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Abstract

Numerical Methods for Heath-Jarrow-Morton Model of Interest Rates
by
Maria Krivko

The celebrated HJM framework models the evolution of the term structure of
interest rates through the dynamics of the forward rate curve. These dynamics are
described by a multifactor infinite-dimensional stochastic equation with the entire
forward rate curve as state variable. Under no-arbitrage conditions, the HJM model
is fully characterized by specifying forward rate volatility functions and the initial
forward curve. In short, it can be described as a unifying framework with one
of its most striking features being the generality: any arbitrage-free interest rate
model driven by Brownian motion can be described as a special case of the HIJM
model. The HJM model has closed-form solutions only for some special cases of
volatility, and valuations under the HJM framework usually require a numerical
approximation.We propose and analyze numerical methods for the HJM model. To
construct the methods, we first discretize the infinite-dimensional HJM equation in
maturity time variable using quadrature rules for approximating the arbitrage-free
drift. This results in a finite-dimensional system of stochastic differential equations
(SDEs) which we approximate in the weak and mean-square sense. The proposed
numerical algorithms are highly computationally efficient due to the use of high-
order quadrature rules which allow us to take relatively large discretization steps in
the maturity time without affecting overall accuracy of the algorithms. They also
have a high degree of flexibility and allow to choose appropriate approximations in
maturity and calendar times separately. Convergence theorems for the methods are
proved. Results of some numerical experiments with European-type interest rate
derivatives are presented.
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Chapter 1

Introduction

1.1 Principles and aims of this thesis

In the seminal work [36] of Heath, Jarrow and Morton (HJM), the evolution of
the term structure of interest rates is modelled via the dynamics of the forward rate
curve. Specifically, the term structure dynamics are given by an infinite-dimensional
multifactor stochastic differential equation taking the entire forward rate curve as a
state variable. Under no-arbitrage conditions, the HIM model is fully characterized
when the forward rate volatility process and the initial forward rate curve have
been specified. The HJM model may best be described as a unifying framework
for interest rate modeling. In fact, any arbitrage-free interest rate model driven by
Brownian motion can be considered a special case of the HJM model. Its generality
is one of the most striking features of the model.

While the original framework of HJM is applied to fixed income markets (see
[36, 1, 15, 18, 26, 65, 28, 68, 80] and also references therein), more recent extensions
of the HIM approach (see, e.g. the recent review [16]) have emerged. In [2, 7, 73]
the HJM philosophy is implemented in the valuation of options on credit portfolios.
Modeling the term structure of implied volatility in the spirit of the HJM approach is
considered in [17, 72, 74]. The HJM philosophy has also been extended to modelling
of mortality [5] and of financial electricity contracts [8].

In this thesis and [48], we deal with the standard HJM framework which models
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the dynamics of the forward curve
{f@t,T), t<T, Te€lt,T"], te[to,t"]}.
Given an integrable deterministic initial forward curve

f(to, T) = fo(T), (1.1)

the arbitrage-free dynamics of the forward curve under the risk-neutral measure )

associated are modelled through an Ito process of the form

ft,T) - fo(T) = /t:oT(s,T) (/STa(s,u)du) ds (1.2)

t
—i—/ o' (5, T)dW(s), to<t<t*AT, to <T <T*,

to

where W (t) = (Wy(t),...,Wy(t))" is a d-dimensional standard Wiener process de-
fined on a filtered probability space (€2, F, {Fi} i<tz ,Q) satisfying the usual hy-
potheses; o(t, T) is an R-valued JF;-progressively measurable stochastic process with
ftf lo(s,T)|*ds < oo; and t* A T := min(t*, T).

In general, the volatility o(¢,T) := o(¢,T,w) can depend on the current and past
values of forward rates. In this thesis we restrict ourselves to the case in which o

depends on the current forward rate only, i.e.,
o(t,T) = (o1(t, T, f(t,T)),...,0q(t, T, f(t, T)))",

where 0;(t,T, z),i = 1,...,d, are deterministic functions defined on [to, t*] x [to, T X
R. Then the term fST o(s,u)du in (1.2) can be written as fST o(s,u, f(s,u))du, and,
consequently, (1.2)-(1.1) is an infinite-dimensional SDE.

The HJM model has closed-form solutions only for some special cases of the
forward rate volatility process and pricing of interest rate derivatives under the HJM

framework usually requires a numerical approximation. The literature on numerics



for the HJM model is, to our knowledge, rather limited. In Section 3.3, we will
provide an overview of approximation approaches for the HJM model.

In this thesis and [48], we propose and analyze a novel class of effective numerical
methods for the HIM equation exploiting the idea of the method of lines. These
methods can be used for simulating HJM models of various specifications. Our
main focus is on the weak-sense numerical methods which can be used for valuing
a broad range of interest rate products. To construct the numerical methods, we
first discretize the infinite-dimensional HJM equation in maturity time variable T
using quadrature rules for approximating the arbitrage-free drift. This results in a
finite-dimensional system of stochastic differential equations (SDEs). As we show
in the thesis and [48], if we take a quadrature rule of order p, the solution of this
finite-dimensional system of SDEs converges to the HJM solution with mean-square
order p in the maturity time discretization step A. From the method of lines point of
view, we interpret the maturity time 7" as a “space” variable and the calendar time ¢
as a “time” variable. To get fully discrete methods (i.e. discrete in both 7" and t), we
approximate the obtained finite-dimensional system of SDEs in the weak and mean-
square senses using the general theory of numerical integration of SDEs (see, e.g.
[67, 58, 45]). The proposed numerical algorithms are computationally highly efficient
due to the use of high-order quadrature rules which allow us to take relatively large
discretization steps in the maturity time without affecting overall accuracy of the
algorithms, i.e., the number of forward rates we need to approximate at each time
moment ¢ is significantly less than it is usually required in the case when the time
grids for ¢ and T coincide. Furthermore, since we exploit the method of lines, we have
flexibility in choosing appropriate approximations in “space” and “time” separately.
As we will see, in practice it is beneficial to use higher order rules for integration
with respect to maturity time 7" and lower order numerical schemes for integration
with respect to calendar time t.

We also prove convergence theorems for the methods constructed. We first prove

convergence theorems for the HJM approximation discrete in the maturity time T



only. Then we analyze weak convergence of fully discrete methods to the approx-
imations discrete in the maturity time. We show that this convergence is uniform
in the maturity time discretization step A in order to obtain weak convergence of
the fully-discrete numerical methods to the solution of the HJM equation. We note
that in this thesis both the considered class of numerical methods and proof of their
convergence include the known numerical schemes for the HIM model such as, e.g.
those from [31].

We illustrate the introduced class of numerical methods by presenting some par-
ticular algorithms of various accuracy orders, which are ready for implementation.
We test the proposed numerical algorithms on pricing European-type caps with the
Vasicek and proportional volatility models for forward rates. The numerical tests

demonstrate high computational efficiency of the proposed new algorithms.

1.2 Overview of chapters

Let us now provide a synopsis of the thesis chapters that are to follow.

Chapter 2 introduces the HJM framework and its properties. We begin by
recalling various interest rates and associated products such as swaps, caps/floors
and swaptions. We then explain how any arbitrage-free interest rate model driven
by a Brownian motion can be described as a special case of the HJM model on
examples of popular interest rate models. More specifically, we demonstrate the
link between the HJM framework and selected models for LIBOR and short rates.

We begin Chapter 3 by recalling the selected results from the theory of numerical
integration of SDEs in weak and mean-square senses. Having covered the prereq-
uisites required we then deal with the problem that initiated this research, i.e. the
numerical approximation of the HJM model. The main objective of the chapter is
to propose a new class of numerical methods for the HJM model that display a high
degree of flexibility and computational efficiency. These methods are inspired by
the idea of method of lines. We also present particular realisations of the introduced

class of numerical methods along with their simulation results. This chapter is based

4



on our paper [48].

In Chapter 4, we prove convergence theorems for the class of numerical methods
introduced in Chapter 3. First, convergence results for the HJM approximation
discrete in the maturity time 7" only are proved. Then, we prove convergence in
weak and mean-square sense of the fully discrete methods to the approximations
discrete in the maturity time.

In Chapter 5, we give the conclusions of the thesis and provide some remarks

about possible directions of further research.

1.3 Probation of results

The results of this thesis and our paper [48] were presented at the following confer-

ences/research seminars:

e Stochastic Analysis: A UK-China Workshop. Loughborough University, July
2011.

e Workshop on Stochastic Methods in Financial Markets. University of Ljubl-

jana, August 2011.

e European Conference on Numerical Mathematics and Advanced Applications

(ENUMATH). University of Leicester, September 2011.

e The second workshop on numerical methods for solving the filtering problem
and high order methods for solving parabolic PDEs. Imperial College, London,

September 2011.

e Seminar “Modern Methods in Applied Stochastics and Nonparametric Statis-
tics”. WIAS (Berlin), September 2011.

e Applied Mathematics seminar. University of Leicester, January 2012.

e Applied Mathematics and Statistics seminar (AMSTAT). University of War-
wick, February 2012.



e Frontier Science Conference for Young Researchers on "Mathematics for Inno-

vation: Large and Complex Systems”. Tokyo, March 2012.



Chapter 2

The Heath-Jarrow-Morton

framework

In this Chapter we shall begin by presenting well-known material from the interest
rate theory based on sources such as [1, 15, 18, 26, 65, 28, 68, 80]. We concentrate
mainly on the definitions and concepts required for the endeavours of this thesis.
Interest rates such as instantaneous forward and LIBOR rates (Section 2.1.1) and
related, simple products such as swaps, caps/floors and swaptions (Section 2.1.3)
are introduced with the objective to fix and explain notation that is needed for
later consideration. Selected results from the modern theory of asset pricing are
reviewed in Section 2.1.2. We next introduce the classical HIM approach (Section
2.2) starting with the general framework under the objective probability measure.
Then, we present the HIM dynamics under risk-neutral and forward measures. We
also briefly review the LIBOR market model (Section 2.3) and one-factor short rate
models (Section 2.4) in order to explain their relationship with the HJIM framework,
and thus emphasize the universality of the HJM modelling philosophy. The main
goal of this chapter is to introduce the HJM framework and demonstrate that any
arbitrage-free interest rate model driven by a Brownian motion can be described as

a special case of the HIM model.



2.1 Introduction

2.1.1 Interest rates

Throughout this thesis we assume that there exists an arbitrage-free market with
continuous and frictionless trading taking place inside a finite time horizon [t, t*]
for maturities in [to, T7].

For convenience, let us recall some terminology of the theory of interest rates.
For comprehensive studies on the interest rate term structure theory we refer to
[1, 15, 18, 26, 65, 28, 68, 80].

The most basic interest contract is a default-free zero coupon bond, or simply
bond, which has a single payment of one unit of cash at a fixed future maturity
date T'. Its price at time ¢ < T is denoted by P(¢,7"). The term structure of bond
prices { P(¢,T)|T > t} which we can observe at time ¢ (today) is a (deterministic)
non-increasing positive curve sufficiently smooth in 7" with P(¢,t) = 1. Whereas for
a fixed maturity T, P(t,T) is a stochastic process, which hits the value one at its
maturity, i.e. P(T,T) = 1.

A more informative measure of the bond market than its term structure is given
by the implied interest rates. We shall introduce some of them.

A convenient, albeit a pure theoretical concept, the forward rate f(¢,7),t < T
represents the instantaneous continuously compounded rate prevailing at time t for
riskless borrowing or lending over the infinitesimal time interval [T',T 4 dT]. The

relation between zero-coupon bonds and instantaneous forward rates is given by

P(t,T) = exp (—ff(t, s)ds) : (2.1)

t

and
_Olog P(t,T)

. (2.2)



The current instantaneous rate, or so-called short rate, is

r(t) = f(t,1). (2.3)

It is the current interest rate for a loan over the infinitesimal interval [t,¢ + dt]
prevailing at time ¢. Loosely speaking, r(t) can be viewed as the overnight rate in
effect at time t.

The money market account, B(t), represents the accumulation factor and satisfies

the following differential equation
dB(t) = r(t)B(t)dt, B(ty) =1, (2.4)

with solution

B(t) = exp (ir(s)ds) . (2.5)

to
Intuitively, B(t) represents the amount of cash accumulated up to time t starting
with one unit of cash at time ¢y and continually reinvesting at the short rates r(s),
s € [to, 1]

Among the most important benchmark interest rates is the London Interbank
Offered Rate (LIBOR). It is based on simple (or simply compounded) interest. The
forward LIBOR rate L(t,T,T 4+ §) is the rate set at time ¢ for the interval [T, T + 4],
t < T. The accrual period of length ¢ is typically equal to three or six months. If
we enter into a contract at time ¢ to borrow one unit at time 7" and repay it with
interest at time 7"+ §, the interest due will be 6 L(¢,T,T + 0).

Suppose we following this strategy: at time ¢ sell one bond with maturity 7'

P(t,T)
P(¢,T+96)

and purchase of bonds with maturity 7"+ §. The net effect is a forward

P(t,T)
P(t,T+9)

investment of one unit of cash at time 7T yielding cash units at T+ ¢ with

certainty. This simple replication argument leads to the following identity between



forward LIBOR rates and bond prices

L(t,T,T +6) = % (% - 1) . (2.6)

Remark 2.1.1 A common informative measure of the current bond market at time
t is the yield to maturity y(t,T). It is the continuously compounding interest rate
prevailing at time t for maturity T for which an investment of P(t,T) at time t
will produce a cash flow of one unit of cash at maturity T'. It gives an indication of
implied average interest rate offered by the bond. The yield y(t,T) can be recovered

from the price P(t,T) via the formula

_ —log P(t,T)

Yt 1) = —2— (2.7)

Given a set of bond prices { P(t,T)|T >t} for some fized t, we can produce what
s called the term structure of interest rate or zero coupon yield curve, a graph of

y(t,T) against time to maturity T — t (typically in years).

2.1.2 Objective, risk-neutral and forward measures

For reference, in this part of the thesis we provide a brief review of selected results
from the modern theory of asset pricing to introduce a terminology which will be
helpful later on. For an introductory and complete account of the material below,
see, e.g. [43, 37, 10, 20, 43].

We now fix a stochastic basis and assume that the uncertainty in the economy
is characterised by a filtered probability space (Q, FAF i}y <icer ,P) satisfying the
usual hypotheses. We assume the existence of traded non-dividend paying assets
with positive prices modelled by an m-dimensional vector-valued stochastic process
X(t) = (Xq(t), ... ,Xm(t))T with X (¢) = B(t) defined in (2.4).

Let a trading strategy be an m-dimensional J;,—adapted process

(b(t,td) = ((bl(tv W)J te 7¢m(t7 W))T )

10



where ¢,(t,w) is interpreted as the number of units at time ¢ held in asset X;(t). The

value process at time t associated with the strategy ¢ is defined by

V(t) = o(t) X ().

The trading strategy is said to be self-financing if, for any t € [to, t*],

V() — V(to) = / o) TdX (s).

Intuitively, a strategy is self-financing if changes in the portfolio value are solely due
to changes in the value of asset prices, with no funds being added or withdrawn.
The economic concept of an arbitrage opportunity in mathematical terms is de-

fined as a self-financing strategy ¢ for which V' (¢y) = 0 and, for some ¢ € [to,t*],
P(V(t) >0) =1,

and

P(V(t) >0)>0.

The important concept of a numeraire was first introduced in [27]. The idea is
that one of m assets, the so-called numeraire, can be used to normalise all other
assets. Let the numeraire be denoted by D(t). Choosing the numeraire D(t) implies
the normalised asset process X (t)/D(t) = (X1(t)/D(t), ..., Xm(t)/D(t))" which
is called the “discounted asset price” process. We say that a measure QP is an
equivalent martingale measure induced by the numeraire D if the discounted asset
price process X (t)/D(t) is a martingale with respect to the measure QP.

The importance of an equivalent martingale measure follows from the sufficient
condition for no-arbitrage: the existence of an equivalent martingale measure implies
the absence of arbitrage opportunities. For the proof of this result, we refer to, e.g.
[43].

A t*-maturity derivative security (also known as a contingent claim) pays out an

11



amount characterised by an F«—measurable random variable H(t*). We say that
a contingent claim with payoff H(t*) is attainable if there exists a self-financing
strategy ¢ such that H(t*) = V(t*) = ¢(¢*) " X (*). We also say in this case that the
trading strategy replicates the derivative security.

The following proposition provides mathematical characterization of the
no-arbitrage price associated with any contingent claim.

Assume there exists an equivalent martingale measure Q” induced by D and
let H be a contingent claim. Then for each t € [to,t*], we can price the derivative
security by

H(t)/D(t) = E2 [H(#)/D(t)| 7, (2.8)

where H(t) is the price of contingent claim at time t. A corollary of (2.8) is that
the price of any traded asset X;, ¢ = 1,...,m normalised by D is a martingale
under Q. In practical applications, the choice of numeraire is often used as a tool
to simplify calculations of the expectation in (2.8).

We say that a financial market is complete if every contingent claim is attain-
able. It was proved in [34] (see also [43, 37, 10, 20, 43]) that a financial market is
complete if and only if there is a unique equivalent martingale measure. The exis-
tence of a unique martingale measure, therefore, not only eliminates the arbitrage
opportunities but also guarantees the derivation of a unique price associated with
any contingent claim.

We denote by Q (dropping the superscript B in notation for this particular
measure) an equivalent martingale measure induced by continuously compounded
money market account B(t) defined in (2.4) as numeraire. This measure is often

called the risk-neutal measure. The pricing formula (2.8) under Q is

H(t) = B [exp (—:[*r(s)ds) H(t")

.7—}] . (2.9)

This result is often referred as the fundamental pricing formula.

If we apply (2.9) under the risk neutral measure to the time ¢ price P(¢,T") of a

12



T-maturity zero coupon bond, we obtain the fundamental bond pricing formula

P(t,T) = E? [eXp (—jr(s)ds)

,7—}] . (2.10)

Let us consider an equivalent martingale measure Q7+° induced by the bond
P(t, T + §). This measure is called 7' + d—forward measure. The forward measure
was introduced by Jamshidian [39] (see also [27]).

The pricing formula (2.8) under Q7 is
H(t)/P(t,T +6) = EX " [H(T)/P(T,T + §)| 7). (2.11)

The Radon-Nikodym derivative defining the measure Q7+ is given by

_dQT P(T,T + 6)B(to)

T =T T Plto, T+ 0)B(T) (2.12)
The derivation of (2.12) is outlined as follows. By (2.11), we obtain
T+ H(T
H(to)/P(to, T+ 6) = E® {ﬁ} :
and, by (2.9), we have
_ H(T)B(to)
H(to)/P(to, T +0) = EX [B(T)P(tO’TJF 5)} .
Hence
T+5 H(T) _Q H(T)B(to)
B {P(T,Tjté)] - [B(T)P(to,TM)} ' (219)

By definition of the Radon-Nikodym derivative, we also know that

B {%] - [Pu{{ o 5) d%ﬂ |

By comparing right hand sides of the last two equalities, we obtain (2.12).

13



For ¢t < T, by the definition of the Radon-Nikodym process and (2.8), we have

P(T, T + 5)B(to)
P(to, T + 6)B(T)

P(t,T + 6)B(to)

(= ER[(r| F] = E® t] = BT 1 OB (2.14)

Setting in (2.11) 6 = 0, we obtain the well-known result (see for e.g. [1, 15, 26, 80])

for valuing a claim under 7T'—forward measure:
H(t) = P(t, T)E® [H(T)| F].

A particularly appealing feature of this result is that it does not require knowledge

of the joint distribution of H(T) and 7 (cf. (2.9)) or

BT —(T,1T+6) (cf. (2.11)).

Based on (2.11), one can show that the forward LIBOR rates L(¢,T,T + ¢) are
martingales under Q7*°. Indeed, by putting H(t) = L(¢t,T,T + 6)P(t,T + 6) in
(2.11), we obtain

L(t,T,T +68) = EX"" [L(T,T,T + 8)| 7). (2.15)

2.1.3 Interest rate products

Let us review now some basic interest rate products such as swaps, caps/floors and
swaptions [1, 15, 18, 26, 65, 28, 68, 80].

We specify a number of future dates Ty < 71 < ... < T, for notational simplicity
equidistant with 0 = T; — T;_1, ¢« = 1,...,n. For convenience, we assume a unit

notional value of all the contracts we introduce below.

Interest rate swap

An Interest-Rate Swap (IRS) is a contract allowing to exchange a payment stream
at a fixed interest rate for a payment stream at a floating rate. Popularity of swaps
reflects the fact that different companies can borrow at fixed or at floating rates in
different markets. We shall consider here only plain vanilla IRS.

A payer (receiver) interest rate swap with a fixed rate K and a unit nominal value

14



settled in arrears is a contract according to which its holder pays (receives) fixed
payments of 0 K and receives (pays) floating payments of 0L(T;_1,T;_1,T;) at the
coupon dates T;, i = 1,...,n. At this description, we are considering for simplicity
that fixed-rate payments and floating-rate payments occur at the same dates and
with the same year fraction. Though the generalisation to different payment dates
and day-count conventions is straightforward.

The net cash flow at time 7; is
5 (L(E—l7 E—la E) - K) .

By the fundamental evaluation result (2.9), the value of the swap at time ¢ < T is

equal to the expected discounted value of its net cash flows, i.e.

Vo) = B E® (BT (L(Tyr. Tor T) — K)| F)

B ER (B (T )6 (LT, T, T) — K)

EQ (exp (— j@ r(s)ds) JTTl-1> ‘ ft]

= B> E® (B D)0 (LT T T) — K) P(T 0. T)| 7).

in the second and third equalities we used the iterated conditioning and (2.10),

correspondingly. Then, using (2.6), we obtain

Vowap(t) = i B(t)EX (B (Ti-1) (P(Ti-1,Ti-1) — P(Ti1, i) — KOP(T, 4, T3))| )

— Xn: [P(t,T;1) — P(t,T;) — K6P(t,T})]

i=1

= P(t,Ty) — P(t,T,) — K& i Pt T)), (2.16)

i=1

where in the second equality we used the fact that since P(-,7;) are traded assets,

their discounted prices by B~!(+) are martingale.
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Recalling again (2.6), (2.16) can be rewritten as
Vawap(t) =6 Y P(t, T)) (L(t, T;-1, T;) — K). (2.17)
i=1

The interesting observation from (2.16) and (2.17) is that plain vanilla IRS can
be valued at time t < Tj using only the term structure observed at that time.
The fixed rate K that makes the IRS a fair contract at time ¢t < Tj, i.e. for

which Viyap(t) = 0 is called the forward swap rate Rsyqp,(f) and is given by

P(t,Ty) — P(t,T,)

stap (t, T(), Tn) - n .
6y,  P(t.T)

(2.18)

Thus, for ¢t < s < Tj the swap evaluation formula (2.17) can be rewritten as follows

‘/swap(s) =9 Z P(S,E)(L(S, Eflaj—;') - stap(t; TO) Tn))

i=s+1
Caps and floors

An Interest Rate Cap (IRC) is a security that allows its holder to benefit from low
floating rates and be protected from high ones. It can be viewed as a payer IRS,
where each exchange payment is executed only if it has positive value. Similarly,
an Interest Rate Floor (IRF) is an instrument designed to protect from low floating
interest rates yet allow the holder to benefit from the high rates. It is equivalent to
a receiver IRS, where exchange payments take place only if their values are positive.

Formally, a cap price is obtained by summing up the prices of the underlying
caplets, call options on successive LIBOR rates. Consider a caplet set at time T;
with payment date at T;, ¢ > 1 with strike K and unit cap nominal value. Its price

at time t < Tj is given by

Vo) = B (exp (= [ b} 6 (L(T1s Toos )~ 1),

)

— EO (exp (— / - r<u>du> (T, T8 (L(Ty, T, T) — K,

)
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— EQ (exp <_ /tT r(u)du) (1—(1+K8)P(T;y, T),

]—"t) , (2.19)

where the second equality comes from iterated conditioning and (2.10). Therefore,
the caplet price can be written as a multiple of the price of the European put with
maturity 7;_;, strike 1/(1 4+ K9), written on a zero-coupon bond with maturity 7;
and (1 + K0) nominal amount.

Therefore, the caplet price can be written as a European put option with ma-
turity 7;_; and unit strike written on (1 + KJ) units of a zero coupon bond with
maturity 7;.

We note that the caplet price in terms of instantaneous forward rates becomes

Veaplet (t) (2.20)
— Eexp <— /tTHr(u)du> [1 — (1 + K6) exp (— /TiTilf(Tihu)duﬂ

By switching to the T;—forward measure (cf. (2.11)), the valuation formula (2.19)

+

(and analogously (2.20)) for caplets can be written in a more convenient form
Veapter(t) = SP(t, T)EY" (L(Ti1, Ti1, Th) — K| F) - (2:21)

Similarly, a floor is a strip of floorlets, put options on successive LIBOR rates.
Though we do not present a valuation formula for a floorlet price here, its form can

be simply deduced from (2.19) or found in [1, 15, 18, 26, 65, 28, 68].

Swaptions

A European payer (receiver) swaption is an option that gives its holder a right, but
not an obligation, to enter a payer (receiver) swap at a future date at a given fixed
rate K. Usually, the swaption maturity coincides with the first reset date T} of the
underlying swap. The underlying swap length T,, — Tj is called the tenor of the

swaption.
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The value of the payer swaption at time ¢ < Ty (cf. (2.17)) can be found as

Viwaption () = E° (exp (- /t " r(u)du) V(o)) , ]—})

= EN9 (exp (— /t Tor(u)du) (2.22)

i P(Ty,T;)6 (L(To, Ti—1, 1) — K)] -7:t> ;
— +

or alternatively in terms of instantaneous forward rates evaluates to

Vwaption(t) = EQ (exp (— /t Tor(u)du) [1 — exp (— " f(To,u)du) (2.23)

-3 Kiesp (- Tif(%,u)du))] O

Fi .
i=1 To )

Using (2.18), we can rewrite (2.22) in a more compact form

n

Viswaption (t) = E%exp (—/t i r(u)du) 0 (Rswap(To) — K) Z P(T,, T;). (2.24)

i=1

It is evident from (2.24) that a FEuropean payer (receiver) swaption is a call (put)
option on the forward vaap rate struck at the fixed rate of swap.

We note that Rgyqp,(t Z P(t,T;) is a price of a tradable asset and that Z P(t,T;),
being a linear Combmatlon of zero coupon bonds, can be classified as a nlurlneralre

The measure induced by this numeraire is known (see e.g. [1, 15, 26, 68]) as a swap

measure with Rg,q,(t) being a martingale under this measure.

2.2 The Heath-Jarrow-Morton framework of in-
stantaneous forward rates

2.2.1 Forward curve dynamics

The Heath-Jarrow-Morton (HJM) model refers to a class of models that characterises

the evolution of the term structure of interest rates through the dynamics of the
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forward rate curve [36]. These dynamics are described by a multifactor infinite-
dimensional stochastic equation with the entire forward rate curve as state variable.
It is important to note that HJM framework is a general setup which unifies all
interest rate models driven by a Brownian motion.

We shall follow this setup pioneered by Heath, Jarrow and Morton in 1992 [36].
We assume that there exist an economy with a frictionlessly traded continuum of
default-free zero-coupon bonds {P(¢t,T), t < T, T € [to,T*], t € [to,t*]}, where
P(t,T) denotes the price at time ¢ of a bond with maturity 7.

In the framework proposed by Heath, Jarrow, and Morton the forward curve
dynamics under the objective probability measure P are modelled through an Ito

process of the form

FILT) = fo(T) = /t,u(s,T)der / 0T (5. TYAW (5). (2.25)

to to

to < t<t*AT, to<T<T",

where

o W(t) = (Wi(t),...,Wqy(t))" is a d-dimensional standard Wiener process de-
fined on (Q,]—", {Ft}togtgt* ,P) :

o fo(T) := f(to,T) is a fixed, deterministic initial forward rate curve which is
measurable as mapping f(to,-) : ([to, T, B [to, T*]) — (R, B), where B [to, T"*]

is the Borel o-algebra restricted to [tg, 7] ;

o u(s,T) := u(t,T,w) is an R-valued Fi-progressively measurable stochastic

process, i.e. it is a measurable mapping:
e ({(s,u) i tg <s<u<T}xQB{(s,u):tg<s<u<T})®F) — (R,B),

with

T
[ p(s, T,w)|dt < 400 ae. P, for all T € [to, T ;

to
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e 0(s,T) := o(t,T,w) is an Re-valued F;-progressively measurable stochastic

process, i.e. o; is measurable as mapping:
g ({(s,u) :tg <s<u<T}xQB{(s,u):tg<s<u<T})®F) — (R,B),
with

T
[o?(t, T,w)dt < +oo ae. P, forall T € [to, T*], i=1,...,d;

to
and t* AT := min(t*,T)).

We note that this setup is quite general. The only substantive economic restric-
tions imposed on the forward rate process are that they have continuous sample

paths and that they are driven by a finite number of random shocks.

Remark 2.2.1 We follow the classical HIM framework and consider the case when
the forward rate dynamics are driven by a finite-dimensional Wiener process, i.e.
d < oo in (2.25). For an infinite-dimensional prospective on HJM framework we

refer to (25, 18).
Next, we are interested in the dynamics of the short rate process. From (2.25)
with T" = t, the dynamics of the short rate process in integral form is

t

r(t) = fo(t) + /t,u(s,t)ds +/ o' (s, t)dW (s), (2.26)

to to

To obtain the differential form, we apply the Ito formula to r(t) := f(t, 1)

0
dr(t) = df(taT)|T:t + o= f<t7T)|T:t dt,

oT
r(to) = folto).
This yields
dr(t) = dfflit>+ u(t,t) + / o g?t)ds (2.27)
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+/tt %dﬂf(s) dt + o (t,t)dW (1),

The sufficient regularity conditions (see [36, Conditions C.2]) to ensure that the
savings account B(t) satisfies
0< B(t) < 400 a.eP,ty <t <t
are
ds < +o0 a.e. P. (2.28)

t* t* t
/ | fo(s)|ds < +o0 and / [/ lpe(s,t)| du
to to to

The conditions (see [36, Conditions C.3]) imposed on the bond price process to

ensure that it is well-behaved are

t t 2
/ [/ o (s, )] du] ds < +o0 a.e. P, forallt € [ty,t*], i=1,...,d; (2.29)
to S

t T 2
/ {/ loi (s, u)l du} ds < +oo a.e. P, forallt e [ty, T],T € [ty,T7], i =1,...,d,
to t
(2.30)

and

- /tT Utt 0405, dWi(s) | du < 400 (2.31)

is continuous a.e. P, for all T € [tg, 77|, i=1,...,d.

