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ABSTRACT

In this thesis we study the second Hochschild cohomology group of all tame weakly
symmetric algebras having simply connected Galois coverings and only periodic mod-
ules. These algebras have been determined up to Morita equivalence by Biatkowski,
Holm and Skowronski in [4] where they give finite dimensional algebras A;(\), A2(A), As,
..., A1g which are a full set of representatives of the equivalence classes. Hochschild
cohomology is invariant under Morita equivalence, and this thesis describes HH2(A) for
each algebra A = A;()), Aa(N), As, ..., Aje in this list. We also find the periodicity of
the simple modules for each of these algebras. Moreover, for the algebra A (\) we find
the minimal projective bimodule resolution of A;(\) and discuss the periodicity of this

resolution.
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INTRODUCTION

Hochschild cohomology is an important invariant in the representation theory of
algebras, and it is well known from work of [24, Proposition 2.5] (see also [19, Theorem
4.2]) that it is invariant under Morita equivalence and derived equivalence. In this thesis
we study the second Hochschild cohomology group of a finite dimensional algebra over
an algebraically closed field K. This is linked to the theory of deformations which we
describe in Chapter 2.

The theory of the cohomology of algebras was initiated by Hochschild in [21] and
evolved in tandem with group cohomology. The nth Hochschild cohomology group of a
finite dimensional algebra A is defined by HH"(A) := Ext}{c (A, A) where A€ is the en-
veloping algebra of A. The Hochschild cohomology ring of A is HH*(A) := @,>0 HH"(A)
with the Yoneda product. Chapters 1 and 2 introduce the second Hochschild cohomol-
ogy group and explore the link between the bar resolution and deformation theory.
Chapter 3 investigates a minimal projective bimodule resolution of A. We start by dis-
cussing the beginning of a minimal projective bimodule resolution of A of Green and
Snashall from [16] and the minimal projective resolution of A/t of Green, Solberg and
Zacharia in [18]. From this we can determine the second Hochschild cohomology group
HHZ(A).

We are interested in tame weakly symmetric algebras having simply connected Ga-
lois coverings and only 7—periodic modules where 7 is Auslander-Reiten translate.
The class of finite dimensional algebras over an algebraically closed field K may be
divided into two disjoint classes wild and tame as shown in [8]. One class is formed
by the wild algebras whose representation theory comprises the representation theories
of all finite dimensional K — algebras. The second class consists of tame algebras for
which the indecomposable modules occur in each dimension d, in a finite number of
discrete and a finite number of one-parameter families. So a classification of the finite
dimensional modules is only feasible for tame algebras (see [25]). The tame weakly
symmetric algebras having simply connected Galois coverings and only 7—periodic
modules have been determined up to Morita equivalence by Biatkowski and Skowronski
in [5] and up to derived equivalence by Biatkowski, Holm and Skowroniski in [4]. A
complete list of representatives of the Morita equivalence classes is given by algebras
A1(N), Aa(N), As, ..., Ajg which we describe explicitly by quiver and relations in the
main body of the thesis. These algebras are precisely the weakly symmetric algebras of
tubular type and nonsingular Cartan matrix. We recall here the following two results
from [5].

Theorem 4.6. [5, Theorem 2] Let A be a basic connected finite dimensional algebra
over an algebraically closed field K. Then A is weakly symmetric of tubular type
and nonsingular Cartan matrix if and only if A is isomorphic to one of the algebras
A1(N), Ay(A), A € K\ {0,1}, A3 (if char K = 2), or A;,4 < i < 16.

v



Note that the algebra Ag is also weakly symmetric of tubular type and nonsingular
Cartan matrix if char K # 2.

Theorem 4.7. [5, Corollary 3] Let A be a weakly symmetric algebra of tubular type
and with nonsingular Cartan matrix. Then A has at most four simple modules and its

stable Auslander-Reiten quiver consists of tubes of rank < 4.

After a brief introduction to derived equivalence and Morita equivalence in Chapter

4, we discuss the derived equivalence classes of [4].

Theorem 4.10. [4]
(1) The algebras A5 and Ag are derived equivalent.
(2) The algebras A1a, A3, A14, A15 and Ay are derived equivalent.
(3) The algebras Ay, A7, Ag, Ag, A9 and Aj; are derived equivalent.

Chapters 5-20 of this thesis study the second Hochschild cohomology group for the
algebras Aj(\), A2(\), As, ..., Aig by finding the basis and the dimension of this group.
The second Hochschild cohomology group of the algebra As was determined by [1] and
[13], details are given in Chapter 7. The results of these chapters are summarized in

the following Theorem.

Theorem 20.2. Let A € K \ {0, 1}.

For the algebra A = A;()\), we have dim HH?(A) = 3,

the algebra A = 4;(3) has dimpr2(a) = { 91 o=

the algebra A = A; where i = 4,7,8,9,10,11 has dim HH?(A) = 2,

3 if char K =2
the algebra A = A; where j = 5,6 has dim HH*(A) = ¢ 4 if char K =3

3 if char K # 2,3,
and for the algebra A = A; where k = 12,13, 14, 15,16, we have

sy 31 bt —2

In Chapters 21-26 we show that the simple modules for the algebras A;(\), A2(\), As,
Ag, A7 and Aj9 are Q—periodic and find the periodicity. Recall that A1 (\), A2(\), As, Az,
Aqo are a complete set of representatives of the derived equivalence classes. However,
despite having As and Ag in the same derived equivalence class, we study both of them
and show that the periodicity of their simple modules is different.

We also discuss the periodicity of the algebra A;(\). Chapter 21 finds a minimal
projective bimodule resolution of the algebra A;(A). This done by defining projectives
P™ and maps d™ : P™ — P™~! and proving that (P™,d™) is a complex, then by using
an argument in [16] prove that (P™,d™) is a minimal projective bimodule resolution

of A1(A). The main results in this chapter are:

v



Theorem 21.6. Let A = A;(\) where A € K \ {0, 1}. If there exists some n > 1 such
that (—A)" = 1 then Q}2(A) 2 A as bimodules. Moreover A has a periodic projective

A — A—bimodule resolution.

Theorem 21.7. For A = A;()\) we have that HH*(A)/N = K or K|[z]. If thereisn > 1
with (=\)™ = 1 then HH*(A)/N = K|[z]| where z is in degree m, and m is minimal
such that Q. (A) = A as bimodules. In this case m divides 4n.

Remark. (1) The algebras A;(A) and Az(\) are of “quaternion” type as defined in
[10], where it is proved in [11] that almost all algebras of quaternion type are periodic
as bimodules. However the small parameters are not covered by the results in [11].
Theorem 21.1 is dealing with one of the small parameter cases.

(2) The algebra Ay is the smallest “mesh algebra” A(C,) of Dynkin type C,, as
introduced in the survey article in [12]. This algebra is also amongst the ones studied

in a recent paper by Dugas [9].

vi



1. BACKGROUND DEFINITIONS

1.1. Projective Modules.
In this section R is a ring and all modules are right modules. The definitions and

results are standard and can be found in [2].

Definition 1.1. Let A, B,C be R-modules and f : A — B, g : B — C be R-module

homomorphisms. The sequence
f
A——=B—=C

is exact at B if Im f = Kerg. A short exact sequence is a sequence of R-modules and

R-module homomorphisms of the form

0—sa-top 0>y

which is exact at A, B and C.

Equivalently, this sequence is exact at A if and only if f is 1 — 1, it is exact at B if

and only if Im f = Ker g and it is exact at C' if and only if g is onto.

Definition 1.2. A long exact sequence is a sequence of R-modules and R-module ho-

momorphisms of the form

0 Ay f1 As f2 A,y fn—1 A, fn 0

such that it is exact at Ay, Aa, ..., Apy.

Definition 1.3. Let P,M and N be R-modules. Then P is a projective R-module if
for each epimorphism g : M — N and each R-homomorphism v : P — N there is an

R-homomorphism v : P — M such that the diagram commutes:

M—>N—>0

Definition 1.4. Let M be a right R-module. Then a projective resolution of M is an

exact sequence of projective R-modules P and R-module homomorphisms d* such that

dn+1 dn

2 1 0
Pn—H pn N P2 d d d

Pl po R 0

is exact at P* and R for all i > 0.
Proposition 1.5. Let R be a ring. Then R is a projective right R-module.

Proposition 1.6. Let R be a ring and e an idempotent (€2 =€) in R. Then eR is a

projective right R-module.



1.2. Quivers and Relations.
The definitions and results in this section are taken from [10]. Throughout this section

we assume K is a field.

Definition 1.7. A quiver Q is a directed graph Q = {Qy, Q1,0,t} where Qqy is the
set of vertices, Q1 is the set of arrows, and o,t are maps Q1 — Qp. Given an arrow
a € Q1, we say it starts at vertex o(a) and terminates at vertex t(a). The quiver is

said to be finite provided both Qy and Q1 are finite sets.

Definition 1.8. (a): Given v,w € Qy, then a path of length 1 > 1 from v to w is a path
arag - - - ap where a; 15 an arrow satisfying o(ay) = v, t(a;) = o(aiy1) and t(ay) = w. In
addition, we also define for any vertex v of Q, a path of length zero ( from v to itself)
denoted by e,. We write o(e,) = v = t(ey).

(b): The path algebra KQ of Q is defined to be the K-vector space with basis the set of
all paths in Q. The product of two paths is taken to be the composition if it exists and

zero otherwise.

Definition 1.9. Let Q be a finite quiver and Rg be the arrow ideal of the path algebra
KQ. A two-sided ideal I of KQ is said to be admissible if there exists m > 2 such that
RY C1C RY (3.

We write paths from left to right and deal with right modules.

1.3. Radical.
Throughout this section K is a field and A is a finite dimensional algebra. All the

definitions in this section can be found in [2].

Definition 1.10. Let A be a finite dimensional algebra and M a A-module, the rad-
ical of M, denoted by rad M, is the smallest submodule of M such that M /rad M is

semisimple.

Remark.
(1) rad M is also the intersection of all the maximal submodules of ([2, 9.13]).
(2) rad M is the submodule of M such that M /rad M is the largest semisimple
quotient of M.
(3) For a finite dimensional algebra A = K Q/I, then rad(A) is the ideal of A

generated by all the arrows of Q, and we write rad A = .
Now we define the top and the socle of the right R-module M.

Definition 1.11. [10] Let M be a right R-module. Then the top of M is the largest
semisimple factor R-module of M, that is, top M = M/rad(M). If Q has n wvertices
then topA = A/rad A = Ke; @ --- @ Key,.

Definition 1.12. [10] Let M be a right module. Then the socle of M is the largest

semisimple submodule of M. The socle of M is denoted by soc M.
2



1.4. Homological Algebra.

Suppose that A is a finite dimensional algebra, K is a field, M is a right A-module and
P™ are A-modules for n > 0. Then if we have a map d” : P* — P"~! then we have an
induced map d™, that is, d** : Hom(P" !, M) — Hom(P", M) is given by f + f-d™

pn dar Pn—l f M .

Definition 1.13. Let A be a finite dimensional algebra over K. Then the opposite
algebra A°P is defined as the vector space A with new multiplication a * b := ba where
a,b € A. The enveloping algebra A® of A is defined as the vector space AP Qi A with

the multiplication given as follows:
(a®b)(c®d) = (axc)®bd
= ca®bd.

Proposition 1.14. If M is a A — A-bimodule then M is a right A®-module via
m(a ® b) = (am)b = a(mb)
fora,be A,m e M.

Throughout this thesis we use the notation of a A — A-bimodule interchangeably with
the notation of a right A°-module.

Suppose P", P»! are A — A—bimodules and d" : P* — P" ! is a A — A—bimodule
homomorphism. Then d™* : Hompe(P"~ !, A) — Homye(P", A) is also a A—A-bimodule

homomorphism.

Consider a projective bimodule resolution of A

m mn—1 2 1 0
pn d Pn—ld P2 d Pl d PO d A 0 (1)

so the P’ are projective A — A—bimodules. Apply Hompe(—, A) to get
1x 2%
0 — Hompe (P°, A) > Hompe (P!, A) 2> -+

m—1x% n*
— Hompe (P72, A) L Homye (P71, A) 2, Hompe (P"A) — ... (2)

Definition 1.15. A sequence of modules and homomorphisms

d ds ds
X1 X9 X3

with d*> = 0, that is, di.1d; = 0 for all i, is called a complex.
Proposition 1.16. The sequence (2) is a complex.
Thus we can construct the factor (quotient) module Ker d"*1*/ Im d™* for each n.

Definition 1.17. The projective resolution (1) of A as a A — A—bimodule is minimal
if Imd™ C rad(P"™!) for alln > 1.



If M is a right A-module, consider a projective resolution of M

Q? Q'
so the Q' are projective right A-modules. We will apply Homp (—, A) to get the complex

o2 ot

Q° M 0

0 ——= Hom(Q% A) ~2> Hom(Q', A) L~ ...

and so Im 0™ C Ker 9" 11,

Definition 1.18. With the above notation Ext (M, A) = Ker 0"+t1*/Im 0™ and
Ext?. (A, A) = Ker d"+1*/ Tm d™*.

Note that in the case (P*,d*) is a projective resolution of A as a bimodule, we write
6" = d"1*. So Ext}. (A, A) = Ker §"/Im 6" 1.

Definition 1.19. Suppose that A is a finite dimensional algebra over a field K. Then
the nth Hochschild cohomology group is HH" (A) := Ext}c (A, A). The Hochschild coho-
mology ring of A is HH*(A) := @y,>0 HH"(A) with Yoneda product.

Note that we can consider the elements of Ext}.(A, A) as exact sequences

0 A En En—l s ... El A 0
where A, E* are all A — A-bimodules.
Theorem 1.20. [22] Ext} (M, A) is independent of the choice of projective resolution

of M as a A-module. ExtR.(A,A) is independent of the choice of projective resolution
of A as a A®-module.



2. THE BAR RESOLUTION AND DEFORMATION THEORY

In this chapter, we describe the link between the deformation theory of A and the
cohomology group HH?(A) for a finite dimensional algebra A over a field K.

2.1. The bar resolution.
Throughout this section we will let A be a A — A-bimodule and use left modules. We
follow [6] and [19].

Definition 2.1. Let S,(A) = A®("2) be the left A @k A°P-module which has n + 2

copies of A, n = —1, and A® acts via
(LR )N @ @ At1) = (X)) @M @ -+ @ (A\y11).

Definition 2.2. Let b), : S,(A) — S,—1(A) be defined via

b, : (Mo ® - @ Aps1) — Z(—l)iAo ® - @ ANAir1 @ Apg1.
=0

Proposition 2.3. Let

/ /
b”+1 b{n bn—l

Su(A) = - —> Spp1(A) e 8, (A) — S,y (A) s

by

Then S«(A) is a chain complex.

Definition 2.4. [7] A chain contraction f : C' — C for a chain complex C' = (Cy, Oy)
is a sequence of maps f, : Cp, — Cpy1

an+l an 8’”* 1

Oy —>C, ——>Cp g —— -

[ B

Oy —>Cy ——=>Ch g —— -

8n+1 an 877,71
satisfying
Ony10 fn+ fan100, = ide,, -
Proposition 2.5. Let sy, : Sp—1(A) — Sp(A) be given by
sn(A0 @ @A)~ X® - QN ® 1.

Then bl, 1 0 Spt1 — sp 0 bl = (=1)"Tidg, .

From Definition 2.4 and Proposition 2.5, if we substitute d,11 by b}, ; and f, by
(=1)"*1s,41, so that 8, is replaced by ¥, and f,.1 by (—1)"s,, then we have that

10(= 1) sy (<108, = (—1)™H (B 0841 —snob) = (1) (~1)+id =
(=1)?"*2id = idg, . Hence (—1)"s,, is a chain contraction of S.(A).

Proposition 2.6. The chain complex S.(A) = (Sn(A), b)) is exact.
5



Proposition 2.7. Let S,(A) = A®" with n > 0. Then we have an isomorphism
Spu(A) = (A ® A%P) ® S, (A) given by

M QA1 = (M@AN )M @@ Ay)
as A®-modules.

So, since SH(A) is a projective K-module, S,,(A) is a projective A°-module and S, (A)

is exact, it follows that S.(A) is a projective resolution of A as a A®~-module.

Definition 2.8. The projective resolution Si(A) of A as a A®-module is called the

acyclic Hochschild complex.
Definition 2.9. Let S"(A, A) = Hompe(Sp(A), A).

Proposition 2.10.
S™(A,A) = Hompe(A°® S,(A),A)
>~ Hompg(S,(A), A).

Definition 2.11. [19] Let b™ be the map
b™ : Hompg (S, (M), A) — Homp (S,11(A), A)
given by
B HIM @ @ A1) = Mf( M@ ® A1)

n

+ Z(—l)iﬂ)\l R @ AN ® - @ Apg1)

=1

+ (D" @ @ M) Ang 1,
foralln 20, M ®- - ® A1 € Sm_l(A) and f € HomK(gn(A), A).

Proposition 2.12. The complex S*(A, A) = (S™(A, A),b") is a cochain complex.

Definition 2.13. Let A be a A — A-bimodule. Then H™(A, A) is the nth cohomology
group of the cochain complex S*(A, A). It is called the nth Hochschild cohomology group
of A with coefficients in bimodule A.

A Hochschild n-cochain is a K-linear map A®™ — A and the group of all n-cochains is
Homg (Sn(A), A). The kernel of b" in Hom (S, (A), A) is called the group of n-cocycles.
The image of "~ in Homg (S, (A), A) is called the group of n-coboundaries. The nth
Hochschild cohomology group H™(A, A) is defined to be Kerb™/Im "1,

Using the facts that Si(A) is a projective resolution of A as a A°-module and that

Extie (A, A) is independent of choice of projective resolution of A [22], it follows that
H"(A, A) 2 ExtRe (A, A)

is indeed the nth Hochschild cohomology group as described in chapter 1. Recall that
we write HH"(A) for H™ (A, A).



2.2. The centre of A and Derivations of A.

Definition 2.14. [19] Let K be a field and let A be a A — A—bimodule. Let
Der(A, A) = {6 € Homg (A, A) | 6(ab) = ad(b) + 6(a)b, for all a,b € A}

be the K -vector space of derivations of A on A. We write Der?(A, A) to denote the

subspace of inner derivations, that is,

Der®(A,A) = {0, : A — A | dy(a) = ax — za,x € A and a € A}.

Proposition 2.15. Let A be a finite dimensional K-algebra where K is a field and let
A be a A — A—bimodule. Then the following hold:

(i) Homp (A, A) = A.

(i) If A = A then HH°(A) = Z(A), the centre of A.

(i4i) H' (A, A) = Der(A, A)/ Der®(A, A).

Definition 2.16. [19] Suppose that § € Der(A, A). Then § is called an outer derivation
if the residue class of § in H*(A, A) is different from zero.

2.3. Deformation Theory.
Gerstenhaber in [15] introduced algebraic deformation theory for associative algebras.
All definitions and theorems in this section can be found in [14].

Let K be a field. A one-parameter algebraic deformation of a finite dimensional
K-algebra A, may be considered informally as a family of algebras {A;} parameterized
by K such that Ag = A and the multiplicative structure of A; varies algebraically with
t.

Definition 2.17. Let A[[t]] be the K|[[t]]-module of power series with coefficients in A,
so that A[[t]] = A @k K[[t]] as a module.

Now we will give the formal definition of a deformation.

Definition 2.18. A one-parameter formal deformation of a K-algebra A is a formal
power series F' = 20 fot™ with coefficients in Homg(A @ A, A) and for all a,b €
A, fo(a,b) = ab. The deformation Al[[t]] with the multiplication defined by F can be
written as A[[t]]p or Ap. If F is finite, or at least finite for each pair (a,b) € A ® A,
the multiplication may be defined on A[t] over K[t].

Definition 2.19. Let A be an associative K-algebra. Then the deformation Ap is
called associative if
F(F(a,b),c) = F(a,F(b,c)) for all a,b,c € A.

If we expand F'(F(a,b),c) we will get F'(F(a,b),c) = F(X22fr(a,b)t", c)

=3 F(fr(a,b)t",c) = 200,320 fs(fr(a, b)t", o)t = 300 (320 fs(fr(a, b), ¢)t" 5. Also
7



we have F(a, F(b,c)) = F(a, X2 fr(b,c)t") = X2 oF(a, fr(b,c))t"

= X2 X2, fs(a, fr(b,c))t""5. Now if we collect the coefficients of t" we have
Yicofi(fa-ia,b),c) = Eily fia, frn-i(b,c)) (1)

Definition 2.20. Let f,, be the first non zero coefficient after fo in the expansion
F=Xf,t". Then f, is called the infinitesimal of F.

Theorem 2.21. [14] If F' is an associative deformation of A then the infinitesimal f,,
of F' is a Hochschild 2-cocycle.

Proof. Let F be an associative deformation of A and f, be the infinitesimal of F'. We

can write (1) as

fO(fn(a7 b)7c) + fn(fo(a,b),c) = fO(aa fn(b7 C)) + fn(a’ fo(bv C))

Since fj is multiplication in A we will get

fnlab, ) + fula,b)e = afn(b, ¢) + fn(a, be)

and then

afn(b,c) — fn(ab,c) + fn(a,bc) — fn(a,b)c = 0. (2)
From the definition of b? the left hand side of (2) is b?( f,,)(a, b, ¢) and therefore b? f,, = 0.
So f, € Kerb?. Thus f,, is a Hochschild 2-cocycle. O

For arbitrary m, (1) may be written as
folfm(a,b),¢) + S5 fi( fm-i(a.b),€) + f(fola,b),¢) = fo(a, fn(b,c))
+ 37 fi(a, fn—i(b,€) + fin(a, fo(b, ) and so

b* frm(a, b, ¢) = X251 fil fmi(a, b), €) = B2 fi(a, fin—i(b, €)). (3)
The right hand side of (3) is the obstruction to finding f,, that extends the deformation.

Theorem 2.22. [14] The obstruction is a Hochschild 3-cocycle.

Corollary 2.23. [14] If HH3(A) = 0 then every 2-cocycle of A may be extended to an

associative deformation of A.

2.4. Equivalent and trivial deformations.
Given associative deformations Ap and Ag of A, we want to know when there is an

isomorphism Arp — Ag which keeps A fixed.

Definition 2.24. A formal isomorphism V : Ap — Ag is a K[[t]]-linear map A[[t]]F —
A[[t]]g which is written in the form

U(a) = o(a) + 1 (a)t + Ya(a)t® + p3(a)td + - -
8



where Yo(a) = a and a € A. Note that it is enough to consider a € A, since V is defined
over K[[t]]. We consider that each v, € Homg (A, A). If U is multiplication preserving,

we say it is an algebraic isomorphism, if
G(¥(a), ¥(b)) = ¥(F(a,b))
for all a,b € A.

Definition 2.25. The two deformations Ap and Ag are said to be equivalent if there

erists a formal isomorphism VU : Ap — Ag, that is, Ap = Ag.

Proposition 2.26. If f, and g, are the infinitesimals of F' and G respectively, then

they are in the same cohomology class, that is, they represent the same element of
HHZ(A).

Theorem 2.27. [14] If HH?(A) = 0, then all deformations of A are isomorphic.

Definition 2.28. A deformation A is called a trivial deformation if Ap = A, that is,
F = fo.

Definition 2.29. An algebra A is called rigid if it has only trivial deformations.

So if HH?(A) = 0 then A is rigid.



3. PROJECTIVE BIMODULE RESOLUTION OF A

In this chapter we will look at the projective A — A-bimodule resolution of Green and
Snashall [16] and the minimal projective resolution of Green, Solberg and Zacharia [18].
We use a minimal right projective resolution of A/t over A from [18] to construct the
first four projective A — A—bimodules P’ and maps T} for i = 0,1,2,3 of the minimal

projective A — A—bimodule resolution of A.
3.1. The minimal projective resolution of A/t of Green, Solberg and Zacharia.

In this section we assume that A is a finite dimensional algebra over a field K. Let
A = KQ/I and t be the Jacobson radical of A. Let g/ denote an element in the set
g" where the sets g" are defined as follows in [18]: then we let Q" = @®g,e4nt(g;")A and
the map d" : Q" — Q" ! (where the maps d" are define g"). Then [18] proves that
(Q™,d") is a minimal projective resolution of A/t as a right A-module. In [16] they use
the same sets g" and define P" = ®greynAo(g]') @k t(gf')A and maps T; : Pl — pil,
So that the sequence --- — P3 — P2 — P! — PY A — 0 is the start of a minimal
projective bimodule resolution of A.

Note that we can get the right A—module resolution of A/t from the bimodule
resolution of A. The good thing is that the right A—module resolution of A/t still
contains all the information needed to construct and go back to the bimodule resolution
of A.

Let F' = @} ,e; KQ. Then we have an epimorphism

F—A/t—0

and F' is a projective K Q—module.
Now we want to look at [18] to see how they constructed the filtration of F' by
K Q-submodules. This filtration is

oCcFmMcF"lc...cFtc F°

where F'’s are right projective K Q-modules. We introduce the notation of [18] which
is required to define the submodules F’. Let R = KQ and we can choose a family
{f2}ica of elements of KQ such that the projective K Q-module @;caf R/ ®icafll
maps onto A/t = S @---®S,. Suppose that fO = {2}, = {e1,...,e,} then we have
0— QL(A/t) =8 fPR— A/t > 0and FO =@ fPR=a" [P KQ =& 16,KQ.

We have 0 — QL(A/r) — &7 ,e;,R — A/t — 0 where Q}(A/t) is a submodule
of &1 e;R and therefore QL(A/t) is projective. Choose a set {f}*} of elements of
@™, fOR such that QL (A/t) = &; f* R. Now we can discard those elements f; that are
in @21 = @& ;e;I and denote by {f}} those which are not elements of &; inI . This

gives us a set f! = {f1}. So F1 = @;f!R and F! C F. In [18] the sets f™ are defined
10



inductively and F™ " = @ f" +1R, so we have a filtration of submodules
.cpmttcpmc...Cc F' C FO.

Suppose we have already f™ = f/™. Then consider the intersection (®; f/" R)N(&; fjm_lf ).
We may write this intersection as @, f"*'*R. This gives the set {f"**}. We dis-
card those elements of the set {f™*1*} in @, f™I and denote the rest of the elements
by fmtt = {fm™+1}. We stop if the intersection is zero and we set it equal to some
@i f" T R otherwise.

Remark. [18] Note that for each m > 0, we have a representation of f;" in @; fimflR

as follows
—1ym—1m
fi' = Ezfzm hz‘,k
for scalars h;nkfl’m € R.

Definition 3.1. [18, 1.1] For m > 0 let P™ = &, f"R/@®;f"I , and let §™ : P™ —
P! be the homomorphism induced by the inclusion ©; f" R C @jff‘flR.

Lemma 3.2. We have an isomorphism f{"R/f{"I = t(f{")A as A-modules.
Theorem 3.3. [18, Theorem 1.2] The resolution

(P,6): - —> pm 2 o L Pl po s Aft—0

is a projective resolution of A/t over A.

Theorem 3.4. [18, Theorem 2.4] Let A/t be a A-module and let (P,d) be the projective
resolution of A/t as in Theorem 3.3, where the representatives { f™} are chosen in such
a way, that for each m, no proper K-linear combination of a subset of {f™} lies in

®f L + @ f™ J. Then, the resolution (P,d) is minimal.

3.2. The first four terms in a projective A — A-bimodule resolution of A of
Green and Snashall.
In general, Theorem [16, 2.9] tells us the beginning of a minimal projective bimodule

resolution of A.

Definition 3.5. [16, 1.1] An element x in KQ is uniform if x = e;xe; for some i, j.

We say o(x) = e; and t(z) = e;.

Definition 3.6. [16, 1.1] Let A = KQ/I be finite dimensional algebra over a field K
where Q is a quiver and I is an admissible ideal. We let R denote the path algebra
R = K Q. Define the following subsets of R:

g" is the set of vertices v of Q,

gt is the set of arrows a of Q,

g% is a minimal set of uniform relations = in the generating set of I.

11



Definition 3.7. [16, 2.5] Suppose that the elements of g* are {g3,...,g%,}. From [18],
each element of g3 is in ®;g? RN @qal where a € g'. Let y denote an arbitrary element
of ¢%; then y = e lgl D = E?flqig?n where p;, q;, 1 are elements in R with q; in the

arrow ideal of R.

Notation. [16, 1.1] For z € g, we have that x is a uniform relation in the minimal
generating set for the ideal I. Moreover x is a linear combination of a finite number of
paths in R, say of r paths. So we write z = Yi1cjaiy Qg sy forj=1,...,r,

c;j € K and a;; is an arrow for all 7, j.

Definition 3.8. [16, Section 2] Let P°, P', P? and P? be the projective A—A—bimodules
given by:

P =@, goAv @ vA,

P! = ®,c1M0(a) @ t(a)A,

P2 = &, ppAo(2) ® t(x)A,

P? = yEg3A0(y) t(y)A.

Definition 3.9. [16, Section 2] Let f : P* — A be the bimodule map given by v@uv +— v.
Let T} be the map T; : Pt — PY given by

o(a) ® t(a) — o(a) ® o(a)a — at(a) ® t(a)
for each arrow a. Define the map Ts : P> — P! by

o(x) &® t(x) — E;Zlcj(Eijlalj e OQ(k—1); X (k41)j - - - asjj)

for each z € g* and ay; . .. A(k—1)j D A(k41)j - - - @s;5 € No(ag;) ® t(agj)A. Define the map
T3 : P3 — P2 by

o(y) @ t(y) — T2 (0(g7) @ pi — 4 @ 1)
where y = X2 1gl pi = X" 1%% r; and p;, q;r; are elements in R with q; in the arrow

ideal of R.

Notation. Throughout this thesis we will write Ae; ®, e;A to express the summand of
P! corresponding to the arrow o between the idempotents e; and ej and Ae; ®g2 e; A to
express the summand of P? corresponding to the relation g,% between the idempotents

e; and e;.

Theorem 3.10. [16, Theorem 2.9] With the above definitions, the following sequence
forms part of a minimal projective resolution of A over A°:

T T: T
ps e pr o Bpo Ly 0

with maps T; : P* — P! fori=1,2,3 and f : P* — A.

12



4. TAME WEAKLY SYMMETRIC ALGEBRAS HAVING ONLY PERIODIC MODULES

In this chapter we will look at the tame weakly symmetric algebras having simply
connected Galois coverings and only 7—periodic modules where 7 is the Auslander-
Reiten translate. These algebras were classified in [4] and [5] up to Morita equivalence
and derived equivalence. We will let K be an algebraically closed field and A a finite

dimensional K —algebra with identity.

Definition 4.1. [10, 1.3] Let mod A be the category of finite dimensional left A—modules
and let D : mod A — mod AP be the standard duality Homg (—, K). So D(A) is a right
A—module.

Definition 4.2. [10, 1.3] An algebra A is called selfinjective if A = D(A) as right

A—modules, that is, the projective right A—modules are injective.
We also need D(A) to have a left A—module structure.

Definition 4.3. [10, 1.3] An algebra A is called symmetric if A and D(A) are isomorphic
as A — A—bimodules.

Definition 4.4. [10, 1.3] An algebra A is called weakly symmetric if for any indecom-
posable projective A—module P the socle soc P = top P/ rad P.

Note that every symmetric algebra is weakly symmetric and every weakly symmetric

algebra is selfinjective.

Definition 4.5. [10, 1.8] For a selfinjective algebra A, we denote by I'y the stable
Auslander-Reiten quiver of A, obtained from the Auslander-Reiten quiver I'x of A by

removing all projective modules and arrows attached to them.

Theorem 4.6. [5, Theorem 2| Let A be a basic connected finite dimensional alge-
bra over an algebraically closed field K. Then A is weakly symmetric of tubular type

and nonsingular Cartan matriz if and only if A is isomorphic to one of the algebras
A1(N), Ay(A), A € K\ {0,1}, Az (if char K = 2), or A;,4 < i < 16.

These algebras A; where i = 1,...,16 are explicitly described in Chapters 5 to 20 of
this thesis.

Theorem 4.7. [5, Corollary 3] Let A be a weakly symmetric algebra of tubular type
and with nonsingular Cartan matriz Cn. Then A has at most four simple modules and

I'} consists of tubes of rank < 4.

So each simple module S satisfies 7%(S) 2 S where 7 is the Auslander-Reiten trans-
late and k < 4. If A is symmetric then 7 2 Q% so QF(S) = S for m < 8.

Now we define Morita equivalence and derived equivalence (see [25] and [24]).
13



Definition 4.8. Two algebras R and S are said to be Morita equivalent if their module

categories mod R and mod S are equivalent.

Definition 4.9. Let A and I" be finite dimensional algebras and let A = mod A and B =
mod I'. If there is a triangle equivalence D(A) — D(B) between the derived categories
D(A) and D(B) then we say A and I' are derived equivalent.

Hochschild cohomology is Morita invariant, so if R and S are Morita equivalent
algebras then HH*(R) = HH*(S). Rickard in [24] showed that Hochschild cohomology
is also invariant under derived equivalence. It is well-known that if two algebras are
Morita equivalent then they are derived equivalent (see [25]).

Biatkowski, Holm and Skowronski in their paper [4] describe the tame weakly sym-
metric algebras having simply connected Galois coverings and only T—periodic modules

up to derived equivalence.

Theorem 4.10.

(i) [4, Lemma 2.1] The algebras As and Ag are derived equivalent.

(i) [4, Lemma 3.1, 3.2, 3.3, 3.4] The algebras Aia, A13, A14, A15 and Ay are derived
equivalent.

(i1i) [4, Lemma 4.1, 4.2, 4.3, 4.4, 4.5] The algebras A4, A7, As, Ag, A1p and Ayy are

derived equivalent.

We describe and determine the second Hochschild cohomology group of these algebras
A; where i = 1,...,16 in Chapters 5 to 20. Also in these chapters, when we find the
minimal projective resolutions of the simple A-modules S, of the A; algebras we mean
the beginning of the minimal projective resolutions of the simple A-modules S,, of the

A; algebras. And when we refer to periodicity we mean 2—periodic.

14



5. THE ALGEBRA Aj())

Throughout the following chapters we will let K be an algebraically closed field and

A a finite dimensional K —algebra.

Definition 5.1. Let A1 (\) be the algebra KQ/I where Q is the quiver

0__ _1__ 2
T8

and

I = (aya — aoB, By — Ao B, yary — a3y, yao — Ao fo)

where A € K\ {0,1}.

5.1. The structure of the indecomposable projectives.
We start by considering the elements of length 4. For ayao, we have ayao = a(yao) =
Aaofo = Aayao so that (1 — XN)ayao = 0; since X # 1 and A # 0 we have ayao = 0.
Similarly we can show that 8yay and acfo are zero elements. Also we can show that
all the elements of length 5 are zero elements such as ayaya. The non zero elements
of length 4 are ayary, yaya, and Bofo.

So the indecomposable projective A-modules are egA, e1 A, es A where
eoA = sp{eo, a, ao, ay, aya, ayary},
eiA = sp{ey, 0,7, 008, ya, yary, oo, yaya},
e2A = sp{es, B, 87, Bo, Bo B, Bo Bo}.

So we have for egA



for e; A

N —— =
oO—F=—0

and for es A

Also we can express egA, e1 A and es A as follows:

for egA

€0

Yt
N

ayory
16



for e; A

€1
o / \ Y
of Yo
oBo yary
yaryo
and for es A
€2
/ ﬂ \
By po
po
pofo
We may indicate the structures of the indecomposable projectives as follows:
GQA €1A 62A
0 1 2
0 2 1
0 2 1 0 2
0 2
0 1 2

5.2. The minimal projective resolutions of the simple A-modules Sy, Ss.

We have the minimal projective resolutions of the simple A-modules Sy and So:
For Sy we have;

81

o3 02

e\ e1\ el e\ So 0

where
d' s e1( — aer(,

9% :e1( — (ya— op)er,
17



0% 1 equ — vyegu,
for {,v € A.

For Ss:

o3 02 ot

621\ 61A 61A 62A SQ 0

where
o' e1¢ — e,
& :e1¢ = (va — Aaf)ed,
& : ean — oean,

for {,n € A.

5.3. The minimal projective resolution of the simple A-module S;.
Now we need to find Ker 9! and Ker 92 in order to find 9%, 9%. For the simple A-module

S1, the minimal projective resolution of S; begins:

81

e eoA D 62A 61A Sl 0

where 0 : (egv, ean) — vegv + aean, for v,n € A.

5.3.1. Kerd'.
To find Kerd! = Q2(S1), let eogv = cpeq + cra + caao + czay + cqiaya + csayay
and esn = cgea + ¢ 0 + cgfBy + coffo + c10808 + c1180P0 with ¢; € K. Assume that
(egv, ean) € Ker ' then yegr + gean = 0 so y(coeq + cra + caao + czary + caaya +
csayary) + o(cgea + c7 3 + es 7y + coBo + c10fo 3 + c11fofBo) = 0, that is, coy + c1ya +
coyao + cyyay + cayaya + cgo + crofB + cga By + cgoBo + cipofof = 0. So coy +
c1ya + cgo + croB + (co + coA™ oo + (c3 + cg)yay + (ca + c10A ") yaya = 0 which
implies that cg = ¢4 = 0 = ¢g = ¢7 and ¢cg = —co\,cg = —c3,c19 = —cgA. Thus
eV = o0 + c3ay + cpaya + csaryary and esn = —coABo — c30y — caA\Bo B + c118080.
Hence Ker 9! = {(coa0 + czay + csaya + csayay, —ca\Bo — c3f3y — caA\Baf +
enfofo) ¢ € K}.

Claim. Kerd' = (ay, —37)eoA + (a0, —AB0)eaA.

Proof. Let x € Kerd'; then = (coao + c3ay + chaya + csayary, —ca\Bo — 3y —
ey \Bo B + c11fofo), that is, x = (ary, —p7v)(cseo + caa + csay) + (ao, —A\Go)(caea —
c11A"1B0o) since acBo = 0 and Byay = 0. Thus z € (a7, —B7)eoA + (o, —\Bo)esA
and therefore Ker 9! C (ay, —37)eoA + (ao, —A\Bo)eaA.

On the other hand, let y = (ay,—pB7y)eov + (o, —ABo)ean € (ay, —F7v)eoA +
(o, —ABo)eaA. Then, from the definition of 9!, we have that 9'(y) = y(avyeor +
aocean) — o(fyeor + ABoean) = (yay — afy)eor + (yao — Aofo)ean = 0. Therefore
y € Ker 0" and so (ay, —37)eoA + (a0, —ABo)eaA C Ker 0.

Hence Ker 0! = (ay, —37)eoA + (ao, —ABa)eaA. O
18



S0 9? : egADeaA — egADeaA is given by (egv, ean) — (ary, —B7)eov+(ao, —A\Bo)ean,
for v,n € A.

5.3.2. Ker 9%

Now we want to find Ker 9% = Q3(51). Assume that (egv, ean) € Ker 92. Then (o,

— By)eor + (ao, —ABo)ean = (0,0). Write egr = cpep + cra + coao + czay + cparya +
csayay and eon = cgea + 73 + 8By + cofo + c10808 + ci1180PBo with ¢; € K. So
(ay, —=By)eor + (ao, —ABo)ean = (ary, —07)(coeo + cra + caao + csary + cgaya +
csayay)+(ao, —=ABo)(csez+crB+csfy+coBo+cioBaf+cifofo) = (coay+eraya+
csayary, —cof3y — c18ya — cofiyao) + (csao + craofB + cgaofy, —cg\Bo — ci\Bo S —
coAfofo) = (0,0). Thus coay + craya + csayay + cgao + crao + cgaofBy = 0 and
—cofy —c1Bya— caffyac — cg A\Bo — crABo B —cgA\Bo o = 0, that is, coay + ceavo + (¢1 +
cr)aya+ (e 4+ cg)ayay = 0 and —co By — cg\Bo — (¢1 + e7)N\Bo B — (ca + co)A\BoSo = 0.
So from the two sequences we have cg = 0 = ¢g,¢c7 = —c1, cg = —c3 and cg = —co.
Thus egrv = cia + coao + czay + caoya + csayary and egn = —c1 8 — coffo — c3By +
c10308 + c11p0B0. Hence Ker 0% = {(cia + caao + czay + chaya + csayary, —c1 3 —
coffo — e3Py + cr0B08 + c11fofo) : ¢ € K}.

Claim. Ker9? = (a, —3)e1A.

Proof. Let u € Ker9?. Then u = (cia + coao + csay + cqaya + csayay, —c1 8 —
caffo — e3fy + cr0B0 8+ c1180P0) so u = (o, — ) (cre1 + cao + c3y + cyyary — criofo) +
(ay, Bo)(cgar + c1003). Now we can show that (o, Bo)(csar + ¢108) C (o, —(3)A, since
(v, Bo)(caa+c108) = (a, —3)(1—=N) " ((ea+c10)ya— (Aca+c10)aB). So (o, Bo)(caa+
c108) C (a, —B)e1A. Hence u € (o, —3)e1 A and therefore Ker 9% C (o, —3)e; A.

On the other hand, let v = (a,—f)e1( € (a,—F)e1A. Then, from the definition
of 8, we have that 9%(v) = 0?((o, —B)e1l) = ((ay, —Bv)a + (ao,—\3o)(—3)) =
(aya — acfB) — (Bya — A\Bo3) = 0. Therefore (o, —3)e1 A C Ker 92

Hence Ker 02 = (o, —3)e1A. O

So the map 92 : e;A — egA @ eaA is given by e1¢ — (a, —3)e1(, for ¢ € A.

Thus the minimal projective resolution of the simple A-module S; starts

e1A i eo\ ® es A 2 eo\ @ esA o e1A S1 0
where
I : (egv, ean) +— yeor + oean,
0? : (eov, e2n) — (ary, —fB7)eov + (a0, —ABo)ean,
> :e1¢ = (o, —peid,
for v,n, ¢ € A.

5.4. 93 for 50,51 and SQ.

Now we want to find the elements of ¢>; these are paths in K Q.
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For Sy we have

3 82 1

17} 1o}
o —=7 ——= (ya — 0f)y —=a(ya — of)y = ayay — acfy,
so ayay — aofBy € g3

For S

er L (=) L (ay,—B1)a — (a0, ~A\Bo)B = (ara — acB, —Bra + A3oB) &
v(aya — aof) — o(fya — ABa ), so (yaya —yaogf) — (0fya — Aafaf) € g°.

For Sy

3 2 1

eg Lo g P (ya — Ao B)o 2. B(ya — Aof)o = fyac — Ao fo ,

so Byao — A\BoBo € g.

Let g} = ayay — aofy, g3 = (yaya —yaoB) — (0fya — Aofof3), and g§ = fryao —
ABoBo. So g* = {4i, 93, g3}
We know that ¢ = {aya — aof3, fya — A\BaB,yary — a3y, yao — Aofo}. Denote
91 = aya — aof,
9 = yay —ap,
g3 = yao — Aofo and
93 = Bya — AGo .
So we have
g9t = 91y = ag3,
9 = g5a — g38 = vg7 — 0gj and
g3 = gio = Bg3.
5.5. HH2(A).
From [16] we have the projective resolution of A

3 2 1 0
p3-Lsp2opr T po Ly 0.

Apply Hompe(—, A) to get
0 Ay & 1 s 2 § 3
0 — Hompe(P",A) — Hompe (P, A) — Hompe(P*,A) — Hompe(P°,A)— ...

5.5.1. Kerd?.
To find HH?(A) we need to find Ker 62 and Im §'. Let € Ker 62; then § € Homye (P2, A).
So the map 6 : P? — A is given by

6:P? — A
€0 ®g2 €1 — jra + ooy
e1 ®g2 €g = J3v + jayay
el ®g§ eg — J50 + jgoBo
ez ®g2 e1 = Jiff + jsfop,
for some j; € K. The map d3 : P2 — P? is given by
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€o ®g:1), ep — €g ®g% V-« ®g§ €0

e1 Qg3 e1 > e1 @z a—ey ®g§6—'y®g% e1+0®p e

ex Qg3 ea > e Q20— F®g e,

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d3(eg ®g3 €0) = 0((e0 ®g2 €1)7 — a(e1 ®gz €0)) = (Jrov+ joaya)y — afzy +
Jayary) = (j1 — js)ay + (j2 — ja)ayay = 0 so ji = j3 and j2 = ja.

Also 0d3(ey ®gs e1) = 0(eq ®gz 0 — €1 D 86— ®g2 €1+ 0 Qg2 e1) = 6((ex ®g2 eo)a —
(e1®g2 €2)3 — (€0 ®g2 €1) + 0 (€2 @2 €1)) = jaya + jayaya — js08 — jeo fof — jiya —
Jayaya+ jrof+jsofoB = (js —ji1)ya+ (ja— j2)yaya+ (jr — js)o B+ (js — je)o Bo B =
(j3 — j1)va+ (7 — js)oB + (A1 (j2 — ja) + js — je)oBo3 = 0, so jz = ji,jr = js and
jg = A"1(ja — j2) + Je-

And 0d3(ez Ry €2) = O(e2 ®p2 0 — B ®y2 e2) = O(e2 ®y2 e1)o — Bler V2 €2) =
(78 + jsBoB)o — B(jso + jeoBo) = (j7 — js)Bo + (js — js)Bofo = 0, so j7 = js and
Jg = Je-

So 6 € Ker 62 is given by

P2 — A

€0 ®g2 €1 — jra + ooy
e1 ®,2 e = Jj177 + j2yay
el ®g§ ez — J50 + jeo o
ez ®g2 e1 = Jsf + je o,

where j; € K. Hence dim Ker 62 = 4.

5.5.2. Tm§t.
Now to find Im 6'. Let ¢ € Hompe(P!, A). The map ¢ : P' — A is given by

eg Qq €1 — 200 + Z10YQ

€1 Ry €2 — 290 + 23000

e2 ®ge1 — z4f + 2z P08

€1 Qy ep — 267 + 27yQy,
for z; € K.
We have the map d? : P2 — P! given by

60®g% e1 e Qa Y0¥+ a @y a+ay®qer — ey Ra o —a®e f—ac g e

€1 ®gz €0 — €1 @y Y +7 B Y +70 @y €0 — €1 Ry By — 0 @5y — 7 @y 0

€1 ®g2 €2 = €1 ®y A0 + 7 ®a 0 + 70 Q5 €2 — €1 R ABo — Ao R0 — Ao 3 Qg €2

e2 ®p2 11—~ e Q370+ By a+ fyQaer —e2®3 A0 — ARy f— Abo Qpe1.
Then the map @d? is given by

d?(eg ®g2 €1) = (200 + z1y@)ya + o267 + 2rvay)o + ay (20 + z1aye) — (zo00 +
zaya) oS — az90 + 230 00) 3 — ao(z48 + 2580 8) = zpaya + zgaya + zpaya — zpao 3 —

zoao 8 — zgao B = (20 — 22 — 24 + 26) 7y,
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od?(e ®g2 €0) = (267 + z77a7)oy + V(200 + z1070)y + Y26y + 27v00y) — (220 +
23000) By — (248 + 2580 8)y — 0 8(267y + zryary) = zeyay + zoyary + zgyary — 2203y —
2403y — 26007 = (20 — 22 — 24 + 26)7QY,

od?(eq ®g2 €2) = (267 + 27707)00 + V(200 + z1072)0 + Y220 + 230 B0) — (220 +
23000)A\Bo — Ao (240 + z50008)0 — Ao3(z00 + z30[0) = zgyao + zpyao + zoyao —
zoAo B0 — zydo o — zaAofo = (29 — z2 — 24 + 26) Ao o, and

o (e3 ©g3 e1) = (4B + 2580 B)va + Blzoy + zrvom)a+ By(z00 + 1aya) — (248 +
z5B0B)ATB — AB(220 + 23000)8 — ABo (243 + z5008) = 24Py + zBya + zofya —
24 \BoB—29\BoB—2z4\B0 3 = (20— 22— 24+ 26) \Bo 3. We will write z = (20—22— 24+ 26)
for z; € K.

Thus ¢d? is given by

P2 A

€0 @ g2 €1 — zaya
€1 ®g2 €0 — Zyay
el ®g§ eg — zAofBo
€2 ®g2 €1 — zABof3,

for some z € K. Therefore dimIm ! = 1.

5.5.3. HH2(A).
From 5.5.1 and 5.5.2 we have that dim HH?(A) = 3 and
P2 S A
o ®g2 €1 — doa + diaya
HH?(A) = { €1 ®g2 €0 — doy + diyory

el ®g§ eg — doo
€2 ®g§ e1 +— daf3

with d; € K.
A basis of HH%(A) = sp{z,y, u} where

x: P2 A
eo®g%61i—>a
€1®g§60'—>7
else — 0,

y: P2 — A
61®g§62r—>0'
ex ®g2 €1 [
else — 0,

u:P?— A

() ®g% e] — ayo
€1 Qg2 €0 — yay
else — 0.

Note that u represents the same element of HH?(A) as
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P2 A
€0 ®g2 €1 = —ofo
€1 ®g2 €9 — —Pof

else — 0.
So we can write HH?(A) as
P2 > A
) ®g% e1 — doo
HHQ(A) =4 €1Qgep— doy

el ®g§ e — doo + d3ofBo
ez ®y2 €1 — do3 + d3fo 3

with d; € K.
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6. THE ALGEBRA Aj(\)

Definition 6.1. [5] Let Aa(\) be the algebra K Q/I where Q is the quiver

o(C1 278
2!
and
I= <a2 — 07, )‘52 -0, Y& — 577 Uﬂ_ O[O'>
where A € K\ {0,1}.

6.1. The structure of the indecomposable projectives.

We start by considering the elements of length three and four, for ao(, we have ac =
a’c = oyo = A\of3? = Aaof3 so that (1 — N)aocf = 0 since A # 1 and A # 0 we have
acf3 = 0. Similarly we can show that oo, ovo, 032, Bya, 32y, yoy and ya? are the
zero elements. Also we can show that all the elements of length four are zero elements

4 3 = 0By = a0y = oya and

such as a*. The non zero elements of length three are «
B3 = X"lvao = A"y B = A1 Byo.
So the indecomposable projective A-modules are e; A and es A where
e1A = spler, a,0,03,a2, a3},

62A = Sp{6277)ﬂ77a5 ﬂ25 53}

for e1 A
e1
| >< |
a? of
o3
and for esA

6.2. The minimal projective resolutions of the simple A-modules S; and S5.
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6.2.1. The minimal projective resolution of the simple A-module S1.
Now the minimal projective resolution of the simple A-module S; starts with:

al

..HQIA@QZA elA Sl 0

where
O' 1 e1A @ eaA — e1A is given by (e1(, ean) — aei + gean, for ¢,n € A.

Now we need to find Ker 9! and Ker 92 in order to find 9%, 3 for the simple A-module
Sy.

6.2.2. Kerd'.
To find Ker 9' = Q2(S1), let e1¢ = cieq1 + coa + 30 + c408 + c5a? + cga® and ean =
cres + cgy + co3 + croya + 1132 + 123 with ¢; € K. Assume that (e1(, ean) € Ker 9!
then ae1(+oean = 050 afcre; + coa+c30 + cao B+ c50? + cga) + o (crea + cgy +co B +
croya + 1132 + c126%) = 0, that is, cia + coa? + c3ao + c503 + c70 + cgoy + coa B +
crooya = 0, that is, cia + ca0? + c308 + c5a® + c70 + cga® + cgo 3 + c1pa® = 0. So
cra+ (co+cg)a? + (c3 + co)af + (c5 + c10)a® + cyo = 0 which implies that ¢; = 0 = ¢7
and cg = —cg,c9 = —cg and ¢j9 = —c5. Thus e1( = coa + c30 + 408 + c5a® + cga® and
ean = —coy — 33 — csya + 1152 + c123°.

Hence Ker 8! = {(coa+c30 +c40B+c5a? +cgad, —coy —c3B—cyya+c11 8% +c123%)
¢ € K}.

Claim. Kerd!' = (a, —v)e1A + (—0a, B)e2A.

Proof. Let * € Kerd'; then z = (coa + c30 + 403 + c5a? + cga®, —coy — c38 —
csya + c113 + c1283%), that is, # = (a, —7)(c2e1 + csa + cga?) + (0, B)(—czea —
caff — c123%) + (0, 3%)(cqea + c11e2). However we can show that (0, 3%)(cses + ci1e2) C
(o, —y)e1 A+ (=0, B)e2A, since (0, %) (csea +cr1e2) = (o, —7) (1= A) "Lo(csea +cr1e2) +
(=0, B)(1 — X\)"'B(csea + cr1e2). Thus z € (o, —v)e1A + (—o, 3)eaA and therefore
Ker 9! C (o, —y)e1A + (-0, B)ea.

On the other hand, let y = (o, —y)e1(+(—0, B)ean € (a, —y)e1 A+ (—0, B)eaA. Then,
from the definition of 8!, we have that 9'(y) = a(ae1( — oean) + o(—ve1( + Bean) =
(a®—o7)e1(+(o0B3—ac)ean = 0. Therefore y € Ker 9 and so (o, —y)e1 A+(—0, B)eaA C
Ker 9.

