγα⊗g2
1

e1,

e2 ⊗g3
2

e3 7→ e2 ⊗g2
2

γξ + e2 ⊗g2
3

δ − α⊗g2
1

βξ + ξ ⊗g2
5

e3 + αβ ⊗g2
2

e3,

e2 ⊗g3
3

e4 7→ e2 ⊗g2
2

ζ − αβ ⊗g2
3

e4 + ξγ ⊗g2
3

e4,

e3 ⊗g3
4

e2 7→ e3 ⊗g2
4

αβ + e2 ⊗g2
5

γ − γα⊗g2
1

β + γξ ⊗g2
4

e2 + ζ ⊗g2
6

e2,

e3 ⊗g3
5

e3 7→ e3 ⊗g2
4

ξ − γ ⊗g2
2

e3,

e4 ⊗g3
6

e2 7→ e4 ⊗g2
6

αβ − e4 ⊗g2
6

ξγ − δ ⊗g2
4

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e1) = (j1e1 + j2βξγα)βξγα − β(j3ξ + j4αβξ)γα + βξ(j5γ +

j6γαβ)α− βξγα(j1e1 + j2βξγα) = (−j3 + j5)βξγα = 0 then j5 = j3.

For θd3(e2⊗g3
2
e3) = (j3ξ + j4αβξ)γξ−α(j1e1 + j2βξγα)βξ + ξ(j7e3 + j8γξ + j9ζδ)+

αβ(j3ξ + j4αβξ) = (2j3 − j1 + j8)αβξ + j7ξ = 0, that is, j8 = j1 − 2j3, j7 = 0.

Also θd3(e2 ⊗g3
3

e4) = 0.

And θd3(e3⊗g3
4
e2) = (j5γ+j6γαβ)αβ+(j7e3 +j8γξ+j9ζδ)γ−γα(j1e1 +j2βξγα)β+

γξ(j5γ + j6γαβ) = (2j5 − j1 + j8)γαβ + j7γ = 0, that is, j8 = j1 − 2j5, j7 = 0.

For θd3(e3⊗g3
5
e3) = (j5γ + j6γαβ)ξ−γ(j3ξ + j4αβξ) = (j5− j3)γξ +(j6− j4)ζδ = 0,

that is, j5 = j3, j6 = j4.

Also θd3(e4 ⊗g3
6

e2) = −δ(j5γ + j6γαβ) = 0.

So So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βξγα

e2 ⊗g2
2

e3 7→ j3ξ + j4αβξ

e2 ⊗g2
3

e4 7→ 0
e3 ⊗g2

4
e2 7→ j3γ + j4γαβ

e3 ⊗g2
5

e3 7→ (j1 − 2j3)γξ + j9ζδ

e4 ⊗g2
6

e2 7→ 0.

Hence dim Ker δ2 = 5.

15.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗β e2 → z1β + z2βξγ
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e2 ⊗α e1 → z3α + z4ξγα

e2 ⊗ξ e3 → z5ξ + z6αβξ

e3 ⊗γ e2 → z7γ + z8γαβ

e3 ⊗ζ e4 → z9ζ

e4 ⊗δ e3 → z10δ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by:

e1 ⊗g2
1

e1 7→ e1 ⊗β α + β ⊗α e1

e2 ⊗g2
2

e3 7→ e2 ⊗α βξ + α⊗β ξ + αβ ⊗ξ e3 − e2 ⊗ξ γξ − ξ ⊗γ ξ − ξγ ⊗ξ e3

e2 ⊗g2
3

e4 7→ e2 ⊗ξ ζ + ξ ⊗ζ e4

e3 ⊗g2
4

e2 7→ e3 ⊗γ αβ + γ ⊗α β + γα⊗β e2 − e3 ⊗γ ξγ − γ ⊗ξ γ − γξ ⊗γ e2

e3 ⊗g2
5

e3 7→ e3 ⊗γ ξγξ + γ ⊗ξ γξ + γξ ⊗γ ξ + γξγ ⊗ξ e3 − e3 ⊗ζ δ − ζ ⊗δ e3

e4 ⊗g2
6

e2 7→ e4 ⊗δ γ + δ ⊗γ e2.

Then the map ϕd2 is given by:

ϕd2(e1 ⊗g2
1

e1) = (z1β + z2βξγ)α + β(z3α + z4ξγα) = (z2 + z4)βξγα,

ϕd2(e2 ⊗g2
2

e3) = (z3α + z4ξγα)βξ + α(z1β + z2βξγ)ξ + αβ(z5ξ + z6αβξ) − (z5ξ +

z6αβξ)γξ − ξ(z7γ + z8γαβ)ξ − ξγ(z5ξ + z6αβξ) = (z1 + z3 − z5 − z7)αβξ,

ϕd2(e2 ⊗g2
3

e4) = (z5ξ + z6αβξ)ζ + ξ(z9ζ) = 0,

ϕd2(e3 ⊗g2
4

e2) = (z7γ + z8γαβ)αβ + γ(z3α + z4ξγα)β + γα(z1β + z2βξγ) − (z7γ +

z8γαβ)ξγ − γ(z5ξ + z6αβξ)γ − γξ(z7γ + z8γαβ) = (z1 + z3 − z5 − z7)γαβ,

ϕd2(e3⊗g2
5
e3) = (z7γ+z8γαβ)ξγξ+γ(z5ξ+z6αβξ)γξ+γξ(z7γ+z8γαβ)ξ+γξγ(z5ξ+

z6αβξ)− (z9ζ)δ − ζ(z10δ) = (2z5 + 2z7 − z9 − z10)ζδ.

ϕd2(e4 ⊗g2
6

e2) = (z10δ)γ + δ(z7γ + z8γαβ) = 0.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)βξγα

e2 ⊗g2
2

e3 7→ (z1 + z3 − z5 − z7)αβξ

e2 ⊗g2
3

e4 7→ 0
e3 ⊗g2

4
e2 7→ (z1 + z3 − z5 − z7)γαβ

e3 ⊗g2
5

e3 7→ (2z5 + 2z7 − z9 − z10)ζδ

e4 ⊗g2
6

e2 7→ 0,

where zi ∈ K. Note that if charK = 2 or charK 6= 2 the dim Im δ1 = 3. Therefore

dim Im δ1 = 3.
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15.4.3. HH2(Λ).

From 15.4.1 and 15.4.2 we have that If charK = 2 then dim HH2(Λ) = 2 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e2 ⊗g2
2

e3 7→ d2ξ

e2 ⊗g2
3

e4 7→ 0
e3 ⊗g2

4
e2 7→ d2γ

e3 ⊗g2
5

e3 7→ d1γξ

e4 ⊗g2
6

e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{u,w} where

u : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ γξ

else 7→ 0,

w : P 2 → Λ
e2 ⊗g2

2
e3 7→ ξ

e3 ⊗g2
4

e2 7→ γ

else 7→ 0.

If charK 6= 2 then dim HH2(Λ) = 2 and

HH2(Λ) =





P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e2 ⊗g2
2

e3 7→ d2ξ

e2 ⊗g2
3

e4 7→ 0
e3 ⊗g2

4
e2 7→ d2γ

e3 ⊗g2
5

e3 7→ (d1 − 2d2)γξ

e4 ⊗g2
6

e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ γξ

else 7→ 0,

y : P 2 → Λ
e2 ⊗g2

2
e3 7→ ξ

e3 ⊗g2
4

e2 7→ γ

e3 ⊗g2
5

e3 7→ −1
2γξ

else 7→ 0.
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16. The algebra A12

Definition 16.1. [5] Let A12 be the algebra KQ/I where Q is the quiver

2
γ

ÁÁ>
>>

>>
>>

1
δ //

α
@@¡¡¡¡¡¡¡

3
β

oo

and

I = 〈δβδ − αγ, γβα, (βδ)3β〉.

16.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ and e3Λ where

e1Λ = sp{e1, α, δ, δβ, δβδ, δβδβ, δβα, δβδβδ, δβδβδβ},
e2Λ = sp{e2, γ, γβ, γβδ, γβδβ, γβδβα},
e3Λ = sp{e3, β, βα, βδ, βαγ, βδβ, βδβα, βαγβ, βαγβδ}.

So we have for e1Λ

e1

JJJJJJJJJJJ

sssssssssss

α δ

δβ

jjjjjjjjjjjjjjjjjjjjj

δβδ δβα

©©
©©

©©
©©

©©
©©

©©
©©

δβδβ

JJJJJJJJJ

δβδβδ

δβδβδβ

For e2Λ
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e2

γ

γβ

γβδ

γβδβ

γβδβα

Also e3Λ

e3

β

IIIIIIIIIII

ttttttttttt

βα βδ

βδβ

jjjjjjjjjjjjjjjjjjjj

βαγ βδβα

¨̈
¨̈

¨̈
¨̈

¨̈
¨̈

¨̈
¨̈

¨

βαγβ

JJJJJJJJJ

βαγβδ

16.2. The minimal projective resolutions of the simple Λ-modules S1, S2 and

S3.

16.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ⊕ e3Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ⊕ e3Λ → e1Λ is given by (e2ν, e3λ) 7→ αe2ν + δe3λ, for ν, λ ∈ Λ.
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Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

16.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2 + d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα

and e3λ = f1e3 + f2β + f3βα + f4βδ + f5βαγ + f6βδβ + f7βδβα + f8βαγβ + f9βαγβδ

with di, fi ∈ K. Assume that (e2ν, e3λ) ∈ Ker ∂1. Then αe2ν + δe3λ = 0, so α(d1e2 +

d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα) + δ(f1e3 + f2β + f3βα + f4βδ + f5βαγ +

f6βδβ + f7βδβα + f8βαγβ + f9βαγβδ) = d1α + d2αγ + d3αγβ + d4αγβδ + d5αγβδβ +

f1δ + f2δβ + f3δβα + f4δβδ + f5δβαγ + f6δβδβ + f8δβαγβ = d1α + (d2 + f4)αγ +

(d3 + f6)αγβ + (d4 + f5)αγβδ + (d5 + f8)αγβδβ + f1δ + f2δβ + f3δβα = 0 and then

d1 = f1 = f2 = f3 = 0, d2 + f4 = 0, d3 + f6 = 0, d4 + f5 = 0, and d5 + f8 = 0, so

f4 = −d2, f6 = −d3, f5 = −d4, and f8 = −d5. Thus e2ν = d2γ + d3γβ + d4γβδ +

d5γβδβ +d6γβδβα and e3λ = −d2βδ−d3βδβ−d4βαγ−d5βαγβ + f7βδβα+ f9βαγβδ.

Hence Ker ∂1 = {(d2γ+d3γβ+d4γβδ+d5γβδβ+d6γβδβα,−d2βδ−d3βδβ−d4βαγ−
d5βαγβ + f7βδβα + f9βαγβδ) : di, fi ∈ K}.

Claim. Ker ∂1 = (−γ, βδ)e3Λ.

Proof. Let x ∈ Ker ∂1. Then x = (d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα,−d2βδ −
d3βδβ − d4βαγ − d5βαγβ + f7βδβα + f9βαγβδ), that is, x = (−γ, βδ)(−d2e3 − d3β −
d4βδ−d5βδβ−d6βδβα+f7βα+f9βδβδ). Thus x ∈ (−γ, βδ)e3Λ and therefore Ker ∂1 ⊆
(−γ, βδ)e3Λ.

On the other hand, let y = (−γ, βδ)e3λ ∈ (−γ, βδ)e3Λ. Then from the definition of

∂1, we have that ∂1(y) = ∂1((−γ, βδ)e3λ) = (−αγ + δβδ)e3λ = 0. Therefore y ∈ Ker ∂1

and so (−γ, βδ)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (−γ, βδ)e3Λ. ¤

So ∂2 : e3Λ → e2Λ⊕ e3Λ is given by e3λ 7→ (−γ, βδ)e3λ, for λ ∈ Λ.

16.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e3λ = f1e3 + f2β + f3βα + f4βδ + f5βαγ +

f6βδβ + f7βδβα + f8βαγβ + f9βαγβδ with fi ∈ K. Assume that e3λ ∈ Ker ∂2. Then

(−γ, βδ)e3λ = 0. So (−γ, βδ)e3λ = (−γ, βδ)(f1e3+f2β+f3βα+f4βδ+f5βαγ+f6βδβ+

f7βδβα + f8βαγβ + f9βαγβδ) = (−f1γ − f2γβ − f4γβδ − f6γβδβ − f7γβδβα, f1βδ +

f2βδβ+f3βδβα+f4βδβδ+f5βδβαγ+f6βδβδβ) = (0, 0), that is, −f1γ−f2γβ−f4γβδ−
f6γβδβ − f7γβδβα = 0 and then f1 = f2 = f4 = f6 = f7 = 0. Also f1βδ + f2βδβ +

f3βδβα+f4βδβδ+f5βδβαγ +f6βδβδβ = 0 and then f1 = f2 = f3 = f4 = f5 = f6 = 0.

Thus e3λ = f8βαγβ + f9βαγβδ. Therefore Ker ∂2 = {f8βαγβ + f9βαγβδ : f8, f9 ∈ K}.

Claim. Ker ∂2 = βαγβe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = f8βαγβ + f9βαγβδ so u = βαγβ(f8e1 + f9δ). Hence

u ∈ βαγβe1Λ and therefore Ker ∂2 ⊆ βαγβe1Λ.
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On the other hand, let v = βαγβe1η ∈ βαγβe1Λ. Then, from the definition of ∂2, we

have that ∂2(v) = ∂2(βαγβe1η) = (γ,−βδ)βαγβe1η = (γβαγβ,−βδβαγβ)e1η = (0, 0).

Therefore v ∈ Ker ∂2 and then βαγβe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βαγβe1Λ. ¤

So the map ∂3 : e1Λ → e3Λ is given by e1η 7→ βαγβe1η, for η ∈ Λ.

16.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e3Λ → e2Λ is given by e3λ → γe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

16.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e3λ = f1e3 + f2β + f3βα + f4βδ + f5βαγ + f6βδβ +

f7βδβα + f8βαγβ + f9βαγβδ with fi ∈ K. Assume that e3λ ∈ Ker ∂1. Then γe3λ = 0

so γe3λ = γ(f1e3+f2β+f3βα+f4βδ+f5βαγ+f6βδβ+f7βδβα+f8βαγβ+f9βαγβδ) =

f1γ + f2γβ + f4γβδ + f6γβδβ + f7γβδβα = 0, that is, f1 = f2 = f4 = f6 = f7 = 0.

Thus e3λ = f3βα + f5βαγ + f8βαγβ + f9βαγβδ.

Hence Ker ∂1 = {f3βα + f5βαγ + f8βαγβ + f9βαγβδ : fi ∈ K}.

Claim. Ker ∂1 = βαe2Λ.

Proof. Let x ∈ Ker ∂1. Then x = f3βα+f5βαγ+f8βαγβ+f9βαγβδ. So x = βα(f3e2 +

f5γ + f8γβ + f9γβδ). Thus x ∈ βαe2Λ and therefore Ker ∂1 ⊆ βαe2Λ.

On the other hand, let y = βαe2ν ∈ βαe2Λ. Then, from the definition of ∂1, we have

that ∂1(y) = ∂1(βαe2ν) = γβαe2ν = 0. Therefore y ∈ Ker ∂1 and then βαe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = βαe2Λ. ¤

So ∂2 : e2Λ → e3Λ is given by e2ν 7→ βαe2ν, for ν ∈ Λ.

16.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e2ν = d1e2 +d2γ +d3γβ +d4γβδ+d5γβδβ +

d6γβδβα with di ∈ K. Assume that e2ν ∈ Ker ∂2. Then βαe2ν = 0. So βαe2ν =

βα(d1e2 + d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα) = d1βα + d2βαγ + d3βαγβ +

d4βαγβδ = 0, that is, d1 = d2 = d3 = d4 = 0. Thus e2ν = d5γβδβ+d6γβδβα. Therefore

Ker ∂2 = {d5γβδβ + d6γβδβα : di ∈ K}.

Claim. Ker ∂2 = γβδβe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = d5γβδβ + d6γβδβα so u = γβδβ(d5e1 + d6α). Hence

u ∈ γβδβe1Λ and therefore Ker ∂2 ⊆ γβδβe1Λ.
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On the other hand, let v = γβδβe1η ∈ γβδβe1Λ. Then, from the definition of ∂2,

we have that ∂2(v) = ∂2(γβδβe1η) = βαγβδβe1η = 0. Therefore v ∈ Ker ∂2 and then

γβδβe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = γβδβe1Λ. ¤

So the map ∂3 : e1Λ → e2Λ is given by e1η 7→ γβδβe1η, for η ∈ Λ.

16.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e1Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e1Λ → e3Λ is given by e1η 7→ βe1η, for η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

16.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e1η = c1e1 + c2α + c3δ + c4δβ + c5δβδ + c6δβδβ +

c7δβα + c8δβδβδ + c9δβδβδβ with ci ∈ K. Assume that e1η ∈ Ker ∂1. Then βe1η = 0

so β(c1e1 + c2α + c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ + c9δβδβδβ) =

c1β + c2βα + c3βδ + c4βδβ + c5βδβδ + c6βδβδβ + c7βδβα + c8βδβδβδ = 0, that is,

c1 = c2 = c3 = c4 = c5 = c6 = c7 = c8 = 0. Thus e1η = c9δβδβδβ.

Hence Ker ∂1 = {c9δβδβδβ : c9 ∈ K}.

Claim. Ker ∂1 = δβδβδβe1Λ.

Proof. Let x ∈ Ker ∂1. Then x = c9δβδβδβ. So x = δβδβδβ(c9e1). Thus x ∈ δβδβδβe1Λ

and therefore Ker ∂1 ⊆ δβδβδβe1Λ.

On the other hand, let y = δβδβδβe1η ∈ δβδβδβe1Λ. Then, from the definition of

∂1, we have that ∂1(y) = ∂1(δβδβδβe1η) = βδβδβδβe1η = βδβδβδβe1η = 0. Therefore

y ∈ Ker ∂1 and so δβδβδβe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = δβδβδβe1Λ. ¤

So ∂2 : e1Λ → e1Λ is given by e1η 7→ δβδβδβe1η, for η ∈ Λ.

Note that Ker ∂1 ∼= Ω2(S3) and then Ω2(S3) ∼= S1.

16.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e1η = c1e1 + c2α + c3δ + c4δβ + c5δβδ +

c6δβδβ + c7δβα + c8δβδβδ + c9δβδβδβ with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then

δβδβδβe1η = 0. So δβδβδβe1η = δβδβδβ(c1e1 + c2α + c3δ + c4δβ + c5αγ + c6αγβ +

c7δβα + c8αγβδ + c9αγβδβ) = c1δβδβδβ = 0, that is, c1 = 0. Thus e1η = c2α + c3δ +

c4δβ + c5αγ + c6αγβ + c7δβα + c8αγβδ + c9αγβδβ. Therefore Ker ∂2 = {c2α + c3δ +

c4δβ + c5αγ + c6αγβ + c7δβα + c8αγβδ + c9αγβδβ : ci ∈ K}.

Claim. Ker ∂2 = αe2Λ + δe3Λ.
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Proof. Let u ∈ Ker ∂2. Then u = c2α + c3δ + c4δβ + c5αγ + c6αγβ + c7δβα + c8αγβδ +

c9αγβδβ, that is, u = α(c2e2 + c5γ + c6γβ + c8γβδ + c9γβδβ) + δ(c3e3 + c4β + c7βα).

Hence u ∈ αe2Λ + δe3Λ and therefore Ker ∂2 ⊆ αe2Λ + δe3Λ.

On the other hand, let v = αe2ν + δe3λ ∈ αe2Λ + δe3Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2(αe2ν + δe3λ) = δβδβδβαe2ν + δβδβδβδe3λ = 0. Therefore

v ∈ Ker ∂2 and then αe2Λ + δe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = αe2Λ + δe3Λ. ¤

So the map ∂3 : e2Λ⊕ e3Λ → e1Λ is given by (e2ν, e3λ) 7→ αe2ν + δe3λ, for ν, λ ∈ Λ.

Thus the maps for S1 are:

∂1 : (e2ν, e3λ) 7→ αe2ν + δe3λ,

∂2 : e3λ 7→ (−γ, βδ)e3λ,

∂3 : e1η 7→ βαγβe1η,

for η, ν, λ ∈ Λ.

Also the maps for S2 are:

∂1 : e3λ → γe3λ,

∂2 : e2ν 7→ βαe2ν

∂3 : e1η 7→ γβδβe1η,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : e1η 7→ βe1η,

∂2 : e1η 7→ δβδβδβe1η,

∂3 : (e2ν, e3λ) 7→ αe2ν + δe3λ,

for η, ν, λ ∈ Λ.

16.3. g3 for S1, S2 and S3.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e1
∂3

// βαγβ
∂2

// (−γ, βδ)βαγβ = (−γβαγβ, βδβαγβ) ∂1
// −αγβαγβ + δβδβαγβ ,

so −αγβαγβ + δβδβαγβ ∈ g3.

For S2

e1
∂3

// γβδβ
∂2

// βαγβδβ
∂1

// γβαγβδβ , so γβαγβδβ ∈ g3.

For S3

(e2, 0) ∂3
// α

∂2
// δβδβδβα

∂1
// βδβδβδβα , so βδβδβδβα ∈ g3.

(0, e3)
∂3

// δ
∂2

// δβδβδβδ
∂1

// βδβδβδβδ , so βδβδβδβδ ∈ g3.

Let g3
1 = −αγβαγβ + δβδβαγβ,

g3
2 = γβαγβδβ,
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g3
3 = βδβδβδβα,

g3
4 = βδβδβδβδ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4}.

We know that g2 = {δβδ − αγ, γβα, (βδ)3β}. Denote

g2
1 = δβδ − αγ,

g2
2 = γβα,

g2
3 = (βδ)3β.

So we have

g3
1 = g2

1βαγβ = −αg2
2γβ − δβδβg2

1β + δg2
3,

g3
2 = g2

2γβδβ = −γβg2
1βδβ + γg2

3,

g3
3 = g2

3α = βδβg2
1βα + βδβαg2

2,

g3
4 = g2

3δ = βg2
1βαγ + βαg2

2γ + βδβδβg2
1.

16.3.1. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

16.3.2. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1δ + j2δβδ + j3δβδβδ

e2 ⊗g2
2

e2 7→ j4e2 + j5γβδβα

e3 ⊗g2
3

e1 7→ j6β + j7βδβ + j8βαγβ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

βαγβ + α⊗g2
2

γβ + δβδβ ⊗g2
1

β − δ ⊗g2
3

e1,

e2 ⊗g3
2

e1 7→ e2 ⊗g2
2

γβδβ + γβ ⊗g2
1

βδβ − γ ⊗g2
3

e1,

e3 ⊗g3
3

e2 7→ e3 ⊗g2
3

α− βδβ ⊗g2
1

βα− βδβα⊗g2
2

e2,

e3 ⊗g3
4

e3 7→ e3 ⊗g2
3

δ − β ⊗g2
1

βαγ − βα⊗g2
2

γ − βδβδβ ⊗g2
1

e3.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e1) = (j1δ + j2δβδ + j3δβδβδ)βαγβ + α(j4e2 + j5γβδβα)γβ +

δβδβ(j1δ + j2δβδ + j3δβδβδ)β − δ(j6β + j7βδβ + j8βαγβ) = (2j1− j8)δβαγβ + (−j7 +

j4)δβδβ − j6δβ = 0 then j8 = 2j1, j7 = j4 and j6 = 0.

For θd3(e2⊗g3
2
e1) = (j4e2+j5γβδβα)γβδβ+γβ(j1δ+j2δβδ+j3δβδβδ)βδβ−γ(j6β+

j7βδβ + j8βαγβ) = (j4 − j7)γβδβ − j6γβ = 0, that is, j7 = j4 and j6 = 0.
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Also θd3(e3 ⊗g3
3

e2) = (j6β + j7βδβ + j8βαγβ)α− βδβ(j1δ + j2δβδ + j3δβδβδ)βα−
βδβα(j4e2 + j5γβδβα) = j6βα + (−j4 + j7)βδβα = 0 then j7 = j4 and j6 = 0.

And θd3(e3 ⊗g3
4

e3) = (j6β + j7βδβ + j8βαγβ)δ − β(j1δ + j2δβδ + j3δβδβδ)βαγ −
βα(j4e2 + j5γβδβα)γ − βδβδβ(j1δ + j2δβδ + j3δβδβδ) = (−2j1 + j8)βαγβδ + (−j4 +

j7)βαγ + j6βδ = 0, that is, j6 = 0, j7 = j4 and j8 = 2j1.

So

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1δ + j2δβδ + j3δβδβδ

e2 ⊗g2
2

e2 7→ j4e2 + j5γβδβα

e3 ⊗g2
3

e1 7→ j4βδβ + 2j1βαγβ





.

Now we will consider two cases if charK = 2 and if charK 6= 2.

If charK = 2 then dim Ker δ2 = 5 and we have

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1δ + j2δβδ + j3δβδβδ

e2 ⊗g2
2

e2 7→ j4e2 + j5γβδβα

e3 ⊗g2
3

e1 7→ j4βδβ





.

If charK 6= 2 then dim Ker δ2 = 5 and we have

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ j1δ + j2δβδ + j3δβδβδ

e2 ⊗g2
2

e2 7→ j4e2 + j5γβδβα

e3 ⊗g2
3

e1 7→ j4βδβ + 2j1βαγβ





.

16.3.3. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e2 → z1α + z2δβα

e1 ⊗δ e3 → z3δ + z4δβδ + z5δβδβδ

e2 ⊗γ e3 → z6γ + z7γβδ

e3 ⊗β e1 → z8β + z9βδβ + z10βαγβ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e3 7→ e1 ⊗δ βδ + δ ⊗β δ + δβ ⊗δ e3 − e1 ⊗α γ − α⊗γ e3

e2 ⊗g2
2

e2 7→ e2 ⊗γ βα + γ ⊗β α + γβ ⊗α e2

e3⊗g2
3
e1 7→ e3⊗β δβδβδβ + β⊗δ βδβδβ + βδ⊗β δβδβ + βδβ⊗δ βδβ + βδβδ⊗β δβ +

βδβδβ ⊗δ β + βδβδβδ ⊗β e1.

Then the map ϕd2 is given by

ϕd2(e1⊗g2
1
e3) = (z3δ + z4δβδ + z5δβδβδ)βδ + δ(z8β + z9βδβ + z10βαγβ)δ + δβ(z3δ +

z4δβδ + z5δβδβδ) − (z1α + z2δβα)γ − α(z6γ + z7γβδ) = (−z1 + 2z3 − z6 + z8)δβδ +

(−z2 + 2z4 − z7 + z9)δβδβδ,

ϕd2(e2⊗g2
2
e2) = (z6γ +z7γβδ)βα+γ(z8β +z9βδβ +z10βαγβ)α+γβ(z1α+z2δβα) =

(z2 + z7 + z9)γβδβα
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ϕd2(e3⊗g2
3
e1) = (z8β+z9βδβ+z10βαγβ)δβδβδβ+β(z3δ+z4δβδ+z5δβδβδ)βδβδβ+

βδ(z8β+z9βδβ+z10βαγβ)δβδβ+βδβ(z3δ+z4δβδ+z5δβδβδ)βδβ+βδβδ(z8β+z9βδβ+

z10βαγβ)δβ + βδβδβ(z3δ + z4δβδ + z5δβδβδ)β + βδβδβδ(z8β + z9βδβ + z10βαγβ) = 0.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e3 7→ (−z1 + 2z3 − z6 + z8)δβδ + (−z2 + 2z4 − z7 + z9)δβδβδ

e2 ⊗g2
2

e2 7→ (z2 + z7 + z9)γβδβα

e3 ⊗g2
3

e1 7→ 0,

where zi ∈ K.

Note that if charK = 2 then dim Im δ1 = 2 and

Im δ1 =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ (z1 + z6 + z8)δβδ + (z2 + z7 + z9)δβδβδ

e2 ⊗g2
2

e2 7→ (z2 + z7 + z9)γβδβα

e3 ⊗g2
3

e1 7→ 0





.

If charK 6= 2 then dim Im δ1 = 3 and

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e3 7→ (−z1 + 2z3 − z6 + z8)δβδ + (−z2 + 2z4 − z7 + z9)δβδβδ

e2 ⊗g2
2

e2 7→ (z2 + z7 + z9)γβδβα

e3 ⊗g2
3

e1 7→ 0





.

16.3.4. HH2(Λ).

From 16.3.2 and 16.3.3 we have if charK = 2 then dim HH2(Λ) = 3 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ d1δ + d2δβδβδ

e2 ⊗g2
2

e2 7→ d3e2

e3 ⊗g2
3

e1 7→ d3βδβ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e3 7→ δ

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e3 7→ δβδβδ

else 7→ 0,

z : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

e3 ⊗g2
3

e1 7→ βδβ

else 7→ 0.