Lemma 2.2.2 Suppose conditions (2.28)-(2.31) are satisfied. Then the zero-coupon

bond price process corresponding to (2.25) is an Ito process of the form

P(t,T) = P(to,T)

-I—/ P(S,T)(T(S)+b(8,T))d8+/ P(s,T)op(s, T)dW (s), (2.32)

to to

to <t<t'AT, to<T<T*,
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where

op(s,T) = —/ o(s,u)du, (2.33)

18 the T'-bond volatility and
T 1
b(s, T) = —/ w(s,u)du + 50;(8,T)JP(S,T). (2.34)

Proof. Based on (2.1) and (2.25) the log-dynamics of the bond price process is

log P(t,T) = —/Tf(t,u)du

— _/tng(u)du—/tT/t:u(s,u)ds du—/tT/t:aT(s,u)dW(s) du.

Using the classical and stochastic Fubini Theorems (Appendix B and also see [36,

26]) twice, we obtain

log P(t,T)

_ /fo du—// sududs—// T (s, u)du dW(s)
_ /fo du—// sududs—// T (s, w)du dW (s)
/fo du+// sududs—l—// (s, u)du dW (s)

_ / folu du+/ ((S,T)_%JP(S,T)UP(S,T)) ds+/ op(s,T) dW(s)

/to (fo( )+ /t (s, u )ds+/t:gT<S,u) dW(s)) du. )

Then by (2.26) we have

log P(t,T) = logP(ty,T) —1—/ (T(S) +b(s,T) — %U;(S,T)UP(S,T)> ds

to

+/t op(s,T) dW(s).

to

An application of Ito’s formula to the above result implies (2.32). O

We also shall be interested in the dynamics for the discounted bond price process
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defined as Bt(:g) This is the value of a T-maturity bond expressed in the units of

the accumulating factor B(t). A straightforward application of Ito’s formula yields
(cf. (2.4) and (2.32))

P(t,T)

" P(s,T) ) ) t P(S’T)UT ) 8
+/to B b(s,T)d +/to B(s) b(s, T)dW (s), (2.35)

to <t<t'AT, to<T<T"

2.2.2 HJM: Risk-neutral measure dynamics

We shall now investigate the restriction on the HJM dynamics (2.25) imposed by no-
arbitrage argument under the risk-neutral measure Q) associated with the numeraire
B(t). In what follows we let Q ~ P be an equivalent probability measure. We denote
by W the d-dimensional Brownian motion under measure Q obtained by Girsanov

transform.

Theorem 2.2.3 (HJM drift condition) Given that the forward curve evolution un-
der the objective probability measure P is of the form (2.25) and conditions (2.28)-
(2.31) hold, the arbitrage-free dynamics of the forward curve under the risk neutral

measure Q associated with the numeraire B(t) are of the form

FT) = fo(T) = /tUT(S,T) < /STa(s,u)du> ds (2.36)

to

t
+/ o' (5, T)dAW(s), to<t<t*AT, to <T <T"

to

Proof. There is no arbitrage in the model if there is an equivalent martingale

measure ) such that the discounted bond price process Pét(’g) is a Q-martingale, as

we already stated in Section 2.1.2 (see also [20, 1, 15, 26]) for to <t <t*AT, ty <
)

T < T*. Hence, in view of (2.35) the Q-dynamics of = are of the form

B = P(to,T) + /to Péi’s?)ag(s,T)dWQ(S), (2.37)
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to <t<t*AT, to<T<T,

and this obviously posits the dynamics of the bond price process (cf. (2.32)) to be

P(t,T) = P(t.T)

+ /t P(s,T)r(s)ds + /t P(s,T)op(s, T)dW<(s). (2.38)

to to

Through (2.1), the dynamics in (2.38) constrain the evolution of forward rates. By

Ito’s formula,

dln P(t,T) = {r(t) — %a;(t,T)ap(t, T)} dt + o b (t, T)dW(t). (2.39)
Thus
GET) = —d <31°%;(’5’T)) _ _ai:r (dlog P(t,T))
_ _a% l—%a;(t,T)op(t,T)} dt — a%,a;(t,T)de(t)
— a;(t,T)a%ap(t,T)dt— (,%o—;(t,T)dWQ(s). (2.40)

Using (2.33) we can, therefore, rewrite the expression for the drift in (2.40) as

o' (t,T) /tT o(t,u)du,

This is the risk-neutral drift of the forward curve process imposed by the absence of

arbitrage. Substituting it back into (2.40), we arrive to (2.36). O

2.2.3 HJM: Forward measure dynamics

The HJM dynamics can be written under the Tj-forward measure Q¢ instead of
the risk-neutral measure. Let us denote a drift in the HJM dynamics under the

T;-forward measure by ,u? (t,T).
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We introduce

a;(t,T) = — (O'P(t7T))j —

where the subscript j denotes the corresponding component of the vector. Then, in

view of (2.36), by Girsanov’s theorem, we have

e (— /t: ol (s)dWQ(s) — % /t: aT(s)a(s)ds) .

The process ¢, is an exponential martingale and has the dynamics

_ gt
=05

d¢, = —a' ()¢, dWR(2). (2.41)

The process W7i defined by

dWT = a(t)dt + dWQ(t),

is a standard Brownian motion under Q:.

Recall (2.14):

P(t,T;)
=7 2.42
<t P(to,ﬂ)B(t)’ ( )
and, hence, taking into account (2.37) :
1 P(t,T;
ac, = L) (2.43)

P(t,T;) B(t)
Comparing (2.41) and (2.43), we deduce

L PuT)
0= B, 1y B T

Finally, taking into account (2.42), we obtain

a(t,T) = —op(t,T;),
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or, by definition of «,

WE(T) = o (8,T) ( /T ; o(t,u)du) |

Hence, the corresponding forward rate dynamics have the form (cf. (2.36)):

FT) = foT) = — /t:aT(s,T) ( / Tia(s,u)du) ds (2.44)

T

t
+/ o (s, VAW (s), tg < t<t*AT, T <T,<T"

to

2.2.4 The HJM framework: summary and discussion

In the HJM setting we concern ourselves with modelling the evolution of the term
structure of interest rates over time by describing the dynamics of the forward rate
curve. The resulting class of models is very broad. In this sense, the HJM model is
probably the best described as a unifying framework with one of its most striking
features being the generality: any arbitrage-free interest rate model driven by a
Brownian motion can be described as a special case of the HJM model.

To specify a particular no-arbitrage HJM dynamics (cf. (2.36),(2.44)), two
inputs are required, namely, the forward rate volatility function, o(¢,7"), and the
initial forward curve, fo(7'). Thus, any arbitrage-free interest rate model defined in
the filtration generated by a Brownian motion corresponds to a particular choice of
o(t,T). Also, we note that the HJM models are automatically consistent with the
initial bond prices P(to,T") if the initial forward curve chosen relates to these bonds
prices through (2.1). This contrasts with the short rate model approach (see Section
2.4 below) where choosing parameters of the drift is essential for calibrating models
to observed bond prices.

The HJM dynamics (2.25) are described by a multifactor infinite-dimensional
stochastic equation with the entire forward rate curve as state variable. We note
that it can be transformed to a first-order hyperbolic SPDE using the Musiela para-

meterization [61], where the forward curve is parametrized by the time to maturity
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c="T—1:

u(t,x) = f(t,t + z).

This results in the following SPDE

du(t,z) = <%u(t,x) - ﬁ(t,a:)) dt + &' (t, x)dW (t),

u(to,r) = f(to,"),

E<t, 0<ax<T*—t,

st
IN

where [i(t,z) := p(t,t + z) and &(t,x) := o(t, t + x).

The HJM model in the framework of stochastic partial differential equation has
attracted a significant amount of attention in the literature, see e.g. the monographs
[18, 25] and references therein.

Here, we have considered exclusively models driven by Wiener processes. For the
literature on the extended HJM methodology for the term structure models driven
by Poisson measures see for instance the monographs [77, 11]. In [24] term structure

models driven by a Lévy process are considered.

2.3 Market model dynamics of LIBOR rates

The models considered in this section are closely related to the HJM framework
(Section 2.2) in that they describe the arbitrage-free dynamics of the term structure
of interest rates through the evolution of forward rates. But they model the dynamics
of simple interest rates, such as LIBOR rates, rather then continuously compounded
forward rates. In this section we shall consider the interest rate market model
developed primarily through the work of Brace, Gatarek, and Musiela (BGM) [14]
and Miltersen, Sandmann, and Sondermann [42]. The term “market model” refers to
the fact that the approach is based on modelling interest rates that are observable in
the market. These models follow the spirit of HIM (see Sections 2.2.2, 2.2.3), where

the drift conditions of the modelled rates are imposed by no-arbitrage considerations

27



once the numeraire and volatility structure are specified. The LIBOR market model
is a subclass of the general HJM framework that is derived based on the assumption
of lognormal LIBOR rate dynamics. The motivation for its introduction was to
derive a model consistent with the market practice to price caplets/floorlets with
Black’s formula.

We consider a class of models in which a finite set of maturities or tenor dates
t0:T0<"‘<TN:T*, ﬂ:zé, i:O,...,N, (245)

are fixed in advance, where

6= (I" —to) /N,

denotes the fixed length of the interval between tenor dates and typically is set to
either three or six months.
Let us denote, for simplicity of the presentation, the time ¢ forward LIBOR rate

(2.6) for the accrual period [T}, T;1] and the payment at T}, by

Ll(t) : = L(taT'ivT’in)a

to < t<t*AT, to<T,<T* i=0,...,N—1.
Also, denote by p(t) the auxiliary index dependent on time ¢ so that
o(t) =min{i =0,1,...,.N: t<T;}, (2.46)

i.e., or Ty is the closest maturity to the time ¢ from the right.
Recall that the LIBOR rate as of time ¢ is given in the terms of the continuous

forward rate curve at time ¢ by (cf. (2.6),(2.2))

14 0Li(t) = exp ( / e u)du) | (2.47)

T;
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2.3.1 LIBOR: Risk neutral measure dynamics

We shall follow the BGM original approach [14] which derives the LIBOR market
model from the arbitrage-free dynamics (2.36) of the continuous forward curve under
the risk-neutral measure Q. To specify an HJM model, or equivalently, to specify
instantaneous forward rate volatility function, o(¢,T"), we assume that the LIBOR
rate dynamics have lognormal volatility structure, i.e.

dL(t)

o)~ M (t)dt + N\ (£)dW (), (2.48)

where \;(t) := \(t,T;; 6) is an R%valued bounded and piecewise continuous deter-
ministic function and g i (t) := py (¢, T;; ) is the drift corresponding to the dynamics
(2.48) which we shall derive below.

Using the Tto formula, (2.47) and (2.39), we have

ALi(E) = %dexp ( / " f(t,u)du)

T;

1 Tit1 Tit1
=3 exp (/TZ f(t, u)du> d (/TL f(t,u)du)

1 Tit1
+55 ©XP </ f(t, u)du) lop(t,T;) — op(t, Tipq)| dt
T;

Tit1
= %GXP (/T f(2, u)du) [% (‘UP(t7T¢+1)\2 - ’UP<thi)|2) dt

+Hop(t, 1)) = op(t, Tin)) AW ()]

1 Tit1
o5 &P (/ f(t, u>dU) op(t,T2) = op(t, Tia)| dt
T;

= L+ L) [FT) (0 (. T) — o (1. Tovr))

F(op(t,Ty) — op(t, o))" dWQ(t)] .

In order for the LIBOR rate dynamics to have a lognormal volatility structure
(2.48), we need to impose the following restriction on the volatility structure of the

zero-coupon bond prices,

LM\ (2.49)

op(t,T;) —op(t,Tix1) = EAO
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or, equivalently,

L SL(t
op(t,Ti1) = _Z 1+(5L )) Aj(t) +op(t, Tow),

to < tSt /\Tw to <T; <T".

Consequently, the LIBOR rate process can be rewritten as

dL'(t) _ .t LSt
Li(t) -0 jg(zs)m)‘j(t)_gp(taTg(t)) dt

A (8)dW (1), (2.50)

to < t<tAT;, to<T; <T".

Remark 2.3.1 (Relationship with the HIM analysis) From the derivation of the
LIBOR rate model it is clear that it is a special case of the general HIM class of
diffusive interest rate models. It follows from (2.33) and (2.49) that the LIBOR rate
model volatility L(t,T,T + d)\(t,T; ) is related to the HIM instantaneous volatility

function o(t,T) by

T = S T T+ 0)

T+6
/ _ LT TH0) gy (2.51)

We can rewrite the r.h.s of (2.51) using (2.47) as

/TM 7= (1 o (— /T e u)du)) A(1,T59).

Differentiating in T we obtain

o(t, T +0) = o(t,T) + (f(t, T+ 6) — f(t,T)) exp (—/ : f(t,u)du) A(t, T 0)

T

e ([ o)) 20T

This gives a recurrence relation. Once o(t,-) is specified for T € [0,0) (typically
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one put o(t,T) =0 for T € [0,6)) it can be solved by forward induction. This results
in a complicated dependence of the HJM instantaneous volatility function o(t,T) on
the forward rate curve. The question of whether the corresponding HJM equation

has a unique and well-behaved solution was studied in [14] and also in [25].

2.3.2 LIBOR: Forward measure dynamics

We are interested in finding the LIBOR rate dynamics L’(¢) under the forward
measure QT+ for the maturity 7} associated with the numeraire P(-,T}).

Let us first consider the probability measure QTi+1 associated with P(-,T; ),
i.e. the price of the bond whose maturity coincides with the maturity of the LIBOR
rate. Recall from (2.15) that the LIBOR rate L'(t) is a martingale under the measure
QT#+1. Under the lognormal assumption (cf. (2.50)), we obtain the dynamics of L(t)
under QTi+1:

AL\ (t) = LA ()dW Q" (1), t < T (2.52)

Hence, the QTi+1-distribution of log L(T};) conditional on F; is Gaussian with mean

log L'(t) — —ft

)P ds

and variance

A(s, T)| ds.

T;
J;

Then, the time ¢ < T; price of a caplet (2.1.3) set at time T; with payment date at
T;.1, with strike K and unit cap nominal value can be evaluated by Black’s formula:

‘/caplet(t> = 5P<t,ﬂ+1)E e (LZ<T) K)+

= 0Pt T (LD (d (1)) — KB(do(1))) (2:53)

) ds

9

log < > 2ft
dio =
VI )\(s,ﬂ)|2ds

31




where ® is the standard Gaussian cumulative distribution function.

Let us now find the dynamics of Li(t) under a measure Q7+ different from
QTi+1. This can be done with the help of the Girsanov theorem. The systematic
procedure of how asset price dynamics change when one changes the numeraire is
described in [15].

First, notice that for T, > T;, t < T;

P(t,Ty11)

— = 1 + 5[/
P(tan-l-l /]];-[i-l ))
and for T, < ﬂ, t <1y
P(t,Ti) _ T .
S\ Tkn) L TT (1460 (1)).
P(ta E+1> jl;!:H

Let us denote the drift of the L{(t) dynamics under a measure Q7+ by p ’““( ) and

prove by backward iteration that

LS
2 l+6LJ(t )‘T( (@), T < T, t < T,

pfr(y = { (2.54)
k
o Z U )‘T( ))‘j(t)ﬁ Tk>Ti7 thl

1+6LI(t

We first show that (2.54) holds for the base case k = ¢ — 1. The Radon-Nykodim

derivative process (, relating the measure Q%+t and Qi (cf. (2.12)) is given by

g

T
e e
Ct — E |: dQT¢+1

P(t,T;)P(to, Ti+1) ; P(to, Ti+1)
= = (14+06L(t)) =——2
Plio. TP T L 0) g 1y
and hence by (2.52)
P(to Ti+1> ; P<t0 Tz’+1) ; T Tit1
d¢, = ——28dL(t) = — L L), Q
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or
d¢, LN (1)

- g QT ().
¢, 1+oLi(1) (t)

From the Girsanov theorem, it follows that

_ L)

QTi gy Qi+t
dW="(t) = dW (t) T+ L (1)

dt,

is a Q%' — Brownian motion.
Hence,
dL(t) L't
Li(t)  1+6Li1)

A (ON)dE+ A (@)dW R (1),
and also

dL='(t) L(t)
Li=1(t) 14 06Lit)

For some general k£ < i — 1, we have analogous to the basis case

dgt:% I] da+sri)).

j=k+1

Applying the product rule for Ito processes, we have

ﬁ d(1+ 5L (1))

j=k+1

AL (ON(OdE+ N () dw e (1),

B i } i SdLI(t) : SdL7(t)  odL(t)
— H (14 86L7(¢)) Z <—+l§1 1+ 0Li(t) 1+ dL(t)

j=k+1 j=k+1 L+0L7(t)

- H (1+6L7(t)) Z {_ Z SO @ L@)own®) 4y

j=k+1 j=k+1 1 L+0L7(t) 140Lm(t)

m=j

T Tit1 i 5Lj(t)>‘;r(t) 6Ll(t))‘l(t)
+)‘j (t)dWQ (t) + Z 1 —|—(5Lj(t) 1—|—(5Ll(t) }

I=j+1

% %

=[] a+s/@t) ) MAT(t)dWQT"“(t).

j J
j=k+1 j=k+1 L+0L7(t)

33

)



From this we conclude that

Gy Ly gyt

G A 1oL
and hence
AW (1) = aw QT (1) — Z 5L—()A T dw Q™ (t)dt.
R IZ IO

Then, the dynamics of L(t) under QT+ is given according to the following three

cases
( .
S 2EUAT (BN (Bt + AT (AW (1), T, < Tt < T,
j=k+1
dL(t) N
Lit) A QAW (), Ty =Ty, t < T,
— Z ﬁﬁzm TN ()t + AT () dW (1), Ty > Tt < T,

\

(2.55)

2.4 One factor short rate models

The earliest stochastic interest rate models were models of the short rates and they
are still popular in the financial industry. They are all, however are HJM models
and demonstrating that this is the case for a selected number of examples is the
purpose of this section.

We recall from (2.10) that discount bond prices are given by the risk-neutral

expectation

Plt.T) = £9 foxp (- fr(s)as)

] . (2.56)

Thus, knowledge of the risk-neutral dynamics of the short rate process r(t) is in
principle, sufficient to compute time ¢ discount bond prices for all maturities 7" > ¢.
One approach, for which evaluating expectation in (2.56) becomes particularly

tractable, is to model the short rate as a Gaussian random process. We shall consider
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two examples of such models here, namely the Ho-Lee and the Vasicek models. One
of the drawbacks of Gaussian short rate models is a positive probability of negative
short rates. Another problem is the lack of interest rate dependence of the short rate
volatility and hence no means to control the volatility skew implied by the model.
We shall present one example of the model, namely the Cox-Ingersol-Ross model,
which can address, at least partially, both of these shortcomings. We present below
one-factor models only. For more details on the short-rate modeling approach (e.g.

multifactor models) see e.g. [1, 15, 26, 65, 28, 68|.
Example 2.4.1 Ho-Lee model

In the case of the Ho-Lee model, the dynamics of the short rate under the risk

neutral measure QQ are given by the stochastic differential equation
dr(t) = 0(t)dt + o, dW(t), r(0) =7, (2.57)

where 6(t) is a deterministic function and o, > 0 is constant.

It is clear that — ft s)ds is Gaussian with mean conditional on F; equal to
E (_ffr(s)ds] 7—}) = (T —t)r(t) — [T(T — w)b(u)du
and variance conditional on F; equal to
Var ( [T ds(ﬂ) ; oX(T — 1)°.
Hence, from the basic moment properties of lognormal variables we have
P(t,T):eXp( (T ft du—l—éa (T—t)3> :
Then, using (2.2), we obtain

F6.T) = r(t) + [T 0(u)du — %JQ(T—t)2,
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and hence

df(t,T) = o*(T — t)dt + o,.dW(t). (2.58)

We have, thus, established that the forward rate volatility in the Ho-Lee model is

o(t,T) = o, (cf. (2.36)).
Example 2.4.2 Vasicek model

The Vasicek model assumes that the short rates follow a one-factor Ornstein-
Uhlenbeck process with constant coefficients under the risk-neutral measure, that
is

dr(t) = k(9 — r(t))dt + o, dWt), r(0) = 7o, (2.59)
where x, ¥ and o, are positive constants.

Integrating equation (2.59), we obtain, for each s > ¢,

s

r(s) =r(t)exp(—r(s —t) + (1 — exp(—r(s — t))) ¥ + O'T/ exp(—r(s — u)dW(u),

t

so that r(s) conditional on F; is normally distributed with mean and variance given

by
E(r(s)| F) =r(t)exp(—r(s —t)) + (1 — exp(—r(s — t))) ¥, (2.60)
Var (r(s)| F) = g—; [1 —exp(—2k(s —1)]. (2.61)

As a consequence of (2.60), the short rate is mean reverting in the sense that if
an interest rate is high for historical reasons, it will most likely fall in the future
(and vice versa if the interest rate is low). As t — oo, the mean of the short rate
approaches 9 and the variance goes to 02/2k. Accordingly, ¥ is regarded as a long
term level (also known as mean reversion level). The speed at which the short rate
can be expected to revert to its long-term level is determined by x, known as the
mean reversion speed.

To establish a discount bond pricing formula (2.56) in the Vasicek model, we
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observe that — ftTr(s)ds is Gaussian with mean conditioned on F; equal to

E (—ftTr(s)ds’ ft> =—NT —t)—(r(t) —9) (exp(—r(T —t)) — 1) /K

and variance conditioned on F; equal to

Var (—ftTr(s)ds‘ ft> = 4053 [—exp(=2k(T —t)) —dexp(—r(T —t)) +2(T — t)k — 3].

From the standard properties of lognormal random variable, it follows that the

discount bond prices (2.56) in the Vasicek model can be evaluated as

P(t,T) = exp (A(t,T) + B(t,T)r(t)), (2.62)
where
B(t, T) _ (1 - eXp(_HK;(T B t)))7
AL T) = (19 - 2‘1:2) (B(t,T) — (T — t)) — %

Finally, (2.2) and (2.62) yields the form of the initial forward curve

fo(T) = exp(—r(T —tg))ro+ (1 — exp(—r(T — ty))) ¥ (2.63)
55 (1= exp(=r(T — 1)),

and thus the forward rate volatility corresponding to the Vasicek model becomes

o(t,T) = o, exp(—k(T —t)). (2.64)

Example 2.4.3 Coz-Ingersol-Ross (CIR) model

A special case of time-homogeneous affine one-factor short rate models (i.e.,

models with the drift and square of the diffusion linear in 7(t)) is the CIR model
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where the risk-neutral short rate dynamics are given by
dr(t) = k(0 — r(t))dt + o./r(t)dW (L), 7(0) = ro, (2.65)

where k > 0, 0, > 0, o, > 0 and 6 are constants.
The regularity condition

260 > o2,

has to be imposed to ensure that zero is unattainable to the process (2.65), i.e. r(t)
stays strictly positive (see, e.g. [1, 15, 26]).
The process r(t) features a non-central chi-squared distribution with 4x60/c?
degrees of freedom and non-centrality parameter 4rrq exp(—rt)/c2(1 — exp(—rt)).
By the Feynman-Kac formula, P(t,x;T) satisfies the following PDE
2

1 0
P(t,z;T)+ =0z

0 0
—P(t,z;T)+ k(0 —x)— 597 52

at ax (t’x7 ) T (t,fL', ) 07 ( 66)

with the terminal condition

P(T,z;T) = 1.

The solution of this PDE problem is given by
P(t,z;T) =exp (A(t,T) — B(t,T)x),

where A(t,T) and B(t,T) satisfy a system of Riccati ODEs (see details in [1, 15, 26])
% — kB = 0,

dt
dB 1, _, B
—%4—50}3 +HB = 1,

with terminal conditions A(7,7T) =0, B(T,T) = 0.

Thus, by (2.2) the forward curve must evolve as

F(T) = 1) 9 (1,T) — w0 tT 27 (s, Tyas,
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and the corresponding forward rate volatility has the form

o(t,T) = Urmg—?(t, T).

2.5 Summary

In this Chapter definitions and models from the interest rate theory which will be
used throughout the thesis are presented. We introduce various interest rates such
as forward, LIBOR and short rates (Section 2.1.1) along with some popular models
for them (Sections 2.2, 2.3, 2.4 correspondingly). We recall the basic building
blocks for most interest rate derivatives, namely, swaps, caps/floors and swaptions
(Section 2.1.3). Some fundamental results from the theory of arbitrage-free pricing
of contingent claims are also reviewed (Section 2.1.2).

The focus of the Chapter is on the Heath-Jarrow-Morton framework for mod-
elling of instantaneous forward rates and the corresponding terminology. We high-
light the key elements and assumptions of the HJM modelling philosophy. We
start by presenting the general framework under the objective probability measure
(Sections 2.2.1). Then, the arbitrage-free dynamics under risk-neutral (Sections 2.2.2)
and forward measures (Sections 2.2.3) are derived.

We also explain how this HJIM framework unifies other popular interest rates
models. Namely, we demonstrate how the dynamics of LIBOR (Section 2.3.1) and

short rates (Section 2.4) can be derived from the HJM framework.
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Chapter 3

Numerical methods for

Heath-Jarrow-Morton models

In this thesis we propose and analyze a new class of effective numerical methods for
the HJIM equation inspired by the idea of the method of lines (see, e.g. [71]). Our
methods facilitate simulation of the HJM model under various specifications. The
primary focus is weak-sense approximations which can be used for valuation of a
broad class of interest rate products. To construct these numerical methods, we first
discretise the HJM equation in the maturity time variable 7" applying quadrature
rules to approximate the arbitrage-free drift (Section 3.4.1). In effect, this reduces
the infinite-dimensional HJM equation to a finite-dimensional system of coupled sto-
chastic differential equations (SDEs). In accordance with the method of lines, the
maturity time 7' is interpreted as a “space” variable while the calendar time ¢ is in-
terpreted as a “time” variable. To obtain fully discrete methods (discrete in both T'
and t), we then approximate the obtained finite-dimensional system of SDEs in the
weak (Section 3.4.2) and mean-square (Section 3.6) senses using the general theory
of numerical integration of SDEs (Section (3.1.2) and also see, e.g. [45, 58, 57]).
The proposed numerical algorithms (see Section 3.5 for realisations of the algorithms
and Section 3.7 for numerical experiments) are computationally highly efficient due

to the use of high-order quadrature rules. The quadrature rules of high orders allow
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us to use relatively large discretisation-steps in maturity time 7" without affecting
the overall accuracy of the methods. More precisely, the number of forward rates
that need to be approximated at each time moment ¢ are significantly less in our
algorithms than what is usually required when the time-grids for ¢ and 7" coincide.
Moreover, by capitalising on the method of lines, our numerical methods offer flexi-
bility in choosing appropriate approximations in “space” and “time” separately. As
we will see, in practice (see Remark 3.4.7), it is advantageous to use higher-order
quadrature rules for integration with respect to maturity time 7" and lower-order
numerical schemes for integration with respect to calendar time t.

We shall start this Chapter by presenting material on solutions of SDEs and their
properties based on sources such as [3, 29, 49, 41, 70]. We consider “usual” SDEs
and also a more general form of SDEs which initial value and coefficients depend on
a parameter. We present results (see Section 3.1.1) on existence and uniqueness of
the solutions of such equations and their differentiability with respect to a parameter
if they dependent on it.

It is well-known that only some SDEs can be solved exactly and, in general, an
approximation is required to obtain a numerical solution. In Section (3.1.2) we are
going to be concerned with the numerical issues related to such approximations. We
introduce criteria of mean-square and weak approximations and give examples of
numerical schemes of various orders of accuracy. For a detailed and extensive study

on numerical analysis of stochastic differential equations see [45, 58, 57].

3.1 Introduction to numerical methods for sto-
chastic differential equations

We assume that the following assumptions hold throughout this section. As be-
fore let (Q,f , {}—t}togtgt* ,P) be a filtered probability space satisfying the usual
hypotheses and fix a time horizon [ty,t*]. For simplicity, we will drop the measure

superscript on the expectation operator, so will write simply F for the expectation
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under measure P.
To keep this subsection of a manageable size, we will only present the material
relevant to this thesis and forego to carry out the proofs of the theorems, as long as

they can be found exactly as stated in the literature.

3.1.1 The solution of stochastic differential equations

We consider a vector-valued SDE in the Ito sense

t

X(t) =x0+ /a(s,X(s))ds + Z/bi(s,X(s))dWi(s), (3.1)

to

or in an abbreviated differential notation

dX(t) = a(t,X(t))dt+ibi(t,X(t))dWi(t), (3.2)

X(to) = X, (33)

where X () is an R"-valued stochastic process defined on [tg, t*];
W(t) = (Wi(t),...,Wy(t))" is a d-dimensional standard Wiener process;
a : [to,t*] xR" — R™ is a measurable function with fti la(s, X (s))|ds < oo a.s.
for any t € [to, t*]; b; : [to, t*] XR™ — R™ are measurable functions with
ft'; |b;(s, X (s))[>ds < 00, i=1,...,das. for any t € [to,t*]; x is an F,-measurable
R™-valued random variable.

The theory of such equations and their solutions being stochastic processes can
be found, e.g. in [3, 29, 41, 70]. Let us give the definition of the solution of equation
(3.2), (3.3) (see [41, pp. 48]).

Definition 3.1.1 An R"-valued stochastic process { X (t) }1,<t<t+ is called a solution

of equation (3.2) , (3.3) if it has the following properties:
(i) {X(t)} is continuous and F;— adapted;
(ii) equation (3.1) holds for every t € [to, t*] with probability 1.
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A solution {X (t)} is said to be unique if any other solution {X (t)} is indistinguish-
able from {X(t)}, that is

P(X(t) = X(t) for all ty <t < t*) = 1.

We shall now state the conditions that guarantee the existence and uniqueness

of the solution to equation (3.2), (3.3). The proof of this result can be found, e.g.
in ([41, pp. 51]).

Theorem 3.1.2 (existence and uniqueness) Suppose a(t,z) and b(t,x) satisfy the

Lipschitz and linear growth conditions
la(t, x) —alt,y)[ + [b(t, ) = b(t,y)| < K|z —y], (3.4)

la(t, 2)] + |b(t,x))* < K* (1 + |2]?), (3.5)

for all t € [to,t*] and x,y € R"™, where K is a constant. Then the equation (3.2),

(3.3) has a unique R™-valued solution X (t) on [to,t*].

We shall now give estimates for the moments of the solution of (3.2), (3.3) that

will be used in the thesis (see e.g. [3, pp. 116] for the proof).

Theorem 3.1.3 Suppose that the assumptions of Theorem 3.1.2 are satisfied and
that

E |930|2m < 00,

where m is a positive integer. Then, for the solution X (t) to equation (3.2), (3.3)
on [to, t*],

EIX®™ < (14 E|wl™) e“10),

where C = 2m(2m + 1)K? and K from (3.4)-(3.5).

Let us consider SDE of the form (3.1) whose initial value zo and coefficients a
and b; depend on a parameter ¥ which varies through some set of numbers © C R,

i.e., we consider SDE of the form
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t t
X(0,t) = zo(09) + /a(ﬁ,s,X(ﬁ,s))ds + zd:/bi(ﬁ,s,X(ﬁ, s))dW;(s), (3.6)
0 =17
where for each ¥ € O, a : Ox [tg,t*] xR" — R" is a measurable function with
fti la(d, s, X(s))|ds < oo a.s. for any t € [to,t*]; b; : Ox [to,t*] xR" — R™ are
measurable functions with fti b:(9,5, X (s))]*ds < oo, i = 1,...,d as. for any
t € [to,t*]; zo (V) is an Fp-measurable R"-valued random variable.