Hence Ker 0! = (a, —v)e1A + (—a, B)e2A. O

So 92 : ey A ® eaA — e1 A @ ez is given by (e1(, ean) — (a, —v)e1( + (—a, B)ean, for
¢,me A

6.2.3. Ker 9.
Now we want to find Ker 8% = Q3(S]). Assume that (e1(, ean) € Ker 9. Then (a, —7)e1¢
+ (—0,B)ean = (0,0). We know that e;¢ = cre; + coar + c30 + c408 + c5a? + cga®

and ean = crea + cgy + cof3 + croya + c118% + c128% with ¢; € K. So (a, —y)e1( +
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(=0, B)ean = (a, —7)(c1e1 + caa + c30 + 408 + c5a? + cga®) + (—a, B)(crea + cgy +
cofB + croya + cnﬁ2 + C12ﬁ3) = (01a + 02a2 + csao + C5a3, —C17Y — CYQ — C3YO —
cayof3) + (—cro — cgoy — coo B — ciooya, crf3 + cgBy + coB% + c118%) = (0,0). Thus
cra+coa? + 308+ csad — cro — cga® — cgo B — c1pa® = 0 which implies that cio+ (co —
cg)a® + (c3—co)o B+ (c5 —c10)a® — cyo = 0 and therefore ¢; = 0,c7 = 0, c8 = ¢2,c9 = c3
and c5 = c19. Also —c1y — caya — 3 A3 — cu B2 + 7B+ cgya+ co 3% + c118° = 0, that is
—c1y+ (—categ)yat(—csh+cg) 2+ (—car+c11) 33 +c73 = 0 and therefore ¢; = 0, c7 =
0, , cg = c2, cg = Acg and c11 = Acy. Note that from the two sequences we have that
c3 =0 = cg. Thus e1¢ = coav+c40 B+ c5a’ +cga® and eon = 027+C5'704+C4)\ﬁ2+012ﬁ3.
Hence Ker 0 = {(coa + c408 + c50? + cga®, coy + csya + caA\3% + c128%) 1 ¢; € K V.

Claim. Kerd? = (a,7)e1A.

Proof. Let u € Ker 92. Then u = (coar+ c40 8+ c50? + g, cay + csya+ ca\3% + ¢123%)
so u = (a,y)(c2e1 + 40 + csa + cga® + c1oA"tao). Hence u € (o, y)e; A and therefore
Ker 9% C (a,y)e1A.

On the other hand, let v = (a,y)e1¢ € (a,7)e1A. Then, from the definition of 92, we
have that 9%(v) = 8*((a, v)e1€) = (o, =v)a + (=0, B)y) = (a® — 07) — (ya = 7) = 0.
Therefore (a,)e1A C Ker 92

Hence Ker 92 = (a, —f3)e1A. O

So the map 92 : e;A — e1 A @ eaA is given by e1( — (a, v)ei(, for ¢ € A,

6.2.4. The minimal projective resolution of the simple A-module Ss.

Now the minimal projective resolution of the simple A-module Sy starts by:

81

"HelA@QQA 62A SQ 0
where
0! : et A ® es A — exA is given by (e1C, ean) — ~ve1C + Bean, for (,n € A.

Now we want to find Ker 0! and Ker 92 for Ss.

6.2.5. Kerd'.
To find Ker 9! = Q2(S3), let e1( = cie1 + coar + 30 + c408 + c5a? + cga® and egn =
crea+cgyFegf+cioyatcr 324126 with ¢; € K. Assume that (e1(, ean) € Ker 9! then
ve1¢+Bean = 050 y(cre1+caa+c3o +cyoB+csa® +cga®) + B(crea +cgy+coB+croya+
c11 3+ c123%) = 0, that is, ¢17 + coya+ c3yo + cayo B+ 78+ ey + coB% + c11 8% = 0,
that is, cio + (ca + cg)ya + (e3X + ¢9)B3% + (cah +c11)3 + 78 =0. So ¢ = 0 = ¢,
cg = —co,c9g = —c3A and ¢11 = —cgA. Thus e1( = o+ c30 + cq408 + esa? + cga® and
ean = —coy — c3AB + croya — ca\3? + 1282

Hence Ker 0! = {(coa+c30+ciofB+csa’+cead, —cay—csA\B+cioya—ca A3 +c123%)
¢ € K}.

Claim. Kerd!' = (o, —y)e1A + (0, —AB)eaA.
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Proof. Let € Kerd'; then z = (coa + c30 + 408 + c50® + cga®, —coy — c3\3 +
c1o7a — ca 3% 4 c1233), that is, = (a, —y)(c2e1 + csa + cga?) + (0, —A\B)(czea + a3 —
c1oA"13%) + (0,va)(c1pe1 + cser). However we can show that (0, va)(cioer + cser) C
(o, —y)erA + (o, —=AB)e2A, since (cipe1 + czer) = (o, —y)(A — 1) ta(croer + cser) +
(o, = AB)(A—1)"1(—=7)(c10e1 +cse1). Thus = € (o, —y)e1 A+ (o, —AB)e2 A and therefore
Ker 0! C (o, —y)e1A + (o, —A\B)eaA.

On the other hand, let y = (o, —y)e1( + (o, —AB)ean € (a, —y)e1 A + (o, —\F)eaA.
Then, from the definition of &', we have that 9'(y) = v(ae1( + gean) + B(—ve1( —
ABean) = (ya— By)erl — (A\3% —y0o)ean = 0. Therefore y € Ker &' and so (o, —y)e1 A +
(o, —AB)eaA C Ker 9*.

Hence Ker 0! = (o, —y)e1A + (0, —=AB)e2A. O

So 9% : ey A & eaA — e1A & ea\ is given by (e1(,ean) — (o, —y)erl + (o, —AB)ean,
for (,n € A.

6.2.6. Ker 9.

Now we want to find Ker % = Q3(S5). Assume that (e1¢, ean) € Ker 8. Then (o, —7)e1(
+ (0, =AB)ean = (0,0). We know that e;( = creq + coar + c30 + 403 + c5a® + cga® and
ean = creg+cgy+coB+croyatein 32+ with ¢; € K. So (o, —y)e1(+ (o, —A\B)ean =
(o, =) (cre1 + caa + c30 + c40 B + c5a? + cga®) + (0, —=\B)(crea + cgy + coff + croya +
c113%+c1233) = (cra+cea® +czao +csa3, —c1y — caya—c3yo — cayo 3) + (cro +cgoy +
coo B + c100va, —ciAB — cgA\By — co A% — c11A\B3) = (0,0). Thus cia + o0 + c308 +
c5a3 +cr0o +cga® 4 cga B+ cipa® = 0 which implies that cia+ (c2 +cg)a? +(c3+co)of+
(c5 + c10)a® + cro = 0 and therefore ¢; = 0,c; = 0,c8 = —ca,c9 = —c3 and ¢19 = —cs.
Also —c1y — coya — e3AB% — cu A3 — i A\B — csdya— cg\B% — c11 A3 = 0, that is, —c1y +
(—c2 — cs\)ya+ (—cg — cg)AB% + (—cq — c11)A32 — ¢z A8 = 0 and therefore ¢; = 0, ¢7 = 0,
cg = —coA "L cg = —c3 and ¢11 = —c4. Note that from the two sequences we have that
c2 =0 = cg. Thus e1¢ = c30 +c408+csa? +cga and egn = —c38—csya—ca 32 +c103°.
Hence Ker 9? = {(c30 + c408 + c5a® + cga®, —c38 — csya — caf8% + c1263%) 1 ¢; € K}

Claim. Kerd? = (o, 3)e2A.

Proof. Let u € Ker 8. Then u = (c30 +c408+c5a? + cga®, —c38 — csya—ca 3% +c123%)
so u = (0, —B)(czea + caff + 57 + ceya — c123%). Hence u € (0, —B)eaA and therefore
Ker 9% C (0, —f3)e2A.

On the other hand, let v = (0, —3)ean € (0, —3)eaA. Then, from the definition of
02, we have that 0%(v) = 0%((0,—f))ean) = (o, =)o + (o, =AB)(—B)) = —(~a0oc +
o83) + (A\3% — y0) = 0. Therefore (o, —3)eaA C Ker 92

Hence Ker 9% = (o, —f3)e2A. O

So the map 9% : eaA — e1 A @ eaA is given by ean — (o, —()ean, for n € A.
Thus the maps for Sy are:

' : (e1¢, eam) — aer + oean,
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92 : (e1¢, ean) = (a, —y)erl + (=0, B)ean,
& :e1( = (a,y)erd,

for {,n € A.

And the maps for Sy are:

9"+ (e1C, ean) — yerl + Pean,
8 : (e1C, ean) = (a, =7)erl + (o, =Af)ean,
8 ean > (0, —B)ean,

for (,n € A.

6.3. ¢° for S; and Ss.
Now we want to find the elements of ¢>; these are paths in K Q.
For Sl
o0 ot

e1 — (a,7) 2 (o, =)a+(=0,B)y = (o?, —ya)+(—07, B7) = (&*—0y, —ya+p7y) =

a(e® = g7) = o(ya — By), so (a® — aoy) — (oya — oY) € ¢°.

For SQ
83

€2 — (07 _/8) 18_2> (a7_7)0 + (Ja _)\ﬁ)(_ﬁ) = (040', _70—) + (—Jﬁ,)\ﬁQ) - (—(—CEO' +
58), 32 —10) L — (708 — ya0) + (A3 — By0), s0 —y(08 — ac) + BAG2 — y0) € g°.

Let g} = a® —aoy—oya+oBy and g5 = —yoB+~yac+ 32— By0. So ¢® = {43, 95}
We know that ¢ = {a? — 0, \3? — y0,7a — 37,08 — ac}. Denote

gi = a? — o7,

95 = A3 — 7o,

g3 = ya — By and

g2 =of — ao.
So we have

gi = gia + giy = agi — ogj and

93 = 938 + gio = Bg3 — 3.
6.4. HH2(A).
From [16] we have the projective resolution of A

3 2 1 (0]
p3-Lsp2Copr T po Ty 0.

Apply Hompe(—, A) to get
0 Ay & 1 Ll 2 6 3
0 — Hompe (P, A) — Hompe (P, A) — Hompe (P, A) — Hompe(P°,A)— ...

6.4.1. Ker 2.

To find HH?(A) we need to find Ker 62 and Im §'. Let 6 € Ker 62; then § € Homye (P2, A).
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So the map 6 : P2 — A is given by

0:P? — A

e1 ®ge 1 = jier + joa + jza® + jaa
e2 ® gz €2 Jsea + job + 78> + js 5
€2 @2 €1+ Joy + Jrov

e1 ®g2 €2 — j110 + j12003,

3

for some j; € K. The map d> : P? — P? is given by

€1®g:1s el — el ®g%a+61®gi’y—a®g§ 61+U®g§ el

62®gg ez — e ®ggﬁ+€2®g§0—ﬁ®gg €2+’Y®g§ es.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d°(e1 ®gs e1) = 0((e1 @2 e1)a+ (e1® g2 e2)y —ale1@gz e1) +0(e2 g2 €1)) =
(jre1t+joatjsa?+jsa®)at(jrio+ji120 8)y—a(jrer+jea+jza+isa®)+o (joy+jioya) =
J11a? + ji2a® + joa® + jr1oa® = (jo + j11)a? + (1o + ji2)a® = 0, so j11 = —jo and
J12 = —J1o-

And 0d3(es Rz e2) = O((e2 Rz €2) 8+ (€2 ®y2 e1)o — Blea @z €2) + (€1 @2 €2)) =
(Jsea+je+770°+1s8%) B+ (Joy+ir0ve)o—B(sea+jsB+i78%+7s0° )+ (j110+j1206) =
Jovo + jiovao + jiiyo + ji2v0 8 = (Jo + j11)A3% + (Jio + j12) AB® = 0, so jg = —j11 and
J12 = —Jo, for j; € K.

So 6 € Ker 6?2 is given by
P2 S A
e1 ®g2 1 jier + jpa + jza® + jaa
€2 ®gz €2 v jsea + jol + jr% + js /5
e2 @2 €1 Joy + Jrov
e1 ®y2 €3 — —joo — ji003,

3

where j; € K. Hence dim Ker 62 = 10.

6.4.2. Tm 4§t

Now to find Im 6*. Let ¢ € Hompe (P!, A). The map ¢ : P! — A is given by
e1 @ €1 — 20e1 + 210 + 2002 + 2303
€1 Ry €9 — 240 + 2500
€2 Q@ e1 — 267 + 2772
e2 ®g e2 — z8€2 + 208 + 2108% + 21182,

for z; € K.

We have the map d? : P2 — P! given by
el®g% e1— el Qqa+aRQqer —e1 Q7 — 0 &y e
€2 ®g2 ex > ea R AB+ AR ez —e2 ®y 0 — 7 Xg €2
ez ®g2 €1 ey @ya+y®qe1 —e2 Ry — Ry e
e1 ®QZ ex > e1 Qe B+oRper —e1 Qa0 — Qg e2.

Then the map @d? is given by
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od?(eq ®g2 €1) = (20e1 + 210 + 202 + z303)a + a(zper + 210 + 2002 + 2303) —
(240 + 250 8)y — 0 (2677 + 2770) = 2z0a + 22102 + 22003 — 2402 — 2503 — 2502 — 2703 =
2z0a + (221 — 24 — 26)a® + (229 — 25 — 2z7)a?,
od?(es ®g2 €2) = (2862 + 290 + 2103% + 2118%) A8 + A\B(zse2 + 293 + z103% + 211 8%) —
(267 + 2770)0 — V(240 + 250 8) = 2283 + (229 — 26 — 24) AB? + (2210 — 25 — 27)AS?,
od*(e2 ®g2 €1) = (267 + 2770) 0+ y(20€1 + 2100+ 2002 + 2303) — (2869 + 203+ 2103% +
2118%)y — B(z67y + 2z7ya) = (20 — 28)7 + (21 — 29)yar, and
od*(ey ®g2€2) = (240 + 250 8) 3+ 0 (28€2 + 208+ z1008% 4+ 2118%) — (z0e1 + 210+ 2002 +
230%)0 — (240 + 2503) = (28 — 20)0 + (29 — 21)0 3.
Thus (d? is given by
P?2 - A
€1 ®g2 €1 2z00 + (221 — 24 — 2z6)a® + (229 — 25 — 27)x
€2 ®g2 €3 > 228A0 + (229 — 24 — 26)\3% + (2210 — 25 — 27)AB?
ez ®gz €1+ (20 — z8)7 + (21 — 29) 70
e1 ®y2 ez (28 — 20)0 + (29 — 21)0 B,

3

where z; € K.
Now we need to consider two cases if char K’ = 2 and if char K # 2.
If char K = 2 then d? is given by

P2 - A

e1 ®g% e1+— (24 + 26
€2 ®g2 €3 > (24 + 26
€2 ®g§ e1 — (20 + 28)Y
€1 ®9§ ea — (20 + 28)0

a? —l— (z5 + 27)043
A3+ (25 + 27)A3°
+ (21 + 29)ycx
o+ (21 + 29)0 3,

\/\/\/\/

where z; € K and therefore dimIm ¢! = 4.
If char K 7& 2 then (d? is given by
— A
el ® 2 €1 2z0a + (221 — 24 — 26)0 + (220 — 25 — 27)a
€92 ® 2 €9 — 22’8)\5 + (22’9 — Z4 — 2’6))\ﬂ2 (2210 — 25 — Z7)A63
es ® g e1 — (20 — 28)7 + (21 — 29)yx
€1 ®g2 €3 —(2z0 — 2z8)0 — (21 — 29)0 3,

3

where z; € K. Note that 21 —z9 = %[(22’1 — 24— 26) — (229 — 24— 26)]. Then dim Im 6* =

6.4.3. HH?(A).
From 6.4.1 and 6.4.2 we have that if char K = 2 then dim HH?*(A) = 6 and
P2 - A
el ®g% e1 — dieq + doa + d30¢2 + d4a3
HH?*(A) = { €2 ®g2 €2 — dsez + def3
€9 ®g§ e1— 0
e1 ®9§ es — 0

with d; € K.

A basis of HH*(A) = sp{xq, x1, 29, T3, T4, 25} where
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zo: P2 — A
€1 ®g% e] — e1
else — 0,

x1: P2 > A
el ®g% e —
else — 0,

x9: P2 — A
€2 ®g§ €g — €3
else — 0,

I3 : P2 — A
ez ®g2 €2 —
else — 0,
x4: P2 > A
el ®g% e — o
else — 0,

2

x5: P2 > A
el ®g% e — o
else — 0.

3

Note that x4 represents the same element of HH2(A) as

P2 - A
ez ®g2 €3 — —\3?
else — 0,
and x5 represents the same element of HH?(A) as
P2 S A
€2 ®g§ ey — —AB°
else — 0.
If char K # 2 then dim HH?(A) = 4 and we have
P2 S A
e1 ®gf e1 — dier + d2a2 + d3a3
HH?(A) ={ e2 Qg2 €2 — dyes
) ®g§ e1— 0
el ®g§ eg — 0

with d; € K.
A basis of HH?(A) = sp{y1, y2,¥3, ya} where

y1: P2 — A
el ®g§ er—e
else — 0,

: P2 - A
Y2 -
2
el ®g% el — «a

else — 0,
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y3 : P2 — A
el ®g% el — «
else — 0,

ys: P2 — A
€ ®g§ €9 > €9
else — 0.

Note that g5 represents the same element of HH2(A) as

3

P?2 - A
ez ®g2 €3 — —\p?
else — 0,

and y3 represents the same element of HH?(A) as
P2 - A
) ®g§ eg — —)\53
else — 0.
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7. THE ALGEBRA Ag

Definition 7.1. [5] Let Az be the algebra K Q/I where Q is the quiver

%

I = (Ba+ 6y + ¢, aB, (e, v0).

and

This is the preprojective algebra of type Dy.

Theorem 7.2. [1, Theorem 4.1] Let A = Az. Assume char K = 2. Then

dim HH?(A) = 3.

Theorem 7.3. [13, Theorem 3.3 and Lemma 3.5] Let A = A3. Assume char K # 2.
Then HH2(A) = 0.

Theorem 7.4. [13, Section 2.10] For the algebra As, the preprojective algebra of type
Dy, we have Q3(S;) = S; for alli = 1,2,3,4. Moreover, As is periodic as a bimodule of
period 3 if char K = 2, and of period 6 otherwise.
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8. THE ALGEBRA Ay

Definition 8.1. [5] Let A4 be the algebra KQ/I where Q is the quiver

%
4
7N
A
1 3
and
I = {(Ba+dy+el,ab,e, (0).

8.1. The structure of the indecomposable projectives.

The zero elements of length two are a3, e, (4 and the non zero elements of length two
are Ba, 0,eC, ad, ag,vd,v0, (e, (G. Note that:

67 = _/804 - 5C7
,80[ = _5’7 - 5()
e = =0y — Ba.

Also the zero elements of length three are: afa,~ve(, BaB,e(d,(d,dve but the non

zero elements of length three are:

ady = —ae(,
0B = —e¢p3,
0v6 = —fad,
Y0y = —fa,
ee = —fae,
CeC = —(fo.

For the elements of length four the zero elements are: ad~d, ae(e,vBae,ve(,
(o6, CeCPB, afae,vévB,6vB. The non zero elements of length four are:
adyfB = —ae(f,
Y0vd = —yBad,
CeGe = —(Pae,
Bady = dyPBa = eCe( = —fae = —dvéy = —e(Ba.
Note that all elements of length five are zero elements. So the indecomposable projective
A-modules are e1 A, esA, e3A and egA where
e1A = sp{ey, a, ad, ae, ady, advyS},
ea\ = sp{ea, v, 70,79, vy, 7670},
esh = sp{es, ¢, Ce, B, CeC, CeCel,

64A = Sp{e47 /6) 57 g, ﬂau 6/77 ﬂOéE, 6767 ECﬁ) ﬁaEC}'
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For e; A

For esA

Also esA

CeCe
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And for esA

€4

N
ﬂae\ 56 /EC[S‘

N

BaeC

€

5

8.2. The minimal projective resolutions of the simple A-modules Si,S55,53
and S4.

8.2.1. The minimal projective resolution of the simple A-module S1.
Now the minimal projective resolution of the simple A-module S; starts with:

al

e4A 61A 51 0

where 0! : e4A — ejA is given by ey — aeqpu, for € A.
Now we need to find Ker ' and Ker 62 in order to find 92, 92 for the simple A-module
S1.

8.2.2. Kerd.
To find Ker 9! = Q?(S1), let equ = tieq + t2f3 + t36 + tae + tsBa + tgdy + t7Bae +
g8 + tgeC + tipBaeC with t; € K. Assume that eyu € Ker 0'. Then aegp = 0 so
aftieq + taff + t30 + tae + t5fa + t6dy + trfae + tgdyd + toe( S + t1pfac) = 0, that
is, ti + tsad + tgae + tgady + tgae(S = 0 and then t; = t3 = t4 = tg = t9g = 0. Thus
eqpt = ta3 + tsBa + trfac + tgdyd + tipBae(.

Hence Ker 0! = {28 + t5B8a + t7Bae + tgdyd + t1ofae : t; € K}.

Claim. Ker 9! = Be;A.

Proof. Let x € Kerd'; then x = tof8 + tsfa + t7fae + tgdyd + tipfae(, that is, x =

B(taer + tsa + trae — tgad + tipae(). Thus x € Be; A and therefore Ker o' C BeiA.
On the other hand, let y = fBejv € fBeiA. Then, from the definition of 9!, we have

that 0'(y) = a(Be1v) = aBeiv = 0. Therefore y € Ker &' and so Be;A C Ker o'
Hence Ker ' = BejA. O

So 0% : e1A — e4A is given by: ejv — Bejv, for v € A.
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8.2.3. Kerd%.

Now we want to find Ker 9% = Q3(S1). Let e1v = c1eq + coax + c3ad + cpae + csady +
ceady. Assume that e;v € Ker 9. Then Bejv = 0. So Beiv = B(cieq + caa + czad +
cqae + csady + cgadyf) = 18 + caffa + e3Bad + cyfae + esBady + cgBadyB = 0. So
c10+cofa+csfad+cyfaec+csBady = 0 which implies that ¢; = co = c3 =c¢4 = c5 = 0.
Thus e;v = cgadyf and therefore Ker 82 = {cgady3 : cg € K}.

Claim. Ker9? = advyfeiA.

Proof. Let u € Ker 92. Then u = cgady3 so u = adyB(cge1). Hence u € adyBer A and
therefore Ker 0% C adyBe;A.
On the other hand, let v = adyBeiv € adyBeiA. Then, from the definition of 92, we
have that 0%(v) = 9%(adyfBerv) = BadyBeiv = 0. Therefore adyBei A C Ker 6.
Hence Ker 82 = adySe;A. g

Note that Ker 9% = S; and so Q3(S;) & 5.
So the map 9% : e;A — e A is given by e v — advyfeyv, for v € A.

8.2.4. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module Sy starts with:

81

64A 62A SQ 0
where 0! : e4A — eoA is given by equ — vequ, for p € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

Sa.

8.2.5. Kerd'.

To find Ker 9! = Q2(S3), let ey = t1eq + toff + t36 + t4c + tsBa + tgdy + t7fBae +
tgdyd + tge(B + t10BacC with t; € K. Assume that eqpu € Ker&'. Then vyequ = 0 so
v(tieq + taff 4 t36 + tae + ts o + tedy + t7Bac + tgdyd + toe( S + tipBac() = 0, that is,
tiy+toyB+tsyd+tsyBa+teydy+tsydyd = t1y+teyB+tsvd —tsyoy+teydy+tgyoyo =
0. Sot] =ty = t3 = tg = 0 and tg — t5 = 0 which implies that t§ = t5. Thus
eapr = tae + t5(Ba+ ) + trfac + toe( B + tioBae(.

Hence Ker &' = {t4e + t5(Ba + 07) + t7fBae + tge(B + tipBacC : t; € K}.

Claim. Ker 9! = cesA.

Proof. Let € Kerd'; then x = t4e + t5(Ba + §v) + t7Bae + tge(B + t10fae. So
x = e(tyes — t5¢ — t7Ce + to(B — t10¢eC). Thus x € cezA and therefore Ker 9 C ce3A.
On the other hand, let y = ces\ € eesA. Then, from the definition of 9', we have
that 0'(y) = y(ees\) = yeegA = 0. Therefore y € Ker 8! and so cegA C Ker 9.
Hence Ker ' = cesA. O

So 0% : e3sA — e4A is given by: e3) — ces\, for A € A.
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8.2.6. Ker 9%

Now we want to find Ker 92 = Q3(S3). Let e3\ = dies + dol + d3le + dy(B + dsCeC +
dgCeCe. Assume that eg\ € Ker 9%, Then eesA = 0. So ees\ = e(dies + da¢ + dze +
daCpB + dsCeC + dgCeCe) = die + doe( + dseCe + dyel S + dseCe¢ = 0 which implies that
di =dy =d3 = dy = ds = 0. Thus e3\ = dg(ce and therefore Ker 0% = {dgCe(e : dg €

Claim. Ker 9% = (eCeesA.

Proof. Let u € Kerd%. Then u = dg(ce so u = (e(e(dges). Hence u € (eCeesA and
therefore Ker 0% C CeeesA.

On the other hand, let v = CeCeez\ € (eCeesA. Then, from the definition of 9%, we
have that 92(v) = 9?((eCees\) = eCeleesA = 0. Therefore (eCcezA C Ker 0.

Hence Ker 0% = (eCeesA. 0

Note that Ker 92 & S5, so 23(S53) = Ss.
So the map 92 : e3A — e3A is given by e\ — (CeCees), for A € A.

8.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S3 starts with:

81

e\ es/\ S3 0

where 9! : e4A — e3A is given by eqpn — Ceyqp, for p € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
Ss.

8.2.8. Kerd'.

To find Ker 9! = Q2(S3), let ey = tieq + toff + 36 + tye + tsfBa + tgdy + t7fae +

tgdY0 + toeCf + t10BaeC with t; € K. Assume that equ € Ker d'. Then Ceqp = 0 so

C(t1eq + tof +t30 + tge + t5fa + tedy + t7Sac + tgdyd + toe(f + t10fac() = 0, that is,

t1C + to(B + t4Ce + t5(Ba + t7(Bac = 0. So t; = tg =t4 =t5 =ty = 0. Thus equ =

t30 +tdy +tg0v0 +tge( B+ t108ae(, that is, equ = t30 +tgdy +tgdvyd — tgdy 3 —t10077.
Hence Ker 0! = {t30 + tg67y + 3676 — tgdyB — t10070y : t; € K}.

Claim. Ker 9! = JesA.

Proof. Let x € Ker 0'; then z = 30 + tg0 + tgdyd — tgdy3 — t10079y. So = = 6(tzeq +
tey + tgy0 — toy3 — t1079y). Thus x € Jea A and therefore Ker ' C deaA.

On the other hand, let y = degn € deaA. Then, from the definition of 91, we have
that 9'(y) = ((dean) = (dean = 0. Therefore y € Ker 3! and so deaA C Ker 9.

Hence Ker ' = desA. O

So 02 : eaA — e4A is given by: ean — dean, for n € A.
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8.2.9. Ker 0.

Now we want to find Ker 9? = Q3(S3). Let ean = frea + foy + f3v8 + fayd + fsy0y +
fey0vS. Assume that ean € Ker 92. Then dean = 0. So dean = 6(frea + fory + f378 +
fayd + f5y0y + fey0v0) = f10 + fody + f30v0 + f40v0 + f50v0y = 0 which implies that
fi=fo=fs=fi=fs =0. Thus ean = fgy0yd and therefore Ker 0% = { fgy0vd : fo €

Claim. Ker 9? = y§vdeaA.

Proof. Let u € Ker9?. Then u = fgy67d, that is, u = v6v5(fsez). Hence u € ydydeaA
and therefore Ker 92 C vdvdeaA.

On the other hand, let v = y6vdean € ydydeaA. Then, from the definition of 0%, we
have that 0%(v) = 9%(ydydean) = dydydean = 0. Therefore ydydea A C Ker 92.

Hence Ker 8% = v§vdeaA. O

We remark that Ker 92 = S5, so Q3(53) = Ss.
So the map 93 : eaA — esA is given by ean — ydydean, for n € A.

8.2.10. The minimal projective resolution of the simple A-module Sy.

The minimal projective resolution of the simple A-module Sy starts with:

1

- ——>e1A D esA D esA 9 ea\ Sy 0

where 0! : e1A @ eaA B e3A — e4A is given by (e1v, ean, e3\) +— Beiv + dean + ez, for
v, A\ € A.

Now we need to find Ker ' and Ker 92 in order to find 92, 92 for the simple A-module
Sy.

8.2.11. Kerd!.
To find Ker ' = Q2(Sy), let e;v = c1e1 + coa + c3ad + cyae + csady + cgady3, ean =
frea+ foy+ 3B+ fayd + f570v + feydv6 and egA = die3 +daC +d3Ce +da( B+ ds5CeC +
deCeCe, with ¢;, fi,d; € K. Assume that (e1v, ean, esA) € Ker 9. Then Bejv + dean +
gegA = 0 so f(cre1 + caa + c3ad + cpae + csady + ceadyf) + 6(frea + foy + fayB +
fayd + f5707 + feyoyd) + e(dres + doC + dsCe + dyCB + dsCeC + dgCeCe) = 0, that is,
c1f8+cefa+csfad+cyfae+csBady+ f1o+ f20v+ f3078+ fa07v0+ f50707+die+dae+
dzeCe+dae(fB+dseCeC = c18+cafa—c3dyd—cieCe—c50v0v+ f10+ f207— f3e( B+ fadyo+
5070y + die + daeC + dsee + dge B+ dseCeC = 0. Then ¢1 8+ cofac+ (—cs + f4)0v0 +
(—ca+d3)eCe+ (—c5+ f5)0v0y + f16 + faby + (— f3 + da)e( B+ die + d2e + dseCe¢ = 0.
Therefore ¢y = co =dy =do =ds = f1 = fo =0,¢c3 = f4,cq4 = ds,c5 = f5 and f3 = dy.
Thus e1v = csad + cqae + csady + cgadyB,eamn = f3vB + c3vd + c5y0vy + feydyd and
es\ = c4Ce + dy(B + dglele.

Hence Ker 0! = {(c3ad 4 cyae +czady+ceady B3, f378+cs3yd +csydy+ fey0vd, caCe+

dsCB + deCeCe) : ¢, fi,di € K}
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Claim. Kerd!' = (a,7,()esA.

Proof. Let x € Ker 9'; then x = (c3ad + cyae + csady + ceady 3, f375 + c3776 + c5ydy +
f6v679, caCe + da(B + de(eCe), that is, x = (o, 7, () (36 + cae + c507 + cedyB + f38 +
f6676 + dgeCe). Thus x € (, 7, )esA and therefore Ker 9! C (o, 7, ¢)esA.

On the other hand, let y = (o, 7,()eap € (a,7,¢)esA. Then, from the definition of
01, we have that 0 (y) = 0 ((a, 7, ¢)eapt) = (Ba+6y+eC)esu = 0. Therefore y € Ker 0'
and so (a,7,()esA C Ker 0.

Hence Ker 9! = (a, 7, {)esA. O

So 92 : egA — e1 A @ eaA @ e3A is given by: equ — (o, 7, ()eqp, for p € A.

8.2.12. Ker d?.

Now we want to find Ker % = Q3(S,). Let equt = t1eq + toff + 36 + tye + tsBa + tgdy +
t7Bac + tg6y6 + toe( B + tipBas(. Assume that eyu € Ker 8%, Then (a,7,()espu = 0.
So (a,v,Q)eap = (a,7,C)(t1ea + tof + t30 + tac + t5fa + tedy + t7Bac + t30v0 +
toeCB + t1pfacC) = (t1a + tsad + tgae + teady + tgaelS, t1y + toyf + tsyd + (—ts +
t)Y0y + tgydyd, t1¢ + tol B + tale + tsCPBa + t7¢LBae) = (0,0,0). Then t1a + tzad +
tyae + tgady + tgae(B = 0 which implies that t; = t3 = t4 = tg = tg = 0. And
t1y + tayB + t370 + (—t5 + t)y0y + tgy0yd = 0, 80 t1 = to = t3 = tg = 0 and tg = t5.
Also t1¢ + t9C8 + t4Ce + t5(Ba + t7(Bae = 0 so t] = t9 = t4 = t5 = t7 = 0. Hence
ty =ty =ty =ty =t5 = tg =ty = tg = tg = 0. Thus equ = t19BaeC and therefore
Ker 0% = {t19Bazs( : t1p € K}.

Claim. Ker9? = BasCesA.

Proof. Let u € Ker 9%. Then u = t19fae( so u = Bac((tipes). Hence u € BaeCesA and
therefore Ker 0% C BaeesA.

On the other hand, let v = Baelesp € BacCesA. Then, from the definition of 82, we
have that 0%(v) = 0?(BacCesn) = (a,,)Baclesp = (0,0,0). Therefore BaclesA C
Ker 62.

Hence Ker 0% = BacCesA. O

Note that Ker 9? = S; and so Q3(S4) = Sy.
So the map 93 : e4A — e4A is given by eqpu — BacCeqp, for p € A.
Thus the maps for S; are:
O eap — ceap,
02 : eyv — PBeiv,
0% : e — adyPerr,
for v, u € A.
The maps for So are:
o' ey — veap,

0% 1 e3\ — ces ),
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03 1 e3\ = Ceees),
for u, A € A.
The maps for Ss are:
O : eap — Ceap,
9% : ean — begn,
O - eqn — ydydean,
for n,u € A.
The maps for Sy are:
0! : (e1v, ean, e3\) — Beiv + dean + ce3\,
0 : eap — (o, 7, C)eap,
O - eap — PaeCeap,
for v,m, u, A € A.

8.3. g3 for 51,5, 53 and S;.
Now we want to find the elements of ¢>; these are paths in K Q.
For Sl

e1 G adyf3 z B(adv3) 2 ap(adyB), so af(adyB) € g3.

For SQ

es 5 cece Be(¢ece) L qe(Cece), so ye(Cece) € g,

For 55

e2 & 7678 & 5(1076) L (5(1678). s0 (6(v676) € g,

For 54

es 5 Bact & (0,7, 0)BacC = (afac(,1BacC, (Bas¢) > flapact) + b(yBas()
+£(¢BacC), so BafacC + dyBacC + e¢Bas = (Ba + 5y + £()fasC € g*.

Let g} = afBadvB, g5 = velee, g5 = (67670, and gi = Bafac( + 6yBas( +(BaeC.
So ¢* = {47, 93, 93, 43}-
We know that ¢ = {Ba + 67 + (, a3, v, (5}. Denote

g9t = ap,

95 = e,

g3 = (6 and

g2 = Ba+ 5y + (.
So we have

93 = giadyB = agidyB — acg3yB + adgi(B — adygiB + adyByi,

g3 = g3CeCe = ygieCe — ¥dgiCe + vBgiae — yBagie + vBadgs,
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93 = g37070 = (92675 — Cegdyd + (BgPasd — (Bagid + (Basg? and
93 = g3BasC = BgiacC — 6g3CeC + egivdy + 6vg3eC — eCg3dy — 6v693¢
— eCBgia + eCegiy + eCBag].

8.4. HH2(A).

From [16] we have the projective resolution of A

3 2 1 0
p3-Lsp2Copr T po Ly 0.

Apply Hompe(—, A) to get

0 Ay & 1Ay 0 2 Ay 8 3
0 — Hompe(P",A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...

8.4.1. Ker 2.
To find HH?(A) we need to find Ker 62 and Im §'. Let 6 € Ker 62; then § € Homye (P2, A).
So the map 6 : P? — A is given by

6:P?>— A
e1 ®g2 e1 — jier + jaadyf
€ ®g% ez — 0
es ®g§ ex — 0
€4 @g2 4 Jsea + JaPBa + js0v + jeBaed,
for some j; € K. The map d> : P3 — P? is given by
e1 ®g§ el — e ®g§ adyf
- [Oé ®gZ 57ﬁ — Qg ®g§ ’7/3 + a(S ®g§ Cﬁ - 045’7 ®gi ﬁ + 04575 ®g% 81]7
ez ®y3 €3 — €3 ® g2 CeCe
— [V ®g2 eCe — 70 Rz (e + 1B B2 ae — YPa ® g2 € + yBad ®z €3],
€3 Qg €2 — €3 Q2 ~6y0
— [(®y2 670 — (2 ®y2 V0 + (B ®y2 ad — (B ®y2 6 + (Pae R €3],
ey ®92 €4 — €4 ®gi BaeC
— [B®g2 aeC — 0 @2 (C + € @2 Y07 + 07 @2 £C — € ®y2 6y
— 070 Qg2 ( — (B ®g2 a + (e ®y2 ¥ + (B ®2 eq).
So the fact that #d® = 0 gives conditions on the coefficients j; € K.
We have 0d°(e1® g e1) = (jre1+jaadyB)adyB—[a(jsea+jafat jsdy+joBacC)dyB—
ady(jses + jaBa + jsoy + jefaeC) B + adyp(jier + jaady3)] = 0,
for 0d(e2 ®y3 e3) = —[y(jses + jafo+ jsdv + jefacC)eCe + yB(jrer + joadyB)ae —
yBa(jzes + jaBa+ jséy + jeBas()e] = 0,
also for 0d3(e3 ®gze2) = —[C(jsea+jsBa+jsdv+jsBacC)dvo+(B(jier+j2adyB)ad —
(Ba(jses + jaPa + jsoy + jeBacC)d] = 0,
and for 0d3(e4 ®g3 eq) = (Jseq + jafa+ js0y + jefacC) BasC — [B(j1e1 + jaadyB)asC +
6y(jsea + jaBa + jséy + jefac()eC — e(jzea + jaBa + jsdy + jefac()dy — eCB(jrer +

JoadyB)a + eCfa(jzes + jafa+ jsov + jefasC)] = 0.
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So 6 € Ker 62 is given by

P2 = A

e1 ®g2 €1 — jier + jaadyf

e2®g2 e3—0

€3 Rg2 €2 0

€4 ®y2 €4 — jaeq + jaPo+ js0y + jeSoeg,

where j; € K. Hence dim Ker 62 = 6.

8.4.2. Tm 4.
Now to find Im §'. Let ¢ € Hompe (P!, A). The map ¢ : P! — A is given by

€1 Rq €4 — 210+ 220007y

eqs ®ge1 — 230 + ze(f

€2 @y eq4 — 257 + 26707

e4 Q5 €a — 270 + 28070

e3 ®¢ e4 — 29¢ + 210¢eC

e4 Q¢ €3 — z11€ + z1200Q¢€,
for z; € K.
We have the map d? : P2 — P! given by

e1 Qg2 e e Qo f+a®ser

€2 ®gz €3 > €2 @y € + 7 e €3

63®g§ 62»—>63®§5+C®562

e4 ®g2 egrres o+ BQRqes+es 57+ 0Qyes+e4 R C+e@¢ey.
Then the map ¢d? is given by

wd?(eq ®y2 e1) = (z1a0 + 220007) 0 + 230 + z4eCf) = (22 — z4) 0P,

©d?(eo ®g3 e3) = (257 + z6707)e + (211 + z128a¢) = 0,

©d?(es ®g2 e2) = (29C + 210€eC)d + ((270 + 2z86v0) = 0, and

pd*(ea® gz 1) = (230 + 2eCB)a+ (210 + 22007) + (276 + 28070y + (257 + 26707) +
(2118 + z1280e)( + (20 + 210eC) = (21 + 23 — 20 — 211) B + (25 + 27 — 29 — 211)07 +
(=224 24+ 26+ 28 — 210+ 212) Bae(. We will write ¢1 = 29— 24,0 = 21+23—29—211,C3 =
25+ 27 — 29 — 211 and ¢4 = —29 + 24 + 26 + 28 — 210 + 212, for ¢; € K.

Thus ¢d? is given by

P2 A

€1 ®g% e1 — cradyf

€9 ®g§ ez +— 0

es ®g§ es — 0

eq ®QZ e4 — coffa + 307y + cyfae(,

where ¢1, ¢a, c3, ¢4 € K. Therefore dim Im §! = 4.
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8.4.3. HH?(A).
From 8.4.1 and 8.4.2 we have that dim HH?(A) = 2 and
P2 - A
e1 ®g2 €1 — diey
HH?(A) ={ e2 ®gz €30
es ®g§ ea — 0
eq ®g2 €4 — doey
with d; € K.
A basis of HH?*(A) = sp{z,y} where
r:P?2 A
€1 ®g§ ey — el
else — 0

and
y: P2 — A
(7] ®g3 eq4— eq
else — 0.

8.5. The period of the simple A;—modules.

Theorem 8.2. For the algebra Ay, we have Q3(S1) = Sp,Q3(S) = S3,0Q3(S3) = S5
and Q3(S4) = Sy. Hence Q5(S;) = S; for alli =1,2,3,4.

44



9. THE ALGEBRA Aj

Definition 9.1. [5] Let As be the algebra K Q/I where Q is the quiver

8
(12

and
T= (2~ Bo,aB).

9.1. The structure of the indecomposable projectives.

The indecomposable projective A-modules are e; A and eaA where
€1A = Sp{ela Vs 67 ’Yﬂa 727 72/67 737 74}7
62A = Sp{e2a a, ay, O[ﬂv aryQa O[ﬁOéﬂ}
We have el A
€1
alé

\/\

\
/
\
/\
\/

afBaf

9.2. The minimal projective resolutions of the simple A-modules S; and Ss.
45



9.2.1. The minimal projective resolution of the simple A-module S1.
Now the minimal projective resolution of the simple A-module S; starts with:

1
e A B egh 2

€1A Sl 0
where 0! : 1A @ eaA — e1A is given by (e1(, ean) — ve1( + Bean, for (,n € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 92 for the simple A-module

S1.

9.2.2. Kerd'.
To find Ker &' = Q2(S1), let e1¢ = cre1 + cay + 3B+ cayB+ csv? + cev? B+ cry3 + gyt
and eon = dieg + doa + d3ay + dya 3 + dsay? + dgafaf with ¢;,d; € K. Assume that
(e1¢,€2m) € Kerd'. Then ~vei¢ 4 Bean = 0 so y(crer + cay + e38 + cayf + ¢57° +
ceV2B + cry® + csyt) + Bldies + doar + dzary + dyaB + dsay? + dgaBaf) = 0, that is,
a1y + 27 + e3vB+ cay? B+ 57 + eyt + di B + dafa + dsfBary + dafa + dsBary? = 0,
that is, c1y+coy? + 378+ cay? B+ sy + oyt +dy S+ doy? +d3yP +dyy? B+dsyt = 0. So
c1y+di B+ (ca+da) vy +c3yB+ (5 +ds)y3 + (ca+da)y? B+ (cr+ds)y* = 0 which implies
that ¢ = ¢c3 =0 =d; and do = —co9,d3 = —c5,dy = —c4 and d5 = —cy. Thus e;( =
cry+eayB+esy? +cgy? Bty +esy? and ean = —coa—cpaf—csay —cray® +dsafof.
Hence Ker 0! = {(coy + c4vB + c572 + c67? B + cry® + cgy?, —caa — chaff — czay —
cray? + dgafaf) : ¢; € K}.

Claim. Kerd!' = (v, —a)ejA.

Proof. Let x € Ker d'; then x = (coy+cayB+ 572+ 672 B+ ey +esy?t, —coa—cpaff —
csary — cray? + dgaBa3), that is, x = (v, —a)(caer + caff + 57y + cey 8 + cry? + csy® —
dgBaf). Thus = € (7, —a)e; A and therefore Ker 8! C (v, —a)ejA.

On the other hand, let y = (7, —a)e1¢ € (7, —a)e; A. Then, from the definition of 9*,
we have that 9'(y) = v(ve1¢) + B(—aei() = (v* — Ba)e;( = 0. Therefore y € Ker o'
and so (7, —a)er A C Ker d'.

Hence Ker 9! = (v, —a)e;A. O

So 92 : e1A — e1 A @ ez is given by: e1( — (v, —a)ei(, for ¢ € A.

9.2.3. Ker 2.

Now we want to find Ker 9> = Q3(S;). Assume that e;¢ € Ker 8?. Then (v, —a)ei( =
(0,0). We know that e;¢ = cieq + cay + 38 + cayB + 572 + c6v2 3 + c7v® + cgy* with
c; € K. So (7, —a)eil = (v, —a)(cre1 +coy +c3B+cayB+csy? +cev? B+ cry +cgy?t) =
(c1y+cay? 43y B+cay?Bresyd+eryt, —cra—caay—czaf—csay? —cgay? ) = (0,0). So
017+0272+037ﬂ+0472ﬁ+0573+0774 = 0, which implies that, ci = cs =c3 =c4 =c5 =
cr = 0and —cia—caay—cgafB—csay? —cgay?3 = 0, that is, ¢y = co = c3 = ¢5 = ¢ = 0.
Thus e1¢ = cgy* and therefore Ker 92 = {cg7* : cg € K}.

Claim. Ker9? = y%e;A.
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Proof. Let u € Ker 8*. Then u = cgy* so u = v*(cge1). Hence u € yie; A and therefore
Ker 92 C y%e1A.

On the other hand, let v = ~%*e;¢ € y%e;A. Then, from the definition of 9%, we
have that 9%(v) = 9%(v*e1() = (v, —a)(v*e1() = (7%, —ar*)er¢ = (0,0). Therefore
vte1 A C Ker 0.

Hence Ker 9% = y%e;A. O

We remark that Ker 92 = S; so that Q3(S1) = 5.
The map 0% : e;A — e1A is given by e1¢ — y*ei(, for ¢ € A.

9.2.4. The minimal projective resolution of the simple A-module So.

Now the minimal projective resolution of the simple A-module Sy starts by:

81
61A

62A SQ 0

where 9! : e; A — ez is given by e1( — ae(, for ¢ € A.
Now we want to find Ker &' and Ker 92 for Ss.

9.2.5. Kerd'.
To find Ker 0' = Q2(S3), let e1¢ = cre1 + cay + 38 + cayB+ csv? + cev2 B+ cry> + cgyt
with ¢; € K. Assume that e;¢ € Ker 9'. Then aei¢ = 0 so a(cier + coy + ¢33+ cayB +
c5y? + e B + ey + cgy?) = 0, that is, cra + coary + c3a8 + csay? + cgay?B = 0. So
c1=cy=c3=c5=cg=0. Thus e1{ = c478 + 77> + g7

Hence Ker 0' = {c4y3 + 773 + cs7y? 1 ¢ € K.

Claim. Kerd' = yf8esA.

Proof. Let x € Ker 9'; then o = c478+ cry® +cgy?, that is, 2 = v8(csea + cra + cgary).
Thus x € vBesA and therefore Ker 9! C vfesA.
On the other hand, let y = vBean € yBeaA. Then, from the definition of ', we have
that 9'(y) = a(yBean) = ayBean = 0. Therefore y € Ker 9! and so yBea A C Ker 9.
Hence Ker 0' = y3esA. g

So 8% : eaA — e A is given by: ean — yBean, for n € A.

9.2.6. Ker 9.

Now we want to find Ker 92 = Q3(S;). Assume that ean € Ker 92. Then yBean = 0.

We know that epn = dies + doa + dzay + dya3 + dsay? + dgafaf with d; € K. So

vB(dres + daov + dzary + dyou3 + dsoy® + dsa S 3) = diy B + dayBa+ dsyBary = 0, that

is, diyB + doy3 4+ d3y* = 0 so dy = dy = d3 = 0. Thus ean = dyaf3 + dsay? + dgafBaf.
Hence Ker 92 = {dsa3 + dsay? + dgaBaf : dy, ds,ds € K }.

Claim. Ker9? = afesA.
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Proof. Let u € Ker 8%. Then u = dyaf+dsay?+dsaBafB so u = afB(dies+dsa+dgaf).

Hence u € affeaA and therefore Ker 0% C af3esA.
On the other hand, let v = aBesn € afeaA. Then, from the definition of 92, we have

that 9%(v) = 0?(afean) = vB(aBean) = 73 Bean = 0. Therefore aBesA C Ker 9.
Hence Ker 0% = af3esA.

g

The map 03 : eaA — egA is given by exn — afBeqn, for n € A.
Thus the maps for S; are:
O+ (e1C, ean) = yeil + Pean,
0% e1¢ = (v, —aerC,
> :e1¢ — ylerg,
for ¢,n € A.
The maps for So are:
9" 1 e1( = aey,
02 : ean — fean,
O : egn — afean),

for {,n € A.

9.3. g3 for S; and ;.
Now we want to find the elements of ¢>; these are paths in K Q.

FOI‘Sl
e P 4 0 N (s Ay O 6 g 6 _ aad o 3
1—>= ' —— (v, —a)y" = (v, —ay*) — =" = Bary? , 807" — Bay” € g°.
For Sy

& 82 ! 3
€2 —— aff —yfBaf —— ayBaf , so ayBaf € g°.

Let g} = 7% — Bay* and g§ = ayBaf. So ¢* = {47, 43}
We know that ¢ = {2 — Ba, ay3}. Denote
g9t =~ — Ba and
9 = ap.
So we have
g3 =1° — Baryt = g}y
= v937* + 8930 — Barygly — Bgiay + yBavg? and
g3 = avBaf = gsaf = agiyB — avgiB + afgs.

9.4. HH?(A).
From [16] we have the projective resolution of A

3 2 1 0
p3-Lsp2Copr T po Ly 0.

Apply Hompe(—, A) to get
0 Ay & 1Ay 0 2 Ay 8 3
0 — Hompe(P”, A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...
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9.4.1. Kerd?.
To find HH?(A) we need to find Ker 62 and Im §'. Let € Ker 62; then § € Homye (P2, A).
So the map 6 : P2 — A is given by

€1 @ €1 = jrer + joy + j37* + jay’ + G5
ez ®g2 €2 — Jeez + jraf + jsafaf,

for some j; € K.

The map d® : P3 — P? is given by

e1 Qg3 e1 — e1 @2 v — [y ®g2 v -8 ®gz oy + vB ®gz @ — Bary ®g2 7+ yBary ®gy2 e1)

€2 g €2 > €2 B g2 af -« ® g2 VB + ay g2 B—aB @ g2 €2.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d>(e; ®gs €1) = (Jre1 + j2y + j3v? + jay® + G5yt — v(Grer + jay + i3y +
3a7* + 357" )7 + Bljsez + jraB + jsafaB)ay =B (jeer + jraf + jsafaB)a+ Bay(jier +
oy + G374 Jay® + g5y — vBary(Gier + g2y + jay* + jay® + jsyt) = 0.

And 0d°(ex ®y3 e2) = (joez + jraf + jsafaf)af — a(jier + jav + j37* + jar® +
3578 + ev(rer + G2y + jay® + 4y’ + 55718 — aB(jses + jraf + jsaBaf) = 0.

So 6 € Ker 6?2 is given by

P2 5 A
e1 ®g2 €1 — jier + joy + 33y + jay® + g5yt
ez ®g2 €2 — Jeez + jraf + jsafaf,

where j; € K. Hence dim Ker 62 = 8 and therefore Ker §2 = Home (P2, A).

9.4.2. Tm '
Now to find Im 6'. Let ¢ € Hompe(P!, A). The map ¢ : P' — A is given by
e1 ®~e1 — zpe1 + 2177 + 2272 + 2373 + 2474
e1 ®ge2 — 250 + 2678 + 21728
€2 Qo €1 — 280 + zgay + 21004’727
for z; € K.
We have the map d? : P2 — P! given by
61®g% e el @y Y+ Rye1 —e1 ®ga— Qe
e2 @ x> €2 Ra VS +a®y f+ay®per.

Then the map @d? is given by

pd*(e1 @ g2 e1) = (20e1 + 217 + 2277 + 237" + 27")y +v(20e1 + 217 + 2297 + 2377 +
z47*) = (258 + 2678 + 2172 B)a — Bz + zgary + z1007?) = 2207 + (221 — 25 — 28)7% +
(222 — 26 — 20)7> + (223 — 27 — z10)7%,

pd®(e2 @3 €2) = (280 + 2000y + 2z1007%) 7B + alz0e1 + 217 + 2297 + 237" + 247h) B +

ay(z58 + 2678 + 2172B) = 2008 + (22 + 26 + 29)afaf.
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Therefore pd? is given by
P2 A
2 3
€1 @2 €1 — 2207 + (221 — 25 — 28)7° + (322 — ¢)7° + (223 — 27 — 210)7
e2 ®g2 €2 — zoa3 + cafaf,

4

where ¢ = 29 + 26 + 29 and z; € K. Note that the 2 in Im ' occurs because of the power
of 7 in the relation 42 — Ba.
So if char K = 2 then dimIm ' = 5 and (d? is given by
P2 - A
€1 ®g2 €1+ (25 + 28)7% + (26 + 29)7 + (27 + 210)7*
ez ®g2 €3 — zoa3 + cafaf,
where ¢ = 29 + 2 + 29 and z; € K.
If char K = 3 then dimIm ' = 4 and ¢d? is given by
P2 A
€1 ®g2 e1 — 2207 + (221 — 25 — 28)7% — cv® + (223 — 27 — z10)7*
e2 ®gz €2 — zoa3 + cafaf,
where ¢ = 29 + 2 + 29 and z; € K.
Now if char K # 2,3 then dimImé' = 5 and ¢d? is given by
P2 A
€1 ®g2 e1 > 2207 + (221 — 25 — 28)72 + (322 — e)v® + (223 — 27 — 210)Y
e2 ®g2 €2 — zoa3 + cafaf,

4

where ¢ = 29 + 2z + 29 and z; € K.

9.4.3. HH?(A).
From 9.4.1 and 9.4.2 we have that if char K = 2 then dim HH?(A) = 3 and
P2 - A
HH?(A) =< e ®g2 €1 — diey + dyy
es ®g§ €9 +— dges
with d; € K.
A basis of HH?(A) = sp{z,y,u} where
r:P?— A
€1 ®g% e] — e1
else — 0,
y: P2 A
€1 ®gf €1 =7
else — 0,
uw:P?— A
€2 ®g§ €2 — €9
else — 0.
If char K = 3 then dim HH?(A) = 4 and
P?2 - A
HH2(A) = { €1 ©p e1 — dier + doy + dg7?

€9 ®g§ eg — dyes
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with d; € K.

A basis of HH?2(A) = sp{y1, y2,y3, ya} where
y1: P? — A
€1 ®g% e] — el
else — 0,
ys : P2 — A
€1 ®gf ey — 7y
else — 0,
yz : P2 — A
e1 ®g2 €1 — 7’
else — 0,
ys: P2 — A
€2 ®g§ €z — €3
else — 0.