Note that y represents the same element of HH2(Λ) as

z : P 2 → Λ
e2 ⊗g2

2
e2 7→ −γβδβα

else 7→ 0.
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If charK 6= 2 then dim HH2(Λ) = 2 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e3 7→ d1δ

e2 ⊗g2
2

e2 7→ d2e2

e3 ⊗g2
3

e1 7→ d2βδβ + 2d1βαγβ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e3 7→ δ

e3 ⊗g2
3

e1 7→ 1
2βαγβ

else 7→ 0,

y : P 2 → Λ
e2 ⊗g2

2
e2 7→ e2

e3 ⊗g2
3

e1 7→ βδβ

else 7→ 0.
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17. The algebra A13

Definition 17.1. [5] Let A13 be the algebra KQ/I where Q is the quiver

1
β // 2

α

»» δ //
γ

oo 3
σ

oo

and

I = 〈α2 − γβ, α3 − δσ, βδ, βγ, σγ, αδ, σα〉.

17.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ and e3Λ where

e1Λ = sp{e1, β, βα, βαγ},
e2Λ = sp{e2, γ, δ, α, αγ, α2, α3},
e3Λ = sp{e3, σ, σδ}.

So we have for e1Λ

e1

β

βα

βαγ

For e2Λ

e2

NNNNNNNNNNNNN

nnnnnnnnnnnnnnnn

γ

@@
@@

@@
@@

α

||
||

||
||

δ

££
££

££
££

££
££

££
££

££

α2

BB
BB

BB
BB

αγ

α3

Also e3Λ
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e3

σ

σδ

It can be seen that rad e2Λ/ soc e2Λ has a simple direct summand (isomorphic to

S3). This shows that the simple module S3 does not lie at the end of a component of

the stable Auslander-Reiten quiver.

17.2. The minimal projective resolutions of the simple Λ-modules S1, S2 and

S3.

17.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ βe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

17.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2 + d2γ + d3δ + d4α + d5αγ + d6α
2 + d7α

3 with

di ∈ K. Assume that e2ν ∈ Ker ∂1. Then βe2ν = 0, so β(d1e2 + d2γ + d3δ + d4α +

d5αγ + d6α
2 + d7α

3) = d1β + d4βα + d5βαγ = 0 and then d1 = d4 = d5 = 0. Thus

e2ν = d2γ + d3δ + d6α
2 + d7α

3.

Hence Ker ∂1 = {d2γ + d3δ + d6α
2 + d7α

3 : di ∈ K}.

Claim. Ker ∂1 = γe1Λ + δe3Λ.

Proof. Let x ∈ Ker ∂1. Then x = d2γ + d3δ + d6α
2 + d7α

3, that is, x = γ(d2e1 + d6β) +

δ(d3e3 + d7σ). Thus x ∈ γe1Λ + δe3Λ and therefore Ker ∂1 ⊆ γe1Λ + δe3Λ.

On the other hand, let y = γe1η + δe3λ ∈ γe1Λ + δe3Λ. Then from the definition of

∂1, we have that ∂1(y) = ∂1(γe1η + δe3λ) = βγe1η + βδe3λ = 0. Therefore y ∈ Ker ∂1

and so γe1Λ + δe3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γe1Λ + δe3Λ. ¤

So ∂2 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) 7→ γe1η + δe3λ, for η, λ ∈ Λ.
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17.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2β + c3βα + c4βαγ and e3λ =

f1e3+f2σ+f3σδ with ci, fi ∈ K. Assume that (e1η, e3λ) ∈ Ker ∂2. Then γe1η+δe3λ = 0.

So γe1η + δe3λ = γ(c1e1 + c2β + c3βα + c4βαγ) + δ(f1e3 + f2σ + f3σδ) = c1γ + c2γβ +

c3γβα + f1δ + f2δσ = 0, that is, c1 = c2 = f1 = 0, f2 = −c3. Thus e1η = c3βα + c4βαγ

and e3λ = −c3σ+f3σδ. Therefore Ker ∂2 = {(c3βα+c4βαγ,−c3σ+f3σδ) : ci, f3 ∈ K}.

Claim. Ker ∂2 = (βα,−σ)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c3βα + c4βαγ,−c3σ + f3σδ) so u = (βα,−σ)(c3e2 +

c4γ − f3δ). Hence u ∈ (βα,−σ)e2Λ and therefore Ker ∂2 ⊆ (βα,−σ)e2Λ.

On the other hand, let v = (βα,−σ)e2ν ∈ (βα,−σ)e2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2((βα,−σ)e2ν) = (γβα− δσ)e2ν = 0. Therefore v ∈ Ker ∂2

and then (βα,−σ)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (βα,−σ)e2Λ. ¤

So the map ∂3 : e2Λ → e1Λ⊕ e3Λ is given by e2ν 7→ (βα,−σ)e2ν, for ν ∈ Λ.

17.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ⊕ e2Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ⊕ e2Λ⊕ e3Λ → e2Λ is given by (e1η, e2ν, e3λ) → γe1η +αe2ν + δe3λ, for

η, ν, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

17.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2β + c3βα + c4βαγ, e2ν = d1e2 + d2γ +

d3δ +d4α+d5αγ +d6α
2 +d7α

3 and e3λ = f1e3 +f2σ+f3σδ with ci, di, fi ∈ K. Assume

that (e1η, e2ν, e3λ) ∈ Ker ∂1. Then γe1η + αe2ν + δe3λ = 0 so γe1η + αe2ν + δe3λ =

γ(c1e1+c2β+c3βα+c4βαγ)+α(d1e2+d2γ+d3δ+d4α+d5αγ+d6α
2+d7α

3)+δ(f1e3+

f2σ+f3σδ) = c1γ +c2γβ+c3γβα+d1α+d2αγ +d4α
2 +d6α

3 +f1δ+f2δσ = c1γ +(c2 +

d4)α2+(c3+d6+f2)α3+d1α+d2αγ+f1δ = 0, that is, c1 = d1 = d2 = f1 = 0, d4 = −c2

and f2 = −c3−d6. Thus e1η = c2β+c3βα+c4βαγ, e2ν = d3δ−c2α+d5αγ+d6α
2+d7α

3

and e3λ = −(c3 + d6)σ + f3σδ.

Hence Ker ∂1 = {(c2β + c3βα+ c4βαγ, d3δ− c2α+d5αγ +d6α
2 +d7α

3,−(c3 +d6)σ +

f3σδ) : ci, di, f3 ∈ K}.

Claim. Ker ∂1 = (−β, α, 0)e2Λ + (0, α2,−σ)e2Λ + (0, δ, 0)e3Λ.

Proof. Let x ∈ Ker ∂1. Then x = (c2β + c3βα + c4βαγ, d3δ − c2α + d5αγ + d6α
2 +

d7α
3,−(c3 + d6)σ + f3σδ). So x = (−β, α, 0)(−c2e2 − c3α − c4αγ + d5γ + d7α

2) +
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(0, α2,−σ)((c3+d6)e2−f3δ)+(0, δ, 0)(d3e3). Thus x ∈ (−β, α, 0)e2Λ+(0, α2,−σ)e2Λ+

(0, δ, 0)e3Λ and therefore Ker ∂1 ⊆ (−β, α, 0)e2Λ + (0, α2,−σ)e2Λ + (0, δ, 0)e3Λ.

On the other hand, let y = (−β, α, 0)e2ν+(0, α2,−σ)e2ν+(0, δ, 0)e3λ ∈ (−β, α, 0)e2Λ

+ (0, α2,−σ)e2Λ + (0, δ, 0)e3Λ. Then, from the definition of ∂1, we have that ∂1(y) =

∂1((−β, α, 0)e2ν+(0, α2,−σ)e2ν+(0, δ, 0)e3λ) = (−γβ+α2)e2ν+(α3−δσ)e2ν+αδe3λ =

0. Thus y ∈ Ker ∂1 and then (−β, α, 0)e2Λ + (0, α2,−σ)e2Λ + (0, δ, 0)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (−β, α, 0)e2Λ + (0, α2,−σ)e2Λ + (0, δ, 0)e3Λ. ¤

So ∂2 : e2Λ⊕e2Λ⊕e3Λ → e1Λ⊕e2Λ⊕e3Λ is given by (e2ν, e2ν, e3λ) 7→ (−β, α, 0)e2ν+

(0, α2,−σ)e2ν + (0, δ, 0)e3λ, for ν, λ ∈ Λ.

17.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e2ν = d1e2 + d2γ + d3δ + d4α + d5αγ +

d6α
2 +d7α

3 and e3λ = f1e3 + f2σ + f3σδ with di, fi ∈ K. Assume that (e2ν, e2ν, e3λ) ∈
Ker ∂2. Then (−β, α, 0)e2ν + (0, α2,−σ)e2ν + (0, δ, 0)e3λ = (0, 0, 0). So (−β, α, 0)e2ν +

(0, α2,−σ)e2ν +(0, δ, 0)e3λ = (−β, α, 0)(d1e2 +d2γ +d3δ+d4α+d5αγ +d6α
2 +d7α

3)+

(0, α2,−σ)(d1e2 +d2γ +d3δ +d4α+d5αγ +d6α
2 +d7α

3)+(0, δ, 0)(f1e3 +f2σ+f3σδ) =

(−d1β− d4βα− d5βαγ, d1α+ d2αγ + d4α
2 + d6α

3, 0)+ (0, d1α
2 + d4α

3,−d1σ− d3σδ)+

(0, f1δ+f2δσ, 0) = (−d1β−d4βα−d5βαγ, d1α+d2αγ+d4α
2+d6α

3+d1α
2+d4α

3+f1δ+

f2δσ,−d1σ− d3σδ) = (0, 0, 0). So −d1β−d4βα−d5βαγ = 0, that is, d1 = d4 = d5 = 0.

Also d1α+d2αγ+d4α
2+d6α

3+d1α
2+d4α

3+f1δ+f2δσ = 0, that is, d1 = d2 = d4 = f1 =

0, f2 = −d6. And for −d1σ − d3σδ = 0, that is, d1 = d3 = 0. Thus e2ν = d6α
2 + d7α

3

and e3λ = −d6σ + f3σδ. Therefore Ker ∂2 = {(d6α
2 + d7α

3,−d6σ + f3σδ) : di, f3 ∈ K}.

Claim. Ker ∂2 = (α2,−σ)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (d6α
2 + d7α

3,−d6σ + f3σδ) so u = (α2,−σ)(d6e2 +

d7α− f3δ). Hence u ∈ (α2,−σ)e2Λ and therefore Ker ∂2 ⊆ (α2,−σ)e2Λ.

On the other hand, let v = (α2,−σ)e2ν ∈ (α2,−σ)e2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2((α2,−σ)e2ν) = (−βα2, α4+(α3−δσ),−σα2)e2ν = (0, 0, 0).

Therefore v ∈ Ker ∂2 and then (α2,−σ)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α2,−σ)e2Λ. ¤

So the map ∂3 : e2Λ → e2Λ⊕ e2Λ⊕ e3Λ is given by e2ν 7→ (α2,−σ)e2ν, for ν ∈ Λ.

17.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e2Λ → e3Λ is given by e2ν 7→ σe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.
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17.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e2ν = d1e2 + d2γ + d3δ + d4α + d5αγ + d6α
2 + d7α

3

with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then σe2ν = 0 so σ(d1e2 + d2γ + d3δ +

d4α + d5αγ + d6α
2 + d7α

3) = d1σ + d3σδ = 0, that is, d1 = d3 = 0. Thus e2ν =

d2γ + d4α + d5αγ + d6α
2 + d7α

3.

Hence Ker ∂1 = {d2γ + d4α + d5αγ + d6α
2 + d7α

3 : di ∈ K}.

Claim. Ker ∂1 = γe1Λ + αe2Λ.

Proof. Let x ∈ Ker ∂1. Then x = d2γ + d4α + d5αγ + d6α
2 + d7α

3. So x = γ(d2e1) +

α(d4e2 +d5γ+d6α+d7α
2). Thus x ∈ γe1Λ+αe2Λ and therefore Ker ∂1 ⊆ γe1Λ+αe2Λ.

On the other hand, let y = γe1η +αe2ν ∈ γe1Λ+αe2Λ. Then, from the definition of

∂1, we have that ∂1(y) = ∂1(γe1η + αe2ν) = σγe1η + σαe2ν = 0. Therefore y ∈ Ker ∂1

and so γe1Λ + αe2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = γe1Λ + αe2Λ. ¤

So ∂2 : e1Λ⊕ e2Λ → e2Λ is given by: (e1η, e2ν) 7→ γe1η + αe2ν, for η, ν ∈ Λ.

17.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e1η = c1e1 + c2β + c3βα + c4βαγ and e2ν =

d1e2 + d2γ + d3δ + d4α + d5αγ + d6α
2 + d7α

3 with ci, di ∈ K. Assume that (e1η, e2ν) ∈
Ker ∂2. Then γe1η+αe2ν = 0. So γe1η+αe2ν = γ(c1e1+c2β+c3βα+c4βαγ)+α(d1e2+

d2γ+d3δ+d4α+d5αγ+d6α
2+d7α

3) = c1γ+c2γβ+c3γβα+d1α+d2αγ+d4α
2+d6α

3 =

c1γ+d1α+d2αγ+(c2+d4)α2+(c3+d6)α3 = 0, that is, c1 = d1 = d2 = 0, d4 = −c2 and

d6 = −c3. Thus e1η = c2β + c3βα + c4βαγ and e2ν = d3δ − c2α + d5αγ − c3α
2 + d7α

3.

Therefore Ker ∂2 = {(c2β+c3βα+c4βαγ,−c2α+d3δ+d5αγ−c3α
2+d7α

3) : ci, di ∈ K}.

Claim. Ker ∂2 = (−β, α)e2Λ + (0, δ)e3Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2β+c3βα+c4βαγ,−c2α+d3δ+d5αγ−c3α
2+d7α

3),

that is, u = (−β, α)(−c2e2 − c3α − c4αγ + d5γ + d7α
2) + (0, δ)(d3e3). Hence u ∈

(−β, α)e2Λ + (0, δ)e3Λ and therefore Ker ∂2 ⊆ (−β, α)e2Λ + (0, δ)e3Λ.

On the other hand, let v = (−β, α)e2ν + (0, δ)e3λ ∈ (−β, α)e2Λ + (0, δ)e3Λ. Then,

from the definition of ∂2, we have that ∂2(v) = ∂2((−β, α)e2ν +(0, δ)e3λ) = ∂2(−βe2ν,

αe2ν + δe3λ) = γ(−βe2ν) + α(αe2ν + δe3λ) = (α2 − γβ)e2ν + αδe3λ = 0. Therefore

v ∈ Ker ∂2 and then (−β, α)e2Λ + (0, δ)e3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (−β, α)e2Λ + (0, δ)e3Λ. ¤

So the map ∂3 : e2Λ⊕e3Λ → e1Λ⊕e2Λ is given by (e2ν, e3λ) 7→ (−β, α)e2ν+(0, δ)e3λ,

for ν, λ ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ βe2ν,

∂2 : (e1η, e3λ) 7→ γe1η + δe3λ,
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∂3 : e2ν 7→ (βα,−σ)e2ν,

for η, ν, λ ∈ Λ.

Also the maps for S2 are:

∂1 : (e1η, e2ν, e3λ) → γe1η + αe2ν + δe3λ,

∂2 : (e2ν, e2ν, e3λ) 7→ (−β, α, 0)e2ν + (0, α2,−σ)e2ν + (0, δ, 0)e3λ

∂3 : e2ν 7→ (α2,−σ)e2ν,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : e2ν 7→ σe2ν,

∂2 : (e1η, e2ν) 7→ γe1η + αe2ν,

∂3 : (e2ν, e3λ) 7→ (−β, α)e2ν + (0, δ)e3λ,

for η, ν, λ ∈ Λ.

17.3. g3 for S1, S2 and S3.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e2
∂3

// (βα,−σ) ∂2
// γβα− δσ

∂1
// βγβα− βδσ , so βγβα− βδσ ∈ g3.

For S2

e2
∂3→ (α2,−σ) ∂2→ ((−β, α, 0) + (0, α2,−σ))α2 + (0, δ, 0)(−σ) = (−βα2, α4 + α3 −

δσ,−σα2) ∂1→ −γβα2 + α5 + α4 − αδσ − δσα2, so α5 + α4 − αδσ − γβα2 − δσα2 ∈ g3.

For S3

(e2, 0) ∂3
// (−β, α) ∂2

// −γβ + α2 ∂1
// σα2 − σγβ , so σα2 − σγβ ∈ g3.

(0, e3)
∂3

// (0, δ) ∂2
// αδ

∂1
// σαδ , so σαδ ∈ g3.

Let g3
1 = βγβα− βδσ,

g3
2 = α5 + α4 − αδσ − γβα2 − δσα2,

g3
3 = σα2 − σγβ,

g3
4 = σαδ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4}.

We know that g2 = {α2 − γβ, α3 − δσ, βδ, βγ, σγ, αδ, σα}. Denote

g2
1 = βγ,

g2
2 = βδ,

g2
3 = α2 − γβ,

g2
4 = α3 − δσ,

g2
5 = αδ,

g2
6 = σγ,

g2
7 = σα.

So we have

g3
1 = g2

1βα− g2
2σ = −βg2

3α + βg2
4,
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g3
2 = g2

4α
2 + g2

3α
2 − g2

5σ = αg2
4 + α3g2

3 − δg2
7α− γβg2

3 − γg2
1β + αg2

3γβ

+ αγg2
1β,

g3
3 = g2

7α− g2
6β = σg2

3,

g3
4 = g2

7δ = σg2
5.

17.3.1. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

17.3.2. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ j3e2 + j4α + j5α

2 + j6α
3

e2 ⊗g2
4

e2 7→ j7e2 + j8α + j9α
2 + j10α

3

e2 ⊗g2
5

e3 7→ j11δ

e3 ⊗g2
6

e1 7→ 0
e3 ⊗g2

7
e2 7→ j12σ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e2 7→ e1 ⊗g2
1

βα− e1 ⊗g2
2

σ + β ⊗g2
3

α− β ⊗g2
4

e2,

e2 ⊗g3
2

e2 7→ e2 ⊗g2
4

α2 + e2 ⊗g2
3

α2 − e2 ⊗g2
5

σ + δ ⊗g2
7

α + γ ⊗g2
1

β

− α⊗g2
3

γβ − αγ ⊗g2
1

β − α3 ⊗g2
3

e2 + γβ ⊗g2
3

e2 − α⊗g2
4

e2,

e3 ⊗g3
3

e2 7→ e3 ⊗g2
7

α− e3 ⊗g2
6

β − σ ⊗g2
3

e2,

e3 ⊗g3
4

e3 7→ e3 ⊗g2
7

δ − σ ⊗g2
5

e3.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1⊗g3
1
e2) = (j1e1 + j2βαγ)βα+β(j3e2 + j4α+ j5α

2 + j6α
3)α−β(j7e2 +

j8α + j9α
2 + j10α

3) = 0 then j7 = 0 and j8 = j1 + j3.

For θd3(e2 ⊗g3
2
e2) = (j7e2 + j8α + j9α

2 + j10α
3)α2 + (j3e2 + j4α + j5α

2 + j6α
3)α2 −

(j11δ)σ + δ(j12σ)α + γ(j1e1 + j2βαγ)β − α(j3e2 + j4α + j5α
2 + j6α

3)γβ − αγ(j1e1 +

j2βαγ)β−α3(j3e2 + j4α+ j5α
2 + j6α

3)+γβ(j3e2 + j4α+ j5α
2 + j6α

3)−α(j7e2 + j8α+

j9α
2 + j10α

3) = (j1 − j8)α2 + (2j4 − j9 − j11)α3 = 0, that is, j7 = j3 = 0, j8 = j1 and

j11 = 2j4 − j9.

Also θd3(e3 ⊗g3
3

e2) = (j12σ)α− σ(j3e2 + j4α + j5α
2 + j6α

3) = 0 then j3 = 0.

And θd3(e3 ⊗g3
4

e3) = (j12σ)δ − σ(j11δ), that is, j12 = j11.
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So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ j4α + j5α

2 + j6α
3

e2 ⊗g2
4

e2 7→ j1α + j9α
2 + j10α

3

e2 ⊗g2
5

e3 7→ (2j4 − j9)δ
e3 ⊗g2

6
e1 7→ 0

e3 ⊗g2
7

e2 7→ (2j4 − j9)σ

Now if charK 6= 2 then dimKer δ2 = 7.

If charK = 2 then dim Ker δ2 = 7 and

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ j4α + j5α

2 + j6α
3

e2 ⊗g2
4

e2 7→ j1α + j9α
2 + j10α

3

e2 ⊗g2
5

e3 7→ j9δ

e3 ⊗g2
6

e1 7→ 0
e3 ⊗g2

7
e2 7→ j9σ





.

Now if charK 6= 2 then dimKer δ2 = 7 and

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ j4α + j5α

2 + j6α
3

e2 ⊗g2
4

e2 7→ j1α + j9α
2 + j10α

3

e2 ⊗g2
5

e3 7→ (2j4 − j9)δ
e3 ⊗g2

6
e1 7→ 0

e3 ⊗g2
7

e2 7→ (2j4 − j9)σ





.

17.3.3. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗β e2 → z1β + z2βα

e2 ⊗γ e1 → z3γ + z4αγ

e2 ⊗α e2 → z5e2 + z6α + z7α
2 + z8α

3

e2 ⊗δ e3 → z9δ

e3 ⊗σ e2 → z10σ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗β γ + β ⊗γ e1

e1 ⊗g2
2

e3 7→ e1 ⊗β δ + β ⊗δ e3

e2 ⊗g2
3

e2 7→ e2 ⊗α α + α⊗α e2 − e2 ⊗γ β − γ ⊗β e2

e2 ⊗g2
4

e2 7→ e2 ⊗α α2 + α⊗α α + α2 ⊗α e2 − e2 ⊗δ σ − δ ⊗σ e2

e2 ⊗g2
5

e3 7→ e2 ⊗α δ + α⊗δ e3
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e3 ⊗g2
6

e1 7→ e3 ⊗σ γ + σ ⊗γ e1

e3 ⊗g2
7

e2 7→ e3 ⊗σ α + σ ⊗α e2.

Then the map ϕd2 is given by

ϕd2(e1 ⊗g2
1

e1) = (z1β + z2βα)γ + β(z3γ + z4αγ) = (z2 + z4)βαγ,

ϕd2(e1 ⊗g2
2

e3) = (z1β + z2βα)δ + β(z9δ) = 0,

ϕd2(e2⊗g2
3
e2) = (z5e2 + z6α + z7α

2 + z8α
3)α + α(z5e2 + z6α + z7α

2 + z8α
3)− (z3γ +

z4αγ)β − γ(z1β + z2βα) = 2z5α + (−z1 − z3 + 2z6)α2 + (−z2 − z4 + 2z7)α3,

ϕd2(e2 ⊗g2
4

e2) = (z5e2 + z6α + z7α
2 + z8α

3)α2 + α(z5e2 + z6α + z7α
2 + z8α

3)α +

α2(z5e2 + z6α + z7α
2 + z8α

3)− (z9δ)σ − δ(z10σ) = 3z5α
2 + (3z6 − z9 − z10)α3,

ϕd2(e2 ⊗g2
5

e3) = (z5e2 + z6α + z7α
2 + z8α

3)δ + α(z9δ) = z5δ,

ϕd2(e3 ⊗g2
6

e1) = (z10σ)γ + σ(z3γ + z4αγ) = 0,

ϕd2(e3 ⊗g2
7

e2) = (z10σ)α + σ(z5e2 + z6α + z7α
2 + z8α

3) = z5σ.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ 2z5α + (−z1 − z3 + 2z6)α2 + (−z2 − z4 + 2z7)α3

e2 ⊗g2
4

e2 7→ 3z5α
2 + (3z5 − z9 − z10)α3

e2 ⊗g2
5

e3 7→ z5δ

e3 ⊗g2
6

e1 7→ 0
e3 ⊗g2

7
e2 7→ z5σ,

where zi ∈ K.

If charK = 2 then dim Im δ1 = 4 and

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ (z1 + z3)α2 + (z2 + z4)α3

e2 ⊗g2
4

e2 7→ z5α
2 + (z5 + z9 + z10)α3

e2 ⊗g2
5

e3 7→ z5δ

e3 ⊗g2
6

e1 7→ 0
e3 ⊗g2

7
e2 7→ z5σ





.

If charK 6= 2 then dim Im δ1 = 5 and

Im δ1 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)βαγ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ 2z5α + (−z1 − z3 + 2z6)α2 + (−z2 − z4 + 2z7)α3

e2 ⊗g2
4

e2 7→ 3z5α
2 + (3z5 − z9 − z10)α3

e2 ⊗g2
5

e3 7→ z5δ

e3 ⊗g2
6

e1 7→ 0
e3 ⊗g2

7
e2 7→ z5σ





.
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17.3.4. HH2(Λ).

From 17.3.2 and 17.3.3 we have if charK = 2 then dim HH2(Λ) = 3 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ d2α + d2α

3

e2 ⊗g2
4

e2 7→ d1α

e2 ⊗g2
5

e3 7→ 0
e3 ⊗g2

6
e1 7→ 0

e3 ⊗g2
7

e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
4

e2 7→ α

else 7→ 0,

y : P 2 → Λ
e2 ⊗g2

3
e2 7→ α

else 7→ 0,

z : P 2 → Λ
e2 ⊗g2

3
e2 7→ α3

else 7→ 0.

Note that z represents the same element of HH2(Λ) as

P 2 → Λ
e1 ⊗g2

1
e1 7→ −βαγ

else 7→ 0.

If charK 6= 2 then dim HH2(Λ) = 2 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ 0

e2 ⊗g2
4

e2 7→ d1α + d2α
2

e2 ⊗g2
5

e3 7→ 0
e3 ⊗g2

6
e1 7→ 0

e3 ⊗g2
7

e2 7→ 0





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
4

e2 7→ α

else 7→ 0,
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y : P 2 → Λ
e2 ⊗g2

4
e2 7→ α2

else 7→ 0.

Note that y represents the same element of HH2(Λ) as

P 2 → Λ
e2 ⊗g2

3
e2 7→ −2

3α

e2 ⊗g2
5

e3 7→ −1
3δ

e3 ⊗g2
7

e2 7→ −1
3σ

else 7→ 0.
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18. The algebra A14

Definition 18.1. [5] Let A14 be the algebra KQ/I where Q is the quiver

1
α // 2

δ //
β

oo 3
γ

oo

and

I = 〈βα− δγδγ, αδγδ, γδγβ, αβ〉.

18.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ and e3Λ where

e1Λ = sp{e1, α, αδ, αδγ, αδγβ},
e2Λ = sp{e2, β, δ, δγ, βα, δγβ, δγδ, δγβα, δγδγδ},
e3Λ = sp{e3, γ, γβ, γδ, γδγ, γδγδ, γδγδγ, γδγδγδ}.

So we have e1Λ

e1

α

αδ

αδγ

αδγβ

For e2Λ

e2

nnnnnnnnn

PPPPPPPPP

β δ

δγ

OOOOOOO

ooooooo

δγδ

ooooooo
δγβ













βα

δγδγδ

WWWWWWWWWWWWWWW

δγβα

Also e3Λ
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e3

γ

RRRRRRRRRR

nnnnnnnnn

γβ

55
55

55
55

55
55

55
55

γδ

γδγ

γδγδ

mmmmmm

γδγδγ

γδγδγδ

18.2. The minimal projective resolutions of the simple Λ-modules S1, S2 and

S3.

18.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e2Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e2Λ → e1Λ is given by e2ν 7→ αe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

18.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e2ν = d1e2 + d2β + d3δ + d4δγ + d5βα + d6δγβ +

d7δγδ + d8δγβα + d9δγδγδ with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then αe2ν =

0, so α(d1e2 + d2β + d3δ + d4δγ + d5βα + d6δγβ + d7δγδ + d8δγβα + d9δγδγδ) =

d1α + d3αδ + d4αδγ + d6αδγβ = 0 and then d1 = d3 = d4 = d6 = 0. Thus e2ν =

d2β + d5βα + d7δγδ + d8δγβα + d9δγδγδ.

Hence Ker ∂1 = {d2β + d5βα + d7δγδ + d8δγβα + d9δγδγδ : di ∈ K}.

Claim. Ker ∂1 = βe1Λ + δγδe3Λ.

Proof. Let x ∈ Ker ∂1. Then x = d2β + d5βα + d7δγδ + d8δγβα + d9δγδγδ, that is,

x = β(d2e1 + d5α + d8αδγ) + δγδ(d7e3 + d9γδ). Thus x ∈ βe1Λ + δγδe3Λ and therefore

Ker ∂1 ⊆ βe1Λ + δγδe3Λ.

