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Abstract

Claire Irving

Euler characteristics and cohomology for quasiperiodic
projection patterns

This thesis investigates quasiperiodic patterns and, in particular, polytopal projection
patterns, which are produced using the projection method by choosing the acceptance do-
main to be a polytope. Cohomology theories applicable in this setting are defined, together
with the Euler characteristic.

Formulae for the Cech cohomology H*(MP) and Euler characteristic ep are determined
for polytopal projection patterns of codimension 2 and calculations are carried out for several
examples. The Euler characteristic is shown to be undefined for certain codimension 3
polytopal projection patterns. The Euler characteristic ep is proved to be always defined
for a particular class of codimension n polytopal projection patterns P and a formula for
ep for such patterns is given. The finiteness or otherwise of the rank of H™(MP) ® Q
for m > 0 is also discussed for various classes of polytopal projection patterns. Lastly, a
model for MP is considered which leads to an alternative method for computing the rank

of H™(MP) ® Q for P a d-dimensional codimension n polytopal projection pattern with
d>n.
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Introduction

Patterns have fascinated people for thousands of years, both for their aesthetic and their
mathematical properties [18]. The patterns we are most familiar with in everyday life are
periodic. For example, a periodic pattern in the plane consists of a motif (fundamental
domain) which repeats in a regular way (so the pattern is invariant under translations in

two linearly independent directions).

Figure 1: A periodic pattern, showing the translations under which it is invariant

Another type of pattern is repetitive, in the sense that any motif appears infinitely
often throughout the whole plane, but the motifs do not repeat in a regular way (so the
pattern is not periodic in any direction and hence not invariant under translation by any

non-zero vector in the plane). These ideas are made more precise in Section 1.1 of Chapter 1.



Patterns with such properties are called quasiperiodic and they are the main kind of pattern
considered in this document. An example can be seen in Figure 2 below.

Quasiperiodic patterns have been studied for many years. Perhaps the most well-known
examples are the Penrose tilings of the plane, which were developed in the 1970s [29]. Note
that a tiling of the plane is a division of the plane into regions called tiles. There are many
other examples of quasiperiodic tilings of the plane, such as the Octagonal tiling below,

which is discussed in more detail in Example 1.23.
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Figure 2: The Octagonal tiling

In recent years, interest in quasiperiodic patterns has increased following the publication
in 1984 of a paper [33] identifying the existence of minerals with atoms arranged in patterns
of this type. These minerals have come to be known as quasicrystals.

Theoretically, it is possible to construct quasiperiodic patterns in Euclidean space (or

even hyperbolic space) in arbitrary dimensions. In this document, we consider tilings and



patterns in d-dimensional Euclidean space R?¢. One-dimensional quasiperiodic tilings have
been known for hundreds of years, such as [1] a pattern in R arising from the Fibonacci
sequence. Such patterns have been extensively studied in the literature, so they are not con-
sidered in great detail in this document. Patterns in two- and three-dimensional Euclidean
space will be considered in most detail, although some results are given which can be ap-
plied to patterns in higher dimensions. Developing an understanding of these patterns is of

importance to physicists as well as mathematicians, as described in the following sections.

Physical motivation

From the perspective of physics, quasiperiodic patterns are of interest because [24] such
patterns in two- and three-dimensional space can be used as models for quasicrystals. Thus
an understanding of the mathematical properties of the quasiperiodic pattern associated to
a quasicrystal may lead to an understanding of the physical properties of the quasicrystal.

Quasicrystals were first discovered through consideration of diffraction patterns, which
are patterns produced on radiation-sensitive film by passing X-rays through thin slices of
minerals. If the structure of the atomic arrangement within an object is sufficiently regular,
the diffraction pattern will contain clear bright spots. The symmetries of the diffraction
pattern are related to the symmetries of the arrangement of atoms in the object. Crystals
are minerals which have periodic atomic arrangements and it was believed that only crystals
had atomic structure regular enough to give rise to diffraction patterns with bright spots.
A pattern arising from a periodic arrangement of atoms can [34, p6] only exhibit rotational
symmetry of order 2, 3, 4 or 6 — any other orders are classically forbidden. The substances
studied in the early 1980s, such as the one pictured in Figure 3 below, had diffraction
patterns exhibiting such ‘forbidden symmetry’, so their atomic arrangements could not be
periodic. This fact, together with the fact that sharp diffraction patterns were produced

from these minerals, so the atomic arrangements were not totally random, indicated that



Figure 3: A quasicrystal and its diffraction pattern

the atoms must have been arranged in quasiperiodic patterns. Hence such minerals have
come to be called quasicrystals.

Physicists study the properties of quasicrystals with the aim of finding uses for these
substances in industry. One quasicrystal, an alloy of Aluminium, Iron and Copper, is
currently [35] being manufactured into frying pans because it exhibits non-stick properties.
Also [36] an alloy of Zirconium, Nickel and Titanium, another quasicrystal, is being studied

with the aim of developing containers for the storage of hydrogen.

Mathematical methods

From the mathematical perspective, since a pattern is essentially a decoration of Rd, a
contractible space, its topology is uninteresting. An alternative way to study a pattern V is
to form a topological space from V' and then use tools from algebraic topology to investigate

the (much more interesting) structure of this object.

DEFINITION 0.1 The continuous hull MV for a pattern V is the set of all patterns V
locally congruent to V' (so any bounded region 11 in V- GMV can be found somewhere in

V) with topology defined by a particular metric on patterns, such as Definition 1.9 ahead.

There are several metrics which can be defined on the set of locally congruent patterns,

but the metric of Definition 1.9 is chosen because the topology defined by this metric yields



information about the properties of patterns in MP. For more information about these
ideas, see Section 1.1 in Chapter 1.

There are various tools in algebraic topology which can be applied to the continuous hull
MP to investigate its structure. Since it provides a link between algebraic topology and
physics, K-theory is briefly introduced in Section 1.6.1 in Chapter 1, but in this document
we focus on cohomology, in particular Cech cohomology (defined in Section 1.6.2), group
cohomology (defined in Section 1.6.3), and the Euler characteristic (considered in detail in
Chapter 2) whose definition involves Cech cohomology in the first instance.

Apart from providing models for quasicrystals, quasiperiodic patterns have applications
in other areas of mathematics, such as dynamical systems. A further aim of the study of
quasiperiodic patterns is to find a classification of all such patterns up to some notion of
equivalence.

We now consider a way of generating quasiperiodic patterns, called the projection method,
which will be used in Chapters 2 and 3. The basic idea of this construction is that given a
periodic pattern A in some large-dimensional Euclidean space R", a pattern can be produced
in a subspace E of RV by projecting to E a subset of A. Careful choice of E and the points
to be projected ensures that the resulting pattern in E is quasiperiodic. We now make
these ideas more precise, although the projection method is considered in most detail in
Chapter 1.

The standard projection method for producing a quasiperiodic point pattern P is set
up by taking A an N-dimensional periodic point pattern (which will also be referred to
as a lattice), a d-dimensional subspace E of RV for d < N called the pattern space, with
orthogonal complement E+, and K a compact subset of E+ which is the closure of its
interior, called the acceptance domain for P. Those points of A which lie in the strip K + FE
are projected orthogonally to E, creating a point pattern in E. An example of a projection

scheme with N = 2 and d = 1 is shown below. The lattice is Z? and the d-dimensional



space is E = R. Also E+ = R and the acceptance domain is a closed interval. To avoid
cluttering the diagram, the orthogonal projections to E of only three points in the strip
K + E are shown. The point pattern in E generated by this projection scheme is produced

by projecting all points in K + E to E.

Figure 4: Diagram illustrating the projection method

To ensure that the pattern in E is quasiperiodic, we impose two conditions. The first is
that EN A = {0}. This implies [34, Prop 2.17] that the resulting pattern is non-periodic.
We also assume that no points of A lie on 3K + E, the boundary of the strip K + E, since
this ensures that the pattern is repetitive.

Call a projection pattern canonical if the acceptance domain is (a translate of) the subset
of E+ formed by projection of a unit cell in the lattice A to the space E+. An example of

a projection to R? of a unit cell in Z* is shown in Figure 5 below.

Figure 5: An example of a projection to R? of a four-dimensional hypercube

In this document, we are interested in a class of quasiperiodic patterns whose acceptance
domain is more general than those of canonical projection patterns. These will be referred to
as polytopal projection patterns in this document (Def 1.33) and they are projection patterns
with acceptance domains which are polytopes (Def 1.27). Examples include closed intervals

in R, polygons in R? and polyhedra in R3.



Main Results and Document Layout

After conducting a survey of existing literature on quasiperiodic tilings and patterns, includ-
ing (1], [12] and (20}, it became apparent that topological invariants, such as cohomology, for
canonical projection patterns have been extensively studied, but less is known about topo-
logical invariants for projection patterns which are not canonical. Also, the patterns which
have been studied in most detail are those for which the cohomology groups, for example,
are finitely generated. Different models for the continuous hull MP which enable the Cech
cohomology groups H*(MP) to be descﬂﬁed in terms of the structure of MP are of interest
as well (see [12, Chapter III] and [20] for example). Thus in this thesis, we consider the

following questions.

QUESTION 0.1 Given a polytopal projection pattern P, to what eztent can the Cech
cohomology H*(MP) of the continuous hull MP for P be determined, and can the Euler

characteristic be computed?

QUESTION 0.2 If the Euler characteristic can be computed for a given polytopal projec-

tion pattern P, what values can it take?

QUESTION 0.3 Given a polytopal projection pattern, under what circumstances is the Fu-

ler characteristic finite and for what values of m are the Cech cohomology groups H™(MP)

finitely generated?

QUESTION 0.4 Can models for the continuous hull M'P of a polytopal projection pattern
P be produced analogous to those of [20] which enable the Cech cohomology H*(MP) groups

to be computed in a more straightforward way?

In tackling these questions, work has been divided into three main sections. Firstly,

various constructions from [12] for canonical projection patterns have been generalised to



polytopal projection patterns. Secondly, the Euler characteristic has been defined for gen-
eral patterns and then computed where possible for several classes of polytopal projection
patterns. Applications to the calculation of the cohomology of the continuous hull for such
patterns have also been investigated, which lead to generalisations of other results from
[12]. Lastly, models for the continuous hull MP of particular classes of polytopal projection
patterns have been developed, which provide an alternative method for the calculation of
the cohomology of M'P and generalise results of [12, Chapter III] and [20].

The document is organised as follows. In Chapter 1, a more detailed discussion is given of
quasiperiodic patterns, the projection method, polytopes and polytopal projection patterns,
and the topological invariants which can be defined in this setting, in order to establish
the context of this work and fix notation. Results extending some of the ideas in [12]
(which were applicable only to canonical projection patterns) to the larger class of polytopal
projection patterns are also provided. The Euler characteristic is introduced in Chapter 2
and calculated in various cases. The cohomology groups H*(MP) for polytopal projection
patterns P are considered in Chapter 2 as well, and in particular some results are given
indicating when these groups are finitely generated. Several examples of polytopal projection
patterns are also presented. Chapter 3 presents an alternative model of the continuous hull
MP for polytopal projection patterns which facilitates a more straightforward computation
of the Cech cohomology H*(MP). A concluding chapter summarises the results obtained
in this document and describes several open problems which were not satisfactorily dealt
with during the period of study, and so present opportunities for further research. An
appendix follows, containing the precise definitions and results relating to K-theory which

are referred to in Chapter 1. Finally, lists of definitions and figures are provided, followed

by the bibliography.



Chapter 1

General Setup

This chapter gives an overview of the main ideas in the study of patterns, and quasiperiodic
patterns in particular. In the remainder of this document, we use the term pattern to refer
to a set of points, but we will also make use of the term tiling to denote the division of
a space into bounded regions called tiles. Tilings are more visually appealing than sets of
points, so examples of quasiperiodic patterns, such as the Octagonal tiling in Figure 2 in the
Introduction, will be drawn as tilings, but most results in this document will be stated for
patterns only. The distinction between patterns and tilings is discussed further in Section
1.1.1 ahead. This chapter also contains a description of the projection method for generat-
ing quasiperiodic patterns. Polytopal projection patterns are introduced and properties of
polytopes relevant to the calculations in Chapters 2 and 3 are investigated. Finally, various

tools from algebraic topology which can be applied in this setting are discussed.

1.1 Patterns and tilings

In this section, definitions of patterns and tilings are given, which are not the most general
(see [18] or [34], for example, for alternative descriptions) but they are suitable for the pur-
poses of this document. Methods for constructing quasiperiodic patterns are introduced,
and in particular the projection method is considered in greater detail than in the Intro-

duction. Assumptions imposed on all patterns and tilings in later chapters are also stated



here. We begin by giving definitions which enable the notion of a quasiperiodic pattern or

tiling to be made precise.

DEFINITION 1.1 A (point) pattern P in d-dimensional Fuclidean space is a countable
set of points.
For a point pattern P, a patch of radius r is the set of points in P which are contained

in a ball B,.(z) of radius r with centre at some point z € RY.

DEFINITION 1.2 A tiling of R? consists of a countable family T = {T},T, ...} of closed
sets called tiles, with the properties that |2, T; = RY, each tile is homeomorphic to a d-
dimensional disc, the interiors of any two distinct tiles are disjoint and the intersection of
any two tiles is a connected set.

Define a prototile for a tiling T to be an equivalence class of tiles in T with respect to
some notion of equivalence, such as congruence or translation.

Define a patch in a tiling T to be a subset I1 of tiles in T whose union is homeomorphic
to a d-dimensional disc.

Say a patch 11 in a tiling T has radius r if there is £ € R? such that I C B,(z) and

= inf {r': 11 C By .
r zléxnd{r C B (z)}

Thus a patch II in a tiling 7 has radius r if there is z € R? such that the ball B,(z)

contains all the tiles in the patch, and any ball of smaller radius does not contain all the

tiles.

1.1.1 Equivalences of tilings and patterns

Given a tiling 7, a point pattern P can be constructed from it in various ways. For ex-
ample, each prototile for 7 could be ‘punctured’ (so a distinguished point on each tile is
selected). The point pattern P is then the set of punctures in the tiling 7 as a subset of
R9. Alternatively, a point pattern can be produced from a tiling by taking the vertices of

each tile. Conversely, given a point pattern P, one way of producing a tiling 7 from P is to

10



define the faces of the tiles in 7 to be the perpendicular bisectors of the lines joining pairs
of points (a process known as the Voronoi construction [12, 1.4]). Another way to form a
tiling is to join those pairs of points at a specified distance apart by line segments which
form the 1-dimensional faces of tiles. Note that such processes are not necessarily inverse to
one another, so if we take a tiling 7, produce a point pattern P and then construct a tiling
T, the tiling 7' need not look like 7. There could be some notion of equivalence between
the two tilings, but in general they could be quite different.

For example, the Octagonal tiling (Fig 2 in the Introduction) is formed from the point
pattern produced by the Projection method by joining pairs of points which lie at a certain
distance from one another. However, it is not always the case that quasiperiodic patterns
give rise to quasiperiodic tilings and vice-versa since for example [18] we could consider a
quasiperiodic tiling consisting of a periodic tiling of the plane by unit squares which are
then coloured to break the periodicity. Taking the vertices of these tiles and then joining
points at a distance 1 from each other recovers the periodic tiling by squares.

There are several equivalences which can be defined on tilings and patterns. In this

document, we will use local congruence, mutual local derivability and topological conjugacy.