Note that y» represents the same element of HH?(A) as

P2 A
€2 ®gg ex — —af
else — 0,

and y3 represents the same element of HH?(A) as

P2 = A
€2 ®g§ es — —afaf
else — 0.
If char K # 2,3 then dim HH?(A) = 3 and
P2 A
HH?*(A) = ¢ €1 ®g2 €1 — dier +dayy
€9 ®g% es +— dges
with d; € K.
A basis of HH?(A) = sp{z, y,w} where
z:P?— A
€1 Qg2 €1 — €1
else — 0,
y: P2 — A
e1 ®g§ er =y
else — 0,
w:P?— A
€2 ®gg €2 > €2
else — 0.

Note that y represents the same element of HH?(A) as

P2 - A
ez @2 €3 — —af
else — 0.
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10. THE ALGEBRA Ag

Definition 10.1. [5] Let Ag be the algebra KQ/I where Q is the quiver

.,
«(C1 "2
5
and
I = (a3 —~B, 07, 8% a*y).

10.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A and eaA where
€1A = Sp{ela a, 7y, ay, a27 063, a4}7

€2A = Sp{€27 /87 ﬁav /Bafy}

We have e A

and for esA

10.2. The minimal projective resolutions of the simple A-modules S; and Ss.

10.2.1. The minimal projective resolution of the simple A-module Sy.
Now the minimal projective resolution of the simple A-module S; starts with:

81

o ——=e1A ® e\ el S 0

where 0! : e1A @ eaA — e1A is given by (e1(, ean) — ae1( + vean, for ¢, n € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

S1.
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10.2.2. Ker o'

To find Ker &' = Q2(S1), let e1¢ = cre1 + cay + c3a + c4a? + c50® + cga + crary and
ean = dies+daS+d3Ba+dyBary with ¢;, d; € K. Assume that (e1(, ean) € Ker d'. Then
ae1C+vyean = 0. So a(cre1 +cay+ezatcia +esad+cgat+-cray) +y(dies+doB4-dzfa+
dyBary) = 0, that is, cia + caay + c3a? + cqa® + csat + diy + doyB + d3yBa = 0. Then
cra+esay+csa+(cqt+do)ad+(cs+ds)at+diy =0.Soc; = co =c3 =0 =dy,dy = —cy
and d3 = —c5. Thus e1¢ = c4a? + c50> + cga® + cray and ean = —c43 — cs5Ba + dyfBary.

Hence Ker 0! = {(c4a® + c5a® + cga + cray, —cyB — csBa + dyBary) : ¢, d; € K}.

Claim. Kerd!' = (a2, —3)e1 A + (ary,0)eaA.

Proof. Let x € Kerd'; then 2 = (cqa? + c5a® + cga + crary, —cuff — c5Ba + dyfary),
that is, z = (a?, —)(cse1 + csa+cga® — dyay) + (ay, 0)(crez). Thus € (a?, —B)er A+
(ay,0)eaA and therefore Ker 9 C (a2, —f)e1A + (o, 0)e2A.

On the other hand, let y = (a?, —3)e1l + (ay,0)ean € (2, —B)e1 A + (ary,0)eaA.
Then, from the definition of 9!, we have that d'(y) = 9'(a?e1( + ayean, —Be1() =
a(a?e1¢ + ayean) +v(—Beil) = (a® — vB)e1¢ + a?yean = 0. Therefore y € Ker 9 and
so (a2, —B)e1A + (ay,0)eaA C Ker 9.

Hence Ker 0! = (a2, —3)e1 A + (ay, 0)e2A. O

So 0% : e1A @ eaA — e A D e is given by: (e1(, ean) — (a2, —B)e1( + (ay,0)ean,
for (,n € A.

10.2.3. Ker 92.

Now we want to find Ker 9% = Q3(51). Let e1¢ = cre1 + coy + cza + c4a? + c5a® + cgat
+cray and egn = dieg+daf+dsSa+dyBay with ¢;, d; € K. We assume that (e1¢, ean) €
Ker 9%. Then (a?, —3)e1¢ + (ay,0)ean = (0,0). So (a2, —B)e1l + (ay,0)ean = (a?,
—B)(cre1+cay+ezatcia® +esad +cgat +cray) + (ary, 0) (dies +do f+dsBa+dyfay) =
(c1a? + c302 + cpa, —c1 B — e3Ba — crfBary) + (diay + deayB3,0) = (c1o? + c3a® +
caa + dyary + deay B, —c18 — c3fa — erBary) = (0,0). So (c1a? + cza® + (cq + do)a* +
dyay, —c18 — e3fa — erfay) = (0,0). Thus ¢; = c3 = ¢7 = dp = 0 and d2 = —cy.
Hence e1¢ = coy + caa® + c5a® + cga* and ean = —cyf + d3PBa + dygfary. Therefore
Ker 02 = {(coy + c40® + c503 + cgat, —cyB + dsfa + dyfBary) : ¢, d; € K},

Claim. Ker9? = (a2, —3)e1A + (7, 0)e2A.

Proof. Let u € Ker 02. Then u = (cay+cya? +esad+coat, —cyB+dsBatdsfay) sou =
(a2, —B)(cse1+esatcga —dza—dyiay)+ (7, 0) (czea+dsB)+(0, 3)(csa). However we can
show (0, B3)(cs) C (a2, —B)e1 A+ (7, 0)e2A, since (0, B)(csa) = (a2, —B)erv + (7,0)eap
where ejv = —csa and eau = c58. So u € (a?,—B)e1A + (7,0)eaA and therefore
Ker 9% C (a2, —B)e1A + (7, 0)e2A.

On the other hand, let v = (a2, —3)e1( + (v,0)ean € (a?, —B)e1 A+ (7, 0)eaA. Then,

from the definition of 92, we have that 9%(v) = 0?((a?, —B)e1{+(7,0)ean) = 9*(ae1(+
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vean, —Be1() = (a2, —B)(a?er + yean) + (ay, 0)(—Be1l) = ((a* + a?yean, —Ba’ei —
Byean)+(—ayBei(,0) = ((a*—ayB)eil+a’yean, —Ba’er(—Byean) = (0,0). Therefore
(a?, —B)e1 A + (7,0)eaA C Ker 0.

Hence Ker 92 = (a2, —f)e1 A + (7, 0)e2A. ]

So the map 93 : e1A @ eaA — e A @ eaA is given by (e1(,ean) — (a2, —B)e1l +
(77 0)62777 for C, ne A.

10.2.4. The minimal projective resolution of the simple A-module Ss.

Now the minimal projective resolution of the simple A-module Sy starts by:

81

€1A €2A 52 0

where 9! : e; A — esA is given by e1¢ — Bei(, for ¢ € A.
Now we want to find Ker ' and Ker 92 for Ss.

10.2.5. Ker d'.

To find Ker 9! = Q2(S5). Let e1¢ = cieq + cay + cza + c4a? + c5a® + cga + cray with
c; € K. Assume that e;¢ € Ker9?. Then Be;¢ = 0. So Bei( = B(cie1 + coy + cza +
cya? + c5a + cgat + cray) = 18 + c3Ba + erfBay = 0. Thus ¢; = c3 = ¢7 = 0. Hence
e1¢ = coy+c4a® + c5a® + cgat. Therefore Ker 0% = {coy +csa? + 50 +cga 1 ¢; € K.

Claim. Ker9? = o?ejA + veaA.

Proof. Let x € Kerd'; then = coy + c4a? + c5a® + cgat. So z = a?(cser + cza +
c6a®) + y(ce2). Thus x € a®e1A + yea A and therefore Ker 9! C ae; A + veaA.

On the other hand, let y = a?e1( + yean € a?e1 A + yeaA. Then, from the definition
of 3!, we have that 9! (y) = 9 (a?e1{ +~ean) = B(a?e1{ +vyean) = Balei(+ Byean = 0.
Therefore y € Ker 9! and so a?e; A + yeaA C Ker 91,

Hence Ker 8" = ae; A + vesA. O

So 92 : e1A @ eaA — e1A is given by: (e1(, ean) — a?e1( + yean, for (,n € A.

10.2.6. Ker 9°.

Now we want to find Ker 92 = Q3(S3). Let e1¢ = c1e1 +coy +cza+cga® +csa 4 cgat +
crary and ean = dyeg + doff + d3fa + dyfay with ¢;,d; € K. Assume that (e1(, ean) €
Ker 92. Then o2e ¢ + vean = 0. So e+ Yyean = a2(clel + coy +c3a+ ca0® + c5a’ +
cea* +cray)+v(drea+daf+dsfat+difay) = cra’+eza’ +csat+dyy+dayB+dsyBa = 0
so c1a? 4+ (c3+do)ad + (cy+d3)a* +-dyy = 0. Thus ¢; = 0 = dy, d2 = —c3 and d3 = —c;.
Hence e1¢ = coy + ez + cua® + c5a® + cga® + cray and eon = —c3f — cyfa+ dyfary.
Therefore Ker 0% = {(ca7y + cza + c4a® + c5a® + cga* + cray, —c3B — cafBa + dyBary) :
¢i,d; € K}.

Claim. Ker9? = (a, —3)e1A + (7, 0)e2A.
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Proof. Let u € Ker 8. Then u = (coy + cga+cg0? + csa + cga + cray, —c38 — cyBa+
dyBary) so u = (o, —B)(czer + caa + c5a® + cea® + ery — daay) + (7,0)(c2e2). Hence
u € (a, —B)e1A + (7,0)eaA and therefore Ker 8% C (a, —B)e1 A + (7,0)eA.

On the other hand, let v = (o, —f)e1( + (7,0)ean € (a, —B)e1A + (7,0)e2A. Then,
from the definition of 92, we have that 92(v) = 9*((a, —3)e1( + (v, 0)ean) = 9% (ae1( +
vean, —BerC) = a?(aerC + vean) +7(—BerC) = (0¥ — 1B)erC + ayeqn = 0. Therefore
(a, —B)er A + (7,0)eaA C Ker 9%

Hence Ker 82 = (o, —3)e1 A + (7, 0)eaA. O

So the map 02 : e;A®eaA — ey ADesA is given by (e1(, ean) — (o, —3)e1(+ (v, 0)ean,
for {,n € A.
Thus the maps for Sy are:
d' : (e1¢, ean) — aer( + vean,
92 : (e1(, ean) = (o, —B)erl + (a, 0)ean,
& : (e1¢, ean) — (a?,—=f)erl + (7, 0)ean,
for (,n € A.
The maps for Sy are:
o' - e1¢ — e,
02 : (e1(, ean) — e + yean,
& : (e1¢, ean) = (a, =B)erC + (7, 0)ean,
for (,n € A.

10.3. ¢3 for S; and Ss.

Now we want to find the elements of ¢>; these are paths in K Q.

For Sl
(e1,0) & (a%,-B) & (a%,—p)a? + (a7,0)(—f) = (a*, —Ba?) + (—avB,0) = (a* —

81
ayB, —Ba?) = alat —ayB) +v(—fa?) = a® —a*yB—yBa?, so a® —a?yB—vpa? € g3

83 82 81
(0,e2) = (7,0) S (a2, —=B)y = (a®y, —Bv) = a3y — vB7, so a3y — By € ¢°.
For Sy
83 82 al
(e1,0) = (a,—B) = o — 8 = Ba’ — B3, so Ba’® — BB € g°.

3 2 1
(0,e2) 5 (7,00 5 a2y & Baty, so faty € g*.
Let g7 = o — a®yB8 — B, g5 = oy — 07,93 = Ba® — By and gi = Ba’y So
9*=1{9g3,93. 93, 93}
We know that g% = {a® — 78, B, Ba?, a?y}. Denote

g% = aS - 7B7
95 = 07,

g% = Ba? and
9i = o’y
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So we have

g0 = a® — B —yBa’ = gia® — gif = o’gf — g3,

95 = o’y — By = g1y = agi — 793,
93 = B’ — By = gia — g3 = Byt
g1 = Ba*y = giv = Bgi.
10.4. HH?(A).
From [16] we have the projective resolution of A

&3 2 d! d°
po A 0.

pP3 P2 P!

Apply Hompe(—, A) to get
0 &9 1 s 2 é 3
0 — Hompe(P",A) — Hompe (P, A) — Hompe (P, A) — Hompe(P°,A)— ...

10.4.1. Ker 6%,
To find HH?(A) we need to find Ker 62 and Im §'. Let § € Ker 62; then § € Hompe(P?, A).
So the map 6 : P? — A is given by

e1 @y e1 = jier + joa + jza® + jua® + jat
ez ®y2 €3 — jJoea + jrhary
ez ®g2 €1 — jgff + jofa
e1 ®g2 €2 = j107Y + J11,
for some j; € K. The map d3 : P2 — P? is given by
€1 ®g§ el — el ®gf a?—e; ®gi B—a? ®g% er+y ®g§ el
e1 ®g:23 e — e ®g§ ’Y—Oé®g3 € +7®g§ €2
e2 @3 €1 '—>€2®g§a—€2®g§5—5®gg e1
€9 ®g2 €9+ €9 ®g§ vy—0 ®gi €.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d*(e1 ®gs e1) = (jier + jaa + jsa® + jaa® + jsat)a? — (jioy + juay)B —
a?(jier + jac + j3a® + jaa® + jsat) +4(jsfB + jor) = (js — jro)a® + (jo — ju)a’ = 0.
So ji0 = Js, j11 = Jo-

For d®(e1 @43 e2) = (jier + jaar+ j3a® + jua® + jsa*)y — a(jioy + jiiay) +v(jeez +
jrBay) = (j1 + je)v + (j2 — jio)ay = 0. Hence jg = —j1 and jio = jo.

Also 0d®(e2 ®y3 e1) = (jsB+JoBa)a— (joea + jrBay) B — B(jier + jaa+ jsa® + jaa® +
jsat) = —(j1 + J6) B + (js — j2) B = 0. Hence jg = —ji and jg = jo.

And 0d*(e2 ®g3 e2) = (jsf + joBa)y — B(jioy + jiray) = (Jo — ju)Bay = 0. So
Jun = Jo-

So 0 € Ker 6?2 is given by
€1 ®g2 €1 v jier + oo + 3’ + jaa® + jsat
ez ®g2 €2 — —j1ea + jrfary
ez ®g2 e1 = Joff + jofa
e1 ®g2 ez — J27y + Joary,

where j; € K. Hence dim Ker 62 = 7.
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10.4.2. Im .
Now to find Im §'. Let ¢ € Hompe (P!, A). The map ¢ : P! — A is given by
e1 ®q €1 — 2161 + 2000 + 2302 + 2403 + z50?
€1 @ €2 — 267 + 2rary
ea ®g e1 — 23 + 2P,
for z; € K.
We have the map d? : P2 — P! given by
€1 ®g2 €1 — €1 Ra 02+ aQpa+ a2 @61 —e1 ®y -7 R5e
e2 Qg2 €2 €2 Q37 + 5 ®y €2
ez ®g2 €1 = €3 ®ga2+ﬂ®aa+ﬁa®ael
€1 ®g2 €2 — €1 ®a Y +a ® 7 + a? @y €.
Then the map @d? is given by
od?(eq ® g2 e1) = (z1e1 + 2o + 2302 + 2403 + z50*)a® + az1€1 + zoa + 2302 + 2403 +
zsat)a + @®(z1e1 + za + 2307 + 2407 + z5a) = (267 + 2707) B — (280 + 2080) =
3z10% + (329 — 26 — 28)a® + (323 — 27 — 29)a,
pd(e2 @3 €2) = (280 + 208a)y + Blz67 + 2z1ay) = (27 + 29) By,
od?(ez ®g2 e1) = (283 + 208a)a® + B(z1e1 + zoa + 2302 + 2403 + 250t + Ba(z1e1 +
zoa + 2302 + 2403 + z5at) = 221 Ba,
pd®(e1 @2 €2) = (2161 + 200+ 230% + 220% + zsat)ay + (2161 + 220 + 2307 + 240 +
zsat)y 4 o2 (267 + zray) = 2z107.
So ¢d? is given by
P2 - A
e1 ®y2 €1 — 3z10? + (320 — 26 — 28)a® + (323 — 27 — 29)
€2 ®g§ ea — (27 + z9)Bary
ez ®g2 €1 — 22180
e1 ®g2 ez = 221007,

4

where z; € K. Note that the 3 in Im 6! occurs because of the power of « in the relation
a3 —~3. Thus we need to consider three cases, namely char K = 2, char K = 3, char K #
2,3.
If char K = 2 then dimIm ' = 4 and ¢d? is given by

P2 S A

e1 @g €1 — 2107 + (22 + 26 + 28)0® + (23 + 27 + 29) "

€ ®gg eg — (27 + z9)PBary

€ ®g§ e1— 0

e1 ®g2 ez — 0,

where z; € K.
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If char K = 3 then dimIm ! = 3 and ¢d? is given by
P2 = A
€1 ®g2 €1 —(z6 + z8)
€2 ®gz €2 — (27 + 29) Bary
€o ®g§ e| — 2Z150&
e1 ®g2 ez = 22100,

3 4

— (27 + 29)cx

where z; € K.
Finally, if char K # 2,3 then dimImé' = 4 and (d? is given by
P2 - A
e1 ®y2 €1 — 3z10% + (329 — 26 — 28)a® + (323 — 27 — 29)
€2 ®y2 €2 (27 + 29)Bory
€ ®g§ e — ZZlﬁOé
e1 ®g2 ez — 221007,

4

where z; € K.

10.4.3. HH?(A).
If char K = 2 then dim HH?(A) = 3 and

P2 A
el ®gf e1 +— dieq + daa
HH?(A) = { €2 ®42 ez~ —diez

€2 Qg2 €1+ daff + d3Por
e1 ®95 e — doy + d3zary
with d; € K.
A basis of HH?(A) = sp{z,y, 2} where
x:P?— A
el ®g% el — el
(D) ®g§ €2 — —e2
else — 0,
y:P?2— A
el ®g% el — «a
€3 ®g§ e1— 3
€1 ®gZ €2 — 7y
else — 0,
2: P2 5 A
(D) ®g§ e1 — Ba
€1 ®gz €2 — ary
else — 0.
If char K = 3 then dim HH?(A) = 4 and
P25 A
el ®g% e1 — diey + daax + d3a2 + d4a4
HH?(A) =<{ e2 ®g2 €2 — —dyeg
ez ®g2 e1 — daf3
e1 ®y2 € — dyy

with d; € K.
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A basis of HH?(A) = sp{xo, x1, 22, 3} where
xo: P2 — A
e1 ®g% e] — e
€2 ®g§ €9 > —€9
else — 0,

x1: P2 > A
el ®g% el — «
e2 ®gp2 €1 — 3
€1 ®gi €2 — 7y
else — 0,

x9: P2 — A
€9 ®g% el —
else — 0,

2

x3: P2 — A
€9 ®g% el — «
else — 0.

4

Note that z3 represents the same element of HH?(A) as

P2 S A
€2 ®g§ eg — —fPBary
else — 0.
Finally, if char K # 2,3 then dim HH?*(A) = 3 and
P2 5 A
el ®g% el — diey + dyax + d3a2
HH?(A) ={ e2 ®g2 €2 — —dyreg

ez ®g2 e1 — daf3
e1 ®y2 € = dyy

with d; € K.
A basis of HH?(A) = sp{z,y, 2} where
r:P? = A
e1 ®g% el — el
€2 ®g§ €9 > —€9
else — 0,

y:P?2 = A
€1®g%€1'—>a
ez ®g2 €1 — 3
€1®gZ€2'—>’Y
else — 0,

z: P25 A
62®g%€1'—>a
else — 0.

2

Note that z represents the same element of HH?(A) as
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2: P2 5 A

€2 ®g§ e — —%504
_3

el ®9§ €2 — —5ay

else — 0.
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11. THE ALGEBRA A7

Definition 11.1. [5] Let A7 be the algebra KQ/I where Q is the quiver

and
I= <ﬁ0& - 577’75 - 5(_:, 0456, C_.-’Yﬁ>

11.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA, esA and egA where
e1A = sp{e1, a, a3, ad, afa, afas},
e2\ = splez, B, 6, Ba, b¢, a3, deC, BaBal,
esA = sp{es,,e,70,e(, vBa, eCe, eCe(l,
esd = sp{es, ¢, (7, (e, (e(, (el

So we have for e; A

For esA



Also esA

And for e4A

€4

CeC

CeCe

11.2. The minimal projective resolutions of the simple A-modules 51, 59,53
and Sj.

11.2.1. The minimal projective resolution of the simple A-module Sy .

Now the minimal projective resolution of the simple A-module S; starts with:

81

€2A 61A 51 0

where 0! : eaA — e A is given by esv — aegr, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 82, 3 for the simple A-module
S1.

11.2.2. Ker o'

To find Ker 8! = Q%(S), let eav = dyes + doff + d3d + dyBa + dsde + dgBaf + d7de +
dgBafBa with d; € K. Assume that eor € Ker 9'. Then aesv = 0, so a(dies + dof3 +
d3d+dsfa+dsoe+dgfaf+drdeC+dgfafa) = 0, that is, dyja+deaf+dsad +dyafa+
deafSaf = 0 and then di = dy = d3 = dg = dg = 0. Thus esv = dsde + d70eC + dgBafa.

Hence Ker 0! = {dséc + d76eC + dgfBafa : d; € K}.
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Claim. Ker 9! = deeyA.

Proof. Let x € Ker '; then o = dsde + d76e( + dgfafa, that is, x = de(dseq + d7¢ +
dsC). Thus x € deeyA and therefore Ker 01 C deeyA.
On the other hand, let y = deeqpu € deeqA. Then, from the definition of 9!, we have
that 9'(y) = a(deeqp) = adeequ = 0. Therefore y € Ker &' and so dees A C Ker 9.
Hence Ker ' = decesA. O

So 0% : e4A — ez is given by eqpt — beeqp, for p € A.

11.2.3. Ker 0.

Now we want to find Ker 82 = Q3(S1). Let equt = tieq+tal+t3(y+tale+t5e+telele.
Assume that ey € Ker 0%, Then deeqpn = 0. So deeqpn = de(treq + to + t3(y + tale +
t5CeC 4 tCeCe) = t10e + t2deC + t3de(y = 0 s0 t1 = tg = t3 = 0. Thus eqpu = t4Ce +
t5CeC + teCeCe and therefore Ker 02 = {t4Ce + t5¢eC +teCele : t; € K }.

Claim. Ker9? = (ee4A.

Proof. Let u € Ker 2. Then u = t4(e + t5¢c¢ + teCeCe so u = (e(tyeq + t5¢ + tele).
Hence u € CeeqA and therefore Ker 9% C CeeqA.
On the other hand, let v = (eeqp € CeegA. Then, from the definition of 92, we have
that 0%(v) = 0%(Ceeqn) = deCeeqpr = 0. Therefore v € Ker 9% and then (eeqA C Ker 62,
Hence Ker 0% = CeeyA. O

So the map 92 : e4A — e4A is given by eqp — Ceeqpu, for p € A.

11.2.4. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module Ss starts with:
1
9 ea A Sy 0
where 9! : e;A @ e3A — ez is given by (e1m, e3\) — Bern + dez\, for n, A € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 93 for the simple A-module
So.

- ——>e1A D esA

11.2.5. Kerd!.

To find Ker 0' = Q2(S3). Let e1n = cre1 + caa + c3a8 + cpad + csafa + cgaBa3 and
esA = fies+ foy+ fae + fayB+ fse + feyBa+ freCe + fseCeC with ¢;, fi € K. Assume
that (e1n, e3\) € Ker 8'. Then Bein+desA = 050 B(cire1 +caa+czaf+ cqad +csafa+
ceaBaf) + 6(frez + foy + fze + fayB + f5e¢ + fevBa + freCe + freCe() = 0, that is,
a1+ caBa+ cafaf+csBad +csfafa+ f1o + f207+ f3oe + fadyB+ f50eC + fedyBa =
c1B + (ca + f2)Ba + (c3 + fa)BaB + (ca + f5)deC + (c5 + fo) BaBa + f10 + f3de = 0. So
ci=fi=f3=0,c0+f2=0,c3+f1=0,c4+ f5 =0and c5+ fs = 0. So fo = —c2, f4 =
—c3, fs = —cq4 and fg = —c5. Thus ean = coa + c3af + cqad + csafa + cgafaf and

es\ = —coy — 3B — cueC — csyBa + freCe 4+ fseCel.
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Hence Ker 8! = {(coa+czaf+coad +csafa+ceafaf, —coy—c3yB—cacl —csyfa+
freCe + fseCeC) ¢, fi € K}

Claim. Ker 9! = (o, —7y)eaA.

Proof. Let x € Ker 0'; then z = (coar + c3a8 + cpad + csafa + cgaBaf, —cay — c373 —
cseC — csyPa + freCe + fsele(). So x = (a, —y)(c2e2 + 38 + 46 + c5Ba + cgfaff —
f76e — fs6e¢). Thus z € (o, —y)e2A and therefore Ker 9' C (o, —7)eaA.

On the other hand, let y = (o, —y)eav € (o, —7v)eaA. Then, from the definition of
01, we have that 9'(y) = (Ba — §v)eav = 0. Therefore y € Ker ' and so (a, —)e2A C
Ker o',

Hence Ker 0! = (a, —v)e2A. O

So 0% : eaA — e A @ esA is given by eav — (o, —)eqv, for v € A.

11.2.6. Ker 0.

Now we want to find Ker 9% = Q3(S3). Let eav = dies + dof3 + d3d + dyfa + dsde +
deBaB+dr6e¢ +dgfBafa with d; € K. Assume that esv € Ker 92, Then (a, —)ear = 0.
So (a, —y)eav = (o, =) (d1e2 + do8 + d3d + dyBa+ dsde + dg BB + d76eC + dgfafa) =
(dia+deaf+dsad+dyafa+dgafaf, —diy—day [ —dsyd — dyyfa—dsyoe —dryoe) =
(0,0). So dya+doaf+dsad+diafa+dsafaf = 0 and then dy = do = d3 = dy = dg = 0.
Also —dyy — doyfB — d3yd — dyyBa — dsyde — dryde( = 0, that is, dy = do = d3 = dy =
ds = d7 = 0. Thus esr = dgBafBa and therefore Ker 9? = {dgBaBa : dg € K}.

Claim. Ker9? = fafaesA.

Proof. Let u € Ker 8?. Then u = dgfBaBa so u = BaBa(dges). Hence u € BafaesA
and therefore Ker 9% C BafBaesA.

On the other hand, let v = Bafaesr € FafaesA. Then, from the definition of
02, we have that 0%(v) = 0%(BaBaesr) = (aBaBa, —yBafa)esr = (0,0). Therefore
v € Ker 92 and then BafBaesA C Ker 6.

Hence Ker 8% = fafaesA. O

Note that Ker 92 = Sy, so Q23(S53) = Ss.
So the map 02 : eaA — esA is given by eqr — Bafaesy, for v € A.

11.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module Ss starts with:

o esA S3 0

o ——=eaA © egA

where 0! : eaA @ esA — ez is given by (eav, equ) — yeav + eeqp, for v,y € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

S3.
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11.2.8. Kerd'.
To find Ker &' = Q2(S3). Let eqv = dyes + do3 + d3d + dyfa + dsde + dg B + d7oeC +
dgfafa and eqp = tieq + toC + t3(y + t4Ce + t5CeC + tg(ele with d;, t; € K. Assume
that (eav, equ) € Ker 9%, Then ~yeav + ceqp = 0 so y(drez + doff + d3d + dyBa + dsde +
defaf + d70eC + dgfafa) + e(tieq + tal + t3¢y + t4Ce + t5¢eC + telele) = 0, that is,
d17y + doyB + d3yd + dayBa + dsyde + drydeC + tie + toel + t3e(y + tyele + tsele =
diy + doyB + (d3 + t2)eC + (da + t3)eCy + (ds + ta)eCe + (d7 + t5)eCeC + tie = 0. So
di =do =11 =0,ty = —d3,t3 = —dy,t4 = —ds and t5 = —d7. Thus esv = d3d +dsPBa+
dsde + dgBaf + d70eC + dgBafa and eqpu = —d3( — dy(y — dsCe — d7(eC + tglee.
Hence Ker 8! = {(d36 +dyBa+dsde +dgsBaf+dr0e¢ +dgfafo, —d3( — daly—dsle —
d7CeC + teCeCe) = d;, t; € K}.

Claim. Kerd!' = (4, —()esA.

Proof. Let x € Ker 9'; then x = (d30 + dyBa+ dsée + dgBaf + d76eC + dgBafa, —dsC —
daCy — dsCe — d7CeC +teCee). So x = (8, —()(dses + day + dse + dgyB+ d7eC + dgySa —
teeCe). Thus x € (6, —()ezA and therefore Ker 9 C (6, —()esA.

On the other hand, let y = (8, —()esA € (4, —()esA. Then, from the definition of
0!, we have that 9'(y) = (76 — e¢)ezA = 0. Therefore y € Ker 9" and so (8, —()esA C
Ker 1.

Hence Ker 8! = (6, —()esA. O

So 92 : e3A — eaA @ ey is given by: es\ — (6, —()es, for A € A.

11.2.9. Ker 0.

Now we want to find Ker 92 = Q3(S3). Let e3\ = fies + foy + fae + fayB + fseC +
feyBa + freCe + fseCe¢ with f; € K. Assume that ez\ € Ker 92. Then (6, —()egA = 0.
So (0, —Q)esA = (6, —C)(fres+ fay+ fae+ fayB+ fse(+ foyBa+ freCe+ fseCe() = (fi1+
F20y + fbe + 1678+ f05C+ fodvBar, — il — falry — faCe — fCeC — fr¢eCe) = (0,0). So
J10+ faoy+ f30e+ f20yB+ f50eC+ feoyBa = 0, that is, f1 = fa = fs = fa = f5 = fe = 0.
Also —f1€ — faCy — f3Ce — f5CeC — fr(eCe = 0 and then f1 = fo = f3 = f5 = fr = 0.
Thus e3\ = fseCe¢ and therefore Ker 82 = {fse(e( : fs € K}.

Claim. Ker9? = e(eCesA.

Proof. Let u € Ker 8%, Then u = fgeCe(, that is, u = eCe((fses). Hence u € eCeCesA
and therefore Ker 02 C e(eCesA.

On the other hand, let v = e(eCesz\ € eCeCesA. Then, from the definition of 6%, we
have that 0%(v) = 9%(eCeCesA) = (8, —()eCelesA = (6e¢el, —CeCel)
e3A = (0,0). Therefore v € Ker 92 and then e(eCezA C Ker 0.

Hence Ker 0% = e(eCesA. g

We remark that Ker 9% = S3, so Q3(S3) = S3.

So the map 02 : e3A — e3A is given by eg\ — eCeCes\, for A € A.
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11.2.10. The minimal projective resolution of the simple A-module Sy.

The minimal projective resolution of the simple A-module Sy starts with:

81

es/\ e\ Sy 0

where 0! : e3A — e4A is given by ez — Ces\, for A € A.
Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
Sy.

11.2.11. Kerd'.
To find Ker 0! = Q?(S,). Let esA = fres+ foy+fae+ fay B+ fseC+ foyBa+t freCe+ fseCeC
with f; € K. Assume that e3\ € Ker &'. Then Cez\ = 0 so ((fies + foy + fze + fayB3 +
f56C + fovBa + freCe + fseCe() = 0, that is, f1{ + fo(y + f3(e + f5¢eC + fr¢eCe = 0.
Therefore f1 = fo = f3 = f5 = fr = 0. Thus e3A = f4y8 + fevBa + fseCeC.

Hence Ker 0! = {473 + feyBa + fseCeC : fi € K}.

Claim. Kerd' = yf8eA.

Proof. Let x € Ker 0%; then x = 478 + feyBa + fseCe(, that is, x = y3(fie1 + foa +
fzad). Thus x € yBeiA and therefore Ker 9! C y3e;A.
On the other hand, let y = vBe1n € yBe1A. Then, from the definition of ', we have
that 9'(y) = 0'(yBe1n) = (yBein = 0. Therefore y € Ker 9 and so yBe1 A C Ker d'.
Hence Ker 0' = y3eiA. g

So 0% : e A — e3A is given by en — yBein, for n € A.

11.2.12. Ker 6.

Now we want to find Ker 9% = Q3(S,). Let e1n = cie1 + caa + c3a8 + cqad + csafBa +
ceafaf with ¢; € K. Assume that e;n € Ker 92. Then y8e1n = 0. So yBe1n = yB(c1e1+
coa + czafl + cqgad + csafa + cgafaf) = 0. Then c1v8 + coyBa + cayfad = 0, that
is, ¢ = ca = ¢4 = 0. Thus e1n = c303 + csafa + cgaBafB and therefore Ker §? =
{esaf + csafa + cgafaf : ¢; € K}.

Claim. Ker9? = afe;A.

Proof. Let u € Ker 8. Then u = cz3a3+csaBa+cgafaf so u = af(czer +csa+cgaf).
Hence u € affe; A and therefore Ker 9% C afe; A.

On the other hand, let v = afe1n € afeiA. Then, from the definition of 92, we
have that 92(v) = 9%(aBe1n) = vBaBein = 0. Therefore v € Ker 9% and then afe; A C
Ker 02.

Hence Ker % = af3eiA. O

So the map 93 : e A — e1A is given by eyn — afern, for n € A.
Thus the maps for Sy are:

Ol : ear — gy,
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0? : equ — deeqpt,
O < eap — Ceegpr,
for v, u € A.
Also the maps for Sy are:
O : (e1n, e3\) > Bein + Sez,
0% 1 eqv — (a, —)eav,
0?1 eau — Bafaesy,
for n,v, A € A.
And the maps for S3 are:
O' : (eav, eapt) — yeov + ceapt,
0%  e3\ — (6, —C)esA,
02 : e3\ — eCeles),
for n, u, A € A.
Moreover, the maps for Sy are:
' i es\ — Ces,
0 : exn — yBern,
& e1n — afern,
for n, A € A.

11.3. g3 for 81,52,53 and 54.
Now we want to find the elements of ¢>; these are paths in K Q.
For 5
€4 BN Ce 7 deCe o adeCe , so adele € g.
For SQ
93 0?2 ot
€2 — fafa ——= (a, —v)papa —— fafafa — éyfafa ,
so fafafa — dypafa € g>.

For 53

e3 » eCeC o (0, —C)eCeC L’y&@s{ —eCeeC , so yoeCeC — eCeCe € g°.

For Sy
93 92 ot 3
€1 —— aff —— yBaf —— (yBaf , so (yBaB € g°.

Let g¢ = adeCe, g = Bafafa — dyfafa, gi = 16e(eC — eCeCeC, and gd = (vBaf.
So ¢* = {43, 93,93, 91}
We know that g% = {Ba — 6,75 — ¢, ade, (yB}. Denote

91 = Ba — b,
g5 =0 — &,
g3 = ade and
93 = Cp.
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So we have
gi" = g§C5 = —ag%ds - adg%s + aﬁg%,
93 = g2 BaBa = Bg3Cy — Sg3vBa — dvgiBa — Segia + Bagisy + Badgsy
+ Bafags,
93 = g3eCeC = —yg}oeC — egiad — 8g3eC + vBg3C + €Cg3v6 + eCygio
+ 5(5(95 and
93 = giaB = Cg37B + Cvgi B + Cegi.-

11.4. HH%(A).

From [16] we have the projective resolution of A

3 2
pp Lo pr L pr L po Dy 0.

Apply Hompe(—, A) to get

0 Ay & 1 Ay St 2 Ay & 3
0 — Hompe(P°, A) — Hompe(P*,A) — Hompe (P, A) — Hompe(P°,A)— ...

11.4.1. Ker §2.
To find HH?(A) we need to find Ker 62 and Tm §'. Let 6 € Ker 62; then § € Hompe(P?, A).
So the map 6 : P2 — A is given by

0:P?— A
ez ®y2 € — jieg + jafo+ jsfoafo
€3 ®y2 €3 — jaez + Jse¢ + jeeCe(
el ®g§ eqs— 0
€4 ®g2 €1 = 0,
for some j; € K. The map d° : P? — P? is given by
e1 ®gs eq > €1 ® g2 (e — [~a ®gy2 e — ad ®g2 €+ af ®g2 eq],
€2 ®g§’ ey — eg ®gf BaBa
— [B®gz2 (v = 6 ®yz VB — 67 ®y2 Bov — be @2 o + B @2 6
+ Bad ®g2 Y+ Bafa ®g2 es],
e3 ®gs €3 — €3 Q2 eCeC
—[— ®g20eC —e Qg2 b — Y0 Qg2 eC + VB ®g2 ( +e( ® g2 70
+ eCy ®y2 0 +eCeC ®y2 es),
€4 ®g3 €1 s ®g2 aff — [ @2 Y0 + (7 Qg2 B+ (e ® g2 e1].
So the fact that #d® = 0 gives conditions on the coefficients j; € K.
We have 0d>(e; ®gs3 eq) = a(jies + jofa + jsfafa)de + ad(jaes + jse€
+ jeeCe€)e =0
for 0d®(e2 ®y3 e2) = (jiea + j2fa + jsfafa)Bafo — [—6(jaes + jseC
+ jeeCeC)yBa — 6y(jiez + j2fa + jsBafa)fa + Ba(jiez + j2fa
+ jsBaBa)dy + Bad(jaes + jseC + jeeCe()y + Bafa(jie + j2Ba

+ j3Bafa)] =0
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also for 0d>(es ®g3 es) = (Jaes + JseC + jeeCe)eCeC — [—y(jre2 + jo2fa
+ jsBafa)deC — o (jaes + jse¢ + jeeCeC)eC + ¢ (jaes + jse€ + jeeCe()yo
+ eCy(jres + j2Ba + jsBafa)d + eCeC(jaes + jse + jecCeC)] = 0

and for 0d*(eq ® g3 e1) = —((jaes + jseC + jocCeC)vB — (y(jrea + jaba
+ j3Bapfa)p = 0.

So 0 € Ker 62 is given by

0: P2 A

ez ®g2 €3 > jiez + jofa + jafofo
€3 ®g2 €3 jaes + JseC + JocCeC
el ®g§ eq— 0

€4 ®g2 €1 — 0,

where j; € K. Hence dim Ker 62 = 6 and then Ker 62 = Homye (P2, A).

11.4.2. Imé?.
Now to find Im 6'. Let ¢ € Hompe(P*, A). The map ¢ : P' — A is given by
e1 ®q €2 — 210 + z00Bc
ez ®ge1 — 230 + zfBaf
€9 Q5 €3 — 250 + 260e(
e3 @y €2 — 277 + 287 P
e3 R eq — 29€ + z108Ce
e4 ®¢ e3 — 211 + 212€eC,
for z; € K.
We have the map d? : P2 — P! given by
€2 ®g2 ex = e2 Vg + R e2 —e2®57 — 0 @y €2
e3®pze3—€3Q,0+7®s5e3—€30:(—€eQ¢e3
e1 Qg2 €4 €1 Ra 06 +a Qs € + ad R ey
e4®p2e1— €4 QB+ (®y f+(yQper.
Then the map @d? is given by
©d?(eo ®g2 e2) = (230 + zafaf)a + B(z1a + zoafa) — (250 + 260eC)y
— 0(z7y + 287Ba) = (21 + 23 — 25 — 27) P + (22 + 24 — 26 — 28) PPy,
od?(e3 ®g2 €3) = (277 + 287B)d + V(250 + 2602C) — (29¢ + 2106¢E)C
—e(211¢ + 212€eC) = (25 + 27 — 29 — 211)eC + (26 + 28 — 210 — 212)eCeC,
od?(eq ®g2 eq) = (z100 + z9afa)de + a(z50 + z60eC)e + ad(z9e + z10Ce) = 0,
pd*(ea ®gz e1) = (211€ + 212€eC) B + ( (277 + 2878a) B + (¥ (230 + 24P 3) = 0.
Thus ¢d? is given by
P2 A
€2 @2 €2 — (21 + 23 — 25 — 27) B+ (22 + 24 — 26 — 28) BB
€3 ®gz €3 — (25 + 27 — 29 — 211)eC + (26 + 28 — 210 — 212)€CEC
e1 ®g2 eq 0

e4®gp2 e — 0,
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where z; € K. Therefore dim Im §! = 4.

11.4.3. HH?(A).
From 11.4.1 and 11.4.2 we have that dim HH?(A) = 2 and then
P2 — A
ez @2 €3 — dyey
HH?(A) = { €3 ®g2 €3 — daeg
el ®g§ eq— 0
ey ®93 e1— 0
with d; € K.
A basis of HH?(A) = sp{x, y} where
r:P?— A
€2 ®g% eg — €3
else — 0,
y: P2 — A
es ®g§ €3 — eg
else — 0.
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12. THE ALGEBRA Ag

Definition 12.1. [5] Let Ag be the algebra KQ/I where Q is the quiver

and

I= <OéﬁO[ - UC)BQ/B - 757 C7750-7 ﬂa/}/7a/60-7 Cﬁavéaﬂ>

12.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA, esA and eqA where
e1\ = sp{ey, 0, a, ay, af, afa, afaf},
e2A = sp{es, ¢, (B, (Bo},
es\ = sples, 8,7, Bo, Ba, Baf, Bafal,
es\ = sp{eq,0,0c, dary}.

So we have for e; A

e1
Bo
aﬁaﬁ
For esA
€2
¢
¢B

(Bo
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Also esA

O\
N, /

Bafa
And for e A

€4

oo

dary

12.2. The minimal projective resolutions of the simple A-modules 51,53, S3
and Sj.

12.2.1. The minimal projective resolution of the simple A-module S .

Now the minimal projective resolution of the simple A-module S starts with:

(91

- ——>egA P esA el S1 0

where 9! : eaA @ e3A — e1A is given by (eav, e3)\) — oear + aes, for v, A € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 32 for the simple A-module
Si.

12.2.2. Kerd!.

To find Ker 9! = Q2(51), let eav = dyea+da(+ds(B+ds(Bo and e3\ = frez+ f23+f3y+
f1B0 + fsBa+ feBaB+ frBaBa with d;, fi € K. Assume that (eav, e3\) € Ker 91. Then
ogeav+aezA = 0, so o(diea +doC +d3( B+ ds(Bo) +al frez + fof+ f3y + fafo + fsfa+
feBaB + frBaBa) = dio +deo( +d3so(B+ fia+ froaB+ fsay + fsaBa+ feafaB =0,
that is, dyo + fia + faaB + fsay + (d2 + f5)afa + (ds + fe)aBaB = 0 and then
dy = fi=fa=fa=0,da+ f5 =0,ds+ f6 = 05so fs = —day and fs = —d3. Thus
eav = daoC + d3(f + ds(fBo and ez\ = fifo — doffor — dzfaf + frBafa.

Hence Ker 9" = {(doC +d3(B+da( B0, faffo —dofa—dzBaf+ frpapa) : d;, f; € K}.
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Claim. Kerd! = (0, 80)eaA + (—(, Ba)esA.

Proof. Let x € Ker 0'; then x = (dao¢ + d3( B+ da(fo, 10 — dafa— d3BafB+ frpafa),
that is, z = (0, B0)(fae2)+(—(, fa)(—dres —d3S—dafo+ fz5a). Thus z € (0, fo)eaA+
(—¢, Ba)esA and therefore Ker &' C (0, Bo)ea A + (—(, Ba)esA.

On the other hand, let y = (0, Bo)eav + (—(, Ba)esA € (0, fo)esA + (—(, fa)esA.
Then from the definition of &', we have that 9'(y) = 9'((0, Bo)eqv + (—(, Ba)esA) =
Ol (—Ces, BaesA+ Boeav) = —olesA+aBaesA+afBoesv = (afa—ol)esh+afoesr =
0. Therefore y € Ker 8! and so (0, 80)eaA + (—(, Ba)esA C Ker 9.

Hence Ker 0! = (0, Bo)eaA 4 (—C, fa)esA. O

So 0? : eaA @ e3A — eaA @ e3A is given by (eav, ez\) — (0, B0)ear + (—(, Ba)esA,
for v, A € A.

12.2.3. Ker92.

Now we want to find Kerd? = Q3(S1). Let esv = dyes + dol + d3(B + dy(Bo and
esA = fies + fafb + f3v + fauBo + [fsBa + fePaf + frfafa with d;, fi € K. As-
sume that (eav, e3\) € Ker 92. Then (0, o )esv + (—C, Ba)esA = (0,0). So (0, Ba)eav +
(=¢; Ba)esA = (0, Bo)(drea +dal +d3( B+ daC o) + (¢, Ba)(fres + f2B+ f3y + fafo +
fsBa+ feBaB+ frBaBa) = (0,d180 +d280() + (= f1¢ — f2(B — fa(Bo, fBa+ f2BaB +
[sBapa) = (—f1{ — f2l B — fa(Ba,d1fo + dafoC + fiBa+ faBaf + fspaBa) = (0,0)
so —f1¢ — fo(B — fa(Bo =0, that is, f1 = fo = f4 = 0. Also d180 + f1Ba + f2af +
(da+ f5)BafBa =0, that is, d; = f1 = fo =0,da+ f5 =0sody = f1 = fo = fs =0 and
J5 = —da. Thus eav = dao¢ + d3(B + ds(fBo and ez\ = f3y — dofSa + feBaf + frBaba.
Therefore Ker 02 = {(d2€ + d3( S+ dulfBo, f3y — dafa+ fsBaf+ fr0aba) : di, fi € K}.

Claim. Kerd? = (—(, Ba)esA + (0,7)esA.

Proof. Let u € Ker 9?. Then u = (do( + d3( 3 + ds( B0, f3y — dofa+ feBaf + frBa8a)
so u = (—(, fa)(—does — ds3f8 — dyffo + fr8a) + (0,7)(fses + (ds + f6)d). Hence u €
(—¢, Ba)esA + (0,7)esA and therefore Ker 9 C (—¢, Ba)esA + (0, v)esA.

On the other hand, let v = (=, Ba)es\ + (0,7)eau € (=, Ba)esA + (0,7)esA.
Then, from the definition of 9%, we have that 0%(v) = 9%((—(, Ba)esA + (0,7)eqp) =
% (—CesA, BaesA+yesu) = (0, Bo)(—CesA) +(—C, Ba)(BaesA+yesp) = (0, —BoCes)+
(~CBaesh — Cyesp, Bafaes) + Bayesu) = (—CBaesh — Cyeap, (BaBa — BoC)eah +
Bayequ) = (0,0). Therefore v € Ker 9% and then (—(, Ba)esA + (0,7)esA C Ker 02

Hence Ker 92 = (—(, Ba)esA + (0,7)eqA. O

So the map 0 : e3A @ eqA — eaA @ ez is given by (es\, eqpr) — (—(, Ba)es\ +
(07’7)64”7 for )‘mu €A

12.2.4. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S starts with:
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81

63A 62A SQ 0

where 0! : e3A — eaA is given by e3\ — Ces), for A € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 9° for the simple A-module
So.

12.2.5. Kerd'.
To find Ker 8" = Q%(Ss). Let e3A = fiez + faf + f3v + fafo + fsPa+ fofaf + frBafa
with f; € K. Assume that e3\ € Ker &'. Then Ce3\ = 0 so ((fres + fo8 + f3y+ fafo +
[sBa+ feBapB + friBaBa) = fi( + f20B + fa(Bo = 0, that is, fi = fo = f1 = 0. Thus
esA = f3y + fsBa+ fefal + frBaba.

Hence Ker 0! = {f3v + fsBa + feBaB + frBaBa: f; € K}.

Claim. Kerd' = fBaesA + vesA.

Proof. Let x € Kerd'; then x = f3y + fsBa + feBaB + frBafa. So x = Ba(fses +
feB+ frBa) +~(fzeq). Thus = € BaezA + ves A and therefore Ker 8! C BaesA + yeyA.
On the other hand, let y = BaesA+yesu € faesA+veqA. Then, from the definition of
0!, we have that 9'(y) = 0 (Baes\ +veqp) = (BaesA+(yesp = 0. So Baez A +vesA C
Ker 9'.
Hence Ker 0! = BaesA + yesA. g

So 92 : e3A @ eqA — ez is given by (e3\, eqpt) — Baes A + yeqp, for A\, € A.

12.2.6. Ker 0.

Now we want to find Ker 92 = Q3(S3). Let e3\ = fies + foff + f3y + fafBo + fspa +
feBal + frBafa and equ = tireq + tod + t3da + t4dary with f; t; € K. Assume that
(e, eapt) € Ker 92, Then faesh+eapt = 0. So faesh+yean = Bal fres + o+ foy +
faBo + fsPa + fefaf + frBafa) + y(tieq + t2d + t3da + tyoary) = frfa + fafaf +
fsBaBa +tiy + tavd + tyyda = fiBa + (f2 + t2)BaB + (fs + t3)Bafa + tiy = 0. So
Ji=1t1=0,ta = —fo,t3 = — f5. Thus e3\ = fo+ f3y+ fafo+ fsfa+ feBaB+ fr8aBa
and eqpt = — f20— fsda+tsdary. Therefore Ker 0% = {(f28+ f3y+ f1B0+ fsBa+ feBaB+
frBafa, —f20 — fsda + tsday) : fi,ts € K}.

Claim. Kerd? = (3, —0)e1A + (7, 0)esA.

Proof. Let u € Ker 9?. Then u = (fo3+ f3y+ fafo + fsBa+ feBaB + frB8aBa, — fob —
fsda +tgday) so u = (B, —0)(fae1 + fao + fsa+ feaf + frafa —tsay) + (v,0)(fzeq).
Hence u € (3, —6)e1 A + (77,0)esA and therefore Ker 8% C (3, —6)e1 A + (7, 0)eqA.

On the other hand, let v = (8, —d)e1n + (7,0)eape € (8, —0)e1 A + (7,0)eqA. Then,
from the definition of 6%, we have that 9%(v) = 0%((3, —8)e1n + (7, 0)eap) = 0*(Bern +
yeap, —de1n) = (BaB—vd)ein+Bayesu = 0. Therefore v € Ker 9% and then (3, —8)e; A+
(7,0)esA C Ker 02

Hence Ker 02 = (3, —0)e1A + (7, 0)esA. O
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So the map 02 : e A@esA — esADegA is given by (e1n, eqp) — (3, —8)e1n+(7, 0)eqpu,
for n, u € A.

12.2.7. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module S3 starts with:

al

- ——=e1A D et e\ S3 0

where 0! : e1 A @ egA — e3A is given by (e1n, eqp) — Bein + veau, for n, u € A.
Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
Ss.

12.2.8. Ker o'l
To find Ker 0' = Q2%(S3). Let e1n = cre1 + cao + c3a + cqary + csaff + cgafa + craBa
with ¢; € K. Assume that (e1n, equ) € Ker 9'. Then Bein + yequ = 0 so B(cieq + cao +
c3a + cpary + csaff + cgafa + crafaf) + y(tiesg + t2d + tsda + t4day) = 18 + coffo +
csfa+ csfaf + cgfafa + t1y + tayd + t3yda = 18 + caffo + csfa + (¢5 + t2)Baf +
(ce + t3)Bafa + t1y = 0, that is, ¢; = co = c3 = t1 = 0,ts = —c5,t3 = —cg. Thus
e1n = cqay + csaf + cgafa + crafaf and eqpu = —c56 — cgda + tgdary.

Hence Ker 0! = {(csay+csaf +csaBa+ crafBaf, —csé — cgda+tiday) : ity € K.

Claim. Kerd!' = (a8, —d)e1A + (ay,0)eqA.

Proof. Let x € Ker '; then z = (cqary + csa 83+ cgafa+ craBaB, —csd — cgda+tidary).
So x = (af,—0)(cse1 + ceax + craff — taay) + (ay,0)(caeq). Thus z € (af, —d)e1 A +
(ay,0)eqA and therefore Ker 0' C (a3, —6)e1 A + (ay, 0)esA.

On the other hand, let y = (a8, —6)ein + (ay,0)eapn € (af, —6)e1A + (ay,0)esA.
Then, from the definition of ', we have that 9'(y) = d'((aB, —d)e1n + (ay,0)esp) =
o' (aBern + ayesp, —de1n) = (BaB — v8)e1n + Bayesp = 0. Therefore y € Ker 9! and
so (B, —d0)e1 A + (ay,0)es A C Ker 0.

Hence Ker 0! = (a3, —8)e1 A + (ary, 0)esA. O

So 0% : et A @ eqA — e1 A @ eqA is given by (e1n, eqp) — (a3, —6)e1n + (ay, 0)eqpu,
for n,u € A.

12.2.9. Ker 9.

Now we want to find Ker 92 = Q3(S3). Let e1n = c1e1+ca0+czatcgay+esaf+csafa+
crafaf and equ = t1eq + tad + tzda + tgday with ¢;,t; € K. Assume that (e1n, eqpn) €
Ker 2. Then (a3, —6)e1n + (ay, 0)eap = (0,0). So (a3, —8)e1n + (ay, 0)esp = (a3,
—d)(c1e1 + c20 + cza + cpary + csa8 + cgafa+ crafaf) + (ay,0)(t1eq + to2d + tzda +
tiday) = (craf + csafa + csafaf + tiay + taayd, —c10 — c3da — cqgdary) = (0,0). So
craf+esafatcesafaf+tiay+taayd = craf+cesafat(cs+to)afab+tiay = 0, that is,

c1 =c3 =1t =0and c5 = —ty. Also —c10—c3da—c4day = 0 and then ¢y = c3 = ¢4 = 0.
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Thus e1n = co0 + csaf + cgafa + crafaf and equ = —c5d + tsda + t4day. Therefore
Ker 02 = {(co0 + c5a8 + csaBa + crafaB, —cs0 + tgda + tyday) : i t; € K}

Claim. Ker9? = (af3, —0)e1A + (0,0)eA.