We fix ¥ € © and assume that conditions of Theorem 3.1.2 are satisfied. Then
the equation (3.6) has on [to, t*] a unique R"-valued solution X (¢, ), continuous in
t with probability 1.

We shall now be interested in the question of differentiability of the solution of
SDE with respect to a parameter. We present the statement of the theorem which

addresses this issue, for its proof see [49, pp. 105].

Theorem 3.1.4 Suppose that the process xo(1) is j times (continuously) differen-
tiable at a point 99 € O, and that the functions a(d,s,y), b;(J,s,y) are j times
continuously differentiable with respect to 9, y. Furthermore, assume that all deriv-
atives of the foregoing functions, up to order j inclusive, do not exceed K (1 + |y|)™
for any 9 € ©, y. Then the process X (V,t) is j times (continuously) differentiable

at the point .

3.1.2 Mean-square and weak approximations for stochastic

differential equations

The material presented in this part of the thesis follows closely [58] to which we
refer for a comprehensive study on stochastic numerics.

We consider an equally-spaced grid for time ¢ with step h = (t* — t)/M:

to<---<ty=t* ty=kh, k=0,...,M. (37)
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We use a constant step h to keep notation manageable. All results in this section,
however, are easily extendable to the non-equidistant grids.

A numerical method for the approximation of the solution of (3.2), (3.3) on
the grid (3.7) is an algorithm that produces a set of discrete values {X (tk)} k=

0,..., M which approximate the solution X (¢) evaluated on the grid (3.7).

Definition 3.1.5 (Mean-square convergence) We say that a numerical method has a

mean-square order of accuracy q > 0 if there exists a positive constant K independent
of k and h such that
(E X (1) — X(tk)|2> ? < Ko, (3.8)

Remark 3.1.6 Often the notion of strong order of accuracy is used: if for some
numerical method

(B |X(ty) — X(tr)]) < Kh, (3.9)

where K is a positive constant independent of k and h, then we say that the strong
order of accuracy of the method is equal to q. Clearly, if the mean-square order of a

method is q, then the method has the same strong order.

In what follows, we will denote by X(t;x) or X} the solution of (3.2), (3.3)
evaluated at t;, and an approximation of X (t;) by X(t,) or simply by X. Also,
X, x(t) denotes the solution of (3.2), (3.3) for ¢, < t < t* satisfying the initial
condition X (t;) = X at time tj, where X is an F; —measurable random variable
with finite second moment, i.e. E|X|* < co.

The one-step approzimation X, .(t + h), to <t < t+ h < t*, depends on z,t, h,
and {W1(0) — Wi(t), ..., Wy(0) — Wy(t), t <0 <t+ h} and it is defined as follows:

Xt7:v(t +h)=x+ A(t,x, h;, W;(0) = W;(t), i=1,...,d, t <O <t+h), (3.10)

where by X; (¢t + h) we denote the approximation of the solution at step ¢ + h such

that X (t) = 2 and A is a vector function of dimension n.
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Now based on the one-step approximation we can recurrently construct the ap-

proximations (Xk,]:tk) yk=0,... ., M, tpi1 —tp = b1, tyy =t

XO = X(t()) = Xy, (311)

X1 = X, %, (ter1) = Xae

+A(tkan'7 h’k-i-l; Wl(e) - Wl(t)7 1= 17 s 7d7 ty < 0 < tk-i—l)v

where by th’ x(tr+1) denotes the approximation of the solution at step k + 1 satis-

fying the following condition at step k : X (¢;) = X. Clearly,

Xk+1 = th,)?k (tk+1) = Xto,Xo(tk+1)'

We shall now provide the statement of the theorem which relates properties of
a one-step approximation with the mean-square order of convergence of the corre-
sponding numerical scheme. The proof of this theorem can be found in [58, Chapter

1] (also see [56, 57]).

Theorem 3.1.7 Suppose the one-step approrimation )_(m(t + h) has order of ac-
curacy q, for the expectation and order qo for the mean-square deviation; more pre-

cisely, for arbitrary to <t <t* — h, x € R" the following inequalities hold

1B (Xpa(t +h) — Koot + h))| < K(1+ |2]?)2ho, (3.12)
_ 2 3 1
[E | X,0(t + h) — Xpult + )| ] P < K(14 |of?)Ehe, (3.13)
also let
> 1 > gy + 1
QZ_§7 q1 = G2 5

Then for any M and k =0,..., M the following inequality holds:

> 2 3 1 _1
B X0 (t) = Koo ()[*] < K1+ X2,
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i.e. the mean-square order of accuracy of the method constructed using the one-step

approzimation X; . (t + h) is ¢ = qa — %

Mean-square convergence is a typical criteria in applications concerned with sce-
nario simulation where it is necessary to simulate approximate trajectories of solu-
tions of SDEs. However, in finance quite often only moments of a function of SDE
solutions are of interest. In pricing of contingent claims, it is the expectation of
a certain payoff function that one wants to approximate (cf. (2.9), (2.11)). Thus,
convergence in distribution of the numerical solutions will be suffice. In such appli-
cations the weak convergence is considered. The key results on weak approximations
were obtained in [54, 55, 57, 78, 64].

We say that a function g(z) belongs to class F if we can find constants K > 0,

2 > 0 such that for all x € R” the following inequality holds
l9(x)| < K (1+]z[7). (3.14)

If a function g(z,s) also depends on parameter s € S, then we say that g(z,s)
belongs to F (with respect to the variable x) if the inequality of the type (3.14)

holds uniformly in s € S.

Definition 3.1.8 (Weak convergence) We say that a numerical method has weak
order of accuracy q > 0 if there exists a positive constant K independent of k and h
such that

|Eg(X(tr)) — Eg(X(th))| < Kh. (3.15)

Note that numerical integration in the mean-square sense with some order of
accuracy guarantees an approximation in the weak sense with the same order of
accuracy, since if (E | X (te) — X (tkf); = O(h?) then for every function satisfying
a Lipschitz condition we have Fg(X (t;)) — Eg(X (t;) = O(h9).

The one step weak approximation X; (¢ + h) of the solution X, ,(t + h) can be

constructed by comparing moments up to sufficient order of the vector X; ,(t+h)—z

and the corresponding moments of the vector X;,(t + h) — x.
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Let us along with (3.2), (3.3) consider the one-step approximation of the form

Xia(t +h) =z + A(t,z, h; 6), (3.16)

where ¢ is a random variable (in general a vector) having moments up to sufficiently
high order and A is a vector function of dimension n.

According to (3.16), we construct the approximating sequence

Xo = Xo = X(to),

Xk+1:Xk+A(t7Xk7h;§)7 kZOa"'7M7 (317)

where &, is independent of Xy, while &, for k > 0 is independent of Xy, ..., X,
o k-

We denote by 60X = X —2 = X, ,(t+h)—2,6X =X —2 = X, ,(t+h) —z and
by 6X*, §X* the i-th component of the vectors X and J.X, correspondingly.

Next, we give the statement of the theorem which relates properties of a one-step
approximation with the weak order of convergence of the corresponding numerical
scheme. The proof of this theorem can be found in [58, Chapter 2] (see also [55, 57,
78]).

Theorem 3.1.9 Suppose that

(a) the coefficients of equation (3.2) are continuous, satisfy a Lipschitz condition
(3.4) and together with their partial derivatives with respect to x of order up to 2p+2,
inclusively, belong to F,

(b) the method (3.16) is such that

< K(z)ht! s=1,...,2p+1, K(z) eF  (3.18)

E (H Xt — H 5Xif)
j=1 j=1

2p+2
E [ |6X%| < K(x)h™™, ij=1,....n, K(z) € F; (3.19)

=1
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(c) the function g(x) together with its partial derivatives of order up to 2p + 2,
inclusively, belong to F;

2m . .
‘ exist and are uniformly

(d) for a sufficiently large m the expectation E |Xk
bounded with respect to M and k =0,..., M.

Then, for all M and all k =0, ..., M the following inequality holds:
’Eg(Xto,Xo<tk)) - Eg(Xto,Xo (tk))’ < th»

i.e., the method (3.17) has order of accuracy q in the sense of weak approximations.

We shall now give examples of some numerical algorithms for SDE (3.2) — (3.3).
For this purpose let us recall the Ito-Taylor expansion of solutions of SDE (see, e.g.
[45, 58, 57]). For the clarity of presentation, we start with the integral representation
of (3.2) :

t+h t+h

Xiz(t+h)=ax+ / a(s, X(s))ds + Z / bi(s, X (s))dW;(s). (3.20)

t
Applying Tto’s formula to a(s, X (s)) gives

S

a(s, X(s)) = al(t,z) + /La(u,X(u))du + Z/Aia(u,X(u))dVVi(u), (3.21)

t

where the operators L and A;, i = 1,...,d are given by

0 0 I, O
L:§+“Ta—x+§zzzbibgaxma%’

i=1 m=1 j=1

7=1

Similarly,
bi(s, X(s)) = bi(t,z) + /Lbi(u,X(u))du—l— Z/Ajbi(u,X(u))de(u). (3.22)

t J=1%
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Plugging (3.21) and (3.22) into (3.20), we obtain

Xio(t+h) =z +a(t,x)h+ Y bilt,z) (Wit + h) — Wi(t)) + i, (3.23)

=1

where

t+h [ s trh [ s
n=| (/La(uX du)ds—l—Z/ (/AauX( ))dm(u)) ds

t t

S

+i 7‘ (/ Lbi(u, X ))du) AW (s) (3.24)

d 4 tth s
Y / /A by(u, X (w))dW;(u) | dwi(s).
i=1 j=1 f
We can repeat this procedure arbitrary many times assuming a and b; are sufficiently

smooth. Just applying it one more time we arrive at

Xt +h)
= z+alt,o)h+ Y bt x)(Wilt+ h) — Wi(t))

+HLa(t XO)'g + Y Aalt X(0) [ (Wils) = Wife) ds

d t+h

+ D Lhi(t, X (1)) /(s — ) dWi(s)

t
t+h

£3DABEXO) [ (W) - W) W)+ (325)

t

P2 = t/HL/S (/" a(uy, X (uy))duy

+Z/A La(uy, X (up))dW,; (ul)) du ds

20



t+h s u

+Z// /LAaul,X(ul))dm

+Z/AM ur, X (ur))dWj(ur) | dWi(u) ds

23 [ | e X

t t t

+Z/Aiji(uhX(m))de(ul) du dW;(s)

d dt+hsu

+ZZ / / / LA;bi(uy, X (u)) duy dW;(u) dWi(s)

i=lg=1% % %
d d t+h s wu
+ZZZ///AA belis. X () dWin () dW; () Wi (s).
i=1 j=1m
The truncated Ito-Taylor expansion based on (3.23):

) d

Xio(t+h) =z +a(t,x)h+ Y bi(t,z)(Wi(t+ h) — Wi(t)), (3.26)
i=1

corresponds to the one-step Fuler approximation.

By (3.11), this approximation generates the explicit Fuler method:

Xo = Ty,

i d

X1 = Xp, + aph + Z bie (Wit + h) — Wi(ty)), (3.27)
=1

where ay, bjj, are the values of the coefficients a and b; evaluated at the point (t;, Xx).

To establish the mean square order of accuracy, we shall find ¢; and ¢, as in
Theorem 3.1.7. We assume that functions a(¢, z) and b(t, z) have partial derivatives
with respect to ¢ up to order one and with respect to x up to order two which belong

to F.
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From (3.23) and (3.26), we have

|E (Xio(t+h) — Xio(t +h))| = |Epy|.

The form of the remainder p; (3.24) and the fact that La € F imply that we can

find an even number 2m and a number K > 0 such that

t+h s
|Ep,| = E/ /La(u,X(u))du ds
¢\t
t+h s

IN

/ /K(1+E|X(u)|2m) ds|

t

Moreover, with help of Theorem 3.1.3, we conclude

|Ep,| < K(2)h? K(z)€F, (3.28)

i.e. 1 = 2. Next, to find ¢o, we estimate the mean-square deviation of the one-step

approximation X ,(t + h) as follows:

E|Xp.(t +h) —Xm<t+h)\2 = E|p,|* (3.29)
<K E/ /La(uX( )du | ds| + E Z/ /AauX( NdW;(u) | ds
+E Z/ / X (u))du | dWi(s)

p t+h [ s 2

Let us estimate each term in (3.29) separately based on the assumption that La € F,

Lb; € F, Nja € F, Ajb; € F, also using the Ito isometry, Cauchy-Bunyakovsky
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inequality and Theorem 3.1.3:

7h ( / La(u,X(u))du) ds

t t

hE (7 (/ (1+|X(u)]") du) st) < Kh® 7h/ (1+ E|X(u)|*™) du ds

t t

K(z)h®, K(x) € F; (3.30)

2

E

IN

IN

2

i] (jAauX( ))dW;(u ))d

t

KEi (7(/8/\@ w, X (u ))dWi(u)) ds)2

t
¢ 2

KhEZd:/h(/sAauX ))dWZ(u)> ds

t
d t+h s

KhZ// L+ E|X (u)*) du ds < K(2)h?, K(z) € F;  (3.31)

IN

IA

IN

2

ZZ:i: 7h (/s Lbi(u,X(u))du> dW;(s)

Lb;(u, X(u))du) dVVi(s))

,d (] L (/ Lbi{u, X <u))du)2ds)

t+h s

Khz (// 1+ E|X (u)]*) du ds) < K(z)h?, K(z) € F; (3.32)

IA IA
I
M3
/
~—I
-
—

IN
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4 4 [tth [ s 2
< KE;; / / Ajbi(u, X (u))dW;(u) | dWi(s)
< K;; // 1+ E|X (w)]*) du ds | < K(2)h? K(z) € F.(3.33)

Based on estimates (3.30)-(3.33), we conclude that

E|p)* < K(z)h?, K(z) € F, (3.34)

i.e. go = 1. Therefore, according to Theorem 3.1.7 the Euler method (3.27) has
mean-square order of convergence equal to 1/2. In the case of additive noise, i.e.
when by (t,x) = bg(t), based on (3.31),(3.32) we find that g = 3/2. This implies
that the Euler method (3.27) for systems with additive noise is of the first mean-
square order.

Additionally assuming that a(¢, ) and b(t, z) have partial derivatives in z up to
order four that belong to F, we shall demonstrate that the Euler method has the
first order of weak convergence. Specifically, by Theorem 3.1.9 we should establish

that the following inequalities hold

K(x)h? s=1,...,3, K(z)€F,; (3.35)

E (H SX — H 5)‘(’5)
j=1 j=1

4
E][|6X"| < K(@)l?, i;=1,...,n, K(x) €F,

j=1
where
d t+h
0XU = X{P(t+h) -2l =ad(t,z)h+ > b (t ) /de(S)dHP?,
k=1 f
d t+h
0XU = XP(t+h)—a =a(ta)h+ > b(t ) /de(S)ds,
k=1

t

o4



and p, is from (3.24).
To show that the inequalities under consideration hold, we will use the following

estimate
t+h

Ep, / AWi(s)| < K(2)h2 K(z) € F, (3.36)

t

To proof (3.36), we note that the expectation of the norm of the first three terms in
t+h
p, multiplied by [ dWj(s) has at least the second order of smallness with respect

t
to h. This follows from the application of the Cauchy—Bunyakovsky inequality to
this product and, subsequently, (3.30)-(3.32). To show that this also holds for the

t+h
last term in p; multiplied by [ dWj(s), we apply Ito’s formula to this last term in
t

P1

t+h s

Z/ /Aqu( DA ) | dwigs) (337

1 j=1

M&

%

d t+h s

Ajbi(t, X (t) //dW (5)

t+h s u

+i2///LAb (ur, X (ur)) duy dW, () dWi(s)

i=1 j=1

I
Mg_

i=1 j=1

IsH

t+hs u

+i22///AAbk (w1, X (u1)) AW (ur) dW;(u) dWi(s).

=1 j=1m

QL

All terms in (3.37), except of the first one, have order of smallness at least 3/2. Using
the Cauchy—Bunyakovsky inequality, we can readily show that the expectation of
absolute value of the product of each of such terms with t}dek(s) is smaller or
equal to K(z)h?, K(x) € F. Let us now prove that the expectation of the product

t+h
of the first term in (3.37) with [ dWj(s) is zero, i.e.
t

d d t+h s t+h

5}



Indeed, by changing the variables
Vii=—-Wi, k=1,...,d,

where V}, are independent Wiener processes. Since the number of Wiener processes

participating in (3.38) is odd,. we have

t+h s t+h

/ / dW;(u) dWi(s) - / dWi(s)| F

t
t+h s t+h

= —F //dvj(u) dVi(s) - /de(s) Fil

t

which implies (3.38). Establishing (3.38) completes the proof of (3.36)
For s = 1, i.e. we are considering first moments, (3.35) follows from (3.28). For

= 2, (3.35) holds, since we have

2 2
E (H SX — H 5X%'> |
- - t+h

— EZ Yaki(t, x)h + p? Zb (t,z) /de(s)ds + pitp?

t

< K(a:)h3 + K(z)h* + K(az)h2 < K(x)h?, K(z) €F,

where we used (3.28), (3.34), (3.36) and the Cauchy-Bunyakovsky inequality. This
also already makes clear that for s = 3 all terms contain at least one component of
p, as a factor and, hence, have order of smallness at least 2 with respect to h.

For weak convergence we only need to approximate the measure induced by
the process, hence we can replace the Wiener process increments by other random
variables with similar first four moment properties. Thus, by choosing more easily
replicated increments we can obtain a simpler scheme. For instance, the method

usually called as the weak Fuler scheme

Xo = o,

26



d
Xk—i—l = Xk + agh + Z b,kflk\/ﬁ, (339)

i=1

where §; , k= 0,..., M—1, are independent random variables distributed by the law

P(§ = £1) = 1/2, also has first order of accuracy in the sense of weak approximation.
With addition of one extra term from the Ito-Taylor expansion (3.25) to the

Euler scheme we obtain the one-step approximation

Xia(t+h) = w+alt,o)h+ Y bit,x) (Wit + h) — Wi(t))
+ZZAgbz(t,X(t))/(Wj(s)—wj(t))dwi( ). (3.40)

Iteratively progressing forward this results in the Milstein scheme (see [53, 45, 58,
57]):

Xo = @,

d
Xk+1 = Xk + arph + szk(Wz(tk + h) — Wz<tk))

ES A [ O = W) awics) (3.41)

For this method we have
E|Xi.(t+h) — X.(t+ h)| = O(h?),

E|Xpu(t +h) — Xia(t + h)|* = O(h?),

ie. ¢ = 2 and ¢ = 3/2, yielding first order of the mean-square convergence for
(3.41) according to Theorem 3.1.7.

We remark that in the general case we will face with the difficulty of simulating
multiple stochastic integrals appearing in scheme (3.41) since they cannot be easily

expressed in terms of Wiener process increments. However, it is clearly possible for

d7



a single noise (d = 1) since

trp+h

/ (W(s) — W(t) dW (s) =

tr

(W (ke + ) — W) — %h.

N —

The Milstein scheme (3.41) has the same weak order of accuracy as the Euler
method does. This illustrates the fact that an increase in the order of accuracy in
the mean-square sense does not in general imply an increase of the weak order of
accuracy.

Finally, we shall consider a scheme, which will be of the second weak order. The
one-step approximation is obtained by truncating the remainder in (3.25). Using

the identity

t+h t+h t+h

[=nam) =n [awis - [ -wioas

t t t
the one-step approximation becomes

t+h
2

d
_ h
Xt,m = x—l—ah—i— E bz / dWl(S) ‘|—LCL?
=1 y

d t+h d t+h

#30D oAb [ (Wit~ W) awils),

where the coefficients a, b;, La, A;a, Lb;, A;b; are evaluated at the point (¢, z).
The corresponding method where we replace the Wiener process increments by
simpler random variables has the form ([54, 57, 58, 78, 45]):
d 12
X1 = Xp+aph + Y by h + (La),, 5

=1
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d d d

1
+5 3 (e + L), £ + 303 (Agbi), € (3.42)
i=1 i=1 j=1
where &, ;. satisfy
1 1 -1, 1 <y,
fz’jk = éfikgjk - §9ijCiijkv 91‘3‘ =
L2y,

and &, and (;, k =0,..., M — 1, are independent random variables distributed by
the corresponding law P(¢ = 0) = 2/3, P(€ = +/3) = 1/6 and P(¢ = +1) = 1/2.

3.2 The HIM framework: revisited

In this Section we shall revisit (see Section 2.2) the HJM model under risk-neutral
measure ( in order to state the assumptions we impose on the volatility and initial
forward curve. These assumptions guarantee the existence of the unique strong
solution of the SDE corresponding to HJM model and are sufficient for construction
of the class of numerical methods proposed in Section 3.4. We shall also formulate a
pricing problem for European type interest rate products which will used to illustrate
the numerical algorithms proposed.

As before (see Chapter 2), we assume that there exists an arbitrage-free market
with a frictionlessly traded continuum of default-free zero-coupon bonds {P(t,T),
t<T,T € [ty, T*], t € [to,t*]}, where P(¢,T") denotes the price at calendar time ¢
of a bond with maturity 7. We require that P(T,7T) = 1 and P(t,T) is sufficiently
smooth in the maturity variable 7'

The HJM framework [36] models the dynamics of the forward curve (see Section
2.2.1)

{f@t,T), t<T, T€lt,T"], tEe€ [to,t"]}.

We recall from Section 2.2.2, that given an integrable deterministic initial forward
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curve

f(to, T) = fo(T),

the arbitrage-free dynamics of the forward curve under the risk-neutral measure Q
associated with the numeraire B(t) (cf. (2.4),(2.5)) are modelled through an Ito

process of the form

ft,T)— fo(T) = /t:aT(s,T) (/STa(s,u)du) ds (3.43)

t
+/ o' (s, T)dAW(s), to<t<t*"AT, to<T <T,

to

where W (t) = (Wy(t),...,Wa(t))" is a d-dimensional standard Wiener process de-
fined on a filtered probability space (Q, F, {}—t}togtg* ,Q) satisfying the usual hy-
potheses; o(t, T) is an Re-valued F;-progressively measurable stochastic process with
j;f lo(s,T)|* ds < oo; and t* AT := min(t*, T).

In general, the volatility o(¢,T") := o(t,T,w) can depend on the current and past
values of forward rates. In this thesis we restrict ourselves to the case in which o

depends on the current forward rate only, i.e.,
o(t,T) = (oy(t, T, f(t,T)),...,0q(t, T, f(t, T))) ", (3.44)

where 0;(t,T, z),i = 1,...,d, are deterministic functions defined on [to, t*] X [to, T*] X
R. Then the term fST o(s,u)du in (3.43) can be written as fsT o(s,u, f(s,u))du, and,
consequently, (3.43)-(3.44) is an infinite-dimensional SDE. We impose the following
assumptions on the HIM model (3.43)-(3.44).

Assumption 3.2.1 The functions o;(¢t,7,z2), i = 1,...,d, are uniformly bounded,

i.e., there is a constant C' > 0 such that

038, T, 2)| < C, (£, T, 2) € [to, "] % [to, T*] X R. (3.45)
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Assumption 3.2.2 For sufficiently large p;, po > 1, the partial derivatives

IR (t, T, 2)
OtioT*0z!

7O§]§p170§k+l§p27 22177d7 (346)
are continuous and uniformly bounded in [t, t*] X [to, T%] x R.

Assumption 3.2.3 The initial forward curve fo(T), T € [to, T*], is deterministic

and sufficiently smooth.

The imposed conditions are sufficient to ensure that the stochastic equation
(3.43)-(3.44) has a unique strong solution f(¢,7") (cf. Theorem 3.1.2), which is
sufficiently smooth in the last argument (cf. Theorem 3.1.4), (see [36, 79] and also
[49, 29] for differentiating SDE solutions with respect to a parameter).

Further, it is not difficult to show (see Appendix A) that they imply boundedness
of exponential moments of f(¢,T), i.e., for any ¢ € R there is a constant C' > 0 such
that

Eexp(c|f(t,T)]) < C (3.47)

for all (¢t,7) € [to,t*] X [to,T*]. The constant C' in (3.47) depends on the initial

forward curve fy(7T), volatility o (¢, 7T, z), and on c.

Remark 3.2.4 As it was shown in [79], for the SDE (3.43)-(3.44) to have the
unique strong solution it suffices to require a weaker assumption than Assump-
tion 3.2.1:

l0,(t, T, 2)| < C (1 + |z|1/2) .

However, in the thesis we restrict ourselves to the stronger set of conditions which
allow us to consider methods of higher order. Assumptions 3.2.1-3.2.3 are suffi-
cient for all the statements in this thesis. The choice of p1 and ps depends on a
particular algorithm (as usual, the more accurate an algorithm the more derivatives
are needed). At the same time, the imposed conditions are not necessary and the

proposed numerical methods themselves can be used under broader assumptions.
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We pay attention that Assumptions 3.2.1-3.2.3 do not guarantee positiveness of
f(t,T) which could be a desirable property taking into account the financial context

of the HIM model. One can notice that if we also require that
fo(T) >0 and O'i(t7T, 0) =0,7=1,...,d, (t,T) S [to,t*] X [to,T*],

then the forward rates are nonnegative f(¢,7) > 0 for all (¢,T) € [to, t*] X [to, T™].

We will illustrate our numerical methods for the HJM model (3.43)-(3.44) by
pricing interest rates derivatives of European-type which we described in Section
2.1.3. Among these instruments are interest rate caps, floors, and swaptions [1,
15, 18, 26, 65, 28, 68]. A cap price is obtained by summing up the prices of the
underlying caplets. Consider a caplet set at time s, with payment date at s; > sy,
with strike K and unit cap nominal value. We recall from Section 2.1.3, that its

price at time ¢y < s is given by (cf. (2.20))

E9 exp (- /t:kr(u)du> {1 (14 K (si — s¢)) exp (— / f(sk,u)du)L. (3.48)

Now consider a payer swaption of maturity s, and with underlying swap maturity

s; > sy. Its price at time ¢y < s; can be found as (cf. (2.23))

E9exp <— /tOSkr(u)du) [1 ~exp (- / f(sk,u)du) (3.49)

—-K i (s — sj-1) exp (— /S:J f(Smu)du)]

j=k+1

Let G(z), z € R, be a payoff function satisfying the global Lipschitz condition,
i.e.,

|G(2) = G(Z)| < K|z—7]|, 27 €eR. (3.50)

In this thesis, motivated by the above examples, we consider the price of a generic
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interest rate contract under risk-neutral measure of the form

F(to, fo () ; sk, ;) = Eexp(—=Y (sx))G (P(sk, si)), (3.51)
where
¥(si) = /t ' r(w)du, (3.52)
P(sg,s;) = exp (—Z(sk, si)), (3.53)
and
Z (s, 1) = / " f sk, u)du. (3.54)

We note that (3.51) does not cover the case of swaptions (3.49). To include
swaptions, the payoff G in (3.51) should be of the form G (P(sg, Sk+1), -, P(Sk, 8:))

and

F(to, fo (") ; Sk, Skaty- -+, 8i) = Eexp(=Y (sx))G (P(Sk, Sks1)s - - - P(sk, 85)) - (3.55)

We limit ourselves in the thesis to the payoff of the form (3.51) for the sake of
transparent exposition. All the proposed numerical algorithms are applicable to the
more general form of the payoff (3.55). Also, no additional ideas are required to

extend our theoretical analysis to the case (3.55).

Remark 3.2.5 (Forward measure pricing) The HIM dynamics can be written under
the sy-forward measure (see Section 2.2.3) instead of the risk-neutral measure. We

recall that the corresponding SDE has the form (cf. (3.43)):

FILT) = fo(T) = /t:aT(s,T) (/:a(s,u)du) ds+/taT(s,T)dWsk(s),(3.56)

to
to <t <t*ANTAsp, to<T<T",

with Wk (s) being a d-dimensional standard Wiener process under the si-forward

measure Q%% . The pricing formula for a generic interest rate contract with payoff
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G (P(sg,si)) under Q% is (cf. (2.11)):
F(to, fo (-) s 58, 85) = Pl(to, si) EQ™* (G (P(s, 54))) - (3.57)

This form is computationally simpler than (3.51) since it does not require evaluation
of the short rate. At the same time we note that pricing of some interest rate products
(e.g., Eurodollar futures) require the use of risk-neutral measure [15, 62]. In this
thesis we construct numerical algorithms for approzimating (3.51). Obviously, these

algorithms are readily (actually more easily) applicable to (3.57).

3.3 Review of existing numerical methods for

HJM model

The HJM model has closed-form solutions only for some special cases of volatility,
and valuations under the HJM framework usually require a numerical approxima-
tion. Before embarking on the construction of the numerical algorithms for HJM
model, we are going to review the existing methods. As far as we know, the literature
on numerics for the HJM model is rather sparse.

The common approach (see, e.g. [35, 40, 31, 32, 12] and the references therein)
is to discretize the HJM equation itself taking coinciding grids in the calendar time
t and in the maturity time 7. As we will see, the requirement of taking the same
steps in calendar and maturity times limits efficiency of numerical schemes. The
known methods differ in the way they approximate the integral in the arbitrage-
free drift of the HIM model while they all use Euler-type schemes for discretization
in calendar time. In [35, 40, 31, 32] approximations of the arbitrage-free drift are
chosen so that the overall discrete approximations of the HJM equation preserve the
martingale property for the discretized discounted bond process. Moreover, in [32]
a variance-reduction technique based on a combination of importance sampling and

stratified sampling for pricing path-dependent European-style interest rate options
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in a multifactor HJM setting is analysed. The authors in [12] present two numerical
methods for HIM model, Euler type finite difference and finite element methods, and
prove their error estimates which can be useful for adaptive algorithms. Though,
the setting considered is restricted to the volatility function depending the forward
curve only through the current short rate.

A different numerical approach, based on Galerkin approximation, is consid-
ered in [52]. In this paper, the problem of valuing American type interest rate
products is characterised as the solution of an infinite-dimensional Hamilton-Jacobi
variational inequality which reduces to the Kolmogorov backward equation for the
products exclusive of early exercise. The forward rate curve is approximated using
a Fourier-Legendre expansion resulting in a finite-dimensional approximation of the
infinite-dimensional HJM equation and associated valuing problem. This valuing
problem is further approximated by a nonlinear partial differential equation trough
the use of the penalization technique. An adaptive method-of-lines extrapolation
finite element method based upon the penalised formulation of the valuing problem
is proposed. The spacial semi-discretisation in terms of the linear finite element ba-
sis is introduced. Whereas, the semi-implicit discretization in time based upon the
backward Euler method is employed to obtain fully discreet analogue of the valuing
problem.