DEFINITION 1.3 The local congruence class (LC class) of a pattern P is the set of all

patterns that look locally like (translates of) P, so any patch in a pattern P' in the LC class

of P is also a patch in P.

Note that in the literature, local congruence is also referred to as local isomorphism. The
former term is used in this document since it fits with the notion that a pattern P’ is locally

congruent to P if bounded patches in P’ are congruent up to translation to patches in P.

DEFINITION 1.4 (8] Given two d-dimensional patterns P, P', and vectors z,,z2 € R4,

say P’ is locally derivable from P if there is R > 0 such that if P — x, agrees with P — z2

11



on a ball of radius R about the origin, then P' — z, agrees with P' — x5 on a ball of radius
1 about the origin.
If P’ is locally derivable from P and vice versa, then P and P' are said to be mutually

locally derivable (MLD).

Hence if two patterns P and P’ are mutually locally derivable, then the positions of

patches in P’ are determined by the positions of patches in P.

DEFINITION 1.5 [12, 1.4.5] Two patterns P and P’ in R¢, with R?-action by translation,

are topologically conjugate if there is an R%-equivariant homeomorphism MP = MP'.

For other types of equivalence, see [12, 1.4], for example.

The following definitions are applicable to both tilings and patterns, but will be stated

only for patterns.

DEFINITION 1.6 A pattern P in R? is periodic if it is invariant under translations by
d linearly independent vectors v; € R%, so P +v; =P fori=1,...,d.

Say P is subperiodic if it is invariant under translations by k linearly independent vec-
tors, for 0 < k < d.

Say P is non-periodic if it is invariant under no translations by vectors in R%, so P+v #

P for all 0 # v € R4,

DEFINITION 1.7 A pattern P is repetitive if for every patch II of finite radius in P,
there is an R satisfying 0 < R < 0o such that for every x € R?, there is a translate of II

contained in Br(z).
DEFINITION 1.8 A pattern P is called quasiperiodic if it is non-periodic and repetitive.

As in the Introduction, a topological space (in fact a metrisable space) can be constructed
from a pattern P as follows. Take the set P + R? of all distinct patterns produced by
translating the points of P by vectors in R%. Several metrics can be defined on this space,

but the metric used in this document, taken from [12, 1.3.1], is defined below.

12



DEFINITION 1.9 For a pattern P in RY, define a metric on P + R? by
u(P1,Pe) = inf{1/(r + 1) : du(Br(P1), Br(P2)) < 1/r}

where B,.(P) = PN(B,(0)U3B,(0)) and dy is the Hausdorff metric, which is defined on two
non-empty closed subsets A and B of R? by dy(A,B): = inf{e >0: N.(A) D B&N.(B) D

A}, where N(A) denotes an epsilon neighbourhood of A.

Essentially, this metric says that patterns are close if they agree (up to a small trans-
lation) on a large patch around the origin. Note that 1/(r + 1) is used to ensure that the
value of p is at most 1.

There is [13] a similarly-defined metric on the set 7 + R? of translates of a tiling which
has the property that tilings are close if they agree up to a small translation on a large
patch around the origin. Since we mainly consider point patterns in the remainder of this

document, we do not state the precise definition of the metric for tilings here.

DEFINITION 1.10 The continuous hull MP for a pattern P is the completion of P+ R?

with respect to the metric u defined above.

The action by translation of R? on P is continuous with respect to the metric y and so
[22] can be extended to an action on MP which takes limit points to limit points.

Note that the continuous hull is defined with respect to the metric u above rather than
some other choice of metric since [13] sets {Un + = : £ € B.(0)}, for Un the set of patterns
P' € MP which contain a given patch II, are open in MP so the topology of MP encodes
information about the patterns in MP. Also as shown in Lemma 1.14 ahead, with this
metric MP is a compact space if P satisfies a certain condition (Def 1.13).

For example, suppose P is a periodic pattern in R2, such as the one in Figure 1 in the
Introduction, with a point at the origin of R?, so it is invariant under translations by two

vectors vy, v, in R? and all integral linear combinations of these vectors. Distinct patterns

13



in P + R? only arise when P is translated so that the origin of R? lies within a half-open
unit parallelogram with edges given by the vectors v;, vz, since P is invariant under unit
translations by these vectors. As the origin approaches an open side of the parallelogram,
by periodicity the pattern with the origin in this position gets closer (with respect to the
metric p) to the pattern with origin on the closed boundary of the parallelogram. Hence
taking the closure of the half-open unit parallelogram under p gives M P homeomorphic to a
torus. Similarly for d-dimensional periodic patterns P, the continuous hull is homeomorphic
to a d-dimensional torus.

When P is quasiperiodic, so it is not invariant under translations by any vector in
RY, new patterns are obtained when P is translated by any 0 # v € R¢. However, since
a quasiperiodic pattern P is repetitive, so any patch II of finite radius R in P appears
infinitely often throughout R¢, translations of P can be chosen so that the new patterns
P+ z and P + y are closer than 1/(R + 1) in the metric u. Patches can be selected of
any radius R, thus ensuring that two distinct translates of P can be arbitrarily close with
respect to p. Thus the continuous hull M7P is similar to a torus when P is quasiperiodic,
since large translates P + z of a pattern P can be found arbitrarily close to P, but MP
has richer topological structure than a torus because P + z # P for z # 0. The torus-like
nature of MP provides the focus for the work of Chapter 3.

The continuous hull MP of a pattern P encodes information about the local congruence

(LC) class of P by the lemma below.

LEMMA 1.11 A pattern P’ is an element of the continuous hull M'P for some other tiling

or pattern P if and only if P' is in the LC class of P.

Proof First suppose P’ is in the LC class of P, so any patch II in P’ is found somewhere
in P. Take II of radius R > 0 in P’ about the origin in R¢. Then there is € R? with the

property that the patch about the origin of radius R in P + z agrees with II (up to some

14



small translation). Thus P + z is within a distance 1/(R + 1) of P’ in the metric . Hence
taking a sequence of patches II,. of P’ of increasing radii r produces a sequence of translates
P + z, of P which converges to P'. Hence P’ € MP.

Now suppose P’ is not in the LC class of P so there is some patch II of radius R in
P’ which does not appear in P. We can suppose (by taking a translate of P’ if necessary,
since if P’ € MP then P' + z € MP for all z € R?) that II contains the origin. Then any
translate P + z of P is at a distance greater than 1/(R + 1) > 0 from P’ in the metric p
since the two patterns can only agree on a ball of radius less than R about the origin as P
does not contain II. Thus there is no sequence of translates of P which converges to P' and

hence P’ ¢ MP. ]

1.1.2 Standard assumptions

In order to produce quasiperiodic tilings and patterns which can be used as models for
quasicrystals, certain assumptions are imposed. To simplify the model of a quasicrystal, we
suppose that there is an infinite amount of the substance, so there is no boundary, and we
also assume that atoms are distributed homogeneously within the substance, so there are no
empty spaces of radius larger than some allowed amount. Note also that in any crystalline
structure which gives rise to a sharp diffraction pattern, there is a minimum distance between
atoms due to the action of interatomic forces. Hence we make the assumptions that there
is a minimum distance between all points in a pattern and any chosen point in a pattern is

surrounded by other points. These two concepts are formalised in the following definition.

DEFINITION 1.12 Say a point pattern P is a Delone set if it is uniformly discrete,
so there is an € > 0 such that for all p € P, the ball of radius e centred at p satisfies
B.(p) NP = {p}, and relatively dense, so there is a p > 0 such that any ball of radius

greater than or equal to p contains at least one element of P.

15



It is shown in [34] that patterns produced by the projection method are Delone sets.
It is also known from physics that crystalline structures contain only a finite number of
different atomic configurations, so in this document, we assume the set of prototiles for any

tiling is finite, and we make the assumption that any tiling or pattern satisfies the following

condition.

DEFINITION 1.13 Let P be a point pattern. Then P satisfies the Finite Local Com-
plexity (FLC) condition if for any Ry > 0 there are, up to translation, only finitely many
different (finite) subsets Il of P in the set {(P — ) N Bg,(0): z € R¥}.

For a tiling T, we say that T has Finite Local Complexity if for any Ro > O there are,

up to translation, only finitely many patches in T with radius Rg.

Note that not all tilings satisfy FLC. The standard counterexample is the Pinwheel tiling.
This is constructed using the substitution method (see Section 1.2.1 ahead). Its prototile is
pictured below, showing the decomposition w which leads to a tiling of the plane when the

prototile is successively decomposed by w and expanded by a factor of A = V/5.

Figure 1.1: Prototile for the Pinwheel Tiling

This tiling contains an infinite number of configurations up to translation because the
smallest angle in the prototile is irrational with respect to w, so the prototile appears in
infinitely many orientations when infinitely many decompositions and expansions are carried

out. Further details about this tiling can be found in [34].
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Making the assumption that the tilings and patterns we consider have the FLC property
means that the following result holds, which simplifies the study of the continuous hull MP

(Def 1.10).

LEMMA 1.14 If a pattern or tiling P satisfies the Finite Local Complezity condition, then

the continuous hull M'P is compact.

Proof For metric spaces, compactness is [4, p25] equivalent to every sequence of points in
the space having a convergent subsequence.

Thus we take (P,;) an infinite sequence of patterns in MP. Also take an infinite un-
bounded monotone increasing sequence (Ry) of real numbers. By FLC, there are only
finitely many patches in P (up to translation) of radius Ry, so at least one patch Ilp must
appear somewhere in infinitely many patterns P,,. Similarly, there are only finitely many
patches of radius R;, so at least one patch must appear in infinitely many patterns P,
which also contain IIp. Continuing in this way produces a subsequence (Py,,) of patterns
for which Pp,; contains the patches II; of radius R; for j < ¢. This subsequence converges
in the metric p (Def 1.9) to a limit pattern P, which contains the patches II; for all 4.

Therefore every sequence of patterns in MP contains a convergent subsequence and

hence MP is compact. [ |
1.2 Methods for constructing quasiperiodic patterns

There are two main methods of generating quasiperiodic patterns or tilings, namely substi-
tution and projection. In this document, we focus on the projection method, since the extra
structure associated to patterns produced in this way will be used to compute topological
invariants such as cohomology and the Euler characteristic. The projection method is also
highly valuable to the study of quasicrystals, since it is known [24] that models for such
minerals can be provided by projection schemes of some kind (possibly more general than

those described here). The substitution method also gives rise to important examples of
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quasiperiodic tilings and patterns. Several papers have been published on such patterns
and the topological invariants which can be associated to their continuous hulls, such as [1]
and [22]. For completeness, the substitution method is described here, although it will not

be used much in the remainder of this document.

1.2.1 The Substitution Method

One way of defining the substitution method for constructing quasiperiodic tilings is as

follows.

DEFINITION 1.15 [22] A substitution tiling 7 in R? consists of a set {T\,...,Tm} of
prototiles which are equivalence classes of tiles with respect to translation only, a scaling
factor A > 1, and a substitution rule w. These satisfy the properties that w(T}) is a finite
collection of tiles which overlap only on their boundaries, and the union of these tiles is

ezactly \(T;).

The substitution rule w creates patches from prototiles, and the definition of w can be
extended to translates of the prototiles T; by setting w(T; + z) = w(T;) + Az for z € R%.
Also, if P is a patch in the tiling 7, then we can define w(P): = {w(T) : T € P}, which
means that w can be iterated, forming a sequence of patches w*(P) for k = 1,2,.... As k
increases, the radius of the patches increases, producing a tiling of the whole of R? in the
limit as k — co. Finally note that if 7 is a tiling, then so is w(7).

Examples of substitution tilings are the Pinwheel Tiling whose prototile is in Figure
1.1, and the Octagonal Tiling (Fig 2 in the Introduction) whose prototiles are pictured in
Figure 1.3 ahead.

There are other ways of defining substitutions, which are slightly more general than the
method above. In particular, we need not have w(T;) = AT; as w may replace T; by a
collection of tiles which are not contained entirely within the boundary of AT;. For example
(1), the Penrose tiling can be described as a substitution tiling of this more general type.

One example of a set of prototiles T; for the Penrose tiling is shown below, together with

the collections w(T;).
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Figure 1.2: Prototiles and substitution for the Penrose tiling
1.2.2 The Projection Method

In this section, we give a more detailed construction of the projection method than that
given in the Introduction.

As before, take an N-dimensional lattice A, a d-dimensional subspace E of RN (the
pattern space) which only intersects the lattice at the origin, and an acceptance domain K
in the (N — d)-dimensional subspace E+ of RN which is the orthogonal complement of E.
Denote by 7 and 7t the orthogonal projections to E and E+ respectively.

Note that the projection w1 (A) of the lattice A to E* may not be dense in EL. It is
important for later work to consider a space V in which the group 7+(A) NV is dense, so

we make the following constructions.

DEFINITION 1.16 Define A to be the real vector space generated by the discrete group

E+LNnA.
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LEMMA 1.17 [12, 1.2.11] The Euclidean closure 7+(A) of the projection of the lattice A

to the subspace E+ of RY can be decomposed into a sum V & A, for V a linear subspace

of E+. |

Note that A may be trivial. For example, it is trivial for the QOctagonal tiling (Example
1.23) but (12, 1.2.7] for the Penrose tiling A is 1-dimensional.

Now recall that for a projection pattern to be quasiperiodic, we needed the space E to
be totally irrational, meaning that the only lattice point contained in E is the origin. We

also required no lattice points to lie on the boundary of the strip K + E.

DEFINITION 1.18 Points v € R causing A + v to intersect the boundary of K + E are
called singular points. If the boundary of K + E does not intersect A + v then v is called

non-singular, or regular. Write NS to denote the set of all non-singular points in RV .

DEFINITION 1.19 The projection pattern P, is the set of points {n(z):z € A+v,v €

RMN non-singular, 7+ (z) € K}. We say P, is determined by the data (A, E, K,v).

Note that in the following work, we will generally suppress the data and simply write P
for polytopal projection patterns.
We next introduce an alternative description of the continuous hull MP (Def 1.10) for

projection patterns.

LEMMA 1.20 (13, Cor 30] The continuous hull M'P for a projection pattern P is homeo-
morphic to II/A, where Il is the completion of the set NS of non-singular points with respect

to the metric ii defined by fi(u,v) = p(Py,Py) + ||lu — v|| for u,v € NS. B

We can equivalently say that v € R" is non-singular if the boundary of (K + E) + v
does not intersect the lattice A. This means that, since the projection 7+ has kernel E, the

singular points can alternatively be viewed in V as arising from translates by 7#+(A) NV
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of the component of the boundary of K which is in V. Hence the set NS of non-singular
points can be considered in V via 7+ (NS)NV. This perspective will be used in Section 1.4.
The results of Section 1.6.3 ahead show that we can restrict attention to V rather than

El >V @ A. We thus make the following definitions.

DEFINITION 1.21 Given a projection pattern P, the dimension n of V is called the

codimension of P and the dimension of P is the dimension d of the pattern space E.

DEFINITION 1.22 Say a projection pattern is canonical if it can be produced from a

projection scheme in which the acceptance domain K C V is the component of 7+ (U) in V,

for U a unit cell in the lattice A.

To illustrate the above constructions, we now consider an example of a tiling which can

be produced using both the substitution and projection methods.

EXAMPLE 1.23 The Octagonal Tiling

This tiling is pictured in Figure 2 in the Introduction. There are 12 prototiles up to
translation for this tiling. The substitution rules for each congruence class of prototiles are
shown below, and the substitution rules for the other prototiles can be obtained by rotations

by km/4 of the diagrams below, for k = 0,...7. The expansion factor is A =1+ V2.