Proof. Let u € Ker 9?. Then u = (ca0 + c5a8 + cgaffa + crafaf, —csé + tsda + tydary),
that is, u = (a8, —9)(cse1 + csa+ craf —taay) + (o, 0)(c2e2) + (0, 0a) (tzes + cges). But
we can show that (0, da)(tses + cges) C (af, —d)e1A + (0,0)ea A, namely (0, da)(t3es +
cges) = (afB,—0)ein + (0,0)esr where eyn = —(t3 + cg)a and e = (t3 + ¢6)(. Hence
u € (af, —8)e1A + (0,0)eaA and therefore Ker 8% C (a3, —d)e1A + (o, 0)eaA.

On the other hand, let v = (af,—d)ein + (0,0)eav € (aff,—d)e1A + (0,0)eaA.
Then, from the definition of 92, we have that 6%(v) = 9%((aB, —8)e1n + (0,0)eqv) =
0?(afBein + oeav, —be1n) = (B, —6)(afein + geav) + (ay,0)(—de1n) = (aBaBern +
afoeqr, —dafern — doesr) + (—aydein, 0) = ((afaf — ayd)ein + afoesv, —dafern —
Soeav) = (0,0). Therefore v € Ker 8% and then (a3, —8)e1 A + (0,0)eaA C Ker 62

Hence Ker 92 = (a3, —0)e1A + (0,0)eqA. O

So the map 9% : e1A @ eaA — e1A @ e4A is given by (e1n, eav) — (B, —0)e1n +
(0,0)eqv, for n,v € A.

12.2.10. The minimal projective resolution of the simple A-module Sy.

The minimal projective resolution of the simple A-module Sy starts with:

81

€1A €4A 54 0

where 9! : e; A — e4A is given by e1n — deyn, for n € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
Sy.

12.2.11. Ker 9.
To find Ker 9' = Q2(Sy). Let e1n = cre1 + ca0 + c3a + cyary + csaff + cgafa + craBa
with ¢; € K. Assume that e;n € Kerd'. Then de;n = 0 so dein = d(cre1 + coo +
csa + cqary + csaff + cgafa + crafaf) = 10 + csda + cqday = 0, that is, Therefore
c1 =c3 =c4 =0. Thus e1n = co0 + csaf + cgafa + crafaf.

Hence Ker &' = {co0 + c5a8 + csaBa + crafaf : ¢; € K}.

Claim. Kerd' = afle;A + gegA.

Proof. Let x € Ker 9'; then o = cy0 + csa8 + cgaBa + craBaf3, that is, x = aB(cser +
cea + crafl) + o(czez). Thus x € afer A + oeaA and therefore Ker 9! C afe; A + oeaA.

On the other hand, let y = afein+ oesv € affe; A+ gesA. Then, from the definition
of &1, we have that 0'(y) = 0'(aBein + oeav) = dafBein + doeav = 0. Therefore
y € Ker ' and so afei A + cea A C Ker 0.

Hence Ker ' = afei A + gesA. O
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So 92 : e1A @ eaA — e1A is given by (e1n, eav) — afern + oesv, for n,v € A.

12.2.12. Ker 9%

Now we want to find Ker 9% = Q3(Sy). Let e1n = cie1 + a0 + c3a + cqary + c5a3 +
ceafa + crafaf and esv = dies + do + ds(B + dy(Bo where ¢;, d; € K. Assume that
(e1m, eav) € Ker 82. Then aBein + geav = 0. So afle1n +oesr = afB(crer + cao + cza +
caay + csaf3 + ceaBa + crafaf) + o(diea + do¢ + d3(B + da(fo) = craf + czafa +
csafaf+dyo+dao+dsof = craf+ (e +do)afa+ (c; +ds)afaf +dio = 0. Thus
c1 =d; =0,dy = —cg and d3 = —c5. So e1n) = cao+cza+cgay+cesaf+cgaBa+craBal
and eav = —c3( —c5(B+ds(Bo. Therefore Ker 0% = {(coo +c3a+ciay+csaf+csaBa+
crafaf, —csC — csCB + dyCfo) : ¢i,dy € K}

Claim. Kerd? = (,0)e2A + (o, —()esA.

Proof. Let u € Ker 9%. Then u = (co0 + c3a + cqary + csa 8 + cgafa + crafaB, —c3 —
c5Cf+da(Bo), that is, u = (0,0)(c2e2)+ (v, —C)(eses+cay+esf+csfa+cr faf—dyfo).
Hence u € (0,0)eaA + (o, —C)esA and therefore Ker 9% C (o,0)eaA + (o, —()esA.

On the other hand, let v = (0,0)eav + (o, —()esA € (0,0)e2A + (a, —C)esA. Then,
from the definition of &2, we have that 92(v) = 0%((c, 0)eav + (o, —()e3\) = 9?(oeav +
aes), —CesA) = (aBa—a()esA+aBoeav = 0. Therefore v € Ker 92 and then (o, 0)ea A+
(o, —C)esA C Ker 0.

Hence Ker 02 = (0, 0)eaA + (a, —C)esA. O

So the map 02 : esA®esA — e ADeaA is given by (eav, e3A) — (0, 0)eav+(a, —()es,
for v, A € A.

Thus the maps for S; are:
O : (eav, e3\) — gear + aes),
0% : (eav,e3)) — (0, Bo)ear + (—(, fa)es,
03 (esA, eap) — (—C, Ba)esA + (0,7)eap,
for v, A\, u € A.
Also the maps for So are:
O 1 esh — Ces,
02 : (e3), eqpt) — Baes + yeqpu
0%+ (ern, eap) = (B, —6)ern + (v,0)eap,
for n,v, A € A.
And the maps for Ss are:
0"« (e1n, eap) v Pern + veap,
0 : (ern, eap) = (af, =8)ern + (ay, 0)eap,
9% : (exn, eav) = (B, —8)en + (o,0)ezv,

for n,v,u € A.
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Moreover, the maps for Sy are:
9! e — dern,
02 : (e1m, eav) — afein + ceav,
3 : (eav, e3\) = (0,0)eav + (o, —()es,
for n,v, A € A.

12.3. g% for 51,55, 53 and Sy.
Now we want to find the elements of ¢3; these are paths in K Q.

For S,
(e3,0) L (=¢,Ba) L (0,80)(=C) + (=C, Ba)(Ba) = (0,—BoC) + (—C(Bay, Bafar) =
(—(Ba, fafa — Bo() 9, —o(Ba+ aBapfa — afol, so —olPBa + afafBa — afol € g>.
(0,e4) £ (0,%) (0, 80)(0) + (=¢, Ba)(7) = (=7, Bar) L o ¢y + aBar,
so —o(y + aBay € g3.

For SQ
(e10) % (8,-0) & Bap — 6 % (Bap — ¢vb. s0 (Baf — (b € g
(0,e2) & (,0) & oy & ¢Bar, so (o € g
For S3
(e1,0) & (a,-6) & (@, ~8)af + (a7,0)(=6) = (afaf — a13,—6a) & fafaf —
Bavyd — véa B, so BaBaf — Bayd —yéaf € g>.
(0,e2) i (0,0) i (aB,—0)o 9, BafBo — véo, so fafo —ybo € g°.

For Sy
3 2 1
(e2,0) 9, (0,0) N afo 9, Safo, so dafo € g>.
(0,e3) % (o, =) % afa— ol 9, Safa — do(, so dafa — o € g°.

Let g} = afafa — afo¢ — olfa, g5 = afay — (v, g5 = (Baf — (6, g3 = (Bary,
gg’ = Bafaf — Bayd — ydap, gé’ = Bafo — vdo, g? = dafo and gg’ = dafa — do(. So
9> =A{9}. 9. 93,93, 92, 98, 93 93}

We know that ¢ = {aBa — o(, BaB — 9, (v, 60, Bary, afo, (Ba, daB}. Denote

9} = afa — o,

93 = Baf — 79,
93 = (7,
g3 = do,
93 = Bary,
98 = afo,
g% = (fa and
gg = Jdap.
So we have

73 = g2Ba — gg( = aBgi — og?,

95 = g?v = ag? — ag?,
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95 = 2B — 936 = (g3,

93 = 937 = (g8,

98 = 9503 — g30 = Bags — 743,
ge = 930 = Bgg — 91,

g% = g%a = 59% and

g8 = gia — gi¢ = dgi.

12.4. HH%(A).

From [16] we have the projective resolution of A

3 2 1 (0]
p3-Lsp2Copr T po Ly 0.

Apply Hompe(—,A) to get
0 Ay & 1 s 2 52 3
0 — Hompe (P, A) — Hompe (P, A) — Hompe (P, A) — Hompe(P°,A)— ...

12.4.1. Ker§%.
To find HH?(A) we need to find Ker 62 and Im §'. Let § € Ker 62; then § € Hompe(P?, A).
So the map 6 : P2 — A is given by

6:P>— A
€1 ®g2 e3 — jio+ jaafa
e3 ®g2 e1 — j3f + jufaf
ez @2 €4 0
es ®92 eg — 0
€3 ®g2 €4 Js57
e1 ®g2 €2 Jj60
€2 Qg2 €3 Ji¢
€4 Qg2 €1+ Jgo,
for some j; € K. The map d° : P> — P? is given by
e1®g ez e1®p fa—e1 ®p (—af®@pe3+0 Qg es,
el ®g§ e4 — e ®g% Y« ®g§ e4+o ®g§ e4,
ex®gzer = e ®p f—er®p0— (@ e,
e Qs €4 — €282y — (D2 €y,
€3 ®g3 €1 > €3 @2 af —e3 ®g2 0 — Ba ®gze1+7 Q2 e,
€3 ®gg ez — €3 ®g§ o — ﬁ®g§ e+ 7y ®gz €2,
€4 ®y3 e3> €4 Q2 0 — 0 ®gz €2,
ea®gz ez e @ a—eq @y ¢ — 5®g% es.
So the fact that #d® = 0 gives conditions on the coefficients j; € K.
We have 0d>(e; ®gs e3) = (J1a + jeafa)fa — (jeo )¢ — af(jia + jaafa) + o(j7¢) =
(—j6 + j7)afBa = 0 then jg = j7.
For 0d°(e1 ®3 e1) = (jrav + jaafa)y — a(jsy) = (j1 — js)ay = 0, that is, ji = js.

Also 0d*(e2 @3 e1) = (7€) — (43¢)8 = (j7 — j3)¢B = 0 and then jr = js.
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And 0d3(ey ®g3 €4) = 0.
For 0d°(e3 @43 1) = (j3f + jaBaB)aB — (j57)0 — Bo(jsh + jaBaf) +~(jsd) = (Js —
.]5)/80[ﬂ = 07 that iSv jS = j5'
Also 0d3(e3 ®ge e2) = (J3B + jafapB)o — B(jeo) = (js — Je)Po = 0 and then jg = js.
And 9d3(€4 ®g$ 62) =0.
And 0d*(eq ® g e3) = (jsd)a — d(j1a + jaafar) = (js — j1)da = 0, s0 js = ji.
So # € Ker 62 is given by
0:P2— A
e1 ®g2 €3 = jio+ jaafor
e3 ®g2 €1 — j36 + jufaf
€9 ®g§ eq— 0
€4 ®QZ eg — 0
€3 ®g2 €4 — J17
e1 ®gz €2 = 30
ez ®g2 €3 — j3(
€4 ®g2 €1 — J10,

where j; € K. Hence dim Ker 6% = 4.

12.4.2. Imé?.
Now to find Im 6'. Let ¢ € Hompe(P!, A). The map ¢ : P' — A is given by
€1 Qg €9 — 210
ez ®¢ e3 — 22(
e3 ®y €4 — 237
e4 Q5 €1 — 240
€1 ®q €3 — 250 + zgafa
e3 ®g e1 — 270 + 2383,
for z; € K.
We have the map d? : P2 — P! given by
e1 ®g% ez e1 Qg fa+a®@ga+af @y ez —e1 @y (— 0 Q¢ e3
e3 ®y2 €1 —e3®paf+ B8R B+ PaRsger —e3 @y 0 — v Qs er
e2 Qg2 eqsrr ea®cy+(Qyey
e4 ®g2 €2 — e Q50 + 0 Qg €2
e3 ®gp2 e4— €337+ Qa7 + P ®y €4
€1 Qg2 e3> € Ra fo+a®g o+ aff Qs e
€2 ®y2 €3 — €3 Q¢ B+ ( ®pa+ (f®ae3
€4 @2 €1 = eq Q5 af+ 60 Ra B+ 0a g e.
Then the map @d? is given by
pd*(e1 ®g2 e3) = (z50 + z5a8a)Ba + (210 + zsfaf)a + af(zsa + zeafa)
— (210)¢ — 0(220) = (=21 — 22 + 225 + 27)afa,
pd*(e3 ®g3 1) = (218 + zsBaf)af + B(zsa + zsafa)f + Balzrf + zsa3)

— (237)0 — y(246) = (—23 — 24 + 25 + 227) B3,
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pd®(e2 ® g3 e4) = (220)7 + ((237) =0,

pd*(es ®y2 €2) = (240)0 + 6(210) =0,

pd®(e3 ®g2 e1) = (218 + zsBaf)ay + B(zsa + zeafa)y + fa(zzy) =0,

pd*(e1 ®yz e2) = (50 + 25a8a) B0 + a(278 + zsfaf)o + af(z10) = 0,

pd®(e2 @2 e3) = (220) B + (278 + zsfaf)a + (B2 + zeafa) = 0,

pd*(ea ®yz e1) = (240) a3 + (25 + zeafax) B + da(z73 + 25faf) = 0.
We write ¢ = —21 — 29 + 225 + 27 and ¢ = —23 — 24 + 25 + 227.

Thus @d? is given by

P2 A

e1 ®g2 e3 cafa
€3 ®g2 €1 dBapf
e2 ®y2 €40

ey ®g3 eg — 0

es ®g§ eq— 0

el ®g§ eg — 0

€9 ®g$ ez +— 0

4 ®g2 €10,

where ¢, € K.

So
P2 - A
e1 ®gp2 e3 cafa
e3 ®gz €1+ ¢ fafs
else — 0,

Imd' =

with ¢, ¢ € K. So dimImé' = 2.

12.4.3. HH?(A). From 12.4.1 and 12.4.2 we have that dim HH?(A) = 2. Thus

r P2 A \
e1 ®g2 €3 = dio
€3 Rz 1 daf}
es ®g§ eq— 0

HH?(A) = €1 ®gz e 0

€3 ®g2 €4 — d17y

e1 ®g§ eg — doo

ez ®g2 €3 — da¢

e ®g§ e1 — di0,

with d; € K.
A basis of HH?(A) = sp{x, y} where

x:P?— A
el ®g% e3 —
€3 ®g§ €q =7y
€4 ®g§ e1— 0
else — 0,

81



e3 ®g2 €1 [
€1®g362r—>0
ez ®g2 €3 — ¢

else — 0.
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13. THE ALGEBRA Ag

Definition 13.1. [5] Let Ag be the algebra K Q/I where Q is the quiver

<L4
o ’YTiE
o
—3
B

N <—

and

I= <50é - €ﬁ7 e — ﬁ0—7 OéUﬁ, 5757 0’76’}/)‘

13.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA, esA and eqA where
eiA = sp{e1, a, a0, aoy, acyi},
ea\ = sp{es, 0,00,07, 000,070, 0803},
esh = sple, B,7, 80,70, B3, Boy, Bo Bo},
es\ = sp{eyq,0,¢,0a, ey, eve, evev}.

So we have for e; A

el
e
ao
oy
aoyd
For esA
€2
o



Also esA

N
/\
Ny

eve

evey
13.2. The minimal projective resolutions of the simple A-modules 51,55, S3
and S;.

13.2.1. The minimal projective resolution of the simple A-module S .

Now the minimal projective resolution of the simple A-module S; starts with:

81

€2A €1A 51 0
where 0! : egA — e A is given by esv — aegr, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 3 for the simple A-module

Sy.

13.2.2. Ker o'
To find Ker 9! = Q2(S}). Let eav = dyeg+dao +d3o3+dyoy+dsoBo+dgoyd+dro o3
with d; € K. Assume that esv € Ker 8'. Then aesr = 0, so a(dies + dao + dso3 +
dyoy + dsofBo + deoyd + drofofl) = dia + deao + dyaoy + dgaoyd = 0 and then
di =dy =dy = dg =0. Thus esv = d3zo 8 + dso 8o + droB0 .

Hence Ker 0! = {d303 + dso 30 + d7oo3 : d; € K}.

Claim. Kerd' = ofesA.
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Proof. Let x € Ker 9'; then = = d3o 3+ dso B0 + d7o 303, that is, x = o3(dses + dso +
d70/3). Thus = € o3ezA and therefore Ker 9! C ofesA.
On the other hand, let y = ofBesr € ofBeaA. Then from the definition of 9%, we have
that 9'(y) = 0' (0 Beav) = aoBeqv = 0. Therefore y € Ker &' and so oBes A C Ker 9.
Hence Ker ' = g8eA. O

So 0% : eaA — epA is given by esv — ofesy, for v € A.

13.2.3. Ker 0.

Now we want to find Ker 92 = Q3(S1). Let eav = dies + doo + d3o 3 + dyoy + dsoBo +
deoy6 +dro o with d; € K. Assume that e € Ker 8%, Then ofesr = 0. So 0Bear =
of(drea+dao+dso+dyoy+dsofo+deoyd+drofol) = diof+deofBo+dsofof =0,
that is, dy = do = d3 = 0. Thus esv = dyoy + ds080 + dgoyd + droBc 3. Therefore
Ker % = {d4oy + ds0 B0 + dgoy$ + droBaf3 : d; € K}.

Claim. Kerd? = oye4A.

Proof. Let u € Ker 8?. Then u = (d4oy + dso o + dgoyd + d7o o 3) so u = oy(dseq +
dse + dgd + d7ef3). Hence u € oyesA and therefore Ker 82 C oyesA.

On the other hand, let v = ovequ € oyesA. Then, from the definition of 9%, we
have that 92(v) = 0%(oyeau) = oBoyesp = 0. Therefore v € Ker 9% and then oyesA C
Ker 2.

Hence Ker 0 = oye4A. g

So the map 92 : e4A — esA is given by eqpu — oyeqp, for p € A.

13.2.4. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module S starts with:

al

63A 62A SQ 0

where 0! : e3A — eoA is given by es\ — ges), for A € A.
Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
So.

13.2.5. Ker .
To find Ker 0! = Q%(Sy). Let e3\ = fies + foB+ fay + faBo + fsv6 + feBo B+ frB0vy +
fsBoBo. Assume that eg\ € Ker 9. Then gesA = 0 so o(fiesz + f28 + f3y + faBo +
[sv6+ feBoB+ frBoy+ fsBoBo) = fio+ faoB+ fsov+ faoBo+ fs070 + feoBo 3 = 0,
that is, fi = fo = f3 = fa = f5 = f6 = 0. Thus e3\ = frB07 + fsfofo.

Hence Ker 0! = {f;80v + fsBoBo : fr,fs € K}.

Claim. Kerd' = yeyesA.
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Proof. Let x € Kerd'; then x = f;80y + fsfoBo. So x = vey(freq + fse). Thus
x € yeyeaA and therefore Ker 9! C vevyeyA.
On the other hand, let y = yeyesu € yeyesA. Then, from the definition of 9!, we
have that 8'(y) = 9 (yeyeau) = oyeyeqn = 0. So y € Ker ' and vyeyesA C Ker 0.
Hence Ker 0! = yeyesA. g

So 0% : e4A — ez is given by equ — yeyeau, for p € A.

13.2.6. Ker 0.

Now we want to find Ker 0% = Q3(Ss). Let eqpn = tieq + tad + tze + tyda + tsey +
teeye + treyey. Assume that equ € Ker 92. Then veyequ = 0. So yeyequ = vey(tieq +
tod + tse + t40a + tsey + tgeye + treyey) = t1yey + tgyeye = 0. So t1 = t3 = 0. Thus
eqpt = tob + tgda + tzey + tgeye + treyery. Therefore Ker 0% = {t20 + t4da + tsey +
teeye + treyey i t; € K}

Claim. Kerd? = de1A + eyesA.

Proof. Let u € Ker 0%. Then u = t20 +t46a+tsey+teeye+treyey so u = §(taer +tga)+
ev(tseq + tee + t7ey). Hence u € de1 A + eyeqA and therefore Ker 92 C deq A + eyeyA.
On the other hand, let v = de1n + eyeqgp € de1 A + eveqA. Then, from the definition
of 0%, we have that 0%(v) = 0%(6e1n + eyeap) = veydein + yeyeyeau = 0. Therefore
v € Ker 9% and then de; A + eyes A C Ker 02,
Hence Ker 8% = deq A + eyesA. O

So the map 9% : e;A @ egA — e4A is given by (e1n, eqpt) — de1n+evyeap, for n, u € A.

13.2.7. The minimal projective resolution of the simple A-module S3.

The minimal projective resolution of the simple A-module S3 starts with:

cr——eaA D esA o

€3A Sg 0
where 0! : eaA @ egA — e3A is given by (eav, equ) — Beav + vequ, for v, u € A.

Now we need to find Ker 9! and Ker 92 in order to find 92, 3 for the simple A-module
Ss.

13.2.8. Kerd?.

To find Ker 9' = Q2%(S3). Let eav = dyeg+dao +d3o3+dyoy+dsoBo+dgoyd+dro o3
and equ = tieq + tod + tse + tada + tsey + tgeye + treyey with d;, t; € K. Assume
that (eav,equ) € Kerd'. Then Besv + vequ = 0 so B(dies + dao + dzoB + dyoy +
dsofo + dgoyd + drofof) + y(ties + tad + tse + tada + tsey + tgeye + treyey) =
d1B8+dafo +d3foB + dyBoy + dsBoBo + t1y +tayd + tzye + tayda + tsyey + teyeve =
diB+t1y+teyd+ (da+1t3)Bo+ (ds+ts)Bof+ (dy+t5)vey+ (ds +tg) Bofo = 0, that is,
di =11 =ty =0,t3 = —do,t4 = —d3,t5 = —d4 and tg = —d5. Thus esv = dyo +d3zo 5+

dyoy + dsofBo 4+ dgoyd + droBo and eqpn = —doe — d3da — dyey — dseye + trevyery.
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Hence Ker 0 = {(dso + d3o3 + dyory + dsoBo + dgory$ + drofoB, —dae — d3ba —
daey — dseye + treyey)  di t7 € K}

Claim. Kerd! = (—0,¢)esA.

Proof. Let x € Ker d'; then x = (deo +d3o 3+ dyoy+dso o +dgoyd +dro B0 3, —dae —
dsda — dyey — dseye + treyey). So © = (—o,¢e)(—dges — dsf — dyy — dsfBo — dgyd —
d7B03 + t7yey). Thus z € (—0,€)ezA and therefore Ker 9' C (—0,¢)esA.

On the other hand, let y = (—0,¢)es\ € (—0,¢)egA. Then, from the definition of 9,
we have that 9 (y) = 01 ((—0,€)es)\) = (v& — Bo)esA = 0. Therefore y € Ker ' and so
(—o,e)esA C Ker 0.

Hence Ker 0! = (—o,¢)esA. O

So 0% : e3A — eaA @ eqA is given by: es\ — (—0,€)es), for A € A.

13.2.9. Kerd?.

Now we want to find Ker 02 = Q3(S3). Let e3\ = fres+ f283+ f3y+ faBo+ fsyd+ feBo S+
fzB07y + fsBopo with f; € K. Assume that e3\ € Ker 2. Then (—0,¢)esA = (0,0). So
(—0,e)esA = (—o,¢)(fres + f2f + f3v + fafo + f570 + feBoB + fr807 + fsBofo) =
(=fro = fa0B— fs0y — faoBo — fs076 — feo Bo B3, fre+ f2e8+ faey + facBo + frefoy) =
(0,0). So —f10 — fa03 — f307 — faoBo — fs076 — feoBof3 = 0, that is, f1 = fo = f3 =
Jo=Js = fo = 0. Also fie + faef + fsey + faefo + frefoy = 0 and then f1 = fo =
fs = f1= fr =0. Thus e3\ = fgBoB0. Therefore Ker 8> = {fsfoBo : fs € K }.

Claim. Ker9? = fofBoesA.

Proof. Let u € Ker 0%. Then u = f330 30, that is, u = B0 [0 (fse3). Hence u € BoBoesA
and therefore Ker 9% C BofoesA.

On the other hand, let v = Bofoes\ € BofBoesA. Then, from the definition of 92, we
have that 9%(v) = 0%(BoBoes\) = (—oBoBa,eBcp0)esh = (0,0). Therefore v € Ker 92
and then BofoesA C Ker 02.

Hence Ker 8% = fofoesA. O

So the map 92 : e3sA — e3A is given by e\ — [ofoes\, for X € A.
Note that Ker 9? = S3 and so Q3(S3) = Ss.

13.2.10. The minimal projective resolution of the simple A-module Sy.

The minimal projective resolution of the simple A-module Sy starts with:

o ea\ Sy 0

- ——>e1A D esA

where 0! : e1 A @ e3A — eqA is given by (e1n), e3\) — de1n + ez, for n, A € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

Sy.
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13.2.11. Ker9*.
To find Ker 8! = Q?(S,). Let e1n = cie1 + caa + czao + ciaoy + csaoyd and ez =
Jies + f28 + fsv + faBo + f570 + feBoB + frB0v + fsBofo with ¢;, fi € K. Assume
that (e17, e3\) € Ker '. Then dein + e = 0 so e1n +ces\ = d(cre1 + coa + czao +
caaoy + csaoyd) +e(fies + faBB + f3v + faBo + f570 + fefBoB + frBoy + fsBofo) =
10 + cada + c3dao + cadaoy + fie + fael + faey + faefBo + frefoy = c10 + (c2 +
f2)da + (c3 + fa)efo + (ca + fr)eBoy + fie + fzey = 0, that is, c1 = f1 = f3 =
0, fo = —c9, f4 = —c3 and f7r = —c¢y. Thus e;n = coa + csao + cqaoy + csaoyd and
esA = —coff — c3fo + f570 + fofoB — caPoy + fsfBofo.

Hence Kerd' = {(coa + czao + cyaoy + czaoyd, —coff — c3B0 + f576 + feBof —
cafoy + fsfofo) : ¢, fi € K}.

Claim. Kerd! = (0,70)e1A + (o, —)eaA.

Proof. Let x € Ker 8'; then z = (caa + c3a0 + cqaoy + csaoys, —co3 — c3B0 + f5yd +
feBoB — cafoy + fsPBofo), that is, x = (0,76)(fse1) + (o, —B)(c2e2 + 30 + caoy +
c5078 — feo8 — fsoBo). Thus x € (0,78)e1A + (o, —3)eaA and therefore Ker 9! C
(0,70)e1 A + (o, —3)e2A.

On the other hand, let y = (0,7d)ein + (o, —B)eav € (0,70)e1 A + (o, —3)e2A.
Then, from the definition of &', we have that d'(y) = 9'((0,76)e1n + (o, —B)eav) =
O (aeqv, vde1n—Pesr) = daeqv+eydein—ceBesr = eydern+(sa—eB)eav = 0. Therefore
y € Ker &' and so (0,70)e1A + (o, —3)eaA C Ker 9.

Hence Ker 0! = (0,76)e1 A + (o, —3)eaA. O

So 02 : e;A @ eaA — e1 A @ e3A is given by (e1n, eav) — (0,v8)e1n + (o, —B3)eav, for
n,veA.

13.2.12. Ker 6.

Now we want to find Ker 9% = Q3(S4). Let e1n = ci1e1+coa+csao+cqiaoy+csaovyd and
eoV = dyes+dso+dsoB+dyoy+dsoBo+dgoyd+droBol with ¢;, d; € K. Assume that
(e1n, eav) € Ker 2. Then (0,vd)e1n+ (o, —3)ear = (0,0). So (0,7y8)e1n + (a, —B3)eav =
(0,76)(c1e1 + coax + czao + cyaoy + csaoyd) + (a, —)(d1ea + deo + dso 8 + dgoy +
dsofo + deoyd + drofof) = (dia+ deco 4+ dgavoy + dgaoyd, 170 + cayda + czydao —
d1f—dyfo —dsfBof —dyfoy—dsBofo) = (0,0). So dya+ doao + dyaoy + dgaoyd = 0,
that is, d1 = do = dy = dg = 0. Also ¢17v6 + coyda + c3vdao — di1 — doffo — dsfBof3 —
dyBoy—dsBafBo = c176 —d13—d2fo+(c2 —d3)Bo B —dsfoy+ (c3 —ds)BoBo = 0, that
is, ¢y =dy = do = ds = 0,d3s = ¢co,ds = c3. Thus e1n = coax + csao + cpaoy + csaoyd
and ey = cp0f3 + c30B0 + dyoBcf. Therefore Ker9? = {(coa + cz3ao + cqaoy +
csa0yd, cao B + cz3ofo + drofof) 1 ¢, dy € K}.

Claim. Ker 9? = (o, 03)eaA.
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Proof. Let u € Ker 0%. Then u = (caa+czao+ciaoy+csacys, caoB+csoBa+droBa3),
that is, u = («,00)(c2e2 + c30 + c407y + c5070 + d7of3). Hence u € (a,0f)e2A and
therefore Ker 0% C (v, 0 3)e2A.

On the other hand, let v = (a, 03)esv € (a, 0B)eaA. Then, from the definition of 92,
we have that 92(v) = 9%((a, 08)eav) = (0,70)a+ (o, =)0 8 = (o 3,y — BoB)eqv =
(0,0). Therefore v € Ker &? and then (o, 03)esA C Ker 9%

Hence Ker 02 = (a, 03)eaA. O

So the map 9% : eaA — e1 A @ eaA is given by esv — (o, 03)eqv, for v € A.

Thus the maps for Sy are:
Ol : esv — s,
02 : eav — o PBear,
O eqp — oyeup,
for v, u € A.
Also the maps for Sy are:
Ol 1 esh — ges,
02 : eqpu — yeveap
93 : (e1m, eqp) > dern + eyeqpt,
for n,v, A € A.
And the maps for S3 are:
O (equ, eqp) +— Beav + veyp,
0% 1 e3\ = (—0,e)es),
0% s es\ — Bofoes),
for v, A\, u € A.
Moreover, the maps for Sy are:
' : (e1n, e3\) > dein + ce3\,
0% : (e1n, eav) — (0,v8)e1n + (o, —B)eav,
3 : eav — (o, 03)eav,
for n,v, A € A.

13.3. ¢3 for S;, 55,53 and Sy.
Now we want to find the elements of ¢°; these are paths in K Q.

For Sl

& 52 ot 3
€4 ——> 0Y —— gfoy — aofo7y , SO0 acfBoy € g°.

For SQ
3 92 1

(e1,0) 9 ) vevE 0 ayeyd , so oyeyd € g

03 82 81 3
(0,e4) — €Y —— YEVEY —— OYEVEY , S0 0yeYey € g°.
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For S3

€3 % BoBo _& (—oBofo,efofo) _ oL —BoBoBo + vefBofo ,soveBolo—LoBofo €

9.

For Sy
e2 — L5 (o, 08) L (0,70)a + (0, —B)0B = (a0 B, 10a — Bof) —2= acf + evda — 280 ,
so dao B + eyda — o € ¢>.

Let g} = agfloy, g5 = 0vend, g3 = ovever, gi = vefofo — Bofofo, g3 = daa +
evda — efof.

So ¢* = {g%, 93, 93,93, 93 }-

We know that g% = {§a — 83, ve — B0, acf3,£76, cyev}. Denote

g2 = da —ep,

95 = e — fo,

93 = aop,

93 = €79,

g2 = o7yey.
So we have

93 = gdoy = —aogdy + ag?,
93 = 930 = o743,
3_ 2 _ 2 2
g3 = gsev = og3vey + o g3,
g3 = g3BoBo = —ygioBo — Bgie +vdg30 + Bogsye + Bofoygs,
93 = gioB + gia = 693 + €938 + evgi.

13.4. HH?(A).

From [16] we have the projective resolution of A

d3 d? d! d°
PY A 0.

pP3 P2 P!

Apply Hompe(—, A) to get
0 Ay 9° 1 4y 8 2 Ay 9 3
0 — Hompe(P”,A) — Hompe(P",A) — Hompe(P*, A) — Hompe(P°,A)— ...
13.4.1. Ker 4.

To find HH?(A) we need to find Ker 62 and Im §'. Let # € Ker 62; then § € Homy« (P2, A).

So the map 6 : P2 — A is given by
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0: P2 A
eq @g2 €3 — j1oo
e3 ®g2 €3 — joes + j3fo + jufofo
e1 ®y2 €3 — J50
€4 ®g2 €1 — j6o
ez ®g2 €4+ j707,
for some j; € K. The map d> : P3 — P? is given by
el ®g:1>, €4 — €1 ®g§ oY + oo ®g§ V-« ®g§ eq,
€2 ®gs €1 — €3 ®p2 0 — 0y Q2 €y,
€2 ®g3 €41 €2 Qg2 €7 — 0 B2 VEY — af ®g2 €4,
e3®gses — €32 fofo+7®pofo+BR2e—70Q 20— Bo®p2ve—Fofo®zes,
e4®g:5; ey — 64®g% 0B+e4®gi a—(5®g§ €9 —5®g§ﬂ—€’y®g§ €.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d3(e; ®gys e4) = jsaoy + joaoy — jraoy = (jo + js — j7)aoy = 0 then
Jr=J2+ Js-

For 0d>(es ®g3 €1) = j7076 — jsoy6 = (—je6 + jr)oyd = 0, that is, jo = jr.

Also 9d3(62 ®g§ eq) = 0.

And 9d3(63®9263) = (jees+jsfBo+jsfofo)Bolfo+ij1véacfo+B(jroy)e—yo(jsa)o—
Bo(jees + jsBo + japoBo)ye — BoBo(jaes +jsfo + jaBopo) = (—ja2 — js + j7)BoBo = 0,
that is, j7 = j2 + Js.

Finally 0d* (e4 ®gze2) = jrdaof+jeda— jsdo—e(jaes+js3fo+jafofo) S — jrevda =
(—j2 — js + j6)da = 0, that is, jo = j2 + js.

So 0 € Ker 62 is given by

6:P%— A
e4 ®g% eo — j10a
e3 ®y2 €3 — joes + j3fo + jufofo
e1 ®gz2 e2 — J50
€4 ®y2 €1 (jo + Jjs)o
€2 @g2 €4 — (j2 +J5)07,
where j; € K. Hence dim Ker 62 = 5.

13.4.2. Imé?.
Now to find Im §'. Let ¢ € Hompe (P!, A). The map ¢ : P! — A is given by
€1 Qo €2 = 21C
€2 Ry €3 — 290 + 23000
e3 g ea — 24 + 25003
e3 @y e4 — 267 + 27807y
€4 Qe €3 — 28E + 29EYE
e4 @5 €1 — 2109,
for z; € K.

We have the map d? : P2 — P! given by
91



84@9562'—>64®5a+5®a62—e4®56—5®ﬂ62
e3®g§e3’_’€3®75+’7®e€3—63®50—ﬁ®063

€1 Qg2 e €1 ®aoff+a®; f+ a0 e

e4®g2 €1 — €4 Qe Y0 +€®y 0+ 7 ®5 €1

e2 ®g2 €4 = €2 g V€Y + 0 By €7 + 07 Qe ¥ + 07E @y €4.

Then the map ¢d? is given by
g0d2(e4®g% e2) = 21000+ 21000 — 2863 — 29e¥e S — 2463 — 256 fo 8 = (21— 24— 28+ 210) 0,
@d?(e3 ®g2 e3) = 267€ + 27807e + 2876 + z9yeVE — 2430 — 250 B0 — 2930 — 230 o =
(=22 — 24 + 26 + 28) B0 + (—23 — 25 + 27 + 29) B0 fo,
od?(eq ®g2 €2) = 0,
od?(ey ®g2 €1) =0,
od?(eq ®g2 €4) = 0.
Thus d? is given by
P2 = A
€4 Rg2 €3 (21 — 24 — 28 + 210) 0«
€3 @z €3+ (—22 — 24 + 26 + 28)00 + (=23 — 25 + 27 + 29) B0 fo
e1 ®g§ eg — 0
eq ®QZ e1— 0

ez ®g2 eq — 0,
5

where z; € K. Therefore dim Im §! = 3.

13.4.3. HH?(A).
From 13.4.1 and 13.4.2 we have that dim HH?(A) = 2 and then
P2 A

e4 ®g% eg — 0

es ®g% e3 — dies

HHQ(A) - el ®g§ eg — doau
€4 ®g2 €1 (d1 + da)d
€2 ®g2 €4 — (d1 + d2)oy
with d; € K.
A basis of HH?*(A) = sp{z,y} where

x:P? A
€3 ®g§ €3 +— es3
eq ®QZ e1— 0
€3 ®gg €4 — 0
else — 0,

. P2 A
y: -
el ®g§ €2 —
€4 ®QZ e1+— 0
€2 ®g§ €4 — 07
else — 0.
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14. THE ALGEBRA Ajg

Definition 14.1. [5] Let Ajo be the algebra K Q/I where Q is the quiver

and

I = (CaB — (5v¢, aBd — 57C3, Ba, v((67)?).

14.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA, esA and egA where
e1A = sp{e1, B8, 33, B0, B6~C, BéyCat,
ea\ = sp{es, o, 0, a3, 8y, a0, 6vC, dyCar, afdy, af3d (Y,
es = sp{es, v,7(, vCo, 78, vCauB, ¥Cy,7(v(d},
es = sp{es, ¢, Ca, (6, (6, (07¢, CaBd, a3}

So we have for e; A

€1

B¢

BoyCa
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For es A

Also esA

€3

vCoy

yCap

vCov¢o



And for esA

€4

¢

N,
\ e

¢o¢

CapBé

CafBdy

14.2. The minimal projective resolutions of the simple A-modules 51, 59,53
and Sy.

14.2.1. The minimal projective resolution of the simple A-module Sy.

Now the minimal projective resolution of the simple A-module S starts with:

81

62A €1A Sl 0

where 0! : egA — e A is given by esv — Besv, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module
S1.

14.2.2. Ker 0.
To find Ker &' = Q2(S1). Let eqv = dyes + daa + ds3é + dya 3 + dsdy + dga 36 + d76y¢ +
dgdyCa + dgaB6~y + dioaB6y¢ with d; € K. Assume that esr € Ker 9'. Then Beqr = 0,
so B(diea +dya+d3é +dyaf +dsdy + dea 36 + d70y( + dgdy(a +doaBdy +dipa 367 () =
d10 + d3fB6 + ds 36y + d7B36v( + dg3dy(a = 0 and then d; = d3 = ds = d7 = dg = 0.
Thus eqv = doax + dyaf + dga 5 + doaGdy + dipa307C.

Hence Ker 0! = {dya + dya 3 + dsa 36 + doa 36y + dioaBd¢ : d; € K }.

Claim. Kerd! = ae;jA.

Proof. Let € Ker0'; then = = doax + dyaf + dga36 + doa B0y + digaB5~vC, that is,
x = aldey + dyf + dg36 + do367y + d10367C¢). Thus x € aeA and therefore Ker 9' C

aerA.
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On the other hand, let y = ae1n € aejA. Then from the definition of 91, we have
that 0'(y) = 0'(ae1n) = Baein = 0. Therefore y € Ker 8! and so ae; A C Ker 9.
Hence Ker 0' = aejA. O

So 0% : e1A — e is given by e1n — aern, for n € A.

14.2.3. Ker 9.

Now we want to find Ker 9% = Q3(S1). Let e1n = cre1 + o3+ 386 + 4367 + c5867¢ +
ce0yCa with ¢; € K. Assume that e;n € Ker 92. Then ae1n = 0. So ae1n = alcie; +
coB+ 30+ cafBdy +c5367C + ceBovCa) = cra+caaf+czaBd+ csafdy + csafdy( = 0,
that is, ¢ = ¢ = ¢3 = ¢4 = ¢5 = 0. Thus e;n = cgB67Ca. Therefore Ker9?> =
{ceBovCa : ¢ € K}.

Claim. Ker9? = 36yCaeiA.

Proof. Let u € Ker 9. Then u = cs37Ca so u = 35v(a(cger). Hence u € BdyCae; A
and therefore Ker 92 C dyCae;A.

On the other hand, let v = BdyCaein € BéyCaerA. Then, from the definition of 92,
we have that 0%(v) = 0%(B36yCae1n) = aBdyCaein = 0. Therefore v € Ker 9? and then
BéyCael A C Ker 62

Hence Ker 0% = B36vyCaerA. O

We remark that Ker 92 = S and then Q3(5;) = 5.
So the map 92 : e A — e1A is given by eyn — B6yCaern, for n € A.

14.2.4. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module Sy starts with:

2, e\ Sy 0

- ——>e1A D esA
where ' : e;A @ e3A — ez is given by (e1m, e3\) — aen + dez\, for n, A € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 93 for the simple A-module
S9.

14.2.5. Ker o'

To find Ker &' = Q?(S3). Let e1n = cre1 + 28 + 368 + caB367y + c5867¢ + ceBv¢a
and esA = fiez + foy + f37C + favCa + f57Co + fevCaB + fryCoy + fsy(ovCo with
ci, fi € K. Assume that (e1m,e3)\) € Ker 9'. Then aein + desA = 0 so aen + dez\ =
a(crer + 2 + 386 + caffdy + c5867¢ + ceB0yCa) + d(fies + foy + f3v¢ + fayCa +
f57C0 + fevCaB + fryCoy + fsv(07v(d) = cra + c2a B + c3a 30 + caaB0y + csaB0C +
J16 + f267 + f307C + fadyCa+ f507C0 + fedyCa + f707(0y = cia + caaf8 + f16 +
f20y 4+ f307C + fadyCa + (e3 + f5)aB0 + (cq + fr)aBéy + (c5 + fo)aBéy( = 0, that
is,c1 =ce=fi=fo=fs=/f1=0,fs = —c3,fr = —cy and fo = —c5. Thus

e1n = c3B0+caB6y+c5867(+ceF6vCa and ez = —c37(6—cay(oy—csyCafB+ fyy(dv(o.
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Hence Ker 8! = {(c330 + ca367 + ¢5357¢ + c6B85vCar, —c3v(S — cay(dy — esyCal3 +
f87C07C0) = ciy fs € K}

Claim. Kerd!' = (85, —v(d)esA.

Proof. Let x € Ker 0'; then = = (333 + c4307 + c585v¢ + c6 367 ar, —c37CS — cyy oy —
csvCaB + fs7(6vC6). So x = (B3, —v(0)(czes + cay + c57¢ + cgyvCa — f37¢5). Thus
x € (36, —v(d)esA and therefore Ker 9! C (36, —y(d)esA.

On the other hand, let y = (80, —y(d)esA € (B0, —v(d)esA. Then, from the def-
inition of &', we have that d'(y) = 9*((85, —y(d)esA) = (aBd — §v(d)esA = 0. So
(85, —yC¢d)esA C Ker 0.

Hence Ker 0! = (35, —y(d)esA. O

So 0% : e3A — e A @ e3A is given by ez — (8, —y(d)e3\, for A € A.

14.2.6. Ker 9.

Now we want to find Kerd? = Q3(Ss). Let esA = fiez + foy + f37¢ + fayCa +
F57Co + feyCaB + fryCoy + fsyCovCo with f; € K. Assume that es\ € Ker 9%. Then
(86, =y¢d)esA = (0,0). So (B3, —y(d)esA = (B, —v()(fies + foy + f37¢ + fayCo +
f57Co + fevCaB + fry(oy + fs7C6vCo) = (180 + f280 + f3807C + faBoyCa, — fiy(o —
favCoy = f37C07¢ = f57¢6v¢6) = (0,0). So f186 + f2367 + f3867C + faBdyCa = 0,
that is, fi = fo = f3 = fa = 0. Also —f17(0 — foy(6y — f37¢67¢ — f57C6v¢ = 0
and then f1 = fo = f3 = f5 = 0. Thus es\ = fevCafB + f77(0vy + fsy(dv(S. Therefore
Ker 0% = { fevCapf + fr7¢oy + fs7¢ovCo : fi € K}

Claim. Ker9? = y(éyesA.

Proof. Let u € Ker9?. Then u = feyCaf + fryCoy + fsyC6vCS so u = v(ov(freq +
feC + f3¢0). Hence u € y(dvesA and therefore Ker 92 C y(dyesA.

On the other hand, let v = y(éveqp € y(6vesA. Then, from the definition of 92,
we have that 0%(v) = 0%(y(dveqn) = (B6v(Sy, —v(5vC(y)eap = (0,0). Therefore v €
Ker 8% and then y(dyesA C Ker 62.

Hence Ker 0 = y(6ye4A. O

So the map 93 : e4A — e3A is given by eqp — yCveqpu, for pn € A.

14.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module Ss starts with:

81

64A 63A 53 0

where 9! : e4A — e3A is given by eqp — vyeqpu, for pn € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

S3.
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14.2.8. Ker o'l
To find Ker ' = Q2(S3). Let eqpt = treq +tal +t3Ca+14(6 + 156y +t6COVC + 7B +
tsCaBdy with t; € K. Assume that equ € Ker 9. Then vequ = 0 so y(tieq + tol +
tsCa + t4Co + t5C0y + t6COVC + trCafd + tsCaBdy) = t1y + tay( + tzyCa + t4yCo +
t5yCy + tey(ovC + tryCaBd = 0, that is, t1 = to = t3 = t4 = t5 = tg = ty = 0. Thus
eap = tsCaBoy.

Hence Ker 9! = {tgCafpéy : tg € K}.

Claim. Kerd' = (5v¢dvesA.

Proof. Let x € Kerd'; then 2 = tg¢a367. So x = (afdy(tges). Thus z € (aBdvesA
and therefore Ker &' C CaBdvesA.

On the other hand, let y = (afBdvesp € CaBdyesA. Then, from the definition of
0!, we have that 0'(y) = 9'(CaBdyespn) = YCapdyesu = 0. Therefore y € Ker 3! and
so CaBdyesA C Kerd'. Hence Kerd' = CaB6vyesA. But Cafdy = (5v(dy and then
Ker 0' = ¢6vyCovesA. O

Note that Ker 9! = Sy and Q?(S3) = S;.
So 02 : eqA — e4A is given by eqp — C6yCoyeapu, for pn € A.

14.2.9. Ker 9.

Now we want to find Ker 0% = Q3(S3). Let equt = t1eq+tal+tzCa+ts(6+t5¢5y+teCoy¢+
t7Cafd + tgCaBdy with t; € K. Assume that equ € Ker 9%. Then (6v(veqp = 0. So
COCOveatt = COYCOY(treq + o€ + toCar + £aCO + 15COY + L6CONC + trCa B0 + tsCafidy) =
t1¢0yCoy = 0, that is, t1 = 0. Thus eqp = to¢ +1t3¢a+14C0 +15(67 +1t6¢V +t7CB +
tsCa30y. Therefore Ker 02 = {to + t3Ca + t4¢8 + t5Cy + t6COYC + trCafs + tsCa By -
t; € K}.

Claim. Ker9? = (esA.

Proof. Let u € Ker 9. Then u = to( +t3Ca+1t4(0 +t5( 6y +t6(IVC +t7¢ B8 +tsCa 367,
that is, u = ((taea + tsa + t40 + t50y + tedyC + trafB0 + tgaBo7y). Hence u € (eaA and
therefore Ker 9% C CesA.
On the other hand, let v = (ear € CeaA. Then, from the definition of 32, we have that
0?(v) = 0%(Ceav) = (5v(¢6yCear = 0. Therefore v € Ker 92 and then (eaA C Ker 9.
Hence Ker 9% = CeaA. O

So the map 92 : eaA — e4A is given by eqrv — Cear, for v € A.
14.2.10. The minimal projective resolution of the simple A-module Sy.
The minimal projective resolution of the simple A-module Sy starts with:

81

62A 64A S4 0

where 0! : eaA — e4A is given by esv — Ceav, for v € A.
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Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
Sy.

14.2.11. Ker 9.

To find Ker 0! = Q2(Sy). Let eqv = dyes + daa + d3d + dya 8 + ds0y + dg 36 + d76y¢ +
dgdyCo + doaB6y + dipaSdy¢ with d; € K. Assume that esrv € Ker 0. Then Ceov = 0
so Ceav = ((diez + daax + d36 + dya3 + dsy + dea 30 + d70y( + dsdyCa + doa B0y +
dioa367C) = di¢ + daCar + d3(6 + daCaf + d5Cy + deCaBd + dr(oy(¢ + doCaBdy =
di1¢ + doCa+d3Cd + (dg + d7) 0y + dsCoy + deCaBd + doCaBdy = 0, that is, dj = dp =
ds = ds = dg = dg = 0,d7 = —dy. Thus esv = dy(af — 67¢) + dsdvCa + dipaB67C.

Hence Ker 0! = {dy(af3 — 67¢) + dsdvCa + dioaBd¢ : d; € K}

Claim. Ker 9! = (a3 — §v()e2A.

Proof. Let € Kerd'; then x = dy(af — §7v¢) + dgdyCa + dipa367¢, that is, =
(o — 07C)(dsea — dga) + aB0y((dioe2). However we can show that af6v((dipe2) C
(aff — 6v()eaA since aB6v((dipez) = (aff — dy()eat) where ext) = —djpa3. Thus = €
(B — 67¢)eaA and therefore Ker 9! C (aff — 6v¢)eaA.

On the other hand, let y = (a8 —9d7()eav € (afB—97()eaA. Then, from the definition
of &', we have that 9'(y) = 9'((aB — 5vQ)eav) = (Caf — (67¢)eav = 0. Therefore
y € Ker 9! and so (a3 — 67¢)eaA C Ker d'.

Hence Ker 9! = (a8 — 7¢)eaA. O

So 92 : eaA — eaA is given by eqv — (aff — 67()eav, for v € A.

14.2.12. Ker §?.

Now we want to find Ker 9> = Q3(Sy). Let eav = dies + dacv + d3d + dya3 + dséy +
dea36 + d70v¢ + dgovCa + doaBoy + digafBéy( with d; € K. Assume that esv €
Ker 2. Then (a8 — 67¢)eav = 0. So (aff — §7v()ear = (af — 67¢)(dres + daa + d36 +
dyaf8 + ds5dy + dga 36 + d70vC + dgdyCa + dga 36y + d1gaBdyC) = 0. So diaf + dsa 36 +
dsa 30y + d7aféy( — d16v¢ — d2dyCa — d36v( — dsdyCaf — ds6y(oy — d70v(o7¢ =
di(af — 6vC) — dodyCa — dyoyCafB = 0, that is, dy = do = dy = 0. Thus eqv =
d36 + ds0v + dea 3 + d76y¢ + dgdyCa + dga 367y + dipaBIY¢. Therefore Ker 0% = {d3d +
ds0y + dga 80 + d70v¢ + dgdyCa + doa 36y + dipa3oC = d; € K}.

Claim. Ker9? = desA.

Proof. Let u € Ker 9. Then u = d3d + dsdy + dga8d + d70v¢ + dgdyCa + doaBoy +
dipaB0~C, that is, u = d(dses + dsy + degy(d + d7y¢ + dgyCa + dgy(oy + dipyCIVC).
Hence u € desA and therefore Ker 9% C desA.

On the other hand, let v = deg\ € degA. Then, from the definition of 9%, we have that
0?(v) = 0%(bes\) = (aB6—6v(6)ezA = 0. Therefore v € Ker 9% and then dezA C Ker 9.

Hence Ker 8% = desA. O
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So the map 92 : e3A — esA is given by es\ — des\, for A € A.

Thus the maps for Sy are:
' : eqr — Bear,
9 e1n — aeqn,
& : exn — BoyCaern,
for n,v € A.
Also the maps for Ss are:
' : (e1m, e3)\) — ae1n + SegA,
02 : e3\ — (B0, —y(6)es\
O - eap — Coveap,
for n, u, A € A.
And the maps for S are:
o' eap — veap,
0 : eap — COyCovyeap,
0% : equ — Cegu,
for v, u € A.
Moreover, the maps for Sy are:
0! : equ = Cegr,
0% : eqv = (af — 07C)ea,
0% 1 e3\ — des),
for v, A € A.

14.3. g3 for 81,82,53 and 54.
Now we want to find the elements of ¢>; these are paths in K Q.

For Sl
I 02 ot 3
€1 — foy(a ——= afoy(a —— fafoyCa , so fafoyCa € g°.

For Sy

es —2 Gy (86, =vC)v¢dy = (Bdv¢o, —755%5’7) — a6y — 67(IvCoy

50 367(y — 67CoYCoy € g°.

82

For S5
o, O 92 ot 3
2 — ( —> (67CoY( —— 7(Iv(IV( , s0 ¥(Hv(oV¢ € g°.

For 54
& 92 ot 3
e3 ——= § —— afd — 0v(d —— Cafd — (5vCo , so CaBd — (ov(h € g°.

Let g} = BaBdv(a, g3 = aBdy(sy — 67v¢6vC¢HY, g3 = v(6v¢HVE, g3 = CaBd — (6~(0.

So 93 = {g%’gé))?ggvgz}'
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We know that g% = {Caf — (0v¢, aBd — 5v(6, Ba, v(¢5v)?}. Denote

91 = P,
93 = afd — 67¢0,
95 = 7(¢o7)?%,
93 = CaB — (5.

So we have
93 = g3 B6vCa = Bg3rCa — Bvgia + BovCags,
93 = g37Coy = agiBoy — aBgiy + 0936y — 6vCg3y — 043,
93 = 93¢ = —79107¢ — vgiaB +vCg3¢ + 1CagiB — v(ovgi,
93 = 930 = Cg5.

14.4. HH(A).

From [16] we have the projective resolution of A

3 2 1 (0]
p3-Lsp2ropr T po Ly 0.

Apply Hompe(—, A) to get
0 Ay 9 1 5! 2 Ay 92 3
0 — Hompe(P",A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...