Using the Musiela parametrization (Section 2.2.4, see also [61, 25, 18]), the HJM
equation can be re-written in the form of a first-order stochastic partial differential
equation (SPDE) which then can be approximated using an SPDE solver. Such an
approach was used, e.g., in [22, 23]. In [23], the authors consider the HIM SPDE
with stochastic volatility chosen as a mean-reverting Ornstein-Uhlenbeck process. A
symmetrically weighted sequential splitting scheme of weak order 2 along with Quasi-
Monte Carlo algorithm is analysed within this setting. It is argued in this paper
that higher-order weak approximation schemes can be used together with Quasi
Monte Carlo algorithms to obtain an efficient pricing method, which is superior to

Multi-level Monte Carlo. The efficiency of the numerical method is demonstrated
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by the calibration of the model to a caplet data. Also, a payer swaption is priced
using the calibrated model.
We note that, in comparison with other works, the papers [12, 22, 23, 52| rigor-

ously proof convergence results of the proposed numerical methods.

3.4 New class of numerical methods for

HJM model

In this section we construct a numerical method for simulating (3.51) with the for-
ward rates f(t,7) satisfying the infinite-dimensional SDE (3.43)-(3.44). Examples
of some particular algorithmic realizations of this method are given in Section 3.5.

This section is organized in the following way. We first introduce a maturity time
discretization (7T-discretization) and arrive at a finite-dimensional approximation of
(3.43)-(3.44), i.e., at a finite system of SDEs (Section 3.4.1). Then (Section 3.4.2)
we discretize time (¢-discretization) and apply a weak-sense numerical integrator to
the obtained finite system of SDEs. Finally, Section 3.4.3 deals with approximating
the functionals Y and Z from (3.52)-(3.54) and the option price (3.51).

For the simplicity of presentation, we consider equally-spaced grids for maturity
time T" and time ¢. A nonuniform discretization might be needed in practical financial
applications, and a generalization of the proposed algorithms to nonuniform time

grids is straightforward.

3.4.1 T-discretization

Consider a uniform partition of the maturity time interval [to, T*] with a maturity

time step (T-step) A = (T* —ty)/N :

to=Ty<-<Tn=T T;=iA, i=0,..., N. (3.58)
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Figure 3.1: Index notation for the closest node on the grid (3.58) to the time ¢ from
the left (or from the right), denoted by Ty (or by Tyw)).

We note that the grid (3.58) has clearly different meaning to the partition introduced
in Chapter 2, though we use a similar notation as it is standard for both cases.
We shall first introduce the index notation we are going to use. Denote by ¢(t)

the auxiliary index dependent on time ¢ so that

((t) =max{i=0,1,...,N: t>T;}, (3.59)

and by o(t) the auxiliary index dependent on time ¢ so that

o(t) =min{i =0,1,...,.N: t<T;}, (3.60)

ie., Tipy <t < Ty and Ty (or T,yy) is the closest node on the grid (3.58) to the
time ¢ from the left (or from the right). See Figure 3.1 for illustration of this index
notation. We also point out that o(t) = ¢(¢) + 1.

Further, we require for simplicity that A is sufficiently small so that a number
of nodes T; between t* and T™* is sufficient for realization of all the quadrature

rules and interpolation/extrapolation used in the method which we introduce in
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this Section 3.4. We will pay attention to the required amount of nodes between
t* and T™ in the method’s description. At the same time, if in practical realization
the distance between t* and T™ is relatively small in comparison with the chosen
T-step A, then one would need to run simulation for a slightly longer maturity-time
interval, extending it beyond T* by a few steps of A (see further explanation in
Section 3.5.3).

For a node T}, i = 0,..., N, on the maturity time grid (3.58), we approximate

the integrals in (3.43):
T;
I;(s,T;) ::/ oi(s,u)du, j=1,...,d, to <s<t"AT;,, i=1,...,N, (3.61)

by a composite quadrature rule Sy, (s, 75, A) :

k(s,T;)
Ij(s’ﬂ) ~ SIj('S?ﬂ’ A) =A Z 7k(5)0-j(87 Tk)a (362)
k=o(s)
where the quadrature rule’s weights v,(s) and the nodes k = o(s), ..., k(s,T;) are

chosen so that under Assumptions 3.2.1-3.2.3 the approximation is of order O(AP)

for a given p > 1, i.e., the numerical integration error is estimated as
o\ 1/2
(E [Slj(s,Ti, A) — Ij(s,Ti)} ) < CAP (3.63)

with a constant C' > 0 independent of A, s, T;, j. Some examples of such quadratures
are given in Section 3.5. We note (see details in Section 3.5) that when s and T;
are close, to approximate I;(s,7;) with a required accuracy the number (s, 7;) in
(3.62) can be chosen larger than i. We recall that since we assumed that there is a
sufficient number of nodes between t* and T™* the number x(s,T;) does not exceed
N. We will also use the vector notation I(s,T;) := (I1(s,T}),...,I4(s,T;))" and
Si(s, T, A) := (S, (s, T3, A), ..., Sp, (s, T, A)) T

For a fixed T' = T;, it is convenient for later purposes (namely, for computing

the short rate r(t) = f(t,t) as it will become clear in Section 3.4.3) to consider the
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SDE (3.43)-(3.44) on a slightly larger time interval: ¢ty < ¢ < t* A T(;41)n, i.e., for
T; < t* (note that t* < Ty) we would like to extend the definition of f(t,7;) from
t € [to, T;] tot € [to, Ti+1]. Though from the point of view of financial applications the
forward rate f(t,7;) is not defined on the interval ¢t € (T, T;41], Assumptions 3.2.1-
3.2.3 guarantee that (3.43)-(3.44) has the strong solution on the extended interval
and, as it will be seen in future, this extension is beneficial from the computational
prospective (see also Remarks 3.4.3 and 3.4.4). This extension requires from us to

consider, in addition to (3.61), the integrals

Ty(s)
I (s, Tys)) := / oj(s,u)du. (3.64)

We approximate these integrals by a quadrature rule analogous to the one in (3.62)
but with summation index k starting from #(s) :

K(3,T(s))

Li(s, Tus)) = Si, (5, Ty, A) = A > y(s)ai(s, T), (3.65)
k=£(s)
and we require that its error satisfies (3.63). Combining (3.62) and (3.65), we will

write in what follows that

k(s,T5;)
Sp(s. T A) =AY y(s)a(s, Tk) (3.66)

k=L(s)
with the coefficient v, (s) = 0 if i > £(s).

Using (3.66), we approximate the solution f(¢,7") of the infinite-dimensional
SDE (3.43)-(3.44) at the nodes T' = Ty, ..., Ty, by the N 4 1-dimensional stochastic
process fi(t) ~ f(t,T;), i = 0,..., N, which satisfies the finite system of coupled
SDEs:

t

fity—fi = /5j(s)§,(s,n,A)ds+/ 5, (s)dW (s), (3.67)

to to
to S tSt*/\T(i+1)/\N; Z.:O,...,]V7
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where

fo = fo(To), (3.68)

Gi(s) = (G1a(s),--,60a(s))" = (01(s, T3, f1(5)), - - oals, Ti f1(5))

. - T
SI(‘S’EJA) = (S]l(S,E,A>,...,S[d<S,E,A))

k(s,T;

)
Si,(8, T ) = A Y 74(8)Fs(s). (3.69)
k=L(s)

We emphasize again that we extended the time interval from ¢ € [to,t*] to ¢t €
[to, t* A Tliy1)an)-

Assumptions 3.2.1-3.2.3 guarantee the existence of the unique strong solution of
(3.67)-(3.69). Further, it is not difficult to show that they also imply boundedness
of exponential moments of fi(t), i.e., for any ¢ € R there is a constant C' > 0 such
that (cf. (3.47)):

Eexp(c|fi(t)]) < C (3.70)

for all t € [to,t*] AT(iy1)an, % = 0,..., N. In connection with (3.70) we recall that due
to Assumption 3.2.3 the initial forward rate curve fo(T), to < T < T*, is bounded
by a finite constant. Hence, f(0) = fi, i = 0,..., N, are bounded by the same
constant.

In Section 4.1.1 we prove (see Theorem 4.1.1) mean-square convergence of ()
to f(t,7;) when A — 0. We note that the system (3.67)-(3.69) plays only an aux-
iliary role in our consideration. It is used as guidance in constructing fully discrete
numerical algorithms (i.e., discrete in both 7' and ¢) and also in proofs of their

convergence.

3.4.2 t-discretization

In this section we discretize the finite system of coupled ordinary SDEs (3.67)-(3.69)

with respect to calendar time ¢ and thus arrive at a fully discrete method.
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We introduce an equally-spaced grid for calendar time t with step (¢-step) h =
(t* —to)/M:

t0<"'<tM:t*, tk:/{?h, kZO,,M

In what follows we use the notation (cf. (3.59) and (3.60)):

Og = L(tg), 0 = o(ty). (3.71)

We consider an approximation f;_; of Fi(trir) from (3.67) (i.e., a full discretiza-

tion of (3.43)-(3.44) in both 7" and t) of the form (cf. (3.17))

fe=1f,i=0,...,N, (3.72)

.]FliJrl - .flz + Az<tk7ﬂ7 f_£7 .] = ‘€k+17 B K(tk+1,ﬂ) V Z? haék)a

i:£k+1,...,N, l{f:O,...7]\47

where the form of the functions A* depends on the coefficients of (3.67)-(3.69), i.e., on
o and on a choice of the quadrature rule Sy;; x(tx, T;) is as in the quadrature (3.69);
&k, kK =0,..., M, are some random vectors which have moments of a sufficiently
high order and &, for £ > 0 are independent of f;, t=1V4;,...N,j7=0,...,k, and of

507 e 7€k—1'

To simplify the exposition of our theoretical analysis, in what follows we consider

the extended f?(¢) and fj. We put

Fi(t) = Fi(Ti1), Tappan A<t <%, 0 < <L(t") -1,

and then the N + 1-dimensional vector {f*(t), i = 0,..., N} is defined for all t €

[to, t*]. We put

Fie P k=m+1,... M, 0<i<((t")—1,

m’

where m = [(T;,1 — to) /h|—1 (we recall that [-] denotes the ceiling function). Then
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the N + 1-dimensional vector {f;, i =0,..., N} is defined for all k = 0,..., M. Let
us emphasize that we do not use the extension of f in numerical algorithms and
these extensions of f(t) and fi are done in order to use the vector notation f(t)
and fi, without need to adjust length of these vectors as t and k grow.

We assume that the A’ in (3.72) are such that f; satisfy the following condition.

Assumption 3.4.1 For any ¢ € R there is a constant C' > 0 such that

Eexp(c|fi]) < C (3.73)

foralli=0,...N, k=0,..., M.

This condition is satisfied by all sensible numerical schemes (i.e., sensible choices
of A" in (3.72)) thanks to the uniform boundedness of o;(t,T,z) (see Assump-
tion 3.2.1) and boundedness of the initial condition (see Assumption 3.2.3 and also
the comment after (3.70)). In particular, it is satisfied by the weak Euler-type
scheme (3.95) we use in the algorithms in Section 3.5.

We also require that the numerical method (3.72) for the SDEs (3.67)-(3.69) is

of local weak order ¢ 4 1, i.e., that the following assumption holds.

Assumption 3.4.2 We assume that the method (3.72) is such that for some pos-

itive constant C' independent of A

E(Jof - J[of ) <cnt', s=1,....2¢+1, (3.74)
j=1 j=1
2q+2
E ] 16f%] < Cchrt, (3.75)
j=1

where

5f = fl(t+h)—a', 6f = fl (t+h) -2,

and ft’m(t + h) is the solution of the SDEs (8.67) with the initial condition x given
at time ¢ : ft’x(t) =, and f; (t+h) is the one-step approximation of (3.67) found
according to (3.72) with f} (t) = 2"
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Assumption 3.4.2 is similar to the one used in the standard theory of numerical
integration of SDEs in the weak sense (cf. Theorem 3.1.9). As we will see in
Section 4.1, Assumptions 3.2.1-3.2.3 and 3.4.1-3.4.2 guarantee weak convergence of
the numerical method (3.72) to the solution of the auxiliary system of SDEs (3.67)
with order hf.

We note that C' in (3.74)-(3.75) is independent of x while in the standard the-
ory of numerical integration of SDEs one usually has C' depending on x in such
estimates (see Theorem 3.1.9). In our case it is natural to put C' independent of
x since the coefficients of (3.67) and their derivatives are uniformly bounded (see
Assumptions 3.2.1-3.2.2). We also emphasize that the constants C' in (3.74)-(3.75)

are required not to depend on A.

Remark 3.4.3 The numerical method (3.72) contains the approximation f,f’“ of the
forward rate f(tg,Ty,) (recall that ty > Tp,) which from the financial point of view
does not exist unless t, =1y, . However, from both theoretical and numerical points
of view, it 1s not prohibiting to consider the values f_,ﬁ’“ which, as we will see later
in Section 3.4.3, is computationally beneficial. We may interpret the points (tx, 1, )

on our (t,T)-grid as fictitious nodes (see also Remark 3.4.4).

The approximation (3.72) of the infinite-dimension stochastic equation (3.43)-
(3.44) has two discretization steps: T-step A (i.e., step in maturity time) and ¢-step h
(i.e., step in time). We can say that the T-step A controls the error of approximating
(3.43)-(3.44) by (3.67)-(3.69) while the ¢-step h controls the error of approximating
(3.67)-(3.69) by (3.72). We will later (see Remark 3.4.7) discuss how to choose A

and h in practice.

3.4.3 Approximation of the price of an interest rate contract

In the previous section we introduced an approximation f; of the solution to (3.43)-

(3.44). Now we illustrate how this approximation can be used for evaluating the
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expectation (3.51)-(3.54), i.e.,
E(to, fo () ; 8k, 8i) = Eexp(=Y (s))G (P(sk, 51)) -

To find F', one has to compute Z(sy, s;) from (3.52) and Y'(s;) from (3.54). In this
section we construct numerical approximations for Z (s, s;) and Y (s;). For clarity

of the exposition, we assume in what follows that
sp=1t¢" and s, =T".

We approximate the maturity time integral from (3.54) by a quadrature rule

Sz(t*,T*,A) .

* N
Z(t,T%) = ' F(E u)du m Sy (T A) = A S 5,15, Ty), (3.76)

* .
t J=0m

where the weights 7, are chosen so that the quadrature rule is of order p > 0, i.e.,

an inequality of the form (3.63) holds:

(E [Sz(t*, T*,A) — Z(t*’T*)]2)1/2

< CAP. (3.77)
The assumption we made at the beginning of Section 3.4.1 that there is a sufficient
number of nodes T; between t* and T™ ensures that we can find a quadrature rule
(3.76) satisfying (3.77). Some examples of quadratures Sy (t*,T*, A) are given in
Section 3.5.

In general, T-discretization and t-discretization have different steps A and h,
and approximate values of the short rate r(tx) = f(tx, tx) (cf. (2.3)) are not directly
available among f; which are defined on the (¢, T')-grid. Then to numerically evaluate
Y (t*), we need to construct an approximation of f(t,t,) based on the values f},
1t =/V,...,N. To this end, let us first consider an approximation of the exact short

rate r(t) = f(t,t) using the values of f(¢,T;), 7 = £(t),..., N. We recall that thanks
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to Assumptions 3.2.2-3.2.3 the solution f(¢,7") of (3.43)-(3.44) is sufficiently smooth

in the last argument. We approximate r(t) by 7(t) as

w(t) = w(t; f(t, 1), i =4L(t),...,0(t)+0) (3.78)
oy o
= Z Z Ni() (s Tivi) Xeern )
=0 =0
0

where \;(t) are coefficients independent of f, |\;(¢)| are bounded by a constant
independent of A,  is a non-negative integer independent of t and A, and x 4 is the
indicator function of a set A. We choose the number ¢ and the coefficients \;(t) so

that the approximation (3.78) is of order p :
(Er(t) — =(®)))* < CA?, p> 0. (3.79)

The form of (3.78) covers both polynomial interpolation and extrapolation. For
interpolation, we approximate r(¢) using the values f(¢,T;), i = £(t),...,L(t) + 6.
For extrapolation, the coefficient Ao(¢) = 0 and we approximate r(¢) using the values
f&, 1), i = o(t),...,0(t) + 6 — 1. Some particular examples of the approximation
7(t) are given in Section 3.5. Recall that in Section 3.4.1 we assumed that A is such
that there is a sufficient number of nodes T; between t* and T™ which should, in

particular, ensure that ¢(t*) +6 < N.

Remark 3.4.4 We note that we need fictitious points (tx,Ty,) on our (t,T)-grid
(see also Remark 3.4.3) for the interpolating form of (3.78). The extrapolating form
of (3.78) does mot need the fictitious points as it is sufficient to compute fi for
1= 0, .- 0, +0—1, k=0,..., M, all of which have the usual financial meaning.
However, we reserve the possibility to use an interpolation (and, consequently, the
fictitious points) for simulating short rates since interpolation is usually computa-

tionally preferable to extrapolation.
Using the short rate approximation m(s), we approximate the time integral in
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(3.52) as

*

Y(t) = /t:*r(s)ds% /t: 7(s)ds ~ V(1) = /:

where 7#(s) has the form of 7(s) from (3.78) but with f*(¢) instead of f(t,T}) :

M|

(s)ds, (3.80)

7(s) =m(s; f'(s), i =£(s),...,4(s)+0).

We extend the system of SDEs (3.67) by adding to it the auxiliary differential
equation

dY = 7(s; fi(s), i = L(s),...,4(s) + 0)ds, Y(tg) =0. (3.81)

Recall that 7(s) for every s € [to, t*] is a linear combination of f*(s), i = £(s), ..., (s)+
0.

Let Y., (s), s > t, be the solution of (3.81) with the initial condition Y, ,(t) = y
and with fi(s) = fgm(s) (recall that f}x(s) are defined in Assumption 3.4.2). We

observe that:

Z(t+h)

t+h 9
Voot + 1) / )P X ety 05, (3.82)
1=6(t)

We can show (see Appendix A), that under h < oA for some o > 0 and for any
positive integer m, we have
(t+h)+6

ﬁ,x,o(wh)‘ <crm {1+ Y 2, (3.83)
1=£()

E

where C' > 0 is a constant independent of A and x. We note that the condition
h < aA guarantees that the number ¢(t + h) — /(t) is independent of A, which
ensures that the constant C' in (3.83) is independent of A and the number of terms
in the sum on the right-hand side of (3.83) is also independent of A. This will be
essential for proving convergence Theorem 4.1.6.

Now we extend the fully discrete approximation (3.72) by adding to it an ap-
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proximation of (3.81):
}70 = 07 ?k+1 = ?k_'_AY(tk;f]g? j:€k77€k+1+97h)7 k':O,...,M, (384)

where the form of A (ty; f1, j = le,..., b1 + 0;h) = AY (tx; h) depends on the
form of 7(s) from (3.78) and the accuracy required.

We replace Assumption 3.4.2 on the one-step approximation by the assump-
tion which is applicable to the extended system (3.67), (3.81) and the extended

discretization (3.72), (3.84).

Assumption 3.4.5 Let h < aA for some a > 0. We assume that the method
(8.72), (3.84) is such that for some positive constant C' independent of A
0(t+h)+6

<O 14 Dot (3.85)
1=¢(t)

E (5?7” Sfféf"j — 5y SHm(Sfia)
j=1 =1

m=0,...,s, s=1,...,2¢+ 1;

2q+2—m 2] 1/2
F max oym ofh 3.86
0§m§2q+2,{i1,...i2q+2_m}€{0 ..... N} ]Ul f ( )

L(t+h)+0
< Chq“ 1+ Z ’xl‘2q+2 7
1=0(t)

where

Yy = fft,x,y(t +h)—y, 0Y = Ym,y(t +h)—vy,

ft"@(t + h) and f;,(t + h) are as in Assumption 3.4.2 and Viay(s), s > t, is the
solution of (3.81) with the initial condition Y;,,(t) = y, and Yi.,(t + h) is its

one-step approximation found according to (8.84) with Y;, ,(t) = y.
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Note that the constants C' in (3.85)-(3.86) do not depend on x, y, and A. The
dependence of the estimates (3.85)-(3.86) on x is consistent with (3.83). The condi-
tion h < aA in Assumption 3.4.5 is not restrictive from the practical point of view
since we aim to be constructing efficient numerical algorithms for the HJM model by
allowing bigger T-steps A without losing accuracy. We also note that this condition
arises only when we need to approximate the short rate (see also Remark 4.1.7).

Further, we make the following assumption.
Assumption 3.4.6 For some ¢ > 0 and C' > 0
Eexp(c|Yy|) < C (3.87)
forall k=0,..., M.

As a rule, the condition (3.87) immediately follows from Assumption 3.4.1 which
is the case, e.g., for the algorithms presented in Section 3.5.

Based on (3.76), (3.80) and using (3.72), (3.84), we arrive at the approximation
F of F from (3.51):

where Yj; is from (3.84);

P(t*,T*) = exp (=Sz(t*,T", A)) , (3.89)

Sz(t*,T*,A) is the quadrature rule of the form (3.76) with f(t*,7}) replaced by
fir:

N
Jj=om

and fo means the initial condition of (3.67), which is the N + 1-dimensional vector

(f(())v s >féV)T = (fO(T0)7 S >f0(TN>>T'
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Finally, the expectation of the discounted payoff in (3.88) is approximated by

the Monte Carlo method, i.e.,

F(to, fo (-);t",T7) =~ Fl(to, fo;t", T7) (3.91)

exp( Y(l (P(l) (t*, T*)) ,

M:

~ (thfO)t T* =
=1

), P are computed using independent realizations fg’(l), j=4Lg,...,N,

where Yj\(j
k=1,..., M, of the random variables f,g

In (3.91) the first approximate equality corresponds to the error of numerical
integration and the error in the second approximate equality comes from the Monte

Carlo technique.

The Monte Carlo (i.e., statistical) error in (3.91) is evaluated by

[Var {exp(=Ya)G (P(t*,T%)) }] 2

Pvuc = ¢ 12 (3.92)
~ ¢ [VCLT’ {eXp(—Y(t*))G (P<t*,T*))}]1/2
L1/2 ’

where, for example, the values ¢ = 1,2,3 correspond to the fiducial probabilities
0.68, 0.95, 0.997, respectively. The Monte Carlo error can be decreased by variance
reduction techniques (see, e.g. [31, 32, 58, 60] and references therein). In this paper
we deal with the numerical integration error and numerical algorithms which are
effective with regard to (¢, T)-discretization.

The numerical integration error is analyzed in Section 4.1. The main result of this
Section is stated in Theorem 4.1.8, that proves the convergence of the approximation
F(to, fo;t*,T*) to F(to, fo () ;t*, T*) with order p > 0 in A and with order ¢ > 0 in

h. This provides the theoretical basis for the following remark.

Remark 3.4.7 (Relationship between A and h) A higher order p, i.e., a higher or-
der of an approzimation F(to, fo;t*,T*) of F(to, fo (-);t*,T*), can be achieved by
using a higher-order quadrature rules in (3.66) and (3.76) and higher-order inter-

polation or extrapolation in (3.78). For this purpose, we can use a large arsenal of
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effective quadrature rules and interpolation/extrapolations methods from the deter-
ministic numerical analysis (see, e.g. [19, 50, 66] ) which are directly applicable here
(see Section 3.5). To achieve a higher order q, we need a higher-order weak-sense
numerical scheme for (3.67)-(3.69). As it is known (see, e.q.[45, 58, 57)), this is
a harder task, and, due to complexity of stochastic schemes, one usually restricts
themselves to using weak methods of orders 1 or 2. As a result, in practice we will
take p > q. Then, to balance the two errors in (4.58), we choose A = ah%/? for some
a > 0 to obtain the overall error to be of order O(h?). In other words, by increasing
the order p we can take larger T-discretization steps A and, consequently, signifi-
cantly improve computational efficiency of HIM simulation which, in particular, is

illustrated in our numerical experiments in Section 3.7.

3.5 Numerical algorithms

In this section we provide some particular examples of the generic numerical method
introduced in Section 3.4. For simplicity of the presentation, we restrict ourselves

in this section to the case of T-step being not larger than the t-step, i.e.,
h <A, (3.93)

which is a stronger condition than the one assumed in Theorems 4.1.6 and 4.1.8:
h < aA, a > 0. These Theorems we discuss in the next Section. This requirement
is not particular restricting since our aim is to construct efficient algorithms for the
HJM model by allowing bigger T-steps A without losing accuracy as it is discussed
in the beginning of Section 3.4 and Remark 3.4.7. We note that there is no difficulty
in constructing algorithms imposing h < aA for some o > 0 instead of (3.93). The
condition (3.93) ensures that there cannot be more than one node 7; in any interval
[tk, tk+1) hence there are only two cases possible: either (1 = 5 or {p 11 = € + 1
(see Figure 3.2 for illustration of the nodes locations in both cases). This is used in

constructing numerical algorithms of this section.
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1) Tfk +1 <tk

V_\ V_\ JanY
o = = o
Tfk+1 t tet1 TQ k+1
2) otherwise
= VAR = AR
e Tﬂk+1 tio+1 TQ k41

Figure 3.2: Two possible cases of the nodes location on the grid under condition
h < A.

We need the following new notation in this section:

and

b + thyt
ler1/2 = —

We shall limit the illustration (see also Remark 3.5.4) of the generic numerical
method from Section 3.4 to considering only the weak FEuler-type scheme (i.e., with
g = 1) as a numerical approximation of the SDEs (3.67), (3.81), i.e., as an approxi-
mation of the t-dynamics. For approximations of higher order ¢ see Remark 3.5.4.
Based on the Euler-type approximation for the t-dynamics, the extended discretiza-

tion (3.72), (3.84) takes the form

fo=1o i=0,...,N, Y5 =0, (3.95)

_ _ d _ d
R ;6i,j<tk)glj (tr, Ti; A, h) + '/ > i (k)5 k1

J Jj=1
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i:€k+1,...,N,

?k+1:Yk+AY<tk,fg, jzék,,ﬁ(t*)—i—e,h), k:O,,M—l,

where §; ;. ; are independent random variables distributed by the law P(§ = £1) =
1/2,

(Ginlte), - Fia(tr) " = (01t T i), - - - oalte, T fi) T

S 1, (tx, Ti; A, h) depends on our choice of the quadrature rule (3.66), and AY is as in
(3.84) and depends on the choice of approximation for the short rate (3.78).

In the remaining part of this section, we give three algorithms based on rectangle
(p = 1), trapezoid (p = 2), and Simpson (p = 4) quadrature rules Sy, (tx, T3, A)
accompanied by short rate approximations of the corresponding orders. In all these
cases it is not difficult to check that (3.95) satisfies Assumption 3.4.1 and that Y}

satisfy Assumption 3.4.6.

3.5.1 Algorithm of order O(A + h)

The application of the composite rectangle rule to approximate the integrals I; (¢, 1;)

in (3.61) and Z(t*,T%) in (3.52) yields

S]J. (tk, Tgkﬂ; A, h) = hAka,k&ka,j (tk), (396)

hAgk+1,ka-gk+1,j(tk)a if Tfk+1 < tg,

Sr;(th, Ty, ;3 A h) =

k+17

St (tk, Toy s A h) + hAG, | j(tk), otherwise,

S[j(tk,E;A,h) = Slj(tkaTgk+1;Aah)+hA Z 6m,j(tk)a

m=gp41+1

?: == (Qk+1+177N7,]:177d7

N
Syt T A) = i Dy + A D fir. (3.97)

Mm=0pnr41
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By straightforward calculations one can show that the used rectangle rule satisfies
the order conditions (3.63) and (3.77) with p = 1. We pay attention that we incor-
porated two cases in (3.96): when /1 = ¢ and hence T}, ,, < t, and when (see
also (3.93)) ly+1 = ¢ + 1 and hence T, , > t;.

We use the piecewise constant approximation of the short rate (cf. (3.78)):

~
—~

t*)
7(t) = f&T) X e mey), tE [to, t*]. (3.98)
l

Il
=)

The approximation (3.98) obviously satisfies the order condition (3.79) with p = 1.
To satisfy Assumption 3.4.5 with ¢ = 1, we, in particular, need to approximate the
integral Y; . o(t + h) in (3.82) by Yi.o(t + h) from (3.84) with local order O(h?).
In the case of (3.98) the coefficient in the right-hand side of (3.81) m(s;a, i =
o
l(s)) = (z:) xlxse[TthH) = 2%¢) is only piece-wise smooth. Further, according to the
Conditioiﬂ:%?).%), we can have two cases: either an open interval (tx,%;+1) does not
contain any node T; of the T-grid or it contains a single node T, . In the former case
we can approximate the integral Y; , o(t+h) in (3.82) by the left rectangle rule and we
have AY (ti; fl, j = ., o1 h) = hf* with the local error of order O(h?) as needed.
In the second case to achieve the local error of order O(h?) despite lack of smoothness
of (s; 2", i = {(s)), we split the integral fft,w,o(t—i—h) = f/}/,x,o(Tng)+}7T9k7f(Tek+1)70(t+
h) and approximate the first integral by the left-rectangle rule and the second by the

right-rectangle rule: AY (#;; f,ﬁ, J="Lr,lei1;h) = Athkf,f’“ — Agk+17k+1f_]§]_€ﬂl. Thus,

A (b Fl g = b lrprs ) = (WA Dy i) Tt = (0N Dgr i) FiiH (3.99)

We note that despite the use of f,fi*ll in the right-hand side of (3.99) the method
does not require to resolve any implicitness.

Assumption 3.4.5 with ¢ = 1 can be checked for the scheme (3.95), (3.96), (3.99)
following the standard, routine way (see Section 4.3 and also. [58, Chap. 2]).

The algorithm based on (3.95) and (3.96), (3.97), (3.99), we will call Algo-

rithm 3.5.1 for the option price (3.51)-(3.54). According to Theorem 4.1.8 from
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the next Chapter, this algorithm is of order O(A+h), which under the condition (see
(3.93)) A = ah, o > 1, resulting in O(h). We also note that in the case A = h the
short rate is readily available on the grid and its approximation is not needed. Algo-
rithm 3.5.1 with A = h is analogous to the numerical methods for the HJM model
considered in [35, 40, 31]. As it is shown in our numerical experiments (see Sec-
tion 3.7), Algorithm 3.5.1 is less efficient than the new algorithms (Algorithms 3.5.2

and 3.5.3) which we propose in the next two sections.

Remark 3.5.1 If we replace AY in (3.99) by
AY (ty; h) = hf* (3.100)

then Assumption 3.4.5 with ¢ = 1 is not satisfied and we cannot guarantee closeness
of Y, and Y (t},). Nevertheless, Yy, from (3.100) still apparently approzimates Y (t},)
so that the overall algorithm for computing the option price (3.51)-(3.54) remains
of weak order O(A + h). This can be justified by some nonrigorous arguments and
this was also demonstrated in our numerical experiments. To obtain such a result
rigorously, we need to conduct convergence proof without using the intermediate
finite-dimensional SDEs (3.67), (3.81). We do not pursue this direction in the thesis.
At the same time, we note that in all our numerical tests the scheme using AY from
(3.99) gave more accurate results than the scheme with AY from (3.100) in the cases
when the T; nodes do not belong to the t-grid. Otherwise AY in (3.99) and AY in

(3.100) obviously coincide.