AN NN

Figure 1.3: Substitution rules for the Octagonal Tiling
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To generate the Octagonal Tiling using the projection method, the lattice A is chosen
to be Z* in standard position as a subspace of R*. Take

E = Span{(v/2/2,1/2,0,-1/2),(0,1/2,VZ/2,1/2)}

Etl = Span{(v/2/2,-1/2,0,1/2),(0,-1/2,v/2/2,-1/2)}.
The acceptance domain is the projection to E+ of the four-dimensional unit hypercube in
Z* shown below. The projection of A to E+ is dense in E*, so the Octagonal Tiling is a

2-dimensional codimension 2 canonical projection pattern.

€4

€3

€
Figure 1.4: Acceptance domain for the Octagonal tiling

Although canonical projection patterns are of interest in this document, we also want to
consider tilings and patterns whose acceptance domain is a polytope. The following section
contains a definition of polytopes, together with a discussion of the properties which are

applicable to the study of polytopal projection patterns.

1.3 Polytopes

The term polytope has been used in several different ways in the literature (see [7],(26]
for example). A definition is given below which encapsulates the notions required for the
purposes of this document. In particular, the polytopes considered here are compact subsets
of R", they have only a finite number of (n — 1)-dimensional faces and they need not be
convex. Several properties of these polytopes which will be used in later sections are also

described below.

DEFINITION 1.24 An m-cell ¢ is a space which is homeomorphic to an m-dimensional

closed ball B™. Call a 0-cell a vertex.
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DEFINITION 1.25 A regular cell complex is a space X and a collection of cells ¢, with

the following properties.

1. X is Hausdorff.
2. Uyca=X.

3. For each m-cell c,, there is a homeomorphism f,: B™ — c, and Oc, is equal to a

finite union of cells of X, each of dimension less than m.

4. A set A is closed in X if ANcy is closed in ¢, for each a.

A regular cell complex is a locally finite CW complex with the added properties that cells
are homeomorphic to balls and the boundary of a cell ¢, is equal to a union of finitely many
cells of X, whereas in a general CW complex, the map f, need only be a homeomorphism
between the interior of B™ and the interior of ¢4, and in general f, takes the boundary of

B™ to a subset of a union of finitely many cells of X of dimension less than m (see Fig 1.5

below).

R

Figure 1.5: A locally finite CW complex which is not a regular cell complex

In the above diagram, the boundary of the 2-cell is contained in but not homeomorphic

to the the union of the 1-cell and the 0-cell.
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DEFINITION 1.26 For a regular cell complex X, define an edge-path between vertices

a and b to be a finite set {eg,€1,...,ex—1} of 1-dimensional cells of X such that for i =
0,...,k — 1 each cell e; has boundary vertices v; and viy1, so e; N ei41 = Vit1, and a = vy,
b= Vg .

Call a mazimal edge-connected subset of X an edge-path component.

Say a regular cell complex X is edge-connected if there is an edge path between any pair

a,b of vertices in X.

Note that [4, IV.9] an orientation of a CW complex, and hence of a regular cell complex,

can be determined.

We are now in a position to give the definition of a polytope.

DEFINITION 1.27 An n-dimensional polytope L C R" is the underlying space of a

connected oriented regular cell complez consisting of finitely many cells c; with the following

properties.
a) Cells have dimension at most n and there is at least one cell ¢ of dimension n.

b) All m-cells are m-dimensional affine subspaces of R™ with boundary consisting of (m —

1)-cells, for 1 < m < n.

c) The interiors of any pair of cells ¢; # c; are disjoint. The intersection of any two

m-cells ¢; # c; is either empty or a cell ¢, of dimension less than m for 1 < m < n.

d) Every m-cell is at the intersection of at least two (m + 1)-cells for 0 < m < n—2. All

(n — 1)-cells lie in the boundary of at least one n-cell.

A 1-dimensional polytope is a subset of R consisting of a finite union of closed intervals
[a1,a2} U [az,a3] U...U[ak—2,ak—1] U [ak-1,ax], 2 2-dimensional polytope is a collection of
polygons intersecting in complete 1-cells, and a 3-dimensional polytope is a collection of

polyhedra intersecting in complete 2-cells.
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DEFINITION 1.28 Say an n-dimensional polytope L has inradius r if the supremum of

all radii of spheres S™~! which can be inscribed in the n-dimensional cells of L is r.
A useful tool in the study of polytopes is the notion of a flag.

DEFINITION 1.29 A flag F in an n-dimensional polytope L is a set of cells {c; : i =

0,...,n} of L, where ¢; is i-dimensional and ¢; C c;41 for each i.

Note that given any cell ¢ in a polytope L, a flag F (not unique in general) can be

constructed which contains c.
LEMMA 1.30 [26] Flags in a polytope satisfy the following.

1. For each i, there is a unique flag F' differing from a given flag F by ezactly one

element c;.

2. Given a pair of flags F and F', there is a chain (6;)icqo,....x} of flags F = 65,61,...,0k =

.....

F' in which 6; differs by exactly one element from 6; 1 and FNF' C 0; for eachi. |
We now describe two properties of polytopes which will be of use in subsequent sections.
LEMMA 1.31 A polytope L is a compact subset of R™ which is the closure of its interior.

Proof Since a polytope is the underlying space of a regular cell complex containing finitely
many compact cells, it is compact.
As L is compact, it is closed in R™ and we write L = L. Now the interior Int(L) is a

subset of L, so Int(L) ¢ L = L. It remains to show that L C Int(L). We have Int(L) =

Int(U;en i) O Uien Int(ci) so Int(L) D Usen Int(ci) = Uen Int(ci) = Usen Cir Where
N enumerates the n-cells in L, as each n-cell ¢; is homeomorphic to a closed ball and so is
the closure of its interior in R™. Note that |J;c 5 ¢i = L since the boundaries of the n-cells

contain all other cells of lower dimension in L. Hence Int(L) = L as required. |
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LEMMA 1.32 A polytope L is edge-connected.

Proof A l-dimensional polytope is edge-connected by definition since it consists only of
1-dimensional cells intersecting at vertices.

Now consider a general n-dimensional polytope L and suppose there are two edge-path
components. Take two 1-dimensional cells ¢, ¢/, one in each component. Take two flags
F Dcand F' O . By Lemma 1.30, since L is a polytope, statement 1 tells us there is a
chain of flags between F and F', and statement 2 gives that any two 1-dimensional cells in
the chain share a common vertex and hence form an edge-path. Thus there is an edge-path
between ¢ and ¢’ and hence between vertices in both edge-path components, which is a

contradiction. Therefore the polytope is edge-connected, as required. |

We now return to projection patterns. Lemma 1.31 shows that a polytope is a valid

choice for the acceptance domain K. Thus we make the following definition.

DEFINITION 1.33 Say a projection pattern is polytopal if it can be produced from a

projection scheme in which the acceptance domain K C V is a polytope.

Note that canonical projection patterns are also polytopal since a unit cell in the lattice
A is an N-dimensional polytope and its projection to V is again a polytope. However, not
all polytopes arise as projections of hypercubes, so the class of polytopal projection patterns

is larger than the class of canonical projection patterns.
1.4 Singular points

Given a polytopal projection pattern P with lattice A, acceptance domain K, and 7+ (A)NV
dense in a space V, singular points in V' are [13] those in the set VN, cpx4a 71 (p). Thus,
since the acceptance domain K is a polytope, the singular points in K are arranged into
lines, planes and so on. We call these objects singular spaces. Note that singular spaces
are not just formed by the faces of K and its translates in V., but they also arise at the
intersections of translates of faces of K. The notion of a singular space is made more precise

in the definitions below.
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DEFINITION 1.34 Write': = n-(A)NV and denote by S + T the set {S+~:v €T}

for S any subset of V.

DEFINITION 1.35 Define K to be the set of subsets of V = R™ consisting of the follow-

ing.

K+T: ={K+~:v€T}.
e F+~ for ally € ', where F is a cell of any dimension in the boundary 0K of K.

ﬂ:-;l(F,' + 7;) finite intersections of translates of cells F; in the boundary of K.

All i-dimensional subsets s of i-dimensional elements F of K which are polytopes such

that the boundary of s is a union of (i — 1)-dimensional elements, fori=1,...n.

An i-dimensional element of X is thus a subset of an i-dimensional face of some translate
of K which is bounded by subsets of (i — 1)-dimensional faces of other translates of K.
The n-dimensional elements arise only from the translates of K itself. The intersection of
singular n-spaces does not produce any singular (n — 1) spaces other than those contained
in 8K since the only way for two n-dimensional polytopes in n-dimensional space to have
(n — 1)-dimensional intersection is if they intersect only at their boundaries.

Compare this construction with the algebra A, associated to a projection pattern P,
defined in [12, 1.9.3], which consists of subsets of NSN(E + A +u) NV and is generated by
NSN(E+A+u)NK +V Nnt(u) under finite unions, finite intersections and symmetric
difference. The set K of subsets of the set of singular points is defined as above so as to rule
out the difference s\ §', for s’ a singular space of dimension strictly less than the dimension
of s, but to include subsets of elements which do not arise as intersections of other elements,
such as s in the diagram below, which is a subset of the 1-dimensional element F but not

in the intersection of F' with the two-dimensional elements F, F,, F3.
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DEFINITION 1.36 Denote by Ix the set of (n — 1)-dimensional boundary faces of the
acceptance domain K which are distinct up to I'-translation.

Write K* to denote the closure under finite union of the set of i-dimensional elements
of K and call the elements of K* singular i-spaces.

Write I; for the set of T'-orbits of singular i-spaces, which are the elements of K'/T.

Define L;: = |I;| to be the cardinality of this set.

Note that since singular (n — 1)-spaces arise only from I-translates of the (n — 1)-
dimensional faces of the acceptance domain K, and the fact that K is assumed to be a
polytope implies that there are finitely many I'-orbits of singular (n — 1)-spaces, so Ix is
always a set of finite cardinality.

Of particular note in this document is the set X° of singular 0-spaces.

DEFINITION 1.37 Say K° is finitely generated if it is the union of finitely many I'-orbits
of singular 0-spaces, and say it is infinitely generated otherwise. Write Lo for the number

of T-orbits of singular 0-spaces, so Lo = [K°/T|.

As an example of how singular spaces arise from a given projection scheme, consider the
Octagonal tiling from Example 1.23, a 2-dimensional codimension 2 canonical projection
pattern. Its acceptance domain K is an octagon with vertices at points of I', so translating
K by elements of I' produces lines of infinite length in four distinct directions in V. These
singular l-spaces intersect at the vertices of K (elements of I') which form a I'-orbit of
singular O-spaces but singular O-spaces also arise at the intersection of pairs of orthogonal

singular 1-spaces, and these are not vertices of K or its translates and hence are not elements

of T.
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Since any canonical projection pattern of arbitrary codimension n > 2 has acceptance
domain K with vertices at points of I', the I'-orbits of the (n — 1)-dimensional faces of
K consist of sets of (n — 1)-dimensional hyperplanes. However, for a general polytopal
projection pattern P, the I'-orbit of any face F of the acceptance domain K for P need not
contain the hyperplane spanned by F. In addition, it is possible that two I'-translates of
parallel singular i-spaces S, S’ for i < n — 1 may have i-dimensional intersection s C S, S’,
even if there is no v € T with S = S + ~. This fact also contrasts with the canonical
case, where parallel singular i-spaces are in the same I'-orbit, which has the form of sets of

disjoint hyperplanes. Thus we make the following definition.

DEFINITION 1.38 Take the set consisting of translates under the action of ' of all
singular i-spaces parallel to a given i-dimensional face 6 of K. Denote a typical element of
the set IS of connected components in the resulting space by D.

Denote by I;. the set containing the elements of I, for all faces 6.

Write D to denote the orbit class of D under the action of I.

By definition, D is an element of K* so is also referred to as a singular i-space.

We now describe some properties of singular spaces.

LEMMA 1.39 There is a dense set of singular j-spaces contained in any singular i-space,

for0<ig<nand0<j<i-1.
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Proof Note first that since I' is dense in V, the translates of singular (n — 1)-spaces (arising
from the boundary faces of K) are dense in any translate K + ~ for v € .

We now show that there is a dense set of singular (n — 2)-spaces in any singular (n — 1)-
space. Take a singular (n — 1)-space F and note that since the acceptance domain K is
bounded in V, there is a singular (n — 1)-space F' whose translates intersect F' in singular
(n — 2)-spaces. The set of all translates of F' within an n-dimensional ball B containing F
is dense in B by the density of ' in V. Thus the translates of F' intersect F in a dense set
of singular (n — 2)-spaces since otherwise there would be an n-dimensional subset F + F' of
V which could contain no translates of F', contradicting the density of I' in V.

The above two results imply that singular (n — 2)-spaces are also dense in singular n-
spaces K + . Thus the result follows if we show that singular (i — 1)-spaces are dense in
singular i-spaces for 0 < i <n —1.

Take a singular i-space S and an n-dimensional ball B containing S. There is a singular
(n — 1)-space F which intersects S in a singular (¢ — 1)-space since K is bounded in V, so
has boundary faces with normals spanning V', and hence contains at least one face which
does not have S as a subset. The I'-translates of F' are dense in the ball B by the density
of I' in V, and these translates intersect S in a dense set of singular i-spaces since if not,
then the n-dimensional region in V, of the form S + F, would contain no translates of F,

contradicting the density of T in V. [ |
LEMMA 1.40 Every element of K° lies in the intersection of at least two elements of K.

Proof If the acceptance domain K is 1-dimensional, then the lemma holds since elements
of K° are contained in K + I, which covers V = R, a 1-dimensional space, so any singular
0-space is the end point of two singular 1-spaces. If K is 2-dimensional, then any singular
0O-space arises at the intersection of boundary faces of K, which are elements of K, so the

result holds in this case also.
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If K is 3-dimensional, at least three 2-dimensional faces of translates of K with normals
linearly independent in V intersect to form any singular O-space p. If p is a vertex of a face
F, then the (1-dimensional) boundary edges of F intersecting at p are the required elements
of K. If p is not a vertex then it is either in the interior of all three faces, or it is in the
boundary of at least one face F. In the former case, any two of the faces intersect in a
line through p and there at least two distinct lines arising from the intersection of the three
faces, giving the required elements of X!. In the latter case, the singular 1-space containing
p in the boundary of F is one of the elements of K!. At least one other face F' of some
translate of K intersects F' to form p, so p is either in the (1-dimensional) boundary of F’
as well, or F' intersects F in a line segment through p. Thus in all cases, there are at least
two elements of K! intersecting at p, as required.

Now if K is n-dimensional, then a singular 0-space p is either a vertex of a translate K+~
of K or is in the interior of some i-dimensional face F of K ++v,for1 i <n—1and vy €T.
In the first case, the result holds since K is a polytope so by definition the vertex is at the
intersection of two 1-dimensional faces of K. In the latter case, either p is at the intersection
of two 1-dimensional boundary faces of I'-translates of K, so the result holds immediately,
or p is in the interior of a face F of dimension ¢ greater than 1. Then since n faces of K of
dimension n — 1 with linearly independent normal vectors intersect to form p, and singular
j-spaces arise at the intersection of n — j of the translates of (n — 1)-dimensional faces of K,

there are at least two singular (j = n — (i — 1))-spaces which intersect F in distinct singular

1-spaces containing p. [ |

LEMMA 1.41 There is a finite path of singular 1-spaces from any singular 0-space p in

V to a singular 0-space in a 1-dimensional boundary face of a translate of K containing p.