On the other hand, let y = βe1η+δγδe3λ ∈ βe1Λ+δγδe3Λ. Then from the definition

of ∂1, we have that ∂1(y) = ∂1(βe1η + δγδe3λ) = αβe1η + αδγδe3λ = 0. Therefore

y ∈ Ker ∂1 and so βe1Λ + δγδe3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = βe1Λ + δγδe3Λ. ¤

So ∂2 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) 7→ βe1η + δγδe3λ, for η, λ ∈ Λ.
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18.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2α + c3αδ + c4αδγ + c5αδγβ

and e3λ = f1e3+f2γ+f3γβ+f4γδ+f5γδγ+f6γδγδ+f7γδγδγ+f8γδγδγδ with ci, fi ∈
K. Assume that (e1η, e3λ) ∈ Ker ∂2. Then βe1η + δγδe3λ = 0. So βe1η + δγδe3λ =

β(c1e1+c2α+c3αδ+c4αδγ+c5αδγβ)+δγδ(f1e3+f2γ+f3γβ+f4γδ+f5γδγ+f6γδγδ+

f7γδγδγ + f8γδγδγδ) = c1β + c2βα + c3βαδ + c4βαδγ + f1δγδ + f2δγδγ + f4δγδγδ +

f5δγδγδγ = c1β + f1δγδ + (c2 + f2)βα + (c3 + f4)βαδ + (c4 + f5)βαδγ = 0, that is,

c1 = f1 = 0, f2 = −c2, f4 = −c3 and f5 = −c4. Thus e1η = c2α+c3αδ+c4αδγ+c5αδγβ

and e3λ = −c2γ + f3γβ − c3γδ − c4γδγ + f6γδγδ + f7γδγδγ + f8γδγδγδ. Therefore

Ker ∂2 = {(c2α + c3αδ + c4αδγ + c5αδγβ,−c2γ + f3γβ − c3γδ − c4γδγ + f6γδγδ +

f7γδγδγ + f8γδγδγδ) : ci, fi ∈ K}.

Claim. Ker ∂2 = (α,−γ)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2α + c3αδ + c4αδγ + c5αδγβ,−c2γ + f3γβ − c3γδ−
c4γδγ +f6γδγδ+f7γδγδγ +f8γδγδγδ) so u = (α,−γ)(c2e2 +c3δ+c4δγ +c5δγβ−f3β−
f6δγ − f7δγδ − f8δγδγδ) and therefore Ker ∂2 ⊆ (α,−γ)e2Λ.

On the other hand, let v = (α,−γ)e2ν ∈ (α,−γ)e2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2((α,−γ)e2ν) = (βα − δγδγ)e2ν = 0. Therefore v ∈ Ker ∂2

and then (α,−γ)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α,−γ)e2Λ. ¤

So the map ∂3 : e2Λ → e1Λ⊕ e3Λ is given by e2ν 7→ (α,−γ)e2ν, for ν ∈ Λ.

18.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ⊕ e3Λ → e2Λ is given by (e1η, e3λ) → βe1η + δe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

18.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2α + c3αδ + c4αδγ + c5αδγβ and e3λ =

f1e3+f2γ+f3γβ+f4γδ+f5γδγ+f6γδγδ+f7γδγδγ+f8γδγδγδ with ci, fi ∈ K. Assume

that (e1η, e3λ) ∈ Ker ∂1. Then βe1η + δe3λ = 0 so βe1η + δe3λ = β(c1e1 + c2α+ c3αδ +

c4αδγ+c5αδγβ)+δ(f1e3+f2γ+f3γβ+f4γδ+f5γδγ+f6γδγδ+f7γδγδγ+f8γδγδγδ) =

c1β+c2βα+c3βαδ+c4βαδγ+f1δ+f2δγ+f3δγβ+f4δγδ+f5δγδγ+f6δγδγδ+f7δγδγδγ =

c1β + (c2 + f5)βα + (c3 + f6)βαδ + (c4 + f7)βαδγ + f1δ + f2δγ + f3δγβ + f4δγδ = 0,

that is, c1 = f1 = f2 = f3 = f4 = 0, f5 = −c2, f6 = −c3 and f7 = −c4. Thus

e1η = c2α+ c3αδ + c4αδγ + c5αδγβ and e3λ = −c2γδγ− c3γδγδ− c4γδγδγ + f8γδγδγδ.
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Hence Ker ∂1 = {(c2α + c3αδ + c4αδγ + c5αδγβ,−c2γδγ − c3γδγδ − c4γδγδγ +

f8γδγδγδ) : ci, f8 ∈ K}.

Claim. Ker ∂1 = (α,−γδγ)e2Λ.

Proof. Let x ∈ Ker ∂1. Then x = (c2α + c3αδ + c4αδγ + c5αδγβ,−c2γδγ − c3γδγδ −
c4γδγδγ + f8γδγδγδ). So x = (α,−γδγ)(c2e2 + c3δ + c4δγ + c5δγβ − f8δγδ). Thus

x ∈ (α,−γδγ)e2Λ and therefore Ker ∂1 ⊆ (α,−γδγ)e2Λ.

On the other hand, let y = (α,−γδγ)e2ν ∈ (α,−γδγ)e2Λ. Then, from the definition

of ∂1, we have that ∂1(y) = ∂1((α,−γδγ)e2ν) = (βα− δγδγ)e2ν = 0. Thus y ∈ Ker ∂1

and then (α,−γδγ)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α,−γδγ)e2Λ. ¤

So ∂2 : e2Λ → e1Λ⊕ e3Λ is given by e2ν 7→ (α,−γδγ)e2ν, for ν ∈ Λ.

18.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e2ν = d1e2+d2β+d3δ+d4δγ+d5βα+d6δγβ+

d7δγδ+d8δγβα+d9δγδγδ with di ∈ K. Assume that e2ν ∈ Ker ∂2. Then (α,−γδγ)e2ν =

0. So (α,−γδγ)(d1e2 +d2β +d3δ+d4δγ +d5βα+d6δγβ +d7δγδ+d8δγβα+d9δγδγδ) =

(d1α + d3αδ + d4αδγ + d6αδγβ,−d1γδγ − d3γδγδ − d4γδγδγ − d7γδγδγδ) = (0, 0).

Then d1α + d3αδ + d4αδγ + d6αδγβ = 0, that is, d1 = d3 = d4 = d6 = 0. Also

−d1γδγ − d3γδγδ − d4γδγδγ − d7γδγδγδ = 0, that is, d1 = d3 = d4 = d7 = 0. Thus

e2ν = d2β + d5βα + d8δγβα + d9δγδγδ Therefore Ker ∂2 = {d2β + d5βα + d8δγβα +

d9δγδγδ : di ∈ K}.

Claim. Ker ∂2 = βe1Λ.

Proof. Let u ∈ Ker ∂2. Then u = d2β + d5βα + d8δγβα + d9δγδγδ so u = β(d2e1 +

d5α + d8αδγ + d9αδ). Hence u ∈ βe1Λ and therefore Ker ∂2 ⊆ βe1Λ.

On the other hand, let v = βe1η ∈ βe1Λ. Then, from the definition of ∂2, we have

that ∂2(v) = ∂2(βe1η) = (αβ,−γδγβ)e1η = (0, 0). Therefore v ∈ Ker ∂2 and then

βe1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βe1Λ. ¤

So the map ∂3 : e1Λ → e2Λ is given by e1η 7→ βe1η, for η ∈ Λ.

18.2.7. The minimal projective resolution of the simple Λ-module S3. The minimal

projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e2Λ → e3Λ is given by e2ν 7→ γe2ν, for ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.
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18.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e2ν = d1e2 + d2β + d3δ + d4δγ + d5βα + d6δγβ + d7δγδ +

d8δγβα + d9δγδγδ with di ∈ K. Assume that e2ν ∈ Ker ∂1. Then γe2ν = 0 so γ(d1e2 +

d2β + d3δ + d4δγ + d5βα + d6δγβ + d7δγδ + d8δγβα + d9δγδγδ) = d1γ + d2γβ + d3γδ +

d4γδγ+d5γβα+d7γδγδ+d9γδγδγδ = 0, that is, d1 = d2 = d3 = d4 = d5 = d7 = d9 = 0.

Thus e2ν = d6δγβ + d8δγβα.

Hence Ker ∂1 = {d6δγβ + d8δγβα : di ∈ K}.

Claim. Ker ∂1 = δγβe1Λ.

Proof. Let x ∈ Ker ∂1. Then x = d6δγβ + d8δγβα. So x = δγβ(d6e1 + d8α). Thus

x ∈ δγβe1Λ and therefore Ker ∂1 ⊆ δγβe1Λ.

On the other hand, let y = δγβe1η ∈ δγβe1Λ. Then, from the definition of ∂1, we

have that ∂1(y) = ∂1(δγβe1η) = γδγβe1η = 0. Therefore y ∈ Ker ∂1 and so δγβe1Λ ⊆
Ker ∂1.

Hence Ker ∂1 = δγβe1Λ. ¤

So ∂2 : e1Λ → e2Λ is given by: e1η 7→ δγβe1η, for η ∈ Λ.

18.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e1η = c1e1 + c2α + c3αδ + c4αδγ + c5αδγβ

with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then δγβe1η = 0. So δγβe1η = δγβ(c1e1 +

c2α + c3αδ + c4αδγ + c5αδγβ) = c1δγβ + c2δγβα = 0, that is, c1 = c2 = 0. Thus

e1η = c3αδ + c4αδγ + c5αδγβ. Therefore Ker ∂2 = {c3αδ + c4αδγ + c5αδγβ : ci ∈ K}.

Claim. Ker ∂2 = αδe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = c3αδ + c4αδγ + c5αδγβ, that is, u = αδ(c3e3 + c4γ +

c5γβ). Hence u ∈ αδe3Λ and therefore Ker ∂2 ⊆ αδe3Λ.

On the other hand, let v = αδe3λ ∈ αδe3Λ. Then, from the definition of ∂2, we have

that ∂2(v) = ∂2(αδe3λ) = δγβαδe3λ = 0. Therefore v ∈ Ker ∂2 and then αδe3Λ ⊆
Ker ∂2.

Hence Ker ∂2 = αδe3Λ. ¤

So the map ∂3 : e3Λ → e1Λ is given by e3λ 7→ αδe3λ, for λ ∈ Λ.

Thus the maps for S1 are:

∂1 : e2ν 7→ αe2ν,

∂2 : (e1η, e3λ) 7→ βe1η + δγδe3λ,

∂3 : e2ν 7→ (α,−γ)e2ν,

for η, ν, λ ∈ Λ.

Also the maps for S2 are:

∂1 : (e1η, e3λ) → βe1η + δe3λ,

∂2 : e2ν 7→ (α,−γδγ)e2ν,
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∂3 : e1η 7→ βe1η,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : e2ν 7→ γe2ν,

∂2 : e1η 7→ δγβe1η,

∂3 : e3λ 7→ αδe3λ,

for η, ν, λ ∈ Λ.

18.3. g3 for S1, S2 and S3.

Now we want to find the elements of g3; these are paths in KQ.

For S1

e2
∂3

// (α,−γ) ∂2
// βα− δγδγ

∂1
// αβα− αδγδγ , so αβα− αδγδγ ∈ g3.

For S2

e1
∂3

// β
∂2

// (α,−γδγ)β = (αβ,−γδγβ) ∂1
// βαβ − δγδγβ , so βαβ−δγδγβ ∈ g3.

For S3

e3
∂3

// αδ
∂2

// δγβαδ
∂1

// γδγβαδ , so γδγβαδ ∈ g3.

Let g3
1 = αβα− αδγδγ,

g3
2 = βαβ − δγδγβ,

g3
3 = γδγβαδ.

So g3 = {g3
1, g

3
2, g

3
3}.

We know that g2 = {αβ, αδγδ, βα− δγδγ, γδγβ}. Denote

g2
1 = αβ,

g2
2 = αδγδ,

g2
3 = βα− δγδγ,

g2
4 = γδγβ.

So we have

g3
1 = g2

1α− g2
2γ = αg2

3,

g3
2 = g2

3β = βg2
1 − δg2

4,

g3
3 = g2

4αδ = −γg2
3δγδ + γδγg2

3δ + γβg2
2.

18.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .
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18.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2αδγβ

e1 ⊗g2
2

e3 7→ j3αδ

e2 ⊗g2
3

e2 7→ j4e2 + j5δγ + j6βα + j7δγβα

e3 ⊗g2
4

e1 7→ j8γβ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e2 7→ e1 ⊗g2
1

α− e1 ⊗g2
2

γ − αg2
3e2,

e2 ⊗g3
2

e1 7→ e2 ⊗g2
3

β − β ⊗g2
1

e1 + δ ⊗g2
4

e1,

e3 ⊗g3
3

e3 7→ e3 ⊗g2
4

αδ + γ ⊗g2
3

δγδ − γδγ ⊗g2
3

δ − γβ ⊗g2
2

e3.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1⊗g3
1
e2) = (j1e1+j2αδγβ)α−(j3αδ)γ−α(j4e2+j5δγ+j6βα+j7δγβα) =

(j1 − j4)α− (j3 + j5)αδγ = 0 then j4 = j1 and j5 = −j3.

For θd3(e2⊗g3
2
e1) = (j4e2 + j5δγ + j6βα+ j7δγβα)β−β(j1e1 + j2αδγβ)+ δ(j8γβ) =

(−j1 + j4)β + (j5 + j8)δγβ = 0, that is, j4 = j1 and j8 = −j5.

Also θd3(e3 ⊗g3
3

e3) = (j8γβ)αδ + γ(j4e2 + j5δγ + j6βα + j7δγβα)δγδ − γδγ(j4e2 +

j5δγ + j6βα + j7δγβα)δ − γβ(j3αδ) = (j8 − j3)γβαδ = 0 then j8 = j3.

So the map θ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2αδγβ

e1 ⊗g2
2

e3 7→ j3αδ

e2 ⊗g2
3

e2 7→ j1e2 − j3δγ + j6βα + j7δγβα

e3 ⊗g2
4

e1 7→ j3γβ.

Thus dim Ker δ2 = 5.

18.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e2 → z1α + z2αδγ

e2 ⊗β e1 → z3β + z4δγβ

e2 ⊗δ e3 → z5δ + z6δγδ + z7δγδγδ

e3 ⊗γ e2 → z8γ + z9γδγ + z10γδγδγ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α β + α⊗β e1

e1 ⊗g2
2

e3 7→ e1 ⊗α δγδ + α⊗δ γδ + αδ ⊗γ δ + αδγ ⊗δ e3

e2 ⊗g2
3

e2 7→ e2 ⊗β α + β ⊗α e2 − e2 ⊗δ γδγ − δ ⊗γ δγ − δγ ⊗δ γ − δγδ ⊗γ e2

e3 ⊗g2
4

e1 7→ e3 ⊗γ δγβ + γ ⊗δ γβ + γδ ⊗γ β + γδγ ⊗β e1.

Then the map ϕd2 is given by

ϕd2(e1 ⊗g2
1

e1) = (z1α + z2αδγ)β + α(z3β + z4δγβ) = (z2 + z4)αδγβ,
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ϕd2(e1⊗g2
2
e3) = (z1α+ z2αδγ)δγδ +α(z5δ + z6δγδ + z7δγδγδ)γδ +αδ(z8γ + z9γδγ +

z10γδγδγ)δ + αδγ(z5δ + z6δγδ + z7δγδγδ) = 0,

ϕd2(e2⊗g2
3
e2) = (z3β+z4δγβ)α+β(z1α+z2αδγ)−(z5δ+z6δγδ+z7δγδγδ)γδγ−δ(z8γ+

z9γδγ + z10γδγδγ)δγ − δγ(z5δ + z6δγδ + z7δγδγδ)γ − δγδ(z8γ + z9γδγ + z10γδγδγ) =

(z1 + z3 − 2z5 − 2z8)βα + (z2 + z4 − 2z6 − 2z9)δγβα,

ϕd2(e3⊗g2
4
e1) = (z8γ+z9γδγ+z10γδγδγ)δγβ+γ(z5δ+z6δγδ+z7δγδγδ)γβ+γδ(z8γ+

z9γδγ + z10γδγδγ)β + γδγ(z3β + z4δγβ) = 0.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)αδγβ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ (z1 + z3 − 2z5 − 2z8)βα + (z2 + z4 − 2z6 − 2z9)δγβα

e3 ⊗g2
4

e1 7→ 0,

where zi ∈ K.

If charK = 2 then dim Im δ1 = 2 and

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)αδγβ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ (z1 + z3)βα + (z2 + z4)δγβα

e3 ⊗g2
4

e1 7→ 0





.

If charK 6= 2 then dim Im δ1 = 3 and

Im δ1 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ (z2 + z4)αδγβ

e1 ⊗g2
2

e3 7→ 0
e2 ⊗g2

3
e2 7→ (z1 + z3 − 2z5 − 2z8)βα + (z2 + z4 − 2z6 − 2z9)δγβα

e3 ⊗g2
4

e1 7→ 0





.

18.4.3. HH2(Λ).

From 18.4.1 and 18.4.2 we have if charK = 2 then dim HH2(Λ) = 3 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e1 ⊗g2
2

e3 7→ d2αδ

e2 ⊗g2
3

e2 7→ d1e2 − d2δγ + d3δγβα

e3 ⊗g2
4

e1 7→ d2γβ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
3

e2 7→ e2

else 7→ 0,
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y : P 2 → Λ
e1 ⊗g2

2
e3 7→ αδ

e2 ⊗g2
3

e2 7→ −δγ

e3 ⊗g2
4

e1 7→ γβ

else 7→ 0,

z : P 2 → Λ
e2 ⊗g2

3
e2 7→ δγβα

else 7→ 0.

Note that z represents the same element of HH2(Λ) as

P 2 → Λ
e1 ⊗g2

1
e1 7→ −αδγβ

else 7→ 0.

If charK 6= 2 then dim HH2(Λ) = 2 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1

e1 ⊗g2
2

e3 7→ d2αδ

e2 ⊗g2
3

e2 7→ d1e2 − d2δγ

e3 ⊗g2
4

e1 7→ d2γβ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e2 ⊗g2
3

e2 7→ e2

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

2
e3 7→ αδ

e2 ⊗g2
3

e2 7→ −δγ

e3 ⊗g2
4

e1 7→ γβ

else 7→ 0.
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19. The algebra A15

Definition 19.1. [5] Let A15 be the algebra KQ/I where Q is the quiver

2
γ

ÁÁ>
>>

>>
>>

1α
%% δ //

σ
@@¡¡¡¡¡¡¡

3
β

oo

and

I = 〈γβα, α2 − δβ, βδ, ασ, αδ − σγ〉.

19.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ and e3Λ where

e1Λ = sp{e1, α, σ, δ, αδ, α2, α3},
e2Λ = sp{e2, γ, γβ, γβσ},
e3Λ = sp{e3, β, βα, βσ, βαδ}.

So we have for e1Λ

e1

PPPPPPPPPPPPPPP

nnnnnnnnnnnnnnn

σ

AA
AA

AA
AA

α

||
||

||
||

00
00

00
00

00
00

00
0 δ

²²
²²
²²
²²
²²
²²
²²

αδ

α2

α3

For e2Λ

e2

γ

γβ

γβσ

Also e3Λ
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e3

β

CC
CC

CC
CC

C

zz
zz

zz
zz

z

βα

DD
DD

DD
DD

βσ

{{
{{

{{
{{

βαδ

19.2. The minimal projective resolutions of the simple Λ-modules S1, S2 and

S3.

19.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e1Λ⊕ e2Λ⊕ e3Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e1Λ⊕ e2Λ⊕ e3Λ → e1Λ is given by (e1η, e2ν, e3λ) 7→ αe1η +σe2ν + δe3λ, for

η, ν, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

19.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e1η = c1e1 + c2α + c3σ + c4δ + c5αδ + c6α
2 + c7α

3,

e2ν = d1e2 + d2γ + d3γβ + d4γβσ and e3λ = f1e3 + f2β + f3βα + f4βσ + f5βαδ with

ci, di, fi ∈ K. Assume that (e1η, e2ν, e3λ) ∈ Ker ∂1. Then αe1η + σe2ν + δe3λ = 0, so

α(c1e1 +c2α+c3σ+c4δ+c5αδ+c6α
2 +c7α

3)+σ(d1e2 +d2γ +d3γβ+d4γβσ)+δ(f1e3 +

f2β + f3βα + f4βσ + f5βαδ) = c1α + c2α
2 + c4αδ + c6α

3 + d1σ + d2σγ + d3σγβ + f1δ +

f2δβ + f3δβα = c1α + (c2 + f2)α2 + (c4 + d2)αδ + (c6 + d3 + f3)α3 + d1σ + f1δ = 0

and then c1 = d1 = f1 = 0, c2 + f2 = 0, c4 + d2 = 0 and c6 + d3 + f3 = 0, so

f2 = −c2, d2 = −c4, f3 = −c6 − d3. Thus e1η = c2α + c3σ + c4δ + c5αδ + c6α
2 + c7α

3,

e2ν = −c4γ + d3γβ + d4γβσ and e3λ = −c2β − (c6 + d3)βα + f4βσ + f5βαδ.

Hence Ker ∂1 = {(c2α+ c3σ + c4δ + c5αδ + c6α
2 + c7α

3,−c4γ +d3γβ +d4γβσ,−c2β−
(c6 + d3)βα + f4βσ + f5βαδ) : ci, di, fi ∈ K}.

Claim. Ker ∂1 = (α, 0,−β)e1Λ + (σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ.

Proof. Let x ∈ Ker ∂1. Then x = (c2α + c3σ + c4δ + c5αδ + c6α
2 + c7α

3,−c4γ +

d3γβ + d4γβσ,−c2β− (c6 + d3)βα+ f4βσ + f5βαδ), that is, x = (α, 0,−β)(c2e1 + c5δ +

c7α
2 + (c6 + d3)α− f4σ − f5αδ) + (σ, 0, 0)(c3e2) + (δ,−γ, 0)(c4e3 − d3β − d4βσ). Thus
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x ∈ (α, 0,−β)e1Λ + (σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ and therefore Ker ∂1 ⊆ (α, 0,−β)e1Λ +

(σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ.

On the other hand, let y = (α, 0,−β)e1η+(σ, 0, 0)e2ν+(δ,−γ, 0)e3λ ∈ (α, 0,−β)e1Λ+

(σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ. Then from the definition of ∂1, we have that ∂1(y) =

∂1((α, 0,−β)e1η+(σ, 0, 0)e2ν+(δ,−γ, 0)e3λ) = (α2−δβ)e1η+ασe2ν+(αδ−σγ)e3λ = 0.

Therefore y ∈ Ker ∂1 and so (α, 0,−β)e1Λ + (σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α, 0,−β)e1Λ + (σ, 0, 0)e2Λ + (δ,−γ, 0)e3Λ. ¤

So ∂2 : e1Λ⊕e2Λ⊕e3Λ → e1Λ⊕e2Λ⊕e3Λ is given by (e1η, e2ν, e3λ) 7→ (α, 0,−β)e1η+

(σ, 0, 0)e2ν + (δ,−γ, 0)e3λ, for η, ν, λ ∈ Λ.

19.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2α+ c3σ + c4δ + c5αδ + c6α
2 +

c7α
3, e2ν = d1e2+d2γ+d3γβ+d4γβσ and e3λ = f1e3+f2β+f3βα+f4βσ+f5βαδ with

ci, di, fi ∈ K. Assume that (e1η, e2ν, e3λ) ∈ Ker ∂2. Then (α, 0,−β)e1η + (σ, 0, 0)e2ν +

(δ,−γ, 0)e3λ = (0, 0, 0). So (α, 0,−β)e1η+(σ, 0, 0)e2ν+(δ,−γ, 0)e3λ = (α, 0,−β)(c1e1+

c2α+c3σ+c4δ+c5αδ+c6α
2+c7α

3)+(σ, 0, 0)(d1e2+d2γ+d3γβ+d4γβσ)+(δ,−γ, 0)(f1e3+

f2β + f3βα + f4βσ + f5βαδ) = (c1α + c2α
2 + c4αδ + c6α

3, 0,−c1β − c2βα − c3βσ −
c5βαδ) + (d1σ + d2σγ + d3σγβ, 0, 0) + (f1δ + f2δβ + f3δβα,−f1γ − f2γβ − f4γβσ, 0) =

(c1α + c2α
2 + c4αδ + c6α

3 + d1σ + d2σγ + d3σγβ + f1δ + f2δβ + f3δβα,−f1γ − f2γβ −
f4γβσ,−c1β − c2βα − c3βσ − c5βαδ) = (c1α + (c2 + f2)α2 + (c4 + d2)αδ + (c6 + d3 +

f3)α3 + d1σ + f1δ,−f1γ − f2γβ − f4γβσ,−c1β − c2βα − c3βσ − c5βαδ) = (0, 0, 0).

So c1α + (c2 + f2)α2 + (c4 + d2)αδ + (c6 + d3 + f3)α3 + d1σ + f1δ = 0 and then

c1 = d1 = f1 = 0, f2 = −c2, d2 = −c4 and f3 = −c6−d3. Also −f1γ−f2γβ−f4γβσ = 0

and then f1 = f2 = f4 = 0. And for −c1β − c2βα − c3βσ − c5βαδ = 0, that is,

c1 = c2 = c3 = c5 = 0. Thus e1η = c4δ + c6α
2 + c7α

3, e2ν = −c4γ + d3γβ + d4γβσ and

e3λ = −(c6 + d3)βα + f5βαδ. Therefore Ker ∂2 = {(c4δ + c6α
2 + c7α

3,−c4γ + d3γβ +

d4γβσ,−(c6 + d3)βα + f5βαδ) : ci, di, f5 ∈ K}.
Claim. Ker ∂2 = (α2, 0,−βα)e1Λ + (δ,−γ, 0)e3Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c4δ+c6α
2+c7α

3,−c4γ+d3γβ+d4γβσ,−(c6+d3)βα+

f5βαδ) so u = (α2, 0,−βα)((c6 + d3)e1 − f5δ) + (δ,−γ, 0)(c4e3 − c7βα − d3β − d4βσ).

Hence u ∈ (α2, 0,−βα)e1Λ + (δ,−γ, 0)e3Λ and therefore Ker ∂2 ⊆ (α2, 0,−βα)e1Λ +

(δ,−γ, 0)e3Λ.

On the other hand, let v = (α2, 0,−βα)e1η + (δ,−γ, 0)e3λ ∈ (α2, 0,−βα)e1Λ +

(δ,−γ, 0)e3Λ. Then, from the definition of ∂2, we have that ∂2(v) = ∂2((α2, 0,−βα)e1η+

(δ,−γ, 0)e3λ) = (α3− δβα, γβα,−βα2)e1η +(αδ−σγ, 0,−βδ)e3λ = (0, 0, 0). Therefore

v ∈ Ker ∂2 and then (α2, 0,−βα)e1Λ + (δ,−γ, 0)e3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α2, 0,−βα)e1Λ + (δ,−γ, 0)e3Λ. ¤

So the map ∂3 : e1Λ⊕e3Λ → e1Λ⊕e2Λ⊕e3Λ is given by (e1η, e3λ) 7→ (α2, 0,−βα)e1η+

(δ,−γ, 0)e3λ, for η, λ ∈ Λ.
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19.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e3Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e3Λ → e2Λ is given by e3λ → γe3λ, for λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

19.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e3λ = f1e3 + f2β + f3βα + f4βσ + f5βαδ with fi ∈ K.

Assume that e3λ ∈ Ker ∂1. Then γe3λ = 0 so γe3λ = γ(f1e3 + f2β + f3βα + f4βσ +

f5βαδ) = f1γ +f2γβ+f4γβσ = 0, that is, f1 = f2 = f4 = 0. Thus e3λ = f3βα+f5βαδ.

Hence Ker ∂1 = {f3βα + f5βαδ : fi ∈ K}.

Claim. Ker ∂1 = βαe1Λ.

Proof. Let x ∈ Ker ∂1. Then x = f3βα+f5βαδ. So x = βα(f3e1+f5δ). Thus x ∈ βαe1Λ

and therefore Ker ∂1 ⊆ βαe1Λ.

On the other hand, let y = βαe1η ∈ βαe1Λ. Then, from the of ∂1, we have that

∂1(y) = ∂1(βαe1η) = γβαe1η = 0. Therefore y ∈ Ker ∂1 and then βαe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = βαe1Λ. ¤

So ∂2 : e1Λ → e3Λ is given by e1η 7→ βαe1η, for η ∈ Λ.

19.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e1η = c1e1+c2α+c3σ+c4δ+c5αδ+c6α
2+c7α

3

with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then βαe1η = 0. So βαe1η = βα(c1e1 +

c2α + c3σ + c4δ + c5αδ + c6α
2 + c7α

3) = c1βα + c4βαδ = 0, that is, c1 = c4 = 0. Thus

e1η = c2α+c3σ+c5αδ+c6α
2+c7α

3. Therefore Ker ∂2 = {c2α+c3σ+c5αδ+c6α
2+c7α

3 :

ci ∈ K}.

Claim. Ker ∂2 = αe1Λ + σe2Λ.

Proof. Let u ∈ Ker ∂2. Then u = c2α + c3σ + c5αδ + c6α
2 + c7α

3 so u = α(c2e1 + c5δ +

c6α + c7α) + σ(c3e2). Hence u ∈ αe1Λ + σe2Λ and therefore Ker ∂2 ⊆ αe1Λ + σe2Λ.