3.5.2 Algorithm of order O(A? + h)

In this section we use quadrature rules (3.66), (3.76) and a short rate approximation
(3.78) of order O(A?).

We aim at applying the standard composite trapezoid rule to the integrals
I;(s,T;) in (3.61) and (3.64). The trapezoid rule requires that each of the inte-

gration subintervals [Ty, s, [s, TQ(S)], [TQ(S),TQ(S)H], ., [Ti—1,T;] span at least two
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nodes on the T-grid. However, the integration intervals [T}, s] and [s, 7,

0.,)) usually

contain just a single node on the T-grid: Ty and T,(,), respectively. We resolve
this issue by applying the right and left rectangle rules on these two intervals, re-

spectively. Thus, the quadrature rule Sy, (s, T;, A) takes the form for s € [to, "],

i=0(s),...,T*:
S[j (8, Tg(s), A) = (Tg(s) - S) 0j (8, Tg(s)), (3.101)
i—1
A
SI]' (57Ti7 A) = (Tg(s) - S)Uj(57Tg(S)) + 5 Z [Uj<57Tm) + Uj(sa Tm+1)] for s <3,
m=¢(s)
j = 17 N 7d

This quadrature rule satisfies the order condition (3.63) with p = 2. To this end, we
recall that left and right rectangle rules have local order two and we use them here
on one or two integration steps only while the trapezoid rule has local order three
and the composite trapezoid rule is of order two.

To ensure that (3.95) satisfies Assumption 3.4.5 with ¢ = 1, we, in particular,
need to approximate the integral ﬁ:““ S]j (s,T;, A)ds by Slj (tg, T;; A, h) on a single
step with weak order O(h?). If the node Ty, is not between t, and ;41 (due to
(3.93) it cannot be more than one 7-node in (x, tx+1)), it is sufficient to approximate
the integral by the left rectangle rule and put Sfj(tk,Ti;A, h) = h/g[j (ty, T;, A),
where Sy, (t, T;, A) is of the form (3.101) but with &, () instead of o;(s,T),).
However, if Ty, ,, > t;. then due to (3.101) we apply one integration rule on [t, Ty, ]

and the other on [Ty,,,,T,

or1)> Which causes loss of smoothness of the integrand

Sp,(s,T;, A). To reach the required order O(h?), we construct the approximation
using the following guidance. First, we split integrals and apply the corresponding

integration rules to g[j(s, T;, A) according to (3.101). Thus, for i > (1, we obtain

lpt1
/ 8, (s, T, A)ds (3.102)
2%

Toppy . b1
= / S[j<S,E,A)dS+/ S1; (s, T, A)ds

¢

k Toyiq
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1—1

> [Gmi(8) + Fmpr(s)] | ds

m=lp 41

Ty iy R A
— [ @ = 9509+ 5

173

tht1 ~ A il ~ ~
[T B = 9500 s+ 5 3 s+ (o)) | s

T5k+1 m=0p41

T a ~ A A
= /t |:(Tfk+1 - S)O-ZkJrLj (8> + gaékJrhj (S) + 509k+17j (S):| ds
k

i—1

tet1 R A [ttt 4 R ~
[ T = s+ 5 [ s+ o).
tr

T2k+1 m=0k11
Lets us consider each term of (3.102) along with the corresponding approximation

separately:

T A ~ k1 R
/t EO-QIH—IJ (S)dS + / (T9k+1 o S)O-Qk-u,j(s)

k Tojo iy

. T A bt A .
N oy r,i(tk) (/ 2 ds+ / (Topry — 8)d8> = 5 lthre = Toii]0 0 (B0);
t

k Toy1q

N ) A L )
3 X ol s R hG Y ) + (6]
123

M=0p 41 M=0p4+1

This yields the following approximation for L’:““ S 1,(s, T, A)ds :

Bets To, —th+A
[ S m A (T, - ) S () (3.103)
tr
A ) N ) i
+ E[tkﬂ-? - Tfk+1]0—9k+1yj(tk) + h? Z [Omyj(tk) + O—m+17j(tk)]
M=0k4+1
For i = {;.1, we have
tt1
/ S1,(8, Ty, A)ds (3.104)
123
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Topy tevr
:/ %@%MAMW/ 81 (5. Thy,,. A)ds

tr Tgk+1

Topin ~ tht1 ~
= / (Ek+1 - S)O-fk-‘-l,j(s)ds + / (S - Ek+1)0€k+11j<8)d8

tr Tgk+1

R (Toy — te) (Topyy — thr) Gy g (tn)-

As a result Sy, (t, T;, A) in (3.95) is taken of the form:

_ hA€k+17k6-£k+17j (tk)’ 1f T€k+1 S tk?
Slj (tk7 T€k+1 ) A? h) = N (3105)

Apyy 5 Bo 1 k100,45 (), otherwise,

hAQk+1vk5—Qk+1:j (tk>a if T€k+1 < tk;

Sy, (tr, Ty, i A ) =

k+17

A, k
kt1F = . _ Az . i
Aka,k 2 Olii1,j (tk) Afk+1,k+2 20011107 (tk‘)a otherw1se,

S]j (tkH T”L’ A? h) - SI]' (tk}7 TQk+1; A? h)
A i—1
+ho | O i(te) +2 > Gmite) +7i,(t) |
m=gp41+1

i=opa+1,...,N, j=1....4d

Remark 3.5.2 We note that in (3.105) we can substitute the rules Sy, (ty, Ty, 5 A, h)

and Sy, (ty, T,, s A, h) by the slightly simpler ones

Ok4+1?

S]j (tkH T£k+1; A? h) - hA£k+1,k5-£k+1,j(tk)7

hAQk+1:k6Qk+17j<tk)> Zf T£k+1 < tk,
S, (e, T,

A h) =

k+17

AV % [5€k+1,j<tk) + 5Qk+1,j(tk)} , otherwise,

without losing order of convergence (cf. (3.103),(3.104)). But we suggest to use
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the expression in (3.105) due to its better symmetry properties in the case of the

coinciding maturity and calendar time grids and also potentially better accuracy.

By a similar reasoning used to derive (3.101), we obtain the corresponding
quadrature rule Sz(t*, 7%, A) (see (3.76)). Namely, we apply the right-rectangle

rule on the integration interval [t o, T ] and the composite trapezoid rule on the

Om

rest of the integration interval, i.e.,

_ _ A _ _. _
Sy(t*,T* A) = F21 A, + 3 w2 > B+ (3.106)

Jj=onm+1

It is not difficult to show that the combination of rectangle and trapezoid rules used
for deriving (3.106) satisfies the order condition (3.77) with p = 2.

We use linear interpolation for the short rate in (3.78):

Tipr—t
A

w0 = 3 | S50 T + T v € o] (310
The approximation (3.107) obviously satisfies the order condition (3.79) with p = 2.
As in the case of Algorithm 3.5.1, the coefficient in the right-hand side of (3.81)
is also only piece-wise smooth here. Consider first the case when the node T}, , is
not between t;, and t;,;. The application of the left-rectangle rule to the integral
ftl:““ 7(s)ds has the error O(h?/A), i.e., it does not lead to a uniform error esti-

mate O(h?) required by Assumption 3.4.5. To ensure that the estimates O(h?) in

Assumptions 3.4.5 are uniform in A, we use the following guidance:

bt bt - T T.Qk+1 B
[ ras = [ [ bt fous () 4 Z0uen 8 i >]
tx tg

t _ t .
) [ g oy [ Tty
tr A tr A

= thy1/2 — Ty,
— Ok41 (¢, \h—— L2~ TRAL

+ f£k+l (tk)h—Tgk“ _Atk—+1/2.

. . Appprk+1/2 7L Agyi1k+1/2 70
So, in this case we put AY (t;;h) = h [%/ L L2 k’““] In the

other case, i.e., if Tj,,, > t;, we split the integral ftk“ s)ds = ftkzk“ (s)ds +
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f et s)ds and approximate each of them separately as we did in constructing
k+1

(3.99) i.e.

T£k+1 T/-’k+1 _ - _
/t ﬁ(s)ds :/t |:8Tmflk+l(8) e S le+1 fzk( )}

k k
- Topiq s —T, - T‘-’k+1T — S
A~ fleri(t b q U (¢ / T T2
f (k)/tk N dstf () A N ds

te—Tho1 - T),., —t
= (T — 1) (A o) + T o))

tet1 tpa1 - T _ T9k+1 _
JE L R e O O L

Ty T

k+1 k+1

trt1 Teprr T _
+1
Ok+1 d
—das

~ f@’““(tkﬂ)/ A

T

_T ~
: Aekﬂ ds + f (tpr1) /

k+1 tg

teyr — 1oy - Top 41— thy1
= (terr — Th,y) (%flk“(tkﬂ) + QHTJM'“ (trt1) )5

As a result, we arrive at

A - A _
Pr+1:k+1/2 iy Cp1,k+1/2 FOR 11 .
h |: A k - A k ) lf Tf;ﬂ,l S tka

A0 = 5 g0 [P - 2] 109

App i 1+1,k+1 5 Agyoq.k+1 70 .
+1 k+1 k+1 k+1

_A€k+1,k+l [ ka - ka otherwise.
\

Assumption 3.4.5 with ¢ = 1 can be checked for the scheme (3.95), (3.105),
(3.108) following the standard way which we describe in Section 4.3.

The algorithm based on (3.95) and (3.105), (3.106), (3.108) we will call Algo-
rithm 3.5.2 for the option price (3.51)-(3.54). According to Theorem 4.1.8 from the
next Chapter, this algorithm is of order O(A? + h). In practice (see Remark 3.4.7)
we choose A = a/h with o > 0 such that (3.93) is satisfied, which results in the
algorithm’s accuracy O(h). In our experiments (see Section 3.7) Algorithm 3.5.2

outperformed Algorithm 3.5.1.
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3.5.3 Algorithm of order O(A* + h)

At the beginning of Section 3.4.1 we made the assumption that there is a sufficient
number of nodes T; between t* and T™ which ensures that we have enough nodes on
the T-grid for using the quadrature rules (3.66) and (3.76) and the short rate ap-
proximations (3.78) of the required accuracy. This assumption gives an unnecessary
restriction for using higher-order algorithms in practice and we now demonstrate
how it can be relaxed. To this end, we introduce N’ instead of N in the method
(3.72) as the number of discretization nodes on 7-grid:

N := NV max s(t*,T;) V (£(t*) +6), (3.109)

0<i<N

where £ (t*,T;) and 0 are as in (3.66) and (3.78), respectively. Also, in (3.76) we can
put N instead of N and if required increase N' further to be able to approximate
the integral Z(t*,T™) on the left-hand side of (3.76) with the prescribed accuracy.
As a result, we avoid the restriction on how close t* can be to T™. It is clear that
this extension of the T-grid by a fixed number of nodes in the case of large A does
not influence our theoretical results.

Without re-writing the Euler-type scheme (3.95), we will assume in this section
that we run it for i = ¢.q,..., N instead of i = l41,..., N.

We are aiming at constructing an algorithm of order O(A* + h) and would like
to exploit the standard composite Simpson rule for approximation of the integrals
Ii(s,T;) = fSTi 0(s,u)du from (3.61) and (3.64). The Simpson rule needs three nodes
per integration step. But the integrals I;(s, Ti)), 1;(s, Tys)), and I;(s, Tys)41) are
over the intervals which have just one or two nodes on the 7-grid under (3.93).

We first consider the integrals I;(s,T;) = fsTi o;(s,u)du with T; = Tys), Tys)s

and T} (s)4+1, which we approximate by quadrature rules Sy, (s, T3, A) of the form

SI]‘(S7 1, A) = (TZ - 5) [5§Uj<57 TE(S)) + ﬁéO’j(S, TQ(S)) + ﬁéaj (57 TQ(S)-H)} ) (3110)

where the coefficients 3%, 35, 55 depend on the value of T;. We require that (3.110)
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is of order 4, i.e., that (3.63) is satisfied for these three integrals with p = 4. One

can show that the following sets of coefficients satisfy this order requirement:

2
w5 5T —s  1(Tys) — )

_5 .5 1 111

fi 12+12 A +6 A2 ’ (3.111)

2 2
g2 1Tw=s 1(Tw=5) g9_ 1 1Tw=s 1({Tw—5)
2 3 3 A 3 A2 r7s 12 12 A 6 A2 ’
T 2 T ?
o) _ 1Tgs) —s +1( o) = 5) el 1 1 (T — 3) (3.112)
1 4 A 6 Az 9 2 3 A2 5 .
2
o) _ 1Ty =5 1Ty —5)
3 4 A 6 A2 ’
1 1T —s 1(Tyy—s)
o(s)+1 o(s) o(s)
_ .t - 3.113
b 212 A T§ AT (3:113)
2 2
oot _ 2 1Ty =5 1Ty =8)" porr _ 5 5Ty =5 1(Toy —5)°
2 3 3 A 3 A2 P 12 12 A 6 A2 ‘

Further, for o(s) +1 < ¢ < N we write I;(s, T;) = I;(s, Tys)) + Lj(Tys), Ti; §) with
Ii(Tys), Tis 8) := fTT( : (s, u)du; and we approximate the integral I;(T ), Ti; 5), o(s)+
o(s
1 < i < N', by the composite Simpson rule S1;(Tys), Ti, A; s) if its integration in-

terval spans an odd number of maturity time nodes:

A (i—e(s))/2—1
S]j(Tg(s),Ti,A; S) = g O'j(S,Tg(s))—‘rQ ; Uj(S,TQ(s)JrQl) (3.114)

+4 Uj(sa Tg(s)+2171) + 0 (8, Tl)) ,

and otherwise we apply the Simpson’s 3/8 rule for the last four nodes:

A (i—0(s)=1)/2-2
St (Tos), Ti, Ay s) = 3 (s, Ty(s)) + 2 1—21 (8, To(s)+21)
(i—o(s)=1)/2—-1
+4 > 0;(8, To(s)+21-1) + 05(s, Ti-3) (3.115)
=1
3A
+—= (Uj(37 T%—?)) + BUJ'(S’ Ti—Z) + 3Oj(57 E—l) + O'j(S, Tl)) :

8
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By straightforward calculations one can show that the quadrature rule (3.110),
(3.114), and (3.115) satisfies the order condition (3.63) with p = 4.

To obtain Sy, (t, T;; A, h) based on (3.110), (3.114), and (3.115), we need again
to consider the two cases: when f;,; = {} and hence T}, < t; and when (see also
(3.93)) lry1 = {p + 1 and hence Ty, ,, > ti. If €441 = ¢}, the application of the
left-rectangle rule to the integral L’:““ S 1,(s, Ti, A; s)ds has the error O(h?) required
by Assumption 3.4.5 with SIJ. (tr, T;, A;ty) of the form (3.110), (3.114)-(3.115) with
1,5 (t) instead of o(ty, T;). Hence, we put S]j (tg, Ti; Ay h) = hSIJ. (tg, T;, A ty,) with
S’Ij (tr, T, A; t) having the form (3.110), (3.114)-(3.115) with o,(tx, ;) replaced by
a1.;(tx). It is quite easy to show that this approximation has the required error O(h?).

For instance, for SIJ. (ty, T;, A;ty) of the form (3.110), we need to show that this is

true for the approximations of the following integrals (cf. (3.111)-(3.113)):

/tkH(Ti — §)ds = I (T, — ty) + O(h2);

tg

tk+1T._ bd_ﬁ T _ T _ R(h
(l S) A S_A(Z tk)(gk tk)+ ()7
ti

where for ¥ between ¢t and ¢ + h

h? 1
Ri(h) = _?Z[(Ti —0) + (T,, = V)],
and hence
h2
Ri(0)] < T

brt1 T, —s)° h
/ (E_S)(L)’“A—Q)dS— ECTZ_tk) (Tgk —tk)2+R2(h),
ty

where for ¥ between ¢t and ¢ + h

h? 1

Ry(h) = _7§[(

T, = 9)* + (T, — V) (T, = 9)),
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and hence

h2
|Ra(h)| < 5

As a result, when (. = {4, SIJ. (tr, T, A) in (3.95) is taken of the form:

S[J(tk’j—‘“A’h) = hSIJ(tkaTZL7A7tk)7 (3116)

with S'Ij (tr, T;, A ty) of the form (3.110), i = lri1, Opi1s Opiq + 1

SIj(tkaTg A? h) +Slj(Tgk+17ﬂ7A; S)?

k+17

Ok>

T;,A; s) of the form (3.114),

i — 041 + 1 1is odd;

Slj (tkaﬂa A? h) = S]j<tk7Tg A, h) =+ g]j (T T A, S),

k1) Okt17 ¥

with Sp (T, ,, T;, A; s) of the form (3.115),

© — 041 + 118 even;

!

i=opa+1,...,N, j=1,....d

\

In the case, when /)1 = ¢, + 1, we split the integral

tet1 Topyq . tet1
/ Slj(s,Ti,A)ds—/ Slj(s,Ti,A)ds+/ Si,(s,T;, A)ds
ti

Uk Toj1q

and plug in the corresponding approximations of S 1,(s,Ti, A) according to (3.110),

(3.114)-(3.115). Thus, when ¢4, = {; + 1, we obtain

tey1 _
/ S1,(8, Ty, A)ds (3.117)
tg

T‘v’k+1 5 B _
= / (Topys = 5) [BY°50,5(5) + 85454, 5(5) + 85550, 11,5(5)] ds
12

tkt1
V4 ~ V4 ~ Y ~
+/ (Tfkﬂ - S) [ 1k+10€k+1,j (8) + ﬁ2k+10-9k+1,j<5) + 63k+10-9k+1+17j (5)} dS;
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tet1
/ Sr(8, Ty, ,,A)ds (3.118)
tr
T4k+1 5 N ~
= /t (T9k+1 - S) [ §k+1 Oy, J( ) + 6Qk+1agk ]( )+ 6Qk+1agk+lj( )} ds
K

tet1
+/ (T9k+1 - S) [ fk+15-£k+1 J( ) + BQkH ~Qk+1 J( ) + /8gk+15-gk+1+1j( )} ds;

T5k+1

ley1
/ 81 (5. Tyy. 11, A)ds (3.119)

173

Ty iy
/ ((T@kﬂ - 5) [ §k5'5k3< )+62 UQk J( )—’_ng&QkJrl,j(S)]

ty

(5os1(5) + 450, 4(5) + 6gk+1+1,j<s>)) s

3
e T Qk+1+1 Qk+1+1 O 4111 ~ ds:
+ ( Ok+2 - S) /61 £k+1 ]( ) + ﬂ Qk+1 ]( ) + 5 O—Qk+1+1 2J (S> S’

tt1
/ Si,(s,T;, A)ds (3.120)

tr

Top 11
= /t (Dk-H - ) [5Qkafm( )+ ﬁgkc}gw( ) + 5§k5gk+l,j(3)} ds

Toen A [ (i=lkg1)/2-1
+/ g U£k+1,j (S) + 2 Z O-ék+1+2l7j(8)
t

k =1
(i=01)/2 i
‘|—4 Z O'gk+1+21_17j(8) + O'Z'J'(S) ds
=1

tet+1
+/ (TQkJrl - S) [ fkﬂ&fm-ld( ) + 69k+169k+1 J( ) + 69k+1&@k+1+lj( )] ds

T ya
bt A (i=liy1-1)/2-2
+/ 3 Ufk+1,j<5) + 2 > a€k+1+2l,j<5)

Toppn =1

(i—l41—1)/2—1

+4 > Tty 1421-1,5(8) + 5i3,j(3)> ds
i=1

te41 3A ~ ~ ~
+/ ? ((71;37]'(8) + 301',2’]'(8) + 301',1’]'(8) + 04,5 (S)) dS,

Toyiq

for i > g,y +1 and ¢ — €11 + 1 is odd.
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Analogously to (3.120), we can derive the expression for Lt:“ S 1,(s,Ti, A)ds when
i > 0y +1and i — £ +1is even.

Next, we approximate (3.117)-(3.120) to obtain the required SI], (ty, Ti; A, h) anal-
ogously to how we have proceeded in constructing Algorithm 3.5.2. As a result, we
obtain the corresponding expressions of Slj (ty, Ti; Ay h) in (3.95) when (41 = ¢} of

the form:

St (ks Tors A h) = AG i (BY 00,5 (t) + 85" 5o i (b)) + B3 T, 115(fk))  (3.121)

9 —lit — —liq — i1 —
+Aek+1,k+1 < 1k+10-‘€k+17j (tk) _'_ 2k+1o-gk+17j (tk) + /83k+10-9k+1+17j (tk)) Y

where
2 2
20 _ i Aek+17k i A€k+17k 2% _ 1 . i Afkﬂ,k
! 12 A 24 A2 772 9 12 A2
2
20k _ _i AékﬂJﬂ i Afkﬂyk,
3 12 A 24 A2
_ek-!—l _ _1_1 A£k+1,k+1 - i A§k+1,k+1 —Ek_H _ 1A5k+1,k‘+1 i A§k+1,k+1
! 2 4 A 24 A2 72 3 A 12 A2
—Kk_H o _i Afk+1,k+1 . i A%k+1,k+1 X
3 12 A 24 A2

—0.+1_ —01.+1_ 3 1_
Sty (s Top s A h) = Ayt (ﬁf'“ Goi(te) + B3 Ty i(te) + B5" ng+1,j(tk))

+A€k+1’k+1 (Bi)kﬂa-ékﬂvj <tk) + ngJrl&QkHJ (tk) + B§k+169k+1+1,j (tk)) ) (3.122)
where
Ao+l _l n i Aiﬂ,k i A?k+1,k
LT TS T A T A
3
o +1 - 2 1 1 A€k+17k
2k‘ gA + §A€k+lyk — E —AQ ,
gt _ 951 A7k 1 A}
° 127 12 A o1 AZ
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2 3
20k+1 3 1 1 Aék+17k+1 1 A2k+1,k+1

L Sy T Ry T
o = 2ay Mhen 1 Ok

2 3 3 A 12 A2
HO0k+1 _ _i N i A?k+1,k+1 . i A2k+1,k+1 .

3 12 12 A 24 A2

St, (trs To 115 A h) = D1 (BY 00,5 (te) + B3 54,5 (tk) + 555 5,415 (tr))

(3.123)
A _ _
gk g (Ftpiri(tr) + 40,5, 5(t) + 0, 115(t1))

70 +1_ S0p1+1 50,1+
+Afk+1,k+1 (61k+1 Gfkﬂ,j(tk) + ﬁ2k+l 0@k+1,j(tk) + 53k+1 O 0p11+1,j (tk)) )

where 57*, 35", B3* as in (3.121), and

_.Qk+1+1 _ _1 . 1 . 1 A§k+1,k+1 . i A?k+1,k+1

! 3 2 4 A 24 A2
20k+1T1 _éA lAgkﬂ,kJrl i A?k+1’k+1

2 373 A 12 A2
_.Qk+1+1 _1 . i A%k+1,k+1 o i A?k+1,k+1 X

3 3 12 A 24 A2

Finally, if i > ¢,y +1 and ¢ — {441 + 1 is odd, we have.

St (te, Ti; A, h) (3.124)

Agirn (8100, (k) + B354, (k) + 555 0041, (k)

Al (~trp2)/21
+Aék+1,k§ Goppr,j(th) +2 121 G015 (tk)
()2 )
+4 > G a1, (te) + Fi(tk)
=1

+A5k+17k+1 (Bfkﬂaﬁwhj (tk‘) + BSHI&Q;CHJ (tk) + B?Q)k+15-9k+1+1’j (tk))
(i—lpi1—1)/2—2

A -
+A€k+1,k+1§ <O-Zk+17j (tk) +2 Z Ot 14215 (tk)
=1
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(i—Lyt1—1)/2—1

+4 > G oy 142115 (k) + 5i7j(tk)>
=1

3A

A€k+1 k+1? (Uz Sj(tk) + 302 2j(tk) + 302 1j(tk) + Jz](tk))

where (1%, B3F, B3¢ asin (3.121) and BT, By*+", B5**! asin (3.122). Analogously to
(3.124), the expression for Sy, (ty, Tj; A, h) can be derived in the case if i > g, + 1
and 7 — {1 + 1 is even.

Using (3.110), (3.114), and (3.115), we construct the quadrature rule Sz (t*, 7%, A)

(see (3.76)) and arrive at

Sz(t", T, A) = Ajar | BLAY + Bofiy + Bafar ™| ; (3.125)

AN (N—op—1)/2 (N—onp+1)/2 _ _ _
Sz(Tp,, T% A) = —<W+2 > a0 T AN

o 3 =1 =1
(3.126)
N/ (N—gp)/2—1
S2(Tyy T A ( S S | i1 )
=1
A rN—1 rN
? P 3fy i3+ ) (3.127)
Then we define Sy (t*, 7%, A) to be used in the algorithm as
(
(3.125), (3.112) with i = g, if N = oy,
Sz(t,T",A) = § (3.125), (3.113) with i = o, + 1 if N = o, +1,  (3:128)
M M

Sz(tar, Tgys A) + Sz(Ty,,, T, A) if N > 0y +1,

On?
\

where Sy (ty, T,,,,A) is from (3.125), (3.113) with i = g, and

On?

(3.126) if N — p,, + 1 is odd,
Sy(T

om?

Ty,A) =
(3.127) if N — g,; + 1 is even.
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It is not difficult to show that the quadrature rules used for deriving (3.128) satisfy
the order condition (3.77) with p = 4.
For the short rate approximation m(¢) (see (3.78)), we use cubic polynomial

interpolation which obviously satisfies the order condition (3.79) with p = 4:

3
m(t) = Z L) f(t, Toy+4), (3.129)
=0
where
3
t— Toty+i
Lit) =] 7—— _(% 2
i—g L) +i £(t)+i
2]

To obtain the corresponding A (t; h) = AY (tx; f1,5 = le, . . ., Lyi1 +3; h), we follow

a similar guidance as the one used to obtain (3.108).

. N —6A3
RS AR NI RE R
(s — o) (s :2TX3) (s = Tpp+2) For 4 (s —To)(s _6£93k)(3 _ Tgk-i-l)fgk+2 ds
Pt (S - TQk+1>(S - T9k+1+1)(8 - TQk+1+2) Flit1
+ 3 Jr(s)
te+1/A\ Ty, —6A
+ <8 - TékJrl)(S - T9k+1+1)<8 - T9k+1+2> fgk+1
2A3
(8 - Ték+1)(5 - T9k+1)<5 - T9k+1+2) f~gk+1+1
_2A3
4 (S - Tfk+1)(8 - TX;1)<S - TQk+1+1) f‘gk+1+2 ds.
6

Next, each of f7(s) in (3.130) is approximated, e.g. as f%(s) = f%(t;) and fi+1(s) ~
f5+1(t411). Then, the integrals in (3.130) are evaluated exactly. In our numerical
experiments (see Section 3.7), we approximate these integrals with the standard
composite Simpson rule (cf. (3.114)), since it is exact for cubic polynomials. We do
not write the expression of AY (#4;h) here but there is no difficulty to restore it.
The algorithm presented in this section, we will call Algorithm 3.5.3 for the

option price (3.51)-(3.54). Assumption 3.4.5 with ¢ = 1 can be checked for this
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algorithm following the standard way. According to Theorem 4.1.8 from the next
Section, Algorithm 3.5.3 is of order O(A*+h). In practice (see Remark 3.4.7) we will
choose A = av/h with o > 0 such that (3.93) holds, which results in the algorithm’s

accuracy O(h).

Remark 3.5.3 (Complezity of the algorithms) Let us estimate computational com-
plexity of the algorithms considered in this section. The number of operations in
these algorithms is of order O(MN). Then running times of Algorithm 3.5.1 with
A = ah, Algorithm 3.5.2 with A = av'h, and Algorithm 3.5.3 with A = av'h
are proportional to M2, M~/M, and M~/M, respectively. Also, it should be taken
into account that Algorithms 3.5.2 and 3.5.3 require approximately twice and four
times number of operations per t-step, respectively, than Algorithm 3.5.1. Hence
one can expect that in reaching a similar accuracy Algorithm 8.5.8 is approximately
M?3/*/4 faster than Algorithm 8.5.1 and Algorithm 3.5.2 is /M /2 faster than Algo-

rithm 3.5.1. This is confirmed in our numerical experiments (see Section 3.7).

Remark 3.5.4 If in Algorithms 3.5.2 and 3.5.83 we substitute the Euler scheme
(3.95) by a second-order (i.e., ¢ = 2) weak scheme (see (3.42) and also more ex-
amples of such schemes can be found in, e.g. [57, 58, 45]), then these modified
algorithms (they should satisfy Assumption 3.4.5 with ¢ = 2) will become of order
O(h? + A?%) and O(h* + A*), respectively. Choosing A = h and A = av/'h in the
modified Algorithms 3.5.2 and 3.5.3, respectively, their accuracy becomes of order
O(h?).

3.6 Mean-square method

In most of the financial applications weak numerical methods, which we have consid-
ered in the previous sections, are sufficient. At the same time, mean-square methods
(see Section 3.1.2) can be useful for simulating scenarios. Also, mean-square conver-

gence of fully discrete approximations for the HJM model is of theoretical interest.
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In this section we consider a mean-square method for (3.67)-(3.69) and in Section 4.2
we prove its convergence.
We consider an approximation f{,, of fi(try1) from (3.67) (i.e., a full discretiza-

tion of (3.43)-(3.44) in both T" and t) of the form

fo=fLi=0,...,N,
fion = fi+ (3.131)
FA (e, Tis fly 5= lirns - oo Kby, To) Vs hy Wi(s) — Wilty),
I=1,....d, tp <5 <typ),

i=0lp1,...,N, k=0,..., M,

where the form of function A” depends on the coefficients of (3.67)-(3.69), i.e., on o
and on choice of the quadrature rule St;; s(tx, T;) is as in the quadrature (3.69). Note
that in this section we use the same notation f,@ for the mean-square approximation
as the one we use for weak approximations in all the other sections of this paper.
Since mean-square approximations of (3.67) are considered in this section only, this
abuse of notation does not lead to any confusion.

As before, we put

Fimfi k=m+1,...,M, 0<i<l(t)—1,

m’

where m = [(T;;; — to) /h]—1. Then the N+1-dimensional vector { f,i =0, ..., N}
is defined for all £ =0,..., M.

We impose the following assumption on the one-step approximation ffx(t + h)
of the method (3.131) for the solution ft’x(t + h) of (3.67) with the initial condition

x given at time ¢ : fi_(t) = .