Proof A path of singular 1-spaces can be constructed which starts at p since by Lemma

1.40 there is a singular 1-space containing p and by Lemma 1.39 this space also contains
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another singular 0-space which by Lemma 1.40 lies in another singular 1-space and so on.
As singular 1-spaces ! are contained in faces of K by definition, and by Lemma 1.39 there
are infinitely many singular O-spaces ¢ in [, the point ¢ can be chosen so that the second
singular 1-space !' passing through q € [ has length greater than or equal to r, the smallest
inradius of all faces containing q. Hence the path can be constructed between p and a
singular O-space arbitrarily far from p and so the path will intersect the boundary of the
translate of K containing p in finitely many steps since K is bounded in V.

Suppose the point of intersection q of the path with K is contained in a face F' of
dimension i. By Lemma 1.40, there is a singular 1-space containing ¢ and we can suppose
the singular 1-space is contained in F. This is because if not, then ¢ must be a vertex of
some face F' of another translate of K and hence the result holds immediately because K is
a polytope so its vertices are contained in 1-dimensional boundary faces. As above, a finite
path of singular 1-spaces can be constructed from g to the boundary of F. Similarly construct
paths in the lower dimensional faces of K until a singular 1-space intersects a 1-dimensional

face of K in a point, as required to complete the path from p to the 1-dimensional boundary

of K. [ |

LEMMA 1.42 The set K° is edge-connected, in the sense that for any pair vy, vk of sin-
gular 0-spaces in KO there is a finite set {eg,e1,...,ex_1} of singular 1-spaces in which e;

has boundary {vi,vi+1}.

Proof Take two singular 0-spaces v and v’ in K° and the translates K,, K, of K which
contain them. As K has positive inradius and V = R” is locally compact, we can take
finitely many translates {K; : i = 1,...m} of K such that K; N K;;; # 0, Ko = K, and
K., = K,.. By the above lemma there are paths from v to a 1-dimensional boundary face
of K,. By Lemma 1.32 there is a path of singular 1-spaces between any singular 0-spaces in

the 1-dimensional boundary of K, and hence to a singular 0-space in K, N K;. Lemma 1.41
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then tells us that there is a path between singular O-spaces in K, N K and singular 0-spaces
in the 1-dimensional boundary of K,. Applying Lemma 1.32 again links these points to
points in K; N K,. Lemma 1.41 gives paths between singular 0-spaces in K; N K;;; and
singular O-spaces in the 1-dimensional boundary of K4, for each i. Hence there is a finite

path of singular 1-spaces between v and v'. [ |

LEMMA 1.43 Suppose the orbits of the (n—1)-dimensional faces of the acceptance domain
K contain the hyperplanes spanned by the faces. Then the singular i-spaces are arranged

into i-dimensional hyperplanes, for 0 <i <n —1.

Proof Take a singular (n — 2)-space F at the intersection of two (n — 1)-dimensional faces
F,, F; of translates of K. By assumption, each of these faces is contained in a hyperplane
composed of singular (n — 1)-spaces (arising from translates of (n — 1)-dimensional faces of
K). The hyperplanes associated to F; and F; intersect in a (n — 2)-dimensional hyperplane
H which contains F. The hyperplane H consists of a union of singular (n — 2)-spaces, since
singular (n — 2)-spaces arise by definition at intersections of singular (n — 1)-spaces. Hence
if the orbits of the (n — 1)-dimensional faces of K contain the hyperplanes spanned by the
faces, the singular (n — 2)-spaces form (n — 2)-dimensional hyperplanes.

Similarly, given a singular (n—3)-space F", it is at the intersection of two singular (n—2)-
spaces. The hyperplanes containing these singular (n — 2)-spaces intersect to produce a (n—
3)-dimensional hyperplane (composed of singular (n — 3)-spaces) containing F’. Repeating
this argument shows that given a singular 1-space [, it is at the intersection of two singular
2-spaces which are contained in planes. These planes intersect in an infinite line which
contains I. Hence, if the orbits of the (n — 1)-dimensional faces of K contain the hyperplanes

spanned by the faces then the singular i-spaces are arranged into i-dimensional hyperplanes,

for0<i<n-—1. [ |

DEFINITION 1.44 Take a singular i-space D € I;, with I'-action v(D): = D + v for

v € I'. Define the stabiliser of D to be the subset {y € I': y(D) = D} of I.
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Note that the stabiliser of an element D depends only on its orbit class, since the stabiliser
of D+v'is{ye€T:v(D+v)=D+vy'}={yeTl:v(D)+y =D+~'}={yel:v(D) =

D}, which is the stabiliser of D.

DEFINITION 1.45 Denote the stabiliser of a connected component D in the orbit class

D by I'P.

We now consider some general properties of the group I': = 71 (A) NV and stabilisers

of singular spaces.
LEMMA 1.46 The group T'/TP is torsion free.

Proof Suppose v € T' does not stabilise D but ¥™ is an element of I'? for some m > 0.
Then y™(D) = D + m~y = D and y™?(D) = D for p € Z so, as D is connected, it contains
a 1-dimensional affine subspace [. Since ~ is a translation vector, if y™ is a vector parallel
to [, then so must v = -},;'7"‘ be. Thus v is a translation in the direction of ! and so takes
points of D to points of D. Hence y(D) = D. Therefore -y is an element of the stabiliser of

D, which is a contradiction to the initial assumption. [ |

LEMMA 1.47 The rank of ' isn +d.

Proof The lattice A has rank N by definition. Also, the dimension of the vector space
E + E*+ = RV is N. Recall from Definition 1.16 that E+ = V @ A for V of dimension n
and A the real vector space generated by EX NA. Thus N = d + n + dim A. We can write
A=(EtNA)®d A where N ={geA:7t(g) e V},sortk A’ = N —dimA =n +d. The
definition of A’ implies that I’ = 71 (A’). Since 71 has kernel E but EN A = {0}, no two

elements of A’ project to the same vector in V sork I' =rk A’ = n + d as required. [ |

COROLLARY 1.48 The group I splits as TP @ T'/T'P.

Proof Since I' & Z"*4 is torsion-free, the subgroup I'? is torsion-free. Also, by Lemma

1.46, T'/T'? is torsion-free. Hence the result follows. [ |
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Note that the rank of the stabiliser of any connected component is bounded above by

the rank of I'. The following lemma makes this bound more precise.

LEMMA 1.49 For a connected component D in the orbit class D with stabiliser I'P, we

have

tkI°? < rkT—=n+dimD -1=dimD +d- 1.

Proof Suppose D has codimension ¢ in V, so ¢ = n — dim D. To ensure that I" spans
V, there must be c generators +; of I' whose span is a hyperplane H complementary to D
in V. To ensure that I' is dense in V, there must be at least one additional generator 7,
rationally independent of the c generators +;, in H with the property that integral linear
combinations of the vectors +,; densely fill the fundamental domain for the action of the
c generators of ' on H. Hence the rank of the stabiliser I'? is at most tk ' — (c + 1) =

n+d-n+dimD - 1=dimD +d - 1, as required. |
We now give the definitions of two special classes of polytopal projection patterns.

DEFINITION 1.50 Call a polytopal projection pattern P hypergeneric if all singular

i-spaces D associated to P are i-dimensional hyperplanes with stabilisers I'P satisfying

rk I[P =i,

Hypergeneric projection patterns have the property that the I'-orbits of the (n — 1)-
dimensional boundary faces of the acceptance domain K contain the hyperplanes spanned
by the faces. Such patterns were referred to as generic in {12] since they are the kind most
likely to occur in a randomly selected canonical projection scheme. However, we reserve the
term generic for the following class of projection patterns, which are the ones most likely to

occur in a randomly selected polytopal projection scheme.

DEFINITION 1.51 A polytopal projection pattern in which the stabilisers of all singular

spaces are trivial is called generic.
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Lastly, to simplify terminology we make the following definition.

DEFINITION 1.52 Suppose P is a codimension n polytopal projection pattern with ac-
ceptance domain K. Call P a hyperplane polytopal projection pattern if all connected
components D € I,_y. in the set of -orbits of (n — 1)-dimensional faces of K are (n — 1)-

dimensional hyperplanes.

The following results yield information about the stabilisers of singular spaces when the

number Lg of I'-orbits of singular 0-spaces is finite.

LEMMA 1.53 If Lg is finite, then the stabilisers of all i-dimensional connected compo-

nents D are non-trivial, for 0 <i < n—1.

Proof Suppose there exists D of dimension i with trivial stabiliser.

By Lemma 1.39, there are infinitely many singular 0-spaces in D. Suppose two of these
singular 0-spaces p; and p» are in the same orbit. Then there exists v € I’ with p; = p; +7.
This means that DN (D +v) D {p2} # 0 since p, € D and p; +v =p2 € D + . Since D is
a connected component in the set of I'-orbits of singular spaces, DN (D ++) # @, and v acts
by translation only, this implies that D + v = D, so < stabilises D, which is a contradiction.
Hence the singular 0-spaces in D must be in distinct I'-orbits. Thus we have shown that if

the stabiliser of some D € I, is trivial then Lg is infinite. [ |

LEMMA 1.54 If Ly is finite, then the singular i-spaces D € I;. are i-dimensional hyper-

planes fori=1,...n—1.

Proof By Lemma 1.43 it suffices to prove this result for i =n — 1.
First note that when L, is finite, singular 1-spaces have the form of lines of infinite
length. This is because if there were a singular 1-space | which was only a line segment,

then its stabiliser would be trivial and so any two singular 0-spaces in [ would be in distinct
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I'-orbits. However, by Lemma 1.39 since there are infinitely many singular O-spaces in any
singular 1-space, this would imply that Lo was infinite.

Lemma 1.39 also gives that singular 1-spaces are dense in D. Singular 1-spaces in n — 1
linearly independent directions are contained in D because D contains translates of at least
one (n — 1)-dimensional face F of the acceptance domain K for the polytopal projection
pattern under consideration and F is a polytope which is bounded in R*~! and hence
contains at least one set of singular 1-spaces linearly independent in R®~!. Thus D contains
dense sets of lines of infinite length in n — 1 linearly independent directions.

Now singular 0-spaces in D in the same I'-orbit are translates of one another by elements
in the stabiliser I'P of D since if they differed by some element not in the stabiliser of D
then at least one of the points could not lie in D. As singular 0-spaces are dense in D by
Lemma 1.39, but there are only finitely many I'-orbits of singular 0-spaces by assumption,
I'? is dense in D. Thus taking translates F + v of at least one of the faces F giving rise
to D for v € TP, every point in the hyperplane Hp spanned by D is contained in the set
{F + 7 : v € I'P}, which shows that Hp C D.

Hence since D C Hp by definition of Hp, we have shown that D is an (n—1)-dimensional

hyperplane and so all singular i-spaces in I, for 0 < ¢ < n are i-dimensional hyperplanes,

as required. |

COROLLARY 1.55 If Ly is finite then the dimension of the real vector space which is

the span of the stabiliser of an (n — 1)-dimensional singular space D € I,_y isn — 1.

Proof As above, D contains singular 1-spaces in n—1 linearly independent directions. Since
the singular 1-spaces are lines of infinite length, their stabilisers are non-trivial. Hence the

stabiliser I'P of D contains n — 1 linearly independent elements which span D (an (n — 1)-

dimensional affine subspace of V). [ |

LEMMA 1.56 For a polytopal projection pattern, if Loy is finite, then the rank of the

stabiliser of an i-dimensional connected component D is rk I'? = %‘;—di.
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Proof By the above results, when Ly is finite, the connected components form hyperplanes
so the argument of {12, IV.6.7] can be used to show that the above statement holds for

polytopal projection patterns with Ly < oo. [ |
The results of this section imply that there are three distinct cases to consider.

e L finite, so the orbits of singular i-spaces contain the hyperplanes spanned by the

spaces for all 7.

e At least one orbit of singular (n — 1)-spaces does not contain the hyperplanes spanned

by the spaces, so Lo is infinite.

e Ly is infinite but the orbits of singular spaces contain the hyperplanes spanned by the

spaces.
1.5 Modules from singular spaces

In analogy with [12, V.3.1], given the set X' of singular i-spaces, a [-module C* can be

defined, for i = 1,...,n as follows.

DEFINITION 1.57 For 0 < i < n, define C*, to be the Z-module of compactly-supported
Z-valued functions on singular i-spaces generated by indicator functions [U] on i-dimensional
elements U of K, subject to the relation (U] + [Uz] = [Uy UU,] + [Ur NV}, with zero element

0 = [W] for W the empty set or, if i > 0, a singular j-space for j <i— 1.

Note in particular that C° is a free Z-module.
There is an action of ' on C* for each i given by v-[U] = [U +~] for v € T and [U] € C*.

We now use these modules to define a complex analogous to that given in [12, V.3.2].

LEMMA 1.58 For C' as above, there is a complez of T-modules 0 - C™ 5 ¢™1 &

N - o ) for I'-equivariant maps 6.
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Proof Let R be the set of all Delone subsets R C I' such that all connected components
of Vg: = V\ {8K + v : 4 € R} are bounded and nonempty. Since K is polytopal with
inradius r, the Delone set R which is such that any ball of radius r/2 contains a point of R
is sufficient to ensure that the connected components of V' \ {K + v: v € R} are bounded
and non-empty. Thus R is non-empty. Clearly, it is also closed under finite union. Hence
R is a directed system under inclusion and |Jpcg R=T.

For R € R and 0 € i < n = dim V, define modules C}; in the same way as C* above, but
only for elements of K which arise from the translates {K + v : v € R} of the acceptance
domain K. Define maps 6r: C; = Ci; ! on generators by (U] = ¥, £[V;], for J the set
enumerating all singular (i — 1)-spaces in the boundary of the singular i-spaces making up
the space U and the sign of an indicator function [V}] is determined by the orientation of the
singular (i — 1)-space V;. The orientation of singular i-spaces arising from {K + v : v € R}
(a CW complex) can be chosen to ensure that §gdg[U] = 0 for [U] € C by orienting K
and assigning the same orientations to singular i-spaces parallel to i-dimensional faces of K
(note that the orientation of all singular n-spaces will be the same). Hence these modules

and maps form a chain complex
(P, B2 Noi L SUNLL Yo, NN} (1.1)

For R,R' € R with R C R’', the module C}z can be identified with a submodule of C%,
and under this identification we have ég[U] = ép[U] for all [U] € Ck. Thus, the direct limit
of the modules C§ for R € R is C* for each i. Hence the complexes (1.1) for R € R form
a direct system with direct limit again a chain complex. Note also that R € R implies that
R+~ € Rforall y €T, and if [U], [U + +] are elements of Ck, then dg[U + v] = ér[U] +7,

so the limit complex is a complex of I'modules and the maps § are I'-equivariant. [ |

LEMMA 1.59 The sequence

0oCr’3ets st 800 S5z250 (1.2)
is ezact at C™, C° and Z, where (U] = 1 for all (U] € C°.
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Proof Take an element f = Y n;[U;] # 0 in C™ and suppose §,—1(f) = >3 £n,[Vi;] = 0.
The element f is a compactly supported function on singular n-spaces in V = R™. The
compact subset of R" formed by the singular n-spaces is bounded in R” so it has non-
empty boundary components V;; and there are only finitely many such components since
the singular n-spaces U; are polytopes by definition. Now find a linearly independent set
[Vi4] within the (finite) set of all elements [Vi;] in §,—1(f) and write [V;;] = 3 m[V}}] so
dno1(f) = X0, 3, £nimi[V}]. Since 6,-1(f) = 0, we must have nymi = 0 for all i,k. As
at least one of the [V;;] are non-zero for each i, there exists at least one k with mi[V},] # 0
so my # 0. This implies that n; = 0 for all 7, so the element f = Y n;[U;] = 0, which
is a contradiction. Hence if f € C™ is non-zero then 6,_;(f) # 0 in C™™! and hence
Keréd,_1 = 0 as required for the sequence to be exact at C™.