14.4.1. Ker 4.
To find HH2(A) we need to find Ker 62 and Tm §'. Let § € Ker 62; then § € Hompe (P2, A).
So the map 6 : P2 — A is given by
6:P%2— A
e1 ®g2 e1 — jier + j2307Ca
€2 ®g2 €3 J30 + jaf0
€3 ®g2 €4 J57 + Je (0
€4 ®g2 €2 — j7¢ + js(oG,
for some j; € K. The map d3 : P2 — P? is given by
e1 ®gs e — €1 Qg2 foyCa — [ ®g2 vCa + Boy @2 o — BOy(ar @2 €1,
ez ®ys €4 — €2 Qg2 V(Y — A ®g2 07 + aff ®gz2 v — 67 ®g2 07
+ 07 ®gz2 v +9 ®g2 €4,
e3®gzer = e3®2 (+7 Q2 070 +7 O aff = Y( ®g2 7¢ —Y(a Q2 B
+ 700y ®g2 €2,
€y ®g2 e3 — eyq ®9§ 6—¢ ®g§ es.
So the fact that #d® = 0 gives conditions on the coefficients j; € K.
We have 0d°(e1 @3 e1) = (jie1 + j280vCe) BovCa — B(j3d + jaaBd)vCa + Boy(j7¢ +
J8CovCQ)a — BoyCa(jier + ja3dyCa) = (—js + j7)B6yCa = 0 then j7 = js.
For 0d*(e2® 3 €4) = (j30+ jaB)v( 8y — a(jier +j2BovCa) B3y + aB(j3d + jaa33)y —
6y (J7¢ + JsCvC) 0y + 67 (536 + jacxB8)y + 8 (Jsy + J6vCY) = (=1 + 353 + Jo — j7)aBovy +

J50y = (=J1 + 2J3 + Je)oBdy + 50y = 0, that is, jg = j1 — 233, j5 = 0.
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Also 0d(e3 @3 e2) = (57 + J67C0V)C + ¥(J7¢ + J8C07C)0VC + (¢ + js¢or¢)af —
YC(J30+jacBO)vC—Ca(jrer+j286vCa) B¢y (j7¢+8CVC) = (—ji+2j7+76)1CoVC+
J57¢ =0, that is, jo = j1 — 2j3,J5 = 0.

And 0d°(es®@gses) = (j7¢+7sC0vC)d—C (30 +jsaBd) = (j7—73)¢o+(js—ja)CaB3d = O,
that is, j7 = js, js = Ja.

So the map 6 : P> — A is given by

6:P?— A

e1 ®g2 e1 — jier + j207Ca
() ®g§ es — j30 + jaa B0

€3 ®gz €4 — (J1 — 2j3)7¢8y
€4 @2 €9 j3C + jaCo7C,

with j; € K. So dim Ker 62 = 4. Note that if char K = 2 or if char K # 2 the dim Ker §2

will remains the same.

14.4.2. Imé?.
Now to find Im 6*. Let ¢ € Hompe(P!, A). The map ¢ : P! — A is given by
e1 ®g ez — 218 + 22307(¢
€9 Rq €1 — 230 + 2407C
€9 Q5 €3 — 250 + 2630
e3 ®y eq4 — 277y + 287Co7y
e4 ®¢ ez — 29¢ + 210¢67C,
for z; € K.

We have the map d? : P? — P! given by:
e1®g2 €1 — €1 Qg a+ 5 Qqe1
e2 @z €3 — €2 Q0 f0+a®p0+af®se3 —er®5700 =0 ®y (0 — 0y ®¢ 6 —07¢ R;e3
€3 Qg2 €4 > €3 ®y (07CoY + 7 ©¢ 07CoY + ¢ @5 ¥COY + 7C @ (0 + (oY ®¢ 0y
+ 7CovC ®5 v + 7CIVCo @4 €4
€4 ®g2 €3 > €4 Q¢ af + (®a B+ Ca®g ez — €4 ®¢c 07¢ — Qs 7¢ — (6 @ ¢ — (0 @ €2.

Then the map @d? is given by:

pd®(e1 ®g2 1) = (218 + 22B07C) + Blzza + z467Ca) = (22 + 21) B07Car,

pd*(e2 ®yz €3) = (230 + 2407Ca) B8 + (218 + 22807¢)8 + aB(250 + 260/38) — (250 +
26030)7C6 — 0(27y + 287(0Y) (6 — 0v(29¢ + 21007¢)S — 07 (250 + z60x30) = (21 + 23 —
25 — 27 — 29) 30,

pd*(e3 @y2 €4) =0,

pd*(es @g2 €2) = (20 + 210¢07C)af + ((230 + 2207Ca)B + Ca(218 + 22807C) —
(20¢ + 210¢67C)67C — ((250 + 260B30)v( — (6(277 + 287C0Y)C — (67(29€ + 210¢H7C) =

(21 + 23 — 25 — 27 — 29)C0v(¢. We write ¢ = 29+ 24 and ¢ = 21 + 23 — 25 — 27 — 29.
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Thus ¢d? is given by
P2 S A
e1 ®g2 e1 = cBévCa
ez ®g2 €3 — daBd
€3 ®g§ eqs— 0
€4 ®g2 €3 — ¢,
where ¢, ¢ € K. Therefore dimIm §' = 2.

14.4.3. HH?(A).
From 14.4.1 and 14.4.2 we have that if char K = 2 then dim HH?(A) = 2 and
P2 - A
el ®g% e1 — dieq
HH?*(A) = { €2 ®g2 €3 dad
e3 ®g2 eq — d17Coy
e4 ®y2 €3 — daC,
with d; € K.
And a basis of HH?*(A) = sp{z,y} where
z:P?— A
e1 ®g% €1 e
€3 @g2 €4 — (oY
else — 0,
y:P?2 = A
€ ®g§ ez — 0
es ®g§ eqg— 0
4 ®y2 €2 — ¢
else — 0.
Now if char K # 2 then dim HH?(A) = 2 and
P2 5 A
e1 ®g2 e1 — diey
HH?*(A) = { €2 ®g2 €3 dad
€3 Qg2 €4 (d1 — 2d2)yCoy
€4 ®y2 € — daC
with d; € K.
And a basis of HH*(A) = sp{u, w} where
u:P?— A
€1 Qg2 €1 — €1
€3 Qg2 €4 — (oY
else — 0,
and
w:P?— A
ez ®g2 €3 — 1)
e3 ®gz €4 — —57(0y
€4 ®gz ez — C
else — 0.
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15. THE ALGEBRA Aq;

Definition 15.1. [5] Let Ay; be the algebra K Q/I where Q is the quiver

and
I= <")/Oéﬁ - 7577 aﬁ§ - 5757 ﬁaa 5/77 ng (75)2 - gé)

15.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA, esA and egA where
erA = sp{e1, 3, BE, By, BEyal,
e2A = sp{ez, o, &, a3, &7, afE, Eya, afE Y,
esA = sples, v, ¢, va, 7§, (0, va B},
es\ = sp{eq,0,0(}.
We have e A

€1

B§
BEY
Béva

For esA

By

Also esA
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And for esA

40,)449

0¢

15.2. The minimal projective resolutions of the simple A-modules S, 5,53
and Sj.

15.2.1. The minimal projective resolution of the simple A-module Si.

Now the minimal projective resolution of the simple A-module S starts with:

81

62A 61A Sl 0

where 0! : egA — e A is given by esv — fesv, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 3 for the simple A-module
S1.

15.2.2. Kerd!.
To find Ker &' = Q2(S1). Let eav = dyeg + doax + dzé + dya S + dséy + dga3E + dréya+
dgaB¢y with d; € K. Assume that eov € Ker ', Then Besrv = 0, so B(dies + doav +
d3§ + dsaf + ds€y + deaBE + dr§ya + dsaBEy) = di S + d3B€ + d5 58y + d7B§ya = 0
and then d; = d3 = ds = d7 = 0. Thus eqv = doax + dya 5 + dgaBE + dgaBEy.

Hence Ker 9! = {daa + dya 3 + dga 3¢ + dgaB¢y : d; € K}.

Claim. Kerd! = ae;A.

Proof. Let x € Ker 0%; then = = doar + dya B + dga5€ + dga €7, that is, z = a(dze; +
dyf + dgfE + dgfE7y). Thus = € ae A and therefore Ker o' C aeqA.
On the other hand, let y = ae1n € aeiA. Then from the definition of 9, we have
that 0'(y) = 0'(ae1n) = Baein = 0. Therefore y € Ker 8! and so ae; A C Ker §*.
Hence Ker ' = aejA. O

So 0% : e A — eaA is given by en — aeyn, for n € A.
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15.2.3. Ker 0.

Now we want to find Ker 92 = Q3(S1). Let e1n = cie1 + co8 + ¢3¢ + caBéy + e53&ya
with ¢; € K. Assume that e;n € Ker 8%. Then ae1n = 0. So aee1n = acreq+caB+c3BE+
c4BEy + e5BEva) = cra+ coaf + csaBE 4 caaBEy = 0, that is, ¢; = co = c3 = ¢4 = 0.
Thus e1n = c5B&ya. Therefore Ker 02 = {cs8¢ya: 5 € K.

Claim. Ker9? = B¢yaeiA.

Proof. Let u € Ker 9?. Then u = c53¢ya so u = B&ya(eser). Hence u € Béyaer A and
therefore Ker 82 C B3&yaeA.

On the other hand, let v = B&yaein € BéyaeiA. Then, from the definition of 92,
we have thatd?(v) = 0?(BEyae1n) = aBéyaein = 0. Therefore v € Ker 9? and then
Béyael A C Ker 02

Hence Ker 0% = B¢yae;A. 0

We remark that Ker 9% = S and then Q3(S;) = 5.
So the map 9% : e A — e A is given by eyn — B&yaen, for n € A.

15.2.4. The minimal projective resolution of the simple A-module So.
The minimal projective resolution of the simple A-module Sy starts with:

81

o ——=e1A D egA e\ Sy 0

where 0! : e1 A @ e3A — ez is given by (e1n), e3\) — aern + Ees, for n, A € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 3 for the simple A-module
So.

15.2.5. Ker d'.
To find Ker 8' = Q2(S3). Let e1n = creq + o3 + c38¢ + caB&y + 5By and e\ =
fres+ foy+ f3C+ faya+ f57v§ + fe(d + fryaB with ¢;, fi € K. Assume that (e1, e3\) €
Ker 9'. Then ae;n+&ezh = 050 aern+Eezl = alcireg +caff+c3fBE +cy By +cs BEya) +
E(fres + foy + f3C + fava+ f57€ + f6(d + fryvaB) = cra + caaf + czaBE + caaBEy +
[i€ + f2€y + faya+ 5676 + frévalB = cia+ caaff + (c3 + f5)aB8 + (ca + fr)aBsy +
J1i€+ 26y + fa€ya =0, that is, c1 = c2o = f1 = fo= fa =0, f5 = —c3, fr = —c4. Thus
e1n = c3f€ + cafEy + csB§ya and ez A = f3¢ — c37v€ + f6(d — cayal.

Hence Ker 9! = {(c30¢ + cafféy + csBEva, f3¢ — e37€ + f6(6 — cavaf) s ¢, fi € K}

Claim. Kerd' = (3¢, —v&)esA + (0,()esqA.

Proof. Let x € Ker d'; then 2 = (e3¢ + caB6y + c588va, f3¢ — c3vE+ f6(6 — cayaf3). So
r = (B, —vE)(cses +cay+csya) +(0, () (fzea+ f66). Thus x € (B, —7y€)esA+ (0, ()esA
and therefore Ker 9! C (3¢, —v€)esA + (0,()esA.

On the other hand, let y = (8, —v&)esA + (0,Q)espn € (BE, —vE)esA + (0, ()eqA.

Then, from the definition of 8!, we have that 9'(y) = 9'((3¢, —v€)esA + (0,()esp) =
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' (BEes, —vEesA+Ceap) = (afE—EvE)esA+ECean = 0. So (BE, —7§)esA+(0, ()esh C
Ker 9.
Hence Ker 0! = (8¢, —v€)esA + (0, ¢)eqA. O

So 0% : esA @ ey A — e A @ ez is given by (es), eqpt) — (BE, —y€)esA + (0, )eqp, for
A €A

15.2.6. Ker 0.

Now we want to find Ker 9% = Q3(S5). Let e3A = fiez+ foy+ f3C+ faya+ fsy&+ feCo+
fryaB and eqp = tieq + tod + t30¢ with fi,t; € K. Assume that (es), eqp) € Ker 9.
Then (88, —v§)esA + (0, ¢)eap = (0,0). So (BE, —vE)esA+ (0, C)eap = (B, =€) (fres +
Jor + fsC + fivar+ fsvE + foCO + frvaB) + (0,C)(brea + 120 + 150C) = (f15€ + fofiEy +
JaBéva, — f1vE— foyéy— f5767€) +(0, t1¢+t2¢0) = (0,0), so f18E+ f2BEy+ faféya = 0,
that is, f1 = fo = fo = 0. Also —f17§ — foy§y + t1¢ + (t2 — f5)(0 = 0 and then
fi=fa=t1 =0and f5 = ta. Thus egA = f3(+ f57§+ f6(o+ fryaf and esn = f56+t30C.
Therefore Ker 0% = {(f3¢ + f57€ + f6(0 + fryaB, f50 +t36¢) : fi,t3 € K}.

Claim. Ker9? = (7¢,8)esA + (¢, 0)eqA.

Proof. Let u € Kerd?. Then u = (f3¢ + f5v€ + f6CS + fryap, fs0 + t30¢) so u =
(7€, 6)(fses + fry + t3C) + (€, 0)(fsea + fo0). Hence u € (v€,6)esA + (¢, 0)esA and
therefore Ker 9% C (v€,6)esA + (¢, 0)esA.

On the other hand, let v = (7€,0)esA + ((,0)eaps € (7€,0)esA + (¢,0)esA. Then,
from the definition of 92, we have that 9%(v) = 92((v€,6)esA + (¢, 0)eapn) = (Yéez\ +
Ceapr, degA) = (BE, =€) (v§esA+Ceapr) +(0, () (FesA) = (BEvEes A+ BECeap, —vEvEesA—
YECeap)+(0, (oesN) = (BEvEesA+BECeap, —(vEvE—(d)esA—v€Cean) = (0,0). Therefore
v € Ker 9% and then (7€, 8)esA + (¢, 0)esA C Ker 02

Hence Ker 92 = (7€, 6)esA + (¢,0)eqA. O

So the map 9% : e3sA@esA — esADeyA is given by (es, eqpn) — (v, 6)esA+ (¢, 0)eqp,
for \,u € A.

15.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S3 starts with:

1
oA @ esh T g Ss 0
where 9! : eaA @ egA — e3A is given by (eav, eqpt) — yeav + Ceqp, for v, u € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
S3.

15.2.8. Kerd?.
To find Ker &' = Q2(S3). Let eav = dyea + docx + d3é + dya S + dséy + dgo3E 4 dréya +

dgsa &y and e = tieq + tad + t30¢ with d;, t; € K. Assume that (esv,equ) € Ker 0.
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Then yeav +Ceqpr = 0 so y(diea+doa+dsé + dyaf + ds &y + dsaSE + dréya+ dsaSEy) +
((trea +tad +130C) = diy + daya + dzv€ + dayaf + dsy€y + deyafE + t1¢ + 120 =
diy + dorye+ dgyE + (da + ds)yaf + (dg +12)C8 + ¢ = 0, that is, di = dp = d3 = £, =
0,ds = —dy and to = —dg. Thus eav = dy(af — &) + dsafBE + dr€ya + dgaBEy and
eqp = —dgd + t30¢.

Hence Ker 0! = {(d4(aB — £7) + dga B¢ + dréya + dgaféy, —dgd +130C) : d;,t3 € K }.

Claim. Ker 9! = (a8 — £v,0)eaA + (£7€, —6)esA.

Proof. Let x € Ker 8'; then o = (dy(af — £v) + dga B¢ + dréya + dgaBEry, —dgd +t36C).
So x = (af — &7, 0)(dsex + de€ — dra + dg&y) + (§7E€, —0)(dges + t3¢ + dgy). Thus x €
(af —£v,0)ea A + (£7€, —6)esA and therefore Ker 9' C (a3 — &7, 0)eaA + (€€, —5)esA.

On the other hand, let y = (af — &v,0)eqv + (§7€, —0)es\ € (aff — £v,0)es A +
(év€, —8)esA. Then, from the definition of 9!, we have that 9'(y) = 9' ((af8—&y, 0)eqv+
(EvE, —0)esN) = ' ((af—Ey)eav+Ex€esh, —bes) = (ya—yEy)eav+(vEVE—(d)esh =
0. Therefore y € Ker 3! and so (a3 — £7v,0)ea + (£7€, —6)esA C Ker 9.

Hence Ker 0! = (a3 — £7,0)eaA + (£7€, —0)esA. O

S0 02 : eaA®esA — eaA®eyA is given by (ear, e3)) — (B —E7,0)eav+(E7E, —5)es,
for v, A € A.

15.2.9. Ker 9.

Now we want to find Ker9? = Q3(S3). Let eav = dyes + doa + d3é + dyaff + dséy +
dea 3§ +d7§ya+dsafly and esA = fies+ foy + f3¢ + fava+ fs7€ + feCd+ fryaS with
di, fi € K. Assume that (eav, e3\) € Ker 2. Then (a3 — £7v,0)ear + (£4€, —)es) =
(0,0). So (aB—¢&v,0)eav+ (§7E, —d)esA = (af—&7,0)(dree +daa+dsé +dya S+ dséy +
deaB€ + dréya+dsaBEy) + (§vE, —0) (fres + fay + f3( + faya+ fs7€ + f6Co + fryaB) =
(diaf — di€y — de€ya+ dsaB§ — d3§yE — da&yaf3, 0) + (f1€7vE€ + f267Ey, — 10 — f36¢) =
(diaf — di€y — dobya — dséyaf + fi€v€ + f26v€y, —f16 — f30C) = (diaf — di€y —
dofya+ (f2 — da)§v€y + f187€, — 10 — f36¢) = (0,0). So diaf — di&y — da§ya+ (f2 —
da)évEy + f1€v€ = 0, that is, d; = do = f1 = 0 and fo = dy. Also —f10 — f30¢ = 0,
that is, fi = f3 = 0. Thus eqv = ds& + dyaf + d5év + dgaBE + dréya + dgaBéy and
es\ = dyy + faya + fsyE + f6C8 + fryaB. Therefore Ker 02 = {(dsé + dyaf3 + ds&y +
dea§ + dréya + dsaBEy, day + faya+ fsv§ + f6C0 + fryaB) o di, fi € K}

Claim. Ker9? = (af3,7)e2A + (£,0)esA.

Proof. Let u € Ker 92. Then u = (d3é + dya 8 + dséy + dea B¢ + dréya + dgaBEy, dyry +
fava+ fsv€ + f6C0 + fryap), that is, u = (aB,7)(dse2 + faa+ f5§ + f6€rE + frafB) +
(£,0)(dses + dsy — f57€ + dev€ + d7ya + dgyEy). Hence u € (af,v)es A + (€,0)esA and
therefore Ker 9% C (af3,v)ea + (£,0)e3A.

On the other hand, let v = (af,7)eav + (£,0)esA € (af,v)eaA + (£,0)esA. Then,

from the definition of 92, we have that 9%(v) = 0%((3,v)eav+(&,0)es\) = 0?(aBeav+
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Eesh, yeav) = (aff — €7, 0)(afeav + Ees)) + (§7€, —0)(veav) = (afaberr — Eyafesy +
afifesA — Ex€es, 0) + (Er&year, —dvear) = (afafeqr — E(yaf — vEy)ear + (af —
£v€)es\, —dvear) = (0,0). Therefore v € Kerd? and then (a3,7v)esA + (£,0)esA C
Ker 62.

Hence Ker 02 = (af3,7)eaA + (£,0)esA. O

So the map 9% : eaAPesA — eaADesA is given by (eav, e3)\) — (a3, v)eav+(£,0)es,
for v, A € A.

15.2.10. The minimal projective resolution of the simple A-module Sy.
The minimal projective resolution of the simple A-module Sy starts with:

81

es/\ es\ Sy 0

where 0! : e3A — e4A is given by ez — des ), for A € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 92 for the simple A-module
Sy.

15.2.11. Kerd'.
To find Ker ' = Q2(Sy). Let e3\ = fies + foy + f3¢ + faya + f57v& + f6¢6 + fryaB
with f; € K. Assume that esA € Kerd'. Then desA = 0 so dez\ = 0(fres + foy +
f3C + faya + fsv€ + f6Co + fryaB) = fio + f36¢ = 0, that is, fi = f3 = 0. Thus
esA = fay + faya+ fs7€ + feCo + fryap.

Hence Ker 8! = {foy + faya + f57€ + f6C6 + fryaB: f; € K}.

Claim. Ker 9! = yesA.

Proof. Let € Kerd'; then x = foy + faya + f57€ + f6(0 + fryafB, that is, x =
Y(faea + fra+ f5€ 4 fe&v€ + fraB). Thus = € yeaA and therefore Ker 9! C yeaA. On
the other hand, let y = vesr € vesA. Then, from the definition of &', we have that
' (y) = 0'(yeav) = 6veav = 0. Therefore y € Ker 8! and so yeaA C Ker 9.

Hence Ker 0! = yeaA. g

So 0% : eaA — e3A is given by egv — veav, for v € A.

15.2.12. Ker §?.

Now we want to find Ker 92 = Q3(S,). Let eav = dyeg + doa + d3é + dyaff + dséy +
deafBE + dréya + dgafBéy with d; € K. Assume that esv € Ker 92. Then year = 0. So
veav = y(diea+doa+dsé+dsaf+dsEy+deaSE+dréya+dsafEy) = 0. So diy+daya+
d3v€+dyyaf+dsyEy +deyaBE = diy +daya+dsyE+ (da+ds)yaB +deyaBE = 0, that
is, di = do = d3 = dg = 0 and ds = —dy4. Thus esrv = dyaf — ds&vy + d7€va + dgaBEry.
Therefore Ker 0% = {dyaf3 — dy&y + dréya + dgaBéy - d; € K}.

Claim. Kerd? = (aff — £7)e2A.
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Proof. Let u € Ker 8%, Then u = dya8 — dy&y + dréya + dgaféy, that is, u = (a3 —
£y)(dges — dra — dga3). Hence u € (aff — £7)eaA and therefore Ker 0 C (a8 — £7)eaA.
On the other hand, let v = (S —&7)eav € (af—Ev)eaA. Then, from the definition of
02, we have that 9%(v) = 0?((aS—£&7v)ear) = (yaB—~&y)ear = 0. Therefore v € Ker 92
and then (a8 — &y)eaA C Ker 9.
Hence Ker 02 = (a8 — £7)eaA. O

So the map 02 : eaA — eaA is given by esv — (a3 — &y)eav, for v € A.
Thus the maps for S; are:
Ol : esv — Bear,
9% : ern — aern,
O - e1n — Béyaern,
for n,v € A.
Also the maps for Sy are:
o' : (e1m, e3)\) — aern + Eez,
92 : (e3\, eap) = (BE, —v€)esh + (0,()eap
& (ea), eapr) = (Y€, 0)ead + (¢, 0)eaps,
for n, u, A € A.
And the maps for S3 are:
O' : (egv, eap) — veav + Ceap,
92 : (eav,e3)) = (@B — &7, 0)ear + (€46, —0)es,
03 : (eav, e3\) — (a3, 7)ear + (€,0)e3,
for v, A\, u € A.
Moreover, the maps for Sy are:
Ol s e3\ — des),
0? : equ > vyeou,
3 : eav — (aff — £7)eav,
for v, A € A.

15.3. ¢3 for Si, 55,53 and Sy.
Now we want to find the elements of ¢>; these are paths in K Q.

For Sl
93 92 ot 3
€1 —— Byva —— afBéya —— BafBlya , so faBéya € g°.

For SQ
(63,02 g (7¢,9) i (BE, —vE)VE + (0,8)0 = (BEVE, —vEYE) + (0,¢0) = (BEVE, —vE~E +
¢o) g aBEVE — EvEVE + EC6, so afEVE — EvEvE + ECO € ¢
(0, e4) ~Z> (¢, 0) L (8, —1€)¢ = (BEC, —vE¢) —2> aBEC — €vEC , 50 aBEC—ExEC €
3

g .
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For S3
(c2,0) & (B,7) & (0 — €,0)a6 + (696, ~6)y = (afaff — Evaf,0) + (E4E7, —67) =
(aBaf — EyaB + &y, —67) 5 (vaBaf —vEvaB +7EvEy — Cov), so yaBaB —yEraB+
VEvEy — Coy € g°.
(0,¢3) 2> (€,0) —F> (0B — £9,0)¢ = (a6 — £4€,0) L= yafe —AErE , 0 yafE —
V€ € g°.

For Sy
o3 92 ot 3
€2 — (aff — &y) ——=yaf — vy ——= dyaf — 0v&y , so dyaf — €y € g°.

Let g7 = Baféya,
93 = afErE — ExEvE + £(6,
95 = apEC — &y,
g3 = vafaf — yEyaf + vEvEy — (67,
g8 = yaBE — yEvE,
g8 = 0y — 6v&n.
So g* = {47,935, 93, 93, 93, 9&}-
We know that g% = {ya8 — &y, aB¢ — &€4€, Ba, 87, £C, (v€)? — (6}. Denote

93 = Ba,
93 = afé — ¢,
93 = &,

93 = yaB — &y,
gg = (75)2 - C(Sa
g8 = 6v.

So we have

3_ 2 _n.2. 2 2
g1 = 91B&ya = Bgzya — BEgia + BEyagy,
93 = 937E + 936 = agiBE — £97 — afgs,
g3 = g5¢ = aBgi — &£vg3,

3 _ 2 2., 2123 2 2
g1 = giaB + g5y = vagi B — v£9; — CY§»
gg = ng = ’Yg%v
98 = giap — gi&y = dgi.

15.4. HH?(A).

From [16] we have the projective resolution of A

d? dt d®

d3
P! PY A 0.

P3 P2
Apply Hompe(—, A) to get

0 Ay 2 1Ay 8 2 a0 3
0 — Hompe(P”, A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...
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15.4.1. Ker 4.
To find HH?(A) we need to find Ker 62 and Tm 6'. Let § € Ker 62; then § € Hompe (P2, A).
So the map 6 : P2 — A is given by
6:P%>— A
e1 ®g2 e1 — jier + jaféya
ez ®g2 e3 — j3& + jaa5E
€2 ®y2 €4 0
e3 ®y2 €3 — J5y + jeyof
e3 Qg2 €3 — jres + g€ + joCo
€4 ®g2 e — 0,
for some j; € K. The map d° : P? — P? is given by
e1 ®gs €1 — €1 Qg2 By — B Qg2 yor + BE @2 v — By @2 en,
€2 ®g3 €3 > €3 ® g2 Y€ + e ®g2 0 — o Qg2 B€+§®g§ es +af ®gz2 €3,
€2 ®ys eq— €3 Q2 ( — af Oz 4 + &7 Q2 ey,
3@ e e3Rpafte®zy—700,2 0+ 026+ Qg e,
e3 ®y3 e3— €3 Q2 £ — 7 @2 €3,
€4 @gzex e @paff — ey ®p2 £y — 0 ®g2 €.
So the fact that #d® = 0 gives conditions on the coefficients j; € K.
We have 0d*(e1 @y e1) = (jre1 + j206va)BEva — B(js€ + jaaB)va + BE(j5y +
JevafB)a — BEya(jier + j2fEya) = (—js + js)BEyar = 0 then js = j.
For 0d*(e2 @43 e3) = (j3€ + jaaBE)VE — aljier + jafEva) BE +E(jres + js 7€ + jald) +
aB(js€ + jaaf) = (243 — jr + js)aBE + j7§ = 0, that is, js = j1 — 2jj3, j7 = 0.
Also 0d3(ez ®g3 €4) = 0.
And 0d*(e3® g3 e2) = (j5v +JevaB)aB+ (jres + jsv€ +5aC8)y —ya(jier +j2B8Eyer) B+
€[5y + JevaB) = (25 — j1 + js)yaf + jry = 0, that is, js = j1 — 2j5,j7 = 0.
For 0d*(e3 @43 €3) = (57 + jovaB)E — v (ja€ + jaa3E) = (js — j3)v€ + (J6 — j4)¢6 = 0,
that is, js = js, j6 = Ja-
Also 0d>(ey ® g3 e2) = —0(j5y + jeya5) = 0.
So So the map 6 : P? — A is given by
6:P>— A
e1 ®g2 €1 — jier + jaflna
ez ®g2 €3 — j3& + jaaSE
€2 g2 €4 0
€3 ®g2 €2 — j3v + jayaf
€3 Rz 3 (1 — 2j3)7€ + joCo
eq ®g§ eo — 0.

Hence dim Ker 62 = 5.

15.4.2. Im 4",
Now to find Im 6'. Let ¢ € Hompe (P!, A). The map ¢ : P! — A is given by

e1 ®@g e2 — 218 + 2288y
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€2 Qq €1 — 230 + 24EVx
e2 V¢ e3 — z5€ + zea 3
e3 @y ez — 277 + 2373
e3 @¢ e4 — 29¢
eq ®s e3 — 2100,
for z; € K.
We have the map d? : P2 — P! given by:
€1 ®g2 €1 €1 ®ga+ [ ®aq el
€2 ®g2 €3 — €2 Qo B+ a @&+ af Q¢ e3 — €2 Qe 7§ — £ ®y § — €7 D¢ €3
€2 @yz e4 > €2 Ve (+E ®¢ €4
e3 ®g2 €2 = e3 @y af +7®a f+ya®@ges —e3®y 87— 7Ry — 7 ®y e
€3 Qg2 €3 — €3 ®y EYE+7 D 7§ +7E @y £+ 7€ Qg e3 — €3 ¢ 0 — ( V5 €3
e4 ®g2 €2 — €4 Q577 + 0 Qy €2
Then the map ¢d? is given by:
pd*(e1 ®g2 e1) = (218 + 207)a + B(zza + uaéya) = (22 + 21) éa,

pd?(e2 ®, 2 e3) = (230 + 24870) B8 + o218 + 22067)§ + aB(z5€ + z6a8E) —

Zaaﬂ§ vE — &(z7y + 2z8vaB)§ — §v(258 + z6BE) = (21 + 23 — 25 — 27) 3,
€2 ®g2 €4) = (25€ + 26088)C + §(20€) = 0,

28703)Ey — v(25€ + 26BE)y — YE(27y + z8yaB) = (21 + 23 — 25 — 27)y0f3,

)
d*(
SﬁdQ(@B ®g2 €2) = (277 + z8vaf)af + (2300 + 24§7) B + ya(218 + 22887) —
)
(

(25€ +

(zry +

pd*(e3® g2€3) = (277 +287a3)67E+7 (258 +26088)7E +7€ (277 + 287B)E+7E7 (258 +

Zﬁaﬂf) (2’9()5 C(Zlofs) (225 + 22’7 — 29 — Zlo)C(S.

od?(ey ®gy2 e2) = (2100)7y + d(z7y + z8yaB3) = 0.

Thus (d? is given by
P2 A
e1 ®g% e1 +— (22 + z4) B¢y
ez ®g2 €3 — (21 + 23 — 25 — 27) €
es ®g§ eqg— 0
€3 ®g2 €3 > (21 + 23 — 25 — 27)703
es ®g§ es3 — (22’5 + 227 — 29 — ZIO)C(S
e4 ®g§ eo — 0,

where z; € K. Note that if char K = 2 or char K # 2 the dimIm ' = 3. Therefore

dimIm ¢! = 3.
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15.4.3. HH?(A).
From 15.4.1 and 15.4.2 we have that If char K = 2 then dim HH?(A) = 2 and
P2 A

e1 ®gf e1 — diey
es ®g§ e3 — dof
HH?*(A) = e2®gea—0

€3 ®g2 €2 — dyy
€3 Rz e3 — d17§
e4 ®g§ eg — 0

with d; € K.
A basis of HH?(A) = sp{u, w} where
u: P2 A
€1 ®g§ er— el
e3 ®g2 €3 — 7§
else — 0,
w:P?— A
ex ®g2 €3 §
€3 g2 €27
else — 0.
If char K # 2 then dim HH2(A) =2 and
( P2 N A )
el ®g% e1 — dieq
ez @2 e3 — daf
HH?*(A) = { €e2®g2€4—0
€3 ®y2 ey — dyy
€3 ®g2 €3 — (dy — 2d2)7
€4 ®g§ es — 0

with d; € K.
A basis of HH?(A) = sp{x, y} where

r:P?— A
el ®g% el — e
e3 Qg2 €3 7§
else — 0,

y: P2 — A

€2 ®g2 €3 — &

es ®9§ es —y

e3 ®g €3 — —57€

else — 0.
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16. THE ALGEBRA Ajo

Definition 16.1. [5] Let A2 be the algebra K Q/I where Q is the quiver

and
I= <555 - ar, Vﬁav (ﬁ6)3ﬂ>

16.1. The structure of the indecomposable projectives.

The indecomposable projective A-modules are e; A, eoA and esA where
e\ = sp{ey, «,0,003,0038,08003, 5B, 63630, 030353},
eah = splea, v, B, 7086, vB68,vB0Ba},
esA = sp{es, B, Ba, B3, Bary, B0 3, BOPBa, BaryB, Bary 36}

So we have for e; A

PN
]

536 B
5863
\55555
5363613

For esA
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€2

Y36

VBB
Also esA

e3
|
ﬁa/ \55

Bop

—

Pay 806

Bay 3

N

Bary3d
16.2. The minimal projective resolutions of the simple A-modules 57, S5 and

Ss.

16.2.1. The minimal projective resolution of the simple A-module Sy.

Now the minimal projective resolution of the simple A-module S starts with:

81

- —>eg A D esA e1\ S1 0

where 0! : eaA @ e3A — e1A is given by (eav, e3\) — aesr + des, for v, A € A.
116



Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
S1.

16.2.2. Ker o'
To find Ker &' = Q2(S1). Let eav = dyies + doy + dsyB + dayB3 + dsyB63 + dgy B Ba
and e3A = fies + foB + fsBa+ fa86 + fsBay + f6B808 + f730Ba + fsPBayB + foBayBd
with d;, f; € K. Assume that (esv,e3)) € Ker ', Then aesv + des\ = 0, so a(dies +
doy + d3vB + dayB6 + ds BB + deyBoSa) + 8(fres + fof + f3fa+ faBd + fsBay +
feBB + frB80Ba+ fsBayB + foBayBd) = dia+ daary + dzayB + dyay36 + dsay 565 +
f10 + f26B8 + f36Ba + f1080 + fséBay + f6dB6B + fséfayB = dia + (d2 + fa)ay +
(ds + fe)ayB + (dy + f5)avB6 + (ds + fs)ayBoS + fi10 + f208 + f3d8a = 0 and then
di=fi=fo=f3=0,do+ f1 =0,ds+ fe = 0,ds + f5 = 0, and d5 + fg = 0, so
Ji = —da, fo = —d3, fs = —dy, and fs = —d5. Thus eov = doy + d3yB + dyy36 +
dsYB08 +de B0 and e\ = —d2 86 — d3 B0 — dsfary — dsBayB+ f730Ba+ foBaryB0.
Hence Ker 0" = {(doy+d3yB+dsyB6+dsv36 3+ dev B0 fev, —d2 36 — d3 B0 — daffary —
dsBayB + fr36Ba + foBayBs) : di, fi € K}.

Claim. Kerd! = (—v, 36)esA.

Proof. Let x € Ker§'. Then = = (doy + d3y83 + day3 + d5vB65 + dev B8 B, —d2 36 —
d3p03 — dyfary — dsPayB + fr860a + fofay3d), that is, x = (=, 89)(—daes — d3 —
daf6—dsB63—deBdBa+ frB8a+ fo3635). Thus x € (—v, 8d)esA and therefore Ker 91 C
(=, Bd)esA.

On the other hand, let y = (—v, 8d)esA € (—v, Bd)esA. Then from the definition of
01, we have that 0'(y) = 0'((—, Bd)es\) = (—ay+636)esA = 0. Therefore y € Ker 0
and so (—7, 30)esA C Ker 9.

Hence Ker 9! = (—v, 86)esA. O

So 92 : e3A — eaA @ ez is given by ez\ — (—v, B6)e3\, for A € A.

16.2.3. Ker 0.

Now we want to find Ker 9% = Q3(S1). Let e3A = fiez + fo8 + f3Ba + f186 + fsPBay +
f6B93 + fr808a + fsBayB + foBayBs with f; € K. Assume that esA € Ker 82. Then
(=7, B)esA = 0. So (=, Bd)esA = (=, B9)(fres+ faB+ fsBa+ faB0+ fsBay+ f6 303+
f1B0Ba + fsBavyB + foBayB6) = (—fiy — favB8 — favB — fevBB — fryBoBa, {185 +
f2B0B+ f3B6Ba+ faBd B0+ f5 86 Bay+ fs30363) = (0,0), that is, — fiy— fayB— fayB6—
f67B308 — fryBdBa = 0 and then f1 = fo = fu = fo = fr = 0. Also f18 + f2368 +
[3B0Ba+ faBdBd+ f580ay + f60803 = 0 and then f1 = fo = fs = fa = f5 = fo = 0.
Thus e3A = fzBayB+ foBaryB6. Therefore Ker 0% = { fsBayB+ foBayB6 : fs, fo € K.

Claim. Ker9? = fayfe;A.

Proof. Let u € Ker 8. Then u = fsfBayf + fofayB33 so u = BayB(fser + fod). Hence

u € BayBer A and therefore Ker 02 C BayfBeiA.
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On the other hand, let v = BayBein € BayfeiA. Then, from the definition of 92, we

have that 9% (v) = 0*(BayBern) = (v, —B8)BayBern = (YBayB, —B6BaryB)ern = (0,0).
Therefore v € Ker 9% and then Ba~yfe; A C Ker 0.
Hence Ker 0% = BayBeiA. O

So the map 92 : e;A — e3A is given by e1n — BayBen, for n € A.

16.2.4. The minimal projective resolution of the simple A-module So.

The minimal projective resolution of the simple A-module S starts with:

al

es/\ ea\ So 0

where 9! : e3A — esA is given by esA — ez, for A € A.
Now we need to find Ker 9! and Ker 92 in order to find 8%, 3 for the simple A-module
S9.

16.2.5. Ker d'.
To find Kerd! = QQ(SQ). Let esA = fies + fofB + faBa + fi80 + fsPay + feB03 +
frB8Ba + faPayB + fofayBs with f; € K. Assume that es\ € Ker 8'. Then vyesA = 0
so yesA = y(fies+ foB+ fsBa+ faB6+ fsBavy+ feB6 5+ f180 Ba+ fsfayB+ foBayBs) =
Jiy + f2v8 + favBO + fevBOB + fryB0Ba = 0, that is, f1 = fa = fu = fe = fr = 0.
Thus ez = f3fa+ fsfay + fsPayB + fofaryB0.

Hence Ker 9! = { fsfa + fsfay + fsBayB + fofarBs : fi € K}.

Claim. Kerd' = faesA.

Proof. Let x € Ker 8. Then z = f3fBa+ fsBay+ fsBayB+ fofayBd. So x = Ba(fzea+
f5v + fsvB + foy35). Thus = € BaesA and therefore Ker 9' C SaesA.
On the other hand, let y = Baesr € BaegA. Then, from the definition of 9!, we have
that 0'(y) = 0! (Baeav) = yBaear = 0. Therefore y € Ker &' and then Saes A C Ker 1.
Hence Ker 0! = BaesA. O

So 0% : eaA — e3A is given by esv — Paegy, for v € A.

16.2.6. Ker 0.

Now we want to find Ker 02 = Q3(S3). Let eav = dyes +doy +dzy B3+ day 36 +dsy 363 +
d¢vB6Pa with d; € K. Assume that esv € Kerd?. Then fBaesr = 0. So Baeyy =
Ba(diea + doy + d3yB + dyyB + dsyB6S + devBIBa) = difa + dafary + dzfaryf +
dyBavyB6 = 0, that is, d; = do = d3 = dg = 0. Thus esv = d5vB63+devBdBa. Therefore
Ker 0% = {ds5363 + dgyB36Pa : d; € K }.

Claim. Ker 9? = v368e1A.

Proof. Let u € Ker 0%. Then u = d5yB63 + dey33Ba so u = v353(dse; + dga). Hence

u € yB6Pe1 A and therefore Ker 9% C v363e1A.
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On the other hand, let v = y36Bein € vB5BFe1A. Then, from the definition of 62,
we have that 0?(v) = 9%(y36Be1n) = BayB5Bein = 0. Therefore v € Ker 8% and then
vB6Be1 A C Ker 62

Hence Ker 8% = v3§3e1A. O

So the map 92 : e;A — esA is given by eyn — yB3Bein, for n € A.

16.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S3 starts with:

81

61A 63A S3 0

where 9! : e; A — e3A is given by eyn — Bein, for n € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 93 for the simple A-module
Ss.

16.2.8. Kerd'.
To find Kerd! = Q2(S3). Let e1n = cireq + caa + 36 + 468 + 5635 + 60363 +
créBa + cgd 3636 + cgd 36353 with ¢; € K. Assume that e;n € Kerd'. Then Bein = 0
so B(cie1 + coar + €30 + 4008 + 5030 + cgdBIS + crdBa + cgdFOBS + c9dBOBIS) =
18 + cofa + 380 + c4B68 + 56086 + ¢85 + crB0Ba + cgBIB3535 = 0, that is,
c1=ca=c3=cg=c5=cg=cy=cg=0. Thus e;n = cgd36343.

Hence Ker 0! = {co635363 : cg € K }.

Claim. Kerd' = 636368e1A.

Proof. Let x € Ker 0'. Then x = cg636353. So x = 635353(coe1). Thus x € §35363e1 A
and therefore Ker ' C §36363e1A.

On the other hand, let y = §35300e1n € 63535Be1A. Then, from the definition of
0!, we have that 9'(y) = 01(83635Be1n) = B6B5B3Be1n = 363535B3e1n = 0. Therefore
y € Ker 0! and so 636303e1A C Ker 0'.

Hence Ker 0" = 63636 3e1 A. O

So 0% : e A — e A is given by en — §36653e1n, for n € A.
Note that Ker 0! = Q?(S3) and then Q?(S3) = 9.

16.2.9. Ker 0.

Now we want to find Ker 92 = Q3(S3). Let e1n = cie1 + coar + 30 + 408 + ¢5635 +
c60363 + cr6Ba + cg6BIB6 + codBIB66 with ¢; € K. Assume that e;n € Ker 92. Then
0pB636Bern = 0. So 636BdPe1n = 68503 (c1e1 + caax + 30 + 403 + csay + ceay B +
c7dfBa + cgayfBo + coay3I3) = 1680303 = 0, that is, ¢; = 0. Thus e;n = coax + 30 +
c10B + csary + cgay B + crdBa + cgary36 + coary353. Therefore Ker 0% = {caa + 30 +
c40f + csary + ceay + crdfa+ csay [0 + coaryBS i ¢ € K}

Claim. Ker 9? = aesA + desA.
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Proof. Let u € Ker 0%. Then u = coa + 36 + c46 3 + csay 4 cgary B + c76 Bac + cgary 36 +
coay(303, that is, u = a(cees + c57v + cey0 + cg Y39 + coyB03) + d(cses + cufB + c7fa).
Hence u € aeaA + SesA and therefore Ker 92 C aea A + desA.

On the other hand, let v = aesv + degA € aesA 4+ desA. Then, from the definition of
02, we have that 92(v) = 0?(aear + dez)) = 63536 Baeav + 6353535esA = 0. Therefore
v € Ker 9% and then aesA + desA C Ker 2.

Hence Ker 0% = aeaA + desA. d

So the map 9% : eaA @ e3A — e A is given by (eav, e3)\) — aeav + des, for v, A € A.
Thus the maps for Sy are:
O : (eqv, e3\) — aear + e,
02 : e3\ = (=, B6)es,
& : e1n — BaryBern,
for n,v, A € A.
Also the maps for Sy are:
' i es\ — ves),
02 : equ — Baear
& : e = yB6Bern,
for n,v, A € A.
And the maps for Ss3 are:
9 s e1n — Ben,
0 : e — 63636 3ern,
D3 : (eav, e3\) > aear + e,

for n,v, A € A.

16.3. ¢> for S, S, and Ss.
Now we want to find the elements of ¢>; these are paths in K Q.
For 5

er —2% BarB ~Lw (=, 88)Bar B = (—yBanB, BBarB) —2= —ayBarB + 6858ars ,
so —ayBayf + 6B0parp € g,

For Sy

e1 -2+ 1858 —L BaryB68 —L= yBarB5B . so yBayBIB € gb.

For 53
(e2,0) — > a &+ 5368880 —2~ 3636858 , s0 B630B5Ba € ¢°.

(0,e5) —L> 5 -2+ 6868685 —L BSBSFOSS | so BEBSFSAS € gP.

Let g} = —ayBayf + 6805ays,

g3 = yBay BB,
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93 = BRSPS S,
g3 = BBSBS0.
So ¢* = {91, 93,93, 91}-
We know that g% = {636 — ay,vBa, (35)33}. Denote

91 =686 — a,

g5 = Ba,

93 = (86)*B.
So we have

g1 = 9iBayB = —agyyB — B3Bgi B + dg3,
93 = 931863 = —vBg1BB + vg3,

95 = g3 = B6Bgi B+ BoBags,

g3 = 936 = BgiBay + Bagdy + BOBS g

16.3.1. HH?(A).

From [16] we have the projective resolution of A

&3 42 d! d°
po A 0.

pP3 P2 P!

Apply Hompe(—, A) to get

0 Ay & 1Ay 0 2 Ay O 3
0 — Hompe (P, A) — Hompe (P, A) — Hompe(P*,A) — Hompe(P°,A)— ...

16.3.2. Ker 2.
To find HH?(A) we need to find Ker 62 and Im §'. Let 6 € Ker §2; then § € Hompe (P2, A).
So the map 6 : P? — A is given by

6:P>— A
€1 ®g2 ez j10 + j2030 + j36 5036
€2 ®g2 €3 > jaea + Jj5y B0
e3 ®g2 e1 — Jof + j1 000 + jsfar,
for some j; € K. The map d° : P> — P? is given by
e1®gs e1— €1 Qg2 fayf+a®p yB+ 0603 Q2 f—0 Q2 e,
ez ®gz 1 2 ®2 VPO + 7B @2 BOf — v ® g2 ex,
e3 ®gs €2 — €3 Q2 a0 — B0 ® 2 for — BOfar @2 €3,
€3 Qg €3 — €3 Q2 0 — B ®g2 Bary — fa @y — BSOS ®y2 e3.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d°(e1 ®g3 e1) = (j16 + j2039 + j303630) By + aljsez + j5yBd8a)ys +
6B6B(j16 + j2638 + j363630) 8 — 6 (je 8 + 7308 + jsBayB) = (241 — js)dfayB + (—jr +
ja)dB6B — jed8 = 0 then js = 241, j7 = js and jg = 0.

For 0d*(e2®y3 e1) = (juez+j5yB65a)yBS+vB(j10+ 52085+ j363538) 565 —(jo S+

J186B + jsBayB) = (ja — j7)vBB — jeyB = 0, that is, j7 = j4 and js = 0.
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Also 0d3(es ®g3 2) = (Jo + J7800 + jsPayf)a — BOS(j16 + j2030 + j363650) o —
Bépa(jaes + jsyB6pa) = jeBa + (—ja + jr)B6Sa = 0 then j7 = js and jg = 0.

And 0d*(e3 ® g e3) = (joS + j7B00 + JsBayB)d — B(j16 + 2088 + j303038)Bary —
Ba(jsez + jsyBéa)y — B6BB(J10 + j2dB0 + js6303) = (=241 + js)BayBd + (—ja +
J7)Bay + jeBd = 0, that is, je = 0,77 = js and js = 2ji.

So
6:P?— A
e1 ®g2 e3 — j10 + 2080 + j303630
ez ®g2 €9 > jaea + sy B0Sa
e3 ®y2 e1 — JufoS + 2j1fayf
Now we will consider two cases if char K = 2 and if char K # 2.

If char K = 2 then dim Ker 62 = 5 and we have
6:P%2— A
e1 ®g2 €3 — j10 + j2030 + j30/36 30
ez ®y2 € — jaey + j57B0
e3 ®g2 €1 — juf0S

Ker 62 =

Kerd? =

If char K # 2 then dim Ker 62 = 5 and we have

6:P?>— A

€1 @2 €3 — J10 + 72030 + j3036/30
€2 ®g2 €3 > jaea + jsy S0P

€3 ®g2 e1 — Jafof + 2j1 8oy

Ker 62 =

16.3.3. Imé?.
Now to find Im 6'. Let ¢ € Hompe (P!, A). The map ¢ : P' — A is given by
e1 ®q €2 — 2100+ 290 B
e1 ®s e3 — 230 + 24030 + 2503630
ex @~ €3 — 267 + 27750
e3 @p €1 — 283 + 29308 + 210870,
for z; € K.
We have the map d? : P2 — P! given by
e1 ®g2 €3 — €1 Rs PO +IRd+ B Rs5e3 —e1 @ay — a®ye3
e ®y2 €3 — €3 Qy fa+ 7 ®za+ 78 Qq €2
€3 Q2 €1 — e3Qp0[0B0[ + 6 ®;5 (0805 + 00 ®3 0005+ 03 ®s B + 5030 ©p 05 +
85858 @5 3 + 858585 @ €1.

Then the map @d? is given by

pd?(e1® g2 e3) = (230 + 24088 + 2503536) 86 + 0(28 + 20353+ 2108078)5 + 63(230 +
24630 + 2563630) — (2100 + 226 Ba)y — alze6Y + 277B6) = (—21 + 223 — 26 + 28)036 +
(—2z2 + 224 — 27 + 29)036 39,

pd®(e2® 3 €2) = (267 +27700) B+ (28 + 29803+ z10BayB)a+yB(z1a+ 220 8a) =

(22 + 27+ 2’9)’}/,35,60[
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©d?(e3 ®y2 e1) = (283429368 + z100ayB3)0 3036 B+ B(236 + 24030 + 25030 30) 3030 3+
B6(288+ 29363+ 210807 3)636 3+ B63(230 + 24030 + 2503030 ) B B+ B 36 (28 8+ 20 86+
z10B8ayB)6B + BOBSB(230 + 24636 + 256 8635) B + B03035 (288 + 2936 3 + z108a7B) = 0.
Thus @d? is given by
P2 A
e1 ®g2 €3 — (—21 + 223 — 26 + 28)0 30 + (—22 + 224 — 27 + 29)0 303
2 ®g2 €2 (22 + 27 + 29)v7B0 B
e3 ®,2 €10,
where z; € K.
Note that if char K = 2 then dimIm§! = 2 and
6:P%>— A
€1 ®g2 €3 — (21 + 26 + 28)0 30 + (22 + 27 + 29)036 39
€2 ®y2 €3 — (22 + 27 + 29)YB0 S
es ®g§ e1— 0

Imé! =

If char K # 2 then dimIm ! = 3 and

P2 S A

el ®g% e3 — (—Zl + 223 — 2z + 28)5&5 + (—22 + 224 — 27 + 29)5&555
€9 ®g§ €9 — (ZQ + 27+ 29)76(5606

es ®g§ e1— 0

Imé! =

16.3.4. HH?(A).

From 16.3.2 and 16.3.3 we have if char K = 2 then dim HH?*(A) = 3 and therefore
6:P>— A

el ®g% e3 — d10 + ded 066

) ®g§ e9 +— dszeo

e3 ®g2 e1 — d3f6p

HH?(A) =

with d; € K.
A basis of HH2(A) = sp{z,y, 2} where
x:P?— A
€1 ®g2 €3 — )
else — 0,
y:P?2 = A
€1 ®g% ez — 08050
else — 0,
z: P25 A
€2 ®g§ €9 > €9
es3 ®g§ e1 — (360
else — 0.

Note that y represents the same element of HH?(A) as

z: P25 A
ez ®g2 €3 — —vBé Lo
else — 0.
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If char K # 2 then dim HH?(A) = 2 and therefore
6: P> — A
el ®g% e3 — di0

2 —
HH (A) - €9 ®g§ €9 — d2€2
e3 ®g2 €1 — 300 + 2d1 fayf
with d; € K.
A basis of HH?(A) = sp{z,y} where

z:P?— A
e1 ®g2 €3 — 1)
€3 ®g2 €1 — %ﬂa’w
else — 0,
y: P2 — A
€2 ®g§ €2 — €3
€3 Rz €1+ (00
else — 0.
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17. THE ALGEBRA Aj3

Definition 17.1. [5] Let A3 be the algebra K Q/I where Q is the quiver

)
B s
l—==2—

and

I= <062 - 7ﬁ> 053 - 507 657 /BP)/)O—’%O“S? O'Oé>.

17.1. The structure of the indecomposable projectives.

The indecomposable projective A-modules are e; A, eoA and esA where
e1A = sple1, B, Bo, By},
ea\ = sp{es,, 6, o, ay, a2, a3},
es\ = sp{es,0,00}.

So we have for e; A

Pay
For esA

€2

N

a? ary
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It can be seen that rad eaA/soceaA has a simple direct summand (isomorphic to
S3). This shows that the simple module S3 does not lie at the end of a component of

the stable Auslander-Reiten quiver.

17.2. The minimal projective resolutions of the simple A-modules 51, S5 and
Ss.

17.2.1. The minimal projective resolution of the simple A-module Si.

Now the minimal projective resolution of the simple A-module Sy starts with:

81

62A 61A Sl 0

where 9! : eaA — €A is given by eqv — Besv, for v € A.
Now we need to find Ker ! and Ker 62 in order to find 92, 92 for the simple A-module
S1.

17.2.2. Ker 0l
To find Ker 9! = Q%(S). Let eav = dyes + doy + d3é + dya + dsary + dga® + dra® with
d; € K. Assume that eov € Kerd'. Then Beav = 0, so B(dies + doy + d3d + dga +
dsay + dga + dra®) = di1B + dyBa + dsBay = 0 and then d; = dy = d5 = 0. Thus
eav = doy + d3d + dga?® + dra>.