On the other hand, let v = αe1η +σe2ν ∈ αe1Λ+σe2Λ. Then, from the definition of

∂2, we have that ∂2(v) = ∂2(αe1η+σe2ν) = βα2e1η+βασe2ν = 0. Therefore v ∈ Ker ∂2

and then αe1Λ + σe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = αe1Λ + σe2Λ. ¤

So the map ∂3 : e1Λ⊕ e2Λ → e1Λ is given by (e1η, e2ν) 7→ αe1η + σe2ν, for η, ν ∈ Λ.
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19.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e1Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e1Λ → e3Λ is given by e1η 7→ βe1η, for η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

19.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e1η = c1e1 + c2α + c3σ + c4δ + c5αδ + c6α
2 + c7α

3 with

ci ∈ K. Assume that e1η ∈ Ker ∂1. Then βe1η = 0 so β(c1e1 + c2α+ c3σ + c4δ + c5αδ +

c6α
2 + c7α

3) = c1β + c2βα + c3βσ + c5βαδ = 0, that is, c1 = c2 = c3 = c5 = 0. Thus

e1η = c4δ + c6α
2 + c7α

3.

Hence Ker ∂1 = {c4δ + c6α
2 + c7α

3 : ci ∈ K}.

Claim. Ker ∂1 = δe3Λ.

Proof. Let x ∈ Ker ∂1. Then x = c4δ + c6α
2 + c7α

3. So x = δ(c4e3 + c6β + c7βα). Thus

x ∈ δe3Λ and therefore Ker ∂1 ⊆ δe3Λ.

On the other hand, let y = δe3λ ∈ δe3Λ. Then, from the definition of ∂1, we have

that ∂1(y) = ∂1(δe3λ) = βδe3λ = 0. Therefore y ∈ Ker ∂1 and so δe3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = δe3Λ. ¤

So ∂2 : e3Λ → e1Λ is given by e3λ 7→ δe3λ, for λ ∈ Λ.

19.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e3λ = f1e3 + f2β + f3βα + f4βσ + f5βαδ

with fi ∈ K. Assume that e3λ ∈ Ker ∂1. Then δe3λ = 0 so δe3λ = δ(f1e3 + f2β +

f3βα + f4βσ + f5βαδ) = f1δ + f2δβ + f3δβα = 0 then f1 = f2 = f3 = 0. Thus

e3λ = f4βσ + f5βαδ. Therefore Ker ∂2 = {f4βσ + f5βαδ : f4, f5 ∈ K}.

Claim. Ker ∂2 = βσe2Λ.

Proof. Let u ∈ Ker ∂2. Then u = f4βσ + f5βαδ, that is, u = βσ(f4e2 + f5γ). Hence

u ∈ βσe2Λ and therefore Ker ∂2 ⊆ βσe2Λ.

On the other hand, let v = βσe2ν ∈ βσe2Λ. Then, from the definition of ∂2, we have

that ∂2(v) = ∂2(βσe2ν) = δβσe2ν = 0. Therefore v ∈ Ker ∂2 and then βσe2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βσe2Λ. ¤

So the map ∂3 : e2Λ → e3Λ is given by e2ν 7→ βσe2ν, for ν ∈ Λ.

Thus the maps for S1 are:

∂1 : (e1η, e2ν, e3λ) 7→ αe1η + σe2ν + δe3λ,

∂2 : (e1η, e2ν, e3λ) 7→ (α, 0,−β)e1η + (σ, 0, 0)e2ν + (δ,−γ, 0)e3λ,
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∂3 : (e1η, e3λ) 7→ (α2, 0,−βα)e1η + (δ,−γ, 0)e3λ,

for η, ν, λ ∈ Λ.

Also the maps for S2 are:

∂1 : e3λ → γe3λ,

∂2 : e1η 7→ βαe1η,

∂3 : (e1η, e2ν) 7→ αe1η + σe2ν,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : e1η 7→ βe1η,

∂2 : e3λ 7→ δe3λ,

∂3 : e2ν 7→ βσe2ν,

for η, ν, λ ∈ Λ.

19.3. g3 for S1, S2 and S3.

Now we want to find the elements of g3; these are paths in KQ.

For S1

(e1, 0) ∂3→ (α2, 0,−βα) ∂2→ ((α, 0,−β)α2 + (σ, 0, 0)(0) + (δ,−γ, 0)(−βα)) = (α3, 0,−βα2)

+ (−δβα, γβα, 0) = (α3 − δβα, γβα,−βα2) ∂1→ α4 − αδβα + σγβα− δβα2,

so α4 − αδβα + σγβα− δβα2 ∈ g3.

(0, e3)
∂3→ (δ,−γ, 0) ∂2→ ((α, 0,−β)δ + (σ, 0, 0)(−γ) + (δ,−γ, 0)(0)) = (αδ, 0,

− βδ) + (−σγ, 0, 0) = (αδ − σγ, 0,−βδ) ∂1→ α2δ − ασγ − δβδ,

so α2δ − ασγ − δβδ ∈ g3.

For S2

(e1, 0) ∂3
// α

∂2
// βα2 ∂1

// γβα2 , so γβα2 ∈ g3.

(0, e2)
∂3

// σ
∂2

// βασ
∂1

// γβασ , so γβασ ∈ g3.

For S3

e2
∂3

// βσ
∂2

// δβσ
∂1

// βδβσ , so βδβσ ∈ g3.

Let g3
1 = α4 − αδβα + σγβα− δβα2,

g3
2 = α2δ − ασγ − δβδ,

g3
3 = γβα2,

g3
4 = γβασ,

g3
5 = βδβσ.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4, g

3
5}.

We know that g2 = {γβα, α2 − δβ, βδ, ασ, αδ − σγ}. Denote

g2
1 = α2 − δβ,

g2
2 = ασ,

g2
3 = αδ − σγ,
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g2
4 = γβα,

g2
5 = βδ.

So we have

g3
1 = g2

1α
2 − g2

3βα = αg2
1α− δg2

5β + σg2
4 − δβg2

1,

g3
2 = g2

1δ − g2
2γ = αg2

3 − δg2
5,

g3
3 = g2

4α = γβg2
1 + γg2

5β,

g3
4 = g2

4σ = γβg2
2.

g3
5 = g2

5βσ = −βg2
1σ + βαg2

2.

19.4. HH2(Λ). From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

19.4.1. Ker δ2. To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then

θ ∈ HomΛe(P 2, Λ). So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e1 ⊗g2
2

e2 7→ j5σ

e1 ⊗g2
3

e3 7→ j6δ + j7αδ

e2 ⊗g2
4

e1 7→ j8γβ

e3 ⊗g2
5

e3 7→ j9e3 + j10βαδ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

α2 − e1 ⊗g2
3

βα− α⊗g2
1

α + δ ⊗g2
5

β − σ ⊗g3
4

e1 + δβ ⊗g2
1

e1,

e1 ⊗g3
2

e3 7→ e1 ⊗g2
1

δ − e1 ⊗g2
2

γ − α⊗g2
3

e3 + δ ⊗g2
5

e3,

e2 ⊗g3
3

e1 7→ e2 ⊗g2
4

α− γ ⊗g2
5

β − γβ ⊗g2
1

e1,

e2 ⊗g3
4

e2 7→ e2 ⊗g2
4

σ − γβ ⊗g2
2

e2,

e3 ⊗g3
5

e2 7→ e3 ⊗g2
5

βσ + β ⊗g2
1

σ − βα⊗g2
2

e2.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1
e1) = (j1e1 + j2α + j3α

2 + j4α
3)α2 − (j6δ + j7αδ)βα− α(j1e1 +

j2α + j3α
2 + j4α

3)α + δ(j9e3 + j10βαδ)β − σ(j8γβ) + δβ(j1e1 + j2α + j3α
2 + j4α

3) =

(j1 + j9)α2 + (j2 − j6 − j8)α3 = 0 then j9 = −j1 and j8 = j6 − j2.

For θd3(e1⊗g3
2
e3) = (j1e1 + j2α + j3α

2 + j4α
3)δ− (j5σ)γ −α(j6δ + j7αδ) + δ(j9e3 +

j10βαδ) = (j1 + j9)δ + (j2 − j5 − j6)αδ = 0, that is, j9 = −j1 and j5 = j2 − j6, thus

j8 = j5.

Also θd3(e2⊗g3
3
e1) = (j8γβ)α− γ(j9e3 + j10βαδ)β− γβ(j1e1 + j2α + j3α

2 + j4α
3) =

−(j1 + j9)γβ = 0 then j9 = −j1.

And θd3(e2 ⊗g3
4

e2) = (j8γβ)σ − γβ(j5σ) = (j8 − j5)γβσ = 0, that is, j8 = j5.
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For θd3(e3 ⊗g3
5
e2) = (j9e3 + j10βαδ)βσ + β(j1e1 + j2α + j3α

2 + j4α
3)σ − βα(j5σ) =

(j9 + j1)βσ = 0, that is, j9 = −j1.

So

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e1 ⊗g2
2

e2 7→ (−j2 + j6)σ
e1 ⊗g2

3
e3 7→ j6δ + j7αδ

e2 ⊗g2
4

e1 7→ (−j2 + j6)γβ

e3 ⊗g2
5

e3 7→ −j1e3 + j10βαδ





.

So dimKer δ2 = 7.

19.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e1 → z0e1 + z1α + z2α
2 + z3α

3

e1 ⊗σ e2 → z4σ

e1 ⊗δ e3 → z5δ + z6αδ

e2 ⊗γ e3 → z7γ

e3 ⊗β e1 → z8β + z9βα,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α α + α⊗α e1 − e1 ⊗δ β − δ ⊗β e1

e1 ⊗g2
2

e2 7→ e1 ⊗α σ + α⊗σ e2

e1 ⊗g2
3

e3 7→ e1 ⊗α δ + α⊗δ e3 − e1 ⊗σ γ − σ ⊗γ e3

e2 ⊗g2
4

e1 7→ e2 ⊗γ βα + γ ⊗β α + γβ ⊗α e1

e3 ⊗g2
5

e3 7→ e3 ⊗β δ + β ⊗δ e3.

Then the map ϕd2 is given by

ϕd2(e1⊗g2
1
e1) = (z0e1 + z1α + z2α

2 + z3α
3)α + α(z0e1 + z1α + z2α

2 + z3α
3)− (z5δ +

z6αδ)β − δ(z8β + z9βα) = 2z0α + (2z1 − z5 − z8)α2 + (2z2 − z6 − z9)α3,

ϕd2(e1 ⊗g2
2

e2) = (z0e1 + z1α + z2α
2 + z3α

3)σ + α(z4σ) = z0σ,

ϕd2(e1 ⊗g2
3

e3) = (z0e1 + z1α + z2α
2 + z3α

3)δ + α(z5δ + z6αδ) − (z4σ)γ − σ(z7γ) =

z0δ + (z1 − z4 + z5 − z7)αδ,

ϕd2(e2 ⊗g2
4
e1) = (z7γ)βα + γ(z8β + z9βα)α + γβ(z0e1 + z1α + z2α

2 + z3α
3) = z0γβ,

ϕd2(e3 ⊗g2
5

e3) = (z8β + z9βα)δ + β(z5δ + z6αδ) = (z6 + z9)βαδ.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z5 − z8)α2 + (2z2 − z6 − z9)α3

e1 ⊗g2
2

e2 7→ z0σ

e1 ⊗g2
3

e3 7→ z0δ + (z1 − z4 + z5 − z7)αδ

e2 ⊗g2
4

e1 7→ z0γβ

e3 ⊗g2
5

e3 7→ (z6 + z9)βαδ,

where zi ∈ K.
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Note that if charK = 2 then dim Im δ1 = 4 and

Im δ1 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ (z5 + z8)α2 + (z6 + z9)α3

e1 ⊗g2
2

e2 7→ z0σ

e1 ⊗g2
3

e3 7→ z0δ + (z1 − z4 + z5 − z7)αδ

e2 ⊗g2
4

e1 7→ z0γβ

e3 ⊗g2
5

e3 7→ (z6 + z9)βαδ





.

If charK 6= 2 then dim Im δ1 = 5 and

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z5 − z8)α2 + (2z2 − z6 − z9)α3

e1 ⊗g2
2

e2 7→ z0σ

e1 ⊗g2
3

e3 7→ z0δ + (z1 − z4 + z5 − z7)αδ

e2 ⊗g2
4

e1 7→ z0γβ

e3 ⊗g2
5

e3 7→ (z6 + z9)βαδ





.

19.4.3. HH2(Λ). From 19.4.1 and 19.4.2 we have if charK = 2 then dimHH2(Λ) = 3

and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α

e1 ⊗g2
2

e2 7→ 0
e1 ⊗g2

3
e3 7→ 0

e2 ⊗g2
4

e1 7→ 0
e3 ⊗g2

5
e3 7→ −d1e3 + d3βαδ





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, u} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ −e3

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

else 7→ 0,

u : P 2 → Λ
e3 ⊗g2

5
e3 7→ βαδ

else 7→ 0.

Note that u represents the same element of HH2(Λ) as

P 2 → Λ
e1 ⊗g2

1
e1 7→ −α3

else 7→ 0.
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If charK 6= 2 then dim HH2(Λ) = 2 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α

e1 ⊗g2
2

e2 7→ 0
e1 ⊗g2

3
e3 7→ 0

e2 ⊗g2
4

e1 7→ 0
e3 ⊗g2

5
e3 7→ −d1e3





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ −e3

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

else 7→ 0.

Note that y represents the same element of HH2(Λ) as

P 2 → Λ
e1 ⊗g2

2
e2 7→ −1

2σ

e1 ⊗g2
3

e3 7→ −1
2δ

e2 ⊗g2
4

e1 7→ −1
2γβ

else 7→ 0.
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20. The algebra A16

Definition 20.1. [5] Let A16 be the algebra KQ/I where Q is the quiver

2
σ

¡¡¡¡
¡¡

¡¡
¡

1α
%% β // 3

δ
oo

γ
^^>>>>>>>

and

I = 〈αβγ, α2 − βδ, δβ, σα, δα− γσ〉.

20.1. The structure of the indecomposable projectives.

The indecomposable projective Λ-modules are e1Λ, e2Λ and e3Λ where

e1Λ = sp{e1, α, β, αβ, α2, βγ, α3},
e2Λ = sp{e2, σ, σβ, σβγ},
e3Λ = sp{e3, δ, γ, δα, γσβ}.

So we have for e1Λ

e1

@@
@@

@@
@@

~~
~~

~~
~~

α

~~
~~

~~
~~

??
??

??
??

β

ÄÄ
ÄÄ

ÄÄ
ÄÄ

??
??

??
??

αβ

CC
CC

CC
CC

CC
CC

CC
CC

C α2 βγ

{{
{{

{{
{{

{{
{{

{{
{{

{

α3

For e2Λ

e2

σ

σβ

σβγ

Also e3Λ
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e3

CC
CC

CC
CC

{{
{{

{{
{{

δ

CC
CC

CC
CC

γ

{{
{{

{{
{{

δα

γσβ

20.2. The minimal projective resolutions of the simple Λ-modules S1, S2, S3.

20.2.1. The minimal projective resolution of the simple Λ-module S1.

Now the minimal projective resolution of the simple Λ-module S1 starts with:

· · · // e1Λ⊕ e3Λ
∂1

// e1Λ // S1
// 0

where ∂1 : e1Λ⊕ e3Λ → e1Λ is given by (e1η, e3λ) 7→ αe1η + βe3λ, for η, λ ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S1.

20.2.2. Ker ∂1.

To find Ker ∂1 = Ω2(S1). Let e1η = c1e1 + c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3

and e3λ = f1e3 + f2δ + f3γ + f4δα + f5γσβ with ci, fi ∈ K. Assume that (e1η, e3λ) ∈
Ker ∂1. Then αe1η + βe3λ = 0, so α(c1e1 + c2α + c3β + c4αβ + c5α

2 + c6βγ + c7α
3) +

β(f1e3 + f2δ + f3γ + f4δα + f5γσβ) = c1α + c2α
2 + c3αβ + c5α

3 + f1β + f2βδ +

f3βγ + f4βδα = c1α + (c2 + f2)α2 + c3αβ + (c5 + f4)α3 + f1β + f3βγ = 0 and then

c1 = c3 = f1 = f3 = 0, f2 = −c2, f4 = −c5. Thus e1η = c2α+ c4αβ + c5α
2 + c6βγ + c7α

3

and e3λ = −c2δ − c5δα + f5γσβ.

Hence Ker ∂1 = {(c2α+c4αβ+c5α
2+c6βγ+c7α

3,−c2δ−c5δα+f5γσβ) : ci, f5 ∈ K}.

Claim. Ker ∂1 = (α,−δ)e1Λ + (βγ, 0)e2Λ.

Proof. Let x ∈ Ker ∂1. Then x = (c2α + c4αβ + c5α
2 + c6βγ + c7α

3,−c2δ − c5δα +

f5γσβ), that is, x = (α,−δ)(c2e1 + c4β + c5α + c7α
2 − f5αβ) + (βγ, 0)(c6e2). Thus

x ∈ (α,−δ)e1Λ + (βγ, 0)e2Λ and therefore Ker ∂1 ⊆ (α,−δ)e1Λ + (βγ, 0)e2Λ.

On the other hand, let y = (α,−δ)e1η + (βγ, 0)e2ν ∈ (α,−δ)e1Λ + (βγ, 0)e2Λ. Then

from the definition of ∂1, we have that ∂1(y) = ∂1((α,−δ)e1η + (βγ, 0)e2ν) = (α2 −
βδ)e1η + αβγe2ν = 0. Therefore y ∈ Ker ∂1 and so (α,−δ)e1Λ + (βγ, 0)e2Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α,−δ)e1Λ + (βγ, 0)e2Λ. ¤

So ∂2 : e1Λ⊕ e2Λ → e1Λ⊕ e3Λ is given by (e1η, e2ν) 7→ (α,−δ)e1η + (βγ, 0)e2ν, for

η, ν ∈ Λ.
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20.2.3. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S1). Let e1η = c1e1 + c2α + c3β + c4αβ + c5α
2 +

c6βγ + c7α
3 and e2ν = d1e2 + d2σ + d3σβ + d4σβγ with ci, di ∈ K. Assume that

(e1η, e2ν) ∈ Ker ∂2. Then (α,−δ)e1η + (βγ, 0)e2ν = (α,−δ)(c1e1 + c2α + c3β + c4αβ +

c5α
2 + c6βγ + c7α

3) + (βγ, 0)(d1e2 + d2σ + d3σβ + d4σβγ) = (c1α + c2α
2 + c3αβ +

c5α
3,−c1δ− c2δα− c4δαβ) + (d1βγ + d2βγσ, 0) = (c1α + c2α

2 + c3αβ + c5α
3 + d1βγ +

d2βγσ,−c1δ − c2δα − c4δαβ) = (c1α + c2α
2 + c3αβ + (c5 + d2)α3 + d1βγ,−c1δ −

c2δα − c4δαβ) = (0, 0). So c1α + c2α
2 + c3αβ + (c5 + d2)α3 + d1βγ = 0 and then

c1 = c2 = c3 = d1 = 0 and d2 = −c5. Also −c1δ − c2δα − c4δαβ = 0 and then

c1 = c2 = c4 = 0. Thus e1η = c5α
2 + c6βγ + c7α

3 and e2ν = −c5σ + d3σβ + d4σβγ.

Therefore Ker ∂2 = {(c5α
2 + c6βγ + c7α

3,−c5σ + d3σβ + d4σβγ) : ci, di ∈ K}.

Claim. Ker ∂2 = (α2,−σ)e1Λ + (βγ, 0)e2Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c5α
2 + c6βγ + c7α

3,−c5σ + d3σβ + d4σβγ) so

u = (α2,−σ)(c5e1+c7α−d3β−d4βγ)+(βγ, 0)(c6e2). Hence u ∈ (α2,−σ)e1Λ+(βγ, 0)e2Λ

and therefore Ker ∂2 ⊆ (α2,−σ)e1Λ + (βγ, 0)e2Λ.

On the other hand, let v = (α2,−σ)e1η + (βγ, 0)e2ν ∈ (α2,−σ)e1Λ + (βγ, 0)e2Λ.

Then, from the definition of ∂2, we have that ∂2(v) = ∂2((α2,−σ)e1η + (βγ, 0)e2ν) =

((α3 − βγσ)e1η + αβγe2ν,−δα2e1η − δβγe2ν) = (0, 0). Therefore v ∈ Ker ∂2 and then

(α2,−σ)e1Λ + (βγ, 0)e2Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α2,−σ)e1Λ + (βγ, 0)e2Λ. ¤

So the map ∂3 : e1Λ ⊕ e2Λ → e1Λ ⊕ e2Λ is given by (e1η, e2ν) 7→ (α2,−σ)e1η +

(βγ, 0)e2ν, for η, ν ∈ Λ.

20.2.4. The minimal projective resolution of the simple Λ-module S2.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ
∂1

// e2Λ // S2
// 0

where ∂1 : e1Λ → e2Λ is given by e1η → σe1η, for η ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S2.

20.2.5. Ker ∂1.

To find Ker ∂1 = Ω2(S2). Let e1η = c1e1 + c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3 with

ci ∈ K. Assume that e1η ∈ Ker ∂1. Then σe1η = 0 so σe1η = σ(c1e1 + c2α + c3β +

c4αβ + c5α
2 + c6βγ + c7α

3) = c1σ + c3σβ + c6σβγ = 0, that is, c1 = c3 = c6 = 0. Thus

e1η = c2α + c4αβ + c5α
2 + c7α

3.

Hence Ker ∂1 = {c2α + c4αβ + c5α
2 + c7α

3 : ci ∈ K}.

Claim. Ker ∂1 = αe1Λ.
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Proof. Let x ∈ Ker ∂1. Then x = c2α+c4αβ +c5α
2 +c7α

3. So x = α(c2e1 +c4β +c5α+

c7α
2). Thus x ∈ αe1Λ and therefore Ker ∂1 ⊆ αe1Λ.

On the other hand, let y = αe1η ∈ αe1Λ. Then, from the of ∂1, we have that

∂1(y) = ∂1(αe1η) = σαe1η = 0. Therefore y ∈ Ker ∂1 and then αe1Λ ⊆ Ker ∂1.

Hence Ker ∂1 = αe1Λ. ¤

So ∂2 : e1Λ → e1Λ is given by e1η 7→ αe1η, for η ∈ Λ.

20.2.6. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S2). Let e1η = c1e1 + c2α + c3β + c4αβ + c5α
2 +

c6βγ + c7α
3 with ci ∈ K. Assume that e1η ∈ Ker ∂2. Then αe1η = 0. So αe1η =

α(c1e1 + c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3) = c1α + c2α
2 + c3αβ + c5α

3 = 0,

that is, c1 = c2 = c3 = c5 = 0. Thus e1η = c4αβ + c6βγ + c7α
3. Therefore Ker ∂2 =

{c4αβ + c6βγ + c7α
3 : ci ∈ K}.

Claim. Ker ∂2 = βγe2Λ + αβe3Λ.

Proof. Let u ∈ Ker ∂2. Then u = c4αβ + c6βγ + c7α
3 so u = βγ(c6e2)+ αβ(c4e3 + c7δ).

Hence u ∈ βγe2Λ + αβe3Λ and therefore Ker ∂2 ⊆ βγe2Λ + αβe3Λ.

On the other hand, let v = βγe2ν + αβe3λ ∈ βγe2Λ + αβe3Λ. Then, from the

definition of ∂2, we have that ∂2(v) = ∂2(βγe2ν + αβe3λ) = αβγe2ν + α2βe3λ = 0.

Therefore v ∈ Ker ∂2 and then βγe2Λ + αβe3Λ ⊆ Ker ∂2.

Hence Ker ∂2 = βγe2Λ + αβe3Λ. ¤

So the map ∂3 : e2Λ ⊕ e3Λ → e1Λ is given by (e2ν, e3λ) 7→ βγe2ν + αβe3λ, for

ν, λ ∈ Λ.

20.2.7. The minimal projective resolution of the simple Λ-module S3.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e1Λ⊕ e2Λ
∂1

// e3Λ // S3
// 0

where ∂1 : e1Λ⊕ e2Λ → e3Λ is given by (e1η, e2ν) 7→ δe1η + γe2ν, for η, ν ∈ Λ.

Now we need to find Ker ∂1 and Ker ∂2 in order to find ∂2, ∂3 for the simple Λ-module

S3.

20.2.8. Ker ∂1.

To find Ker ∂1 = Ω2(S3). Let e1η = c1e1 + c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3 and

e2ν = d1e2 + d2σ + d3σβ + d4σβγ with ci, di ∈ K. Assume that (e1η, e2ν) ∈ Ker ∂1.

Then δe1η + γe2ν = 0 so δ(c1e1 + c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3) + γ(d1e2 +

d2σ + d3σβ + d4σβγ) = c1δ + c2δα + c4δαβ + d1γ + d2γσ + d3γσβ = c1δ + (c2 +

d2)δα + (c4 + d3)δαβ + d1γ = 0, that is, c1 = d1 = 0, d2 = −c2 and d3 = −c4. Thus

e1η = c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3 and e2ν = −c2σ − c4σβ + d4σβγ.

Hence Ker ∂1 = {(c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3,−c2σ − c4σβ + d4σβγ) :

ci, d4 ∈ K}.
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Claim. Ker ∂1 = (α,−σ)e1Λ + (β, 0)e3Λ.

Proof. Let x ∈ Ker ∂1. Then x = (c2α+c3β +c4αβ +c5α
2 +c6βγ +c7α

3,−c2σ−c4σβ +

d4σβγ). So x = (α,−σ)(c2e1 + c4β + c5α + c7α
2 − d4βγ) + (β, 0)(c3e3 + c6γ). Thus

x ∈ (α,−σ)e1Λ + (β, 0)e3Λ and therefore Ker ∂1 ⊆ (α,−σ)e1Λ + (β, 0)e3Λ.

On the other hand, let y = (α,−σ)e1η + (β, 0)e3λ ∈ (α,−σ)e1Λ + (β, 0)e3Λ. Then,

from the definition of ∂1, we have that ∂1(y) = ∂1((α,−σ)e1η + (β, 0)e3λ) = (δα −
γσ)e1η + δβe3λ = 0. Therefore y ∈ Ker ∂1 and so (α,−σ)e1Λ + (β, 0)e3Λ ⊆ Ker ∂1.

Hence Ker ∂1 = (α,−σ)e1Λ + (β, 0)e3Λ. ¤

So ∂2 : e1Λ ⊕ e3Λ → e1Λ ⊕ e2Λ is given by (e1η, e3λ) 7→ (α,−σ)e1η + (β, 0)e3λ, for

η, λ ∈ Λ.

20.2.9. Ker ∂2.

Now we want to find Ker ∂2 = Ω3(S3). Let e1η = c1e1+c2α+c3β+c4αβ+c5α
2+c6βγ+

c7α
3 and e3λ = f1e3+f2δ+f3γ+f4δα+f5γσβ with ci, fi ∈ K. Assume that (e1η, e3λ) ∈

Ker ∂1. Then (α,−σ)e1η+(β, 0)e3λ = (0, 0) so (α,−σ)e1η+(β, 0)e3λ = (α,−σ)(c1e1 +

c2α + c3β + c4αβ + c5α
2 + c6βγ + c7α

3) + (β, 0)(f1e3 + f2δ + f3γ + f4δα + f5γσβ) =

(c1α + c2α
2 + c3αβ + c5α

3,−c1σ − c3σβ − c6σβγ) + (f1β + f2βδ + f3βγ + f4βδα, 0) =

(c1α+ f1β + f3βγ +(c2 + f2)α2 + c3αβ +(c5 + f4)α3,−c1σ− c3σβ− c6σβγ) = (0, 0). So

c1α + f1β + f3βγ + (c2 + f2)α2 + c3αβ + (c5 + f4)α3 = 0 and then c1 = c3 = f1 = f3 =

0, f2 = −c2 and f4 = −c5. Also −c1σ − c3σβ − c6σβγ = 0, that is, c1 = c3 = c6 = 0.

Therefore e1η = c2α + c4αβ + c5α
2 + c7α

3 and e3λ = −c2δ − c5δα + f5γσβ. Thus

Ker ∂2 = {(c2α + c4αβ + c5α
2 + c7α

3,−c2δ − c5δα + f5γσβ) : ci, f5 ∈ K}.

Claim. Ker ∂2 = (α,−δ)e1Λ.

Proof. Let u ∈ Ker ∂2. Then u = (c2α+ c4αβ + c5α
2 + c7α

3,−c2δ− c5δα+f5γσβ), that

is, u = (α,−δ)(c2e1 + c4β + c5α + c7α
2 − f5αβ). Hence u ∈ (α,−δ)e1Λ and therefore

Ker ∂2 ⊆ (α,−δ)e1Λ.

On the other hand, let v = (α,−δ)e1η ∈ (α,−δ)e1Λ. Then, from the definition

of ∂2, we have that ∂2(v) = ∂2((α,−δ)e1η) = ((α,−σ)α + (β, 0)(−δ))e1η = ((α2 −
βδ),−σα)e1η = (0, 0). Therefore v ∈ Ker ∂2 and then (α,−δ)e1Λ ⊆ Ker ∂2.