Assumption 3.6.1 Let

1
(12257(]126]2-1-—. (3.132)

Suppose the one-step approximation ffx (t+ h) has order of accuracy ¢; for expecta-
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tion of the deviation and order of accuracy ¢, for the mean-square deviation; more

precisely, for arbitrary ¢y <t < t* — h, x € RN*! the following inequalities hold:

[E(fia(t+h) = fi.(t+h)| < Ch™, (3.133)

1

BN+ ) = e+ ] < o, (3.134)

1=0,...N,
where C' > 0 is a constant independent of h, A, and x.

Assumption 3.6.1 is analogous to the conditions of the fundamental theorem
of mean-square convergence in [58, p. 4] (see Theorem 3.1.7). We note that C
in (3.133)-(3.134) are independent of x while in the fundamental theorem such C
depend on x. In our case it is natural to put C' independent of x since the coefficients
of (3.67) and their derivatives are uniformly bounded (see Assumptions 3.2.1-3.2.2).
We also emphasize that the constants C' in (3.133)-(3.134) do not depend on A.

To illustrate the results of this section, let us present a mean-square algorithm

for (3.43)-(3.44) based on the mean-square Euler-type scheme:

fé:fé7i:07"'7N7 }_/-0207 (3'135)

_ . d _ d
fl’i&:—‘,—l = flf: + 2_:1 6l,j(tk)S]J (tka 7—;’ Aa h) + h1/2 Z:l 57,,] (tk)5j7k+17

J J

i:£k+1,...,N,

where ;. are independent Gaussian random variables with zero mean and unit

variance,
(5i,1(tk)7 s 75i,d(tk))T = (Ul(tka E? f]z)v S 70d(tk7 7—‘1'7 flz))—ra
and Slj (t,Ti; A, h) depends on our choice of the quadrature rule (3.66). If
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St (tk, T3; A, h) is taken from (3.96) or (3.105) or from Algorithm 3.5.3 then p = 1,
p =2 or p = 4, respectively, and ¢g; = 2 and ¢ = 1 under A < A. The overall error

of these algorithms are O(A + h/2), O(A% + h/?), and O(A* + h'/?), respectively.

3.7 Numerical examples

In this section we demonstrate accuracy and convergence properties of the algorithms
from Section 3.5. We also compare computational costs of the algorithms. This
comparison illustrates that the algorithms with higher-order quadrature rules are
more efficient.

For illustration, we price an interest rate caplet (see Section 2.1.3) which is an
interest rate derivative providing protection against an increase in an interest rate
for a single period. Suppose a caplet is set at time t* with payment date at T
and has the unit nominal value and a strike K. The arbitrage price of the caplet
is given by (3.48) with t* = s, and T* = s;. The caplet parameters chosen for the
experiments are t* = 1.0, 7" = 6.0, K = 0.03.

A particular model within the HIM framework (3.43)-(3.44) is specified by a
choice of the volatility function and initial forward rate curve. Here we consider
two examples: a one-factor model with deterministic exponential volatility function
(Vasicek model, see, e.g. [6, 15] and cf. Section 2.4) and a two-factor model with
proportional volatility function (see, e.g. [36, 31, 62, 33]). The former one admits a
closed-form formula for the caplet price.

The algorithms were implemented using C++ with GCC 3.4.3 compiler. The
experiments were run on ALICE HPC Computer nodes of the University of Leicester,
each with dual quad-core 2.67GHz Intel Xeon X5550 processor, 12 GB RAM, and
OS 64-bit Scientific Linux 5.4. Uniform random numbers were generated with the

additive lagged Fibonacci generator, F'(1279,418) (for implementation see [58, 66]).
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3.7.1 Vasicek model

We consider the one-factor HJM model (3.43)-(3.44) with the deterministic volatility
function given by

o(t,T) = oexp(—k(T —t)), (3.136)
and the initial forward curve defined as

Jo(T) = exp(—k(T —to))ro+ (1 — exp(—r(T —tg))) I — 0—2 (1 — exp(—r(T — tg)))2 ,

2K2
(3.137)

where o, k, 19, and 1} are given positive constants.

Table 3.1: Algorithm 3.5.1 for the Vasicek model. Performance of Algorithm 3.5.1
with A = h in the case of the Vasicek model (3.136), (3.137) with parameters
o = 0.02, 1o = 0.05, k = 1 and § = 1 for pricing a unit nominal caplet with
parameters to = 0, t* = 1.0, T* = 6.0, K = 0.03. L is the number of independent
runs in the Monte Carlo simulation (see (3.91)).

h L error CPU time, min
0.2 107 4.22x10724+£2.80 x 107¢ 4.00 x 1071
0.1 10" 2.04 x 1072 £3.06 x 10°¢ 9.00 x 1071
0.05 10" 1.00 x 10724 3.19 x 1076 2.45 x 10°
0.025 107 498 x 1073 43.26 x 1076 7.73 x 10°
0.0125 109 248 x 1073 +£3.29 x 1077 2.30 x 10?
0.00625 10°  1.24x103+£3.31x 1077 8.32 x 103

It is known ((2.19) and also see, e.g. [6, 15, 68]) that a caplet corresponds to
a put option on a zero-coupon bond. In [38] analytic expressions for the European
option prices on zero-coupon and coupon bearing bonds under the Vasicek model
are derived. In particular, the price of the caplet set at time ¢* with payment date

at 7™, unit nominal value and strike K is given by

F(to, fo (+);1°,T%) = P(to,t")®(—cp +0op) — (1 + K(T™ = 7)) P(to, T")®(—cp),
(3.138)
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Table 3.2: Algorithm 3.5.2 for the Vasicek model. Performance of Algorithm 3.5.2
with A = v/h in the case of the Vasicek model (3.136), (3.137) with the same

parameters as in Table 3.1.

h L error CPU time, min
0.2 10" 6.53 x 1073 £2.72 x 107° 3.00 x 1071
0.1 10" 3.32x10734£2.99 x 1076 5.33 x 1071
0.05 10" 1.65x 1073 4£3.11 x 107° 1.03 x 10°
0.025 107 829 x107*4+3.22x 1076 2.13 x 10°
0.0125 109 413 x1074£327x 1077 4.65 x 102
0.00625 109 207 x107*£3.30x 1077 1.09 x 10°

Table 3.3: Algorithm 3.5.3 for the Vasicek model. Performance of Algorithm 3.5.3
with A = av/h in the case of the Vasicek model (3.136), (3.137) with the same

parameters as in Table 3.1.

h L error CPU time, min «
0.2 107 1.25 x 1072 £ 2.53 x 1076 2.59 x 1071 9.97 x 1071
0.1 107 6.28 x 1074 +2.87 x 1076 4.10 x 107! 9.70 x 1071
0.05 107 3.18 x 1074 4+ 3.09 x 1076 8.11 x 1071 9.76 x 1071
0.025 107 1.56 x 107* £3.20 x 1076 1.59 x 10° 9.43 x 1071
0.0125 10° 9.62 x 107°4+£3.26 x 107 3.13 x 102 9.97 x 1071
0.00625 10°  4.71 x 107° £3.30 x 1077 5.96 x 102 9.70 x 107!

where ®(-) denotes the standard normal cumulative distribution function and

— exp(—2n(t — 1))

Oop =

0\/1
K

Cp =

2K

(1+ K(T* — ) P(to, T%)

[1 = exp(=2x(T" = 1)),

op

1
—1In

op P(to,t*)

5

The values of parameters chosen in the experiments are to = 0, 0 = 0.02, rq =

0.05, k = 1, and ¥ = 1. The values k = 1 and ¥ = 1 are rather unrealistic from

the financial point of view and are chosen for illustrative purposes. Under a more

realistic choice of parameters, simulations are done with a particular time step h

(see Table 3.4).
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The results of the experiments with Algorithm 3.5.1 of order O(A + h), Algo-
rithm 3.5.2 of order O(A2+h), and Algorithm 3.5.3 of order O(A*+h) are presented
in Tables 3.1, 3.2, and 3.3, respectively. For Algorithms 3.5.1 and 3.5.2, weset A = h
and A = V/h, respectively. For Algorithm 3.5.3, we set A = av/h with a > 0 so

that T-grid remains equally spaced:

T*—t : T*—tg | T*—to > 1
1 L +1 i Vh { Vh J —
o= - LV (3.139)
Vh| o
"—to otherwise,
T* —tg
\ L 2 R

where |-| denotes the integer part of a real number. It is clear that o ~ 1.

As a result, the errors of all three algorithms become of order O(h). In the
tables, the values before “+” are estimates of the bias computed as the difference
between the exact caplet price (3.138) and its sampled approximation (see (3.91)),
while the values after “+” give half of the size of the confidence interval for the
corresponding estimator with probability 0.95. The number of Monte Carlo runs
L is chosen here so that the Monte Carlo error is small in comparison with the
bias. The results from the tables are visualised in Figure 3.3. This confirms that the
experimentally observed convergence rates for Algorithms 3.5.1, 3.5.2 and 3.5.3 are
in agreement with the theoretical first order convergence in h (reference line "Order
one"). We note that in the analysis of convergence of Algorithm 3.5.3 one has to
take into account not only values of h but also of a. As expected, the experiments
demonstrate that Algorithm 3.5.3 is the most computationally efficient among the
three algorithms tested and also Algorithm 3.5.2 outperforms Algorithm 3.5.1. As
it follows from Tables 3.1-3.4, for a fixed time step h the ratios of running times
of the considered algorithms is in agreement with the theoretical prediction (see
Remark 3.5.3).

In Table 3.4 we present results for h = 0.1 and L = 10° in the case of the more

realistic choice of parameters k = 0.178 and ¢» = 0.086 of the Vasicek model. With
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Figure 3.3: Vasicek model: Stepsize error diagram in log coordinates of the results
from Tables 3.1, 3.2, and 3.3. Log(error) is the log of estimates of the bias.

these parameters, the bias is very small, and if one would like to analyze it, e.g. for
h =272 x 57!, then the number of Monte Carlo runs has to be increased up to 10
in order to make the Monte Carlo error sufficiently smaller than the bias. We see
from Table 3.4 that Algorithm 3.5.3 is more than twice faster and more accurate

than Algorithm 3.5.1.

3.7.2 Proportional volatility model

Here we choose the volatility functions of the form

oj(t,T) =ojexp(—k;(T —t))min (f(¢,7),T), (3.140)

where o; and k; are positive constants and I' is a large positive number introduced

to cap the proportional volatility in order to avoid an explosion of the forward-rate
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Table 3.4: Vasicek model. Performance of the algorithms (3.5.1)-(3.5.3) with A = 27¢
and L = 10% in the case of the Vasicek model (3.136), (3.137) with parameters
o =0.02, 7o = 0.05, k = 0.178 and 6 = 0.086 for pricing a unit nominal caplet with
parameters to = 0, t* = 1.0, T* = 6.0, K = 0.03.

h L error CPU time, min

Algorithm 3.5.1 0.1  10° —5.38 x 1074 4£2.90 x 10~° 9.79 x 10!

Algorithm 3.5.2 0.1 10° 1.75 x 1074 4+ 2.86 x 107° 5.51 x 10*
Algorithm 3.5.3 0.1 10° 7.81 x 1075 4+ 2.89 x 107° 4.10 x 101

process (cf. Assumption 3.2.1 and also Remark 3.2.4). The volatility specification
of the form (3.140) yields an approximately lognormal distribution of forward rates

(cf. Section 2.3).

Table 3.5: Algorithm 3.5.1 for the Proportional volatility model. Performance of
Algorithm 3.5.1 with A = h in the case of the proportional volatility model (3.140)
with parameters (3.141) and with initial forward curve (3.142) for pricing a unit
nominal caplet with parameters to =0, t* = 1.0, T* = 6.0, K = 0.03.

h L error CPU time, min
0.2 10° 5.80 x 107 +2.57 x 1076 6.99 x 10!
0.125 10° 3.64 x 1074 £ 257 x 1076 1.21 x 102
0.1 10° 2.92 x 1074 +£2.57 x 1076 1.67 x 102
0.05 10° 1.48 x 107 £2.56 x 1076 4.84 x 10?
0.025 10° 7.50 x 107° +2.56 x 10~° 1.63 x 103

Let us note that in [33] a number of volatility models including one and two
factors proportional volatility models are examined. The performance of the models
is evaluated based on the accuracy of their out-of-sample price prediction and their
ability to hedge caps and floors. This study reveals that in out-of-sample pricing
accuracy the one- and two- factor proportional volatility models outperform the
other competing one- and two- factor models, correspondingly. The one-factor LI-
BOR market model (see Section 2.3) outperforms the proportional volatility model
only in pricing tests, which were not strictly out-of-sample. In terms of hedging
performance, the two-factor models provides significantly better results than the

one-factor models.
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Table 3.6: Algorithm 3.5.2 for the Proportional volatility model. Performance of
Algorithm 3.5.2 with A = /% in the case of the proportional volatility model (3.140)
with the same parameters as in Table 3.5.

h L error CPU time, min
0.2 10°  1.50 x 1074 £ 2.56 x 10~° 5.70 x 10*
0.125 10° 891 x 10754 2.56 x 10° 7.88 x 101
0.1 10°  8.01 x 1075 42.56 x 10~° 1.03 x 102
0.05 10°  3.47 x 107° 4+ 2.56 x 1076 2.16 x 102
0.025 10°  1.62x 107°4+2.54 x 1076 4.78 x 102

Table 3.7: Algorithm 3,5.3 for the Proportional volatility model. Performance of
Algorithm 3.5.3 with A = a+v/h in the case of the proportional volatility model
(3.140) with the same parameters as in Table 3.5.

h L error CPU time, min «
0.2 10° 7.04 x 107° +£2.57 x 1076 5.32 x 10! 9.97 x 1071
0.125 10° 4.59 x 1075 £2.57 x 1076 6.34 x 10! 9.17 x 1071
0.1 10° 3.66 x 107° +£2.57 x 1076 7.40 x 101 9.70 x 1071
0.05 10  1.74 x 1075 £2.57 x 1076 1.54 x 102 9.76 x 101

In our experiments we consider two factors, i.e., d = 2. We use the same pa-
rameters for (3.140) as those found in [33] by calibrating the model to the market

prices of caps and floors across different maturities and strike rates:

o1 = 0.1043, o9 = 0.1719, k1 = 0.052, ke = 0.035. (3.141)

As the initial forward curve, we take the one used in numerical examples in [32]:

fo(T) = log(150 + 48T /100. (3.142)

Since the closed-form formula for caplet price is not available for the HIM model
(3.43)-(3.44) with the volatility (3.140), we found the reference caplet price by eval-
uating the price using Algorithm 3.5.3 with A = 0.00625, A = av/h with « from

. and taking the number o onte Carlo runs L = . 1s reference value
(3 139), d taking th b f M Carl L = 10°. Thi it |
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has the Monte Carlo error 2.56 x 1076, which gives half of the size of the confidence
interval for the corresponding estimator with probability 0.95.

Tables 3.5, 3.6, and 3.7 report the results of our experiments for Algorithm 3.5.1
with A = h, Algorithm 3.5.2 with A = v/h, and Algorithm 3.5.3 with A = av/h,
a is from (3.139). As in the previous tables, the error column values before “+”
are estimates of the bias computed using the reference price value and the values
after “+” reflect the Monte Carlo error with probability 0.95. As in the Vasicek
model example, the Monte Carlo error was made relatively small in order to be able
to analyze the bias. We visualise results from the tables in Fugure 3.4. It is clear
that the results demonstrate first order of convergence which is in agreement with
our theoretical results. The experiments also clearly illustrate the computational
superiority of Algorithm 3.5.3 whereas Algorithm 3.5.1 is the slowest out of the three
algorithms presented. For instance, Algorithm 3.5.1 with A = 0.025 and the error
7.5x 1075 42.56 x 107 required 1.63 x 10* minutes of computer time (see Table 3.5)
while Algorithm 3.5.3 with 4 = 0.2 and the similar error 7.04 x 1075 & 2.57 x 1076
required 5.32 x 10! minutes of computer time (see Table 3.7), i.e., Algorithm 3.5.3
is 30 time faster than Algorithm 3.5.1 in achieving the same level of accuracy.

We note that time measurements were made for comparison purposes only, every
effort was made to realize all the algorithms in an analogous way but we did not aim
at having the most efficient computer code. Further, to demonstrate convergence
of the algorithms, we made the Monte Carlo error much smaller that the numerical
integration error. In practice, one usually balances the two errors, e.g. in the case
of Algorithm 3.5.3 with A = 0.2 it is sufficient to use L = 107 instead of L = 10°
in order to get accuracy of order 10~% — 10~?, this simulation requires just about 30

seconds of computer time.

3.8 Summary

We start this Chapter by revising well-known results from the theory of SDEs. In

particular, we consider the “usual” SDE and also the SDE which depend on a pa-
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Figure 3.4: Proportional volatility model: Stepsize error diagram in log coordinates
of the results from Tables 3.5, 3.6, and 3.7. Log(error) is the log of estimates of
the bias.

rameter. The results on existence and uniqueness of the solutions of such equations
and their differentiability with respect to a parameter, if they dependent on such,
are presented in Section 3.1.1. The HJM equation is an example of an infinite-
dimensional SDE which initial value and coefficients depend on a parameter.

In Section 3.1.2, we review construction of numerical algorithms based on the
Ito-Taylor expansion and present the mean-square and weak criteria for evaluating
their order of convergence.

The main contribution of this Chapter is to propose and analyze a new class
of efficient numerical methods for the HJM model, inspired by the method of lines
(Section 3.4). This provides a rigorous framework for the construction of numerical
algorithms that features a high degree of flexibility. The results of this Chapter

are based on our paper [48]. In Section 3.4.1, we proceed by first discretising the
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arbitrage-free drift in the HJM equation in maturity-time variable via the use of
high-order quadrature rules. This leads to a finite-dimensional system of coupled
stochastic differential equations to which a weak sense numerical integrator is ap-
plied for discretisation in calendar time (see Section 3.4.2 ). FExamples of some
particular algorithmic realizations of this method are given in Section 3.5. Even
though, the main focus of the thesis is weak-sense approximations for the HJM
model, we consider mean-square approximations in Section 3.6. They present their
own theoretical interest and make our account on HJM numerics complete. The use
of high-order quadrature rules allows us to take relatively large steps in the maturity
time approximation, preserving the overall accuracy of the algorithms. This is con-
firmed by our numerical experiments in Section 3.7. We also demonstrate accuracy
and convergence properties of the algorithms from Section 3.5 and document the
computational costs attached. We conclude that the algorithms with higher-order

quadrature rules are more efficient.
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Chapter 4

Proof of convergence theorems

In this Chapter we are going to be concerned with establishing a theoretical basis
for validity of the results from Chapter 3. More specifically, in Section 4.1 we prove
convergence theorems for the methods constructed in Section 3.4. We first establish
convergence results for the HJM approximation discrete in the maturity time 7T
only (Section 4.1.1). Then, we analyze weak convergence of fully discrete methods
to the approximations discrete in the maturity time (Section 4.1.2). We show that
this convergence is uniform in the maturity time discretization step A in order to
obtain weak convergence of the fully-discrete numerical methods to the solution of
the HJM equation. In Section 4.2 we prove convergence for the mean-square method
defined in Section 3.6. Finally, in Section 4.3 we demonstrate the routine check of
the assumptions imposed on the numerical method in Section 3.4 on the example of

Algorithm 3.5.2 defined in Section 3.5.

4.1 Convergence theorems

The aim of this section is to prove the convergence of the approximation
F(to, fo;t*,T*) defined in (3.88) to F(to, fo (-);t*,T*) from (3.51) as h — 0 and
A — 0. Recall that F(to, fo;t*,T*) and F(to, fo (-) ;t*,T*) have the form:

F(to, fo (") 58k, 8:) = Eexp(=Y (s1))G (P(sk, 5i)) »
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where

and

Z(s.5:) = / " e u)dus

while

Fl(to, fo;t*,T%) = Eexp(—Yu)G (P(t*,T%)),

where Y); is from (3.84):
%:Oa Yk—!—l :Yk+AY(tkaf]z7 jzékavgk-i-l_’_gah)? k:O7"'7M7

P(t*,T*) = exp (—gz(t*, T, A)) ,

and

N
Szt T M) =AY 7, fi.
j=on
Denote by F(to, fo;t*,T*) the approximation of F(to, fo (-);t*,T*) from (3.51)
resulting from approximating the solution f(¢,7}) of (3.43)-(3.44) by fi(t) from
(3.67), ie.,

F(ty, for t*,T*) = Bexp(—Y (t*))G <]5(t*,T*)) , (4.1)

where

P(t,T*) = exp (—Sz(t*, T*, A)) : (4.2)

Y (t) is from (3.81) and Sz(t*,T*, A) is the quadrature rule of the form (3.76) with
f(t*,T;) replaced by f7(t*).

The error R of weak approximation of F' by F' can be written as a sum of two
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contributing terms:

R = Fl(to, fo(-);t",T%) — Fl(to, fo; t*,T") (4.3)
= [Flto, fo ()", T%) = Flto, fos t', )| + [ Flto, fost', %) = Flto, foi ", T")

= Ry + Ry,

—_

where R; is the error due to T-discretization of (3.43)-(3.44) and R; is the error due
to t-discretization of (3.67)-(3.69). The first error, Ry, is analyzed in Section 4.1.1
and the second error, R,, is analyzed in Section 4.1.2.

Note that in this section we shall use the letters K, C, and ¢ to denote various

constants which are independent of A and h.

4.1.1 T-discretization error

In this section we analyze the error of the finite-dimensional approximation (3.67)-
(3.69) for the infinite-dimensional stochastic equation (3.43)-(3.44). The plan of
this section is as follows. First, we prove (see Theorem 4.1.1) that the approxi-
mation (3.67)-(3.69) has mean-square convergence of order AP. This result plays
an intermediate role for getting an estimate for the T-discretization error R; but,
at the same time, it has its own theoretical value. Based on Theorem 4.1.1, we
prove (see Lemma 4.1.2) the mean-square convergence of Y from (3.80) to Y from
(3.52). Finally, in Theorem 4.1.3 we prove that the weak-sense error Ry (see (4.3))
of (3.67)-(3.69) is of order AP.

Theorem 4.1.1 Suppose Assumptions 3.2.1-3.2.3 are satisfied. Then the approx-
imation fi(t) from (3.67)-(3.69) converges to f(t,T;) from (3.43)-(3.44) as A — 0

with the mean-square order p, i.e.,

(£

where K > 0 is a constant independent of A, t, and 1.

_ 2 1/2
fz(t)_f(tajﬂn ) SKAP, le [t()?t*/\T(i-‘rl)/\N]’ Z.:Oa"-)Nv (44)
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Proof. Denote by p(t,T;) the error of the approximation (3.67)-(3.69):

p(t,T;) :== f'(t) — f(t,T3), t € [to,t" AN Tisynyan], i =0,..., N. (4.5)

Clearly,
p(to, Ti) = 0. (4.6)

Due to Assumption 3.2.2, o(s,T), z) is globally Lipschitz in z whence
53(s) = o5, T)| = |5, T, Fi(9)) = 0, T (5, T))| < K lols, T (47)

and (cf. (3.66) and (3.69))

k(s,T3)
Si(s, T, A) —Sz(s,Tz-,M\ = A (s) (Gr(s) = o(s, ) (4.8)
k=£(s)
K(s,T;) k(s,T7)
< KA Z 6(s) — (s, Te)| < KA Y |p(s, Ti)| -
k=((s)

We have from (3.67)-(3.69) and (3.43)-(3.44):

o) = [ o781t T 8) ~ 05, T 15,7 ds

to

+ / Gils) — o(s, T T AW (s)

to

— /tt 5, (s) [SI(S,TZ-, A) — S](S,Ti,A)] ds

_|_/t &:(3) [S1(s,T;, A) — I(s,T;)] ds

+ / 6:(s) —o(s, T))]" I(s,T})ds + / 6:(s) — o(s, T))]" dW (s).

to to

By Ito’s formula, we obtain

FOT) = [ 206,70 (6) [S1(6. T 8) ~ St T &) ds (49

to

+ [ 205, 1)1 5) 8106 T 8) = 15,7 s

to
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Then

t
Ep*(t,T;) = 2/ Ep(s,T3)&,] (s) |Si(s, T;, A) — Si(s,T;, A) | ds  (4.10)

w2 Ep(s, 13T (s) [S1(s. T A) — 1(s,T)] ds

to

12 / Ep(s, T0) [54(s) — (s, T I(s, T)ds

to

+/ E6:i(s) —o(s,T)]" [6:(s) — o(s, T})] ds.

to

Using the boundedness of (s, T, z) (see (3.45)) and the inequality (4.8), the first

term on the right-hand side of (4.10) is estimated as

‘2[ Ep(s. T)67 (3) [$1(s. T ) = 1(5.T;, &) ds (4.11)

¢ k(s,T5)
[ Bl S p(s,mds] .

to k=((s)

< KA

Using the boundedness of o (s, T, z), the inequality 2ab < a® + b%, and the condition
(3.63) for the quadrature rule S;, we obtain for the second term on right hand side

of (4.10):

\2 [ B, 15T () 5005, T 3) — 15, T) s (4.12)

IN

t
K [ Elp(s )] 18105, 8) = 15,7 ds
to
t
< K/ [Bo(s,T,) + E|S1(s, T, A) — I(s,T))[?] ds
to

t
< K/ [Ep*(s,T;) + A*] ds.
to
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Using the inequality (4.7) and the boundedness of o(s, T, z), we get for the third

term on the right-hand side of (4.10):

\2 [ Eos. T 0105) — ot T 15, Tis| < K [ B Tyds. (413

By the inequality (4.7), the fourth term on the right-hand of (4.10) is estimated as

/ E[6i(s) —o(s,T))]" [6i(s) — o(t, T})]ds < K /t Ep*(s,T;)ds. (4.14)

to
Substituting (4.11)-(4.14) in (4.10) and using the inequality 2ab < a®+?, we obtain

k(s,T3)
ERLT) < K/ Ep(5,T) + A ||p(s, 7)) S 1p(s, Tl | + A% b ds
k=£(s)

< K / { (14 A(k(s,T0) — £(s) + 2)) Ep(s,T))

w(s,T5)
—I—A Z Ep*(s,Ty) + A% 5 ds
, ki
w(s,T3)
< K/ Ep? sT)—i—A Z Ep*(s,Ty) p ds + KA,
=L(s), k#i
t € [t07t*/\T(/L'+1)/\N]’ ’i:O,...,N. (415)

We have used here that A(k(s,T;) — 0(s) +2) < T* —ty.
Introduce py(t) := maxyp<i<n Ep*(t,T;), t € [to, t*]. Clearly (see (4.6)), py,(to) =

0. Then we get from (4.15):
¢
pu(t) < K/ prr(s)ds + KA,
to

whence (4.4) follows by the Gronwall inequality. Theorem 4.1.1 is proved. [

Using Theorem 4.1.1, we prove the following lemma.

Lemma 4.1.2 Suppose Assumptions 3.2.1-3.2.8 are satisfied. The approzimation
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Y (t) from (3.81) converges to Y (t) from (3.52) as A — 0 with the mean-square order
p>0, e,

1/2

- 2
<E [Y(t*) . Y(t*)} ) < KAP, (4.16)
where K > 0 is a constant independent of A.

Proof. Consider the error of the approximation (3.81) for (3.52) (see also (3.80)):

V() - V() = /t F(s, 8)ds — /t #(s)ds. (4.17)

We rearrange the right-hand side of (4.17) to split this error into the error due to
approximation of the short rate r(t) = f(¢,t) by 7(¢) and the error due to approxi-
mation of f(t,T}) by fi(t) :

y@*)-y@*):/ (f(s,s)—ﬂ(s))ds—i—/ ((s) — #(s)) ds. (4.18)

to to

Due to the condition (3.79) imposed on our choice of the approximation 7(s), we

have
2

B ( / " (F(sr8) - () ds) < KA™, (4.19)

to

Recalling the form of the approximation 7(s) from (3.78), we get

5 / (x(5) — 7(5) ds)2

o 0t 9

= B[ 3D MU D) = ) Xemmds|

to =0 i=0

2

where \;(s) are bounded coefficients and the number 6 is independent of A. Then,

using (4.4), we obtain

E ( /t:* (m(s) — 7(s)) ds)2 < KA. (4.20)

The relations (4.18)-(4.20) imply the required error estimate (4.16). O
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In the next theorem we obtain an estimate for the weak sense error R; from

(4.3).

Theorem 4.1.3 Suppose Assumptions 3.2.1-3.2.3 are satisfied. Assume that the
payoff function G(z) satisfies the global Lipschitz condition (3.50). Then the ap-
prozimation F(t, fo; t*,T*) from (4.1) converges to F(to, fo (-):t*,T*) from (3.51),

(3.52)-(3.54) with order p > 0, i.e.,
F<t0a fO () ;t*a T*> - F@Ov f07 t*>T*) < KAP’ (421)

where K > 0 is a constant independent of A.

Proof. We have (see (3.51), (3.52)-(3.54) and (4.1)-(4.2)):

Ry = F(to, fo () ;t*,T%) = F(to, fo; t*, T")
= Bexp(—Y ()G (P(t",T%)) — Eexp(~Y ()G (15<t*, T*))

- E [exp (—Y (#*)) — exp (—?(t*))] G (P(t*, T*)) (4.22)
+E [G (P(t*,T%) — G (P(t*,T*))} exp(—Y ().

Consider the first term on the right-hand side of (4.22). By the mean value

theorem, we get

exp (Y (1)) — exp (=Y (t)) = (V(t") = Y (")) exp(®), (4.23)

where ¥ is a point between —Y (t*) and —Y (¢*).
Due to the global Lipschitz condition (3.50) imposed on G(z), we have (recall that

Sy(t*,T*,A) is the quadrature rule of the form (3.76) with f(t*,T;) replaced by
Fit) -

G(P(t,T%)| < KP{t,T%) =K exp (—Sz(t*,T*,A)) (4.24)

N
= Kexp|—-A Z of fj(t*)

Jj=onm
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Using (4.23), (4.24), and the Cauchy—Bunyakovsky inequality twice, we obtain

‘E [exp (—Y () — exp(—ff(t*))} G(]—:’(t*,T*))‘ (4.25)

1/4

Thanks to (3.47) and (3.70), exponential moments of —Y (#*) and —Y (#*) are bounded
and, consequently, for some K > 0 we get Fexp(49) < K. Due to (3.70), we also

have

1/N

N N
Eexp | —4A Y 7, f/(t") | = E |exp | —4T > 7, /(")

J=em Jj=om

N
< % > Eexp (—4T:yj fj(t*)> < K.

Jj=oum

Then (4.25) together with (4.16) implies
|E [eXp (=Y (t")) — exp(=Y (t*))| G(P(t",T*))| < KAP. (4.26)

Let us now consider the second term on the right-hand side of (4.22). Due to

the global Lipschitz condition (3.50) imposed on G(z), we have

G (P(t*,T%)) — G(P(t", T*))( <K- ‘P(t*, T — P, 14| . (4.27)

Further, by the mean value theorem, we get

Pt T%) — P(t*,T") = exp(—Z(t*,T)) — exp (—Sz(t*,T*,A))

= (ot T8 = 2 1)) e (9). (428)

where ¥ is between —Sy(t*,T*, A) and —Z (t*, T*).
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Using (4.27), (4.28), and the Cauchy—Bunyakovsky inequality twice, we obtain

‘E [G (P(#*,T%)) — G(P(t*, T*))] exp(— Y (£)) (4.29)
911/2
< [E (S’Z(t*,T*,A)—Z(t*,T*))] [E exp(—4Y (#*))]Y* [E exp(49)]/*.