Hence Ker 0! = {dyy + d30 + dga® + d7a? : d; € K }.

Claim. Kerd' = ve; A + desA.

Proof. Let x € Ker 9'. Then x = day + d3d + dga® + d7a?, that is, 2 = y(daey + dg3) +
§(dses + d7o). Thus o € ye1 A + degA and therefore Ker 9! C yei A + degA.

On the other hand, let y = yein + degA € ye1 A + degA. Then from the definition of
0!, we have that 9'(y) = 0'(ye1n + des\) = Bryein + BdesA = 0. Therefore y € Ker 9*
and so ye1 A + dezA C Ker 0.

Hence Ker 0! = ye1 A + desA. O

So 92 : e1A @ e3A — eaA is given by (e1n, e3\) — yern + des, for n, A € A.
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17.2.3. Ker 0.

Now we want to find Ker 9% = Q3(S1). Let e1n = cie1 + co3 + c3Ba + c4Bary and e\ =
fres+fao+ f308 with ¢;, fi € K. Assume that (e17, e3\) € Ker 9%. Then yein-+desA = 0.
So yein + desA = y(cre1 + c23 + csfa+ cufary) + 0(fies + fao + f300) = c1y + o8+
c3yBa+ f10 4+ fodo =0, that is, ¢ = co = f1 =0, fo = —c3. Thus e1n = c3fa+ c4fay
and e3\ = —c30 + f3008. Therefore Ker 02 = {(c3Ba+cyBary, —c3o+ f3068) : ci, f3 € K }.

Claim. Ker9? = (Ba, —0)eaA.

Proof. Let u € Ker 82. Then u = (c3fa + cafBary, —c30 + f300) so u = (Ba, —0)(czea +
cyy — f30). Hence u € (Ba, —o)eaA and therefore Ker 9% C (Ba, —o)eaA.

On the other hand, let v = (8o, —0)esv € (Ba, —o)eaA. Then, from the definition of
02, we have that 02(v) = 0?((Ba, —0)eav) = (yBa — do)eav = 0. Therefore v € Ker 9*
and then (Ba, —0)eaA C Ker 62

Hence Ker 0% = (Ba, —0)eaA. O

So the map 02 : eaA — e1 A @ e3A is given by esv — (Ba, —0)ear, for v € A.
17.2.4. The minimal projective resolution of the simple A-module So.
The minimal projective resolution of the simple A-module Sy starts with:

81

o ——=>e1A D egA B egA ea\ Sy 0

where 0! : e1A @ eaA D esA — ez is given by (e1n, eav, e3\) — ve1n + aeav + dez\, for
v, N EA.

Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
Ss.

17.2.5. Ker ol
To find Ker 8' = Q%(S3). Let e1n = cre1 + c28 + c3fa + caffary, eav = dies + doy +
d3d +dyo + dsay + dgo® +dra® and es\ = fies + foo + f308 with ¢;, d;, fi € K. Assume
that (e1n, eav, e3\) € Ker &'. Then ve1n + aesr + dez\ = 0 s0 vye1n + aeav + des\ =
y(erer+caf+csfa+cafay) +a(dies +day+dsd +dya+dsary +dga® +dra®) + 5 ( fres +
foo + f300) = c1y+cayB+csyBa+dia+deary +dya? +dsad + f16+ f200 = c1y+ (ca+
dy)a? + (es+dg+ f2)oP +dia+daay+ f16 = 0, that is, ¢; =dy =do = f; = 0,dy = —c3
and fo = —c3—dg. Thus e1n = coff+c3Ba+cafBary, eav = dsd —caa+dsay +dga® +dro?
and es\ = —(c3 + dg)o + f300.

Hence Ker 0" = {(c28 + c3Ba+ cafBary, d3d — coa + dsary + dga® + dra, —(c3+ dg)o +
f300) 1 ¢, d;, f3 € K}

Claim. Kerd' = (—f,a,0)e2A + (0,02, —0)eaA + (0, 6,0)esA.

Proof. Let € Kerd'. Then x = (co3 + c38a + caffary, d3d — coar + dsary + dga® +

d7a?, —(c3 + dg)o + f300). So x = (—f3,a,0)(—caes — c3ax — cyay + dsy + dra®) +
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(0,02, —0)((c3+dg)ez — f36)+(0,5,0)(dses). Thus = € (=5, a, 0)eaA+ (0, 0%, —0)ea A+
(0,9,0)esA and therefore Ker 8! C (=3, a, 0)eaA + (0,02, —0)eaA + (0,5,0)esA.
On the other hand, let y = (=8, @, 0)eav+(0, a2, —a)eav+(0, 6, 0)es\ € (3, a, 0)ea A
+ (0,02, —0a)eaA + (0,9,0)e3A. Then, from the definition of 3!, we have that 9'(y) =
O (=B, a,0)eav+(0,a%, —0)eav+(0,6,0)e3\) = (—yB+a?)esv+(ad—60)eqv+ades\ =
0. Thus y € Ker 8! and then (—3, a,0)eaA + (0,02, —0)eaA + (0,6,0)esA C Ker §*.
Hence Ker 0! = (=, a,0)eaA + (0, a2, —0)eaA + (0, 6,0)e3A. O

S0 02 : eaABeaAPesA — e ADeaABesA is given by (eav, eav, e3)) — (—f, a, 0)eav+
(0,02, —0c)eav + (0,6,0)es\, for v, A € A.

17.2.6. Ker 0.

Now we want to find Kerd? = Q3(S;). Let eav = dies + doy + d3é + dya + dsary +
dea® +d7a® and es\ = fies + foo + f306 with d;, fi € K. Assume that (eav, eav, e3)) €
Ker 2. Then (-8, a, 0)eav + (0, %, —0)eav + (0,5,0)esA = (0,0,0). So (-0, a, 0)eav +
(0,02, —0)eav+(0,8,0)esA = (=3, a, 0)(dyea +doy +d3d + dya+ dsay + dga® + dra®) +
(0,02, —0)(dyea +doy +ds3é + dya +dsary + dga® +dra®) +(0,6,0)( frez + fao + f300) =
(—d18 — dyfBa — dsBary, dia + doary + dga® + dga, 0) + (0, d1a + dgad, —dyo — d3od) +
(0, f10+ f260,0) = (—d1 B—dsBa—dsBay, dia+deay+dsa® +dsad +dia® +dsad+ f10+
fabo, —dyo —dsod) = (0,0,0). So —d1f — dyfSe — ds By = 0, that is, dy = dy = d5 = 0.
Also dia+doay+dso +dgad+dia’+dso+ f16+ fodo = 0, thatis, dy = dy = dy = f1 =
0, fo = —dg. And for —dj0 — d3od = 0, that is, d; = d3 = 0. Thus esv = dga® + dvo®
and e3\ = —dgo + f300. Therefore Ker 02 = {(dga® + d7a?, —dgo + f3098) : d;, f3 € K }.

Claim. Ker9? = (a?, —0)e2A.

Proof. Let u € Ker 8%. Then u = (dga® + dra®, —dgo + f300) so u = (a?, —0)(dgea +
dra — f30). Hence u € (a2, —0)eaA and therefore Ker 82 C (a?, —o)eaA.

On the other hand, let v = (a?, —0)eav € (a?, —0)eaA. Then, from the definition of
02, we have that 9%(v) = 0?((a?, —0)eav) = (—Ba?, a*+(a®—60), —0a?)esv = (0,0,0).
Therefore v € Ker 9 and then (a2, —c)es A C Ker 0.

Hence Ker 02 = (a2, —0)e2A. O

So the map 93 : eaA — eaA @ eaA @ e3A is given by esv +— (a?, —0)eqv, for v € A.

17.2.7. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module S3 starts with:

81

€2A 63A 53 0

where 0! : egA — e3A is given by esv — gesv, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

S3.
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17.2.8. Ker o'l
To find Ker 9! = Q2(S3). Let eav = dieg + doy + d3é + dya + dsary + dga? + dra?
with d; € K. Assume that esv € Kerd'. Then cesv = 0 so o(dies + doy + d3d +
dya + dsay + dga® + d7a3) = dyo + dzoé = 0, that is, d; = d3 = 0. Thus esv =
doy + dga + dsary + dga? + das.

Hence Ker 0! = {doy + dya + dsay + dga® + dra® : d; € K}.

Claim. Kerd!' = ve A + aesA.

Proof. Let x € Kerd'. Then x = doy + dya + dsay + dga® + dra3. So x = y(dger) +
a(dses +dsy+dga+dra?). Thus o € yer A+ ez A and therefore Ker 0! C veq A +aesA.
On the other hand, let y = vye1n 4+ aear € ye1 A 4+ aeaA. Then, from the definition of
O, we have that 9'(y) = 9'(ve1n + aeav) = oye1n + ocaeqr = 0. Therefore y € Ker 0'
and so ve1 A + aegA C Ker 9.
Hence Ker 0! = ye; A + aesA. O

So 0% : e1A @ eaA — esA is given by: (e1m, eav) — vein + aegr, for n,v € A.

17.2.9. Ker 9.

Now we want to find Ker % = Q3(53). Let e1n = cre1 + o3 + c3fBa + csBay and eqv =
dies + doy + d3d + dyo + dsary + dga® + d7a® with ¢;, d; € K. Assume that (e1n, eav) €
Ker 92. Then yein+aesv = 0. So yern+aesr = y(cre1 +caff+c3Ba+cafary)+aldies+
doy+dsd+dya+dsay+dsa’ +drad) = c1y+cayB+csyBa+dia+daay+dia® +dea® =
c1y+dia+doary+(ca+dy)a® +(c3+dg)a® = 0, that is, ¢; = dy = dg = 0,dy = —co and
dg = —c3. Thus e1n = o8 + c3fBa + caBay and esv = d3d — coov + dsavy — c302 + dra’.
Therefore Ker 0% = {(c28+c3Ba+-csfay, —caa+dzd+dsay—csa+drad) : ¢ d; € K}

Claim. Ker9? = (—3,a)eaA + (0,0)esA.

Proof. Let u € Ker 8%. Then u = (co3+c3Ba+caBary, —caa+dzd+dsay —c3a® +dra?),
that is, u = (—3,a)(—c2e2 — c3a — caay + dyy + dra?) + (0,9)(dses). Hence u €
(=B, a)eaA + (0,8)esA and therefore Ker 92 C (—f, a)eaA + (0, 6)e3A.

On the other hand, let v = (=0, a)eav + (0,0)esA € (=3, a)eaA + (0,9)eszA. Then,
from the definition of 8, we have that 9%(v) = 92((—3, a)eav+ (0, 6)es)) = 0?(—Peav,
aeav + dez)) = y(—Peav) + a(aesr + deg)) = (a? — yB)eav + adezA = 0. Therefore
v € Ker 8% and then (—3, a)esA + (0, 6)esA C Ker 92.

Hence Ker 92 = (—3, a)eaA + (0, 0)esA. O

So the map 2 : eaA@esA — eg ADeaA is given by (eav, e3\) — (=3, a)eav+(0, §)es,
for v, A € A.
Thus the maps for S; are:
0! : esv — Bear,

0% (e1m, es\) — yein + des,
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3 : eav — (Ba, —0)eav,
for n,v, A € A.
Also the maps for Sy are:
' : (e1n, eav, e3)) — ye1n + aeav + des,
02 : (eqv, eav, e3)) = (=B, a,0)ear + (0,2, —0)eav + (0,5,0)e3A
03 eqv — (a2, —0)eav,
for n,v, A € A.
And the maps for Ss are:
Ol : eav — cear,
0% : (e1m, eav) — ye1n + aeav,
03 : (eav, e3\) — (=3, a)eqv + (0, 8)es\,
for n,v, A € A.

17.3. g3 for S1, S, and Ss.
Now we want to find the elements of g; these are paths in K Q.

For 57
93 92 ol

€2 — (fa, —0) ——yfBa — do —— fyfa — B0 , so Byfa — Béo € g*.
qu Sy
€2 i <a27_0) a_2> ((_ﬁvoﬁo) + (07 042,—0'))042 + (0757 O)(—O’) = (—ﬂa2,a4 + a3 -

1
do, —oa?) 9, —Ba2 +a® + ot — ado — d0a?, so a® + at — ado — yBa? — doa? € ¢

For S3

1

3 2
(€2,0) =2 (=B,0) —2> —4B + 0? —2> 5a?

—ovf, 80 ca? —oyB € g°.
3 2 1
(0,e3) - (0,6) RN , 50 oad € g3

Let g} = ByBa — Béo,
g5 =’ +a* —ado — yBa? — doa?,
g3 = 00 — o7,
gi = oad.
So ¢* = {47, 93, 93, 93}
We know that ¢ = {a? — 73, a3 — do, 36, 37, 07, ad, oa}. Denote

9t = B,
95 = 135,
93 = a® =B,
gZ =a’ — do,
g3 = as,
9% = o,
g2 = oa.
So we have

g3 = giBa — g30 = —Bgia + Bgi,
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93 = gia® + g30® — gio = agi + o*g3 — bgia — P93 — V91l + ag3yp
+ g3,

93 = gio — g3 = og3,

g1 = 970 = 0g3.

17.3.1. HH?(A).

From [16] we have the projective resolution of A

dt d®

3 2
d d po A 0.

P2 Pl

P3
Apply Hompe(—, A) to get

0 Ay 2 1Ay 8 2 a0 3
0 — Hompe(P”, A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...

17.3.2. Ker 2.
To find HH?(A) we need to find Ker 62 and Im §'. Let 6 € Ker 62; then § € Hompe (P2, A).
So the map 6 : P2 — A is given by
6:P2— A
e1 ®g2 e1 — jiey + jafory
e1 ®g§ ez — 0
€2 ®yz €2+ jaea + jaa + 5 + joa®
e2 ®g2 €2 — jrea + jsa + joa® + jioa’
€2 ®g2 €3 — j110
€3 ®gg e1 — 0
e3 ®g2 €2 J120,
for some j; € K. The map d3 : P2 — P? is given by
€1 @ €2 — €1 ®p2 for—e1 Q2 0+ B Qg2 o — B ®y2 e,
€9 ®g§, €9 l—>62®gi 042—|—€2®g§ a? — ey ®gga+5®g$a—|—7®g%ﬁ
—a®p 1B —ay®y f—a’ @ er+ 3@ e —a®g e,
3 ®g3 ea > e3 Rz v — e3 ®2 B—o ®g2 €2,

e3 ®9§ e3 — esg ®g$ d—o ®g§ es.

So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d*(e1 ® s e2) = (j1e1 +j28ay) Ba+ B(jser + jaa+ jsa® + joa’Ja— B(jrea +
jsa + joo + jioa®) = 0 then j7 = 0 and js = j1 + js.

For 0d*(e2 @43 €2) = (jirez + jsa + joa® + jioa®)a? + (jzez + jaa + jsa” + jea®)a® —
(j110)0 + 6(j120)a + y(jre1 + jaBar)B — a(jzer + jacx + jso + joo*)y3 — avy(jier +
JoBay)p — a?’(jgeg + jace +j5042 +j6a3) + 0 (jzea + jac +j5a2 +j6a3) —a(jres + jsa+
Joo® + jioa®) = (ji — js)a® + (2j4 — jo — ju)a® = 0, that is, jr = j3 = 0,js = j1 and
Jit = 2ja — Jo.

Also 0d3(e3 ®g3 e2) = (j120)a — o (jsea + jacx + jsa? + jea®) = 0 then j3 = 0.

And 0d3(e3 ®g3 €3) = (J120)0 — o (j110), that is, ji2 = ju1.
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So the map 6 : P? — A is given by
0: P2 A
e1 ®g2 e1 v jier + jafay
e1 ®g% ez — 0
e2 ®g2 €2 = oo+ jsa? + jead
ez ®g2 €3 — jior+ joo? + jroa®
ez ®g2 €3 — (244 — j9)o
es ®g§ e1— 0
€3 ®g2 €2 — (2j1 — jo)o
Now if char K # 2 then dim Ker §? = 7.
If char K = 2 then dim Ker §2 = 7 and
f: P2 A
e1 ®g2 €1 — jier + jafay
el ®g§ e3— 0
ez ®g2 €2 — jaor + jsa? + jea®
e2 ® g2 €2 = jra+ joo® + jioa
ez Qg2 €3 joo
es ®g§ e1— 0
es ®g$ eg — joo

Ker (52 = 3

\

Now if char K # 2 then dim Ker §% = 7 and

6:P?>— A

€1 ®g2 1 jier + jafay

e1 ®g2 €3 — 0

€2 ®yz €2 = jaa + jsa” + jea®
€2 ®g2 2 = jra+ joa® + jro
€2 ®g2 €3 — (21 — Jo)o

e3 Qg2 €1 0

€3 Qg2 €2 — (2j4 — jo)o

Ker (52 = 3

17.3.3. Im ™.
Now to find Im é'. Let ¢ € Hompe (P, A). The map ¢ : P' — A is given by
e1 ®p ez — 210 + 220
€2 @y e1 — 2377 + gy
€2 Qu €3 — 25€9 + 260 + 270 + 2803
ez @5 €3 — 290
€3 Qg €2 — 2100,
for z; € K.
We have the map d? : P2 — P! given by
e1 Xg2 €1 €1 ®py+ B ®ye1
e1®g2 e3> €1 Q30+ [ ®s e3
€2 @gz2 ez €2 Vo @+ a®a €2 — €20y F—7®g e
e2 ®g2 e3> €2 Do @2+ @p @+ 0% Ry 3 — €2 Q50— Qg €2

ez ®g2 e3— €3 Qg 0 + a R €3
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e3 @g2 €1 €3 B 7 + 0 @y €1

€3®g$ ex e3 Qg a0+ 0 Ky €9.
Then the map @d? is given by

od?(eq ®g2 e1) = (218 + 2280)7 + B(237 + zaa7) = (22 + 21) By,

od?(ey ®g2 €3) = (218 + 226a)d + B(296) = 0,

od?(ez ®g2 €2) = (25€2 + 260 + 2702 + 2303)a+ az5ea + zea + z7a® + zga3) — (2377 +
2407) B — (218 + z2fa) = 2z5a + (—21 — 23 + 226) 0 + (—20 — 24 + 227)a?,

od?(ez ®gz €2) = (25€2 + 2600 + 2702 + zga3)a? + azses + zga + 2702 + 2303)a +
o?(zses + zga + 270 + 280°%) — (290)0 — 0(2100) = 3z50% + (326 — 29 — 210)7°,

od?(ez ®g2 e3) = (z5e2 + zea + 2702 + 2303)6 + a(290) = 250,

pd*(e3 ®yz e1) = (2100)7 + (237 + z207) =0,

od?(e3 ®g2 e2) = (z100)a + o (z5e2 + 26 + z7a? + 2303) = z50.

Thus @d? is given by

P2 5 A

e1 ®g§ e1 — (22 + z4)Pary

el ®g§ ez — 0

€2 ®g2 €2 — 2z5a + (—z1 — 23 + 226)a® + (—22 — 24 + 227)0°
€2 ®g2 €2 — 3z5a? + (325 — 29 — 210)°

ez ®g2 €3 250

€3 ®gg e1— 0

es ®g$ €9 — 250,

where z; € K.
If char K = 2 then dimIm ¢! = 4 and

(P2 = A
el ®g% el — (2’2 + 2’4),304’7
e1 ®g2 e3+—0
e2 ®gz €2+ (21 + 23)a” + (22 + z4)a
€2 ®g§ €9 25042 + (25 + 29 + 2’10)043
€2 ®g§ e3 — 250

3
Imé' =

es ®g§- e1— 0
es ®g$ €9 > 250

\

If char K # 2 then dimIm ! = 5 and

0:P2— A )
€1 ®g2 €1 — (22 + 2z4)Bory

el ®g§ e3— 0

€2 ®g2 €2 — 2z5a + (—21 — 23 + 226)a® + (—22 — 24 + 227)
€2 ®g2 €3 — 3z5a? + (325 — 29 — 210)°

3
Imé' =

€2 ®g§ e3 — z50
es ®g§ e1— 0

es ®g$ €2 > 250
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17.3.4. HH?(A).
From 17.3.2 and 17.3.3 we have if char K = 2 then dim HH?(A) = 3 and therefore
6:P?— A

e1 ®g2 €1 — diey

el ®g§ ez — 0

e ®g?2’ ey — doa + doa®

HHQ(A) Y e ®g42 eg — dia
€9 ®g§ ez — 0
es ®g§ e1— 0
[ €3 ®g$ es — 0 J
with d; € K.
A basis of HH?(A) = sp{z,y, 2} where

x:P?2— A

€1 ®g§ €1 — e1
€9 ®9§ ey —
else — 0,

y: P2 = A
€2®g§62l—>04
else — 0,

2: P2 = A
62®g§€2'—>a
else — 0.

3

Note that z represents the same element of HH?(A) as

P2 A
else — 0.
If char K # 2 then dim HH?(A) = 2 and therefore
(6: P2 A )
el ®g% e1 — dieq
el ®g§ ez — 0
€9 ®g§ eg — 0

HHQ(A) ) e ®g2 €2 — dio+ dood?
e2 ®gz2 e3— 0
es ®g§ e1— 0
es ®g$ es — 0
with d; € K.
A basis of HH?*(A) = sp{z,y} where

z: P2 A
€1 ®g% €1 — €1
€ ®93 €2 —
else — 0,
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y: P2 = A
62®gzegn—>a
else — 0.

2

Note that y represents the same element of HH?(A) as

P2 — A

2
es ®g§ €9 — —%a
€9 ®g§ €3 — —?(5
€3 ®g$ €2 — —350
else — 0.
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18. THE ALGEBRA A4

Definition 18.1. [5] Let A14 be the algebra K Q/I where Q is the quiver

l—=2=—>3
and
I = (Ba — 670, adyd, v0v(6, af).

18.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eoA and esA where
e1\ = sp{ey, a, ad, ady, adys},
ea\ = sp{es, 3,9, 67, Ba, §v53, 69, dvBa, §vod },
esA = sp{es, 7, 78,706,707, ¥6vd, y6vdy, ¥dy0vS .
So we have e1 A

For esA

6v0~6

ovPa

Also esA
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gl
V6 / \ Yo
Yoy
~6v0
YOOy
Y¥ov6yd

18.2. The minimal projective resolutions of the simple A-modules 51, 5> and
Ss.

18.2.1. The minimal projective resolution of the simple A-module S .
Now the minimal projective resolution of the simple A-module S; starts with:

81

ea\ er A S1 0

where 0! : eaA — e A is given by esv — aegr, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 93 for the simple A-module
S1.

18.2.2. Kerd'.
To find Kerd!' = Q2(S1). Let eov = dies + dof3 + d3d + dydy + dsBa + dgdyB +
d70v0 + dgdyBa + dgdyoys with d; € K. Assume that esr € Kerd'. Then aesr =
0, so a(diea + dof + d3d + dsdy + dsfa + dgdy 5 + d76v0 + dgdyfSa + dodydvd) =
dia + dsad + dyady + dgadyB = 0 and then di = d3 = dy = dg = 0. Thus eqv =
dof3 + dsfBa + d76v0 + dgdyBa + dgdyd~yo.

Hence Ker 0! = {dy3 + dsBa + d70v5 + dgdyBa + dodydvd : d; € K}.

Claim. Ker9d' = Bej A + dydesA.

Proof. Let x € Kerd'. Then x = daf + dsBa + d70v0 + dgdyBa + dodydvd, that is,
x = f(deer + dsa+ dgady) + 6v0(dres + dgyd). Thus x € Beg A + §ydesA and therefore
Ker ' C Bei A + §ydesA.

On the other hand, let y = Bein+dvdesA € Ber A+ dvdesA. Then from the definition
of 9!, we have that d'(y) = 0'(Be1n + 6ydes)\) = afein + adydesA = 0. Therefore
y € Ker 0! and so fei A + dvdezA C Ker 0.

Hence Ker 0" = fej A + dvydesA. O

So 92 : e1A @ e3A — ez is given by (e1n, es\) — Bein + dydes, for n, A € A.
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18.2.3. Ker 0.

Now we want to find Ker 82 = Q3(S1). Let e1n = cre1 + caa + c3a6 + cqady + csady3
and ez A = frez+ foy+ 378+ fayd+ f5v0v+ feydvd + frydvdy + fsydvdvyd with ¢, f; €
K. Assume that (e1m,e3)) € Kerd?. Then Bein + dydesA = 0. So Bein + 6ydesh =
B(c1e1+caa+czad + cgady+csadyB) + 07 ( fres + foy+ f3vB+ fayd + f5yoy+ feyoyo +
f1v070y + fsy07070) = 18 + coffa + c3fad + cyffady + f1070 + fo070y + f107070 +
[507670y = e18 + f1670 + (c2 + fa)Ba + (c3 + fa)Bad + (ca + f5)Bady = 0, that is,
c1=f1=0,fs=—co, fs = —c3 and fs = —c4. Thus e1n = cosa+ czad 4+ cqdy+ csady
and es\ = —coy + f370 — 376 — caydy + feydvo + frydvdy + fsydydyd. Therefore
Ker9? = {(caa + c3a6 + cqady + csadyB, —cay + f378 — c376 — caydy + foydvys +
fry0v6y + fsy0v979) : ¢, fi € K}

Claim. Kerd? = (a, —7)e2A.

Proof. Let u € Ker 3%. Then u = (coar + c3a + caady + c5adv3, —coy + f373 — 376 —
cayoy + fey0y0 + frydydy+ fsydydvd) so u = (o, —y)(coe2+ 30 4+ 40y + 5070 — f3B —
fe6y — 676 — fs0v07vd) and therefore Ker 9% C (a, —)e2A.

On the other hand, let v = (a, —y)eav € (o, —7v)eaA. Then, from the definition of
02, we have that 9%(v) = 0%((a, —y)eav) = (B — 6707)eav = 0. Therefore v € Ker §?
and then (o, —y)eaA C Ker 02

Hence Ker 02 = (a, —v)e2A. O

So the map 02 : eaA — e1 A @ e3A is given by esv — (o, —)eav, for v € A.

18.2.4. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module S starts with:

81

- ——>e1A D esA ea\ Sy 0

where 0! : e1 A @ e3A — ez is given by (e1n, e3\) — Bein + des, for n, A € A.
Now we need to find Ker 9! and Ker 62 in order to find 92, 9° for the simple A-module
Ss.

18.2.5. Kerd'.

To find Ker 9' = Q?(Ss). Let e1n = cie1 + caa + c3a6 + cpady + czadyf and ez =
Jies+ fov+ 3B+ favd+ fs70v+ fevdvo + frydvdy+ fsydydyd with ¢;, f; € K. Assume
that (e1n, e3\) € Ker 0'. Then Bein +dez\ = 0 so Bern+desh = B(crer + coar + czad +
caady+csadyB) +6( fres+ foy+ fsvB+ fayd+ f5v0v+ feydvd+ frydydy + fsydydvyd) =
c1B+caBa+tcsfBad+csBady+ fi1o+ fady+ f307 8+ fady+ fs67v5y+ fedy 070+ fr0vdvdy =
a1+ (c2+ f5)Ba+ (c3 + fo)Bad + (ca + fr)Bady + f16 + fady + f3075 + fadv6 = 0,
that is, cq = f1 = fo = f3 = f1 = 0,f5 = —c2,f6 = —c3 and f; = —c4. Thus

e1n = coar+ c3ad + cqaady + csady B and e3A = —coydy — 36y — ca IOy + feydyoy.
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Hence Ker9' = {(caa + c3ad + cqady + c5adyB3, —coydy — c3ydyd — caydydy +
fsy0v970) 1 ¢, fs € K}

Claim. Ker 9! = (o, —y67)eaA.

Proof. Let x € Kerd'. Then = = (coar + c306 + caady + c5adyf3, —caydy — c376y —
cyy0y0y + fgydyoyd). So x = (a, —y7)(caea + 30 + c407y + 5678 — f3d6vd). Thus
x € (o, —y67y)eaA and therefore Ker 0! C (a, —y67)eaA.

On the other hand, let y = (o, —yd7y)earv € (a, —ydy)e2A. Then, from the definition
of &', we have that 9'(y) = 0 ((ar, —v67)eav) = (Ba — §ydv)earv = 0. Thus y € Ker d!
and then (o, —ydy)ea A C Ker 9.

Hence Ker 0! = (o, —v57)eaA. O

So 0% : eaA — e A @ e3A is given by esv — (o, —yd7)ear, for v € A.

18.2.6. Ker 0.

Now we want to find Ker 9? = Q3(Ss). Let eav = dyea+daS+d3d+dsby+dsBa+dgdy[+
d76y5+dgdyBa+dgdydys with d; € K. Assume that ear € Ker 92, Then (o, —ydy)ear =
0. So (e, =yd7)(drea + dof 4 d3d + dsdy + ds S+ dgdy 5 + d7 070 + dgdyBa+ dodydyd) =
(dia + dsad + dyady + dgady [, —d1ydy — dsydyd — dyydydy — d7ydydéyd) = (0,0).
Then dia 4+ dsad + dgady + dgadyB3 = 0, that is, dy = d3 = dgy = dg = 0. Also
—d1vdy — d3y0yd — dgydyéy — drydyéyd = 0, that is, dy = d3 = dy = d7 = 0. Thus
eav = daf3 + dsfa + dgdyBa + doby6yS Therefore Ker 2 = {dof3 + dsBa + dgdyBa +
dgdyo~yd : d; € K}.

Claim. Ker9? = fejA.

Proof. Let u € Ker8?. Then u = do3 + dsBa + dgdyBa + dgdydvd so u = [(daer +
dsa + dgady + dgad). Hence u € BerA and therefore Ker 0% C BejA.

On the other hand, let v = Be1n € BeiA. Then, from the definition of 9%, we have
that 0%(v) = 0%(Be1n) = (af, —ydyB)ein = (0,0). Therefore v € Kerd* and then
BeiA C Ker 02

Hence Ker 0% = fej A. O

So the map 93 : e;A — esA is given by eyn — Bein, for n € A.

18.2.7. The minimal projective resolution of the simple A-module S3. The minimal
projective resolution of the simple A-module S3 starts with:

81

62A 63A 53 0

where 9! : egA — e3A is given by eav — yeav, for v € A.
Now we need to find Ker 9! and Ker 92 in order to find 92, 9° for the simple A-module

S3.
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18.2.8. Kerd'.
To find Ker 0! = Q2(S3). Let eav = dies + do8 + d36 + dydy + dsBa + dgby3 + d7676 +
dgdyBa + dgdydyd with d; € K. Assume that esv € Ker 8. Then year = 0 so y(dyes +
daof8 + d3d + dydy + ds S+ dgdy [ + d707vd + dgdySa + dgdydyd) = diy + doyf + dsyd +
dyy6y+dsyBa+d7ydyd+deydydyd = 0, that is, dy = do =d3 =dy = ds = d7 = dg = 0.
Thus eqv = dgdvy [ + dgdyBa.

Hence Ker 0' = {dgé673 + dgéypa : d; € K}.

Claim. Kerd' = y8e1A.

Proof. Let € Kerd'. Then z = dgéy3 + dgdyBa. So z = 6yB3(dger + dga). Thus
x € 6vPeiA and therefore Ker 9! C §yBeiA.

On the other hand, let y = 6vBe1n € 6yBe1A. Then, from the definition of 9!, we
have that 9'(y) = 0'(0yBe1n) = vdyBern = 0. Therefore y € Ker ' and so dyBe; A C
Ker o',

Hence Ker 0! = §v3e;A. g

So 0% : e A — esA is given by: eyn — 6vBern, for n € A.

18.2.9. Ker 9.

Now we want to find Ker 9% = Q3(S3). Let e1n = cie1 + caax + c3a + caady + csady3
with ¢; € K. Assume that e;n € Ker 92, Then 0yBe1n = 0. So dyBe1n = 6vB(crer +
ot + c3ad + cpady + csadyf) = 1076 + c2dyPfa = 0, that is, ¢; = co = 0. Thus
e1n = czad + cqady + csadyB. Therefore Ker 02 = {c3ad + cyady + csadyB: ¢; € K}.

Claim. Ker 0? = adesA.

Proof. Let u € Ker %. Then u = c3ad + cqady + csady3, that is, u = ad(czes + c4y +
c573). Hence u € adesA and therefore Ker 92 C adesA.

On the other hand, let v = ades\ € adesA. Then, from the definition of 9%, we have
that 0?(v) = 9%*(ades\) = 6yBadesA = 0. Therefore v € Ker 9 and then adegA C
Ker 2.

Hence Ker 8% = adesA. O

So the map 93 : e3A — e A is given by ez — ades), for A € A.
Thus the maps for S; are:
Ol : esv — sy,
0% : (e1m, e3)\) — Bein + 6ydes,
03 eqv — (a, —)eav,
for n,v, A € A.
Also the maps for So are:
o' : (e1n, e3\) — Bein + des,

02 : eav — (ar, —y07)eav,
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& :e1n — Pern,
for n,v, A € A.
And the maps for Ss3 are:
0! : equ = vyeou,
& : e = dyBern,
0% 1 e3\ — ades,

for n,v, A € A.

18.3. ¢3 for S, S, and Ss.
Now we want to find the elements of ¢>; these are paths in K Q.
For Sl

3

P 82 ot 3
ez —— (a, —y) —— fa — 070y —— afa — adydy , so afia — adydy € g°.

For SQ
o3 92

1
e1 == 3L (0, —07)B = (af, —y07B) —= Baf — 57678 , so faf—5v67P € g*.
For S3
93 92 ot 3
€3 —— qbf —> dyBad —— yoéypad , so véyBad € g°.

Let g} = aBa — adydy,
g5 = Baf — 6v07B,
g3 = 707Basd.
So g° = {41,93. 93}.
We know that g% = {af3, advd, Ba — 557, v0v3}. Denote

g2 = ap,
g3 = advé,
g3 = Ba — 687,
93 = 0B
So we have

91 = gl — g3y = ag3,
g3 = g3B = Bg? — 643,
93 = g2ad = —7g2676 + ¥6v926 + vBg3.

18.4. HH?(A).

From [16] we have the projective resolution of A

3 2 1 0
p3—LsprCopt L po Ty 0.

Apply Hompe(—, A) to get

0 Ay 2 1Ay 8 2 a0 3
0 — Hompe(P”, A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...
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18.4.1. Ker 4.
To find HH?(A) we need to find Ker 62 and Tm 6'. Let § € Ker 62; then § € Hompe (P2, A).
So the map 6 : P2 — A is given by
6:P%>— A
e1 ®g2 €1 — jier + jaadyf
e1 ®yz2 €3 jsad
€2 ®g2 €2 — jaey + J507 + JeSor + jroy o
€3 ®g2 €1+ JgVf,
for some j; € K. The map d> : P> — P? is given by
€1 Qg3 €3 €1 Q2 v — €1 y2 Y — 0493%62,
e2®pe;—eaQpff—-FRQpe+0®yz e,
€3 Qg3 €3 — €3 Q2 ad +y ®g2 0y6 — oy ®g2 0 —~p ®g2 €3.
So the fact that 8d® = 0 gives conditions on the coefficients j; € K.
We have 0d*(e1® gge2) = (jie1+j2adyB)a—(jsad)y—a(jseatjsdy+iefatjrdvpfa) =
(j1 — ja)a = (J3 + js)ady = 0 then js = j1 and js = —js.
For 0d>(e; ®gz €1) = (Jae2 + j507 + Jo B+ jryBa) B — B(jrer + jaadyB) + 6(jsvB) =
(=j1+ ja)B + (js + js)0vB = 0, that is, js = j1 and jg = —js.
Also 0d3(e3 ®gs €3) = (JsyB)ad + v(jaez + js07 + jeBa + jrdvBa)dv8 — v0y(jaez +
7507 + jeBa + jr6vBa)d — yB(jsad) = (js — j3)yBad = 0 then js = js.
So the map 6 is given by
6:P>— A
e1 ®g2 €1 — jier + jaadyf
€1 ®y2 €3 — jaad
ez ®g2 €2 — jieg — 307 + oo + jroy o
€3 Qg2 €1 J3yf.
Thus dim Ker 62 = 5.

18.4.2. Imé?.
Now to find Im é'. Let ¢ € Hompe (P, A). The map ¢ : P' — A is given by
€1 Rq €2 — 210+ 220007y
ea ®ge1 — 2303 + 246703
e Qs €3 — 250 + 26070 + 27000
e3 @~ €2 — 28y + 29707 + 21070707,
for z; € K.
We have the map d? : P2 — P! given by
e1®g2 €1 €1 Qo B+ a®ger
e1 ®y2 €3 — € R 670 + o @5 70 + d ®- 0 + ady ®s e3
e2 ® 2 €2 = e @+ Qg €2 — €2 @5 Y0y — 0 @y 07 — 07 Vs 7 — 070 @4 €2
€3 ®y2 €1 — €3 Qy 070 + 7 Q5 Y0 + 70 @y B+ 70y Qg e1.
Then the map @d? is given by

pd*(e1 ®g2 1) = (210 + 22007) 6 + 2308 + 22078) = (22 + 21) a0,
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od?(e ®g2 €3) = (21004 220007) 870 + (256 + 26070 + 2767676) 76 + d (287 + 29707 +
21070707)0 + ady (250 + 26070 + 270v079) = 0,
s0d2(62®g§€2) = (230+240708)a+B(z1a+20007) — (250 + 26070+ 2707070 ) oy —0 (287 +
29707 + 21070707)07y — 07(250 + 26070 + 2707078)y — 075 (287 + 2970y + 21070707) =
(21 + 23 — 225 — 228) B + (22 + 24 — 226 — 229)07 S,
pd*(e3®@gzer) = (287429707 +21070707)07 B+ (250 + 26070 +2707078)y B+70 (287 +
2976 + 21070707) B + ¥0v (238 + 2467 B) = 0.
Thus @d? is given by
P2 5 A
€1 ®g2 €1+ (22 + z4) 673
el ®g§ e3— 0

€2 ®g2 €2 — (21 + 23 — 225 — 228) Pa + (22 + 24 — 226 — 229) 0y S
es ®92 el — 0,

where z; € K.
If char K = 2 then dimImd* = 2 and
P2 5 A
€1 ®g2 €1 (22 + z4)0yf
Imét =< el Qg2 eg +— 0
ez @2 €2 — (21 + 23) B + (22 + 24) 07 P
es ®QZ e1— 0

If char K # 2 then dimIm ! = 3 and

6:P2— A
€1 Rz €1 (22 + z4)dyf
Imd' =4 e1®ze3—0
€2 ®g2 €2 — (21 + 23 — 225 — 228) Ba+ (22 + 24 — 226 — 229)0vfc
es ®g§ e1— 0

18.4.3. HH?(A).
From 18.4.1 and 18.4.2 we have if char K = 2 then dim HH?(A) = 3 and therefore

6:P2— A
el ®g% e1 — dieq
HH?(A) = { €1 ®2 €3 — daad
ez Qg2 €3 dies — dody + dsdyPBa
€3 Qg2 €1 dyyf3

with d; € K.
A basis of HH?(A) = sp{z,y, 2} where

z: P2 A
€1 ®g% €1 — €1
€ ®g§ €9 > €9
else — 0,
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y: P2 = A
e1 ®y2 €3 — ad
€2 ®g§ ey = —07
e3 ®g2 e1 — 7B
else — 0,
z:P?2 = A
€2 ®g2 €2 — 0 Ba
else — 0.
Note that z represents the same element of HH?(A) as
P2 S A
e1 ®g% e1 — —adyf
else — 0.
If char K # 2 then dim HH?(A) = 2 and therefore
0:P2— A
e1 ®g2 €1 — diey
HH? (A) = e1 ®g§ e3 — doad
(h) ®g§ eg — dieg — d25’y
e3 ®g2 €1 — dyyf3
with d; € K.
A basis of HH?(A) = sp{z,y} where
xz:P?— A
€1 Qg2 €1 — €1
€2 Qg2 €2 — €2
else — 0,
y:P?2— A
el ®g§ e3 — ad
€ ®g§ e — —07
e3 ®g2 €1 — 7B
else — 0.
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19. THE ALGEBRA Ajs

Definition 19.1. [5] Let A5 be the algebra K Q/I where Q is the quiver

and

I= <’yﬂa,oz2 - 557/857 ao, ad — U’Y>

19.1. The structure of the indecomposable projectives.

The indecomposable projective A-modules are e; A, e A and esA where
e1A = sp{ey, a, 0,6, a6, a?, a3},
eah = sp{e2,v, 78,760},
es\ = sp{es, B, Ba, Bo, Bad}.

So we have for e; A

e

~

(67

a/
N

«
ol

For es A

€2

v

VB

vBo

Also esA
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19.2. The minimal projective resolutions of the simple A-modules 57,55 and
Ss.

19.2.1. The minimal projective resolution of the simple A-module S .

Now the minimal projective resolution of the simple A-module S; starts with:

e A @ e D esh — 2 el A S 0

where ' : e1A @ eaA D esA — erA is given by (e1n, eav, e3\) — aern + ceav + dez\, for
n, v, N EA.

Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
S1.

19.2.2. Kerd?.
To find Ker 9! = Q2(S1). Let e1n = cie1 + caa + c30 + 40 + csa8 + cga® + cra?,
eov = dieg + doy + d3yB + dyyBo and es\ = fres + fo3 + f3fBa + fifBo + f5Bad with
ci,d;, fi € K. Assume that (e1n, eav,e3)) € Kerd'. Then ae1n + ceav + dezA = 0, so
a(crer +coa+c30 + ey +csald +cga? +crad) + o (dieg +doy +dsyB+dyyBo) +6(fres +
faB+ f3Pa+ fifo+ fs0ad) = cra+ c20? + cpad + cga® +dio + dooy + dsoyB + f10 +
208 + f36Ba = cra+ (co + f2)a? + (ca + d2)ad + (c6 + d3 + f3)a® + dio + f10 = 0
and then ¢y = diy = f1 = 0,c0 + fo = 0,c4 +do = 0 and cg + d3z + f3 = 0, so
fo = —co,dy = —c4, f3 = —cg — d3. Thus e1n = coax + c30 + ¢4 + c506 + cga® + a3,
eV = —cyy + d3yfB + dyyBo and es\ = —cof — (c6 + d3)Ba + fafBo + f58a0.

Hence Ker 0! = {(coa +c30 +c46 + c5ad + cga® + cra, —cyry +dsy B+ dyyfo, —co 3 —
(c6 + d3)Ba+ fafo + fspad) : ¢i,d;, fi € K}.

Claim. Kerd!' = (o, 0, —8)e1A + (0,0,0)eaA + (5, —7, 0)e3A.

Proof. Let * € Kerd'. Then 2 = (caa + c30 + 40 + c5a6 + cga® + crad, —cyy +
d375+ d47ﬁ0-7 _026 - (CG + d3)/604 + f4ﬁ0-+ f5,60£5), that iSv T = (Oé, 07 _ﬁ)(02€1 + C55+

cr0? + (c6 + d3)a — fao — fsad) + (0,0,0)(czez) + (8, —7,0)(caes — d3f8 — dafSo). Thus
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z € (a,0,—B)erA + (0,0,0)eaA + (6, —7,0)esA and therefore Ker 0 C (o, 0, —3)e1 A +
(0,0,0)e2A + (3, —,0)ezA.

On the other hand, let y = (o, 0, —3)e1n+(0,0,0)eav+ (5, —7,0)esA € (a, 0, —F)e1 A+
(0,0,0)e2A + (8, —7,0)esA. Then from the definition of 9!, we have that 9'(y) =
O ((a,0,—B)e1n+(0,0,0)eav+ (3, —v,0)es\) = (a?—B8)e1n+acesv+(ad—oy)esh = 0.
Therefore y € Ker &' and so («,0, —3)e1 A + (0,0,0)e2A + (5, —7,0)esA C Ker 9.

Hence Ker 0! = (o, 0, —3)e1A + (7,0,0)eaA + (5, —7, 0)esA. O

S0 0? : e A@esAPesA — e ADeaADesA is given by (e1n, eav, e3\) — (a, 0, —3)e1n+
(0,0,0)eqv + (5, —,0)es, for n, v, A € A.

19.2.3. Ker 0.

Now we want to find Ker 0> = Q3(S1). Let e1n = c1e1 + caa+ c30 + 40 + c5ad + cga +
70, egv = dieg+dyy+dsyS+dyyBo and esh = fres+ f28+ fafa+ faffo+ f5fad with
ci,d;, fi € K. Assume that (e1n, eav, e3\) € Ker 2. Then («, 0, —3)e1n + (0,0,0)eqv +
(0,—7,0)esA = (0,0,0). So (e, 0, —B)e1n+(0,0,0)eav+(d, —y,0)esA = («, 0, — ) (c1e1+
caa-tezotesdtesadtega’+era’)+(o,0,0)(diea+day+dsyS+dayBo)+(3, —7,0)(fres+
2B + f3Ba + fifBo + fsBad) = (cra + caa® + cqad + cga,0, —c1f — cafBa — c3B0 —
cspad) + (dio +daoy +d3ov3,0,0) + (f10 + f208 + f308a, — fiy — foyB — fayB0o,0) =
(cra+ coa® + cqad + cga® + dio + dooy + d3oyB + f16 + f208 + f36Ba, —fiy — f2y3 —
fayBo, —c1 — cafa — e300 — csPad) = (cra + (ca + fa)a® + (s + da)ad + (c6 + d3 +
f3)ad + dio + f16, —fiy — foyB — fayBo, —c1 — 2B — e300 — esfad) = (0,0,0).
So cra + (co + fa)a? + (cq + d2)ad + (cg + d3 + f3)a® + dio + f16 = 0 and then
ca=d1=f1=0,fr=—co,d2 = —cyand f3 = —c6—d3. Also —f1y— foyB— fayBo =0
and then f1 = fo = f4 = 0. And for —¢18 — efa — c3fB0 — c5Bad = 0, that is,
3 eav = —cyy + d3yB + dyyBo and
es\ = —(cg + d3)Ba + fsBad. Therefore Ker 92 = {(c4d + cga® + cra®, —cqy + d3y8 +
dyyBo, —(c6 + ds)Ba + f58a6) : ¢, di, f5 € K}

Claim. Ker9? = (a?,0, —fa)ei A + (8, —7,0)esA.

c1=cy=c3=c5=0. Thus e;n = c46 + cga® + cra

Proof. Let u € Ker 2. Then u = (c40+cga’+cra®, —cyy+dsyB+dyyBo, —(ce+d3) Ba+
f58ad) so u = (a?,0,—Ba)((cs + d3)er — f50) + (3, —,0)(caes — c7Ba — d3B — dyfBa).
Hence u € (a?,0,—Ba)er A + (5, —v,0)esA and therefore Ker 9% C (a?,0, —Ba)e; A +
(0, —,0)esA.

On the other hand, let v = (a?,0,—Ba)e1n + (5, —7,0)ez\ € (a2,0,—Ba)erA +
(8, =7, 0)esA. Then, from the definition of 3%, we have that 8%(v) = 92((a?, 0, —Ba)ein+
(8, —7,0)esA) = (a® — 6Ba, vBa, —Ba?)ern + (ad — 0,0, —B38)esA = (0,0, 0). Therefore
v € Ker 0% and then (a?,0, —Ba)eiA + (6, —,0)esA C Ker 62

Hence Ker 92 = (a?,0, —fa)er A + (6, —7,0)esA. O

So the map 9% : ey APezA — ey APeaAdesA is given by (e1n, es\) — (a?,0, —Ba)ern+

(0, —7,0)esA, for n, A € A.
147



19.2.4. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module Sy starts with:

81

€3A €2A 52 0

where 0! : e3A — eoA is given by es\ — ves, for A € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 92 for the simple A-module
Ss.

19.2.5. Kerd'.

To find Ker 9! = Q%(Ss). Let e3\ = fies + fof8 + f3fa + fafo + f5Bad with f; € K.

Assume that esA € Kerd'. Then ve3\ = 0 so yesA = y(fies + fo8 + f3Ba + fifB0 +

fs8ad) = fiv+ foyB+ fayBo = 0, that is, f1 = fo = f4 = 0. Thus es\ = f3fa+ f55a0.
Hence Ker 0! = {f38a + fspBad : f; € K}.

Claim. Ker9d' = BaeiA.

Proof. Let € Ker 8'. Then x = f3Ba+ fsBad. So x = Ba(fze1 + f56). Thus x € Baer A
and therefore Ker 0! C BaeiA.
On the other hand, let y = Baein € BaeiA. Then, from the of 3!, we have that
o' (y) = 0 (Bae1n) = yBaein = 0. Therefore y € Ker &' and then Bae; A C Ker ',
Hence Ker 0' = Bae;A. O

So 8% : e;A — egA is given by e1n — Baein, for n € A.

19.2.6. Ker 9.

Now we want to find Ker 9% = Q3(Ss). Let e1n = c1e1+caa+czo+cad+csad+cega+crad
with ¢; € K. Assume that e € Ker9?. Then Baein = 0. So Baein = Ba(cier +
co + c30 + 46 + csad + cga® + C7a3) = c10a + c4Bad = 0, that is, ¢; = ¢4 = 0. Thus
e1m = caa+c3o+csad+cga’ +erad. Therefore Ker 02 = {coa+c3o+csad+cga’+crad
¢ € K}.

Claim. Ker0? = aej A + gesA.

Proof. Let u € Ker 8%. Then u = caa + c30 + c5a8 + cga® + cra® so u = afcger + 50 +
cea + cra) + o(cze). Hence u € aey A + oeaA and therefore Ker 02 C aey A + oeaA.
On the other hand, let v = ae1n+ ogear € aei A+ ogeaA. Then, from the definition of
02, we have that 9%(v) = 0%(ae1n+oeav) = Ba’ein+Bacesr = 0. Therefore v € Ker 9
and then ae; A + ges A C Ker 2.
Hence Ker 0% = aej A + oesA. O

So the map 0% : e A @ eaA — e A is given by (e1n, eav) — ae1n + oegv, for n,v € A.
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19.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S5 starts with:

81

el esA S3 0

where 0! : e;A — e3A is given by e1n — Bein, for n € A.
Now we need to find Ker ! and Ker 92 in order to find 92, 92 for the simple A-module
Ss.

19.2.8. Ker o'
To find Ker 9' = Q?(S3). Let e1n = c1e1 + caa + c30 + 40 + csad + cga? + cra® with
¢; € K. Assume that e;n € Ker 9'. Then Be;n = 0 so B(cie1 + caa + c30 + 46 + csad +
c6a® + c7a3) = 18+ cofBa + e3B0 + cBad = 0, that is, ¢; = c3 = c3 = ¢5 = 0. Thus
e1m = c40 + cga® + cras.

Hence Ker 0! = {c46 + cga® + c7a® : ¢; € K }.

Claim. Ker 9! = desA.

Proof. Let x € Ker 9'. Then = = ¢46 + cga® + cra3. So x = §(cqes + cgB + c7fBa). Thus
x € desA and therefore Ker 0! C desA.
On the other hand, let y = des\ € desA. Then, from the definition of 9!, we have
that 9% (y) = 0'(dez)\) = BdesA = 0. Therefore y € Ker 9! and so desA C Ker 9*.
Hence Ker ' = desA. Il

So 0% : e3A — e1A is given by e3\ — desg)\, for A € A.

19.2.9. Ker 0.

Now we want to find Ker 9% = Q3(S3). Let esA = fiesz + fo8 + f38a + fiBo + f5pad
with f; € K. Assume that esA € Kerd'. Then dezA = 0 so dez\ = §(fiez + fo3 +
fapa + fapo + f5Bad) = fi0 + f208 + f30Ba = 0 then fi = fo = f3 = 0. Thus
es\ = fufo + fsBad. Therefore Ker 02 = {f180 + fs8a6 : f1, f5s € K}.

Claim. Ker9? = foesA.

Proof. Let u € Ker9?. Then u = f130 + fsBad, that is, u = Bo(fiea + f5y). Hence
u € BoesA and therefore Ker 82 C BoegA.
On the other hand, let v = Boesv € BoesA. Then, from the definition of 92, we have
that 0%(v) = 0%(Boear) = §Baear = 0. Therefore v € Ker 92 and then Boea A C Ker 6.
Hence Ker 0% = foesA. O

So the map 92 : eaA — e3A is given by earv — Boesv, for v € A.
Thus the maps for S; are:
' : (e1n, eav, e3\) — ae1n + oear + dez ),

02 : (e1n, eav, e3\) — (a, 0, —B)e1n + (7,0,0)eav + (5, —,0)esA,
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03 : (e1n, e3\) — (a2,0, —Ba)ern + (3, —v,0)e3\,
for n,v, A € A.
Also the maps for Sy are:
O i es\ — ves),
d? s ern — Paern,
3 : (e1m, eav) — ae1n + oeav,
for n,v, A € A.
And the maps for Ss are:
o' - e1n — Bern,
0% 1 e3\ — des),
02 : eav — Boesr,
for n,v, A € A.

19.3. ¢3 for S, S, and Ss.
Now we want to find the elements of ¢3; these are paths in K Q.
For Sl

(e1,0) Z (62,0, —a) & (0,0, —B)a + (,0,0)(0) + (5, =7, 0)(—Ba)) = (a*,0, —fa?)
+ (=080, 160, 0) = (a® — 6Ba, vBa, —Fa?) L o — adfa + oyfa — 6pa’,
so at — adPBa + oyBa — 6Ba® € ¢3.

(0.65) % (8,-7,0) % ((@,0,8)3 + (7,0,0)(=7) + (5, =7 0)(0)) = (26,0,
- 55> + (_0—77 0, O) = (O“S — 07, 0, _/85) 8_> a?d — aory — 5ﬁ57
so a6 — aoy — 836 € ¢°.