Hence Ker ∂2 = (α,−δ)e1Λ. ¤

So the map ∂3 : e1Λ → e1Λ⊕ e3Λ is given by e1η 7→ (α,−δ)e1η, for η ∈ Λ.

Thus the maps for S1 are:

∂1 : (e1η, e3λ) 7→ αe1η + βe3λ,

∂2 : (e1η, e2ν) 7→ (α,−δ)e1η + (βγ, 0)e2ν,

∂3 : (e1η, e2ν) 7→ (α2,−σ)e1η + (βγ, 0)e2ν,

for η, ν, λ ∈ Λ.

Also the maps for S2 are:

∂1 : e1η → σe1η,
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∂2 : e1η 7→ αe1η,

∂3 : (e2ν, e3λ) 7→ βγe2ν + αβe3λ,

for η, ν, λ ∈ Λ.

And the maps for S3 are:

∂1 : (e1η, e2ν) 7→ δe1η + γe2ν,

∂2 : (e1η, e3λ) 7→ (α,−σ)e1η + (β, 0)e3λ,

∂3 : e1η 7→ (α,−δ)e1η,

for η, ν, λ ∈ Λ.

20.3. g3 for S1, S2 and S3.

Now we want to find the elements of g3; these are paths in KQ.

For S1

(e1, 0) ∂3→ (α2,−σ) ∂2→ (α,−δ)α2+(βγ, 0)(−σ) = (α3−βγσ,−δα2) ∂1→ α4−αβγσ−βδα2,

so α4 − αβγσ − βδα2 ∈ g3.

(0, e2)
∂3→ (βγ, 0) ∂2→ (α,−δ)βγ = (αβγ,−δβγ) ∂1→ α2βγ − βδβγ, so α2βγ − βδβγ ∈ g3.

For S2

(e2, 0) ∂3
// βγ

∂2
// αβγ

∂1
// σαβγ , so σαβγ ∈ g3.

(0, e3)
∂3

// αβ
∂2

// α2β
∂1

// σα2β , so σα2β ∈ g3.

For S3

e1
∂3

// (α,−δ) ∂2
// (α,−σ)α + (β, 0)(−δ) = (α2 − βδ,−σα) ∂1

// δα2 − δβδ − γσα ,

so δα2 − δβδ − γσα ∈ g3.

Let g3
1 = α4 − αβγσ − βδα2,

g3
2 = α2βγ − βδβγ,

g3
3 = σαβγ,

g3
4 = σα2β,

g3
5 = δα2 − δβδ − γσα.

So g3 = {g3
1, g

3
2, g

3
3, g

3
4, g

3
5}.

We know that g2 = {αβγ, α2 − βδ, δβ, σα, δα− γσ}. Denote

g2
1 = α2 − βδ,

g2
2 = αβγ,

g2
3 = σα,

g2
4 = δα− γσ,

g2
5 = δβ.

So we have

g3
1 = g2

1α
2 − g2

2σ = αg2
1α− βg2

5δ − βδg2
1 + αβg2

4,

g3
2 = g2

1βγ = −βg2
5γ + αg2

2,

g3
3 = g2

3βγ = σg2
2,
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g3
4 = g2

3αβ = σg2
1β + σβg2

5,

g3
5 = g2

4α− g2
5δ = δg2

1 − γg2
3.

20.4. HH2(Λ).

From [16] we have the projective resolution of Λ

. . . // P 3 d3
// P 2 d2

// P 1 d1
// P 0 d0

// Λ // 0 .

Apply HomΛe(−, Λ) to get

0 → HomΛe(P 0, Λ) δ0→ HomΛe(P 1, Λ) δ1→ HomΛe(P 2, Λ) δ2→ HomΛe(P 3, Λ)→ . . .

20.4.1. Ker δ2.

To find HH2(Λ) we need to find Ker δ2 and Im δ1. Let θ ∈ Ker δ2; then θ ∈ HomΛe(P 2, Λ).

So the map θ : P 2 → Λ is given by

θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e1 ⊗g2
2

e2 7→ j5βγ

e2 ⊗g2
3

e1 7→ j6σ

e3 ⊗g2
4

e1 7→ j7δ + j8δα

e3 ⊗g2
5

e3 7→ j9e3 + j10γσβ,

for some ji ∈ K. The map d3 : P 3 → P 2 is given by

e1 ⊗g3
1

e1 7→ e1 ⊗g2
1

α2 − e1 ⊗g2
2

σ − α⊗g2
1

α + β ⊗g2
5

δ + βδ ⊗g2
1

e1 − αβ ⊗g2
4

e1,

e1 ⊗g3
2

e2 7→ e1 ⊗g2
1

βγ + β ⊗g2
5

γ − α⊗g2
2

e2,

e2 ⊗g3
3

e2 7→ e2 ⊗g2
3

βγ − σ ⊗g2
2

e2,

e2 ⊗g3
4

e3 7→ e2 ⊗g2
3

αβ − σ ⊗g2
1

β − σβ ⊗g2
5

e3,

e3 ⊗g3
5

e1 7→ e3 ⊗g2
4

α− e3 ⊗g2
5

δ − δ ⊗g2
1

e1 + γ ⊗g2
3

e1.

So the fact that θd3 = 0 gives conditions on the coefficients ji ∈ K.

We have θd3(e1 ⊗g3
1

e1) = (j1e1 + j2α + j3α
2 + j4α

3)α2 − (j5βγ)σ − α(j1e1 + j2α +

j3α
2 + j4α

3)α + β(j9e3 + j10γσβ)δ + βδ(j1e1 + j2α + j3α
2 + j4α

3)− αβ(j7δ + j8δα) =

(j1 + j9)α2 + (j2 − j5 − j7)α3 = 0 then j9 = −j1 and j7 = j2 − j5.

For θd3(e1 ⊗g3
2
e2) = (j1e1 + j2α + j3α

2 + j4α
3)βγ + β(j9e3 + j10γσβ)γ − α(j5βγ) =

(j1 + j9)βγ = 0, that is, j9 = −j1.

Also θd3(e2 ⊗g3
3

e2) = (j6σ)βγ − σ(j5βγ) = (−j5 + j6)σβγ = 0 then j6 = j5.

And θd3(e2⊗g3
4
e3) = (j6σ)αβ−σ(j1e1 + j2α + j3α

2 + j4α
3)β−σβ(j9e3 + j10γσβ) =

(−j1 − j9)σβ = 0, that is, j9 = −j1.

For θd3(e3⊗g3
5
e1) = (j7δ + j8δα)α− (j9e3 + j10γσβ)δ− δ(j1e1 + j2α+ j3α

2 + j4α
3)+

γ(j6σ) = −(j1 + j9)δ + (−j2 + j6 + j7)δα = 0, that is, j9 = −j1 and j7 = j2− j6. Hence

j5 = j6.
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So

Ker δ2 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ j1e1 + j2α + j3α

2 + j4α
3

e1 ⊗g2
2

e2 7→ j5βγ

e2 ⊗g2
3

e1 7→ j5σ

e3 ⊗g2
4

e1 7→ (j2 − j5)δ + j8δα

e3 ⊗g2
5

e3 7→ −j1e3 + j10γσβ





.

So dimKer δ2 = 7.

20.4.2. Im δ1.

Now to find Im δ1. Let ϕ ∈ HomΛe(P 1, Λ). The map ϕ : P 1 → Λ is given by

e1 ⊗α e1 → z0e1 + z1α + z2α
2 + z3α

3

e1 ⊗β e3 → z4β + z5αβ

e2 ⊗σ e1 → z6σ

e3 ⊗δ e1 → z7δ + z8δα

e3 ⊗γ e2 → z9γ,

for zi ∈ K.

We have the map d2 : P 2 → P 1 given by

e1 ⊗g2
1

e1 7→ e1 ⊗α α + α⊗α e1 − e1 ⊗β δ − β ⊗δ e1

e1 ⊗g2
2

e2 7→ e1 ⊗α βγ + α⊗β γ + αβ ⊗γ e2

e2 ⊗g2
3

e1 7→ e2 ⊗σ α + σ ⊗α e1

e3 ⊗g2
4

e1 7→ e3 ⊗δ α + δ ⊗α e1 − e3 ⊗γ σ − γ ⊗σ e1

e3 ⊗g2
5

e3 7→ e3 ⊗δ β + δ ⊗β e3.

Then the map ϕd2 is given by

ϕd2(e1⊗g2
1
e1) = (z0e1 + z1α + z2α

2 + z3α
3)α +α(z0e1 + z1α + z2α

2 + z3α
3)− (z4β +

z5αβ)δ − β(z7δ + z8δα) = 2z0α + (2z1 − z4 − z7)α2 + (2z2 − z5 − z8)α3,

ϕd2(e1 ⊗g2
2
e2) = (z0e1 + z1α + z2α

2 + z3α
3)βγ + α(z4β + z5αβ)γ + αβ(z9γ) = z0βγ,

ϕd2(e2 ⊗g2
3

e1) = (z6σ)α + σ(z0e1 + z1α + z2α
2 + z3α

3) = z0σ,

ϕd2(e3 ⊗g2
4

e1) = (z7δ + z8δα)α + δ(z0e1 + z1α + z2α
2 + z3α

3) − (z9γ)σ − γ(z6σ) =

z0δ + (z1 − z6 + z7 − z9)δα,

ϕd2(e3 ⊗g2
5

e3) = (z7δ + z8δα)β + δ(z4β + z5αβ) = (z5 + z8)δαβ = (z5 + z8)γσβ.

Thus ϕd2 is given by

P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z4 − z7)α2 + (2z2 − z5 − z8)α3

e1 ⊗g2
2

e2 7→ z0βγ

e2 ⊗g2
3

e1 7→ z0σ

e3 ⊗g2
4

e1 7→ z0δ + (z1 − z6 + z7 − z9)δα
e3 ⊗g2

5
e3 7→ (z5 + z8)γσβ,

where zi ∈ K.
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Note that if charK = 2 then dim Im δ1 = 4 and

Im δ1 =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ (z4 + z7)α2 + (z5 + z8)α3

e1 ⊗g2
2

e2 7→ z0βγ

e2 ⊗g2
3

e1 7→ z0σ

e3 ⊗g2
4

e1 7→ z0δ + (z1 − z6 + z7 − z9)δα
e3 ⊗g2

5
e3 7→ (z5 + z8)γσβ





.

If charK 6= 2 then dim Im δ1 = 5 and

Im δ1 =





P 2 → Λ
e1 ⊗g2

1
e1 7→ 2z0α + (2z1 − z4 − z7)α2 + (2z2 − z5 − z8)α3

e1 ⊗g2
2

e2 7→ z0βγ

e2 ⊗g2
3

e1 7→ z0σ

e3 ⊗g2
4

e1 7→ z0δ + (z1 − z6 + z7 − z9)δα
e3 ⊗g2

5
e3 7→ (z5 + z8)γσβ





.

20.4.3. HH2(Λ).

From 20.4.1 and 20.4.2 we have if charK = 2 then dim HH2(Λ) = 3 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α + d3α

3

e1 ⊗g2
2

e2 7→ 0
e2 ⊗g2

3
e1 7→ 0

e3 ⊗g2
4

e1 7→ 0
e3 ⊗g2

5
e3 7→ −d1e3,





with di ∈ K.

A basis of HH2(Λ) = sp{x, y, z} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ −e3

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

else 7→ 0,

z : P 2 → Λ
e1 ⊗g2

1
e1 7→ α3

else 7→ 0.

Note that z represents the same element of HH2(Λ) as

P 2 → Λ
e3 ⊗g2

5
e3 7→ −γσβ

else 7→ 0.
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If charK 6= 2 then dim HH2(Λ) = 2 and therefore

HH2(Λ) =





θ : P 2 → Λ
e1 ⊗g2

1
e1 7→ d1e1 + d2α

e1 ⊗g2
2

e2 7→ 0
e2 ⊗g2

3
e1 7→ 0

e3 ⊗g2
4

e1 7→ 0
e3 ⊗g2

5
e3 7→ −d1e3





with di ∈ K.

A basis of HH2(Λ) = sp{x, y} where

x : P 2 → Λ
e1 ⊗g2

1
e1 7→ e1

e3 ⊗g2
5

e3 7→ −e3

else 7→ 0,

y : P 2 → Λ
e1 ⊗g2

1
e1 7→ α

else 7→ 0.

Note that y represents the same element of HH2(Λ) as

P 2 → Λ
e1 ⊗g2

2
e2 7→ −1

2βγ

e2 ⊗g2
3

e1 7→ −1
2σ

e3 ⊗g2
4

e1 7→ −1
2δ

else 7→ 0.

So we have found HH2(Λ) for all the algebras Ai where i = 1, . . . , 16.

20.5. Summary.

Theorem 20.2. Let λ ∈ K \ {0, 1}.
For the algebra Λ = A1(λ), we have dimHH2(Λ) = 3,

the algebra Λ = A2(λ) has dimHH2(Λ) =
{

6 if charK = 2
4 if charK 6= 2,

the algebra Λ = Ai where i = 4, 7, 8, 9, 10, 11 has dimHH2(Λ) = 2,

the algebra Λ = Aj where j = 5, 6 has dimHH2(Λ) =





3 if charK = 2
4 if charK = 3
3 if charK 6= 2, 3,

and for the algebra Λ = Ak where k = 12, 13, 14, 15, 16, we have

dimHH2(Λ) =
{

3 if charK = 2
2 if charK 6= 2.

Recall from Chapter 4 that the derived equivalence classes are {A1(λ)}, {A2(λ)},
{A4, A7, A8, A9, A10, A11}, {A5, A6}, {A12, A13, A14, A15, A16}.

In the remaining chapters we will find the periodicity of the simple modules of

representatives of these derived equivalence classes of the algebras Ai. Recall that when

we refer to periodicity we mean Ω−periodic.
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21. The periodicity and the bimodule resolution of the algebra A1(λ)

We recall from Chapter 5 that A1(λ) is the algebra KQ/I where Q is the quiver

0
α //

1
σ //

γ
oo 2

β
oo

and

I = 〈αγα− ασβ, βγα− λβσβ, γαγ − σβγ, γασ − λσβσ〉
where λ ∈ K \ {0, 1}. Write Λ for A1(λ) and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are e0Λ, e1Λ, e2Λ with basis

e0Λ = sp{e0, α, ασ, αγ, αγα, αγαγ},
e1Λ = sp{e1, σ, γ, σβ, γα, γαγ, σβσ, γαγα},
e2Λ = sp{e2, β, βγ, βσ, βσβ, βσβσ}.

21.1. The periodicity of the simple modules for A1(λ).

In this section we will look at the periodicity of the simple modules S0, S1 and S2.

From 5.2 and 5.3 we have the beginning of the projective resolution of the simple

A1(λ)−modules as follows.

The minimal projective resolution of S0 starts with:

· · · // e0Λ
∂3

// e1Λ
∂2

// e1Λ
∂1

// e0Λ // S0
// 0

where

∂1 : e1ζ 7→ αe1ζ,

∂2 : e1ζ 7→ (γα− σβ)e1ζ,

∂3 : e0ν 7→ γe0ν,

for ζ, ν ∈ Λ.

The minimal projective resolution of S1 starts with

· · · // e1Λ
∂3

// e0Λ⊕ e2Λ
∂2

// e0Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e0ν, e2η) 7→ γe0ν + σe2η,

∂2 : (e0ν, e2η) 7→ (αγ,−βγ)e0ν + (ασ,−λβσ)e2η,

∂3 : e1ζ 7→ (α,−β)e1ζ,

for ν, η, ζ ∈ Λ.

The minimal projective resolution of S2 starts with:

· · · // e2Λ
∂3

// e1Λ
∂2

// e1Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e1ζ 7→ βe1ζ,

∂2 : e1ζ 7→ (γα− λσβ)e1ζ,
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∂3 : e2η 7→ σe2η,

for ζ, η ∈ Λ.

21.1.1. The periodicity of S0.

To find Ker ∂3 = Ω4(S0), let e0ν = c0e0 + c1α + c2ασ + c3αγ + c4αγα + c5αγαγ with

ci ∈ K. Assume that e0ν ∈ Ker ∂3 then γe0ν = 0 so γ(c0e0 + c1α + c2ασ + c3αγ +

c4αγα + c5αγαγ) = 0, that is, c0γ + c1γα + c2γασ + c3γαγ + c4γαγα = 0, so that

c0 = c1 = c2 = c3 = c4 = 0. Thus e0ν = c5αγαγ.

Hence Ker ∂3 = {c5αγαγ : c5 ∈ K}.

Claim. Ker ∂3 = αγαγe0Λ.

Proof. Let x ∈ Ker ∂3; then x = c5αγαγ, that is, x = αγαγ(c5e0). Thus x ∈ αγαγe0Λ

and therefore Ker ∂3 ⊆ αγαγe0Λ.

On the other hand, let y = αγαγe0ν ∈ αγαγe0Λ. Then, from the definition of ∂3, we

have that ∂3(y) = γ(αγαγ)e0ν = 0. Therefore y ∈ Ker ∂3 and so αγαγe0Λ ⊆ Ker ∂3.

Hence Ker ∂3 = αγαγe0Λ. ¤

Note that Ker ∂3 ∼= S0 and so Ω4(S0) ∼= S0.

21.1.2. The periodicity of S1.

Now we want to find Ker ∂3 = Ω4(S1). Let e1ζ = d1e1+d2σ+d3γ+d4σβ+d5γα+d6γαγ+

d7σβσ + d8γαγα with di ∈ K. Assume that e1ζ ∈ Ker ∂3. Then (α,−β)e1ζ = (0, 0). So

(α,−β)e1ζ = (α,−β)(d1e1+d2σ+d3γ+d4σβ+d5γα+d6γαγ+d7σβσ+d8γαγα) = (0, 0).

Thus (d1α + d2ασ + d3αγ + d4ασβ + d5αγα + d6αγαγ,−d1β− d2βσ− d3βγ− d4βσβ−
d5βγα−d7βσβσ) = (0, 0). So d1α+d2ασ+d3αγ+d4ασβ+d5αγα+d6αγαγ = 0, that is,

d1 = d2 = d3 = d4 = d5 = d6 = 0. Also−d1β−d2βσ−d3βγ−d4βσβ−d5βγα−d7βσβσ =

0 so d1 = d2 = d3 = d4 = d5 = d7 = 0. Thus e1ζ = d8γαγα.

Hence Ker ∂3 = {d8γαγα : d8 ∈ K}.

Claim. Ker ∂3 = γαγαe1Λ.

Proof. Let u ∈ Ker ∂3. Then u = d8γαγα so u = γαγα(d8e1). Hence u ∈ γαγαe1Λ and

therefore Ker ∂3 ⊆ γαγαe1Λ.

On the other hand, let v = γαγαe1ζ ∈ γαγαe1Λ. Then, from the definition of

∂3, we have that ∂3(v) = ∂3(γαγαe1ζ) = (αγαγα,−βγαγα)e1ζ = (0, 0). Therefore

γαγαe1Λ ⊆ Ker ∂3.

Hence Ker ∂3 = γαγαe1Λ. ¤

So the map ∂4 : e1Λ → e1Λ is given by e1ζ 7→ γαγαe1ζ, for ζ ∈ Λ.

Note that Ker ∂3 ∼= S1 and so Ω4(S1) ∼= S1.
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21.1.3. The periodicity of S2.

To find Ker ∂3 = Ω4(S2), let e2η = c6e2 + c7β + c8βγ + c9βσ + c10βσβ + c11βσβσ with

ci ∈ K. Assume that e2η ∈ Ker ∂3 then σe2η = 0 so σ(c6e2 + c7β + c8βγ + c9βσ +

c10βσβ + c11βσβσ) = 0, that is, c6σ + c7σβ + c8σβγ + c9σβσ + c10σβσβ = 0. So

c6 = c7 = c8 = c9 = c10 = 0. Thus e2η = c11βσβσ.

Hence Ker ∂3 = {c11βσβσ : c11 ∈ K}.

Claim. Ker ∂3 = βσβσe2Λ.

Proof. Let x ∈ Ker ∂3; then x = c11βσβσ, that is, x = (βσβσ)(c11e2). Thus x ∈
βσβσe2Λ and therefore Ker ∂3 ⊆ βσβσe2Λ.

On the other hand, let y = βσβσe2η ∈ βσβσe2Λ. Then, from the definition of ∂3,

we have that ∂3(y) = σβσβσe2η = 0. Therefore y ∈ Ker ∂3 and so βσβσe2Λ ⊆ Ker ∂3.

Hence Ker ∂3 = βσβσe2Λ. ¤

Note that Ker ∂3 ∼= S2 and so Ω4(S2) ∼= S2.

21.2. Summary.

Theorem 21.1. For the algebra A1(λ), we have Ω4(S0) ∼= S0, Ω4(S1) ∼= S1 and

Ω4(S2) ∼= S2. Hence Ω4(Si) ∼= Si for all i = 0, 1, 2.

Theorem 21.2. With the above notation, and for each simple module S0, S1, S2 of the

algebra A1(λ) we have that ∂m = ∂m+4 for all m > 1 where ∂m is the mth map in the

projective resolution of the simple A1(λ) module.

Moreover let

g0
1 = e0,

g0
2 = e1,

g0
3 = e2,

and for n > 0, let

|g4n+1| = 4 and

g4n+1
1 = g4n

1 α,

g4n+1
2 = g4n

2 γ,

g4n+1
3 = g4n

3 σ,

g4n+1
4 = g4n

4 β;

|g4n+2| = 4 and

g4n+2
1 = g4n+1

1 (γα− σβ),

g4n+2
2 = g4n+1

2 αγ − g4n+1
3 βγ,

g4n+2
3 = g4n+1

2 ασ − g4n
3 λβσ,

g4n+2
4 = g4n+1

4 (γα− λσβ);

|g4n+3| = 3 and

g4n+3
1 = g4n+2

1 γ,

g4n+3
2 = g4n+2

2 α− g4n+2
3 β,

167



g4n+3
3 = g4n+2

4 σ;

|g4n+4| = 3 and

g4n+4
1 = g4n+3

1 αγαγ,

g4n+4
2 = g4n+3

2 γαγα,

g4n+4
3 = g4n+3

3 βσβσ.

Then Λ/r = S0 ⊕ S1 ⊕ S2 has minimal projective resolution (Qm, εm) as a right

Λ−module where Qm = ⊕gm
i ∈gmt(gm

i )Λ and, writing gm
i = Σjg

m−1
j pj for appropriate

elements pj ∈ Λ as above, the map εm : Qm → Qm−1 is given by t(gm
i ) 7→ Σjt(gm−1

j )pj .

We remark that εm is the sum of the maps ∂m for all simple modules S0, S1, S2.

21.3. The bimodule resolution of A1(λ).

From Chapter 3 recall that, for a finite dimensional algebra Λ over a field K, we have

Pn = ⊕gn
i ∈gnΛo(gn

i ) ⊗K t(gn
i )Λ and, for n = 0, 1, 2, 3, the map dn : Pn → Pn−1 is

defined by how the elements of gn relate to the elements in gn−1. In this section, we

use the ideas by Green and Snashall [16] to construct a minimal projective bimodule

resolution (Pn, dn) of A1(λ). We continue to write Λ for A1(λ), and use the sets gn as

defined in Theorem 21.2.

Definition 21.3. Define d0 : P 0 → Λ by

e0 ⊗ e0 7→ e0

e1 ⊗ e1 7→ e1

e2 ⊗ e2 7→ e2.

For all n > 0, define d4n+1 : P 4n+1 → P 4n by

o(g4n+1
1 )⊗ t(g4n+1

1 ) 7→ o(g4n+1
1 )⊗g4n

1
α− α⊗g4n

2
t(g4n+1

1 )

o(g4n+1
2 )⊗ t(g4n+1

2 ) 7→ o(g4n+1
2 )⊗g4n

2
γ − γ ⊗g4n

1
t(g4n+1

2 )

o(g4n+1
3 )⊗ t(g4n+1

3 ) 7→ o(g4n+1
3 )⊗g4n

2
σ − (−λ)nσ ⊗g4n

3
t(g4n+1

3 )

o(g4n+1
4 )⊗ t(g4n+1

4 ) 7→ o(g4n+1
4 )⊗g4n

3
β − (−λ)−nβ ⊗g4n

2
t(g4n+1

4 );

define d4n+2 : P 4n+2 → P 4n+1 by

o(g4n+2
1 )⊗ t(g4n+2

1 ) 7→ o(g4n+2
1 )⊗g4n+1

1
(γα− σβ) + α⊗g4n+1

2
α

− α⊗g4n+1
3

β + αγ ⊗g4n+1
1

t(g4n+2
1 )− (−λ)nασ ⊗g4n+1

4
t(g4n+2

1 )

o(g4n+2
2 )⊗ t(g4n+2

2 ) 7→ o(g4n+2
2 )⊗g4n+1

2
αγ − o(g4n+2

2 )⊗g4n+1
3

βγ

+ γ ⊗g4n+1
1

γ − (−λ)nσ ⊗g4n+1
4

γ + (γα− σβ)⊗g4n+1
2

t(g4n+2
2 )

o(g4n+2
3 )⊗ t(g4n+2

3 ) 7→ o(g4n+2
3 )⊗g4n+1

2
ασ − o(g4n+2

3 )⊗g4n+1
3

λβσ

+ γ ⊗g4n+1
1

σ + (−λ)n+1σ ⊗g4n+1
4

σ + (γα− λσβ)⊗g4n+1
3

t(g4n+2
3 )

o(g4n+2
4 )⊗ t(g4n+2

4 ) 7→ o(g4n+2
4 )⊗g4n+1

4
(γα− λσβ) + (−λ)1−nβ ⊗g4n+1

3
β

+ (−λ)−nβ ⊗g4n+1
2

α + (−λ)−nβγ ⊗g4n+1
1

t(g4n+2
4 )

− λβσ ⊗g4n+1
4

t(g4n+2
4 );
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define d4n+3 : P 4n+3 → P 4n+2 by

o(g4n+3
1 )⊗ t(g4n+3

1 ) 7→ o(g4n+3
1 )⊗g4n+2

1
γ − α⊗g4n+2

2
t(g4n+3

1 )

o(g4n+3
2 )⊗ t(g4n+3

2 ) 7→ o(g4n+3
2 )⊗g4n+2

2
α− o(g4n+3

2 )⊗g4n+2
3

β

− γ ⊗g4n+2
1

t(g4n+3
2 ) + (−λ)nσ ⊗g4n+2

4
t(g4n+3

2 )

o(g4n+3
3 )⊗ t(g4n+3

3 ) 7→ o(g4n+3
3 )⊗g4n+2

4
σ − (−λ)−nβ ⊗g4n+2

3
t(g4n+3

3 );

and define d4n+4 : P 4n+4 → P 4n+3 by

o(g4n+4
1 )⊗ t(g4n+4

1 ) 7→ o(g4n+4
1 )⊗g4n+3

1
αγαγ + α⊗g4n+3

2
γαγ

+ αγ ⊗g4n+3
1

αγ + αγα⊗g4n+3
2

γ + αγαγ ⊗g4n+3
1

t(g4n+4
1 )

− (−λ)nασ ⊗g4n+3
3

βγ

o(g4n+4
2 )⊗ t(g4n+4

2 ) 7→ o(g4n+4
2 )⊗g4n+3

2
γαγα + γ ⊗g4n+3

1
αγα

+ γαγ ⊗g4n+3
1

α + γαγα⊗g4n+3
2

t(g4n+4
2 )− (−λ)nγασ ⊗g4n+3

3
β

− (−λ)nσ ⊗g4n+3
3

βγα + (1− λ)−1γα⊗g4n+3
2

(γα− λσβ)

+ λ(1− λ)−1σβ ⊗g4n+3
2

(σβ − γα)

o(g4n+4
3 )⊗ t(g4n+4

3 ) 7→ o(g4n+4
3 )⊗g4n+3

3
βσβσ − (−λ)−nβ ⊗g4n+3

2
σβσ

+ βσ ⊗g4n+3
3

βσ − (−λ)−nβσβ ⊗g4n+3
2

σ + βσβσ ⊗g4n+3
3

t(g4n+4
3 )

+ (−λ)−(n+1)βγ ⊗g4n+3
1

ασ.

Remark. If n = 0 then these are the same as d1, d2, d3 of Green and Snashall [16] as

given in Chapter 3. The aim is to show that (Pn, dn) is indeed a minimal projective

resolution of Λ as a bimodule. We start by showing that (Pn, dn) is a complex.

Theorem 21.4. The composition map dm · dm+1 = 0 for all m > 0.

Proof. This is true for m = 0, 1, 2 by [16]. So let m > 3. We consider four cases:

m = 4n + 3, 4n + 4, 4n + 5, 4n + 6 where n > 0.