To see exactness at C?, note that any element in the image of do has the form Y a([p:] —
[p;]) for @ € Z and p;, p; singular O-spaces. Thus ¢(3" a([p:] — [p;])) = X ae([pi] — [pj]) =
>>a(l —1) = 0 and hence Iméy C Kere. The fact that Kere C Imdy is provided by
Lemma 1.42.

Finally, the sequence is exact at Z. This is because there is at least one singular point p
in K?, so taking integer multiples of the indicator function [p] € C° on p gives elements of

C° which map to a € Z for any a. Hence the map e is surjective, as required for exactness

at Z. [

Unlike in the canonical case [12], for a polytopal projection pattern, it is not straight-
forward to show that the sequence is exact everywhere, and in fact it is possible that the
sequence may not be exact in general. However, as shown in Section 2.2, the sequence is
exact for all polytopal projection patterns of codimension 2 and for higher codimensions,

there is one class of polytopal projection patterns for which the sequence is always exact.

LEMMA 1.60 If the orbits of faces of K contain the hyperplanes spanned by the faces,

then the sequence (1.2) is ezact.
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Proof Exactness at Z,C? and C™ is provided by Lemma 1.59. The removal of hyperplanes
translated by elements of a Delone subset R of I' decomposes the space V 2 R”™ into convex
(and hence contractible) sets. Thus the complex (1.1) of modules C} is acyclic so the limit

complex (1.2) of modules C* is acyclic for 0 < i < n. |

Thus, whether Ly is finite or infinite, if the orbits of singular spaces contain the hyper-
planes spanned by the spaces, then the sequence will again be exact.

Now note that the modules C* can be decomposed into various submodules, as follows.

DEFINITION 1.61 For D € I,_ . in the orbit class D (Def 1.38), define C}~! to be the
submodule of C*~1 generated by indicator functions on all singular (n — 1)-spaces D in the
T-orbit D. Also, define Cg"l to be the submodule of C™~! generated by indicator functions
on a single representative D of the I'-orbit D.

Similarly for 0 < i < n — 1, define C}, for D € I,_i. to be the submodule of C*
generated only by indicator functions on singular i-spaces which are contained in D and
its [-translates. Lastly, define Ci, as the submodule generated by singular i-spaces in one

representative of the I'-orbit D.

Note in particular that C and C9 are free modules with generators consisting of indi-
cator functions on singular points contained in D + I and D € D respectively.

For canonical projection patterns, there is exactly one I'-orbit of singular (n — 1)-spaces
D parallel to 6 for each 6 € Ix (Def 1.36), but in general, parallel singular (n — 1)-spaces
could lie in distinct orbits (although there will be only finitely many such orbits by the
remark following Definition 1.36). Also note that for non-canonical projection patterns, the
[-orbits of faces of K need not be disjoint, which means that the connected components
D could be composed of translates of more than one distinct (up to I'-translation) (n — 1)-
dimensional face of K, whereas for canonical projection patterns connected components D

are formed from translates of only one face of K.
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Since all parallel connected components D € I,,_;. are disjoint, and the intersection of
two non-parallel components is a singular space of dimension s < n—1 which gives rise to the

zero element in C™~!, there is a decomposition @pe; . Cp'. A further decomposition

n-1lc

of C™~! is provided by the following lemma.

LEMMA 1.62 The module C"~ splits as @pey,_, /r 27! ® Z[T/TP] for Z[T/TP) the

free Z-module with basis consisting of elements of T/TP.

Proof Given the above decomposition C*~! = @p¢; _ . Cp™', note that Cp ' = C3 7' ®
Z[T'/TP). This is because D is the equivalence class of connected components D € I,_;,
under the relation D ~ D' if D = D'+~ for ¥ € T, and since D = D + v for v € I'P,

distinct elements of CB_I arise only from translations of D by I'/T'P. [ |

Lastly, note that the submodules defined above also fit into complexes analogous to the

one in Lemma 1.58.

02 CprtoCp 2o 2Cy-0

The exactness and other properties of this sequence will be considered in greater detail in
Chapter 2. However, we note here that the sequence is exact at CD‘I, since the singular (n—
1)-spaces underlying an element 3" n;[U;] of C"~! are bounded in the connected components

D in the orbit D and hence the proof of Lemma 1.59 can be applied in this case.

1.6 Algebraic Topology and MP

In this section, we introduce the main tools from algebraic topology which are used in the
study of the continuous hull MP (Def 1.10) and hence, by Lemma 1.11, of a pattern P.

Relationships between the following topological invariants are stated in Theorem 1.76 ahead.
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1.6.1 (*-algebra K-theory

One way of investigating the structure of M P is provided by first obtaining a C*-algebra from
MP, written C(MP) x RY, and then considering the K-theory of this object. Essentially,
a C*-algebra A is a complex vector space equipped with a product and another operation,
*: A = A called the adjoint, together with a norm ||-|| such that A is complete with respect
to this norm and elements a € A satisfy the C*-algebra condition |la*a|| = ||a||?>. For the
precise definition of C*-algebras, and the construction of the crossed-product C(Y) x G for
a group G acting on a compact Hausdorff topological space Y, see Appendix 1. To study
such objects, C*-algebra K-theory is used. This is defined using projections in A, which
are elements p € A such that p = p* = p?. If A is unital, then Ky(A) is defined to be
the Grothendieck group of the semigroup of stable equivalence classes of projections in A.
Appendix 1 contains the precise definition of the equivalence relation on projections and the
definition of Ky(A) when A is not unital. The group K;(A4) can also be calculated, which
is defined using suspensions of A (Def 4.4). By Bott periodicity, given in Appendix 1 as
Theorem 4.5, these are the only distinct K-groups for C*-algebras. Other properties of C*-
algebra K-theory which are utilised in the study of C*-algebras arising from quasiperiodic
patterns are also stated in Appendix 1. The simplest example of a C*-algebra is the set C
of complex numbers together with the usual addition, multiplication, complex conjugation
and the modulus norm. The K-theory is Ko(C) = Z and K,(C) = 0.

The C*-algebra K-theory has applications to the study of particles moving within qua-
sicrystals. A discussion of the link between K-theory and physics can be found in [22]. The
main ideas giving rise to this connection are as follows.

Under certain simplifying assumptions, such as no external forces acting, the motion
of a particle in Euclidean space can be modelled (in quantum mechanics) by its position
and momentum operators. These operators generate an algebra, known as the algebra of

observables of the particle, which in turn gives rise to the C*-algebra of observables A.
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The tight-binding model for a particle moving in a solid is used. In this model, a solid
is represented by a tiling in which each tile corresponds to an atom. The motion of a
particle in this structure is then discrete - the particle essentially jumps from tile to tile.
The position operator of the particle is replaced by a tile in the tiling and the momentum
operator is replaced by finite translations. Now consider the Hamiltonian operator H € A
(which encodes kinetic and potential energy) of a particle moving in a solid, in accordance
with the tight-binding model. The Hamiltonian is a bounded operator, so its spectrum S
of eigenvalues is a bounded subset of R. Define a gap in the spectrum to be a maximal
connected subset of the complement of S in R. Note that since S is bounded in R, there
exist real numbers a and b such that the intervals —00: = (—00,a) and co: = (b,0) are
gaps. The C*-algebra K-theory labels the gaps, as follows.

Writing Gap(H) for the set of all gaps in the spectrum of H, there is a map Gap(H) —
K (A) which sends a gap g to the class [P,] of P,, the spectral projection of the interval
(—00,9). Then [P,] is called a label for the gap g. It has the properties that [P_] = 0 and
[P] = 1. If H is perturbed such that the gaps change in size but do not disappear, then
the labels do not change, so the map Gap(H) — Ko(A) is injective. This result is useful
if Ko(A) can be computed, since the number of gaps in the spectrum of H is then known
even if the precise nature of the spectrum is unknown. For more details about these ideas,
see [22].

1.6.2 Cech cohomology

Given the topological space MP, the Cech cohomology H*(MP;Z) can be defined. To
do this [27], first take the set J of all open covers & of MP, and say U; < U, if Us is
a refinement of Uy, so for all U € U,, there is at least one U’ € U containing U. Next
define the nerve N(U) of a cover U to be the simplicial complex with vertices the elements
of U and n-simplices consisting of finite subsets {U1,...,Un} of elements of & with the

property that U; N...NU, # 0. Given two open covers U;,Us of MP with U; < Us, there
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is a map f: Uy — U given by choosing f(U) to be an element U’ € U; which contains
U € Uy. Note that if U1 N---NU, # 0, then U' = f(U;N---NU,) # 0 because U’ contains
UyN---NU, by definition. Thus f induces a map f: N(Uz) = N(U,), which in turn induces
a homomorphism f*: H¥(N(U,);Z) — H*(N(U,);Z). Choosing a different map does not
affect this construction since if we have two maps f and f’ with the property that f(U) and
f'(U) are elements of U; containing U, then NU; C N, (f(Us) N f'(Us)), so the induced

maps f* and f'* are the same.

DEFINITION 1.63 The kth Cech cohomology group of MP with coefficients in Z is

defined to be

H*(MP;Z): = lim H*(N(U);Z).
ueld

Cech cohomology is used in Chapters 2 and 3. It is a good cohomology theory to use
for the study of topological spaces like M P, which is not a CW complex. Also, MP can be
described [31] in terms of an inverse limit lzin K, so the property [27] that H ‘(lig_nK n) =
liLn H*(K,) means that Cech cohomology is suitable for use in this setting. Theorem 1.76
below provides further evidence that Cech cohomology is appropriate, since this theorem
supplies isomorphisms linking the K-theory to the Cech cohomology of the topological space
MP. By Theorem 1.76, Cech cohomology is also isomorphic to group cohomology, which is
defined in the following section. This invariant is more straightforward to compute and so

will be used in Chapter 2.

1.6.3 Group (co)homology and dynamical systems

Later in this document, and in Chapter 2 in particular, we wish to compute the group
homology H.(T';C) of I': = n+(A) NV with coefficients in a -module C. Following [12,
V 4], this section gives the definition of group homology and states properties which will be
used to facilitate calculations later in this document. Note that group cohomology can be

obtained from group homology via Poincaré duality.
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Group homology of a group I' is defined to be the homology of a projective resolution of
Z by modules over Z[I'], the free Z-module with basis consisting of all elements of I'. The

resolution we choose [12] is given below.

DEFINITION 1.64 Denote by {ei,...,€en+a} @ basis of T. Write AT for the exterior
module of the group T, which is AT: = @ AT, and AT is the Z-module with basis denoted
by {ej, Nej, A...Aej, : jx € {1,...,n+d}} for A subject to relations ej, A...Aej, Aej, ., A

oNhej=—ej AL ANej ANej AN Nej, fork=1,...n+d - 1.

Note that the relations imply that if jx = j,, for some jx,jm € {1,...,n + d}, then
ej, N...ANej, =0.

Also Z[TI'] can be viewed as the ring of Laurent polynomials on n+d variables {71, ..., Yn+a}
with integer coefficients, and hence is also referred to as the integral group ring of T.

A free resolution of Z as a trivial Z[I'}-module is [14]
0 Ansal ®z2Z[0) 3 - B AT ®2Z[[] S Z 0 (1.3)

where €[y] = 1 for all basis elements [y] of Z[I'] and & is determined uniquely as the Z[I']-

linear map of degree 1 satisfying 8(e;) = t; — 1. The Z[I']-action is trivial on the first factor

and permutation on Z[I'].
Applying the functor — ®r C gives the complex below.

0 Antal ® Z[I &1 C 28" Apya 1T @ Z[T] @r C 28" ...
B AMTRZMN &r C 28 AT ®Z[®C = 0 (1.4)
The boundary operator is given on basis elements by
i
O0®1((ej; A---Aes)®c) =D (~1)k(ej A...&j, ... Nej,) ® (es, -c—c)
k=1

where é;, signifies that e;, is omitted and + - ¢ denotes the action by translation of v € T
onc€ C,s0v-c=c++. Group homology H.(T';C) is the homology of this complex.

We now list some results which will be useful for later calculations.
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LEMMA 1.65 With the above constructions, where I' acts freely on Z[I'}, we have

Z m=0

H'"(F‘Z[F])g{ 0 m>0.

Proof Since Z[I'] is a free I-module, the functor — ®r Z[I'] is exact, meaning that tensoring
over I by Z[I'] does not alter the exactness of the sequence (1.3). Hence Hx(I';Z[I]) = 0
for k > 0.

The fact that the free resolution (1.3) of Z is exact after applying — ®r Z[I'] implies that
Ker(8: AT ® Z[I') — 0)/Im(8: A;T ® Z[I'] = AoI’ ® Z[I')) is equal to Z since from (1.3)

we have AoI' ® Z[['] —» Z. Thus Ho(T; Z[I)) = Z. |

Now suppose I' splits as 'y @ I'2. Write Z[I';] for the free Z-module generated by I's.
This is also a I-module under the action (y; ®v2) - £ = = + v2. Then we have the following

result.

LEMMA 1.66

(rk"f‘1) < <
Hu(T';2[T2)) E{ T e

Proof We have AT’ ® Z[I'y] = ®i+j=k ATy ® A;T; ® Z[I';] so, under the above action
by I, the boundary operator ; becomes (—1)* ® 8. for 8, the boundary of the complex

Al ® Z[rg] Hence Hk(F,Z[FZ]) = ®H—j=k AT ® Hj(rz;Z[Fg]) =~ AiT. The fact that

rkbl‘l )

ATy = z( gives the required result. |
COROLLARY 1.67 Hy(T;2) = z("%"). i
COROLLARY 1.68 ez: = ¥~ _ (-1)™rk H,([;Z) ® Q = 0. i

COROLLARY 1.69 For C any I'-module, Hp, (T & IT'2;C ®r Z[I'2]) = Hy(Ty; C). [ |

LEMMA 1.70 If C = @; C; then Hn(T;C) = @, Hn(T; C;). [ ]
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Note that since the complex used to define group homology is bounded below, we have
H,(I';C)=0for m <0.
Now consider the modules C* in Definition 1.57, which arise from consideration of singu-

lar i-spaces (Def 1.36). There are several results which we collect here for use in Chapter 2.
COROLLARY 1.71 Group homology H.,,(T'; C*~1) splits as a direct sum of groups

HnTCm Y2 @ HaPCp).
DEIn—lc/r

Proof Lemmas 1.62, 1.70 and Corollary 1.66 give Hn(T[;C™') = @pe; | r Hn(T? ®

T/T%C3 ™ @ Z[T/TP)) = @, _,.;r Hn(TP;C37H). |

LEMMA 1.72 For a singular i-space D € I, in I'-orbit D with stabiliser of rank r > 1,

the homology groups H,,(T'?; CL) are non-trivial only for m < rk I'P — dim D.