For SQ
3 2 1
(e1,0) T & —%> Ba? —>= 4802 , s0 7fa’ € g*.
3 2 1
(0, €2) A Bao 9 vBao , so yBac € g
For 53
3 2 1
e2 — 2> o —25 580 —2 = 3680 , s0 3680 € ¢°.

Let g} = at — adBa + oypa — §Ba2,
g% =a2f — aoy — 636,

g3 = yBa?,
g3 = vpBao,
g2 = Bpo.

So ¢* = {9{, 93,93, 91. 93 }-
We know that ¢ = {yBa,a? — 64, 35, ac, ad — o7y}. Denote

g% = a2 - 5/87
93 = ao,
gg =ad — 07,
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93 = 7B,
g3 = B.
So we have
g9t = gia® — gifa = agia — 6936 + agi — 0Bt
g5 = 916 — 937 = g3 — 63,
93 = gia =897 + 930,
93 = gioc =095
98 = g2Bo = —Bgio + Pags.

19.4. HH?(A). From [16] we have the projective resolution of A

3 2 d! d°
po A 0.

pP3 P2 P!

Apply Hompe(—, A) to get

0 Ay & 1Ay 2 2 Ay 8 3
0 — Hompe(P”, A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...

19.4.1. Ker 2. To find HH?*(A) we need to find Ker 2 and Im 6. Let 0 € Ker 62; then
6 € Hompe (P2, A). So the map 6 : P2 — A is given by

0:P?>— A
e1 @2 €1+ jier + jaa + jsa? + jua®
e1 ®y2 €2 = J50
€1 ®g2 e3 — je0 + jrad
ez ®g2 e1 — jgyf3
e3 ®g2 €3 — joez + jrofad,
for some j; € K. The map d° : P> — P? is given by
e1 ®g{, el — el ®g% a?— e ®g§ ﬁa—()z@g% a+5®g§ B—O'®gg e1 —}—5,8@9% e1,
e1 ®ys €3 — € ®g%(5—61 Qg2 v — Qg 63+5®g§ es,
e2®@gperrrea@pa—7R®:2 7882 e,
e2 @z g = €3 Q2 0 — v ®g2 €2,
€3 Qg3 €2 €3 Qg2 B0+ Q2 0 — fa @z €.
So the fact that 8d® = 0 gives conditions on the coefficients j; € K.

We have 0d3(eq ®gs e1) = (jie1 + jea + jza® + juad)a? — (jd + jrad)fa — a(jrer +
Jax + Jao? + jaa)a + 6(joes + jr0Bad) 3 — o (jsvB) + 68(jrer + jacr + jza® + jua®) =
(j1 + jo)a® + (j2 — jo — js)a® = 0 then jo = —7j; and js = jg — Jo-

For 0d®(e1 @43 €3) = (jie1 + joa + jaa® + jua®)d — (j50)y — aljed + jrad) +8(joes +
J10Bad) = (j1 + J9)d + (j2 — j5 — je)ad = 0, that is, jo = —j1 and j5 = j2 — je, thus
Jg = Js-

Also 0d*(e2 @ gg e1) = (jsvB)a—v(joes + jioBad) B — vB(jier + jac + jza® + jaa®) =
—(J1 +Jo)¥B = 0 then jo = —ji.

And 0d3(es ®gs3 e2) = (4syB)o — vB(js0) = (js — j5)yBo = 0, that is, jg = Js.
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For 0d3(63 ®gg e2) = (joes + jrofad)Bo + B(jie1 + jacu +j3042 —|—j4a3)a — Ba(jso) =
(Jo + j1)Bo = 0, that is, jo = —ji.
So
0: P2 A
e1 ®g2 e1 = jien + joa + jza® + jaa®
€1 @gz €2 — (—j2 + jo)o
€1 ®g2 3 — jed + jrad
€2 ®g2 €1+ (—j2 + Jo )70
e3 ®g2 e3 — —jie3 + jiofad

Ker 62 =

So dim Ker 62 = 7.

19.4.2. Imé?.
Now to find Im 6'. Let ¢ € Hompe (P!, A). The map ¢ : P' — A is given by
e1 ®q €1 — 20e1 + 210 + 2902 + 2303
€1 Qg €2 — 240
e1 ®s e3 — 250 + zgad
€2 @ e3 — 277
e3 ®g e1 — 23 + 290,
for z; € K.
We have the map d? : P2 — P! given by
€1 ®gz €1 €1 Qaa+a®qe1— el ®s5 B —0®ge1
e1 ®g§ et €1 Qo 0+ Qs €
61®g§ e3> e1®ad+a®ses —er Qpy —0 Ry €3
62®gz €1 — €2 ®Wﬁa+7®ﬁa+’75®a€1
€3 Qg2 ez — e3®g 0 + B ®; es.

Then the map @d? is given by
od?(eq ®g2 €1) = (20e1 + 210+ 2202 + z303)a + a20e1 + 21+ 2202 + 2303) — (256 +
2600)3 — 8(283 + z9Ba) = 2200 + (221 — 25 — 28)a” + (222 — 26 — 29)0>,
od?(eq ®g2 e2) = (20e1 + 210 + 2202 + 2z303)0 + a(z40) = 290,
od?(eq ®g2 es) = (20e1 + 210 + 2202 + 2303)5 + (250 + z6ad) — (240)y — o (277) =
200 + (21 — 24 + 25 — 27) 0,
pd*(e2 @2 e1) = (277)Ba + (286 + 20fa)a +yB(z0e1 + 210+ 2207 + 2z30%) = 2070,
od?(e3 ®g2 e3) = (280 + z90a)d + [(250 + z6ad) = (26 + 29)Bad.
Thus @d? is given by
P2 A
e1 ®g2 e1 — 22000 + (221 — 25 — 2z8)a? + (229 — 26 — 29)x
el ®g§ €9 — 200
€1 @2 €3 — 200 + (21 — 24 + 25 — 2z7)ad
€2 ®gz e1 — 2070
€3 Qg2 €3 — (26 + 29)Bad,

3

where z; € K.
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Note that if char K = 2 then dim Im ¢! = 4 and

0:P2 A )
e1 @2 €1 — (25 + zg)a? + (26 + 29) 0
el ®g§ €2 — 200

€1 ®g2 €3 — 200 + (21 — 24 + 25 — 27)d
ez ®y2 €1 — 207f

€3 Qg2 €3 — (z6 + z9)Bad

Imdt =

If char K # 2 then dimIm ! =5 and

Pz - A

€1 ®g2 €1+ 2zp0r + (221 — 25 — 28) 0 + (222 — 26 — 29)x
el ®g§ €2 — 200

€1 ®g2 €3 — 200 + (21 — 24 + 25 — 27)d

€2 ®g2 €1+ 207

€3 Qg2 €3 — (26 + 29) Sl

3

Imdt =

19.4.3. HH?(A). From 19.4.1 and 19.4.2 we have if char K = 2 then dim HH?*(A) = 3
and therefore
f: P2 A
el ®gf e1 +— dieq + dsa
9 el ®92 eg — 0
HH*(A) = 2
el ®g§ ez — 0
() ®9§ e1— 0
€3 ®g§ eg — —dies + d3fad

with d; € K.
A basis of HH?(A) = sp{x, y,u} where

z: P2 A

el ®gf €1 — e1
es ®g§ e3 — —es
else — 0,

y:P?2 = A
€1®g%61l—>04
else — 0,

w:P?2— A
e3 ®y2 e3 — fad
else — 0.

Note that u represents the same element of HH2(A) as

P2 A
.3
€1 ®g2 €1 —a

else — 0.
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If char K # 2 then dim HH?(A) = 2 and therefore

0:P? — A

el ®g% e1 — diel + doc
el ®g§ eg — 0

HHQ(A) =9 o @2 €3 0
(D) ®g§ e1— 0
es ®g§ e3 — —djes
with d; € K.
A basis of HH?(A) = sp{x, y} where

r:P?— A
e1 ®g% el — el
es ®g§ e3 — —es
else — 0,
y:P?2 = A
el ®g% e1 —
else — 0.
Note that y represents the same element of HH?(A) as
P2 - A
el ®g§ ey — —%U
el ®g§ es3 — —?5
e ®y2 €1 — —37
else — 0.
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20. THE ALGEBRA Ajg

Definition 20.1. [5] Let Aig be the algebra K Q/I where Q is the quiver

2
VRN
B
cCl=—=3

and

I= <aﬂ77 a2 - 567 (5B,O'C¥,(50é - 70>

20.1. The structure of the indecomposable projectives.
The indecomposable projective A-modules are e; A, eaA and esA where
e1A = sp{ey, a, B,a,a?, By, a3},
eal\ = splez, 0,008,007},
es\ = sp{es, 0,7, da,yo 5}
So we have for e; A

For esA

€2

Also esA
155



63\7
/

(67

s
\6

yo B

20.2. The minimal projective resolutions of the simple A-modules 51, 55, S5.

20.2.1. The minimal projective resolution of the simple A-module Sy.

Now the minimal projective resolution of the simple A-module S; starts with:

al

o ——>e1A D esA el S1 0

where 9! : ;A @ e3A — e1A is given by (e1m, e3\) — aein + BesA, for n, A € A.
Now we need to find Ker ' and Ker 62 in order to find 92, 92 for the simple A-module
Si.

20.2.2. Kerd'.
To find Kerd' = Q2(S;). Let e1n = cre1 + coar + 38 + caaf + c5a? + 3y + cra
and es\ = fies + f20 + f37 + fada + fsyoB with ¢, f; € K. Assume that (e, e3)) €
Ker 9'. Then ae1n + BesA = 0, so a(cier + caa + 38 + caaf3 + c5a + cgBy + cra®) +
B(fres + f20 + fav + fada + fsyoB) = cra + 20® + czaf + 50’ + f1f + fo36 +
387 + fiBda = cra + (ca + f2)a? + c3afB + (c5 + f1)a® + f1B + f387 = 0 and then
ci=c3=fi=f3=0,fs = —co, f4 = —c5. Thus e1n = coar + caa 3+ c50> + c 3y + cra®
and es\A = —c2d — cs0a + fyyof.

Hence Ker 0! = {(coa+ciafB+csa®+cgfBy+crad, —cad—csda+ fsyoB) : ¢, fs € K.

Claim. Kerd! = (a, —d)e1A + (87,0)e2A.

Proof. Let x € Kerd'. Then z = (coa + caaff + c50? + cgBv + cra®, —cad — cs0a +
f5703), that is, z = (a, —8)(c2e1 + e + csa + cra® — fsaB) + (87,0)(cge2). Thus
x € (o, —0)e1A + (B7,0)eaA and therefore Ker 9! C (o, —0)e1 A + (37, 0)e2A.

On the other hand, let y = (o, —9)e1n + (87, 0)eav € (o, —0)er A + (57, 0)e2A. Then
from the definition of 9!, we have that 9'(y) = 0'((a, —6)e1n + (B7,0)eav) = (a? —
B8)e1n + afyesr = 0. Therefore y € Ker 9! and so (a, —6)e1 A + (87,0)e2A € Ker 9.

Hence Ker 0! = (a, —9)e1 A + (B, 0)eaA. O

So 02 : e;A @ eaA — e1 A @ e3A is given by (e1n, eav) — (o, —8)e1n + (87, 0)eav, for

n,v e A
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20.2.3. Ker 6?.

Now we want to find Ker 9> = Q3(S1). Let e1n = cie1 + coar + ¢33 + cqa3 + c5a? +
ceBy + cra® and esrv = dies + doo + d3of3 + dyofy with ¢;,d; € K. Assume that
(e1m, eav) € Ker 8%. Then (o, —8)e1n + (B, 0)eav = (o, —6)(cre1 + caa + c38 + caaB +
cs0a? + ¢y + cra®) + (B7,0)(dies + dao + d3o + dsoBy) = (cra + c20® + cza8 +
c5ad, —c18 — cada — cpdaB) + (d1 By + daByo,0) = (cra + caa® + czaff + cza® + di By +
dof3yo, —c16 — cada — cqdaff) = (cra + a0 + c3aB + (c5 + d2)a® + d1 By, —c10 —
c2da — cp6aB) = (0,0). So cra + caa? + czafl + (c5 + do)a® + diBy = 0 and then
c1 =c =c3 =dy =0and do = —c5. Also —c10 — c2da — c4daf = 0 and then
c1 =cy =cy = 0. Thus e1n = c5a? + ¢y + cva® and esv = —c50 + d3of + dyo 3.
Therefore Ker % = {(c5a® + cgB7 + cra®, —c50 + d3o3 + dyo3y) : ¢i,d; € K}.

Claim. Kerd? = (a?, —0c)e1 A + (87, 0)e2A.

Proof. Let u € Kerd?. Then u = (cs5a? + cgBy + cra3, —c50 + d3of8 + dyofy) so
u = (a2, —0)(cser+cera—dsB—dyBy)+(Bv,0)(cees). Hence u € (a2, —a)er A+(B7,0)esA
and therefore Ker 9% C (a2, —o)e1 A + (B7,0)e2A.

On the other hand, let v = (a?, —0)e1n + (B7y,0)eav € (a?, —a)er A + (87, 0)eaA.
Then, from the definition of 02, we have that 0%(v) = 0?((a?, —0)e1n + (47,0)ezv) =
((a® — Byo)ein + aByesr, —5a2e1n — §Byeqv) = (0,0). Therefore v € Ker 92 and then
(a?, —a)er A + (B7,0)eaA C Ker 9.

Hence Ker 02 = (a2, —a)e1 A + (87, 0)e2A. O
So the map 9% : ejA @ eaA — e A @ esA is given by (e1n, eav) — (o

(87,0)eav, for n,v € A.

) _0)6177 +

20.2.4. The minimal projective resolution of the simple A-module Ss.
The minimal projective resolution of the simple A-module S starts with:

al

61A 62A SQ 0

where 9! : e;A — esA is given by eyn — oern, for n € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 92 for the simple A-module
So.

20.2.5. Kerd'.

To find Ker 9' = Q2(S5). Let e1n = cre1 + caa + 38 + caa 3 + c5a® + ¢ B3y + cra® with
¢; € K. Assume that e;n € Ker O'. Then oein = 0 so ogein = o(cre; + coav + 36 +
caoB + c50? + ce By + C7a3) =10 + c300 + cgo By = 0, that is, ¢; = ¢3 = ¢g = 0. Thus
e1n = caa + cpaff + c502 + crad.

Hence Ker 0! = {coa + c4a8 + c5a? + cra® 1 ¢; € K.

Claim. Kerd! = ae;A.
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Proof. Let x € Ker &'. Then z = coa+csaB+ csa® +crad. So z = alczey +cyB+csa+
cra?). Thus € ae; A and therefore Ker 9! C aeiA.

On the other hand, let y = aein € aejA. Then, from the of 9!, we have that
0 (y) = 0 (ae1n) = oaern = 0. Therefore y € Ker ! and then ae; A C Ker 9.

Hence Ker 0' = aejA. O

So 8% : e1A — e A is given by e1n — aen, for n € A.

20.2.6. Ker 6?.

Now we want to find Ker 92 = Q3(Ss). Let e1n = cre1 + coa + ¢38 + caaf3 + c5a? +
cef3y + cra® with ¢; € K. Assume that e;n € Kerd%. Then aein = 0. So aein =
a(crer + coa + 38 + cpaff + c5a? + ey + crad) = cra + ca® + czaf + csa = 0,
that is, ¢ = co = c¢3 = ¢5 = 0. Thus e1n = c4a + cgB3v + cra3. Therefore Ker 9% =
{csaB + By + cra i c; € K}

Claim. Ker9? = ByesA + affesA.

Proof. Let u € Ker 92. Then u = cqa8+ cg37 + cra® so u = By(cgea) + aB(cqes + c7d).
Hence u € ByesA 4+ afesA and therefore Ker 92 C ByesA + aBesA.

On the other hand, let v = [Gvesr + aflesh € fByesA + afesA. Then, from the
definition of 92, we have that 9%(v) = 0%(Byear + afBes)) = afyeav + a?Besh = 0.
Therefore v € Ker 82 and then SyesA + afesA C Ker 92,

Hence Ker 8% = BveaA + afesA. O

So the map 0% : eaA @ e3A — e\ is given by (eav,e3\) — [Byesr + afles), for
v, A €A

20.2.7. The minimal projective resolution of the simple A-module Ss.

The minimal projective resolution of the simple A-module S3 starts with:

s e A D egh — 2 e s 0

where 0! : e1A @ eaA — e3A is given by (e1n, eav) +— de1n + yeav, for n,v € A.
Now we need to find Ker ' and Ker 92 in order to find 92, 9> for the simple A-module
Ss.

20.2.8. Ker d'.
To find Ker 9! = Q?(S3). Let e1n = cieq + coa + 38 + caaff + c5a? + cg By + cra® and
eav = dieg + deo + d3o3 + dyoBy with ¢;,d; € K. Assume that (e1n,eqv) € Kerdl.
Then de1n + vear = 0 50 d(crer + coar + 38 + caa B + c5a? + ey + cra®) + y(dies +
dao + d3of8 + dyoBy) = c10 + coda + cadaff + diy + doyo + dgyoff = 1 + (c2 +
d2)da + (cq + d3)daf + diy = 0, that is, ¢y = dy = 0,d2 = —c2 and d3 = —c4. Thus
e1n = caa + c3f8 + caaB + c5a® + ¢4y + crad and esr = —co0 — cu0 8 + dao 3.
Hence Ker 0! = {(caa + 38 + caaf3 + c5a® + ceBy + cra, —coo — 403 + dyo37) -

ci,dyg € K}
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Claim. Kerd' = (a, —0)e1 A + (3,0)esA.

Proof. Let z € Ker 9'. Then = = (02a+03[3+64045+05a2+cﬁﬂfy+67a3, —co0 —cqoB+
dyo37y). So ¥ = (o, —0)(c2e1 + caf + cza + cra® — dyBy) + (B,0)(cses + cgy). Thus
7 € (a, —0)erA + (B3,0)esA and therefore Ker 9' C (o, —a)e1 A + (5,0)esA.

On the other hand, let y = (a, —0)e1n + (5,0)es € (o, —o)e1 A + (5,0)esA. Then,
from the definition of 0!, we have that 9'(y) = 0'((a, —0)e1n + (B,0)e3\) = (da —
yo)e1n + §BesA = 0. Therefore y € Ker 9! and so (o, —o)er A + (3,0)esA C Ker 9.

Hence Ker 0! = (a, —0)e1A + (3, 0)e3A. O

So 02 : ey A @ e3A — e A @ ea is given by (e1n, e3\) — (o, —o)ern + (3, 0)e3\, for
n,AEA.

20.2.9. Ker 6?.

Now we want to find Ker 92 = Q3(S3). Let e1n = cre1+caa+c3f+caaf+csa® +ceBy+
cra® and es\ = fres+ fod+ f3y+ fada+ fsyo B with ¢;, f; € K. Assume that (e17, e3)\) €
Ker 9'. Then (a, —o)e1n+(8,0)esA = (0,0) so (a, —a)ern+(8,0)es\ = (o, —o)(cre1 +
coa 4 30 + caal + c5a® + 6By + cra®) 4+ (B,0)(fres + f20 + fay + fada + fzyoB) =
(cra + 20 + c3af + c5a3, —c10 — c308 — ceo3Y) + (f18 + f280 + f387 + f136a,0) =
(cra+ fiB+ f387 + (ca+ f2)a? + csaB+ (c5+ f1)a?, —cr0 — c30 3 — ceo37) = (0,0). So
aa+ fif+ f367 + (c2+ f2)o® + csaf + (5 + fa)o® = 0 and then ¢ = c3 = f1 = f3 =
0, fo = —co and fy = —c5. Also —c10 — c3008 — cgo By = 0, that is, ¢; = ¢35 = ¢g = 0.
Therefore e1n = coar + c4a3 + c5a® + cra® and esh = —co0 — csda + fsyo3. Thus
Ker 02 = {(coa + caaf3 + c5a? + crad, —ca0 — cséa + fsyoB3) :ciy fs € K}

Claim. Ker9? = (a, —4)e1A.

Proof. Let u € Ker 92. Then u = (coa+ cqa B+ c5a? + crad, —c2d — cséa+ fsyo3), that
is, u = (a, —6)(c2e1 + caB + csa + cra® — fsaB). Hence u € (o, —d)e1 A and therefore
Ker 9% C (o, —d)er A.

On the other hand, let v = (a,—d)e1n € (o, —0)e1A. Then, from the definition
of 92, we have that 9?(v) = 0%((a, —6)e1n) = ((a, —0)a + (3,0)(=6))en = ((a?® —
B6), —oa)ein = (0,0). Therefore v € Ker 9? and then (o, —8)e; A C Ker 9.

Hence Ker 92 = (a, —§)ej A. O

So the map 92 : e;A — e1 A @ e3A is given by e1n — (a, —d)eyn, for n € A.
Thus the maps for S; are:
o' : (e1n, e3)\) — aern + Pes),
9% : (e1m, eav) — (a, —8)ern + (B, 0)ear,
03 : (e1n, eav) — (%, —a)e1n + (B7,0)eav,
for n,v, A € A.
Also the maps for Ss are:

9" : ey — oern,
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0 e1n — aeqn),
03 : (eav, e3\) = [year + afes,

for n,v, A € A.

And the maps for S3 are:

o' : (e1m, eav) — be1n + yeav,
9% : (e1m, e3)\) = (o, —a)e1n + (B,0)esA,
23 :en— (a, —6)ern,

for n,v, A € A.

20.3. ¢ for Si, S5, and Ss.
Now we want to find the elements of ¢3; these are paths in K Q.
For Sl
3 2 1
(617 O) 8_> (0427 _J) 8_> (Oé, _5)042_‘_(/877 0)(_0) - (053_570—? —(50&2) 8_> 044_05670_55@27
so at — afyo — Béa’? € ¢d.
93 9? ot
(0,e2) = (87,0) = (a, =8)By = (afy, —087) = a®By — B35y, so a?By — Bo3y € ¢°.
For Sy
83
(625 0) B’Y
93 9?2

(0, e3) af a?s

2 1
0 afy 9 oafy , so cafy € g>.

81

oo, s0 oa?B € g3

For S5

o3 o2 . 9 o1 9
e1 > (,-6) L~ (a,—0)a + (8,0)(~0) = (a? — B85, ~0a) —2> a2 — 365 — yoa
so 6a? — 635 — yoa € gP.

Let gi” =at— afyo — ﬁdaz,
g3 = o?By — 03,
93 = oafy,
gi = 00,
gg’ =da’ — 866 — yoa.
So 93 = {g%,gg,gg,gi’,gg’}-
We know that g% = {afBy,a? — 39,603, 0a, Sa — yo'}. Denote

gt = o® = B35,
93 = apy,

93 = o,

g9; = b — o,
g3 = 68.

So we have
7 = g?a® — glo = agia — Bg2d — Bog? + aBg],
g5 = 9By = —Bg3y + ag3,

93 = g3y = 043,
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g3 = giaB = 0gip + oBg2,
93 = gio— g36 = g1 — 93

20.4. HH?(A).

From [16] we have the projective resolution of A

3 2 1 0
p3-Lsp2Copr T, po Ly 0.

Apply Hompe(—, A) to get

0 Ay & 1Ay 0 2 Ay O 3
0 — Hompe(P",A) — Hompe (P, A) — Hompe(P*, A) — Hompe(P°,A)— ...

20.4.1. Ker 2.
To find HH?(A) we need to find Ker 62 and Im §'. Let 6 € Ker 62; then § € Hompe (P2, A).
So the map 6 : P? — A is given by

6:P%2— A
e1 ®g2 €1 jier + jaa + jsa? + jsa®
e1 ®gz ez — J507
e2 ®g2 €1 Jj6o
e3 ®y2 €1 — jr0 + jsoa
e3 ®y2 €3 — joes + j1070 0,
for some j; € K. The map d3 : P2 — P? is given by
e1 ®gs €1+ €1 Qg2 a2—61®ggo—a®g%a+ﬁ®gg5+ﬂ6®g% e1 —af ®g ey,
€1 By €2 > €1 Bg2 ﬁ7+ﬁ®g§ YT a®g2 e,
€2 ®g3 €2 > €2 Bg2 By — 0 ®y2 e,
e2 @gs e3> €2 ¥z aff —0 @2 f— o D2 e,
e3®gze1 i e3Qpa—e3 @y 5*5®g§ er+7®g er.
So the fact that #d® = 0 gives conditions on the coefficients j; € K.

We have 0d®(e1 ®ga e1) = (jie1 + joav + jza® + jaa®)a® — (j5067)0 — a(jier + jacar +
jza? + jia)a + B(joes + j1oy0B)d + B6(jre1 + joa + jsa + jaad) — aB(j76 + jsda) =
(1 + Jo)o? + (j2 — js — jr)a® = 0 then jo = —jy and jr = jo — js.

For 0d*(e1 @g3 e2) = (jrer + jov + jaa® + jsa®) By + B(joes + jrovo8)y — aljs ) =
(J1 + Jo)By = 0, that is, jo = —j1.

Also 0d3(ez ®g3 e2) = (Js0) Py — o (Js87) = (—js5 + je)o By = 0 then jg = Js.

And 0d3(ez ®g3 €3) = (Joo)af — o(jre1 + jaor + jsa? + jsad) B — o 8(joes + jroyof) =
(=j1 — jo)oB =0, that is, jo = —j1.

For 0d3(e3 ®gs €1) = (70 + jsda)a — (joes + j1070/3)d — d(jie1 + jacx + j3a® + jsgad) +
Y(Jeo) = —(j1 +Jo)d + (—j2 + je + j7)da = 0, that is, jo = —j1 and j7 = jo — je. Hence
Js = Je-
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So
(0:P? = A
€1 ®g2 e1 = jier + joa + jza® + jaa®
e1 ®g2 €2 — 537
ez ®g2 €1 — J50
e3 @g2 €1 — (j2 — J5)0 + jsda
€3 ®g2 e3 — —jie3 + jioyo

Ker 2 =

So dimKer 62 = 7.

20.4.2. Tm 4!,
Now to find Im 6'. Let ¢ € Hompe (P!, A). The map ¢ : P' — A is given by
e1 ®q €1 — 20e1 + 210 + 2902 + 2303
e1 ®g ez — 243 + z5a8
€2 Qg €1 — 260
e3 ®s5 er — 270 + 230
e3 ®y e2 — 297,
for z; € K.
We have the map d? : P2 — P! given by
e1®p e e Qoat+a®qer —er®g0—FQser
e1 ®y2 €2 — €1 ®a By +a®gy+ af @, ez
62®g§ €1 €2 Qe @+ 0 Qq €1
e3 ®g2 €1 = e3 @5+ 0 Ra el —e3®y 0 — 7Ry e
€3 Qg2 €3 — e3®5 0+ 0 ®p €3.
Then the map @d? is given by
pd*(e1® g2 e1) = (20e1 + 210 + 2207 + z30%)a + alz0e1 + 210+ 2207 + 230°%) — (246 +
2503)8 — B(278 + 280a) = 2z0a + (221 — 24 — 27)a® + (220 — 25 — 28)a°,
pd*(e1 @y €2) = (2001 + 210 + 2207 + 230°) By + (248 + z50B)y + af(297) = 2067,
pd®(e2 ®g3 1) = (260)a + 0 (20e1 + 2100 + 2207 + 230°) = 20,
od?(e3 ®g2 €1) = (270 + zg0a)a + 6(z0€1 + 210 + 290? + 2303) — (297)0 — Y(260) =
200 + (21 — 26 + 27 — 29)dq,
od?(e3 ®g2 €3) = (270 + 2300) B + 0(243 + 2503) = (25 + 28)003 = (25 + 28)70 .
Thus ¢d? is given by
P2 - A
€1 ®g2 €1 — 2z00 + (221 — 24 — z7)a? + (229 — 25 — 28)
e1 ®gz ez — 2007
€9 ®g§ e1 — 290
€3 ®g2 €1 — 200 + (21 — 26 + 27 — 29) 0
e3 ®g2 €3 — (25 + 28)v0 3,

3

where z; € K.
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Note that if char K = 2 then dimImé! = 4 and
0: P2 A )
e1 ®g2 €1 (24 + 27)0% + (25 + 28)a®
€1 ®g§ eg > 2037y

€2 ®g§ el — 200

e3 ®g2 €1 200 4+ (21 — 26 + 27 — 29)0c
e3 Qg2 €3 — (25 + z8)y0 3

Imdt =

If char K # 2 then dimIm ! = 5 and

(P2 S A

e1 ®y2 €1 — 2z00 + (221 — 24 — z7)a? + (229 — 25 — 28)
e1 ®g§ e2 — 20037y

€ ®g§ e| — 20

€3 @2 €1 — 200 + (21 — 26 + 27 — 29) 0

€3 ®g§ es +— (25 + zg)*yaﬁ

3

Imé' =

20.4.3. HH?(A).
From 20.4.1 and 20.4.2 we have if char K = 2 then dim HH?(A) = 3 and therefore

(0. P2 > A

el ®g% e1 — diey + dya + d30¢3
el ®g§ eg — 0

€9 ®g§ e1— 0

e3 @y e —0

e3 ®g2 e3 — —dye3,

HH?(A) =

with d; € K.
A basis of HH?(A) = sp{x,y, 2} where

z:P? = A

e1 ®g% el — el
€3 ®g§ €3 — —e3
else — 0,

y:P?2— A
€1®g%€1+—>04
else — 0,

z: P25 A
61®g%€1'—>a
else — 0.

3

Note that z represents the same element of HH?(A) as

P25 A
€3 ®g§ ez — —yof3
else — 0.
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If char K # 2 then dim HH? (A) = 2 and therefore
0:P2— A
el ®g% e1 — diel + doc
9 e1 Qg2 e — 0
HH*(A) = 2

€9 ®g§ e1— 0
es ®92 e1— 0

es ®9§ ez — —dies
with d; € K.
A basis of HH?(A) = sp{x, y} where
r:P?— A
e1 ®g% el — el
€3 ®g§ e3 — —eg
else — 0,
y:P?2 = A
el ®g% e1 —
else — 0.
Note that y represents the same element of HH?(A) as
P2 = A

1
€1 Qg2 €2 — —387
1
€ ®g§ e] — —?O'
es ®gz e| — —55

else — 0.

So we have found HH2(A) for all the algebras A; where i = 1,..., 16.

20.5. Summary.

Theorem 20.2. Let A € K \ {0,1}.
For the algebra A = A1()\), we have dim HH?(A) = 3,

the algebra A = A5(\) has dim HH?(A) = { : Z chor K - :

the algebra A = A; where i = 4,7,8,9,10,11 has dim HH?(A) = 2,

3 if char K =2
the algebra A = A; where j = 5,6 has dim HH?(A) ={ 4 if char K =3

3 if char K # 2,3,
and for the algebra A = Ay where k = 12,13,14,15,16, we have

: 2/ay ) 3 if char K =2
dim HIT(A) _{ 2 if char K # 2.

Recall from Chapter 4 that the derived equivalence classes are {A1(\)}, {A2(\)},
{A4, A7, Ag, Ag, Avo, A1}, { A5, As}, { A12, A3, Ara, A1s, Ate}-

In the remaining chapters we will find the periodicity of the simple modules of
representatives of these derived equivalence classes of the algebras A;. Recall that when

we refer to periodicity we mean 2—periodic.
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21. THE PERIODICITY AND THE BIMODULE RESOLUTION OF THE ALGEBRA Aj(\)

We recall from Chapter 5 that Aj(\) is the algebra K Q/I where Q is the quiver

« g
0 1 2
v B

and
I = (aya — aof, fya — A\Bo B, yary — o By, yao — Ao o)
where A € K \ {0,1}. Write A for A;(\) and S; for the simple module at the vertex 1.
The indecomposable projective A-modules are egA, e A, es A with basis
eoA = sp{eo, a, ao, ay, aya, ayay},
e1A = spler, 0,7, 08,7, yay, 0 B0, yaya},
eaA = sples, 3, B, Bo, Bo3, Bofo}.

21.1. The periodicity of the simple modules for A;()).
In this section we will look at the periodicity of the simple modules Sy, S; and Sos.
From 5.2 and 5.3 we have the beginning of the projective resolution of the simple
Aq(A)—modules as follows.

The minimal projective resolution of Sy starts with:

o3 ot

e\ erA e1A e\ So 0
where
9" : e1( — aen(,
9 e1( = (ya — of)erC,
0% 1 equ — veg,
for (,v € A.

The minimal projective resolution of S; starts with

93 0?2 ot
e1A eo\ ® easA —— egA @ esA e1A St 0
where
O : (egv, ean) > yeou + oean,
0? : (eov, e2n) — (ary, —fB7)eov + (ao, —ABo)ean,
& s e1¢ = (o, —feid,
for v,n, ¢ € A.

The minimal projective resolution of Sy starts with:

3 2 1
ea\ 9 el 9 el 9 ea\ So 0

where
81 : €1( — ﬁelga

9% e1€ — (ya — Aap)ei(,
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0% : ean — oean,
for {,n € A.

21.1.1. The periodicity of Sp.

To find Ker 93 = Q4(Sp), let egv = coeq + cra + coao + czay + cpaya + csayary with
c; € K. Assume that egr € Kerd3 then vyeqr = 0 so vy(coeo + cra + coao + czay +
caaya + csayay) = 0, that is, coy + c1ya + cayao + cayay + cayaya = 0, so that
cog =c1 = cg = c3 =cq4 = 0. Thus egv = csayary.

Hence Ker 93 = {csayay : ¢c5 € K.
Claim. Ker9® = ayayegA.

Proof. Let z € Ker 83; then 2 = csayary, that is, x = ayay(cseg). Thus = € ayayegA
and therefore Ker 9° C aryayegA.
On the other hand, let y = ayayegr € ayayegA. Then, from the definition of 92, we
have that 92(y) = v(ayay)eor = 0. Therefore y € Ker 93 and so ayayegA C Ker 83.
Hence Ker 8% = ayayegA. O

Note that Ker 9% = Sy and so Q4(Sp) = So.

21.1.2. The periodicity of S1.

Now we want to find Ker 9% = Q*(S1). Let e1¢ = die1+doo+dsy+dsoB+dsya+deyay+
droBo + dgyaya with d; € K. Assume that e;¢ € Ker 8. Then (o, —3)e1¢ = (0,0). So
(o, —B)e1¢ = (o, =) (d1e1+dao+dsy+dyo f+dsya+deyay+drofo+dgyaya) = (0,0).
Thus (dia + deco + dsary + dyao f + dsaya + dearyary, —d1 f — dofo — ds By — dyfBof —
dsfya—dzpofo) = (0,0). So dia+daao+dsay+dyaof+dsaya+dgayay = 0, that is,
dy = dy = d3 = dy = ds = dg = 0. Also —dy S—da B0 —ds3y—ds B0 f—ds Brya—dq o So =
0sody =dy=d3=dy=ds=d;=0. Thus e;( = dgyaya.

Hence Ker 93 = {dgyaya : dg € K}.

Claim. Ker9® = yayaeiA.

Proof. Let u € Ker 8%. Then u = dgyaya so u = yaya(dge;). Hence u € yayae; A and
therefore Ker 0% C yaryae;A.

On the other hand, let v = yavyaei( € yayaeiA. Then, from the definition of
03, we have that 93(v) = 93(yayaei() = (ayaya, —Byaya)e;( = (0,0). Therefore
yayaer A C Ker 03.

Hence Ker 93 = yayae A. O

So the map 0% : e;A — e A is given by e, — yayaei(, for ¢ € A.

Note that Ker 9® = S; and so Q4(S1) = 5.
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21.1.3. The periodicity of Ss.
To find Ker 9% = Q*(S), let ean = cgea + 78 + g3y + coBo + c10B0 8 + c11 80 B0 with
c; € K. Assume that esn € Kerd3 then gean = 0 so o(cgea + c73 + cgBy + cofBo +
c108008 + c11fofo) = 0, that is, cg0 + c708 + cgo By + cgoBo + c1poBa3 = 0. So
cg = c7 = cg = cg = c19 = 0. Thus egn = c118000.

Hence Ker 83 = {c118080 : c11 € K}.

Claim. Ker9® = Bo30esA.

Proof. Let x € Ker@3; then z = c118000, that is, x = (B080)(c11e2). Thus = €
BofoesA and therefore Ker 02 C BofoesA.
On the other hand, let y = BoBoesn € fofoesA. Then, from the definition of 83,
we have that 93(y) = o0 Bcean = 0. Therefore y € Ker 9% and so foBoeaA C Ker 02,
Hence Ker 03 = BofB0esA. O

Note that Ker 93 = Sy and so Q4(S3) = Ss.
21.2. Summary.

Theorem 21.1. For the algebra A1(\), we have Q*(Sy) = Sp,Q4(S1) = S and
Q4(Sy) = Sy. Hence Q4(S;) = S; for all i = 0,1,2.

Theorem 21.2. With the above notation, and for each simple module Sy, S1,S2 of the
algebra A1()\) we have that O™ = 0™ for all m > 1 where O™ is the mth map in the
projective resolution of the simple Ai(\) module.

Moreover let

0 _
g1_607
0 _
go = €1,
0 _
93_627

and formn = 0, let
lg*" | = 4 and

dn+1 __ 4
g1 =g1"a,
In+1 _ 4
go =67,
An+1 _ 4
g3 = g3"o,

gt = g4
|g4n+2| =4 and

90" =" (va - o),

4 4 4
g2n+2 _ anJrla,y . 93n+1ﬁ’7,

An+2 _  4n+1 4
gsn _92n 040—93")\&7,

4
91" = gy (ya = Aap);

’g4n+3| =3 and
dn+3 _ 4An+2

91 91 Y
4An—+3 4An—+2 An+2
92n+ = 92n+ o — 93n+ B,
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An+3 __ 4n+2
g3 =94

|g4n+4| =3 and
in+4 _  4An+3

gi" ™ = gi"PBaryay,
4 4 4 3
95" = gy Pyana,

g§n+4 §n+3/3050‘
Then AJv = Sy @ S1 @ Sa has minimal projective resolution (Q™,e™) as a right
A—module where Q™ = @gmegmt(gi*)A and, writing gi"* = Ejgznflpj for appropriate
elements p; € A as above, the map €™ : Q™ — Q™! is given by t(g") — Ejt(g;-”_l)pj.

We remark that €™ is the sum of the maps 0™ for all simple modules Sy, S1, S2.

21.3. The bimodule resolution of A;(\).

From Chapter 3 recall that, for a finite dimensional algebra A over a field K, we have
P" = @gnegno(g") @k tg!)A and, for n = 0,1,2,3, the map d" : P" — P! is
defined by how the elements of ¢" relate to the elements in ¢g"~!. In this section, we
use the ideas by Green and Snashall [16] to construct a minimal projective bimodule
resolution (P",d") of A;1(\). We continue to write A for A;(\), and use the sets g" as
defined in Theorem 21.2.

Definition 21.3. Define d°: P° — A by
eg X eg — ey
e1®ep — e

€2 X ey — eg.

For all n > 0, define d*"+1 . pintl _ pin py

0(g1" ™) @ t(g" ) = (") @gan @ — @ @gan (g™ )
0(gs"™) @ t(ga" ") = 0(gy" ) @gan ¥ — 7 Dgan gy
o(g5" ") @ tgs" ) = o(g5" ) ®gan 0 — (—)\) 7 ®gun t(g5" )
o(gs" ) @ t(gs" ) — ol 4”“)@ an f—(=A)" ”ﬂ@ an t(gy");

define d*"t2 . pint2 _, pintl py

o(g1"?) @ 91" ) = 0(g1"F?) @ gni1 (va — 0B) + a @ i1 @

—a @1 B+ ay @yt t(gy" ) — (-A)" 0 ® gt tg1" )

(g§n+2) ® t(g4n+2) N 0( 4n+2) ® 4n+1 ay — ( 4n+2) ® 4n+1 ﬁ,y

+7 ®9411n+1 v—(=A)"o ®9§"+1 v+ (ya — Uﬁ) & gint1 t(9§n+2)
0(g3" %) @ t(g5"?) > 0(g3"™?) R gin+1 a0 — 0(g ) ® gintl )\ﬁa

+ 7y ®g‘f"+1 o+ (_)\)n+10 ®gff”+1 o+ (ya— )\Jﬁ) ®g§"+1 t(g§n+2)
0(gi"™) @ t(g]" ) - o(g" ) B gant1 (ya— Ao B) + (=A)"B ® gant1 B

+(=N)""g Bgant1  + (=A)""By ® gan+1 t(gin—ﬂ)

— A\Go ®9fin+l t(gin+2)7
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deﬁne d4n+3 . P4n+3 N P4n+2 by
0(g1" %) ® t(g1"?) = 0(g1" ) @ganiz v — @ @ pania t(g1" )
o(g28) @ Hgi*) o o(g) @ gusa @ — 0(g ) @ e
— 7 @gan+2 1(gy"F0) + (—A)"0 @ an+a f(g§"+3)
o(g5" ") @ t(g 4n+3) = 0(g5" %) @iz 0 — (* )8 ® gansz Hg5"0);

and define d*nt4 . pintd _ pint3 py
o(gi"™ @ t(g"™) = o(gi" ™) ® gints QYUY + Q@ panss yory
T Oy @gants @ + YA @ pants Y + Yy @gdnts (g™
— (=A)"a0 ®gants By
o(gH™*) © Ugk™) = o{g$) 8,103 yara £y 8001 a7
T ay Qgnts a + yaya ® ants t(ggm ) — ( A" yao ® gan-+3 B
— ( Ao ® jants ﬁfya + (1 =Nty R gan+s (Yo = Ao ff)
+ AL =X oB ® jnss (08 — yar)
0(g5" ) @ tgs™) = 0(g5™ ) ®yanss Bofo — (=X) "B ©yants 0 b0
+ Bo B gin+3 Bo — (=\)""Bop Bgints 0 + BoBo ®gan+s t(g§"+4)
+ (=A) (D gy @ gants Q0.

Remark. If n = 0 then these are the same as d', d?,d® of Green and Snashall [16] as
given in Chapter 3. The aim is to show that (P",d") is indeed a minimal projective

resolution of A as a bimodule. We start by showing that (P™,d") is a complex.
Theorem 21.4. The composition map d™ - d™ ! =0 for all m > 0.

Proof. This is true for m = 0,1,2 by [16]. So let m > 3. We consider four cases:
m=4n+3,4n + 4,4n + 5,4n + 6 where n > 0.

First we show d*t3 . g4nt4 = (0. We have

4 g (o) @ g H)

= [o(g""™®) Rgint2 Y — Q@ pania t ayay + afo(gy"?) ® gint2 @ — o(gant?) ® gan+2 0]
—Y ®gin+2 f(g§"+3) +(— A) 0 @iz H(gy" )y + aro (91””3) ®gint2 Y
—a @iz (g7 )]ay + ayalo(93" ) @ iz @ — 0(gy" ) @ i 5o gz 195" )
+(= )\) 0 ®ganiz H(gy" )]y + avar[o(gf" ) @ gnrz ¥ — @ @ a2 (g 4"+3)]
(A a0lo{gi ) @0z 0 — (<N) B @ s g B

=~ @itz Yy + @ @ pint2 Yy — @y Qgintz Yy + (=\)"ao ® gan+2 yay
+ary ®gzlm+2 Yoy — ayo ®gz2m+2 ay + avyo ®g;ln+2 ay — ayo ®g§n+2 By — ayary ®gzlm+2 y
Fayay @gint2 ¥ — (=\)"ao B gnta oBy+ aop @ gan+2 By

=0,

( 4n+3)]
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din+3 . d4n+4( (g;ln+4) ® t(g4n+4))
= [0(g§n+3) X gin+2 @ — <g§n+3) & gin+2 B—7® gin+? f(g§n+3) + (=)o ® dn+2 t(g§"+3)]'ya'ya
#lo(gim+) © gint2 Y = O yint2 (™) ara + yarlo(gl™?) @ gtz Y — @ @i g1 )]a
+yayalo(g 4"+3) ®gan+2 @ = 0(g3" ) @ panrz B — 7 @ pns2 t(g 4”+3) +(=A)"o o, gint2 t(g2" )]
—(—N™ado(g ) ®gantz 0 = (=A)” "5® nt2 ()] — (—\ololed™) @ gint2 0
—(=A)T"B® an+2 gy ot NBya+ (1 —A)” W[ (92"%) ®gans2 @ — 0(g5"*?) @ yns2 B
Y B gin+2 ’L(g2n+3) + (=N)"0 ® gint? t(g§"+3)](7a — Aof3) + A1 —=XN)"toBlo(g 4n+3) @ gan+2 o
0( 4n+3) ® 4n+2 8- ® 4n+2 t(g§n+3) + ( )\) o ® 4n+2 ’L( 4n+3)](0'ﬁ — ’}/Oz)
= =Y Qgant2 ’ya’ya + (=\)"o ® gint? YOV + Y @gany2 *yorya — YO Qgant2 Y + YO @ pantz Yo
—’ycwoz ® gint2 @ +yoya®, ant2 O — Yoy ® gint? ﬁ (=N)"vyao ® gint? o+ 7040[3 ® gin+? 15}
(A @ 12 0P+ 0B @ nir frce+ <1 =) 190 s a0 (1= ) 190 @ 00 S0
—(1 =X fyory ®, int2 Y + (- )\) (1-X)"tyao® gint? ’ya —A(1 =)t ’ya ®, dn-+2 aaﬂ
+A(1 = Ny ® gin+2 BoB+ A1 —X)"tyay ® gt o+ (=N 1 -t ’yaa ® g2 of3
+A(1 =N~ Uﬁ@ ant2 ol — A1 — )710’ﬁ® an+2 foB— N1 —N)~ Uﬁ’y® an+2 G,@
—(=N)"H 1 - N "lopo gin+? of—=A1=A)"0f®, ant2 ayQ + A1 =)~ 0',8 ® gan-+2 Bya
A1 =N "lopy® gint? Y0 r (=) 1 - N)"toBe ® gint2 QY
=0,

and

d4n+3 . d4n+4( ( 4n+4) ® f( 4n+4))

= 0(g) @ 12 7 — (—N) M Bgusn g8 B — (—) " Blo(dH) @ e
o) 8 gusn = 8 s () + (—N)"0 @ guva (g
+Bolo(g 4n+3) ® gint2 0 — (— )~ nﬂ@ an+2 t(g 4n+3)]ﬂa — (=N)""BopBo(g 4n+3) ® gint? &
—o(gh3) @ gusn = 8 e (D) + (2D ® guss (G0 + B Bolo(gl ) @ e 0
(N s g + (AT 06 ) B pes 7 — @ e Hgi o

= (=N B pnez B + (~N) BB iz BP0 + (~N) By @i 0B — B & s oo
+fBo ® gan+2 ofic — (=\)""Bof ® g+ ﬂa —(=\)""Bop ® gin+2 ao + (=N~ ”5Uﬂ ® ant2 Bo
—BofBo ®gin+2 o+ Bofo ® gint2 0 + (=\) 13y ®, an+2 ’yoza — (=N 1Bya® gint2 Q0

=0.

Thus d4n+3 . d4n+4 =0.

Next we show that d**t* . d*+5 = (. We have

JAn+4 d4n+5( (g4n+5) ® t(g4n+5)) — Jin+a d4(n+1)+1( (g 4(n+1)+1) ® t(g 4(n+1)+1))
= lo(gi"™) ® gt QYQY + @ pants YOy + Y @pants QY + QY@ @ pants Y
+ayay ®, an+3 t(giln+4) (=AN)"a0 ® gin+s ﬂ’y]a —alo (g§n+4) Q, dn+3 YOy +v® gints ayQ
+yay ® zlm+3 a4 70y @ gants t(g§"+4) (=) "yao ® gint3 06— ( Ao ® gint3 ﬂva
+(1 =) "1ya ®, dn+3 (’ya —Adf) + A1 -\ "lop ®, dn+3 (o8 —va)]
= @ @gints YAy —|— ory R gants QY+ @Y @ panss Yo + oz’yory R gints @ — (=)o ® gin+3 By
—« ® ;m+3 yaya — ary ® gint3 QYQ = omow ® gints @ + (=)™ ac ® gan-+3 Bya
—(1-=N"taya ® gants ’ya +A(1 =N taya ® gints o —A1- ) lacB ® gints of3
+A(1 = N)"taop ® dnt3 Y

= O’
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A @ o(g8749) @ g ))

=o (g§”+ ) ® gin+3 Yoy +7 gin+s ayQ + yay ® gin+s & + Yoy @ gin+s f(g§n+4)
—(=A)" ’)/OzU ® gin+3 B—(— ) o® gin+3 Bya + (1 - N lva® gin+s (’)/Oz — Aof3)
+A(1 =)~ aﬂ@ ints (08 — fya)]fy Ylo(g") ® gints @Yy —i— Q@ gants yary
Ty @ gants ay + a’ya ®gants Y + ayQY @gin+s t(g 4”Jr4) (=N "o ® ants B7]

=7 ®gints orya’y +yay ® 411n+3 ay + ’yorya ® ant3 Y — (=\)"yao ® gan+3 [37
+H(1 = Ny ®gants yay — AL = A) " Ha ® gin+s 007 + A1 — ) LoB ® jints 03
A1 -XN"top ® gan+s YOV = Y ® pants AYQY = YO B pnss YA = Yoy ®9f"+3 ary
QY @ gants 7y + (=N)"vyao ® gan-+3 By

=0,

d4n+4 d4n+5( ( 4n+5) ® t( 4n+5))
=[o(ga"™) ® gin+3 QY+ Y @pants QYA+ QY @ gants O+ YAYQ @ pants t(g3" )

—(=A)" ’yaa ® gin+s B—(=\)"oc® g3 Bya+ (1 —-N)"1va® gin+3 (ya — Ao )
AL = N0 @m0 (0 — 1)) — (N lo(glH) @ s oo
—(=A)""B® gints Jﬁa + [Bo® gin+s Bo — (=\)""Bof ®g§"+3 o+ PBofo ®g§n+3 t(g§n+4)
+(—=A\)~ (n'H)ﬂ’y ®, an+3 ao]

=Yy @gints a0 + 'yoryoe R gants 0 — (=\)"yao ® gan+3 Bo— (=" ® gin+3 Oyao
+(1— )\) VA @ gints VAT — A1 =N"yae gints oo+ A1—-X)" Jﬁ ® gints ofo
A1 -=N"lop® gin+3 700 — (=)o ® gan-+3 fopo — Ao ®, ants ofo
—(=\)""loBo ® gints Bo — AoBof3 ® gin-+3 a —ofBy® gin+s 00

= 07

and

dan+4 . d4n+5(0(gin+5) ® t(gin+5))

= [0(g§n+4) ®g§n+3 Bofo —(=A)""6® gin+s ofBo + Bo® gin+s Bo — (=\)""Bop ®g;ln+3 o
+0ofBo ® gin+s f(g§n+4) + (—)\) n+1 ﬁ’y ® gin+3 aolf — ( A~ n+1),3[ (g 4n+4) ®ggn+3 Yyayo
Y ®gants a'yoz QY @gants @+ YOYX Dgants tg3" ) — (= \)"yao ® gants 164
—(— >\) 0 @ gants Bya+(1=AN)"1yva® gin+s (’ya —XafB) + A1 - N)"tog ® gan-ts (68 —~a)]

=—(— )\)7"5® dn+3 Uﬁaﬁ—l—ﬂd@;mw ﬁaﬁ (=)~ nﬁaﬁ@ dn+3 Uﬁ+ﬁ0’,@0®gn+sﬁ
+(=N)"~ (nJrl)ﬁ’Y ®, an+3 acf —(=A)~ (n+D)3 ®, dnt3 YOO — (—)\) (1) By ® gints QY
A" 1Byaco ®, ants ﬁ A1 5o ®, ants Bya — (—)\) (”‘H)(l A1 Bya ®, ints Y
—(-N)7(1 - M) Bra ®an-+s o6+ (=N (1= \) 1o ®gan+s 0f3
—(=A)"1 =N "1B08 ®g§"+3 Yo

Hence d*+4. gint5 — (.
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Now we show that d4t® . ¢4+6 — (0. We have
n n n n n n 4(n+1)+2 n+1)+2
dAnt5 . qin+6 (g (94 +6) ®t(g4 +6)) — A+ gA( +1)+2(0(g1( +1)+ ) ® t(g 4(n+1)+ )
= [0(gi"") @yants @ — @ @ s g ) (v — o) + fo(gd" ) @ ansa
—7 @ganta t(g5"""))a — afo(g5" ) @yanta o0 — (=)o ® ginta f(g§”+5)]ﬁ

+a,y[ ( 4n+5) ® ‘1“”'4 a—a® 4n+4 t(giln+5)] - (_)\)n-{—laa[ (gi‘n-i-f)) ®g§n+4 B
_( )\) (n—i—l)ﬁ@ 4n+4 f( 4n+5)]
— 0(9%n+5) ®g‘11n+4 04’)/06 -« ®g3n+4 Yoo — (g%n—%) ® gintt aofl + «a ® n+d of+a ® dntd YA

)\)n—H 4n+5)

92
—QY @gints & = 4 @ panta of+ (— a0 @ ganta 84+ ay B gints O — QYA @ ganta t(g
—(=\N)" ao ®g§n+4 B+ aocp ® an-+4 t(gin—%)
—0,

d4n+5 . d4n+6( ( 4n+6) ® f( 4n+6))

= [0(g3""°) @ ganra ¥ — 7 ®gansa t(gy" 7)oy — [0(g5" ") ®pansa 0

(A @ gass GGy +A0(687) @ ygnss 4 — 0 s Hg )y
—(=A)"olo(g5") @ganta B — (=N)TDE @ ansa t(g3" )]y
+(ya — aB)[o(gy" ) ® gin+a Y — Y @gana (g in )]

= 0(g"") ®ganta yay = ® gint @y — 0(9§"+5) Dgant1 07+ (=A)"0 @ ania By
+7 Ogin+4 oz*y VR gin4 7 ()" o gin+t B’y +o8® ginte Y ® dnta 7y
—ay® gint f(92”+5) 0B ®gan+a 7y + o ®g;m+4 f(9§”+5)

=0,

n+5)]

JAnts . JAntB (o (gAn+Y g ¢(gdn+oY)
=[o (g§n+5) ® gt Y = ® dn+4 f(g2n+5)] — o (g§n+5) ® dn+a O
(AP s (g PAG + [o(g1 ) @ s = 0 @ pgesa Ll o
(=)0 [0(g1" ) ®ganta B — (=A)" B @ ansa t(gi" )]0 + (var
—/\Uﬁ)[ ( 4n+5) ® 4n+4 o— (_)\)n+10 ® Antd (gsn+5)]
=0(gy""") ® ginta Yoo — 7 ®gant1 Q0 — o(g§"+5) B gants A0+ A(=X)" 1o @ yania fo
+y ®g;1n+4 aa —ya® gintt U — A=\ ®, dn+d ﬂa + Ao ® gintt O +ya ® gintt O
—Aof3 ®g421n+4 o — (—)\)"‘Hyao ® dn-a t(g 4n+5) + A(— )\)n'HO'ﬁO' ® gin+d t(g 4n+5)
=0,
and
dntS . JAnt6 (o(g1n+0) @ ¢(gdn+0))
[ (gjlln—&-B) ® ginta 08— ( ) (n+1)5 ®g§"+4 t(gin—i-S)](,Ya . )\Uﬂ)
+(=X)"Blo(gi ) D yina @ — (“N)"H o @ e H(g3 )] 3
(=A)~ (n+l)ﬁ[ (g 4n+5) ®9421n+4 v =7 ®giln+4 f(g§n+5)]
(=)D By [o(g1" ) @ganrs @ = @ @ yansa Hgt™ )] = ABolo(g4™ ) @ yansa B
—(=A)" (n+1),3® dnt4 t(g 4n+]5)]
= 0(gy n+5) ®g§n+4 ﬁ’Ya - (—)\) )3 & gin+e YO — o(g 4n+5) & gl ABo
—(=N) "B @ 0f+ (=A)TB® 3n+4 o+ Ao ® jan+a ﬂ
+(=
—(-

_|_
+

A~ (n—f—l)ﬁ ®g§"+4 Nor — (—)\)_(n"'l),@’Y ®gf"+4 a+ (_)\) (n+1) ﬁ7 ® ginte @
)~ By @ gan+a ’L(gim'%) ABo ®g§n+4 B—(=A)""Bop & gan+4 t(gin+5)
= 0.