First we show d4n+3 · d4n+4 = 0. We have

d4n+3 · d4n+4(o(g4n+4
1 )⊗ t(g4n+4

1 ))
= [o(g4n+3

1 )⊗g4n+2
1

γ − α⊗g4n+2
2

t(g4n+3
1 )]αγαγ + α[o(g4n+3

2 )⊗g4n+2
2

α− o(g4n+3
2 )⊗g4n+2

3
β

−γ ⊗g4n+2
1

t(g4n+3
2 ) + (−λ)nσ ⊗g4n+2

4
t(g4n+3

2 )]γαγ + αγ[o(g4n+3
1 )⊗g4n+2

1
γ

−α⊗g4n+2
2

t(g4n+3
1 )]αγ + αγα[o(g4n+3

2 )⊗g4n+2
2

α− o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 )
+(−λ)nσ ⊗g4n+2

4
t(g4n+3

2 )]γ + αγαγ[o(g4n+3
1 )⊗g4n+2

1
γ − α⊗g4n+2

2
t(g4n+3

1 )]
−(−λ)nασ[o(g4n+3

3 )⊗g4n+2
4

σ − (−λ)−nβ ⊗g4n+2
3

t(g4n+3
3 )]βγ

= −α⊗g4n+2
2

αγαγ + α⊗g4n+2
2

αγαγ − αγ ⊗g4n+2
1

γαγ + (−λ)nασ ⊗g4n+2
4

γαγ

+αγ ⊗g4n+2
1

γαγ − αγα⊗g4n+2
2

αγ + αγα⊗g4n+2
2

αγ − αγα⊗g4n+2
3

βγ − αγαγ ⊗g4n+2
1

γ

+αγαγ ⊗g4n+2
1

γ − (−λ)nασ ⊗g4n+2
4

σβγ + ασβ ⊗g4n+2
3

βγ

= 0,
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d4n+3 · d4n+4(o(g4n+4
2 )⊗ t(g4n+4

2 ))
= [o(g4n+3

2 )⊗g4n+2
2

α− o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 ) + (−λ)nσ ⊗g4n+2
4

t(g4n+3
2 )]γαγα

+γ[o(g4n+3
1 )⊗g4n+2

1
γ − α⊗g4n+2

2
t(g4n+3

1 )]αγα + γαγ[o(g4n+3
1 )⊗g4n+2

1
γ − α⊗g4n+2

2
t(g4n+3

1 )]α
+γαγα[o(g4n+3

2 )⊗g4n+2
2

α− o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 ) + (−λ)nσ ⊗g4n+2
4

t(g4n+3
2 )]

−(−λ)nγασ[o(g4n+3
3 )⊗g4n+2

4
σ − (−λ)−nβ ⊗g4n+2

3
t(g4n+3

3 )]β − (−λ)nσ[o(g4n+3
3 )⊗g4n+2

4
σ

−(−λ)−nβ ⊗g4n+2
3

t(g4n+3
3 )]βγα + (1− λ)−1γα[o(g4n+3

2 )⊗g4n+2
2

α− o(g4n+3
2 )⊗g4n+2

3
β

−γ ⊗g4n+2
1

t(g4n+3
2 ) + (−λ)nσ ⊗g4n+2

4
t(g4n+3

2 )](γα− λσβ) + λ(1− λ)−1σβ[o(g4n+3
2 )⊗g4n+2

2
α

−o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 ) + (−λ)nσ ⊗g4n+2
4

t(g4n+3
2 )](σβ − γα)

= −γ ⊗g4n+2
1

γαγα + (−λ)nσ ⊗g4n+2
4

γαγα + γ ⊗g4n+2
1

γαγα− γα⊗g4n+2
2

αγα + γαγ ⊗g4n+2
1

γα

−γαγα⊗g4n+2
2

α + γαγα⊗g4n+2
2

α− γαγα⊗g4n+2
3

β − (−λ)nγασ ⊗g4n+2
4

σβ + γασβ ⊗g4n+2
3

β

−(−λ)nσ ⊗g4n+2
4

σβγα + σβ ⊗g4n+2
3

βγα + (1− λ)−1γα⊗g4n+2
2

αγα− (1− λ)−1γα⊗g4n+2
3

βγα

−(1− λ)−1γαγ ⊗g4n+2
1

γα + (−λ)n(1− λ)−1γασ ⊗g4n+2
4

γα− λ(1− λ)−1γα⊗g4n+2
2

ασβ

+λ(1− λ)−1γα⊗g4n+2
3

βσβ + λ(1− λ)−1γαγ ⊗g4n+2
1

σβ + (−λ)n+1(1− λ)−1γασ ⊗g4n+2
4

σβ

+λ(1− λ)−1σβ ⊗g4n+2
2

ασβ − λ(1− λ)−1σβ ⊗g4n+2
3

βσβ − λ(1− λ)−1σβγ ⊗g4n+2
1

σβ

−(−λ)n+1(1− λ)−1σβσ ⊗g4n+2
4

σβ − λ(1− λ)−1σβ ⊗g4n+2
2

αγα + λ(1− λ)−1σβ ⊗g4n+2
3

βγα

+λ(1− λ)−1σβγ ⊗g4n+2
1

γα + (−λ)n+1(1− λ)−1σβσ ⊗g4n+2
4

γα

= 0,

and

d4n+3 · d4n+4(o(g4n+4
3 )⊗ t(g4n+4

3 ))
= [o(g4n+3

3 )⊗g4n+2
4

σ − (−λ)−nβ ⊗g4n+2
3

t(g4n+3
3 )]βσβσ − (−λ)−nβ[o(g4n+3

2 )⊗g4n+2
2

α

−o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 ) + (−λ)nσ ⊗g4n+2
4

t(g4n+3
2 )]σβσ

+βσ[o(g4n+3
3 )⊗g4n+2

4
σ − (−λ)−nβ ⊗g4n+2

3
t(g4n+3

3 )]βσ − (−λ)−nβσβ[o(g4n+3
2 )⊗g4n+2

2
α

−o(g4n+3
2 )⊗g4n+2

3
β − γ ⊗g4n+2

1
t(g4n+3

2 ) + (−λ)nσ ⊗g4n+2
4

t(g4n+3
2 )]σ + βσβσ[o(g4n+3

3 )⊗g4n+2
4

σ

−(−λ)−nβ ⊗g4n+2
3

t(g4n+3
3 )] + (−λ)−n−1βγ[o(g4n+3

1 )⊗g4n+2
1

γ − α⊗g4n+2
2

t(g4n+3
1 )]ασ

= −(−λ)−nβ ⊗g4n+2
3

βσβσ + (−λ)−nβ ⊗g4n+2
3

βσβσ + (−λ)−nβγ ⊗g4n+2
1

σβσ − βσ ⊗g4n+2
4

σβσ

+βσ ⊗g4n+2
4

σβσ − (−λ)−nβσβ ⊗g4n+2
3

βσ − (−λ)−nβσβ ⊗g4n+2
2

ασ + (−λ)−nβσβ ⊗g4n+2
3

βσ

−βσβσ ⊗g4n+2
4

σ + βσβσ ⊗g4n+2
4

σ + (−λ)−n−1βγ ⊗g4n+2
1

γασ − (−λ)−n−1βγα⊗g4n+2
2

ασ

= 0.

Thus d4n+3 · d4n+4 = 0.

Next we show that d4n+4 · d4n+5 = 0. We have

d4n+4 · d4n+5(o(g4n+5
1 )⊗ t(g4n+5

1 )) = d4n+4 · d4(n+1)+1(o(g4(n+1)+1
1 )⊗ t(g4(n+1)+1

1 ))
= [o(g4n+4

1 )⊗g4n+3
1

αγαγ + α⊗g4n+3
2

γαγ + αγ ⊗g4n+3
1

αγ + αγα⊗g4n+3
2

γ

+αγαγ ⊗g4n+3
1

t(g4n+4
1 )− (−λ)nασ ⊗g4n+3

3
βγ]α− α[o(g4n+4

2 )⊗g4n+3
2

γαγα + γ ⊗g4n+3
1

αγα

+γαγ ⊗g4n+3
1

α + γαγα⊗g4n+3
2

t(g4n+4
2 )− (−λ)nγασ ⊗g4n+3

3
β − (−λ)nσ ⊗g4n+3

3
βγα

+(1− λ)−1γα⊗g4n+3
2

(γα− λσβ) + λ(1− λ)−1σβ ⊗g4n+3
2

(σβ − γα)]
= α⊗g4n+3

2
γαγα + αγ ⊗g4n+3

1
αγα + αγα⊗g4n+3

2
γα + αγαγ ⊗g4n+3

1
α− (−λ)nασ ⊗g4n+3

3
βγα

−α⊗g4n+3
2

γαγα− αγ ⊗g4n+3
1

αγα− αγαγ ⊗g4n+3
1

α + (−λ)nασ ⊗g4n+3
3

βγα

−(1− λ)−1αγα⊗g4n+3
2

γα + λ(1− λ)−1αγα⊗g4n+3
2

σβ − λ(1− λ)−1ασβ ⊗g4n+3
2

σβ

+λ(1− λ)−1ασβ ⊗g4n+3
2

γα

= 0,
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d4n+4 · d4n+5(o(g4n+5
2 )⊗ t(g4n+5

2 ))
= [o(g4n+4

2 )⊗g4n+3
2

γαγα + γ ⊗g4n+3
1

αγα + γαγ ⊗g4n+3
1

α + γαγα⊗g4n+3
2

t(g4n+4
2 )

−(−λ)nγασ ⊗g4n+3
3

β − (−λ)nσ ⊗g4n+3
3

βγα + (1− λ)−1γα⊗g4n+3
2

(γα− λσβ)
+λ(1− λ)−1σβ ⊗g4n+3

2
(σβ − γα)]γ − γ[o(g4n+4

1 )⊗g4n+3
1

αγαγ + α⊗g4n+3
2

γαγ

+αγ ⊗g4n+3
1

αγ + αγα⊗g4n+3
2

γ + αγαγ ⊗g4n+3
1

t(g4n+4
1 )− (−λ)nασ ⊗g4n+3

3
βγ]

= γ ⊗g4n+3
1

αγαγ + γαγ ⊗g4n+3
1

αγ + γαγα⊗g4n+3
2

γ − (−λ)nγασ ⊗g4n+3
3

βγ

+(1− λ)−1γα⊗g4n+3
2

γαγ − λ(1− λ)−1γα⊗g4n+3
2

σβγ + λ(1− λ)−1σβ ⊗g4n+3
2

σβγ

−λ(1− λ)−1σβ ⊗g4n+3
2

γαγ − γ ⊗g4n+3
1

αγαγ − γα⊗g4n+3
2

γαγ − γαγ ⊗g4n+3
1

αγ

−γαγα⊗g4n+3
2

γ + (−λ)nγασ ⊗g4n+3
3

βγ

= 0,

d4n+4 · d4n+5(o(g4n+5
3 )⊗ t(g4n+5

3 ))
= [o(g4n+4

2 )⊗g4n+3
2

γαγα + γ ⊗g4n+3
1

αγα + γαγ ⊗g4n+3
1

α + γαγα⊗g4n+3
2

t(g4n+4
2 )

−(−λ)nγασ ⊗g4n+3
3

β − (−λ)nσ ⊗g4n+3
3

βγα + (1− λ)−1γα⊗g4n+3
2

(γα− λσβ)
+λ(1− λ)−1σβ ⊗g4n+3

2
(σβ − γα)]σ − (−λ)n+1σ[o(g4n+4

3 )⊗g4n+3
3

βσβσ

−(−λ)−nβ ⊗g4n+3
2

σβσ + βσ ⊗g4n+3
3

βσ − (−λ)−nβσβ ⊗g4n+3
2

σ + βσβσ ⊗g4n+3
3

t(g4n+4
3 )

+(−λ)−(n+1)βγ ⊗g4n+3
1

ασ]
= γαγ ⊗g4n+3

1
ασ + γαγα⊗g4n+3

2
σ − (−λ)nγασ ⊗g4n+3

3
βσ − (−λ)nσ ⊗g4n+3

3
βγασ

+(1− λ)−1γα⊗g4n+3
2

γασ − λ(1− λ)−1γα⊗g4n+3
2

σβσ + λ(1− λ)−1σβ ⊗g4n+3
2

σβσ

−λ(1− λ)−1σβ ⊗g4n+3
2

γασ − (−λ)n+1σ ⊗g4n+3
3

βσβσ − λσβ ⊗g4n+3
2

σβσ

−(−λ)n+1σβσ ⊗g4n+3
3

βσ − λσβσβ ⊗g4n+3
2

σ − σβγ ⊗g4n+3
1

ασ

= 0,

and

d4n+4 · d4n+5(o(g4n+5
4 )⊗ t(g4n+5

4 ))
= [o(g4n+4

3 )⊗g4n+3
3

βσβσ − (−λ)−nβ ⊗g4n+3
2

σβσ + βσ ⊗g4n+3
3

βσ − (−λ)−nβσβ ⊗g4n+3
2

σ

+βσβσ ⊗g4n+3
3

t(g4n+4
3 ) + (−λ)−(n+1)βγ ⊗g4n+3

1
ασ]β − (−λ)−(n+1)β[o(g4n+4

2 )⊗g4n+3
2

γαγα

+γ ⊗g4n+3
1

αγα + γαγ ⊗g4n+3
1

α + γαγα⊗g4n+3
2

t(g4n+4
2 )− (−λ)nγασ ⊗g4n+3

3
β

−(−λ)nσ ⊗g4n+3
3

βγα + (1− λ)−1γα⊗g4n+3
2

(γα− λσβ) + λ(1− λ)−1σβ ⊗g4n+3
2

(σβ − γα)]
= −(−λ)−nβ ⊗g4n+3

2
σβσβ + βσ ⊗g4n+3

3
βσβ − (−λ)−nβσβ ⊗g4n+3

2
σβ + βσβσ ⊗g4n+3

3
β

+(−λ)−(n+1)βγ ⊗g4n+3
1

ασβ − (−λ)−(n+1)β ⊗g4n+3
2

γαγα− (−λ)−(n+1)βγ ⊗g4n+3
1

αγα

−λ−1βγασ ⊗g4n+3
3

β − λ−1βσ ⊗g4n+3
3

βγα− (−λ)−(n+1)(1− λ)−1βγα⊗g4n+3
2

γα

−(−λ)−n(1− λ)−1βγα⊗g4n+3
2

σβ + (−λ)−n(1− λ)−1βσβ ⊗g4n+3
2

σβ

−(−λ)−n(1− λ)−1βσβ ⊗g4n+3
2

γα

= 0.

Hence d4n+4 · d4n+5 = 0.
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Now we show that d4n+5 · d4n+6 = 0. We have

d4n+5 · d4n+6(o(g4n+6
1 )⊗ t(g4n+6

1 )) = d4(n+1)+1 · d4(n+1)+2(o(g4(n+1)+2
1 )⊗ t(g4(n+1)+2

1 ))
= [o(g4n+5

1 )⊗g4n+4
1

α− α⊗g4n+4
2

t(g4n+5
1 )](γα− σβ) + α[o(g4n+5

2 )⊗g4n+4
2

γ

−γ ⊗g4n+4
1

t(g4n+5
2 )]α− α[o(g4n+5

3 )⊗g4n+4
2

σ − (−λ)n+1σ ⊗g4n+4
3

t(g4n+5
3 )]β

+αγ[o(g4n+5
1 )⊗g4n+4

1
α− α⊗g4n+4

2
t(g4n+5

1 )]− (−λ)n+1ασ[o(g4n+5
4 )⊗g4n+4

3
β

−(−λ)−(n+1)β ⊗g4n+4
2

t(g4n+5
4 )]

= o(g4n+5
1 )⊗g4n+4

1
αγα− α⊗g4n+4

2
γα− o(g4n+5

1 )⊗g4n+4
1

ασβ + α⊗g4n+4
2

σβ + α⊗g4n+4
2

γα

−αγ ⊗g4n+4
1

α− α⊗g4n+4
2

σβ + (−λ)n+1ασ ⊗g4n+4
3

β + αγ ⊗g4n+4
1

α− αγα⊗g4n+4
2

t(g4n+5
1 )

−(−λ)n+1ασ ⊗g4n+4
3

β + ασβ ⊗g4n+4
2

t(g4n+5
4 )

= 0,

d4n+5 · d4n+6(o(g4n+6
2 )⊗ t(g4n+6

2 ))
= [o(g4n+5

2 )⊗g4n+4
2

γ − γ ⊗g4n+4
1

t(g4n+5
2 )]αγ − [o(g4n+5

3 )⊗g4n+4
2

σ

−(−λ)n+1σ ⊗g4n+4
3

t(g4n+5
3 )]βγ + γ[o(g4n+5

1 )⊗g4n+4
1

α− α⊗g4n+4
2

t(g4n+5
1 )]γ

−(−λ)n+1σ[o(g4n+5
4 )⊗g4n+4

3
β − (−λ)−(n+1)β ⊗g4n+4

2
t(g4n+5

4 )]γ
+(γα− σβ)[o(g4n+5

2 )⊗g4n+4
2

γ − γ ⊗g4n+4
1

t(g4n+5
2 )]

= o(g4n+5
2 )⊗g4n+4

2
γαγ − γ ⊗g4n+4

1
αγ − o(g4n+5

3 )⊗g4n+4
2

σβγ + (−λ)n+1σ ⊗g4n+4
3

βγ

+γ ⊗g4n+4
1

αγ − γα⊗g4n+4
2

γ − (−λ)n+1σ ⊗g4n+4
3

βγ + σβ ⊗g4n+4
2

γ + γα⊗g4n+4
2

γ

−γαγ ⊗g4n+4
1

t(g4n+5
2 )− σβ ⊗g4n+4

2
γ + σβγ ⊗g4n+4

1
t(g4n+5

2 )
= 0,

d4n+5 · d4n+6(o(g4n+6
3 )⊗ t(g4n+6

3 ))
= [o(g4n+5

2 )⊗g4n+4
2

γ − γ ⊗g4n+4
1

t(g4n+5
2 )]ασ − [o(g4n+5

3 )⊗g4n+4
2

σ

−(−λ)n+1σ ⊗g4n+4
3

t(g4n+5
3 )]λβσ + γ[o(g4n+5

1 )⊗g4n+4
1

α− α⊗g4n+4
2

t(g4n+5
1 )]σ

+(−λ)n+2σ[o(g4n+5
4 )⊗g4n+4

3
β − (−λ)−(n+1)β ⊗g4n+4

2
t(g4n+5

4 )]σ + (γα

−λσβ)[o(g4n+5
3 )⊗g4n+4

2
σ − (−λ)n+1σ ⊗g4n+4

3
t(g4n+5

3 )]
= o(g4n+5

2 )⊗g4n+4
2

γασ − γ ⊗g4n+4
1

ασ − o(g4n+5
3 )⊗g4n+4

2
λσβσ + λ(−λ)n+1σ ⊗g4n+4

3
βσ

+γ ⊗g4n+4
1

ασ − γα⊗g4n+4
2

σ − λ(−λ)n+1σ ⊗g4n+4
2

βσ + λσβ ⊗g4n+4
3

σ + γα⊗g4n+4
2

σ

−λσβ ⊗g4n+4
2

σ − (−λ)n+1γασ ⊗g4n+4
3

t(g4n+5
3 ) + λ(−λ)n+1σβσ ⊗g4n+4

3
t(g4n+5

3 )
= 0,

and

d4n+5 · d4n+6(o(g4n+6
4 )⊗ t(g4n+6

4 ))
= [o(g4n+5

4 )⊗g4n+4
3

β − (−λ)−(n+1)β ⊗g4n+4
2

t(g4n+5
4 )](γα− λσβ)

+(−λ)−nβ[o(g4n+5
3 )⊗g4n+4

2
σ − (−λ)n+1σ ⊗g4n+4

3
t(g4n+5

3 )]β
+(−λ)−(n+1)β[o(g4n+5

2 )⊗g4n+4
2

γ − γ ⊗g4n+4
1

t(g4n+5
2 )]α

+(−λ)−(n+1)βγ[o(g4n+5
1 )⊗g4n+4

1
α− α⊗g4n+4

2
t(g4n+5

1 )]− λβσ[o(g4n+5
4 )⊗g4n+4

3
β

−(−λ)−(n+1)β ⊗g4n+4
2

t(g4n+5
4 )]

= o(g4n+5
4 )⊗g4n+4

3
βγα− (−λ)−(n+1)β ⊗g4n+4

2
γα− o(g4n+5

4 )⊗g4n+4
3

λβσβ

−(−λ)−nβ ⊗g4n+4
2

σβ + (−λ)−nβ ⊗g4n+4
2

σβ + λβσ ⊗g4n+4
3

β

+(−λ)−(n+1)β ⊗g4n+4
2

γα− (−λ)−(n+1)βγ ⊗g4n+4
1

α + (−λ)−(n+1)βγ ⊗g4n+4
1

α

−(−λ)−(n+1)βγα⊗g4n+4
2

t(g4n+5
1 )− λβσ ⊗g4n+4

3
β − (−λ)−nβσβ ⊗g4n+4

2
t(g4n+5

4 )
= 0.

Thus d4n+5 · d4n+6 = 0.
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Finally we show d4n+6 · d4n+7 = 0. We have

d4n+6 · d4n+7(o(g4n+7
1 )⊗ t(g4n+7

1 )) = d4(n+1)+2 · d4(n+1)+3(o(g4(n+1)+3
1 )⊗ t(g4(n+1)+3

1 ))
= [o(g4n+6

1 )⊗g4n+5
1

(γα− σβ) + α⊗g4n+5
2

α− α⊗g4n+5
3

β + αγ ⊗g4n+5
1

t(g4n+6
1 )

−(−λ)n+1ασ ⊗g4n+5
4

t(g4n+6
1 )]γ − α[o(g4n+6

2 )⊗g4n+5
2

αγ − o(g4n+6
2 )⊗g4n+5

3
βγ

+γ ⊗g4n+5
1

γ − (−λ)n+1σ ⊗g4n+5
4

γ + (γα− σβ)⊗g4n+5
2

t(g4n+6
2 )]

= o(g4n+6
1 )⊗g4n+5

1
γαγ − o(g4n+6

1 )⊗g4n+5
1

σβγ + α⊗g4n+5
2

αγ − α⊗g4n+5
3

βγ

+αγ ⊗g4n+5
1

γ − (−λ)n+1ασ ⊗g4n+5
4

γ − α⊗g4n+5
2

αγ + α⊗g4n+5
3

βγ − αγ ⊗g4n+5
1

γ

+(−λ)n+1ασ ⊗g4n+5
4

γ − αγα⊗g4n+5
2

t(g4n+6
2 ) + ασβ ⊗g4n+5

2
t(g4n+6

2 )
= 0,

d4n+6 · d4n+7(o(g4n+7
2 )⊗ t(g4n+7

2 ))
= [o(g4n+6

2 )⊗g4n+5
2

αγ − o(g4n+6
2 )⊗g4n+5

3
βγ + γ ⊗g4n+5

1
γ − (−λ)n+1σ ⊗g4n+5

4
γ

+(γα− σβ)⊗g4n+5
2

t(g4n+6
2 )]α− [o(g4n+6

3 )⊗g4n+5
2

ασ − o(g4n+6
3 )⊗g4n+5

3
λβσ

+γ ⊗g4n+5
1

σ + (−λ)n+2σ ⊗g4n+5
4

σ + (γα− λσβ)⊗g4n+5
3

t(g4n+6
3 )]β

−γ[o(g4n+6
1 )⊗g4n+5

1
(γα− σβ) + α⊗g4n+5

2
α− α⊗g4n+5

3
β + αγ ⊗g4n+5

1
t(g4n+6

1 )
−(−λ)n+1ασ ⊗g4n+5

4
t(g4n+6

1 )] + (−λ)n+1σ[o(g4n+6
4 )⊗g4n+5

4
(γα− λσβ)

+(−λ)−nβ ⊗g4n+5
3

β + (−λ)−(n+1)β ⊗g4n+5
2

α + (−λ)−(n+1)βγ ⊗g4n+5
1

t(g4n+6
4 )

−λβσ ⊗g4n+5
4

t(g4n+6
4 )]

= o(g4n+6
2 )⊗g4n+5

2
αγα− o(g4n+6

2 )⊗g4n+5
3

βγα + γ ⊗g4n+5
1

γα− (−λ)n+1σ ⊗g4n+5
4

γα

+γα⊗g4n+5
2

α− σβ ⊗g4n+5
2

α− o(g4n+6
3 )⊗g4n+5

2
ασβ + o(g4n+6

3 )⊗g4n+5
3

λβσβ

−γ ⊗g4n+5
1

σβ − (−λ)n+2σ ⊗g4n+5
4

σβ − γα⊗g4n+5
3

β + λσβ ⊗g4n+5
3

β − γ ⊗g4n+5
1

γα

+γ ⊗g4n+5
1

σβ − γα⊗g4n+5
2

α + γα⊗g4n+5
3

β − γαγ ⊗g4n+5
1

t(g4n+6
1 )

+(−λ)n+1γασ ⊗g4n+5
4

t(g4n+6
1 ) + (−λ)n+1σ ⊗g4n+5

4
γα + (−λ)n+2σ ⊗g4n+5

4
σβ

−λσβ ⊗g4n+5
3

β + σβ ⊗g4n+5
2

α + σβγ ⊗g4n+5
1

t(g4n+6
4 ) + (−λ)n+2σβσ ⊗g4n+5

4
t(g4n+6

4 ))
= 0,

and
d4n+6 · d4n+7(o(g4n+7

3 )⊗ t(g4n+7
3 ))

= [o(g4n+6
4 )⊗g4n+5

4
(γα− λσβ) + (−λ)−nβ ⊗g4n+5

3
β + (−λ)−(n+1)β ⊗g4n+5

2
α

+(−λ)−(n+1)βγ ⊗g4n+5
1

t(g4n+6
4 )− λβσ ⊗g4n+5

4
t(g4n+6

4 )]σ
−(−λ)−(n+1)β[o(g4n+6

3 )⊗g4n+5
2

ασ − o(g4n+6
3 )⊗g4n+5

3
λβσ + γ ⊗g4n+5

1
σ

+(−λ)n+2σ ⊗g4n+5
4

σ + (γα− λσβ)⊗g4n+5
3

t(g4n+6
3 )]

= o(g4n+6
4 )⊗g4n+5

4
γασ − o(g4n+6

4 )⊗g4n+5
4

λσβσ + (−λ)−nβ ⊗g4n+5
3

βσ

+(−λ)−(n+1)β ⊗g4n+5
2

ασ + (−λ)−(n+1)βγ ⊗g4n+5
1

σ − λβσ ⊗g4n+5
4

σ

−(−λ)−(n+1)β ⊗g4n+5
2

ασ − (−λ)−nβ ⊗g4n+5
3

βσ − (−λ)−(n+1)βγ ⊗g4n+5
1

σ

+λβσ ⊗g4n+5
4

σ − (−λ)−(n+1)βγα⊗g4n+5
3

t(g4n+6
3 )− (−λ)−nβσβ ⊗g4n+5

3
t(g4n+6

3 )
= 0.

Thus d4n+6 · d4n+7 = 0.

Hence dm · dm+1 = 0 for all m > 0. ¤

Theorem 21.5. With the above notation (Pm, dm) is a minimal projective Λ−Λ−bimodule

resolution of Λ = A1(λ).

Proof. From Theorem 21.4, (Pm, dm) is a complex. Now to prove that (Pm, dm) is a

minimal projective Λ − Λ−bimodule resolution of Λ, we use an argument which was
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given in [16]. Note that Λ/r ⊗Λ Pm ∼= ⊕gm
i ∈gmt(gm

i )Λ = Qm as a right Λ−modules

and that the map id⊗dm : Λ/r ⊗Λ Pm → Λ/r ⊗Λ Pm−1 is equivalent to the map

εm : Qm → Qm−1 given in Theorem 21.2, that is, for m = 4n + 1 we have

t(g4n+1
1 ) 7→ t(g4n

1 )α

t(g4n+1
2 ) 7→ t(g4n

2 )γ

t(g4n+1
3 ) 7→ t(g4n

3 )σ

t(g4n+1
4 ) 7→ t(g4n

4 )β;

for m = 4n + 2 we have:

t(g4n+2
1 ) 7→ t(g4n+1

1 )(γα− σβ)

t(g4n+2
2 ) 7→ t(g4n+1

2 )αγ − t(g4n+1
3 )βγ

t(g4n+2
3 ) 7→ t(g4n+1

2 )ασ − t(g4n+1
3 )λβσ

t(g4n+2
4 ) 7→ t(g4n+1

4 )(γα− λσβ);

for m = 4n + 3 we have:

t(g4n+3
1 ) 7→ t(g4n+2

1 )γ

t(g4n+3
2 ) 7→ t(g4n+2

2 )α− t(g4n+2
3 )β

t(g4n+3
3 ) 7→ t(g4n+2

4 )σ;

and for m = 4n + 4 we have:

t(g4n+4
1 ) 7→ t(g4n+3

1 )αγαγ

t(g4n+4
2 ) 7→ t(g4n+3

2 )γαγα

t(g4n+4
3 ) 7→ t(g4n+3

3 )βσβσ.