It is clear that (3.47) and (3.70) imply boundedness of the exponential moments

present in the right-hand side of (4.29) and, hence,
’E [G (P(#,T%) — G (ﬁ(t*, T*))] exp(—Y (")) (4.30)
5 2 1/2
< K {E <Sz(t*,T*, A)—Z (t*,T*)) } .
We have
~ 2
E <SZ(t*, T A) — Z (t, T*)) (4.31)

~ 2
— E <Sz(t*,T*, A) = Sy(t*, T A) + Sz(t*. T*.A) — Z (t*,T*))

~ 2 ~ 2
< 2F {sz(t*,T*,A)—sza*,T*,A)} 4 2B [Sz(t*,T*,A)—Z(t*,T*)} .

Due to the condition (3.77) imposed on the quadrature rule Sz (t*, 7%, A), the second
term on the right-hand side of (4.31) is bounded from above by K A*. Using (4.4),
we obtain for the first term on the right-hand side of (4.31) (cf. (3.76)):

2 Sz(t*,T*,A)—Sz(t*,T*,A)r — A Z% £(E.T)
Jj=oum
< KAZ HGEGE
J=om

< KA(N — gy + AP < KA,

Hence

~ 2
E (Sz(t*, T* A) — Z (t, T*)) < KA, (4.32)
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The required estimate (4.21) follows from (4.22), (4.26), (4.30), and (4.32). The-

orem 4.1.3 is proved. [

4.1.2 t-discretization error

In this section we analyze the error Ry (see (4.3)) due to t-discretization of (3.67)-
(3.69):
Ry = F(tﬂv fO; t*a T*) - F<t07 f07 t*v T*>

Then combining its estimate with the estimate (4.21) for R; from Theorem 4.1.3,
we prove convergence of the weak approximation F' to F (see (4.3)). In the analysis
of Ry the key is to show that convergence of F(to, fo;t*,T*) to F(to, fo;t*,T*) is
uniform in A, which is the reason why we cannot just apply here the standard
results of weak convergence of numerical methods for SDEs (see, e.g. [45, 57, 58]).
The convergence theorem is proved under the assumption that the pay-off function
G(z) in (3.51) is sufficiently smooth. At the end of this section we also discuss how
this assumption can be relaxed.

To prove the convergence theorem (Theorem 4.1.6) of F(tg, fo;t*,T*) to
F(to, fo; t*,T*), we need the following technical lemma. We will use the multi-index

notation:

i:<20,,ZN)

with i; being nonnegative integers, |i| =io + -+ + iy, and il = 4! - - inl.
Lemma 4.1.4 Let A™ be the m'"-order operator

. om
A=A = ! . :
H Z K (axo)lo . (a,L,N)ZN

lij=m

with any pit. Suppose Assumptions 3.2.1 and 2.2 are satisfied. Assume that the payoff

function G(z) has m, bounded derivatives. Then for m > 0 up to the order m,

ATE(t, 2, T%) | < K piage, exp(cAlz)), (4.33)
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where K > 0 and ¢ > 0 do not depend on A and x € RN and py,, =

MAaX|j|—, |,ui|.

Remark 4.1.5 To help with intuitive understanding of this lemma, we remark that

A™F can be viewed as a Frechet derivative of the option price with respect to the

discretized initial forward rate curve.

Proof of Lemma 4.1.4. Recall the notation: fgx(s), s > t, is the solution of the

system of SDEs (3.67)-(3.69) with the initial condition at ¢ > ¢ : ftjx(t) = 27. We

introduce a more detailed notation for Sy (t*, 7%, A) (cf. (3.76)):

N
Sa(t,wit”, " 0) =AY 4, /. (1),

J=em
which we can present as (cf. (3.67))
) N
Sy(t,z; t*, T, A) = A Z 71!

Jj=em
t*
t

(4.34)

N +*
+A Y 3, U UT(S,E,ﬁm(s))Sl(t,x;s,Y},A)ds—I—/ o' (s, Ty, f1,(s))dW (s)

J=om
where (cf. (3.69))

k(s,Tj)
S](t,x;S,E,A) =A Z VI(S)U(S,E;ftI,x(S))'
1=£(s)

Then, thanks to Assumption 3.2.1, we obtain for any positive integer m :

EP™(t*,T*) = Eexp (—mgz(t, x;t*, T, A))

N
= Fexp | —mA Z ijxj

J=0om

(4.35)

(4.36)

_AN~/t*T (NG e T C T (e T
m Z%[ o <3,Tj,ft,x@))sl(t,x,s,TJ,A)ds+/ o (s, Ty, fi.(s))dW (s)

J=om

N
< Kexp | cA Z 27| |,

Jj=onm
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where K > 0 and ¢ > 0 do not depend on A.
Further, recall that Y;,,(s), s > t, is the solution of (3.81) with the initial

condition Y;, ,(t) = y and with fi(s) = f{,(s), i.e.,

Viey(s) :y—l—/tsfr(s')ds' (4.37)

_ y+/ w(s's (), i = 0(), . 0(s") + B)ds’
t

£(s) 140 SATH-I

=yt ZZ/ (NF(dss t= 10, s>,

1=£(t) m=1 7 VT

where (cf. (3.78)) 6 and \,,_;(s") depend on our choice of the accuracy order of short
rate approximation, and 6 does not depend on A, and |\,,_;(s")| are bounded by a
constant independent of A.

We also see that Y, ,(s) = y + Yi.o(s). Using (4.37), (3.67), and Assump-

tion 3.2.1, one can show that for any s > 0

E [exp(%m,w(t*)n] (4.38)
Z(t* l+0 t* /\,TH»I 2(t*)+9

= Fexp| » Z ftr( Nds'| | < Kexp [ cA Z lz!| |,
tvTi 1=£()

where K > 0 and ¢ > 0 do not depend on A.

Using smoothness of G(z), we obtain

A™E(t, x5, T*) = EA™ exp(—Y;40(t"))G(P(t*, T)) (4.39)

- F Z Iui T " exp(—z’%o(t*))G(P(t*,T*))

ZZ Z Cl, Byt s dir s )

oG (P(t*,T*)) PA(t*, T
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. kx Ok B
X ! . — Y, w0t
Z OM E Ox" k=1 ... Ok b 70( )

RN P Ry

Hln - -
X H S 2wt T A),

where C(a, 8,71, -+, Jk.,l1,- - -, ln,) are constants independent of N; j;, = Zle Jrs

l, =Y ", l; the sum Z;k 47, —m 18 taken over all positive integers ji, ..., jk, and
lyy...,l,, such that jp < jpo1, k=1, .. ke — 1,1, <lps1,n=1,...,n,— 1, and

J&. + .. = m; and in the right-hand side the multi-index i at u! corresponds to the

values taken by i1,...,%5, , r1,...,77 .

We have (cf. (4.34)):

o ~
Oxi -+ - Ot SZ(t,ZC,t s ng: ’yqamzl o O ft az( ) ( O)

Using the Cauchy-Bunyakovsky inequality, the assumed boundedness of deriva-
tives of G(z), and the inequalities (4.36) and (4.38), we obtain from (4.39)-(4.40):

N
ATE(t 258", T)| < Kexp [ eA ) |27 (4.41)
Jj=on
m m—kx N ) Ky 8jk _
555 DD SN 1 HED SRS | (R
kx=0 12=0 j, +1,,=m i1y Tty =0 k=1 € X
oy 1/2

X H S Z %Jax’”uzn 1O ﬁq,x(t*) )

9=0m

where K > 0 and c are independent of A and z. Then, to complete the proof of
this lemma, it is sufficient to show that for any 0 < k, < m and 0 < n, < m — k,,

any combinations of ji,...,ji and li,..., [, satisfying ji. + l,» = m, and any
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combination of ¢, ..., ¢, with g,;, < ¢, < N :

N

b Z 4 H 6@1”% A Yiao(t") (4.42)

L yeeey 17 S T1yeeny 7 *:0
* n

I I qn (4%
B § W e A W e ()| < Kithgn
n=1

where K > 0 is independent of A and .

We can obtain the following SDEs (see (3.81)):

o ~ {t*) 146 5
B o) = 2 D Xeetni M) g fa ()
0l -
o gz oot = 0,
and (see (3.67))
P Il 1-1 I-n.
Y 14 _
daxrlu-ax” t,x(s) ZZ ) C(Q,B,TL*,T*)

Nx i R Ta op- .
X | | ! | | y d
axlﬂH‘ 1 8$k7n t,x(5> axk1+fn*+ﬁr—1 o 8Iki7l*+57 ft,x(s) S

n=1 n—1 T 44
a* ~
+Z Z Z O(Oéyn*> Z @O-T(S’Tmftq,x(s))
a=1n.=1], = {k1yeeski}={r1,em1}
s aln )
q AW
X g axk1+l_n_1 . awkl,n ft’z(s) (S)7
8[

mfm( ) = Xi=1,

..........

means summation over all possible recombinations {kq,...,k} of r1,... 7 (note
that the number of terms in this sum depends on [ but not on N).
To obtain (4.42), we first consider the case m = 1 for which it is sufficient

to get an estimate for £ [ZZ oM 52 ftm( ) . To this end, introduce the process
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Coals) = (C°(s)s e V()T with ¢(s) i= SN o iy fi,(s), s > ¢, which satisfies

the following system of SDEs

d¢’ = %ﬂs,z},fzm(s)) St x5, T3, 8) - ¢ ds
k(s,T5)

O T Foas) DY ) (s, Ti JL() ¢ s+ (T ) P AW (),
1=£(s)

Then using Ito’s formula and Assumptions 3.2.1 and 3.2.2, we obtain after some

straightforward calculations:

s k(s,Tj)
E] {,w(s)} +K/ (] ds' + K | A > E[Cl(s’)]2ds’.

t =)

Let £(s) := maxo<j<y F [Q{J(s)f . Then
E(s) < Kpiy, + K/ts E(s")ds'
where K > 0 does not depend on A and x. Hence, by Gronwall’s inequality
E(s) € Kiihgae: t<s <t (4.43)

Next, we consider the (N + 1)?-dimensional process

N
. 0 0 o
C]1,J2<S) — § ’uu,zz@x 31( )8 - tj2x( )7 J1,J2 :07,,,,]\77 s>t.

i1,i2=0

Using the same recipe as in the case of estimating maxo<;j<y £ [Cix(s)f, we get
that

max B [¢]7(s)]” < Ky, (4.44)

0<j<N

where K > 0 does not depend on A and x. Using (4.44) and repeating the same
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recipe again in the case of the processes

N e
J . 11,0
2Ci.(8) - _E Oﬂl 2ax118x12f”< s), 7=0,...,N,
11,i2=
al 9 )
J . E 11,12 / £J S
nt,w(s) T 5 i2:0ﬂ' Ot }/I;,I,O( )a io tx(8)7 J= 07 c .,N, S 2 tv
we obtain
2 2
OI%EEJ(VE [2Ctx< )(3)} < Kiee (4.45)
2
< 2 )
wax E[n.(s)]" < Kb (4.46)

where K > 0 does not depend on A and z. Using (4.45), it is not difficult to get

that for the process

7 Z a
Myo(s) = D Ry Yizo(s)
11,22=0
the following estimate also holds
2
E [2nt,w(8):| S K:LL?W(M:‘ (447)

It is clear that (4.44)-(4.47) are sufficient for proving (4.42) with m = 2. To show

(4.42) for m = 3, we need to obtain estimates for the second moments of the processes

N
o . P
J1,J2,J3 — 11,22,23 : J1 3 £J3 . 72, 0 wN’
C (8> . QZL;OM al’“ t,x( )a io tx(S)aﬂ?‘rj ( ) jl j2 .]3
o N 9 -
W[ (s) = ) B o 7 ( )axg 2.(5), G1,d2=0,..., N,
i1 iz ,i3=0
A N 93 .
3¢l .(5) = Z u“’”’lsmﬁ,z(s), J=0,...,N, s >t,
i1 ,i2,i3=0
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and

N
77i1x32( ) = l IZZ OM“ mlsax“ tjlx( )aaz2 tjgx( )%f&x’o({g)’ j17j2 :0,...,N,
| 1, 2N3 N -
2,177;:5(3) = Z 0#21 )12, zsax“axw fta:( )8 13}/;%0(8)7 ] = O, . ,N,
i1,02,i3=
‘ N 9
wrha(s) = 3 e () s Tiols), =0, N,
172]7\[3_ o o3 ~
3”7&,1}(8) = ' ; OMZI’Zz’z?’m}Q,%O(S), s>t,
i1,02,i3=

which can be done using the same recipe but with more laborious calculations. In
the case of an arbitrary m one need to consider processes (/9™ (s), QC """ g~ '(s),
ey mCi (s), nilg'"]’" Y(s), m_lvmg’m(s), .oy mNy () defined in the same fashion as
we did in the cases m = 2 and 3. It is not difficult to see that employing the same
recipe maxima of their second moments will be again bounded by Kpy3,,,, from
which (4.42) follows for an arbitrary m.
The required inequality (4.33) follows from (4.41) and (4.42). Lemma 4.1.4 is

proved. [
Using Lemma 4.1.4, we now prove convergence of F(to, fo; t*, T*) to F(to, fo; t*, T*)

in the case of smooth payoffs G.

Theorem 4.1.6 Let h < aA for some a > 0. Suppose Assumptions 3.2.1-3.2.8 and
Assumptions 3.4.1, 8.4.5, and 3.4.6 are satisfied. Assume that the payoff function
G(z) has bounded derivatives up to a sufficiently high order. Then the approximation
F(to, fo;t*,T*) defined by (3.88)-(3.90), (3.72), (3.84) converges to F(tq, fo;t*,T%)

from (4.1) with order q > 0, i.e.,
F<t07 f(]a t*7T*) - F<t0a fo;t*7 T*> S th7 (448)

where K > 0 is a constant independent of h and A.
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Proof. Using the standard technique (see [58, p. 100]), we can write the difference

Ry in the form

where

R2 = F(to, fo,t*,T*) - F(tg, fo;t*, T*) (449)
= F exp(_ﬁo,fo,O(tM))G(eXp(_SZ(th f07 t*a T*a A)))

—Eexp(—Ya)G(exp(—Sz(t*, T*, A)))

B |exp(—Y,, 7.5, (b)) Glexp(=S7(ti, fi ', T*, A))

(<Y1 o T (1)) G exp(=Sz (tirn, firni ', T7, A)))

Z E{eXp(—ﬁ“f (t7'+1))E[exp(_}/;iqu,fti’fi (tiJrl),O (tM))

xGexp(—=Sz(tit, fir j, (tiv1); . T A fio 7 (tisn)]

(=Y Blexp(—Yi,,, s 0(ta))Glexp(=Sz(tisn, frans ', 77, A))) | fesal}
B {exp(=Y,, 75, (b)) F (i, fo 7 (tis)s 8, T)
—exp(—Yi1) F(tiy1, firn; 1, T*)}
> Eexp(=Yi)E [exp(~Y,, g otie) F(tisn, fo g (i )s . T7)

=0

—exp(—Y}, ool tin))EF(t tist, fo, (b)) 5, T7)

i

p(t,z) = Elexp(=Yiao(t +h)F(t+h, fin(t +h);t", T7) (4.50)

—exp(—Yiao(t + 1) E(t + b, fra(t+ h);t*, T7)].

Now we write the Taylor expansion of the terms under expectation in (4.50) in powers
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of 6Y = Y, ,o(t+h) and 6f' = fi (t+h) — ' and in powers of §Y = —Y; . o(t +h)

and 0f}, = f{ (t+h) — x'. As a result, we obtain

exp(—fft,wp(t + h))F(t + h, fm(t + h);t*,T") (4.51)

= F(t+h,z;t*,T%)
1 olil

+ § 70 ) zNF(t+h7xat*7T*> 6f0 io"' 5f~N " 6}7k
li|+k=1 ik (920)" - (927) ( ) ( >
+ 0D L o F(t4h,x+ X(fralt +h) —2);t*, T
. 7 in y L X\t —I)t,
li|+k=2q+2 ik (920)% - - (92)

% exp(—0%; 40t + h)) X (5J?0)i0 . <§JEN>iN SVH,

where ¥ and  are from [0, 1].

Further,

exp(=Yiwo(t + R)E(t + h, fio(t + h);t*, T%) (4.52)

= F(t+h,z;t*,T%)
2q+1

1 ol . g i -
Y S F(E+ bt T7) (67°)° o (67Y) " o7
il k=1 ik (920) .- (92V)
+ = o F(t+hyx 4+ X(fralt +h) —x);t*,T%)
R 0 iN y L X\t —x)t,
i ilk! (0x0) ... (92N

X exp(—@fftvx,g(t +h)) (6f0)i° .. (5fN)iN 5Y*®,

with y and 6 being from [0, 1].
It is not difficult to check (see also (3.83)) that under the assumed condition

h < aA, a > 0, the following inequality holds:

1/2
2g+2—-m 27V

oy™ [ o
j=1

£(t+h)+0
SCth 1+ Z ’$1‘2q+2

max
0<m<2q+2,{i1,-i2q+2—m }€{0,...,N'} et

(4.53)
where C' > 0 is independent of A. We note that the number of components '
appearing in the right-hand side of (4.53) is not larger than 1 + 6, which does not

depend on A.
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Using Lemma 4.1.4, the inequalities (4.53), (4.38) and (3.70), and the Cauchy-

Bunyakovsky inequality, we obtain

1 ol - -
|E Z oo iNF(t+h,x+)~((ft7x(t+h)—:p);t*,T*)
i hmagr2 ilk! (8x0) -+ (0zN)
X exp(—@Ym,O(t + h)) (5f0>10 .. (5fN>ZN 53714‘

2q+2

< Bep(Violt+ W) x Y| S0 o (67) - (7)Y o7

k=0 |li|=2¢+2—k LR

olil
X . :
(020) - (DzN)'™

< Y ) (AN ik
< KE |:eXp(’Y;f,x,0(t+h)|)i+I]£la2);+2’ <5f> <(5f ) Y™

F(t+h,x+ Y(fra(t +h) — 2);t*, T%)

x exp(cAlz 4+ X(foo(t + h) — 33)’)]

L(t+h)+6
Kexp(cAlz|) [ 1+ Y [P | o, (4.54)
1=£(t)

IA

where K > 0 and ¢ > 0 independent of A, h, and .
Analogously, using Lemma 4.1.4, the inequality (3.86) from Assumption 3.4.5,

and Assumptions 3.4.1 and 3.4.6, we get

1 ol . F -
B D gaye ey | It XUt h) =20, T7) - (455)

li|+k=2¢+2

% exp(=0V;e0(t + B)) (5F)° - (5F)™ |
£(t4h)+6

< Kexp(cAlz|) [ 1+ Z |zt [292 | pett
1=£(1)

We obtain from (4.50)-(4.52) and (4.54), (4.55):

2q 2q+1 k Iil
t,x)| F(t+h,zt*, T 4.56
[n( kZ:O |Zl i, GG )| (4.56)
0(t+h)+6

+Kexp(cAlz|) | 1+ Z |2!|2at2 | patt
1=((t)
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with K > 0 and ¢ > 0 independent of A and

i 1 20\ N\ ook 70\ FNVIN ovrk
W= o {E(éf) ---(§f ) OVE— B (57°)% - (67N)™ 67 |
Applying Lemma 4.1.4 and using the inequality (3.85) from Assumption 3.4.5, we
obtain from (4.56):
£(t+h)+6
p(ta) < KexpleAlal) [ 1+ 3 [P+ | povt, (4.57)
1=6(t)
where K > 0 and ¢ > 0 do not depend on A and z.
Substituting (4.57) in (4.49) and using Assumptions 3.4.1 and 3.4.6 and the
Cauchy-Bunyakovsky inequality, we arrive at the required (4.48). Theorem 4.1.6 is

proved. []

Remark 4.1.7 As it follows from the proof, in Theorem 4.1.6 the condition h < aA
is used only for estimating the parts of the error involving the approximate discount-
ing factor }775@70(5). If pricing an interest rate derivative does not require a discount-
ing factor (e.g., when one uses the forward measure pricing, cf. Remark 3.2.5) then
a theorem analogous to Theorem 4.1.6 can be proved under Assumptions 3.2.1- 8.2.8

and Assumptions 3.4.1 and 3.4.2 without the restriction on h.
Theorems 4.1.3 and 4.1.6 imply the following result.

Theorem 4.1.8 Under the conditions of Theorems 4.1.1 and 4.1.6, the approxima-
tion Fl(to, fo; t*,T*) defined by (3.88)-(3.90), (3.72), (3.84) converges to
F(to, fo (-);t*,T*) from (3.51)-(3.54), (3.43)-(3.44) with order p > 0 in A and with

order ¢ > 0 in h, i.e.,

|F(to, fo (-) s, T*) — F(to, fo; t*,T%)

< K(AP + h9), (4.58)

where K > 0 is a constant independent of A and h.
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According to the motivation examples considered in Section 2.2, the payoff G(z)
is usually globally Lipschitz (see (3.50)) but not sufficiently smooth function as it is
required in Theorem 4.1.6 and, consequently, in Theorem 4.1.8. Let us discuss two
ways how one can deal with this theoretical difficulty.

First, as it was noted in, e.g. [59], we can approximate the payoff function
G(z) by a smooth function G(z). Denote by ¢ an error of this approximation. The
proposed numerical method can be applied to the smooth approximating function
G/(z) and Theorems 4.1.6 and 4.1.8 remain valid for ' with G instead of G. In this
case, the overall error in evaluating the price of an interest rate contract consists of
the numerical integration errors estimated in Theorem 4.1.8 and the error ¢ of the
smoothening of G.

Second, one can exploit the result of [4] which in application to our problem
means that if the transition Markov function for the process f(t) is sufficiently
smooth and f} is simulated by the strong Euler scheme then F'(ty, fo;t*,7*) con-
verges to F (to, fo; t*, T*) with order one in h even for nonsmooth G.

We remark that the computational practice (see our numerical experiments in
Section 3.7) suggests that the error estimates of Theorems 4.1.6 and 4.1.8 are valid
for the weak Euler-type scheme (see (3.95) below) in the case of nonsmooth G(z).
Further, it is natural to expect that for higher-order weak schemes the error estimates
of Theorems 4.1.6 and 4.1.8 are also valid for nonsmooth payoffs G(z). We note that
to answer on these theoretical questions related to nonsmoothness of G(z) further
development of the general theory of numerical integration of ordinary SDEs is

required which is outside the scope of the present thesis.

4.2 Mean-square convergence theorems

In this Section first we shall prove mean-square convergence of f; defined in (3.131)
to fi(ty) from (3.67)-(3.69) is uniform in A. This result is then used to prove mean-
square convergence of fi to f(ty, T;) from (3.43)-(3.44) exploiting in addition The-

orem 4.1.1. We cannot use here the standard result, e.g. the fundamental theorem
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of mean-square convergence [58, p. 4], since we need to show that the convergence

is uniform in A.

Theorem 4.2.1 Suppose Assumptions 3.2.1-8.2.8 and Assumption 3.6.1 are satis-
fied. Then for any M, N andk =0,1,...,M,1=0,1,..., N the following inequality
holds:

ik

~. _ 2
E[f*(t) — fi < Khet2, (4.59)

i.e., the order of mean-square accuracy of the method (3.131) for (3.67) is ¢ =

Proof. We have (cf. [58, pp. 7-8])

Filtnen) = i = Fi po (i) = fio g (bhsn) = Jgtimf(tk)(t’“ﬂ) — fi 5 (thsa)  (4.60)

= (ﬁkf(tk)(tk-&-l) — Flop ) + (Fr g (bein) = Fi g (b))

where the first difference in the right-hand side of (4.60) is the error of the solution
arising due to the error in the initial data at time t;, accumulated over k steps, and
the second difference is the one-step error at the (k + 1)-step. Taking the square of
both sides of (4.60), we obtain

R}y = B|f(te) — fial? (4.61)
= EE(|ftik7f(tk)<tk+1) - ftlkfk (tes1)|*|F2,)
+EE(|ffk,fk (terr) = fr g, (bern) P F2)

+2EE((ﬁk7f(tk)(tk+1) - JEZkfk (tk+1))(ﬁk7fk(tk+l) — fi 5 (b)) Fy) -

Due to the condition (3.134), we get for the second term on the right-hand side
of (4.61):

IBE(f 5, (ten) = i g, () P F )| < CR2. (4.62)

135



Let us estimate the first term on the right-hand side of (4.61). Ito’s formula

implies that

e (thr) = E|ﬁk,f(tk)(tk+1) - ftik,fk (tes1)]?
- _ tetr -
= B\t~ il 4 2B [ (F j0(5) = o s ()
tr
X [UT(Sv Eu ﬁk,f(tk)(s))gl(tk’ f(tk)a S, ,I;h A) - UT(Su ,-Tiv .]ilk’fk (8))gl(tk7 .fkv S, ,-Tb A)]dS

tr+1 ~.
o [ 100, 7 50— .. g i

tr

Then, recalling that o(s, T, z) is globally Lipschitz in z due to Assumption 3.2.2 and
the form of S;(ty, fi; s, T}, A) (see (4.35)), we obtain

- _ botr -
2(ti) SEW%%JW+K/ BIF 2o(s) = Fi g (9)Pds
K(s,T3)

lkt1
+KA/ Z E|ftlkftk ftk fk< )|2d57

Then

where K > 0 does not depend on A. Introduce €3,,(s) == max,_,_,, €7(s).

- _ trt1
Hpoalti) < max E|F () il + K [ (o)
<i< t
which implies that for all 0 < ¢ < M and all sufficiently small h > 0 :

e} (thn) < e max B|f'(ty) — fi* < max B|f'(ty) = il - (1+ Kh),  (4.63)

0<i<M 0<i<M

where K > 0 does not depend on A and h.
Now let us estimate the third term on the right-hand side of (4.61). We have

(cf. Lemma 1.1.3 in [58, p. 5]):

T oy tee) = JLg (b)) = Fi(t) = i+ 2, (4.64)
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where

. lit1 B . )
Z’L — /; [O’T(S77—1i7 tzhf(tk)(s))SI(tk,f(tk)78,ﬂ’A)
k

—UT(s,ﬂ,ﬁbfk(s))gI(tk,fk;s,Ti,A)}dS

[T TR ()~ 0T (5. Ty ()W),

ty

Using (4.63), it is not difficult to get

E (7))’ < Kh- max E|f'(t;) — fi|%, (4.65)

0<i<M

where K > 0 does not depend on A and h. Using (4.64), (3.133), (3.134), (4.65),

and (3.132), we obtain

IBE((f}, j(trsr) = Fi g ten ) (fo 5 (trr) = Fo g, (b)) 12| (4.66)

< [B(f'(th) = OB, 5 (terr) = Fi, g (tn)) | F2)|

HEZ (] 7 (ther) = Fi 5 (trg)]

i 7i12\1/2 @ i\ 2 1/2 i i 2 1/2
< (BIF ) = R khe + (B(2)") 7 (B g te) = Ji (1))
< KK (E|F () — Fi)V 4+ KRH2 (max BIF (1) f12|2)
0<i<M
_ _ 1/2
< K2, (max BIF (t) - f,zF) 7
0<i<M

where K > 0 does not depend on A and h.

Let R3;,,; := max R?,. Then it follows from (4.61), (4.62), (4.63) and

0<i<M

(4.66) that

R faonsr < Rojawr - (L+ Kh) + Kh® V2 Ry + CR?®.
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Using the elementary relation

Rigagh | h*%
Maz,k i

W= 2 Raras e < :
Mok ="""9 2

we get

R?\/[aac,k—i—l S R?Waa;,k ' (1 + Kh) + Ch2q2

whence (4.59) follows taking into account Lemma 1.1.6 from [58, p. 7] and the fact

that R3,, 0 = 0. Theorem 4.2.1 is proved. [

Theorems 4.1.1 and 4.2.1 imply the following result.

Theorem 4.2.2 Assume that the conditions of Theorems 4.1.1 and 4.2.1 hold.
Then for any M, N and i =0,1,...,N, k=0,1,...,[(T; —to) /h] — 1 the mean-

square error is estimated as

1/2

[Elf(te, ) = fil?] 77 < K- (AP + he=t72), (4.67)

where K > 0 is a constant independent of A and h.

4.3 Checking assumptions for Algorithm 3.5.2

In Section 3.5 we gave examples of particular algorithmic realisations of the generic
numerical method defined in Section 3.4. In this Section we are going to demonstrate
a routine check of the assumptions we imposed on the method on the example of
one of the algorithms from Section 3.5. More specifically, we shall be checking that
Assumptions 3.4.1, 3.4.5 and 3.4.6 are satisfied by Algorithm 3.5.2.

Recall (see Section 3.5) that Algorithm 3.5.2 is defined as follows

fo=f,i=0,...,N, Yy=0, (4.68)

_. _. d _ d
Jin = fi + ;@:g(tk)glj (te, Tis A, h) + /2 > i ()€ ks

J Jj=1
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i:€k+1,...,N,

?k+1:Yk+AY<tk,fg, jzék,,ﬁ(t*)—i—@,h), k:O,,M—l,

where §; ;. ; are independent random variables distributed by the law P(§ = £1) =
1/2,

(Ginlte), - Fia(tr) " = (01t T i), - - - oalte, T fi) T

B hAEk+1,ka-Zk+1,j(tk)a if Tgk+1 S tk,
SIj (tk7 T€k+1 7 A? h) = (4'69)

Ap o kD0, k4100, 5(tr), otherwise,

hAQk+1vk5—Qk+1aj (tk>a if Tékﬂ < g,

Sr,(te, Ty, . s A B) =

k417

A, k
kt1F 5 4 _ Az . i
Aka,k 3 Olii1.j (tk) Afk+1,k+2 20011100 (tk)a otherw1se,

Sfj(tkaﬂ;A> h) - Slj(tkaTQ Aah)

1)
i—1
+hs | Fpi(te) 42 ) Gmy(te) +5i5(t) |

m=gp41+1

Z:Qk+1+177N7 jzlj’d

A = A =
Pr41-k+1/2 Fliy1 Loy 1,k+1/2 FOK1 .
h |: A k - A k ) lf Tkarl S tk)

e A L (4.70)

2A k+1 2A k+1

A +1,k+1 70 Agy | k+1 FO .
AV S [—Qk“ e L 1| otherwise.

\

Checking Assumption 3.4.1 We need to check that for a ¢ € R there is a constant
C > 0 such that
Eexp(c|fl) < C

for all i« = 0,...N, k = 0,..., M. This condition is clearly satisfied by Algo-
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rithm 3.5.2 thanks to the uniform boundedness of o;(t, 7, z) (see Assumption 3.2.1)
and boundedness of the initial condition (see Assumption 3.2.3 and also the comment

after (3.70)).