Proof If the rank of I'? is equal to i, then there is a fundamental domain Y for the action
of I'P on elements D in D, and I'P acts freely on Y, so C}, decomposes as C}, ® Z[I'P], for
C}, the submodule of C}, generated by singular i-spaces contained in Y. By Corollary 1.69
we have H.(I'P;C}) = H.(1;C}) so only Ho(I'P; C3,) is non-trivial. Similarly, if tk TP > i,
then Hm(I'?;C) 2 H,, (T @ Iz; C4 ® Z[I;)), where Iz acts freely on Y C D and hence
has rank i. By Corollary 1.69 we have H,,(I'?;C},) SH,,,(I‘I;CQ). Since I'; has rank

rk I'? — dim D, the result follows. |

COROLLARY 1.73 If the rank of the stabiliser I'P of a singular i-space D is i, then
H,(TP;CL) = 0 for m > 0. [ |

Spectral sequences

Now suppose we have a d-dimensional codimension n polytopal projection pattern with
associated exact sequence (1.2) of I-modules 0 » C* S Cn-1 5 ... 5 1 4 ¢c° 52 > 0.

Spectral sequences can be produced from the double complex (A,I' ® C?,8,(—1)? ® d) as

follows.
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The first spectral sequence which can arise, denoted ET

g 18 produced by taking the

homology of the complex with respect to (—1)P ® 4. Since the sequence (1.2) above is exact,
E,l,q = Hs(A,T ® C7) = Ker(A,T ® C7 = AT ® C971)/Im(A,T ® C71 5 AT ® C9)
is trivial for ¢ > 0. Hence the higher differentials arising from the map & are trivial and

E}, = EZ is the limit of the spectral sequence. Thus [12] @, _; ES = Ayl and EZ =0
for ¢ > 0. Hence when ¢ = 0, we have E;j: = A,I' = H,(I';Z). The spectral sequence is
said to converge to Hp(T'; Z).

The second spectral sequence which can be produced from the above double complex is
denoted E7, and is derived by taking the homology of the complex A,I'® C? with respect to
9, so E},’q = Hp(T'; C?) and the first differential is ((—1)?®4).. The first differential is a map
from E; , to Ej; ,_,. There are also higher differentials from Ej, to Ej_, ., Note that
the limit term Eg9 is equal to the term E7_ if all higher differentials Ef, — E}_, ., , are
trivial for t > r. Again, the spectral sequence is said to converge to H,.(I';Z) and we write
Ej, = Hpi4(I';Z). This means that the vector spaces Ep; ® Q satisfy @, Epq ® Q=
H,(T;Z) ® Q and hence the ranks of the terms on the diagonals p + ¢ = k of the table sum
to the rank of Hi(T'; Z).

There are maps Hp4p(I';Z) — Hy(T;C™) for 0 < p < d, which will be referred to
as edge homomorphisms in this document. They are defined as the composition of the
boundary homomorphisms in the long exact sequences in homology arising from the short
exact segences

0>C* o5 Cr 15 Ci 250
04 Cr2a0Cr 250350

0-CQ—-C°>Z—0.
Spectral sequences associated to the complex (1.2) can be illustrated by drawing a table
with n columns. For the terms E}_, the ith column contains H, (T'; C*), with Ho(T'; C*) in the
Oth row, H;(T; C*) in the first row and so on. Examples of tables for the E! and E? = E®

terms in the spectral sequence of a 3-dimensional codimension 3 polytopal projection pattern
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with Lp finite are shown below. The non-zero entries in the table are determined by Lemmas

1.56 and 1.72.
0 0 0 H3(T; C?)
0 0 H,(T;C?) 42 Hy(T; CP)
0 | Hi(D;CH P 0?4 Hy (15 C°)
Ho(T; C°) 42 Ho(T; C*) 82 Ho(T; C2) 2 Ho(T'; C°)
0 0 0 H3(T;C°)

0 0 Kerdy, /Imdss Kerds,

0 (H1(T;C")/Imda) [ Imdy Kerdy; /Imds, Kerd,

HO(F; Co)/Imdm Ke‘rdlo/Imdgo Kerzo/Imd:-;o Ker61

In this case, there are short exact sequences 0 = Hp,41(I;CY)/Imdy i1 = Hmyo (TG Z)

— Kerdym — 0 and so on associated to the terms on the diagonals of the table, so

d+2
tk Hpyt (T;CY)/ Imdg ey + 1tk Kerday, = (m L 2).

For more information about spectral sequences in general, see [25], and for more detail
about this particular spectral sequence, see [12]. In Chapter 2 we study this spectral se-
quence in detail in order to determine the rational ranks of the groups Hy(I'; C?), which are

used in the calculation of the Euler characteristic.

Dynamical systems

We now consider an application of group homology, following {12]. Take a projection system
(A,E,K,v). Decompose A = Z" into Ag ® A; in such a way that Ao spans a space E’
complementary to E. Recall the definition of the metric i on the set NS of non-singular

points given in Lemma 1.20 by fi(u,v) = p(Py,Py) + |lv — u||.

DEFINITION 1.74 Write Q = E + ZN for the Euclidean closure of E + ZN.

Define E;, = E' N NSN(Q + u), the completion of this space with respect to the metric ji.
Define a map ¢: E;, & E' N (E + ZN + u) which is such that ||¢"1(v)|| = 1 for v €

NSNE N(Q + u).
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The map ¢ ‘closes’ the ‘gaps’ made by removing singular points and completing with respect
to fi. It is one-to-one on non-singular points and m-to-one, for finite m, elsewhere.
Decompose E' N Q into V + A, where n’(A), the Euclidean closure of the projection of

Ato E',is densein V.
DEFINITION 1.75 Define V,: = {z € E, : ¢(z) € V + n'(u)}.

With this definition, there is [12, I1.4.3] a decomposition C.(E;Z) = C.(Vy; Z)®zZ[E'N
A}, where C.(Y;Z) denotes the continuous integer-valued functions on Y with compact
support and Z[E' N A] denotes the free Z-module on the discrete group E' N A which gives
rise to the vector space A in Definition 1.16.

Decompose A as A’ ® (AN E'), for A': = {g € A : n'(g) € V}. Note that A’ =
(A'NAp) ® Ay and 7'(A’') =T = n'(A) N V. Then [12, 11.4.4] there is a decomposition
Z[A] = Z[AN') ® Z[A N E'] and each component of Z[A] acts on the corresponding compo-
nent of C.(E,;Z). Thus by Corollary 1.69 there is an isomorphism H.(A;C.(E,;Z)) =
H,(T;C.(V,;Z)). Hence when calculating the cohomology of projection patterns we can
restrict attention to V rather than the whole of E' (which is isomorphic to E+ via the
projection 1 with kernel E).

Now split Ag into A, ® A, so that A, has rank equal to the dimension of V and V is
the span of A,. Take a fundamental domain X for the action of A, on V,. Then [12, I.10]
there is a dynamical system consisting of the space X: = V, /A, with action by A, = Z9.
Provided E N A = {0}, so the pattern produced by the projection system is non-periodic,
the space X is a Cantor set and the Z%-action is minimal, meaning that every orbit is dense
in X.

The continuous hull MP with action by R? is the mapping torus of this dynamical

system: MP = (X x R?)/ ~, where (z,y + a) ~ (a,(z),y) for all a € Z4, and a denotes

the Z4-action on X.
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For C(X;Z) the continuous integer-valued functions on X, we have group cohomology
H,.(Z%;C(X;Z)), defined as in Section 1.6.3. The relationships between this invariant,
those defined above, and the K-theory and Cech cohomology of the continuous hull MP is

discussed in the following section.

1.6.4 Isomorphisms between invariants

This section contains the theorem providing links between the invariants defined above.
Note H*(-) denotes Cech cohomology, H*(—) indicates group cohomology, H.(—) denotes

group homology and K.(—) signifies C*-algebra K-theory.

THEOREM 1.76 For d-dimensional codimension n projection patterns, there are isomor-

phisms of groups for each m as follows.
1. H™(MP) = H™(A;C(E}; Z)) = Hy—m(A; Ce(Ey; Z)).
2. Ha-m(A; Ce(Ey; Z)) 2 Hym(T5Ce(Vas Z)) = Ha-m(2%C(X; Z)) = H™(2%,C(X; 2)).
3. Km(C(X) % Z%) @ Q= @2 _, HH*™(24C(X;2)) ® Q.

Proof Item 1is proved in [12, I1.4.2]. The second statement follows from the decomposition
of E},, the definition of X, Lemma 1.69 and Poincaré duality. The final statement is proved

in [11]. |

Note that for patterns of codimension n < 3 the result of item 3 has been strengthened
(15, Thm 7.3] to an isomorphism K, (C(X) % Z%) = @2 _, H®*™2(2%C(X;2)). It

is not yet known whether this result is true for general n, but for the purposes of this

document, the result of the above theorem is enough.

COROLLARY 1.77 The homology and cohomology groups described above are non-trivial

only for0 < m < d.

Proof The homology groups H,,(Z%; C(X;Z)) are non-trivial only for m in this range. [ |
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1.6.5 The Euler characteristic

The final tool which will be considered here and which can be used to investigate the
continuous hull MP is the Fuler characteristic.

As we will see in Chapter 2, there are several equivalent definitions of the Euler char-
acteristic. For general patterns P, one possible description is given in Definition 2.1 in
Chapter 2. Alternative formulations of the Euler characteristic, for P a polytopal projec-
tion pattern, arise from the results of Theorem 1.76, and hence are equivalent to Definition
2.1. Corollaries 2.2 and 2.4 give two such alternatives. The Euler characteristic is a ratio-
nal invariant, so it does not detect torsion, for example. Hence it encodes less information
than Cech cohomology or C*-algebra K-theory. However, the Euler characteristic is rela-
tively straightforward to compute from the combinatorics of the acceptance domain and the
singular spaces (Def 1.36) arising from it. In cases when quantities required for the compu-
tation of Cech cohomology or K-theory cannot be determined, the Euler characteristic can

therefore often yield information.
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Chapter 2

The Euler Characteristic

The main aim of this chapter is to define a topological invariant (the Euler characteristic)
for polytopal projection patterns and carry out computations of this invariant in several
cases. In order to achieve this aim, we first extend various ideas in [12] (which were appli-
cable only to canonical projection patterns) to the class of polytopal projection patterns.
We then derive several formulae for calculating the Euler characteristic and examine some
consequences of the values obtained from such calculations.

Whereas cohomology is explicitly computed in [12] for canonical projection patterns,
formulae for determining the cohomology of the continuous hull M P of polytopal projection
patterns were not considered. For codimension 2 polytopal projection patterns, the method
of calculation of the Euler characteristic in all possible cases can be adapted to enable a
formula for the cohomology of such patterns to be determined, as shown in Section 2.2.2.

For polytopal projection patterns of higher codimension, it is shown in Section 2.3 that
the Euler characteristic is not always defined. A discussion is given in Section 2.4 about how
much can be said in such cases and formulae are provided for the calculation of the Euler
characteristic in cases when it is defined. The chapter concludes with some applications of
the results obtained.

We begin by defining the Euler characteristic for general point patterns before special-

ising to polytopal projection patterns for which a more tractable definition is available.
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DEFINITION 2.1 For a d-dimensional pattern P, the Euler characteristic is defined to

be

d
ep: =y (-1)*'rk H(MP)®Q,

1=0

where H denotes Cech cohomology, provided no two terms are infinite and of opposite sign.

If any two terms are infinite and have opposite sign, then the Euler characteristic is said

to be not defined.

Note that since some of the cohomology groups H*(MP) could have infinite rank, the
Euler characteristic is allowed to take the value *oo if infinite terms in the expression for
ep have the same sign.

The sign (—1)9~* is chosen to ensure that the term involving rk H¢(MP)® Q is positive,
so that the values of the Euler characteristic correspond to those given in [14] and [16] for
various examples of patterns.

This definition is applicable to any point pattern P. For the remainder of this chapter, we
consider patterns which arise from a projection scheme with polytopal acceptance domain.
By Theorem 1.76, in the case when P is a polytopal projection pattern, there is an alternative

description of the Euler characteristic, as follows.
COROLLARY 2.2 For a d-dimensional codimension n polytopal projection pattern P

d
ep = Z(—l)*rk H;(T5C:(Va;2)) ® Q,
i=0

when it is defined, where H denotes group homology and C.(Vy,; Z) is the module of compactly

supported continuous Z-valued functions on V,, (Def 1.75). [ |

In order to produce yet another description of the Euler characteristic for a polytopal
projection pattern P, we first recall that there is a complex (1.2) 0 5 C* > C" 1 —» ... &
C° - Z — 0 of I'-modules C* (Def 1.57) arising from singular i-spaces associated to P. The

following lemmas show that this complex (1.2) is applicable to the calculation of the Euler

characteristic.
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LEMMA 2.3 For a codimension n polytopal projection pattern P, there is a group isomor-

phism C™ = Cy(Vy; Z).

Proof By the remark preceding [13, Prop 61], the isomorphism is given by sending an

element [U] to the indicator function on the closure of U \ ((6K + ') NU). [ |

The following expression gives the definition of the Euler characteristic which will be

most useful in the remainder of this chapter.

COROLLARY 2.4 For a codimension n polytopal projection pattern P, the Euler char-

acteristic is

d
ep = Y (—-1)irk Hi(T;C™) @ Q.

i=0
Proof An immediate corollary of the above lemma is that H,(T;C.(Vr;Z)) = H.(T;C™).
Substituting this into the expression for the Euler characteristic in Corollary 2.2 gives the

result. ]

If the sequence in Lemma 1.59 is exact everywhere, then the lemma below shows that
the Euler characteristic can be computed by considering the modules C* for i < n. We first

define some notation.

DEFINITION 2.5 ForY: =0 =5 C*! - ... 5 C! - C° — 0, define ey to be
Yop 2g(=1)PTirk Hy(I';C%) ® Q and for a Z-module C denote 2p(=1)Prk Hp(I;C) @ Q

by €C.

LEMMA 2.6 For a codimension n polytopal projection pattern P such that the sequence

0 C*— - = C% = Z -0 is exact everywhere, ep = (—1)"Hley.

Proof Take the exact sequence 0 - C® — --- = C! = C® = Z — 0. This can be split up

into a series of short exact sequences 0 = C§ — C* — C3~™' = 0, for 0 < i < n — 1, where
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Ci = Im(6: C**1 — C*). Note Ci~! = C™ and Cy! = Z. These exact sequences give rise
to long exact sequences in homology of the form shown below.
N H,(T;CY) — Hy(T;C*) — Hy(T;CH7Y)
2 Hy([;68) — Hi(T;CY) — Hiy(D;657Y)
2o Ho(T;C}) — Ho(T;C*) — Ho(T;C3) — 0
Thus we have

rk Ho(T'; C*) = tk Ho(T'; Ci) + rk Ho(T;Ci™Y) — rk Bo,

rk H,(T;C*) =tk Hy(T;C3) + rk H ([;C4") — rk fo — rk B,

rk Hy(T;C*) = rk Hy(T; CE) + rk Ho(T;C7Y) — 1k B2 — 1k By
and so on. This means that in the alternating sum eqc:i = Z:zo(—l)"rk H,(T;C*) the
terms rk B; cancel so that eci = eg; + eci-1- Similarly eci-1 = €ci-1 ~ €gi-2. Thus

eci = ecy +€ci-1 — €gi-2. Continuing in this way produces an expression ec» = egn-1 —

ecn-2 + ...t eco F ez. By Corollary 1.68, we have ez = 0. Thus Z(—l)”ecp = 0, which

r=0
n d
means Z Z(—l)p“"qu H,(T;CP)@Q=0.
p=0 ¢=0
From this result, we have
d n-1 d
S (=D)™Uak Hy(T;6™) 0Q = =) > (-1)P7k Hy(T;CP) @ Q. (2.1)
q=0 p=0 ¢=0

Since the Euler characteristic ep = Z:=o('1)qu H,(T;C™) ® Q by Corollary 2.4, the
left hand side of (2.1) gives (—1)"ep. The right hand side (without the minus sign) is
precisely ey .