From Theorem 21.2 (Λ/r⊗Λ Pm, id⊗Λdm) is a minimal projective resolution of Λ/r as

a right Λ−module. So from [16, Proposition 2.8] (and see [27, Theorem 1.6]) it follows

that (Pm, dm) is a minimal projective Λ− Λ−bimodule resolution of Λ. ¤

We recall that λ ∈ K \ {0, 1}. Now for n > 0, if (−λ)n = 1 then

d4n+1 = d1, d4n+2 = d2, d4n+3 = d3, d4n+4 = d4.

Theorem 21.6. Let Λ = A1(λ) where λ ∈ K \ {0, 1}. If there exists some n > 1 such

that (−λ)n = 1 then Ω4n
Λe(Λ) ∼= Λ as bimodules. Moreover Λ has a periodic projective

Λ− Λ−bimodule resolution.

Proof. The map d4n+1 is equal to d1 so Im d4n+1 = Im d1. Hence Ω4n+1
Λe (Λ) ∼= ΩΛe(Λ).

But Λ is indecomposable and selfinjective so Λ ∼= Ω4n
Λe(Λ). Thus Λ is periodic of period

dividing 4n. ¤

The Hochschild cohomology ring modulo nilpotence of a periodic algebra was deter-

mined by Green, Snashall and Solberg in [17]. Recall that the Hochschild cohomology

ring is HH∗(Λ) = ⊕i>0 HHi(Λ) = ⊕i>0 Exti
Λe(Λ, Λ) with the Yoneda product. We let

N denote the ideal of HH∗(Λ) generated by the homogeneous nilpotent elements. The

proof of the following theorem is immediate from [17, Theorem 1.6].
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Theorem 21.7. For Λ = A1(λ) we have that HH∗(Λ)/N = K or K[x]. If there is

n > 1 with (−λ)n = 1 then HH∗(Λ)/N ∼= K[x] where x is in degree m, and m is

minimal such that Ωm
Λe(Λ) ∼= Λ as bimodules. In this case m divides 4n.

We remark that it is not yet known whether HH∗(Λ)/N is isomorphic to K or K[x]

in the case where is no n > 1 with (−λ)n = 1. It would be interesting to study this

question further.
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22. Periodicity of the simple A2(λ)−modules

We recall from Chapter 6 that A2(λ) is the algebra KQ/I where Q is the quiver

1α
%% σ //

2
γ

oo β
yy

and

I = 〈α2 − σγ, λβ2 − γσ, γα− βγ, σβ − ασ〉
where λ ∈ K \ {0, 1}. Write Λ for A2(λ) and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are:

e1Λ = sp{e1, α, σ, σβ, α2, α3} and e2Λ = sp{e2, γ, β, γα, β2, β3}.
From 6.2 we have the beginning of the projective resolution of the simple A2(λ)−modules

as follows.

The minimal projective resolution of S1 starts with:

· · · // e1Λ
∂3

// e1Λ⊕ e2Λ
∂2

// e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e1ζ, e2η) 7→ αe1ζ + σe2η,

∂2 : (e1ζ, e2η) 7→ (α,−γ)e1ζ + (−σ, β)e2η,

∂3 : e1ζ 7→ (α, γ)e1ζ,

for ζ, η ∈ Λ.

The minimal projective resolution of S2 starts with:

· · · // e2Λ
∂3

// e1Λ⊕ e2Λ
∂2

// e1Λ⊕ e2Λ
∂1

// e2Λ // S2
// 0

where

∂1 : (e1ζ, e2η) 7→ γe1ζ + βe2η,

∂2 : (e1ζ, e2η) 7→ (α,−γ)e1ζ + (σ,−λβ)e2η,

∂3 : e2η 7→ (σ,−β)e2η,

for ζ, η ∈ Λ.

22.1. The periodicity of S1.

Now we want to find Ker ∂3 = Ω4(S1). Let e1ζ = c1e1 + c2α+ c3σ + c4σβ + c5α
2 + c6α

3

with ci ∈ K. Assume that e1ζ ∈ Ker ∂3 then (α, γ)e1ζ = (0, 0) so (α, γ)(c1e1 + c2α +

c3σ+ c4σβ + c5α
2 + c6α

3) = (0, 0). Then (c1α+ c2α
2 + c3ασ + c5α

3, c1γ + c2γα+ c3γσ +

c4γσβ) = (0, 0), that is, c1α + c2α
2 + c3ασ + c5α

3 = 0 so c1 = c2 = c3 = c5 = 0, and

c1γ + c2γα + c3γσ + c4γσβ = 0 so c1 = c2 = c3 = c4 = 0. Thus e1ζ = c6α
3.

Hence Ker ∂3 = {c6α
3 : c6 ∈ K}.

Claim. Ker ∂3 = α3e1Λ.

Proof. Let x ∈ Ker ∂3; then x = c6α
3, that is, x = α3(c6e1). Thus x ∈ α3e1Λ and

therefore Ker ∂3 ⊆ α3e1Λ.
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On the other hand, let y = α3e1ζ ∈ α3e1Λ. Then, from the definition of ∂3, we

have that ∂3(y) = (α, γ)(α3e1ζ) = (α4, γα3)e1ζ = (0, 0). Therefore y ∈ Ker ∂3 and so

α3e1Λ ⊆ Ker ∂3.

Hence Ker ∂3 = α3e1Λ. ¤

So the map ∂4 : e1Λ → e1Λ is given by e1ζ 7→ α3e1ζ, for ζ ∈ Λ.

Note that Ker ∂3 ∼= S1 and so Ω4(S1) ∼= S1.

22.2. The periodicity of S2.

To find Ker ∂3 = Ω4(S2), let e2η = c7e2 +c8γ +c9β +c10γα+c11β
2 +c12β

3 with ci ∈ K.

Assume that e2η ∈ Ker ∂3 then (σ,−β)e2η = (0, 0) so (σ,−β)(c7e2+c8γ+c9β+c10γα+

c11β
2 + c12β

3) = (c7σ + c8σγ + c9σβ + c10σγα,−c7β − c8βγ − c9β
2 − c11β

3) = (0, 0).

Therefore c7σ + c8σγ + c9σβ + c10σγα = 0, that is, c7 = c8 = c9 = c10 = 0. Also

−c7β − c8βγ − c9β
2 − c11β

3 = 0, that is, c7 = c8 = c9 = c11 = 0. Thus e2η = c12β
3.

Hence Ker ∂3 = {c12β
3 : c12 ∈ K}.

Claim. Ker ∂3 = β3e2Λ.

Proof. Let x ∈ Ker ∂3; then x = c12β
3, that is, x = β3(c12e2). Thus x ∈ β3e2Λ and

therefore Ker ∂3 ⊆ β3e2Λ.

On the other hand, let y = β3e2η ∈ β3e2Λ. Then, from the definition of ∂3, we

have that ∂3(y) = (σ,−β)β3e2η = (σβ3,−β4)e2η = (0, 0). Therefore y ∈ Ker ∂3 and so

β3e2Λ ⊆ Ker ∂3.

Hence Ker ∂3 = β3e2Λ. ¤

So ∂4 : e2Λ → e2Λ is given by e2η 7→ β3e2η, for η ∈ Λ.

Note that Ker ∂3 ∼= S2 and so Ω4(S2) ∼= S2.

We summarize this in the following Theorem.

Theorem 22.1. For the algebra A2(λ), we have Ω4(S1) ∼= S1 and Ω4(S2) ∼= S2. Hence

Ω4(Si) ∼= Si for all i.
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23. Periodicity of the simple A5−modules

We recall from chapter 9 that A5 is the algebra KQ/I where Q is the quiver

1γ
%% β //

2
α

oo

and

I = 〈γ2 − βα, αγβ〉.
Write Λ for A5 and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are:

e1Λ = sp{e1, γ, β, γβ, γ2, γ2β, γ3, γ4} and

e2Λ = sp{e2, α, αγ, αβ, αγ2, αβαβ}.
Derived equivalence class of A5 is {A5, A6}. We consider A5 in this chapter and A6

in the next chapter. Although it is known from [4, Lemma 2.1] that the simple modules

are periodic and that they are derived equivalent, we show that the periodicity of the

simples are not the same for these two algebras.

Recall from Section 9.2 the minimal projective resolution of S1 starts with:

· · · // e1Λ
∂3

// e1Λ
∂2

// e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e1ζ, e2η) 7→ γe1ζ + βe2η,

∂2 : e1ζ 7→ (γ,−α)e1ζ,

∂3 : e1ζ 7→ γ4e1ζ,

for ζ, η ∈ Λ.

The minimal projective resolution of S2 starts with:

· · · // e2Λ
∂3

// e2Λ
∂2

// e1Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e1ζ 7→ αe1ζ,

∂2 : e2η 7→ γβe2η,

∂3 : e2η 7→ αβe2η,

for ζ, η ∈ Λ.

Also recall from 9.4.1 that Ker ∂2 ∼= S1 so that Ω3(S1) ∼= S1.

23.1. The periodicity of S2.

23.1.1. Ker ∂3.

To find Ker ∂3 = Ω4(S2), let e2η = d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ with

di ∈ K. Assume that e2η ∈ Ker ∂3 then αβe2η = 0 so αβ(d1e2 + d2α + d3αγ + d4αβ +

d5αγ2 + d6αβαβ) = 0, that is, d1αβ + d2αβα + d4αβαβ = 0, so that d1 = d2 = d4 = 0.

Thus e2η = d3αγ + d5αγ2 + d6αβαβ.

Hence Ker ∂3 = {d3αγ + d5αγ2 + d6αβαβ : di ∈ K}.
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Claim. Ker ∂3 = αγe1Λ.

Proof. Let x ∈ Ker ∂3; then x = d3αγ + d5αγ2 + d6αβαβ, that is, x = αγ(d3e1 + d5γ +

d6γβ). Thus x ∈ αγe1Λ and therefore Ker ∂3 ⊆ αγe1Λ.

On the other hand, let y = αγe1ζ ∈ αγe1Λ. Then, from the definition of ∂3, we have

that ∂3(y) = αβ(αγ)e1ζ = αβαγe1ζ = 0. Therefore y ∈ Ker ∂3 and so αγe1Λ ⊆ Ker ∂3.

Hence Ker ∂3 = αγe1Λ. ¤

So ∂4 : e1Λ → e2Λ is given by e1ζ 7→ αγe1ζ, for ζ ∈ Λ.

23.1.2. Ker ∂4.

To find Ker ∂4 = Ω5(S2), let e1ζ = c1e1 + c2γ + c3β + c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4

with ci ∈ K. Assume that e1ζ ∈ Ker ∂4. Then αγe1ζ = 0 so αγ(c1e1 + c2γ + c3β +

c4γβ + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4) = c1αγ + c2αγ2 + c4αγ2β = 0. So c1 = c2 = c4 = 0.

Thus e1ζ = c3β + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4.

Hence Ker ∂4 = {c3β + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4 : ci ∈ K}.

Claim. Ker ∂4 = βe2Λ.

Proof. Let x ∈ Ker ∂4; then x = c3β + c5γ
2 + c6γ

2β + c7γ
3 + c8γ

4, that is, x =

β(c3e2 + c5α + c6αβ + c7αγ + c8αγ2). Thus x ∈ βe2Λ and therefore Ker ∂4 ⊆ βe2Λ.

On the other hand, let y = βe2η ∈ βe2Λ. Then, from the definition of ∂4, we have

that ∂4(y) = αγβe2η = 0. Therefore y ∈ Ker ∂4 and so βe2Λ ⊆ Ker ∂4.

Hence Ker ∂4 = βe2Λ. ¤

So ∂5 : e2Λ → e1Λ is given by e2η 7→ βe2η, for η ∈ Λ.

23.1.3. Ker ∂5.

To find Ker ∂5 = Ω6(S2), let e2η = d1e2 + d2α + d3αγ + d4αβ + d5αγ2 + d6αβαβ with

di ∈ K. Assume that e2η ∈ Ker ∂5 then βe2η = 0 so β(d1e2 + d2α + d3αγ + d4αβ +

d5αγ2 + d6αβαβ) = 0, that is, d1β + d2βα + d3βαγ + d4βαβ + d5βαγ2 = 0, so that

d1 = d2 = d3 = d4 = d5 = 0. Thus e2η = d6αβαβ. Hence Ker ∂5 = {d6αβαβ : d6 ∈ K}.

Claim. Ker ∂5 = αβαβe2Λ.

Proof. Let x ∈ Ker ∂5; then x = d6αβαβ, that is, x = αβαβ(d6e2). Thus x ∈ αβαβe2Λ

and therefore Ker ∂5 ⊆ αβαβe2Λ.

On the other hand, let y = αβαβe2η ∈ αβαβe2Λ. Then, from the definition of ∂5,

we have that ∂5(y) = β(αβαβe2η) = βαβαβe2η = 0. Therefore y ∈ Ker ∂5 and so

αβαβe2Λ ⊆ Ker ∂5. Hence Ker ∂5 = αβαβe2Λ. ¤

So ∂6 : e2Λ → e2Λ is given by e2η 7→ αβαβe2η, for η ∈ Λ. Note that Ker ∂5 ∼= S2

and so Ω6(S2) ∼= S2.

We summarize this in the following Theorem.

Theorem 23.1. For the algebra A5, we have Ω3(S1) ∼= S1 and Ω6(S2) ∼= S2.
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24. Periodicity of the simple A6−modules

We recall from Chapter 10 that A6 is the algebra KQ/I where Q is the quiver

1α
%% γ //

2
β

oo

and

I = 〈α3 − γβ, βγ, βα2, α2γ〉.
Write Λ for A6 and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are:

e1Λ = sp{e1, α, γ, αγ, α2, α3, α4} and

e2Λ = sp{e2, β, βα, βαγ}.
Recall from Section 10.2 the minimal projective resolution of S1 starts with:

· · · // e1Λ⊕ e2Λ
∂3

// e1Λ⊕ e2Λ
∂2

// e1Λ⊕ e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e1ζ, e2η) 7→ αe1ζ + γe2η,

∂2 : (e1ζ, e2η) 7→ (α2,−β)e1ζ + (αγ, 0)e2η,

∂3 : (e1ζ, e2η) 7→ (α2,−β)e1ζ + (γ, 0)e2η,

for ζ, η ∈ Λ.

The minimal projective resolution of S2 starts with:

· · · // e1Λ⊕ e2Λ
∂3

// e1Λ⊕ e2Λ
∂2

// e1Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e1ζ 7→ βe1ζ,

∂2 : (e1ζ, e2η) 7→ α2e1ζ + γe2η,

∂3 : (e1ζ, e2η) 7→ (α,−β)e1ζ + (γ, 0)e2η,

for ζ, η ∈ Λ.

24.1. The periodicity of S1.

24.1.1. Ker ∂3.

To find Ker ∂3 = Ω4(S1). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ and

e2η = d1e2 + d2β + d3βα + d4βαγ with ci, di ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂3.

Then (α2,−β)e1ζ + (γ, 0)e2η = (0, 0). So (α2,−β)e1ζ + (γ, 0)e2η = (α2,−β)(c1e1 +

c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ) + (γ, 0)(d1e2 + d2β + d3βα + d4βαγ) = (c1α

2 +

c3α
3 + c4α

4,−c1β − c3βα− c7βαγ) + (d1γ + d2γβ + d3γβα, 0) = (c1α
2 + c3α

3 + c4α
4 +

d1γ+d2γβ+d3γβα,−c1β−c3βα−c7βαγ) = (0, 0). So (c1α
2+(c3+d2)α3+(c4+d3)α4+

d1γ,−c1β−c3βα−c7βαγ) = (0, 0). Therefore c1α
2+(c3+d2)α3+(c4+d3)α4+d1γ = 0,

that is, c1 = d1 = 0, d2 = −c3, d3 = −c4. Also −c1β − c3βα− c7βαγ, that is, c1 = c3 =

c7 = 0. Hence e1ζ = c2γ + c4α
2 + c5α

3 + c6α
4 and e2η = −c4βα + d4βαγ. Therefore

Ker ∂3 = {(c2γ + c4α
2 + c5α

3 + c6α
4,−c4βα + d4βαγ) : ci, d4 ∈ K}.
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Claim. Ker ∂3 = (α2,−βα)e1Λ + (γ, 0)e2Λ.

Proof. Let u ∈ Ker ∂3. Then u = (c2γ + c4α
2 + c5α

3 + c6α
4,−c4βα + d4βαγ) so u =

(α2,−βα)(c4e1 + c5α+ c6α
2− d4γ)+ (γ, 0)(c2e2). So u ∈ (α2,−βα)e1Λ+(γ, 0)e2Λ and

therefore Ker ∂3 ⊆ (α2,−βα)e1Λ + (γ, 0)e2Λ.

On the other hand, let v = (α2,−βα)e1ζ + (γ, 0)e2η ∈ (α2,−βα)e1Λ + (γ, 0)e2Λ.

Then, from the definition of ∂3, we have that ∂3(v) = ∂3((α2,−βα)e1ζ + (γ, 0)e2η) =

(α2,−β)(α2e1ζ + γe2η) + (γ, 0)(−βαe1ζ) = (α4e1ζ + α2γe2η − γβαe1ζ,−βα2e1ζ −
βγe2η) = (0, 0). Therefore (α2,−βα)e1Λ + (γ, 0)e2Λ ⊆ Ker ∂3.

Hence Ker ∂3 = (α2,−βα)e1Λ + (γ, 0)e2Λ. ¤

So the map ∂4 : e1Λ ⊕ e2Λ → e1Λ ⊕ e2Λ is given by (e1ζ, e2η) 7→ (α2,−βα)e1ζ +

(γ, 0)e2η, for ζ, η ∈ Λ.

24.1.2. Ker ∂4.

To find Ker ∂4 = Ω5(S1). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ and

e2η = d1e2 + d2β + d3βα + d4βαγ with ci, di ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂4.

Then (α2,−βα)e1ζ +(γ, 0)e2η = (0, 0). So (α2,−βα)e1ζ +(γ, 0)e2η = (α2,−βα)(c1e1 +

c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ) + (γ, 0)(d1e2 + d2β + d3βα + d4βαγ) = (c1α

2 +

c3α
3 + c4α

4,−c1βα − c2βαγ) + (d1γ + d2γβ + d3γβα, 0) = (c1α
2 + c3α

3 + c4α
4 +

d1γ + d2γβ + d3γβα,−c1βα− c2βαγ) = (0, 0). So (c1α
2 + (c3 + d2)α3 + (c4 + d3)α4 +

d1γ,−c1βα − c2βαγ) = (0, 0). Thus c1α
2 + (c3 + d2)α3 + (c4 + d3)α4 + d1γ = 0, that

is, c1 = d1 = 0, d2 = −c3 and d3 = −c4. Also −c1βα− c2βαγ = 0, that is, c1 = c2 = 0.

Hence e1ζ = c3α+c4α
2+c5α

3+c6α
4+c7αγ and e2η = −c3β−c4βα+d4βαγ. Therefore

Ker ∂4 = {(c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ,−c3β − c4βα + d4βαγ) : ci, d4 ∈ K}.

Claim. Ker ∂4 = (α,−β)e1Λ.

Proof. Let u ∈ Ker ∂4. Then u = (c3α+c4α
2+c5α

3+c6α
4+c7αγ,−c3β−c4βα+d4βαγ)

so u = (α,−β)(c3e1 +c4α+c5α
2 +c6α

3 +c7γ−d4αγ). So u ∈ (α,−β)e1Λ and therefore

Ker ∂4 ⊆ (α,−β)e1Λ.

On the other hand, let v = (α,−β)e1ζ ∈ (α,−β)e1Λ. Then, from the definition of ∂4,

we have that ∂4(v) = ∂4((α,−β)e1ζ) = ((α2,−βα)α+(γ, 0)(−β))e1ζ = (α3,−βα2)e1ζ+

(−γβ, 0)e1ζ = (α3 − γβ,−βα2)e1ζ = (0, 0). Therefore (α,−β)e1Λ ⊆ Ker ∂4.

Hence Ker ∂4 = (α,−β)e1Λ. ¤

So the map ∂5 : e1Λ → e1Λ⊕ e2Λ is given by e1ζ 7→ (α,−β)e1ζ, for ζ ∈ Λ.

24.1.3. Ker ∂5.

To find Ker ∂5 = Ω6(S1). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ with

ci ∈ K. Assume that e1ζ ∈ Ker ∂5 then (α,−β)e1ζ = (0, 0). So (α,−β)(c1e1+c2γ+c3α+

c4α
2 +c5α

3 +c6α
4 +c7αγ) = (c1α+c2αγ +c3α

2 +c4α
3 +c5α

4,−c1β−c3βα−c7βαγ) =

(0, 0). So c1α + c2αγ + c3α
2 + c4α

3 + c5α
4 = 0, that is, c1 = c2 = c3 = c4 = c5 = 0.

Also −c1β − c3βα− c7βαγ = 0, that is, c1 = c3 = c7 = 0. Thus e1ζ = c6α
4.
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Hence Ker ∂5 = {c6α
4 : c6 ∈ K}.

Claim. Ker ∂5 = α4e1Λ.

Proof. Let x ∈ Ker ∂5; then x = c6α
4, that is, x = α4(c6e1). Thus x ∈ α4e1Λ and

therefore Ker ∂5 ⊆ α4e1Λ.

On the other hand, let y = α4e1ζ ∈ α4e1Λ. Then, from the definition of ∂5, we have

that ∂5(y) = (α,−β)(α4e1ζ) = (α5,−βα4)e1ζ = (0, 0). Therefore y ∈ Ker ∂5 and so

α4e1Λ ⊆ Ker ∂5.

Hence Ker ∂5 = α4e1Λ. ¤

So ∂6 : e1Λ → e1Λ is given by e1ζ 7→ α4e1ζ, for ζ ∈ Λ.

Hence Ker ∂5 ∼= S1 and so Ω6(S1) ∼= S1.

24.2. The periodicity of S2.

24.2.1. Ker ∂3.

To find Ker ∂3 = Ω4(S2). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ and

e2η = d1e2+d2β+d3βα+d4βαγ with ci, di ∈ K. Assume that (e1ζ, e2η) ∈ Ker ∂3. Then

(α,−β)e1ζ + (γ, 0)e2η = (0, 0). So (α,−β)e1ζ + (γ, 0)e2η = (α,−β)(c1e1 + c2γ + c3α +

c4α
2+c5α

3+c6α
4+c7αγ)+(γ, 0)(d1e2+d2β+d3βα+d4βαγ) = (c1α+c2αγ+c3α

2+c4α
3+

c5α
4,−c1β−c3βα−c7βαγ)+(d1γ+d2γβ+d3γβα, 0) = (c1α+c2αγ+c3α

2+c4α
3+c5α

4+

d1γ+d2γβ+d3γβα,−c1β−c3βα−c7βαγ) = (c1α+c2αγ+c3α
2+(c4+d2)α3+(c5+d3)α4+

d1γ,−c1β−c3βα−c7βαγ) = (0, 0). So c1α+c2αγ+c3α
2+(c4+d2)α3+(c5+d3)α4+d1γ =

0, that is, c1 = d1 = c2 = c3 = 0, d2 = −c4 and d3 = −c5. Also −c1β−c3βα−c7βαγ = 0,

that is, c1 = c3 = c7 = 0. Hence e1ζ = c4α
2+c5α

3+c6α
4 and e2η = −c4β−c5βα+d4βαγ.

Therefore Ker ∂3 = {(c4α
2 + c5α

3 + c6α
4,−c4β − c5βα + d4βαγ) : ci, d4 ∈ K}.

Claim. Ker ∂3 = (α2,−β)e1Λ.

Proof. Let u ∈ Ker ∂3. Then u = (c4α
2 + c5α

3 + c6α
4,−c4β − c5βα + d4βαγ) so

u = (α2,−β)(c4e1 + c5α + c6α
2 − d4αγ). So u ∈ (α2,−β)e1Λ and therefore Ker ∂3 ⊆

(α2,−β)e1Λ.

On the other hand, let v = (α2,−β)e1ζ ∈ (α2,−β)e1Λ. Then, from the defini-

tion of ∂3, we have that ∂3(v) = ∂3((α2,−β)e1ζ) = (((α,−β)α2 + (γ, 0)(−β))e1ζ) =

((α3,−βα2) + (−γβ, 0))e1ζ = (α3 − γβ,−βα2)e1ζ = (0, 0). Therefore (α2,−β)e1Λ ⊆
Ker ∂3.

Hence Ker ∂3 = (α2,−β)e1Λ. ¤

So the map ∂4 : e1Λ → e1Λ⊕ e2Λ is given by e1ζ 7→ (α2,−β)e1ζ, for ζ ∈ Λ.

24.2.2. Ker ∂4.

To find Ker ∂4 = Ω5(S2). Let e1ζ = c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ

with ci ∈ K. Assume that e1ζ ∈ Ker ∂4. Then (α2,−β)e1ζ = 0. So (α2,−β)e1ζ =

(α2,−β)(c1e1 + c2γ + c3α + c4α
2 + c5α

3 + c6α
4 + c7αγ) = (c1α

2 + c3α
3 + c4α

4,−c1β −
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c3βα − c7βαγ) = (0, 0). So c1α
2 + c3α

3 + c4α
4 = 0. Thus c1 = c3 = c4 = 0. Also

−c1β − c3βα − c7βαγ = 0, that is, c1 = c3 = c7 = 0. Hence e1ζ = c2γ + c5α
3 + c6α

4.

Therefore Ker ∂4 = {c2γ + c5α
3 + c6α

4 : ci ∈ K}.

Claim. Ker ∂4 = γe2Λ.

Proof. Let u ∈ Ker ∂4. Then u = c2γ + c5α
3 + c6α

4 so u = γ(c2e2 + c5β + c6βα). So

u ∈ γe2Λ and therefore Ker ∂4 ⊆ γe2Λ.

On the other hand, let v = γe2η ∈ γe2Λ. Then, from the definition of ∂4, we have that

∂4(v) = ∂4(γe2η) = (α2,−β)γe2η = (α2γ,−βγ)e2η = (0, 0). Therefore γe2Λ ⊆ Ker ∂4.

Hence Ker ∂4 = γe2Λ. ¤

So the map ∂5 : e2Λ → e1Λ is given by e2η 7→ γe2η, for η ∈ Λ.

24.2.3. Ker ∂5.

To find Ker ∂5 = Ω6(S2). Let e2η = d1e2 + d2β + d3βα + d4βαγ with di ∈ K. Assume

that e2η ∈ Ker ∂5. Then γe2η = 0. So γe2η = γ(d1e2 + d2β + d3βα + d4βαγ) =

d1γ + d2γβ + d3γβα = 0. Thus d1 = d2 = d3 = 0. Hence e2η = d4βαγ. Therefore

Ker ∂5 = {d4βαγ : d4 ∈ K}.

Claim. Ker ∂5 = βαγe2Λ.

Proof. Let x ∈ Ker ∂5; then x = d4βαγ, that is, x = βαγ(d4e2). Thus x ∈ βαγe2Λ and

therefore Ker ∂5 ⊆ βαγe2Λ.

On the other hand, let y = βαγe2η ∈ βαγe2Λ. Then, from the definition of ∂5, we

have that ∂5(y) = γ(βαγe2η) = γβαγe2η = 0. Therefore y ∈ Ker ∂5 and so βαγe2Λ ⊆
Ker ∂5.

Hence Ker ∂5 = βαγe2Λ. ¤

So ∂6 : e2Λ → e2Λ is given by e2η 7→ βαγe2η, for η ∈ Λ.

Hence Ker ∂5 ∼= S2 and so Ω6(S2) ∼= S2.

We summarize this in the following Theorem.

Theorem 24.1. For the algebra A6, we have Ω6(S1) ∼= S1 and Ω6(S2) ∼= S2. Hence

Ω6(Si) ∼= Si for all i = 1, 2.

We remark that the algebras A5 and A6 are derived equivalent, but nevertheless the

simples do not have the same periodicity. Thus the period of a periodic simple module

is not invariant under derived equivalence.

183



25. Periodicity of the simple A7−modules

The algebras A4, A7, A8, A9, A10, A11 all lie in the same derived equivalence class.

We give the periodicity of the simple A7−modules, and do not discuss the periodicity

for A4, A8, A9, A10, A11.

We recall from Chapter 11 that A7 is the algebra KQ/I where Q is the quiver

1
α //

2
δ //

β
oo 3

ε //

γ
oo 4

ζ
oo

and

I = 〈βα− δγ, γδ − εζ, αδε, ζγβ〉.
Write Λ for A7 and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are:

e1Λ = sp{e1, α, αβ, αδ, αβα, αβαβ},
e2Λ = sp{e2, β, δ, βα, δε, βαβ, δεζ, βαβα},
e3Λ = sp{e3, γ, ε, γβ, εζ, γβα, εζε, εζεζ},
e4Λ = sp{e4, ζ, ζγ, ζε, ζεζ, ζεζε}.