Checking Assumption 3.4.6. We need to show that Y}, satisfied the estimate

Eexp(c|Yi]) < C

for some ¢ > 0 and C' > 0 for all £ = 0,..., M. This result clearly follows from
(4.70) and Assumption 3.4.1.
Checking Assumption 3.4.5. We need to demonstrate that Algorithm 3.5.2 is

such that for some independent of A positive constant C

s—m s—m L(t+h)+1
E (537’“ [T —ov]] 5%’) <Ch* |1+ HZ? 2™ | | (4.71)
j=1 j=1 I=£(t)
m=0,...,8 s=1,...,3;
4-m 2] 1/2 £(t+h)
E0§m§4,{i1,,..g}1i§_m}e{0 7777 " sy™ jl:[l 5 fis <cn2 |1+ l;) 2|, @)

where

- - t+h _ t+h
5ff = fl.(t+h)—a;= / 5, (s)St(s, Ty, A)ds + / Gl (s)dW(s), (4.73)

5ff = fl,(t+h)—z;= o (t,T;,2")Sy, (¢, T;, A) + 20T (t, T, T)E; pyr (4.74)

where ¢, ; are independent random variables distributed by the law P(§ = £1) =

1/2,
Y = Yi,t+h) —y (4.75)
t+h/\Tg(t) T n — s ~ s — T@ -
= [ PR - ) as
t
b Tot+h)y — S (t+n S = Tut+h) 7o(t+h

R e e I

Tty At+h
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Y = Yi,(t+h)—y (4.76)
Toesny —t  Tieany — t — h/2
= WA (Tyw — 1) ( A ) /2 gt

2A A

t+h/2—Tg(t) t‘i‘A—Tg(t) g(t)

+ A A oA X
T +A—-t—h

FOV (t+h — Tyy) < ol A M (4 h)

t+h—T
n {(t+h) ft olt-+h) (4 h)) _

A
In what follows, O(h?) are functions such that
|O(h?)| < KR (4.77)

where Kdoes not depend on A, A and =x.

Let us first check condition (4.72). We have

4—m
_ _ T, —t T —t—"h/2
oy [ 67| = ‘h ATy — 1) < “‘*;’Z e X [2 0 (478)
j=1
t+ h/2 — Tg(t) t+ A — Tg(t) o(t)
+ A N 9A - T
T +A—-t—-h
+ (0 V(4 b — Typ) —24 A O (¢ 4 )
t+h—T "
I L(t+h) 7 (t+h (t i h) )
A
4—m
< | [T (" (t. T, 25)S,, (¢, Ty, A) + b0 T (£, Ty, 2 )g)‘
7j=1

< hm‘x ) o) 4 l+R) o pe(tth) o 5f€(t+h) +5]?g(t+h H (Kh+ Kh1/2

< Khm+2—m/2(|xﬁ(t)|m + |:L,g(t)|m + |x€(t+h)|m + |xg(t+h)|m + |6ff(t+h)|m + |5J?g(t+h)|m)

m/24+2 (] ,.0(t)|m o(t)m L(t+h)|m o(t+h) |m m/2
< Kh (|2"P]™ 4+ |z + |2 "™+ |z ™+ Kh™?)
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Hence

4—m
oy [ of"
j=1
< Kh2(’x2(t)|4 + |x9(t)\4 + |x£(t+h)|4 + ’xg(t+h)|4 + 1)

(4.79)

max
0<m<4,{i1, ..izg 12— m }{0,...,N}

We note that the estimate is not even random due to boundedness of ¢ and &.
The range of indices, m = 0,...,s, s = 1,...,3, in (4.71) generates 9 cases (see

below). We start with the case m =0, s = 1, i.e. we want to establish
‘E (5 Fi— fif)( < One, (4.80)
for some independent of A positive constant C. By (4.73) and (4.74), we have
‘E (5]”3' — 5f11>) = |E/ 5, (5)S1(s, Ty, A)ds — o " (t, Ty, 2")S;(t, Ty, A)|.
¢
Applying Ito formula (cf. (3.67)), we obtain

5-2(3) = U(S,E,ﬁ7x(8))20(t,ﬂ,l‘i) (481)

S - T 2 ~.
+ / (2 o7 ()55, T )L+ 7T Do T (s
t

s 8xi+ 2 Oxioxt
s 0 _
T / 5T (5)2 (s, Ty, 1 ()W (5).
t axl b)

Then

1

t+h 3 o
|E/ 5, (5)S1(s, Ty, Ayds — o' (t, Ty, ))S;(t, Ty, A)| (4.82)
t A t+h B
= o' (t, T}, 2%) [E/ Si(s, Ty, A)ds — Si(t, Ty, A) | | + O(h?),
t
where O(h?) as in (4.77) and we used above that S;(¢,T;, A) is non-random, since
(cf. 4.69) it is a linear combination of o(t, T}, 27), j = £(t),. .., 1.

Recall from Section 3.5 the procedure we used to construct S based on the the

quadrature rule defined in (3.101). For instance, for 7; > ¢ + h, using (4.81), we
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A i—1 R R t+h
45 Y o)+ Gma(6Dlds = [ (T = 905 (8, Ty, a0
m=o(s) !
A i—1
t5 (0j(t, Ty x™) + 05 (t, Trpi1, 2™ *1))]ds + O(h?)
m=g(s)

h(Toiy —t — h/2)0;(t, Ty, xg(t))
HaRY T (030 T ™) + 030, T )
+0(h?) if T,y >t+h
=) O T — 5)o,(t Ty, 220) + 5 Z:_lg(t) (05 (t, T, &™)
+0,(t, Thngr, 2™11))|ds +f;:g 41 — S)Uj(taTg(t)ﬂ»fﬁg(t)H)

Azm o O'J (t, T, ™) + 0(t, Trns1, 2™ )] ds

+O(h2) if Tg(t) <t+h

i—1
MTy) — t — h/2)0;(t, Tyuy, 22®) + S Zm:g(t) (o (t, Ty, &™)
—|—O'j(t,Tm+1,l’m+l>> if T(t > t—l—h
B 3(Toy = ) (To) + A = 1) (t, Ty, 2°)

+%A(t+2h T())Uj(t T()_H,J?g(t)'H)

1
+hs Zm syss T3 T @) 4 05 T, ™))+ O(R?)if Ty < 4
(4.83)

\

It is clear that O(h?) in (4.83) does not depend on A and z. Then, truncating the
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terms of order O(h?) in (4.83), we obtain S as in (4.69). This gives us:
t+h B
E/ Si(s, Ty, A)ds — S;(t, Ty, A) = O(h?), T, > t + h. (4.84)
¢

Analogously, we can establish the same estimate for the t < T; < ¢t + h. Thus, in
view of (4.82) and (4.84), we establish (4.80).
Next, we consider the case m = 0, s = 2. Using (4.82), (4.84), (4.81), we obtain

E (H of = 1] ¢ fia) ‘ (4.85)

‘ </t+h/ (s, T3, A)G L (5)S1(5, TZQ,A)dsds’+/;M(}Z(S)&w(s)ds)

(t TZNx )SI(S TZUA) (t Tl27x )SI(S TLQ?A) ho! (t Tlul‘ ) (t vax )|

- o)

Analogously, we can show that (4.71) holds for m =0, s = 3.
We shall now analyse the case m = 1, s = 1. We are going to consider each term

in §Y with its corresponding term in Y separately. Using (4.80), (4.82) and (4.84),

we obtain:
t“rh/\Tg(t) T — S ~
‘E/t —g(t)A ﬁg)(s)ds
Typy—t Typ—t—h/2
AT —t o(t) o(t) o)
/\( o(t) ) < 2A A A
t+hAT (1) T —g s ~ 5 s
e [ R o8 T )+ [ o ()] as
t t
- O(h2)a

t+h/\TQ(t) _ T -
B[ s
¢ A ’

t+h/2—Tg(t) /\t—FA—Tg(t)
A 2A

290

—h A (Tyuy — t)
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t-i—h/\TQ(t) s — T s s
_ ‘E/t i U 5Ty (8)51(5", Ty, A)ds’ +/ o (8)dW (s )} ds

t

= O(h?);

t+h T — S ~
pf7 T,
Ty(tyM+h A

Toiteny + A —t—h
A

0V (14 = Ty) " “*’”'

= ‘O\/ (t+h—"Tyw) E [ A+ h) = fa Y (Hh)]

t+h Tg(t+h) — s t+h
B E/ A (/ o' (s, Tyesn), f )51(3 Toerny, A)ds’

Tg(t)/\t+h

+ [T T, f‘?jﬁlpdvv(s')ds) — o0
t |

S

t+h - T -
E/ S L(t+h) tgjg(cwh)(s)ds
Tty At+h A

t+h— Tyrn)

FE (¢ 4 h)‘

:)Ov(Hh_Tg(ﬂ)E[ A+ h) — fF t+h(t+h)}

t+h s—T t+h
_E/ % </ o Tty FL )51 Tateony, A)ds'

Tg<t)/\t+h

[ Ty T i (s )| = 002

Finally, let us consider the case m = 1, s = 2. Thanks to (4.78), it is only left to

analyse the following

‘E(Sffé fi

_ ’ 57 { / ST ()81(5, T, A)ds + / Yo (SW(S)} ‘ |
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We shall consider the product of each term in Y and 6 fi separately. We have

t+h/\TQ(t) T _ -
B[
' A

y [/tm 6. (5)S1(s, Ty, A)ds + /tHh 5Z(S)dW(S)H

t-‘rh/\TQ(t) t+h
< K|z"Oh? + Kh® + E/ / 6;r(t)(s)6ij(s)dW(s)| < K|1 + 29 |n?;
t

t

t+h/\TQ(t) . T ~
L R O
¢ A ’

) {/twh 5;5(3)5’[(8,7%:A)d5+/tt+h &;';(s)dW(S)H

t+h/\TQ(t) t+h
< K|2°OK + KIi® + E /t /t 5T ()5, (5)dW (5)] < K|1+ 22012,

t+h T — 5.
E/ Zolt+h) — 2 igM)(S)dS
Ty At+h A

t+h 3 t+h
X {/ 5;;(3)51(3,7}]., A)ds +/ 5Z(S)dW(S)} ' < K1+ 2" p2,
¢ ¢

t+h

s —1T, ~

E/ L(t+h) t&?g(ct-‘rh)(S)ds
Tg(t)/\t+h A

t+h . t+h
X [/ &Z-Tj(s)SI(s,Tij, A)ds +/ 6;(s)dW(3)] ‘ < K|1 + 22t p2,
t t

Using a similar approach and (4.78), (4.71) for the remaining cases, m = 1, s = 3;
m=2,s=2,3; m=3, s =3 can be checked.
For Algorithm 3.5.1 and Algorithm 3.5.3, Assumptions 3.4.1, 3.4.5 and 3.4.6 can

be checked via an analogous routine as we described in this Section.
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4.4 Summary

This Chapter is devoted to proving and establishing convergence properties for the
numerical methods from Chapter 3. We begin this Chapter with Section 4.1, in
which the convergence theorems for the methods constructed in Section 3.4 are
proved. More specifically, in Section 4.1.1 we prove convergence results for the
maturity time approximations of the HJM model and the pricing problem under
consideration. Then, in Section 4.1.2 we establish weak convergence of fully discrete
methods to the approximations discrete in the maturity time. In spirit of the method
of lines, this convergence is proved to be uniform in the maturity time discretization
step A. Convergence results for the mean-square method defined in Section 3.6 are
considered in Section 4.2. We finish this Chapter by showing that the assumptions
imposed on the generic numerical method in Section 3.4 hold for the algorithms

presented in Section 3.5.
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Chapter 5

Conclusions and outlook

5.1 Conclusions

In this section we present the main conclusions from the preceding chapters.

The background to our endeavours

One of the most general platforms in the interest rate theory is the celebrated
HJM framework [36] which models the entire forward curve directly. This is a very
broad setup which covers all arbitrage-free interest rate models driven by a finite
number of Brownian motions. More specifically, the representatives of the HJM
framework are the popular LIBOR market models and short rate models The HJM
model is mathematically described via an infinite-dimensional multifactor stochastic
differential equation taking the entire forward rate curve as a state variable. Under
no-arbitrage conditions, the HJM model is fully characterized by specifying the
forward rate volatility process and the initial forward rate curve.

The original HIM framework is used for modelling fixed income markets (see
[36, 15, 18, 28] and also references therein). Recently, the HJM philosophy has
been extended to credit and equity markets (see, e.g. the recent review [16]) and
modelling of mortality [5] and of financial electricity contracts [8].

The HIJM framework possesses many interesting and powerful properties (see

Section 2.2), though its mathematical description is rather complex. The numerical
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approximation of the HJM model with stochastic volatility functions remains a
challenging task. As far as we know, the literature on numerics for the HJM model

is rather sparse.

Novel class of numerical methods for HIM framework

In this thesis we proposed a novel class of numerical algorithms for the HJM model
together with a rigorous numerical analysis. The idea of the method of lines served
as inspiration for our approach. The proposed methods facilitate simulation of the
HJM model under various specifications. The main focus of our research was put on
the weak-sense numerical methods which can be used for valuing a broad range of
interest rate products. The numerical methods were constructed with the following
guidance. We first discretized the infinite-dimensional HJM equation in maturity
time variable T by approximating the arbitrage-free drift with quadrature rules. As
a result, we obtained a finite-dimensional system of stochastic differential equations
(SDEs). This system played an intermediate role in our considerations. It was
used as a guidance to construct the fully discrete numerical methods and in the
proofs of the convergence results. We showed in this thesis and in [48] that if we
take a quadrature rule of order p, the solution of this finite-dimensional system of
SDEs converges to the HJM solution with mean-square order p in the maturity time
discretization step A. The fully discrete methods (discrete in both 7" and t), were
obtained by approximating the finite-dimensional system of SDEs in the weak and
mean-square senses using the general theory of numerical integration of SDEs (see,
e.g. [57, 58, 45]). We proved in this thesis and in [48] that if we take a mean-square
numerical integrator of order ¢, the solution of this fully discrete method converges
to the solution of the HJM approximation discrete in the maturity time 7" only with
mean-square order ¢ in the calendar time discretization step h. For illustration of
our weak-sense numerical methods for the HJM model we considered approximation
of the pricing problem of a generic interest rate contract of European-type, which

covers a broad range of popular derivatives. We analyzed weak convergence of fully
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discrete methods to the approximations discrete in the maturity time. We showed
that this convergence is uniform in the maturity time discretization step A in order
to obtain weak convergence of the fully-discrete numerical methods to the solution
of the HIM equation.

The introduced class of numerical methods was illustrated by presenting some
particular algorithms of various accuracy orders, which are ready for implementa-
tion. We tested the proposed numerical algorithms on pricing European-type caps
with the Vasicek and proportional volatility models for forward rates. The results of
the numerical tests confirmed our theoretical conclusions that, within the proposed
class, the numerical methods possess both computational efficiency and flexibility.
The computational efficiency is due to the use of high-order quadrature rules which
permits us to take large discretization steps in the maturity time without affecting
overall accuracy of the algorithms. More precisely, the number of forward rates
that need to be approximated at each time moment ¢ are significantly less in our
algorithms than what is usually required when the time-grids for ¢ and T' coincide.
As illustrated in the numerical experiments, new algorithms (e.g., Algorithm 5.3)
can considerably outperform the existing algorithms with coinciding grids (with
Algorithm 5.1 being a typical representative). Fast numerical algorithms are the
cornerstone of efficient calibration of the HJM model. In particular, fast calibration
is crucial for the model’s applicability in practice. In spirit of the method of lines, the
proposed class of numerical methods displayed a high degree of flexibility providing
freedom in choosing appropriate approximations in “space” and “time” separately.
Based on our theoretical results and demonstrated in our numerical experiments, we
concluded that, it is beneficial in practice to use higher order rules for integration
with respect to maturity time 7" and lower order numerical schemes for integration

with respect to calendar time t.
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5.2 OQOutlook for research

In this section, we shall discuss some possible directions of future research to develop
the work of this thesis further.

The numerical experiments in this thesis and in [48] demonstrated that new
algorithms can considerably outperform the existing ones. Within the proposed
approach, even more computationally efficient algorithms based on second order
numerical integrators (see Remark 3.5.4) and/or multi-level Monte Carlo method
[30] can be derived. From a financial engineering point of view, this means, in
particular, that calibration of the HJM model can be done faster,which makes the
HJM model more attractive to practitioners.

The proposed numerical approximation of the HJM model are tested on pricing
European-type interest rate derivatives. Combining the developed numerical algo-
rithms with, for instance, regression (see, e.g., [51] and also [32]), one can construct
numerical procedures for pricing interest rate contracts of American and Bermudian-
types which requires further study. The other extensions of the results presented in
this thesis and [48] include computing Greeks (see algorithms for evaluation Greeks
in the case of equity markets in, e.g., [32, 59] and in the references therein).

Though the original HIM framework is used for modelling fixed income markets.
As we mentioned before, the applicability of HJM model goes far beyond interest
rate modelling (see, e.g. the recent review [16]). Potentially, the ideas we developed
in this thesis could be useful for constructing numerical approximation in these
applications.

In addition, the HJM model can be transformed into a first-order hyperbolic
SPDE using the Musiela parameterization and numerical algorithms exploiting SPDE
solvers can be considered. Let us also note that in general not much attention has
been paid yet to weak-sense numerical approximations of infinite-dimensional sto-
chastic equations, including SPDEs, with exception of, e.g. [75, 13, 22, 21]. The
approach to numerical analysis of weak methods for the HJM model considered in

this thesis has a potential to be exploited for weak approximations of SPDEs.
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Another challenging direction of research is to develop numerical algorithms for
pricing interest rate barrier options within HJM framework. At the moment this

problem is the main focus of our research.
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Appendix A

Proofs of selected expressions

In this Appendix derivation of some expressions from Chapter 3 are presented.
Proof of expression (3.47): To show that (3.47) holds it is sufficient to demon-

strate the following is true:

Eexp(|/t o' (s, T)dW<(s)]) < C. (A.1)
We note that
exp(| t o' (s, T)AW(s)]) (A.2)

< exp( / o7 (5, T)AW(s)) + exp(— / o (s, T)AW(s)).

to to

Thanks to the boundness of o (3.45), we have

/t: o7 (s, T)o (s, T)ds) < C. (A.3)
Using (A.3), we obtain
EQexp ( /t s, T)dWQ(s)) (A.4)
< CE“ [exp (/t: o' (s, T)dW(s) — %/t: JT(s,T)a(s,T)ds>] ,
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where C' > ( is a constant.

Also, from (A.3), the Novikov condition

1"
Eexp (5/ O'T(S,T)O'(S,T)ds) < 00,

to

is evidently satisfied. This ensures that the expression under expectation operator

in (A.4) is a martingale with initial value 1. Hence, we conclude that

E9 exp(/t o' (s, T)dW(s)) < C.

to

Analogously, we can show that

EQexp(— / t o' (s, T)dW®(s)) < C.

to

The last two estimates yield (A.1) and, hence, show that (3.47) holds.
Proof of expression (3.83): Recall that (cf. (3.67), (3.82))

fi(s) = o't / T ()81, T, A)du + / TwdW(w),  (Ad)

to < tét*/\T(iJrl)ANvi:O?"'vNﬂ

Voot + )= 3 / SO O (A.5)

I=¢(t)
We shall show:
0(t+h)+0

wa,o(wrh)‘mg(/”hm 1+ 3 (A.6)
1=4(t)

E

Let us first consider the case m = 1. By (A.4) and (A.5), we have

E

thgt+h)‘

g(t-’rh t+h 6
/ HZ( $)Xse[n,1i41) 45
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Z(t+h

IA

/t+h 0

+/t Gy (u)dW (u )} Xse[T},T11)4S

Blle s [ oS T, )

0(t+h)+0

CZZ/ ’“’|+h+h%]dsg0h L+ Y ],

o(t) i=0 1=£(t)

IN

where C' > 0 is a constant independent of A and x. To obtain the last inequality,
we use the condition that h < oA for some o > 0 which ensures, that the number
((t + h) — £(t) is independent of A.

Next, we shall consider the case m = 2. Using the Cauchy—Bunyakovsky inequal-

ity, we have

E ‘?t,?:c,o(t + h)’

Lt+h) €+h) g itk 9
i N 7k
<CFE Z Z/ / l+ L (s) [ ﬂ( )Xse[TlTHl)XsE[TkaH)deS
1=0 j= O
Lt+h) E(t+h) b ptth 9 4
<cs|y > / [y ()
1=0(t) k=0(t i=0 j=0
2
.
+< t,—;J(S)> } Xse[Tl,TlH)Xs’e[Tk,TkH)deS/
Ct+h) Lt+R)  pvh ptrh O £(t+h)+0
>y [ S [l b st < o (1Y )
1=£(t) k=£(t) i=0 j=0 I=£(t)

Using the similar reasoning, we can prove (A.6) for general m.
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Appendix B

Stochastic Calculus

In this Appendix we give a short overview of the tools from stochastic calculus
frequently used in this thesis. For more extensive background on the topics covered
in this Appendix see e.g. [9, 41, 44, 63, 67, 76].

We assume that we are working on a filtered probability space (€2, F, P, {Fi},5)

satisfying the usual conditions:

1. F is P-complete: if B C A € F and P(A) =0 then B € F.
2. Fy contains all P-null sets;

3. The filtration {F;},., is right continuous, i.e. Fy =(),,, Fs for all t > 0.

A filtration is a family{F; },., of increasing sub-o-algebras, i.e. F; C F; C F for
all 0 < s <t < 0.

A n-dimensional function X : Q@ — R" n € N is called F—measurable if
X YB) ={weN: X(w) € B} € F for all B € B(R"), where B(R") is the Borel
sigma-algebra in R". A n-dimensional measurable function X : Q — R™, n € N is
called an R"—valued random variable.

If a random variable X : 2 — R is integrable with respect to the probability
measure P, then the number E¥ [X] = [, X (w)dP(w) is called the expectation of X

with respect to the measure P.
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The conditional expectation of an integrable random variable X given a sub-

sigma algebra G C F is defined to be a G—measurable function E¥ [ X| G] with
/ X (w)dP(w) = / EY [X|G]dP(w) for all G € G.
G G

For background on conditional expectation and its properties see [9, 76].

Definition B.1 (Stochastic process) A stochastic process (vector process) is a
family {X(t)},5o of random variables (vectors) defined on the filtered probability
space (2, F,P,{Fi};50) and indexed by some set I. In our setting, I is taken as

[to, t*] for some t* > tg > 0. We say that

(@) {X(t)},5¢ is adapted (to the filtration {F;},,) if X is Fi-measurable for every

t>0.

(b) {X(t)},5, is measurable if the stochastic process regarded as a function of two
variables (¢, w) from [0, 00) x 2 to R, n € N is B([0, 00)) ® F-measurable with
B([0,00))®F denoting the product sigma-algebra created by B([0,00)) and F,

i.e. the smallest sigma algebra which contains all sets G1 x.Gy € B([0,00)) X F.

(c) {X(t)},5 is progressively measurable if the mapping (t,w) : [0,7] x Q — R",
n € Nis B([0,7]) ® Fr-measurable.

Note, that each progressively measurable stochastic process is also adapted.
Moreover, if stochastic process is adapted and all its paths are right-continuous
then it is progressively measurable.

Let us now define a special stochastic process which may be considered as one

of the atoms of modern finance.

Definition B.2 (Brownian motion) A one-dimensional (P—) Brownian motion
is a real-valued (P-a.s) continuous Fi-adapted process W(t) = {W(t)},5, with the

following properties

1. W(0) =0 P-a.s.;
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2. for0 < s <t < oo, under P, the increment W (t)—W (s) is normally distributed

with mean zero and variance t — s;

3. for 0 < s <t < oo, the increment W (t) — W (s) is independent of Fs.

A d-dimensional process W(t) = (Wi(t),...,Wy(t)) defines a d-dimensional
Brownian motion if every W;(t) is a one-dimensional Brownian motion, and
Wi(t), ..., Wy(t) are independent.

We note that we will write, when it is necessary, W¥(t) for Brownian motion
with respect to measure P.

We shall always assume that Brownian motions are defined relative to the filtra-
tion given in the definition of the underlying filtered probability space.

One of the important concepts we need for modelling in finance is that of mar-

tingales.

Definition B.3 An R"—wvalued {ft}tzo—adapted integrable stochastic process

{X(t)},50 is called a martingale with respect to {F;},o and the measure P if
EY[X(t)|F)=X(s) P—asforall0<s<t<oo.

Note that every martingale has a cadlag modification, i.e. another stochastic
process {Y(t)},., which is right continuous and has left limits and such that P(w :
X(t,w) =Y (t,w) =1).

Let 0 <t < t*. We shall now define the It6 integral

/0 X (5)dW (s) (B1)

for any stochastic process X = {X ()}, in the space of all real-valued progres-

sively measurable stochastic processes equipped with the norm

1X|* = E/Ot | X (t)*dt < o0. (B2)
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To define this It6 integral, we first define the integral fo (s)dW (s) for a class of
simple processes H. Then we show that each progressively measurable process X

with | X| < oo can be approximated by such simple processes H’s and we define the

limit of fo (s)dW (s) as the integral fo (s)dW (s).

Definition B.4 (Simple processes) A real-valued stochastic process H =
{H(t)}o<y<y» 18 called a simple process if there exists a partition 0 = to < t; <
. < t, = t* and bounded random variables £;, 0 < i < n — 1, such that &; is

Fi,-measurable and

H(t) = £0Xton) (D) + D EiXppraan () 1 € 0,87, (B3)
i=1

In the above definition, x(4;(t) is the indicator function of the set A.

Definition B.5 (It6 integral with simple integrands) If H is a simple process
with the form (B3), the 1t6 integral, of H with respect to the Brownian motion W

is the process defined by

[ Hans ZuW(tzH) W), telor]

Definition B.6 (It6 integral) Let be X a progressively measurable process satis-
fying | X| < oo. The It6 integral of X with respect to the Brownian motion W is the

process defined by

/X )dW (s) := lim Hn(s)dW(s) in L*(Q,R), te€[0,t*],

n—oo

where {H,} is a sequence of simple processes such that

limE/|X o (8)|*ds = 0.

n—o0

We shall now give some of the properties of the It6 integral.

159



Proposition B.7 Let be X, Y a progressively measurable processes satisfying | X| <

00, |Y| < co. Then
(a) [o X(s)dW (s) is Fy—measurable;
(b) B [ X(s)dW(s) =0

(c¢) 1t6 isometry:

/XdW

(c) fora, B €R, fot [aX(s) + BY (s)]d = O‘fo (S)—Fﬁng(s)dW(s).

—E/ X (s)[? ds; (B5)

Definition B.8 An n-dimensional Ité process is an R™-valued continuous adapted

process of the form

t d t

X(t)=X(0)+ /a(s,X(s))ds + Z/bi(s,X(s))de(s), (B6)
to =1

where WP (t) = (WE (1), .., Wf(t))T is a d-dimensional standard P— Wiener process;

a is R"—wvalued adapted process wz’thf;; la(s, X(s))|ds < o0 a.s. for anyt € [to, t*];

b; are R"—walued adapted processes with ftz |bi(s, X (s))|*ds < 00, i=1,...,d a.s.

for any t € [to,t*]. We shall say that X (t) has stochastic differential dX (t) given by
dX (t) = a(t, X (t))dt + Z bi(t, X (£))dWFE (t), (B7)

Proposition B.9 (Ité formula) Let X(t) be n-dimensional It6 process with the
stochastic differential (B7). Let f :[0,00) x R" — R, (t,z) — f(t,z) be a function

once differentiable with respect to t and twice with respect to x. Then

ft, X (1))

is again an Ité process with stochastic differential of the form

df (t, X (t)) = Lf(t, X (t) dt+ZAftX (t))dWPE (1), (B8)

=1
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where the operators L and A;, 1 =1,...,d are given by

8 m
L= ta + ZZZZ’ b’@azm&v

i=1 m=1 j=1

A _Zblaxj

The It6 formula is the chain rule of stochastic calculus. It differs from the
corresponding result in ordinary calculus through the appearance of second order
derivatives in dt term.

We shall now give some results from the change of measure technique.

Definition B.10 (Equivalent measures) Let P and @ be two measures defined
on the same measurable space (0, F). We say that @ is absolutely continuous with
respect to P, written Q< P, if Q(G) = 0 whenever P(G) =0, G € F. If both Q<K P

and P Q, we call P and @) equivalent measures and denote this by ()~ P

Theorem B.11 (Radon-Nikodym) Let P and @) be measures on the measurable
space (U, F). Then Q<K P if and only if there exist an integrable function g > 0

Q-a.s. such that
Q(GQ) = / gdP for all G € F.
G

g 1s called the Radon-Nikodym derivative of Q) with respect to P and it is also written
as g = dQ/dP.

For calculating conditional expectations it can be needed to change the point of
view and use a different measure. The following theorem gives us a relation between

conditional expectations with respect to different measures.

Theorem B.12 (Bayes formula) Let P and Q be two measures defined on the
same measurable space (Q, F) and let dQ/dP be the Radon-Nikodym derivative of @
with respect to P. Furthermore, let X be an integrable random variable on the prob-

ability space (Q, F,Q) and G C F be a sub-sigma algebra of F. Then the following
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holds:

o[ 6] - s 2]

Theorem B.13 (Girsanov theorem) Let X be an n-dimensional Ité process in-

troduced in Definition B.8. Suppose there exist an R*-valued F;-adapted process o(t)

with fot la(s)]?ds < 0o a.s. for every t € [0,t*] and also an R™-valued F;-adapted

process v(t, X (t)) with fot lu(s, X(s))|ds < oo such that
b(t, X(t))a(t) = a(t, X(t)) — v(t, X (1))

and assume that o(t) satisfies the Novikov condition

E {exp (% /DT oﬂ(s)ds)] < .

Define
t 1 t
& = exp (—/ aT(s)dW?F (s) — 5/ a2(3)ds) , <t
0 0
and
dQ =&pdP on Fr.
Then

Wet) = /ta(s)ds+WP(t), t <t

(B11)

is a Brownian motion with respect to the probability measure () and the process X

has the stochastic differential of the form

dX (t) = v(t, X (t))dt + b(t, X (t))dW(t)

in terms of W (t).

(B12)

We shall finally state the Fubini’s theorem for stochastic integrals. The proof of

this theorem can be found for e.g. in [26, pp. 99].

Theorem B.14 (Fubini’s theorem for stochastic integrals) Consider the R%-
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valued stochastic process ¢ = ¢(w,t,s) with two indices, 0 < t, s < T, satisfying the

following properties

1. ¢ 1is progressively measurable;

2. Supt,s ||¢(t7 8)” < 0.

/0 ' ( /0 ' gb(t,s)dW(t)) ds = /0 ' ( /0 ' ¢(t,s)ds) AW (t). (B13)

Then
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