Hence ep = (—1)"*!ey as required. [ |

Hence, when it can be shown to be exact, the sequence (1.2) in Lemma 1.59 is of use in

the calculation of the Euler characteristic of a projection method pattern.
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By the results of Chapter 1, there are three different cases to consider. In the case when
Ly is finite, by Lemma 1.54 the connected components in 3K + I' are hyperplanes, so by
Lemma 1.60 the sequence (1.2) is exact and, as shown in Section 2.4.1, a formula for the
Euler characteristic of a polytopal projection pattern of any codimension can be determined
in this case. In the second case, when L is infinite and the connected components are
hyperplanes, then the sequence (1.2) is again exact. However, it will be seen in Section
2.3 that the Euler characteristic cannot always be determined in this case. Lastly, in the
case when connected components in 8K + I' are not all hyperplanes, then exactness of the
sequence (1.2) is not guaranteed. However, there are some results which can be deduced in
this most general case, such as Theorems 2.28 and 2.60 ahead.

The following three sections consider projection patterns with low codimensions, for

which calculations are easiest to visualise.
2.1 Codimension 1 projection patterns

This case was considered in full generality in [12, Chapter III]. We present the results here
for completeness and note their applications to the Euler characteristic. Recall (Def 1.37)

that Lo denotes the number of I'-orbits of singular 0-spaces in K° and L, may be finite or

infinite.

THEOREM 2.7 (12] For a d-dimensional codimension 1 projection pattern P,

rm ~ ] Z2(3) forogmgd-1
" (MP)={ Ziva oSS

and if Ly = oo then Z*° denotes the countably infinite direct sum of copies of Z.

Examples of calculations of the cohomology of codimension 1 projection patterns can be

found in [22], for example.

COROLLARY 2.8 For a d-dimensional codimension 1 projection pattern P, the Euler

characteristic is equal to Lg.
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it d+1 & d+1
b th =d+ L -1 d+m d si —
Proof By the above theorem, ep + Lo+ Z( ) ( m > and since Z ( )

m=0 m=0 m
* d+1
0 we have ep =d+ Lo + Z(-l)‘“’”‘( )—(d+1)+l=L0. [ |
m=0 m

COROLLARY 2.9 For P a codimension 1 projection pattern, the Euler characteristic ep

is finite if and only if Ly is finite. [ |
COROLLARY 2.10 For P a codimension 1 projection pattern, ep 2> 1.

Proof There is at least one point in the boundary of a 1-dimensional polytope, so there is

at least one I'-orbit of singular O-spaces. Hence ep = Lo > 1. [ |
Finally, note that in the codimension 1 case, there is an immediate corollary of Lemma 1.59.

COROLLARY 2.11 Associated to a codimension 1 projection pattern P, there is an ezact

sequence 0 » C' - C° > Z - 0. |
2.2 Codimension 2 projection patterns

In this section, the cohomology and Euler characteristics ep for codimension 2 polytopal
projection patterns P are investigated. For canonical projection patterns, this case was
considered in detail in [12]. The results relevant to this work are stated below. We then
consider the more general class of codimension 2 polytopal projection patterns and show
that the complex (1.2) for these patterns is always exact. The two cases Ly < oo and
Lo = o0, for Ly the number of orbit classes of singular 0-spaces are considered separately. A
formula for the Euler characteristic is determined in Lemma 2.19 when Ly is finite, which,
when P is a canonical projection pattern, agrees with the formula from [12] given in the
theorem below. We also show that the Euler characteristic is always defined for codimension
2 polytopal projection patterns. In the special case of a canonical projection pattern, the
results obtained in this chapter yield an alternative proof of the theorem from [12, Chap

IV,V] that the rational rank of the Cech cohomology group H4(MP) is finite if and only if
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Ly is finite. A stronger statement, that the Euler characteristic for a polytopal projection
pattern is defined and is finite if and only if Lo is finite, is also proved in Theorems 2.23
and 2.26. This section concludes by considering the other Cech cohomology groups of MP

and investigating torsion in H*(MP).

THEOREM 2.12 [12, V.2.6] For a d-dimensional codimension 2 canonical projection pat-

tern P with Lo finite,

rk Hyo([;C?) ® Q

d+2 442
(p+2> +L1Qil)-rp+1-—rpforp>0

2
(‘”2) @)1+ L2 Drep—n

Wali
TkHo(F,C)@Q 2 2

where Ly = |I;|, the number of T-orbits of singular 1-spaces, rp, = rk (Apt1I¢ : € € L),
and the Euler characteristic is ep = —Lg + ZLS, where Lf, ts the number of '-orbits of

Eeh
singular 1-spaces contained in singular 1-spaces in the orbit £ € I;. |

THEOREM 2.13 [12,1V.2.9,V.2.4] For a codimension 2 canonical projection pattern, Lo

is finite if and only if rk Ho(T'; C?) @ Q is finite. |
EXAMPLE 2.14 The Octagonal Tiling (Example 1.23)

Consider again the Octagonal tiling. Its acceptance domain is the octagon in Figure 1.4.
The I'-orbits of the edges e;, ez, e3, e4 give rise to singular 0-spaces in three I'-orbits — the
vertices of the octagon, points at the intersection of e; and e3 and points at the intersection
of ez and e4, as shown in the diagram below.

On e; there are singular O-spaces in the first and second I'-orbits described above. On
e2, singular O-spaces are in the first and third I-orbits above. Similarly, there are two
I'-orbits of singular 0-spaces with representatives on ez and es. Hence for this pattern P

we have Ly = 3, and LS =2for £ = e, 1=1,...,4, and so the Euler characteristic is

ep=-3+4x2=35.
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Figure 2.1: Translates of the Octagonal tiling acceptance domain

We also haved =2, Ly =4,r, =0for p>1and r; = 3since e; A(ez —e4) +e2 A(es +
e1) +e3A(e2+eq) +eg Afez —e;) = 0. Thus the ranks of the cohomology groups for the

Octagonal tiling are those stated below.
tk Ho([;C?) = 9
tk Hy(T;C%*) = 5
rk H(I;C%) = 1
Other examples of codimension 2 canonical projection patterns are considered in [16].

2.2.1 Polytopal projection patterns

We now consider codimension 2 polytopal projection patterns and first investigate the con-

sequences of the results of Section 1.5 for this case.
LEMMA 2.15 For modules C* (Def 1.57), there is an eract sequence
0-C?8c'8¢c0 5z 0.

Proof By Lemma 1.59, the sequence is exact at C?, C° and Z so to prove this result, it
remains to show exactness at C*.
Take a cycle z in C?, which consists of compactly-supported integer-valued functions on

a set of singular 1-spaces. Since C! is generated by indicator functions on singular 1-spaces,
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z can be viewed as a collection of copies of singular 1-spaces. Now from the proof of Lemma
1.58, the module C! is a direct limit li_r+nC’}z for R a Delone subset of I' and so z can be
considered to be a cycle in a locally finite CW decomposition of V = R2. Thus [27, §5] the
cycle z has the form of a finite union of simple loops, each of which bounds a disc in R? by
the Jordan Curve theorem [27, §36]) and hence is the boundary of an element of C2. Hence
any cycle in C! is the boundary of an element of C2, so the sequence is exact at C?, as

required. ]

Note also that the submodules C}, (Def 1.61) fit into an exact sequence, as described in

the Lemma below.
LEMMA 2.16 For D € I,./T, there is an ezact sequence 0 = CH, = C% — Z — 0.

Proof By the remark at the end of Section 1.5, the sequence is exact at C},. Since rep-
resentatives D of the I'-orbit D are singular 1-spaces, any pair of singular 0-spaces in D is
the set of end points of some singular 1-space in D, so Ker(C% — Z) C Im(Ch = C3).
Also, Im(8: C}h = C%) C Ker(e: C% — Z) because §(3_ ni[Us;]) = 3 ni([as] — [b:]) and
e(3"ni(las] — [b3])) = X ni(1 — 1) = 0. Thus the sequence is exact at C%. As in Lemma

1.59, the sequence is exact at Z because the map C% — Z is a surjection. [ |

Finally, we state the results of Lemma 1.62 and Corollary 1.71 which are applicable in

this situation.

LEMMA 2.17

C'= @ C}eZr/T?)
Del /T

COROLLARY 2.18 Group homology H.,,(T; C*) splits as a direct sum of groups

@oer,./r Hm(IP;C). |
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The Finite Case

Consider first the case when the number Lo of I'-orbits of singular 0-spaces is finite. By
Lemma 1.53, we know that the stabilisers of the connected components in the I'-orbits of
faces of K are non-trivial, so the orbits contain the lines spanned by the faces and hence
the singular 1-spaces D € I, are lines of infinite length. Note that in this case, the set
I,./T of T'-orbits D of singular 1-spaces D is equal to the set I; of I-orbits of 1-dimensional
faces of the acceptance domain K since singular 0-spaces are dense in D and in finitely
many I-orbits so the stabiliser I'? is densé in D. Thus the I'P-orbit of one distinct (up to
I-translation) face of K gives rise to D and hence the I'-orbit of this face is the I'-orbit D

of D. We write £ for a typical element of I;.

LEMMA 2.19 For a codimension 2 polytopal projection pattern P with Lg finite, ep =
—Lo+ 3 ¢er, LS, where Lg is the number of distinct (up to I'-translation) singular 0-spaces

which are contained in any singular 1-space in the orbit .

Proof By Lemma 2.6, we compute ep = —ey = ec1 —eco. Firstly, by the remark following
Definition 1.57, C° is the free I'-module with generators in one-to-one correspondence with
the generators of K°, so Hy,,(['; C°) = 0 for m > 0 and rk Hy(I';C°) ® Q = Ly, since Ly is
the number of T-orbits of singular 0-spaces in K°. Hence eco = Lg.

To compute ep, it remains to determine ec:. Since in this case I;./T" = I;, we decompose
C! as @y, C¢ ® Z[T/T¥] as in Lemma 2.17 and consider C} for £ € I;. This module fits
into an exact sequence 0 — C} 5 Cg — Z — 0 by Lemma 2.16. Write eci to denote
i (—1)'rk Hy(T%;C}) ® Q and set e} = i (=1)'rk Hi(I'*;Z) ® Q. We then have

i=—00 i=—00

ecy = ecy - ez. As the stabilisers are non-trivial in this case, rk H,,(T%;Z) ® Q = (":,I;E)
by Corollary 1.67 and hence e; = 0. Thus ect = ecy which is equal to the number Lg of
I'-orbits of singular O-spaces contained in any singular 1-space in the orbit £. Note that Lg is

well-defined since if there are distinct singular 0-spaces f,..., 8 in some singular 1-space
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I, then the singular O-spaces 8; + v,..., Bk + 7 are contained in [ ++ and if B isin | +
then 8 —~yisin l.

Hence ep = —eco +ec1 = —Lo + Zeeh Lg, as required. B

When P is a canonical projection pattern, this clearly gives the same result for the Euler
characteristic ep as that given in {12]. We next provide an alternative description of the

Euler characteristic in terms of multiplicities of singular O-spaces.

DEFINITION 2.20 The multiplicity gg of a representative B of a I'-orbit of singular

0-spaces is the number of distinct directions 6 € Ik of singular 1-spaces which intersect

at 8.

The multiplicity is well-defined since if there were two representatives 8, 8’ of an orbit
of singular points with 8’ = 8 +~, then taking [ + + for all lines [ intersecting at § produces
lines which contribute to the multiplicity of 8'. Similarly, those lines intersecting at ' give

rise to lines contributing to the multiplicity of 5. Hence gg = ¢g'.

THEOREM 2.21 For a codimension 2 polytopal projection pattern P with Lo < oo, the

Euler characteristic is ep = 3 5.5 (g5 — 1).

Proof Given that ep = —Lg + ZEE I LS, note that elements 3 € Iy contributing to Lg will
be counted more than once as £ varies. Each B € Iy will be counted gg times in the sum
over £ € I. Thus the sum can be rewritten as — 3 5.7 1+ 3 3¢5, 98 = 2_per, (g8 — 1) as

required. |

The above results can be used to put bounds on the values that the Euler characteristic
can take. First note the following points.

Any polytope has a vertex, and the orbit of this vertex under the action of I' gives
an element of Iy, so Ly > 1. For t the number of distinct directions of faces of K, the

multiplicity of a singular 0-space can be at most ¢t (if all edges of K in distinct directions
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intersect at that point). We must also have ) sel, 98 2 t, since if this were not true then
there would be faces in the boundary of K which did not contribute to the multiplicity of

any singular point 3, but the faces intersect at vertices of K by definition of K as a polytope.

LEMMA 2.22 For a codimension 2 polytopal projection pattern P with acceptance domain

K having t distinct directions of faces, the Euler characteristic ep is bounded as follows.

t—1<ep < Lo(t-1)

Proof To find an upper bound for ep, suppose every vertex has multiplicity ¢. Then
ep < Lo(t —1). For a lower bound, first suppose Lo = 1, so ep = gg — 1. Then using
the property that Eﬂe 1,98 2 t, we have ep > t — 1 in this case. Now suppose Lo = 2,
so ep = qg + qa — 2. As before, we know gg + gg > t but note that at least one singular
1-space must appear twice in gg + gg'. This is because if every singular 1-space arising from
the faces of K contained singular O-spaces in the I'-orbits of either 8 or §' but not both,
then K would not be edge-connected (Def 1.26) but K is a polytope so is edge-connected
by Lemma 1.32. Hence ep = gg +qpr —22t+1-~2 =1t~ 1. Similarly for Ly = 3, two
or more singular 1-spaces are counted at least twice each since K is edge-connected, again
giving ep > t — 1. Continuing in this way shows that for every extra singular 0-space S’
arising, at least one singular 1-space containing some other singular O-space f is counted in

gp and gg and so g + 3 gy, gp 2t+ 1. Hence 3 5., (gg—1) 2 t+(Lo—1)—Lo=t—-1

as required. [ ]

This bound implies the following results since in this document a polytope is assumed to
have a finite number of faces, so ¢t < 0o, but there must be at least ¢t = 2 distinct directions

in order for the polygon to be bounded in V = R2.

THEOREM 2.23 For a codimension 2 polytopal projection pattern P, if Lo is finite, then

the Euler characteristic ep is finite. |
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COROLLARY 2.24 For P a codimension 2 polytopal projection pattern, ep 2 1. B

Note that when Ly = 1, the lower bound on ep is attainable provided there is a pattern
‘P with polytopal acceptance domain having faces in t distinct directions but with singular
O-spaces in one orbit class. Patterns with this property include the Penrose tiling [1], for
which t = 5, and [16] the Heptagonal tiling of R*, which hast = 7.

Examples with ¢ = 2 and hence ep = 1 also exist, since we can choose acceptance

domains with Lo =1 and t = 2, givingep =t —1=1.
EXAMPLE 2.25 The Rhombus tiling.