Recall from Section 11.2 the minimal projective resolution of S1 starts with:

· · · // e4Λ
∂3

// e4Λ
∂2

// e2Λ
∂1

// e1Λ // S1
// 0

where

∂1 : e2ν 7→ αe2ν,

∂2 : e4µ 7→ δεe4µ,

∂3 : e4µ 7→ ζεe4µ,

for ν, µ ∈ Λ.

The minimal projective resolution of S2 starts with:

· · · // e2Λ
∂3

// e2Λ
∂2

// e1Λ⊕ e3Λ
∂1

// e2Λ // S2
// 0

where

∂1 : (e1η, e3λ) 7→ βe1η + δe3λ,

∂2 : e2ν 7→ (α,−γ)e2ν,

∂3 : e2ν 7→ βαβαe2ν,

for η, ν, λ ∈ Λ.

The minimal projective resolution of S3 starts with:

· · · // e3Λ
∂3

// e3Λ
∂2

// e2Λ⊕ e4Λ
∂1

// e3Λ // S3
// 0

where

∂1 : (e2ν, e4µ) 7→ γe2ν + εe4µ,

∂2 : e3λ 7→ (δ,−ζ)e3λ,

∂3 : e3λ 7→ εζεζe3λ,

for η, µ, λ ∈ Λ.
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The minimal projective resolution of S4 starts with:

· · · // e1Λ
∂3

// e1Λ
∂2

// e3Λ
∂1

// e4Λ // S4
// 0

where

∂1 : e3λ 7→ ζe3λ,

∂2 : e1η 7→ γβe1η,

∂3 : e1η 7→ αβe1η,

for η, λ ∈ Λ.

Also recall from 11.4.1 that Ker ∂2 ∼= S2 so that Ω3(S2) ∼= S2 and from 11.4.2 that

Ker ∂2 ∼= S3 so that Ω3(S3) ∼= S3.

25.1. The periodicity of S1.

25.1.1. Ker ∂3.

To find Ker ∂3 = Ω4(S1). Let e4µ = t1e4+t2ζ +t3ζγ+t4ζε+t5ζεζ +t6ζεζε with ti ∈ K.

Assume that e4µ ∈ Ker ∂3 then ζεe4µ = 0 so ζε(t1e4+t2ζ+t3ζγ+t4ζε+t5ζεζ+t6ζεζε) =

t1ζε + t2ζεζ + t4ζεζε = 0, so that t1 = t2 = t4 = 0. Thus e4µ = t3ζγ + t5ζεζ + t6ζεζε.

Hence Ker ∂3 = {t3ζγ + t5ζεζ + t6ζεζε : ti ∈ K}.

Claim. Ker ∂3 = ζγe2Λ.

Proof. Let x ∈ Ker ∂3; then x = t3ζγ + t5ζεζ + t6ζεζε, that is, x = ζγ(t3e2 + t5δ+ t6δε).

Thus x ∈ ζγe2Λ and therefore Ker ∂3 ⊆ ζγe2Λ.

On the other hand, let y = ζγe2ν ∈ ζγe2Λ. Then, from the definition of ∂3, we have

that ∂3(y) = ζε(ζγe2ν) = ζεζγe2ν = 0. Therefore y ∈ Ker ∂3 and so ζγe2Λ ⊆ Ker ∂3.

Hence Ker ∂3 = ζγe2Λ. ¤

So ∂4 : e2Λ → e4Λ is given by e2ν 7→ ζγe2ν, for ν ∈ Λ.

25.1.2. Ker ∂4.

To find Ker ∂4 = Ω5(S1). Let e2ν = d1e2 + d2β + d3δ + d4βα + d5δε + d6βαβ + d7δεζ +

d8βαβα with di ∈ K. Assume that e2ν ∈ Ker ∂4. Then ζγe2ν = 0 so ζγ(d1e2 + d2β +

d3δ + d4βα + d5δε + d6βαβ + d7δεζ + d8βαβα) = d1ζγ + d3ζγδ + d5ζγδε = 0. So

d1 = d3 = d5 = 0. Thus e2ν = d2β + d4βα + d6βαβ + d7δεζ + d8βαβα.

Hence Ker ∂4 = {d2β + d4βα + d6βαβ + d7δεζ + d8βαβα : di ∈ K}.

Claim. Ker ∂4 = βe1Λ.

Proof. Let x ∈ Ker ∂4; then x = d2β + d4βα + d6βαβ + d7δεζ + d8βαβα, that is,

x = β(d2e1+d4α+d6αβ+d7αδ+d8αβα). Thus x ∈ βe1Λ and therefore Ker ∂4 ⊆ βe1Λ.

On the other hand, let y = βe1η ∈ βe1Λ. Then, from the definition of ∂4, we have

that ∂4(y) = ζγβe1η = 0. Therefore y ∈ Ker ∂4 and so βe1Λ ⊆ Ker ∂4.

Hence Ker ∂4 = βe1Λ. ¤

So ∂5 : e1Λ → e2Λ is given by e1η 7→ βe1η, for η ∈ Λ.
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25.1.3. Ker ∂5.

To find Ker ∂5 = Ω6(S1). Let e1η = c1e1 + c2α + c3αβ + c4αδ + c5αβα + c6αβαβ

with ci ∈ K. Assume that e1η ∈ Ker ∂5. Then βe1η = 0 so β(c1e1 + c2α + c3αβ +

c4αδ + c5αβα + c6αβαβ) = c1β + c2βα + c3βαβ + c4βαδ + c5βαβα = 0, so that

c1 = c2 = c3 = c4 = c5 = 0. Thus e1η = c6αβαβ.

Hence Ker ∂5 = {c6αβαβ : c6 ∈ K}.

Claim. Ker ∂5 = αβαβe1Λ.

Proof. Let x ∈ Ker ∂5; then x = c6αβαβ, that is, x = αβαβ(c6e1). Thus x ∈ αβαβe1Λ

and therefore Ker ∂5 ⊆ αβαβe1Λ.

On the other hand, let y = αβαβe1η ∈ αβαβe1Λ. Then, from the definition of ∂5,

we have that ∂5(y) = β(αβαβe1η) = βαβαβe1η = 0. Therefore y ∈ Ker ∂5 and so

αβαβe1Λ ⊆ Ker ∂5.

Hence Ker ∂5 = αβαβe1Λ. ¤

So ∂6 : e1Λ → e1Λ is given by e1η 7→ αβαβe1η, for η ∈ Λ.

Thus Ker ∂5 ∼= S1 and so Ω6(S1) ∼= S1.

25.2. The periodicity of S4.

25.2.1. Ker ∂3.

To find Ker ∂3 = Ω4(S4). Let e1η = c1e1 + c2α + c3αβ + c4αδ + c5αβα + c6αβαβ

with ci ∈ K. Assume that e1η ∈ Ker ∂3. Then αβe1η = 0 so αβ(c1e1 + c2α + c3αβ +

c4αδ + c5αβα + c6αβαβ) = c1αβ + c2αβα + c3αβαβ = 0. So c1 = c2 = c3 = 0. Thus

e1η = c4αδ + c5αβα + c6αβαβ.

Hence Ker ∂3 = {c4αδ + c5αβα + c6αβαβ : ci ∈ K}.

Claim. Ker ∂3 = αδe3Λ.

Proof. Let x ∈ Ker ∂3; then x = c4αδ + c5αβα + c6αβαβ, that is, x = αδ(c4e3 + c5γ +

c6γβ). Thus x ∈ αδe3Λ and therefore Ker ∂3 ⊆ αδe3Λ.

On the other hand, let y = αδe3λ ∈ αδe3Λ. Then, from the definition of ∂3, we have

that ∂3(y) = αβ(αδe3λ) = αβαδe3λ = 0. Therefore y ∈ Ker ∂3 and so αδe3Λ ⊆ Ker ∂3.

Hence Ker ∂3 = αδe3Λ. ¤

So ∂4 : e3Λ → e1Λ is given by e3λ 7→ αδe3λ, for λ ∈ Λ.

25.2.2. Ker ∂4.

To find Ker ∂4 = Ω5(S4). Let e3λ = f1e3+f2γ+f3ε+f4γβ+f5εζ+f6γβα+f7εζε+f8εζεζ

with fi ∈ K. Assume that e3λ ∈ Ker ∂4. Then αδe3λ = 0 so αδ(f1e3+f2γ+f3ε+f4γβ+

f5εζ + f6γβα + f7εζε + f8εζεζ) = f1αδ + f2αδγ + f4αδγβ = 0. So f1 = f2 = f4 = 0.

Thus e3λ = f3ε + f5εζ + f6γβα + f7εζε + f8εζεζ.

Hence Ker ∂4 = {f3ε + f5εζ + f6γβα + f7εζε + f8εζεζ : fi ∈ K}.
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Claim. Ker ∂4 = εe4Λ.

Proof. Let x ∈ Ker ∂4; then x = f3ε + f5εζ + f6γβα + f7εζε + f8εζεζ, that is, x =

ε(f3e4 + f5ζ + f6ζγ + f7ζε + f8ζεζ). Thus x ∈ εe4Λ and therefore Ker ∂4 ⊆ εe4Λ.

On the other hand, let y = εe4µ ∈ εe4Λ. Then, from the definition of ∂4, we have

that ∂4(y) = αδεe4µ = 0. Therefore y ∈ Ker ∂4 and so εe4Λ ⊆ Ker ∂4.

Hence Ker ∂4 = εe4Λ. ¤

So ∂5 : e4Λ → e3Λ is given by e4µ 7→ εe4µ, for µ ∈ Λ.

25.2.3. Ker ∂5.

To find Ker ∂5 = Ω6(S2). Let e4µ = t1e4+t2ζ +t3ζγ+t4ζε+t5ζεζ +t6ζεζε with ti ∈ K.

Assume that e4µ ∈ Ker ∂5. Then εe4µ = 0 so ε(t1e4+t2ζ+t3ζγ+t4ζε+t5ζεζ+t6ζεζε) =

t1ε + t2εζ + t3εζγ + t4εζε + t5εζεζ = 0, so that t1 = t2 = t3 = t4 = t5 = 0. Thus

e4µ = t6ζεζε.

Hence Ker ∂5 = {t6ζεζε : t6 ∈ K}.

Claim. Ker ∂5 = ζεζεe4Λ.

Proof. Let x ∈ Ker ∂5; then x = t6ζεζε, that is, x = ζεζε(t6e4). Thus x ∈ ζεζεe4Λ and

therefore Ker ∂5 ⊆ ζεζεe4Λ.

On the other hand, let y = ζεζεe4µ ∈ ζεζεe4Λ. Then, from the definition of ∂5, we

have that ∂5(y) = ε(ζεζεe4µ) = εζεζεe4µ = 0. Therefore y ∈ Ker ∂5 and so ζεζεe4Λ ⊆
Ker ∂5.

Hence Ker ∂5 = ζεζεe4Λ. ¤

So ∂6 : e4Λ → e4Λ is given by e4µ 7→ ζεζεe4µ, for µ ∈ Λ.

Hence Ker ∂5 ∼= S4 and so Ω6(S4) ∼= S4.

We summarize this in the following Theorem.

Theorem 25.1. For the algebra A7, we have Ω6(S1) ∼= S1,Ω3(S2) ∼= S2, Ω3(S3) ∼= S3

and Ω6(S4) ∼= S4. Hence Ω6(Si) ∼= Si for all i = 1, 2, 3, 4.
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26. Periodicity of the simple A12−modules

The algebras A12, A13, A14, A15, A16 all lie in the same derived equivalence class. We

give the periodicity of the simple A12−modules, and do not discuss the periodicity for

A13, A14, A15, A16.

We recall from Chapter 16 that A12 is the algebra KQ/I where Q is the quiver

2
γ

ÁÁ>
>>

>>
>>

1
δ //

α
@@¡¡¡¡¡¡¡

3
β

oo

and

I = 〈δβδ − αγ, γβα, (βδ)3β〉.
Write Λ for A12 and Si for the simple module at the vertex i.

The indecomposable projective Λ-modules are

e1Λ = sp{e1, α, δ, δβ, δβδ, δβδβ, δβα, δβδβδ, δβδβδβ},
e2Λ = sp{e2, γ, γβ, γβδ, γβδβ, γβδβα},
e3Λ = sp{e3, β, βα, βδ, βαγ, βδβ, βδβα, βαγβ, βαγβδ}.

Recall from Section 16.2 the minimal projective resolution of S1 starts with:

· · · // e1Λ
∂3

// e3Λ
∂2

// e2Λ⊕ e3Λ
∂1

// e1Λ // S1
// 0

where

∂1 : (e2ν, e3λ) 7→ αe2ν + δe3λ,

∂2 : e3λ 7→ (−γ, βδ)e3λ,

∂3 : e1η 7→ βαγβe1η,

for η, ν, λ ∈ Λ.

The minimal projective resolution of the simple Λ-module S2 starts with:

· · · // e1Λ
∂3

// e2Λ
∂2

// e3Λ
∂1

// e2Λ // S2
// 0

where

∂1 : e3λ → γe3λ,

∂2 : e2ν 7→ βαe2ν

∂3 : e1η 7→ γβδβe1η,

for η, ν, λ ∈ Λ.

The minimal projective resolution of the simple Λ-module S3 starts with:

· · · // e2Λ⊕ e3Λ
∂3

// e1Λ
∂2

// e1Λ
∂1

// e3Λ // S3
// 0

where

∂1 : e1η 7→ βe1η,

∂2 : e1η 7→ δβδβδβe1η,

∂3 : (e2ν, e3λ) 7→ αe2ν + δe3λ,

for η, ν, λ ∈ Λ.
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Note that Ω2(S3) ∼= S1.

26.1. The periodicity of S1.

26.1.1. Ker ∂3.

To find Ker ∂3 = Ω4(S1). Let e1η = c1e1 + c2α+ c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα+

c8δβδβδ + c9δβδβδβ with ci ∈ K. Assume that e1η ∈ Ker ∂3 then βαγβe1η = 0 so

βαγβe1η = βαγβ(c1e1 + c2α + c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ +

c9δβδβδβ) = c1βαγβ + c3βαγβδ = 0, so that c1 = c3 = 0. Thus e1η = c2α + c4δβ +

c5δβδ + c6δβδβ + c7δβα + c8δβδβδ + c9δβδβδβ.

Hence Ker ∂3 = {c2α+c4δβ+c5δβδ+c6δβδβ+c7δβα+c8δβδβδ+c9δβδβδβ : ci ∈ K}.

Claim. Ker ∂3 = δβe1Λ + αe2Λ.

Proof. Let x ∈ Ker ∂3; then x = c2α + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ +

c9δβδβδβ, that is, x = δβ(c4e1 + c5δ + c6δβ + c7α + c8δβδ + c9δβδβ) + α(c2e2). Thus

x ∈ δβe1Λ + αe2Λ and therefore Ker ∂3 ⊆ δβe1Λ + αe2Λ.

On the other hand, let y = δβe1η + αe2ν ∈ δβe1Λ + αe2Λ. Then, from the definition

of ∂3, we have that ∂3(y) = βαγβ(δβe1η + αe2ν) = βαγβδβe1η + βαγβαe2ν = 0.

Therefore y ∈ Ker ∂3 and so δβe1Λ + αe2Λ ⊆ Ker ∂3.

Hence Ker ∂3 = δβe1Λ + αe2Λ. ¤

So ∂4 : e1Λ⊕ e2Λ → e1Λ is given by (e1η, e2ν) 7→ δβe1η + αe2ν, for η, ν ∈ Λ.

26.1.2. Ker ∂4.

To find Ker ∂4 = Ω5(S1). Let e1η = c1e1 + c2α+ c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα+

c8δβδβδ + c9δβδβδβ and e2ν = d1e2 + d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα with

ci, di ∈ K. Assume that (e1η, e2ν) ∈ Ker ∂4. Then δβe1η +αe2ν = 0 so δβe1η +αe2ν =

δβ(c1e1 + c2α+ c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα+ c8δβδβδ + c9δβδβδβ)+α(d1e2 +

d2γ+d3γβ+d4γβδ+d5γβδβ+d6γβδβα) = c1δβ+c2δβα+c3δβδ+c4δβδβ+c5δβδβδ+

c6δβδβδβ + d1α + d2αγ + d3αγβ + d4αγβδ + d5αγβδβ = c1δβ + c2δβα + d1α + (c3 +

d2)δβδ + (c4 + d3)δβδβ + (c5 + d4)δβδβδ + (c6 + d5)δβδβδβ = 0 so c1 = c2 = d1 =

0, d2 = −c3, d3 = −c4, d4 = −c5, d5 = −c6. Thus e1η = c3δ + c4δβ + c5δβδ + c6δβδβ +

c7δβα + c8δβδβδ + c9δβδβδβ and e2ν = −c3γ − c4γβ − c5γβδ − c6γβδβ + d6γβδβα.

Hence Ker ∂4 = {(c3δ+c4δβ+c5δβδ+c6δβδβ+c7δβα+c8δβδβδ+c9δβδβδβ,−c3γ−
c4γβ − c5γβδ − c6γβδβ + d6γβδβα) : ci, d6 ∈ K}.

Claim. Ker ∂4 = (δ,−γ)e3Λ.

Proof. Let x ∈ Ker ∂4; then x = (c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ +

c9δβδβδβ,−c3γ− c4γβ− c5γβδ− c6γβδβ +d6γβδβα), that is, x = (δ,−γ)(c3e3 + c4β +

c5βδ+c6βδβ +c7βα+c8βδβδ+c9βδβδβ−d6βδβα). Thus x ∈ (δ,−γ)e3Λ and therefore

Ker ∂4 ⊆ (δ,−γ)e3Λ.
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On the other hand, let y = (δ,−γ)e3λ ∈ (δ,−γ)e3Λ. Then, from the definition of ∂4,

we have that ∂4(y) = ∂4((δ,−γ)e3λ) = (δβδ − αγ)e3λ = 0. Therefore y ∈ Ker ∂4 and

so (δ,−γ)e3Λ ⊆ Ker ∂4.

Hence Ker ∂4 = (δ,−γ)e3Λ. ¤

So ∂5 : e3Λ → e1Λ⊕ e2Λ is given by e3λ 7→ (δ,−γ)e3λ, for λ ∈ Λ.

26.1.3. Ker ∂5.

To find Ker ∂5 = Ω6(S1). Let e3λ = f1e3+f2β+f3βα+f4βδ+f5βαγ+f6βδβ+f7βδβα+

f8βαγβ + f9βαγβδ with fi ∈ K. Assume that e3λ ∈ Ker ∂5. Then (δ,−γ)e3λ = (0, 0)

so (δ,−γ)(f1e3 +f2β +f3βα+f4βδ+f5βαγ +f6βδβ +f7βδβα+f8βαγβ +f9βαγβδ) =

(f1δ+f2δβ+f3δβα+f4δβδ+f5δβαγ+f6δβδβ+f8δβαγβ,−f1γ−f2γβ−f4γβδ−f6γβδβ−
f7γβδβα) = (0, 0), so that f1δ+f2δβ+f3δβα+f4δβδ+f5δβαγ+f6δβδβ+f8δβαγβ = 0,

that is, f1 = f2 = f3 = f4 = f5 = f6 = f8 = 0 and −f1γ − f2γβ − f4γβδ − f6γβδβ −
f7γβδβα = 0, that is, f1 = f2 = f4 = f6 = f7 = 0. Thus e3λ = f9βαγβδ.

Hence Ker ∂5 = {f9βαγβδ : f9 ∈ K}.

Claim. Ker ∂5 = βαγβδe3Λ.

Proof. Let x ∈ Ker ∂5; then x = f9βαγβδ, that is, x = βαγβδ(f9e3). Thus x ∈
βαγβδe3Λ and therefore Ker ∂5 ⊆ βαγβδe3Λ.

On the other hand, let y = βαγβδe3λ ∈ βαγβδe3Λ. Then, from the definition of ∂5,

we have that ∂5(y) = (δ,−γ)(βαγβδe3λ) = (δβαγβδ,−γβαγβδ)e3λ = (0, 0). Therefore

y ∈ Ker ∂5 and so βαγβδe3Λ ⊆ Ker ∂5.

Hence Ker ∂5 = βαγβδe3Λ. ¤

So ∂6 : e3Λ → e3Λ is given by e3λ 7→ βαγβδe3λ, for λ ∈ Λ.

Thus Ker ∂5 ∼= S1 and so Ω6(S1) ∼= S3. And we have already seen that Ω2(S3) ∼= S1.

Thus Ω8(S1) ∼= S1.

26.2. The periodicity of S2.

26.2.1. Ker ∂3.

To find Ker ∂3 = Ω4(S2). Let e1η = c1e1 + c2α + c3δ + c4δβ + c5δβδ + c6δβδβ +

c7δβα+ c8δβδβδ + c9δβδβδβ with ci ∈ K. Assume that e1η ∈ Ker ∂3 then γβδβe1η = 0

so γβδβe1η = γβδβ(c1e1 + c2α + c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ +

c9δβδβδβ) = c1γβδβ + c2γβδβα = 0, so that c1 = c2 = 0. Thus e1η = c3δ + c4δβ +

c5δβδ + c6δβδβ + c7δβα + c8δβδβδ + c9δβδβδβ.

Hence Ker ∂3 = {c3δ+c4δβ+c5δβδ+c6δβδβ+c7δβα+c8δβδβδ+c9δβδβδβ : ci ∈ K}.

Claim. Ker ∂3 = δe3Λ.

Proof. Let x ∈ Ker ∂3; then x = c3δ + c4δβ + c5δβδ + c6δβδβ + c7δβα + c8δβδβδ +

c9δβδβδβ, that is, x = δ(c3e3 + c4β + c5βδ + c6βδβ + c7βα + c8βδβδ + c9βδβδβ). Thus

x ∈ δe3Λ and therefore Ker ∂3 ⊆ δe3Λ.
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On the other hand, let y = δe3λ ∈ δe3Λ. Then, from the definition of ∂3, we have

that ∂3(y) = γβδβ(δe3λ) = γβδβδe3λ = 0. Therefore y ∈ Ker ∂3 and so δe3Λ ⊆ Ker ∂3.

Hence Ker ∂3 = δe3Λ. ¤

So ∂4 : e3Λ → e1Λ is given by e3λ 7→ δe3λ, for λ ∈ Λ.

26.2.2. Ker ∂4.

To find Ker ∂4 = Ω5(S2). Let e3λ = f1e3 + f2β + f3βα + f4βδ + f5βαγ + f6βδβ +

f7βδβα + f8βαγβ + f9βαγβδ with fi ∈ K. Assume that e3λ ∈ Ker ∂4. Then δe3λ = 0

so δe3λ = δ(f1e3+f2β+f3βα+f4βδ+f5βαγ+f6βδβ+f7βδβα+f8βαγβ+f9βαγβδ) =

f1δ + f2δβ + f3δβα + f4δβδ + f5δβαγ + f6δβδβ + f8δβαγβ = 0 so f1 = f2 = f3 = f4 =

f5 = f6 = f8 = 0. Thus e3λ = f7βδβα + f9βαγβδ.

Hence Ker ∂4 = {f7βδβα + f9βαγβδ : f7, f9 ∈ K}.

Claim. Ker ∂4 = βδβαe2Λ.

Proof. Let x ∈ Ker ∂4; then x = f7βδβα + f9βαγβδ, that is, x = βδβα(f7e2 + f9γ).

Thus x ∈ βδβαe2Λ and therefore Ker ∂4 ⊆ βδβαe2Λ.

On the other hand, let y = βδβαe2ν ∈ βδβαe2Λ. Then, from the definition of ∂4, we

have that ∂4(y) = ∂4(βδβαe2ν) = δ(βδβαe2ν) = δβδβαe2ν = 0. Therefore y ∈ Ker ∂4

and so βδβαe2Λ ⊆ Ker ∂4.

Hence Ker ∂4 = βδβαe2Λ. ¤

So ∂5 : e2Λ → e3Λ is given by e2ν 7→ βδβαe2ν, for ν ∈ Λ.

26.2.3. Ker ∂5. To find Ker ∂5 = Ω6(S2). Let e2ν = d1e2 + d2γ + d3γβ + d4γβδ +

d5γβδβ + d6γβδβα with di ∈ K. Assume that e2ν ∈ Ker ∂5. Then βδβαe2ν = 0 so

βδβα(d1e2 + d2γ + d3γβ + d4γβδ + d5γβδβ + d6γβδβα) = d1βδβα + d2βδβαγ = 0, so

that, d1 = d2 = 0. Thus e2ν = d3γβ + d4γβδ + d5γβδβ + d6γβδβα.

Hence Ker ∂5 = {d3γβ + d4γβδ + d5γβδβ + d6γβδβα : di ∈ K}.

Claim. Ker ∂5 = γβe1Λ.

Proof. Let x ∈ Ker ∂5; then x = d3γβ + d4γβδ + d5γβδβ + d6γβδβα, that is, x =

γβ(d3e1 + d4δ + d5δβ + d6δβα). Thus x ∈ γβe1Λ and therefore Ker ∂5 ⊆ γβe1Λ.

On the other hand, let y = γβe1η ∈ γβe1Λ. Then, from the definition of ∂5, we

have that ∂5(y) = βδβα(γβe1η) = βδβαγβe1η = 0. Therefore y ∈ Ker ∂5 and so

γβe1Λ ⊆ Ker ∂5.

Hence Ker ∂5 = γβe1Λ. ¤

So ∂6 : e1Λ → e2Λ is given by e1η 7→ γβe1η, for η ∈ Λ.
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26.2.4. Ker ∂6. To find Ker ∂6 = Ω7(S2). Let e1η = c1e1 + c2α + c3δ + c4δβ + c5δβδ +

c6δβδβ + c7δβα + c8δβδβδ + c9δβδβδβ with ci ∈ K. Assume that e1η ∈ Ker ∂6 then

γβe1η = 0 so γβe1η = γβ(c1e1 +c2α+c3δ+c4δβ +c5δβδ+c6δβδβ +c7δβα+c8δβδβδ+

c9δβδβδβ) = c1γβ + c3γβδ + c4γβδβ + c7γβδβα = 0, so that c1 = c3 = c4 = c7 = 0.

Thus e1η = c2α + c5δβδ + c6δβδβ + c8δβδβδ + c9δβδβδβ.

Hence Ker ∂6 = {c2α + c5δβδ + c6δβδβ + c8δβδβδ + c9δβδβδβ : ci ∈ K}.

Claim. Ker ∂6 = αe2Λ.

Proof. Let x ∈ Ker ∂6; then x = c2α + c5δβδ + c6δβδβ + c8δβδβδ + c9δβδβδβ, that is,

x = α(c2e2+c5γ+c6γβ+c8γβδ+c9γβδβ). Thus x ∈ αe2Λ and therefore Ker ∂6 ⊆ αe2Λ.

On the other hand, let y = αe2ν ∈ αe2Λ. Then, from the definition of ∂6, we have

that ∂6(y) = γβ(αe2ν) = γβαe2ν = 0. Therefore y ∈ Ker ∂6 and so αe2Λ ⊆ Ker ∂6.

Hence Ker ∂6 = αe2Λ. ¤

So ∂7 : e2Λ → e1Λ is given by e2ν 7→ αe2ν, for ν ∈ Λ.

26.2.5. Ker ∂7. To find Ker ∂7 = Ω8(S2). Let e2ν = d1e2+d2γ+d3γβ+d4γβδ+d5γβδβ+

d6γβδβα with di ∈ K. Assume that e2ν ∈ Ker ∂7. Then αe2ν = 0 so α(d1e2 + d2γ +

d3γβ + d4γβδ + d5γβδβ + d6γβδβα) = d1α + d2αγ + d3αγβ + d4αγβδ + d5αγβδβ = 0,

so that d1 = d2 = d3 = d4 = d5 = 0. Thus e2ν = d6γβδβα.

Hence Ker ∂7 = {d6γβδβα : d6 ∈ K}.

Claim. Ker ∂7 = γβδβαe2Λ.

Proof. Let x ∈ Ker ∂7; then x = d6γβδβα, that is, x = γβδβα(d6e2). Thus x ∈
γβδβαe2Λ and therefore Ker ∂7 ⊆ γβδβαe2Λ.

On the other hand, let y = γβδβαe2ν ∈ γβδβαe2Λ. Then, from the definition of ∂7,

we have that ∂7(y) = ∂7(γβδβαe2ν) = αγβδβαe2ν = 0. Therefore y ∈ Ker ∂7 and so

γβδβαe2Λ ⊆ Ker ∂7.

Hence Ker ∂7 = γβδβαe2Λ. ¤

So ∂8 : e2Λ → e2Λ is given by e2ν 7→ γβδβαe2ν, for ν ∈ Λ.

Thus Ker ∂7 ∼= S2 and so Ω8(S2) ∼= S2.

We summarize this in the following Theorem.

Theorem 26.1. For the algebra A12, we have Ω8(S1) ∼= S1, Ω8(S2) ∼= S2 and Ω8(S3) ∼=
S3. Hence Ω8(Si) ∼= Si for all i = 1, 2, 3.

So we have found HH2(Λ) and the Ω−periodicity of each simple module for all tame

weakly symmetric algebras Λ having only τ−periodic modules.
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