Thus d*"+5 . g4nt6 — (.
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Finally we show d*"+6 . d%"+7 = (0. We have
dAn+6 . gAn+T (o (g4n+7) ® t(g4n+7)) — JAnt)+2 d4(n+1)+3( (94(n+1)+3) ® t(g] (n+1)+3))

= [o(g"*") ® gints (Y& = 08) + A @ pants @ — @ Qpanss B+ ay @ pan+s Hg n+6)
—(=x)"Hao @ gns Hgi" O]y — alo(g"*0) @yanis ay — 0(g5"F0) ®yanis By
+7&® gints Y — (—)\)n+10' ® dn-+5 v+ ( o — Uﬁ) ® dn+5 t( 4n+6)]

= 0(giln+ ) ® ants YQry — 0(gim+6) ®gj‘"+5 oby+« ® gints @y — ® gin+s By
+ary ®gz11n+5 v = (- )\)n+1040 ®gin+5 ¥T—a® gin+s Oé’y +a® gin+s ﬁ’}/ —ay ® an+s Y
+(=N)""ao ® gan+s Y — QYA @ jan+s t(g§"+6) + aof ®g‘2‘"+5 t(g§”+6)

=0,

d4n+6 . d4n+7( ( 4n+7) ® f( 4n+7))
=[o(ga""%) ® gin+s QY = 0(gy" ") ® gants By+v® gin+s Y — (=)Ao ® gints Y
+(ya — Uﬁ) ® dn+5 t(g 4n+6)] [ (g§n+6) ®ggn+5 ao —o(g 4n+6) ® dn+5 ABo

+7 Qgants 0 + ( N 2o ® gints 0+ (yao = Ao B) ® gin+s f(9§n+6)]ﬁ
—v[o ( 4n+6) ® dn+5 (ya — Uﬁ) +a® gin+s a—« ® dn+s B+ ay @ dnts (giln+6)

—(=A)"*ao ® ants (g1 O] + (=A)" oo (93"%) ® gants (yor — Agﬁ)
(=) B @ ganrs B+ (A TVE®anis a4 (—2) 7 gy Dgints Hgy™)
—\Go ® ginto t( 4n+6)]
(g§n+6) ®g;‘"+5 ayo — (ggn—%) ® gan+o Bya+v® gints YO — (=)o Qg dn+s YA
+ra ® glnts & — 0B ® gin+s & — 0(g§n+6) ® dn+s aaﬂ +o(yg 4n+6) ® gin+s )\ﬂaﬂ
Y& gin+s o} — ( )n+20 & gin+s o —ya ® gin+s O+ Ao ® gin+s ﬂ v & gin+s Yo
+7 ® ants of —ya® gints @ + Yo ® gints 06— ’yav ® glints t(g 4n+6)
+(— )\)”Hvaa Dgants 1(g1"70) + (= A)" 1o @ s Y (A Dginss o
AT @ gusa 5+ 00 @ s a-+ 06y 8y (gl + (-N)" 2000 8 s H(g1)

=0,

and
d*r T (0(g5™T) @ t(g5" "))

= [0(g3""®) ® tnss (ya = A0 B) + (=) "B @yanis B+ (=A)"TVE @ anis a

(=N (”“4367@ st g4 0) = MBo @ anrs tg4")]o
(A D Blo(gH ) @ anso a0 — o(GHH) @ anso Ao+ Dypss

+H(=N)"20 s 0 + (o~ AoB) & gin t(g2 o)

= (g:‘l‘"+6) ®gin+5 ~yao — o(g 4n+6) @ jan+s )\0’50 + (=) gants fo
(=N B @ s a0 + (- A g, @ gints 0 — Ao ® ints 0
—(=A)~ (n+1),8 & gints QO — (=AN)T"B® gin+s 5‘7 — (=)~ (n+1 B'Y ® gints O
FAGT @i 7 = (-A) D B0 @ s Hgh™0) = (-N) BB @ guss Hol™ )

=0.
Thus d*"*6 . @*+7 = 0.
Hence d™ - d™t1 = 0 for all m > 0. O

Theorem 21.5. With the above notation (P™,d™) is a minimal projective A—A—bimodule
resolution of A = Aj ().

Proof. From Theorem 21.4, (P™,d™) is a complex. Now to prove that (P™, d™) is a

minimal projective A — A—bimodule resolution of A, we use an argument which was
173



given in [16]. Note that A/t @x P™ = @gmegmt(gi")A = Q™ as a right A—modules
and that the map id®d™ : A/t @y P™ — A/t @5 P™ ! is equivalent to the map
m. Q™ — Q™! given in Theorem 21.2, that is, for m = 4n + 1 we have

t(g"™h) = HgiMa
t( 4n+1)

t(g5™)y
t(gs" ") — t(gd")o
t(g3" ) — t(gd™)B;

for m = 4n + 2 we have:

t(g1""?) = g™ ) (ya — 0p)

t( 4n+2) ( 1)04’}/ ( 4n+1)67
f( 4n+2) ( I)CKU ( 4n+1))\ﬁa
tg3""?) = gy ) (ya — A B);

for m = 4n + 3 we have:
o™+ o ot
tg2" %) = tgy" e — t(g5" )0
(") = H(of" )0
and for m = 4n + 4 we have:
g™+ o (g1 aray
t(gs" ) = t(gs" P yara
t(gs" ™) = t(g3""?) B0 Bo.
From Theorem 21.2 (A/t®p P™,id ®5d™) is a minimal projective resolution of A/t as
a right A—module. So from [16, Proposition 2.8] (and see [27, Theorem 1.6]) it follows

that (P™,d™) is a minimal projective A — A—bimodule resolution of A. O

7

We recall that A € K \ {0,1}. Now for n > 0, if (—\)"™ =1 then

d4n+1 — dl, d4n+2 — d2, d4n+3 — d3, d4n+4 — d4.

Theorem 21.6. Let A = A;(\) where A € K\ {0,1}. If there exists some n > 1 such
that (=\)" = 1 then Q32 (A) = A as bimodules. Moreover A has a periodic projective

A — A—bimodule resolution.

Proof. The map d*"*! is equal to d' so Imd*"*! = Imd'. Hence Q\""(A) = Qpc(A).
But A is indecomposable and selfinjective so A 2 Q3% (A). Thus A is periodic of period
dividing 4n. O

The Hochschild cohomology ring modulo nilpotence of a periodic algebra was deter-
mined by Green, Snashall and Solberg in [17]. Recall that the Hochschild cohomology
ring is HH*(A) = @;>0 HH (A) = @;>0 Extc (A, A) with the Yoneda product. We let
N denote the ideal of HH*(A) generated by the homogeneous nilpotent elements. The

proof of the following theorem is immediate from [17, Theorem 1.6].

174



Theorem 21.7. For A = A;()\) we have that HH*(A)/N = K or K[x]. If there is
n > 1 with (—\)" = 1 then HH*(A)/N = Klx] where z is in degree m, and m is

minimal such that Q3% (A) =2 A as bimodules. In this case m divides 4n.

We remark that it is not yet known whether HH*(A) /A is isomorphic to K or K|z]
in the case where is no n > 1 with (=\)" = 1. It would be interesting to study this

question further.
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22. PERIODICITY OF THE SIMPLE A3(\)—MODULES

We recall from Chapter 6 that As(\) is the algebra K Q/I where Q is the quiver

(12 )8
v
and
I =(a® — 07, A\3* = 70,70 — Bv,08 — ao)
where A € K \ {0,1}. Write A for A2(\) and S; for the simple module at the vertex i.
The indecomposable projective A-modules are:
e1A = sple1, a,0,08,a2, a3} and eaA = sp{ea, v, 3, va, 2, 33}.
From 6.2 we have the beginning of the projective resolution of the simple As(A)—modules
as follows.

The minimal projective resolution of S; starts with:

1

03 0? o
e1A e1 A ® eoA ——= e A D esA el S1 0

where
' : (e1(, ean) — aer + oean,
02 : (e1€, ean) = (a, =7)e1C + (=0, B)ean,
9% e1¢ = (a,7)erg,

for (,n € A.

The minimal projective resolution of Sy starts with:

03 0?2 ot
e\ el @ eaA ——= e A P esA e\ So 0
where
d' : (e1¢, ean) — vei1C + Pean,
92 : (e1¢, ean) = (a, =7)erl + (o, =AB)ean,
0% ean v (0, —B)ean,
for {,n € A.

22.1. The periodicity of 5;.

Now we want to find Ker 9% = Q4(S51). Let e1¢ = c1eq + caa+ c30 + c40 3+ csa? + cga®

with ¢; € K. Assume that e;¢ € Ker 9 then («,7)e1¢ = (0,0) so (a,7)(crer + coax +

c30 +c0B+csa® +cga’) = (0,0). Then (cia+ oo + c3ao +c5a, c17 + caya+ c3yo +

cyyof) = (0,0), that is, cra 4+ c2a? + c3a0 4+ c503 =050 ¢; = ca = c3 = ¢5 = 0, and

c17y + caya + c3y0 + cayof =050 ¢1 = ¢ = c3 = ¢4 = 0. Thus e, = cga’.
Hence Ker 93 = {cga® : cg € K}.

Claim. Ker 9 = o3¢ A.

Proof. Let € Kerd?; then = = cga?, that is, z = a3(cge1). Thus € ale;A and

therefore Ker 9° C ae; A.
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On the other hand, let y = a’e;( € a’e;A. Then, from the definition of 93, we
have that 9(y) = (o, v)(a3e1¢) = (a*,7a3)e1¢ = (0,0). Therefore y € Ker 93 and so
ale; A C Ker 5.

Hence Ker 93 = a?ejA. O

So the map 9% : e;A — e A is given by e1¢ — a3ei(, for ¢ € A.
Note that Ker 9% = S; and so Q4(S;) = 5.

22.2. The periodicity of Ss.

To find Ker 0% = Q*(Ss), let ean = crea + gy + co B+ croya+c116% +c128% with ¢; € K.

Assume that ean € Ker 93 then (o, —3)ean = (0,0) so (o, —3)(crea+cgy+coB+croya+

c113% + c126%) = (cr0 + csoy + cgo B + crooya, —ciff — csfBy — co8% — c118%) = (0,0).

Therefore cyo + cgoy + cgo 3 + cipoya = 0, that is, ¢z = ¢g = cg = ¢19 = 0. Also

—c7f3 — gy — cof82 — c118° =0, that is, ¢7 = ¢g = c9g = ¢11 = 0. Thus ean = c1232.
Hence Ker 93 = {c123% : c12 € K}.

Claim. Ker9? = 33esA.

Proof. Let x € Ker 3®; then x = 1243, that is, 2 = 33(c12e2). Thus z € #3esA and
therefore Ker 03 C 33esA.

On the other hand, let y = (3ean € (B3esA. Then, from the definition of 93, we
have that 9%(y) = (o, —3)3%an = (642, —*)ean = (0,0). Therefore y € Ker 9* and so
B3eaA C Ker 3.

Hence Ker 93 = 33esA. O

So 0% : eaA — e is given by eqan — (3ean, for n € A.
Note that Ker 9% = Sy and so Q*(S3) = Ss.

We summarize this in the following Theorem.

Theorem 22.1. For the algebra As(\), we have Q*(S1) = 81 and Q*(Ss) = Sy. Hence
O4(S;) =2 S; for all i.
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23. PERIODICITY OF THE SIMPLE As—MODULES

We recall from chapter 9 that As is the algebra K Q/I where Q is the quiver

8
(12
and
I = <72 - 6a7a7/8>
Write A for As and S; for the simple module at the vertex 4.

The indecomposable projective A-modules are:

el = sp{e1,7, 8,78,7% 73,7, 7'} and
ea\ = sp{es, o, ay, aB, av?, aBaf}.

Derived equivalence class of As is {45, Ag}. We consider As in this chapter and Ag
in the next chapter. Although it is known from [4, Lemma 2.1] that the simple modules
are periodic and that they are derived equivalent, we show that the periodicity of the
simples are not the same for these two algebras.

Recall from Section 9.2 the minimal projective resolution of Sy starts with:

93 2 1
e1\ 9 e1\ 9 e1\ ® esA 9 e1A S 0

where

9" : (e1(, ean) = vei + Bean,

82 : GIC = (77 _a)61<7

&z e1¢ — ylerd,
for {,n € A.

The minimal projective resolution of Sy starts with:
3 2 1
€2A 9 €2A 9 €1A 9 €2A SQ 0

where
' s e1¢ — aer(,
02 : ean — Pean,
O : egn — afean),
for (,n € A.
Also recall from 9.4.1 that Ker 9% 2 S so that Q3(S;) & 5.

23.1. The periodicity of Ss.

23.1.1. Ker d3.

To find Ker 8% = Q*(Ss), let ean = dyies + daax + dzay + dga 8 + dsary? + dgafaS with
d; € K. Assume that ean € Ker 9 then afean = 0 so af(dies + doax + dzary + dyaff +
dsay? + dgafaf) = 0, that is, diaf + deaBa + dsafBaf = 0, so that di = dy = dy = 0.
Thus e2n = dsay + dsay? + dgafaf.

Hence Ker 93 = {dsay + dsay? + dsaBaf : d; € K}.
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Claim. Ker 93 = ayeA.

Proof. Let x € Ker 93; then x = dzay + dsary? + deafBaf, that is, x = ary(dser + dsy +
dev3). Thus x € aye; A and therefore Ker 0% C aryerA.
On the other hand, let y = aye;( € aye;A. Then, from the definition of 92, we have
that 9%(y) = aB(ay)e1 = afayei( = 0. Therefore y € Ker 9% and so arye; A C Ker 3.
Hence Ker 8% = aye A. O

So 0% : e1 A — egA is given by e1( — avyei(, for ¢ € A.

23.1.2. Ker0*.
To find Ker 0* = Q5(S3), let e1¢ = creq + cay + 38+ cayB+ c5v2 + cev2 B+ cry® + cgyt
with ¢; € K. Assume that e;¢ € Kerd*. Then avei( = 0 so ay(cie + coy + 3 +
cayPB + 0572 + 66726 +eyd + 0874) =cay+ 02a72 +esay?8=0.80¢ci =ca =c4 =0.
Thus e1¢ = c38 + 572 + c6728 + ey + csyt.

Hence Ker 0* = {c38 + c57% + c6728 + cry® + csyt 1 ¢ € K.

Claim. Ker9? = fesA.

Proof. Let = € Kerd*; then = = 38 + 0572 + 720 + 0773 + 0874, that is, =z =
B(cges + csa + cgaB + cray + cgay?). Thus o € BesA and therefore Ker 9* C BesA.
On the other hand, let y = Besn € BeaA. Then, from the definition of 9%, we have
that 9*(y) = ayBean = 0. Therefore y € Ker 8* and so feaA C Ker 6.
Hence Ker 0* = fesA. O

So 0° : eaA — e1A is given by ean — Bean, for n € A.

23.1.3. Ker 9.

To find Ker 3° = Q5(S), let ean = dyies + daax + dzay + dyaf + dsary? + dgafaf with
d; € K. Assume that eon € Ker 9° then Bean = 0 so B(dies + doav + dsary + dgaf +
dsay? + dgaBaB) = 0, that is, di8 + defa + d3Bay + dyfBaf + dsBay? = 0, so that
d1 = dy = d3 = dy = d5 = 0. Thus esn = dgaBaf3. Hence Ker 0° = {dgafaf : ds € K }.

Claim. Kerd® = afBa3esA.

Proof. Let x € Ker 8°; then x = dgafSa3, that is, * = afaB(dges). Thus x € afafesA
and therefore Ker 9° C aBaBesA.

On the other hand, let y = afBafBesn € afafBesA. Then, from the definition of 8°,
we have that 9°(y) = B(afafesn) = BaBaBesn = 0. Therefore y € Kerd® and so
afafBes A C Ker 8°. Hence Ker 0° = afafBesA. O

So 9% : eaA — esA is given by ean — aBafBesn, for n € A. Note that Ker 9° = Sy
and so Q6(Sy) = 9.
We summarize this in the following Theorem.

Theorem 23.1. For the algebra As, we have Q3(S1) = S1 and Q°(S53) = Ss.
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24. PERIODICITY OF THE SIMPLE Ag—MODULES

We recall from Chapter 10 that Ag is the algebra K Q/I where Q is the quiver

(1T
B
and
I = (a® =B, 87, 6a% o).
Write A for Ag and S; for the simple module at the vertex .
The indecomposable projective A-modules are:
e1A = sp{e, a, vy, ay,a?, a3, a*} and

62A = Sp{627 /87 ﬂaa /Bafy}

Recall from Section 10.2 the minimal projective resolution of S starts with:

93 92 ot
cv——=eiA D esA —= e A D eaA —=e1 A D e el S 0

where

9" : (e1(, ean) — aer( + e,

& (e1C, ean) = (o, —f)erC + (ay,0)ean,

0% : (e1¢, ean) = (o, —B)e1 + (v, 0)ean,
for {,n € A.

The minimal projective resolution of Sy starts with:
o3 9?2 ot
o ——> 1A D esA ——= e A D esA e1A eal\ So 0

where

9" s e1¢ — e,

0% : (e1¢, ean) — a’e1( + yean,

& (e1€, ean) = (a, =B)erC + (v, 0)ean,
for {,n € A.

24.1. The periodicity of 5;.

24.1.1. Ker93.

To find Ker 0% = Q*(S1). Let e1¢ = c1e1 + cay + cza + cqa? + c5a + cga* + cray and
ean = dieg + dof8 + d3Ba + dyfBary with ¢;,d; € K. Assume that (e1(,ean) € Ker 3.
Then (a2, —B)e1¢ + (7,0)e2n = (0,0). So (a2, —B)e1l + (7,0)ean = (a?,—B)(c1e1 +
ey + cga + cqa® + csa + cgat + cray) + (7, 0)(dres + doB + d3Ba + dyBary) = (c1a? +
c3a + cqat, —c18 — c3Ba — crBary) + (diy + doyB + d3yBa, 0) = (c1a? + c3a® + cpa* +
d1y+deyB+dsyBa, —c13—c3fBa—crBay) = (0,0). So (cra?+(c3+da)ad+ (ca+d3)at +
d17y, —c18—c3Ba—crBay) = (0,0). Therefore c1a? + (c3+dz)a® 4 (cq +d3)a* +diy = 0,
that is, ¢; = dy = 0,ds = —c3,ds = —c4. Also —c18 — c3fa — c7Bary, that is, ¢ = ¢3 =
c7 = 0. Hence e1( = coy + caa? + esa® + cgat and ean = —c4fa + dyfary. Therefore

Ker 93 = {(coy + c40® + c503 + cgat, —cyBa + dyfay) : c;ydy € K}
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Claim. Ker 93 = (a2, —Ba)e; A + (7,0)eaA.

Proof. Let u € Kerd3. Then u = (coy + csa? + c50® + cga*, —caBa + dyBary) so u =
(%, —Ba)(cser + csa+ cga — dgy) + (77, 0)(caez). So u € (a2, —Ba)er A+ (77,0)eaA and
therefore Ker 0% C (a2, —Ba)e1 A + (7, 0)e2A.

On the other hand, let v = (a?, —Ba)e1 + (7,0)ean € (?, —Ba)erA + (7, 0)e2A.
Then, from the definition of 3%, we have that 3%(v) = 8%((a?, —Ba)e1l + (7, 0)ean) =
(@2, =B)(a”e1 + yean) + (v,0)(=Paei() = (a*eil + a’yean — yPaer(, —fa’er( —
Byean) = (0,0). Therefore (a2, —Ba)er A + (7,0)eaA C Ker 03,

Hence Ker 93 = (a2, —fBa)eiA + (7, 0)ezA. O

So the map 9* : e;A @ eaA — e A @ ez is given by (e1(,ean) — (a2, —Ba)er +
(7,0)ean, for ¢,n € A.

24.1.2. Ker9*.

To find Ker 9* = Q°(S1). Let e1¢ = cre1 + cay + cza + caa? + csa® + cga* + cray and
ean = dies + dof3 + d3fBa + dyfary with ¢;,d; € K. Assume that (e, ean) € Ker 0%
Then (a2, —Ba)e1( + (7, 0)ean = (0,0). So (a?, —Ba)erl+ (7, 0)ean = (a2, —pa)(crer +
2y + cza+ 40 + 508 + cgat + cray) + (7, 0)(drez + dof + dsfa + dafay) = (cra? +
c3a® + cpat, —c1Ba — cafay) + (diy + doyB + d3yBa,0) = (c1a? + cza® + cpat +
d1y + doyB + d3yBa, —c1Ba — caffary) = (0,0). So (c1a? + (c3 + do)a® + (cq + d3)a* +
d17y, —c1Ba — caBay) = (0,0). Thus c1a? + (c3 + d2)a® + (cs + d3)a* + di1y = 0, that
is, ¢ =dy = 0,do = —c3 and d3 = —cy4. Also —c18a — cofBay = 0, that is, ¢; = co = 0.
Hence e1¢ = csa+cs0? + cs5a® + cga* 4+ cray and ean = —c3f —cafa+dyfary. Therefore
Ker 0* = {(c3a + c40? + c5a + cga + crary, —c3f — cafa + dyfary) : ¢;,dy € K.

Claim. Ker9* = (a, —3)e1A.

Proof. Let u € Ker 8*. Then u = (csa+cqa?+csa3 +ega +cray, —csf—cyBa+dyfary)
so u = (o, —B3)(cze1 + e+ c5a + cga + ey — dyay). So u € (o, —f)er A and therefore
Ker 0* C (o, —)e1A.

On the other hand, let v = (a, —3)e1¢ € (a, —)e1A. Then, from the definition of 9,
we have that 9*(v) = 94((a, —B)e1() = ((a?, —Ba)a+(7,0)(—8))eil = (a?, —Ba?)e1(+
(—7B,0)e1¢ = (a3 — vB, —pa?)e1¢ = (0,0). Therefore (a, —3)e1 A C Ker 9,

Hence Ker 0* = (a, —3)e1 A. O

So the map 9° : e;A — e1 A @ eaA is given by e1¢ — (a, —3)e1(, for ¢ € A.

24.1.3. Ker9°.

To find Ker 3% = Q5(51). Let e1¢ = cre1 + cay + cza + caa® + c5a® + cga* + crary with
c; € K. Assume that e;¢ € Ker 8° then (a, —3)e1¢ = (0,0). So (o, —3) (c1e1+cay+cza+
caa® +cza +cgat +cray) = (cra+caay +c3a® + cqad + csat, —c1 f— c3Ba—crBay) =
(0,0). So cra + coary + c3a? + 40 + csa* = 0, that is, ¢; = co = c3 = ¢4 = ¢5 = 0.

Also —c¢18 — c3fBa — c7fay = 0, that is, ¢ = ¢3 = ¢z = 0. Thus e1¢ = cga.
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Hence Ker 9% = {cga? : cg € K}.
Claim. Kerd® = aeA.

Proof. Let € Ker0; then x = cga?, that is, z = a*(cger). Thus = € ate;A and
therefore Ker 9° C a’ejA.

On the other hand, let y = a?e1¢ € a*e;A. Then, from the definition of 9%, we have
that 9°(y) = (o, —B)(a*e1() = (a®, —Ba*)e1¢ = (0,0). Therefore y € Ker 3> and so
ate; A C Ker 0°.

Hence Ker 8° = a’e;A. O

So 8% : e; A — e1A is given by e1( — aei(, for ¢ € A.
Hence Ker 9> 2 S and so Q9(S1) = 5.

24.2. The periodicity of 5.

24.2.1. Ker 3.

To find Ker 0% = Q*(S3). Let e1¢ = creq + cay + cza + caa? + csa + cga* + crary and
ean = dies+daS+d3Ba+dyBary with ¢;, d; € K. Assume that (e1(, ean) € Ker 3. Then
(a, =B)erC + (7, 0)ean = (0,0). So (o, =F)e1( + (7,0)e2n = (o, =B)(cre1 + c2v + csa +
caa® +esad+egat+-crary)+ (7, 0)(direa+doB+dsBatdyfay) = (cratcaay+cza®+eia®+
csat, —c18—c3Ba—crBay)+(diy+deyB+dsyBa, 0) = (cratcaay+cza®+cpa +esat +
diy+doyB+dsyBa, —c1 f—cs3fa—crfay) = (cratcaay+eza®+(catdy) o +(cs+ds) ot +
d17y, —c18—c3Ba—crBary) = (0,0). So cratcoay+cza+(catde)a+(cs+dz)at +diy =
0, thatis, c; =dy = ce =c3 =0,ds = —¢q4 and d3 = —c5. Also —c18—c3fa—crBay = 0,
that is, ¢; = c3 = ¢7 = 0. Hence e1¢ = ey’ +csa+cgat and ean = —cyB—csBa+dyBory.
Therefore Ker 8% = {(c4a? + csa® + cga, —caff — csfa+ dyBary) : ¢;,dy € K}

Claim. Kerd? = (a2, —3)eiA.

Proof. Let u € Kerd®. Then u = (csa? + c5a® + cgat, —csff — c5Ba + dyfary) so
u = (a2, =) (cse1 + csa + cga® — dyay). So u € (a2, —B)e1 A and therefore Ker 9% C
(a2, —B)e1A.

On the other hand, let v = (a?,—B)e1( € (a?,—B)erA. Then, from the defini-
tion of 3%, we have that 9(v) = 3*((a?, —B)e1() = (((o, —=B)a® + (7,0)(—=B3))e1() =
(a3, —Ba?) + (=78,0))e1¢ = (a® — 78, —Ba?)e1¢ = (0,0). Therefore (a2, —B)e1A C
Ker 3.

Hence Ker 93 = (a2, —3)e1A. O

So the map 0% : ey A — e A @ eoA is given by e1¢ — (a2, —B)e1(, for ¢ € A.

24.2.2. Ker0*.
To find Ker 0* = Q3(S3). Let e1¢ = creq + ey + cza + cqa? + 50 + cga + cray
with ¢; € K. Assume that e;¢ € Ker@*. Then (a2, —f)ei¢ = 0. So (a?, —f)ei( =

(a2, —B)(c1e1 + coy + c3a+ cs0® + c5a® + cgat + crary) = (01a2 + 303 + cuat, —c1 8 —
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csfa — crfay) = (0,0). So c1a? + cza® + cpa* = 0. Thus ¢; = ¢3 = ¢4 = 0. Also
—c18 — e3Ba — cpfay = 0, that is, ¢; = c3 = ¢; = 0. Hence e,¢ = coy + c50® + cga.

Therefore Ker 0* = {cay + c5a3 + cga : ¢; € K}.
Claim. Ker9* = yesA.

Proof. Let u € Kerd*. Then u = coy + c5a® + cga® so u = y(czea + c50 + cgBa). So
u € veaA and therefore Ker 0% C vesA.
On the other hand, let v = yean € yeaA. Then, from the definition of 9*, we have that
0*(v) = 0*(vean) = (a2, —B)vean = (a?y, —B7y)ean = (0,0). Therefore yes A C Ker 0.
Hence Ker 0* = yeaA. g

So the map 9° : eaA — e A is given by ean — vean, for n € A.

24.2.3. Ker9°.

To find Ker 8° = Q5(Sy). Let ean = dies + dof3 + d3fa + dyBary with d; € K. Assume
that ean € Kerd®. Then yean = 0. So vean = 7(diea + doff + d3fa + dyfBary) =
di1y + doyB + dsyBa = 0. Thus di = do = d3 = 0. Hence ean = dgBary. Therefore
Ker 0° = {dyBary : dy € K}.

Claim. Kerd® = fayesA.

Proof. Let x € Ker 3°; then z = dyBary, that is, z = Bary(dses). Thus z € BaryeaA and
therefore Ker 8° C BayeaA.

On the other hand, let y = Baryesn € BaryesA. Then, from the definition of 9°, we
have that 9°(y) = y(Bayesn) = vBayean = 0. Therefore y € Ker 3® and so SayesA C
Ker 0°.

Hence Ker 8° = BayesA. g

So 8% : eaA — esA is given by egn — Bayesn, for n € A.
Hence Ker 9> = S5 and so Q9(S3) = Ss.

We summarize this in the following Theorem.

Theorem 24.1. For the algebra Ag, we have Q5(S1) =2 Sy and Q5(Ss) = Sy. Hence
08(S;) = S; for alli=1,2.

We remark that the algebras As and Ag are derived equivalent, but nevertheless the
simples do not have the same periodicity. Thus the period of a periodic simple module

is not invariant under derived equivalence.
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25. PERIODICITY OF THE SIMPLE A7—MODULES

The algebras Ay, A7, Ag, Ag, A9, A11 all lie in the same derived equivalence class.
We give the periodicity of the simple A7—modules, and do not discuss the periodicity
for Ay, Ag, Ag, A1g, A11.

We recall from Chapter 11 that Ay is the algebra KQ/I where Q is the quiver

and
I = {(Ba—dv,76 — eC, ade, ().
Write A for A7 and S; for the simple module at the vertex i.
The indecomposable projective A-modules are:

eiA = sp{e1, a, af, ad, afa, afas},

ea\ = sp{es, 3,0, Ba, e, Baf, deC, Bafalt,

esA = sples, v, e,78, e, vBa, eCe, eCeCh,

esA = sples, ¢, (v, Ce, CeC, Ceel

Recall from Section 11.2 the minimal projective resolution of Sy starts with:

3 2 1
esh — L e A T oA P> A S 0

where

Ol : esv — sy,

02 < equ — Seeqpt,

O - eap — Ceeap,
for v, u € A.

The minimal projective resolution of Sy starts with:
3 2 1
ea\ 9 e\ 9 e1\A @ esA 9 ea A So 0

where

9" : (e1n, e3\) > Bern + dez),

02 : eqv — (a, —7)ear,

0? : eau — Bafaesy,
for n,v, A € A.

The minimal projective resolution of S3 starts with:
3 2 1
€3A 9 egA 9 €2A ©® €4A 9 €3A 53 0

where

O : (equ, eqpt) +— yeav + ceqp,

82 : 63)\ = (5, —C)eg/\,

0® e\ — eCeles),
for n, u, A € A.
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The minimal projective resolution of Sy starts with:

61A o 61A & 63A o 64A S4 0

where
' es\ — Ces,
9 : ern — yPern,
03 : e1n — afBern,
for n,\ € A.
Also recall from 11.4.1 that Ker 8% 2 Sy so that Q3(S2) = Sy and from 11.4.2 that
Ker 92 = S5 so that Q3(S3) = S3.

25.1. The periodicity of 5;.

25.1.1. Ker93.

To find Ker 0% = Q4(S1). Let equ = t1eq +to +13¢y+1t4Ce +t5¢e +tCeCe with t; € K.

Assume that eqpr € Ker 3 then Ceeqpn = 050 Ce(tieqg+tol+t3(y+tsle+tsCeC+telele) =

t1Ce + taCeC + t4CeCe = 0, so that t1 =ty = t4 = 0. Thus equ = t3¢y + t5¢e( + tsCele.
Hence Ker 93 = {t3¢y + t5¢e¢ + tgCeCe : t; € K}.

Claim. Ker 93 = (yesA.

Proof. Let x € Ker 93; then o = 3¢y +t5Ce +tgCeCe, that is, x = (y(tzea +t56 +tgde).
Thus x € (yeaA and therefore Ker 92 C (yesA.
On the other hand, let y = (year € (yeaA. Then, from the definition of 93, we have
that 93(y) = Ce(Cyeav) = (eCyeqr = 0. Therefore y € Ker & and so (yesA C Ker 9.
Hence Ker 93 = (yeaA. g

So 0% : eaA — e4A is given by egr — (e, for v € A.

25.1.2. Ker 9*.
To find Ker 9* = Q°(S1). Let eav = dyes + do3 + d3d + dyfa + dsée + deBaf + drdeC +
dsfBafo with d; € K. Assume that eorv € Ker 9*. Then Cyear = 0 so (y(dies + dof3 +
d3d + dyfo + dsde + dgfaf + droe¢ + dgfafa) = di(y + d3(yd + ds(ydée = 0. So
dy = d3 = ds = 0. Thus eav = daf + dsfSa + dsBaf + d7éeC + dgfSafo.

Hence Ker 0* = {da3 + dyfa + deBaf + d7de¢ + dgBaBa : d; € K}.

Claim. Ker9? = fejA.

Proof. Let = € Kerd*; then x = doff + dyfa + dgfaf + d76eC + dgfBaSBa, that is,
x = ((dyer +dya+dgaf+drad +dgaBa). Thus x € Be; A and therefore Ker 0* C feiA.
On the other hand, let y = Bein € BeiA. Then, from the definition of 9%, we have
that 9*(y) = (yBe1n = 0. Therefore y € Ker 0* and so Be; A C Ker 0%
Hence Ker 0* = Be;A. O

So @ : e A — eaA is given by eyn — Bern, for n € A.
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25.1.3. Ker9°.
To find Kerd® = Q5(S1). Let e1n = cie1 + caa + czaf + cuad + csaBa + cgafBaf
with ¢; € K. Assume that e;n € Kerd®. Then Bein = 0 so B(cier + coar + c3a3 +
cgad + csafa + cgafaf) = 18 + cafa + csfaf + cufad + csBafa = 0, so that
c1 =cg =c3=cq4=cs5=0. Thus e;n = cgafap.

Hence Ker 8% = {cgaBaB : cs € K }.

Claim. Kerd® = afafeiA.

Proof. Let x € Ker 0°; then x = cgaBa3, that is, * = aBaB(cge1). Thus x € afaferA
and therefore Ker 9° C afBafBeiA.

On the other hand, let y = afBafBein € afafBeiA. Then, from the definition of 8°,
we have that 9°(y) = B(aBapfein) = BaBaBern = 0. Therefore y € Kerd® and so
aBafBei A C Ker 6°.

Hence Ker 0° = afafBeiA. d

So 8% : e;A — e1A is given by e1n — afafBein, for n € A.
Thus Ker 8° = S; and so Q5(571) = 5.

25.2. The periodicity of S,.

25.2.1. Ker d3.
To find Kerd?® = 94(54). Let e1m = cie1 + coa + csaf + cqad + csafa + cgafal
with ¢; € K. Assume that e;n € Ker 3. Then afern = 0 so af(crer + coar + czaff +
cyad + csafa + cgafaf) = craf + coafa + czafaf = 0. So ¢ = cg = c3 = 0. Thus
e1n = cqad + csafa + cgafaS.

Hence Ker 93 = {cja6 + csafa + csaBaf : c; € K}.

Claim. Ker 9® = adesA.

Proof. Let z € Ker 8%; then z = c4ad + csafa + cgafaf, that is, © = ad(cses + c57y +
c6v3). Thus = € adezA and therefore Ker 93 C adesA.
On the other hand, let y = ades\ € adesA. Then, from the definition of 93, we have
that 82(y) = aB(adez)\) = afadesA = 0. Therefore y € Ker & and so adesA C Ker §3.
Hence Ker 0% = adesA. Il

So 0% : e3A — e A is given by e3\ — adesg), for A € A.

25.2.2. Ker 9.

To find Ker 9* = Q°(Sy4). Let es\ = fies+ foy+ fae+ fay B+ fseC+ foyBa+ freCe+ fseCe
with f; € K. Assume that e3\ € Ker 9*. Then ades\ = 050 ad(frez+ foy+ fae+ fay B+
f5eC + fevBa + freCe + fseCe() = frad + faady + fradyB =0. S0 fi = fo = fa=0.
Thus e3A = fze + fseC + fevBa+ freCe + faeCeC.

Hence Ker 0* = {f3e + fse¢ + feyBa + freCe + fseleC : f; € K}.
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Claim. Ker 9* = ce4A.

Proof. Let x € Ker0*; then © = fse + f5eC + feyfo + freCe + fseCeC, that is, x =
e(fzeq + f5C + foCv + frCe + fsCe). Thus x € cegA and therefore Ker 0* C cegA.

On the other hand, let y = cequ € eeqA. Then, from the definition of 9%, we have
that 9*(y) = adeeqp = 0. Therefore y € Ker 9* and so cesA C Ker 0%,

Hence Ker 0* = cesA. O

So 0° : e4A — e3A is given by eqpu — eeqp, for p € A.

25.2.3. Ker&°.
To find Ker 8% = Q5(Sy). Let equ = t1eq +tol +1t3(y+tale+t5¢eC +teCeCe with t; € K.
Assume that eqp € Ker 8. Then eeqpr = 050 e(treq+tal +t3(y+taCettsCeC+telele) =
t1e + toe( + tse(y + tgeCe + tseCeC = 0, so that t; = to = t3 = t4 = t5 = 0. Thus
eqpt = tglele.

Hence Ker 9% = {tgCe(c : tg € K}.

Claim. Ker 9> = (eCeeqA.

Proof. Let x € Ker 8°; then x = tg(eCe, that is, x = (eCe(tges). Thus z € (eleeqA and
therefore Ker 0° C CeCeeyA.

On the other hand, let y = (eCeeqp € (eCeesA. Then, from the definition of 9%, we
have that 9°(y) = e((eCeeqp) = eeleeqp = 0. Therefore y € Ker 9 and so (eCeesA C
Ker 0°.

Hence Ker 0° = (eCeeyA. O

So 8% : egA — e4A is given by eqp — (eCeeyp, for p € A.
Hence Ker 9° = S; and so Q°(S4) = S,.

We summarize this in the following Theorem.

Theorem 25.1. For the algebra A7, we have Q°(S1) = S1,Q3(Ss) =2 So, Q3(S3) = S3
and Q°(S,) = Sy. Hence Q8(S;) & S; for alli =1,2,3,4.
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26. PERIODICITY OF THE SIMPLE A;3—MODULES

The algebras Ajo, A1, A14, A1s, A1 all lie in the same derived equivalence class. We
give the periodicity of the simple A1s—modules, and do not discuss the periodicity for
Aig, A1, Ars, Ase-

We recall from Chapter 16 that Apy is the algebra K Q/I where Q is the quiver

2
AR
)
173
B
and
I = (585 — ary,vBa, (85)*B).

Write A for Ao and S; for the simple module at the vertex 7.
The indecomposable projective A-modules are
e1\ = sp{ei,«,6,003,0036,08003, B, 63530, 036353},
eaA = splea, v, 78,780,783, vB5Bat,
esA = spfes, B, Ba, B3, Bary, B03, BO B, BaryB, Bary B}

Recall from Section 16.2 the minimal projective resolution of S; starts with:

er\ » e\ A eaN @ ez o e1A S 0
where
O : (eqv, e3\) — aear + e,
0% 1 e3\ = (=, 30)es,
& s e1n — BaryBern,
for n,v, A € A.

The minimal projective resolution of the simple A-module Sy starts with:

o3 0? ot

e1A eal\ es/\ eal\ Sy 0
where
0! i es\ — ves ),
02 : equ — Boear
9%+ e1n — yBoBern,
for n,v, A € A.

The minimal projective resolution of the simple A-module S3 starts with:

o —>egA D egA o e1A A e1A o es/A S3 0
where

9" s e1n — Ben,

9% : exn — 6B636Bern,

03 : (eav, e3\) = aear + e,
for n,v, A € A.
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Note that Q2(S3) = 5.
26.1. The periodicity of 5;.

26.1.1. Ker93.
To find Ker 93 = Q*(S1). Let e1n = c1e1 + coa+ 30 + 468+ 5686 + c6035 3 + c76 B+
803630 + c9d 36353 with ¢; € K. Assume that ey € Ker 9 then fayBein = 0 so
BayBein = BayB(crer + caa + 38 + 408 + c5685 + c60B53 + crdBa + cs6B536 +
c9d[30363) = c1BayB + csBayBd = 0, so that ¢; = ¢3 = 0. Thus e1n = coax + 405 +
c56080 + cgd B8 + crdBa + cgd BB + cgdBSBS.

Hence Ker 8 = {coa+c408+c5535+c60363+cr0Ba+cgd3635+cod 353603 : ¢; € K }.

Claim. Ker 9 = §fe1 A + aesA.

Proof. Let © € Ker9; then « = coav 4+ 408 + ¢5036 + c66363 + cr6fBa + cg6 353 +
c9d 30353, that is, x = 03(cae1 + 50 + c600 + crae + cgd 35 + c9d353) + a(czez). Thus
x € §fe1 A + aesA and therefore Ker 92 C 68e; A + aesA.

On the other hand, let y = §Be1n + aear € §Be1 A + aeaA. Then, from the definition
of 93, we have that 93(y) = BayB(dBein + aeav) = BayBsfein + BayBaesy = 0.
Therefore y € Ker 8 and so 68ei A + aeaA C Ker 93.

Hence Ker 0% = §8e1 A + aeaA. O

So 0% : e1A @ eaA — e1A is given by (e1n, eav) — §Be1n + aesy, for n,v € A.

26.1.2. Ker 0*.
To find Ker 8* = Q5(S1). Let e1n = cre1 + coar+ 36 + c46 8 + 5036 + c6038 3 + crdBa+
cgb B0 + cg6B0300 and eqv = dieg + doy + dsy B + dayB0 + dsyB6 5 + deyB0Sa with
ci,d; € K. Assume that (e17, eav) € Ker 8*. Then §8e1n + aear = 0 so 68e1n + aear =
dB(cre1 + caar+ 30 + 408+ 5030 + c60 805 + c70 B+ cgd 3638 + 903030 3) + a(drea +
day +d3yB+dayB6 +dsyBI 3+ deyBIBa) = 168+ cadBa+ 3635 +ca6303 + c56 8536 +
c6036303 + dia + daay + dzayB + dsary 3 + dsay B3 = 103 + cadBa + dyo + (c3 +
d2)036 + (ca + d3)0B0 + (¢5 + da)dBB + (c6 + d5)dB0B0F = 0 so ¢p = co = dy =
0,dy = —c3,d3 = —c4,dg = —c5,d5 = —cg. Thus eyn = 30 + 400 + ¢5036 + 66305 +
créfa + cg03636 + cgd 36403 and eav = —c3y — cayB — c5YBI — cgYBS + dey B Ba.
Hence Ker 0* = {(c36 +c468+c56 38 4 c6d 303+ c7dBa+ cgd 3536 + cod 35353, —c37y —
cayB — e5yBd — ey BB + degyBofa) : ¢iydg € K}

Claim. Kerd* = (4, —)esA.

Proof. Let = € Ker 0*; then x = (c36 + c408 + 5030 + c60363 + crdBa + cgd 3536 +
g0 BOBOB, —cgy — cayB — c5y B — cey BB + dey B3I Bar), that is, x = (6, —v)(czes +caB+
¢530 +cg B0+ crBa+ cs 03+ co 30355 — dg 3o Bar). Thus = € (4, —)esA and therefore

Ker 9* C (8, —y)esA.
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On the other hand, let y = (8§, —)esA € (6, —y)esA. Then, from the definition of 9,
we have that 9*(y) = 0*((6, —y)es\) = (685 — ay)esA = 0. Therefore y € Ker 9* and
so (8, —y)esA C Ker 0%

Hence Ker 0% = (6, —v)esA. O

So 3 : e3A — e1 A @ ez is given by ez — (5, —v)es\, for A € A.

26.1.3. Kerd°.

To find Ker 9° = Q8(S1). Let e3A = fres+ fof+ faBa+ f485+ fsBay+ f636 5+ fr36 fa+
faBayB + fofayBs with f; € K. Assume that egA € Ker 8°. Then (6, —y)esA = (0,0)
so (8, =) (fies + faB + fsBa+ faBd + fsBay + fe 68+ fr80Ba+ fsBayB+ foBayBs) =
(f10+ fab B+ f3d B+ f10 36+ f50 Bay+ fed B0 8+ fsd Bary B, — fry— faryB— fayBd— fery30.3—
fryBépa) = (0,0), so that f10+ fadB+ fsdBa+ f4686+ fs08avy+ f6d B+ fsdBayB = 0,
that is, fi = fa=fs = fa= fs = fo = fs = 0 and —f1y — foyB — fayB0 — fey33 —
fryB0Ba =0, that is, fi = fo = fa = fe = fr = 0. Thus e3\ = foBay39.

Hence Ker 9® = {foBay30 : fo € K}.

Claim. Kerd® = BayfdesA.

Proof. Let * € Kerd®; then x = fofBay3d, that is, x = BayB6(foe3). Thus z €
BaryBdesA and therefore Ker 9° C BayBdesA.

On the other hand, let y = BayBdesA € fayBdesA. Then, from the definition of 97,
we have that 9°(y) = (8, —y)(BayBes)) = (68ayB5, —yBayB)esA = (0,0). Therefore
y € Ker 0° and so BayBdesA C Ker 0°.

Hence Ker 0° = BayBdesA. O

So 0% : e3A — e3A is given by ez\ — BayBdes\, for A € A.
Thus Ker 9° =2 S; and so Q2°(5;) = S5. And we have already seen that Q2(S53) = 5.
Thus Q8(57) = 5.

26.2. The periodicity of 5.

26.2.1. Ker 3.
To find Kerd® = Q*(S3). Let e1n = cireq + caa + 36 + 468 + 5635 + 60363 +
créBa+ cgd 3636 + cod 36353 with ¢; € K. Assume that e;n € Ker 03 then v368e1m = 0
so YB6Be1n = vB6B(cre1 + caar + ¢38 + 408 + 5030 + 60853 + c76Ba + cgd B335 +
c9dB0363) = c1vBIB + cayBdBa = 0, so that ¢; = co = 0. Thus e1n = 36 + 495 +
c5038 + cgd 300 + crdBa + csd BB + cgd B F0.

Hence Ker 9% = {c30+c403+c5036+c66 353+ c1dBa+cgd 3336 +cod 35363 : ¢; € K }.

Claim. Ker 9® = JesA.

Proof. Let x € Ker03; then = ¢36 + c4683 + ¢5630 + c60805 + crdfa + cg6 B33 +
9630303, that is, z = (cses + caB + c580 + 303 + c7fa + s B6 86 + c93630/3). Thus

x € desA and therefore Ker 93 C desA.
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On the other hand, let y = des\ € desA. Then, from the definition of 92, we have
that 0%(y) = 7863(de3\) = 7B535esA = 0. Therefore y € Ker & and so desA C Ker 03.
Hence Ker 9% = desA. O

So 0% : e3A — e A is given by ez — des), for A € A.

26.2.2. Ker 0*.
To find Ker 9* = Q°(Ss). Let e\ = fies + fof8 + f3Ba + f130 + fsBay + fe63 +
frB8Ba + fafayB + fofayBs with f; € K. Assume that esA € Ker 9*. Then dezA = 0
so degA = (frez+ f28+ faBa+ faBd+ fs Bay+ feBO B+ fr80Ba+ fsBayB+ fofayBs) =
J10 4+ f208 + f30Ba+ f4030 + fs0Bay + f60 803 + fsofayB =0so f1 = fa = fs = fa =
f5 = fo = fs = 0. Thus e3A = f73a + foBay30.

Hence Ker 0* = {f785Ba + foBayB6 : fr,fo € K.

Claim. Ker9* = B5faesA.

Proof. Let x € Kerd*; then z = f7853a + foBay36, that is, x = B3Ba(frea + foy).
Thus = € B5SaesA and therefore Ker 0* C B5faesA.

On the other hand, let y = B§Baesr € BdBaesA. Then, from the definition of 9%, we
have that 9%(y) = 0*(B6Baeav) = §(B6LBaesr) = §B5Baesr = 0. Therefore y € Ker 0*
and so B8BaesA C Ker 02,

Hence Ker 0* = 36BaesA. 0

So 8% : eaA — e3A is given by esv — BISaesy, for v € A.

26.2.3. Kerd°. To find Ker®> = Q5(S3). Let eav = dies + doy + d3y3 + dyy36 +
dsvB63 + dgyBdfa with d; € K. Assume that esv € Ker8°. Then 36Baesr = 0 so
BoBa(dies + doy + d3yB + dayB + d5yB63 + dgyBdBa) = d1B6fa + daB0Bay = 0, so
that, di = da = 0. Thus eav = d3v08 + d4v50 + d5vB6 5 + dey30B.

Hence Ker 0 = {d3vf + d4y36 + dsyB363 + deyB36Pa : d; € K }.

Claim. Ker 9 = y3e1A.

Proof. Let z € Ker0°; then x = d3y3 + dyyB + d5v363 + deyB35Ba, that is, x =
vB(dser + dyd + ds63 + dgéBa). Thus x € yBe1 A and therefore Ker 3° C v3e;A.

On the other hand, let y = yBe1n € yBeiA. Then, from the definition of 0°, we
have that 9°(y) = Bépa(yBein) = BéBayBern = 0. Therefore y € Kerd® and so
vBe1A C Ker 0°.

Hence Ker 8 = yf3eiA. 0

So 8% : ey A — esA is given by en — yBern, for n € A.
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26.2.4. Ker 9%. To find Ker 9% = Q7(S3). Let e1n = creq + caa + ¢36 + 4683 + 5633 +
c60B03 + c78Ba + cgd 3636 + cgd 35363 with ¢; € K. Assume that e;n € Ker 9% then
vBern = 0so yBern = vB(cre1 + caa+c36 + 403+ 5030 + 605 3 + c76 fa+ cgd 30,36 +
c9d0B0BIB) = 10 + 3730 + cayBIS + cryBdfa = 0, so that ¢p = ¢c3 = ¢4 = ¢7 = 0.
Thus e1m = coax + ¢50 30 + 66805 + ¢80 8035 + c9dB030.

Hence Ker 9% = {coa + c56 38 + 60363 + cs6353 + cg0 36353 : ¢; € K }.

Claim. Ker 9% = aesA.

Proof. Let x € Ker 8% then x = coar + 5038 + 60363 + 6363 + c9d35353, that is,

r = acaea+csy+ceyB+csyB5+coyB363). Thus z € aesA and therefore Ker 95 C aeaA.
On the other hand, let y = aesr € aegA. Then, from the definition of 9%, we have

that 9%(y) = v8(aear) = yBaear = 0. Therefore y € Ker 9° and so aeaA C Ker 9°.
Hence Ker 9% = aesA. O

So 07 : eaA — el A is given by esr — aeqr, for v € A.

26.2.5. Ker97. To find Ker 9" = Q%(S3). Let eav = dyea+day+dsyB+dyyB5+dsy 365+
devB9Ba with d; € K. Assume that esrv € Kerd7. Then aesrv = 0 so a(dies + doy +
d3yB + dyyB0 + d5yB6 3 + deyBIBa) = dia + davry + d3ay B + dyary B0 + dsay363 = 0,
so that di = dy = d3 = dg = ds = 0. Thus esv = dgyBSa.

Hence Ker 0" = {dgy303a : dg € K }.

Claim. Ker 9" = v85[aesA.

Proof. Let € Kerd”; then © = dgy30Ba, that is, * = yB6Ba(dses). Thus z €
736 Baes A and therefore Ker 07 C 36 BaesA.

On the other hand, let y = v36Baear € y36BaesA. Then, from the definition of 87,
we have that 07(y) = 0" (v80Baesr) = ayBdBaesr = 0. Therefore y € Ker 7 and so
B8 Baesh C Kerd'.

Hence Ker 07 = y36BaesA. O

So 8% : eaA — e is given by esr — 36 Baesr, for v € A.
Thus Ker 97 22 S5 and so Q8(S,) = Ss.

We summarize this in the following Theorem.

Theorem 26.1. For the algebra A12, we have Q8(S1) = S1,08(S2) =2 Sy and Q8(S3) =
Ss. Hence Q3(S;) =2 S; for alli=1,2,3.

So we have found HH?(A) and the Q—periodicity of each simple module for all tame

weakly symmetric algebras A having only 7—periodic modules.
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