This is a pattern with ¢ = 2 which is polytopal and not canonical. It is formed by taking
the data (A, E, K, v) which give rise to the Octagonal tiling (see Example 1.23), but instead
of taking the acceptance domain K to be the projection of a four-dimensional hypercube,
simply take the rhombus formed from the two non-orthogonal directions e; and ez in the
projected hypercube of Figure 1.4. Since the positions of E and E* are the same as those for
the Octagonal tiling, the rhombus acceptance domain is not the projection of any hypercube
in Z* to E*+ and hence the Rhombus tiling is not canonical.

Clearly ¢ = 2 and, as we exclude the directions ez and e4, only singular O-spaces which
are in the same I'-orbit as the vertices of the Octagonal tiling’s acceptance domain arise
from I'-translates of the above rhombus. Hence Lo = 1 in this case. The tiling associated
to this setup is pictured in Figure 2.2.

Similarly taking the setup (A, E, K,v) for the Penrose tiling but replacing K by the
polygon formed by 3 or 4 of the distinct directions of faces of K yields tilings with Euler

characteristic 2 or 3, respectively.
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Figure 2.2: The Rhombus tiling and its acceptance domain
The Infinite Case

Now consider the case when Ly is infinite. The converse of Theorem 2.23, stated in Theorem
2.26, is also true, and is proved below. The argument given covers both the case when the
connected components D are lines of infinite length (with non-trivial stabiliser) and when the
stabilisers of components D are trivial, since the exact sequence (2.15) exists in both cases.
Note that if the connected components have trivial stabilisers then they may arise from
parallel faces in distinct I-orbits whose translates have non-empty intersection. Connected
components which are lines of infinite length may arise in the I'-orbits of single faces of the
acceptance domain K for the pattern under consideration but it is also possible that they

arise only in the set of translates of all parallel faces of the acceptance domain, and the
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I'-orbits of individual faces are not connected. Hence I;,/T" need not be equal to I; in this

case, so we use the notation D € I)./T instead of £ € I; which was used in the L, finite

case.

THEOREM 2.26 For a codimension 2 projection pattern with polytopal acceptance do-

main such that Lg is infinite, the Euler characteristic ep is defined and is infinite.

In order to prove this statement, and in particular demonstrate that ep is defined, we
make use of the following result. Note that the Euler characteristic is a rational invariant,
so we need to compute the rank rk (G ® Q) of various groups G as rational vector spaces.

In the following work, we abbreviate rk (G ® Q) by rk G.

THEOREM 2.27 For a codimension 2 projection pattern with polytopal acceptance do-

main, rk H,,(T;C?) is finite for m > 0.

Proof First note that the sequence 0 - C? - C! - C® — Z — 0 is exact by Lemma
2.15, so there is a spectral sequence Ej, = Hyy4(T'; Z) with Ell,q = H,(T; C9), as in Section
1.6.3. The E' terms are shown in the table below. Note that by Lemma 1.72 the groups

H,(T'; C!) are non-zero only for m < r = max{rk '’ : D € I;./T'}.

0 0 Hy(T; C?)
0 :
H,_l(I‘; Cl) 4 - H,-_1(F;C2)

0 H(T;CY) ®  H(I;C?
Ho(T;C°) %0 Ho(T;C') ®  Ho(T;C?)

To prove the required result, we begin by showing that H,,(I; C?) is of finite rank for
m > 0. By Lemma 2.17 and Corollary 2.18, there is a decomposition C! = @5, 1 Cp ®
Z[T'/T?] and Hn,(T;C*) splits as a direct sum of groups Hp,(I'?;CL). By Lemma 2.16,

there is also an exact sequence

0+Cp—CH—-Z—0. (2.2)
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Applying the functor H,(I'P;-) to this short exact sequence gives the long exact sequence
in homology below.

-+« — Hy(I'?; Z) — H,(I'?;C}) — H,(T'P;CY) — H (T'P;Z)

— Ho(TP;CL) — Ho(I'P;C%) — Ho(I'P;Z) — 0

Since C9, is a free I'-module, H,,(T';C%) = 0 for m > 0 so there is an isomorphism
Hp(TP;CL) = Hppy 1 (TP;Z) for m > 0. Thus in particular rk Hy, (T'?; C}) is finite for posi-
tive m. Now H,,,(;C?) = @ H,.(T'P; CL) and since K is a polytope, by the remark fol-

Deh/T

lowing Definition 1.36, the set I;/T is finite. Thus rk Hp,(T;C*!) = rk | @ H,(T?;CL))
Dellc/r

is finite for m > 0.
We now examine the rank of H,,(I'; C?). The E? terms in the spectral sequence (which

are the E* terms since the second differentials Hp(T'; C9) — Hpi1(T; C972) are zero for

g < 2) are shown in the table below.

0 0 Hq(T; C%)

0 0 E

0 H,_1([;CY)/Imdy,—1 | Kerdy,_;

0 H1 (F;Cl)/lmdzl Kerdzl
Ho(r; Co)/Imdm Kerdm/Imdgg K€Td20

From this we can see that Hp,(I'; C2) 2 Hyyo(T; Z) 2 Z(=¥2) for m > r since the edge
homomorphisms are isomorphisms for these values of m. Also Kerds ,—1 & H,41([}Z) =
zG3). Thus these groups have finite rank over Q. For 0 < m < r, there are short
exact sequences 0 = Hypy1(T;CY)/Imde my1 = Hpmyo(T;2) - Kerds,, — 0, which give
tk (Hm+1(T;CY)/Imde m41) + 1k Kerdom, = (:":22) The finiteness of rk Hy(['; C') implies
finiteness of rk Im(dy,p: Hp(T; C?) = Hp(T;C)) for p > 0, so rk (Hpm+1(T;Ct)/Imdy m+1)

is finite and hence the remaining term rk Kerd;,, must be finite for m > 0. Therefore

rk H,,(T';C?) = rk Kerdym + tk Imdy,, is finite for m > 0. [ |
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Proof of Theorem 2.26

It remains to determine rk Ho(I'; C?) = rk Kerdyy + rk Imdy. Since the ranks of
the terms on the diagonals of the above table sum to the rank of H(I';Z), we have
Ho(T;C°)/Imdyo = Ho(T;Z) = Z so tk Imdyp = Lo — 1, which is infinite since Lo is
infinite, and rk Kerdyo — rk Imdyy = rk H1([';Z). If we can show that rk Kerd;g is in-
finite, then rk I'mdzo must be infinite since rk H;(T;Z) is finite. Hence rk Ho(I;C?) =
rk Kerdyg + rk Imdyg will be infinite. Note that rk Kerdsyg is finite since rk Kerdzg +
rk Hy(T;C!) — rk Imdy, = rk Ho(T;Z) and rk Hy(T;C!), 1tk Imdz; and Ho(T;Z) are all
finite quantities.

When Ly is infinite, since there are only finitely many 1-dimensional faces of the ac-
ceptance domain K, and hence only finitely many I'-orbits of singular 1-spaces D € I,
there must be at least one orbit D; whose representatives D; contain singular 0-spaces in
infinitely many orbits. The finite number of edges in K also implies that there must be
at least one D,, transverse to D;, with the property that infinitely many translates of D,
intersect D, at singular O-spaces which are in distinct I-orbits. Infinitely many of the trans-
lates of D, extend beyond at least one side of D; by some positive distance ¢, since D, has
positive length. Hence a translate D; +y can be found (by the density of I') which intersects

infinitely many of the translates of Ds.
Dy +7
Dy +~

/7 %77 b,

Consider the indicator function fg,,, on the singular 1-space in D; which joins the
singular O-spaces ¢; and ¢; in the diagram above. Applying djo to this function gives
fe2 — fa1» the difference of the indicator functions on the end points of the singular 1-
space. Next consider the function f = fg,p, + fpips + fpagz € C?, where p; is the point

of intersection of D; + « with the translate of D, passing through ¢;. This function is
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distinct from f,, 4, since there is no translation of the line segment between ¢q; and g; to
the line segment between q; and p;, for example, so f # fq,4, + 7 for v € I'. Applying
dyo to f gives fq, — fq., the difference of indicator functions on the end points of the path
q1P1, P1P2, P2g2 of singular 1-spaces. Thus we have found distinct elements of C' which
map to the same element of C° under diq. so the element f; 4, — f is in the kernel of d;.
Taking similar elements of C* corresponding to points ¢; and g; for all points g; in distinct
I-orbits gives rise to infinitely many elements of Kerd;o. These elements are all distinct
in Ho(T;CY) = CY/Im(6: A\ T ® C* = Ao’ ® C*) because of the fact that there is no
element of I" taking ¢; to any other point g; in D, so any two of the elements of the kernel
constructed above do not differ by elements in Imé. Note that this infinite set of elements
is also rationally independent. This is because if there were a finite set {l; : i =1,...,m}
of elements such that any elements could be expressed as a linear combination ), a;l; for
a; € Q, then there would be a finite set B = {p1,q1,p:,¢: : ¢ = 2,...,m} of indicator
functions on end points of the singular 1-spaces associated to each [;. However, since Ly is
infinite, we can find an [ with associated singular points p;, g1, p, g for p, ¢ not in B which is
not a linear combination of the elements I; with coefficients in Q since the distance between
¢ and any g; € B is irrational.

Thus, we have shown that rk Kerd,o is infinite, and hence I'mdsg has infinite rank over
Q, which means that rk Ho(I'; C?) = co. However, rk H,,(T;C?) is finite for m > 0 by

Theorem 2.27, so the Euler characteristic is defined and is infinite. [ ]
Hence in this section, we have proved the following result.

THEOREM 2.28 For a codimension 2 polytopal projection pattern P, the Euler charac-
teristic ep is always defined, takes only positive values, and is finite if and only if Lo is

finite. |
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2.2.2 Cohomology formulae

For codimension 2 polytopal projection patterns, by Lemma 2.15 we have an exact sequence
0> C? 5 C! =5 C% = Z — 0in all cases. In this section, we use this sequence to determine
formulae (analogous to those in Theorem 2.12) for the cohomology of the continuous hull for
all polytopal projection patterns of codimension 2. These formulae agree with the previous

results when the pattern under consideration is canonical.

THEOREM 2.29 For a d-dimensional codimension 2 polytopal projection pattern P, the

torsion-free parts of the Cech cohomology groups of the continuous hull MP are given by

rk HHMP)®Q = €'p+(d;2)~(d+2)+l+ Z (rkI? —1) = 1,
Dth/I‘

. d+2 rkI'D
d— —
rk H "(MP)®Q = (m+2> + Z (m+1) —Tm —Tme1 for0<m<d
Deh /T
where ep is the Euler characteristic and r,, = rk (Am_,.lFD :De L /T).
The rank of H™(MP) is always finite for m < d but rk H*(MP) ® Q is infinite if Lo,

the number of I'-orbits of singular 0-spaces, is infinite.

Proof Consider the exact sequence 0 — C2? — C* % C° - Z — 0. Writing CY: =6(CY)
means that we can break the sequence into two short exact sequences, which is the technique
used in [14].

0 —Cl—C°—Z—0
0—C>?—C'—Cl—0

Note by Theorem 1.76 and Lemma 2.3 that H™(MP) = Hy_,,(T'; C?). Thus we apply the

functor H,(I'; —) to these sequences, to get long exact sequences of homology groups. The

first sequence yields
-+ — Hy(I';Z) — H,y (T;CQ) — Hy(T;C°) — Hy(T;Z)

— Ho(T; CQ) — Ho(T'; C°) — Ho(T;Z) — 0.

72



Since C° is a free I'-module, H,,,(T';C°%) = 0 for m > 0 so H,(T;CY) = Hpy 1 (T5Z) =
Z(~%3). Also, tk Ho(T; C°) = Lo, which means that rk Ho(T;C8) = (d + 2) + Lo — 1.

Now Hm(T;C') = @pey,./r Hm(TP;Cp) by Corollary 2.18.  Applying the functor
H.(T'P;-) to the short exact sequence 0 — CL — C% — Z — 0 gives the long exact
sequence in homology below.

oo — Hy(I'P;Z) — Hy(I'P;C3) — Hi(TP;C%) — H1(TP;Z)
— Ho(I'P;CY) — Ho(TP;C%) — Ho(IP;Z) — 0 (2.3)

Since C%, is a free I'P-module with rk Ho(I'?;C%) = LD, for LY the number of I'-
orbits of singular O-spaces in representatives of D, the above homology sequence yields
rk Hp,(T?;CL) =tk Hpy1 (TP 2) = (;:E:) for m > 0 and tk Ho(I'?;CL) =k TP + LY -
1. Hence

rkI'?
form >0
k H F;CI = E'DEHC/F (m+1)
i Hn ) { pern.r(rk IP+LP—-1) form=0

Next examine the long exact sequence arising from the second sequence above.
++— Hy(T5C8) — Hi(T5C?) — Hy(T;CY) 25 Hy(T5CY)
— Ho(T; C?) — Ho(T;CY) £ Ho(T;C8) — 0

This can be divided up into 5-term exact sequences
0 = ImBmi1 = Hny1(T;C8) = Hp(T;C?) = H\(T;C) = ImBy, — 0.

Write rp,, for the rank of the image of the map S, which is identified with @p,_ /rAma1 | A
AT for m > 0, as in [15]. This gives tk H,(T;C?) = (,‘f.f;) + 2 pen.r (',,'irl,) - Tm —

rm+1 for m > 0 as required.

Lastly, consider 0 — ImpB; — H;(T;C3) — Ho([';C?) = Ho(T;C') — Ho([;CY) — 0.
This yields

tk Ho(T;C%) = rk Ho(T3C") — 1k Ho(T3C°) + 1= (d+2) + (d;2) -
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If Ly is finite, then all the above ranks are finite so the formulae are well-defined, so we can

substitute Ho([; C') and H(T; C°) for the values obtained above to obtain

rk Ho(T;C%) = > (kTP+LP-1)-Lo+1-(d+2)+ (d’gz) -r
Dely /T
d+2 D
= e‘p+( 9 )—(d+2)+1+ Z (rkl"” = 1) —ny
Del /T
as required, since by Lemma 2.19 the Euler characteristic is ep = —Lo + X pey, /1 L? for

L® the number of I'orbits of singular O-spaces in singular 1-spaces in the orbit D. By
Theorem 2.27, tk H™(MP) ® Q is finite for m > 0 so the Euler characteristic is always
defined and by Theorem 2.26, if Ly is infinite then ep is infinite. Therefore H4(MP) is of

infinite rank if Lo is infinite and hence ep is infinite. This is consistent with the formula

given above. |

If L, is finite, then Lemma 1.56 gives rk I'¢ = %‘—2 for all ¢ € I, = I,/T, so the formula

for rk H*(M™P) reduces to that given in Theorem 2.12.

Torsion in H*(MP)

Note that, as in [15], we can also investigate when torsion can arise in the cohomology of
MP. Given that HP(MP) = H,_,(T'; C?), we consider torsion in Hp,(T; C?).

First consider the long exact sequence in homology (2.3) which is associated to the short
exact sequence 0 - C, = C} — Z — 0. The fact that C% is a free I'-module implies
that Hn(I;C3) is torsion-free for all m and Hy(TP;Z) = Z(*% ) is torsion-free for all
m, so the same is true for H,(I'P;C}). Hence H,(I;C') = Drpen.r H.(TP;C}) is
torsion-free.

Next consider the long exact sequence in homology associated to the short exact se-
quence 0 & C? - C! — C§ — 0, described in the proof of the above theorem. Here we
break the sequence in homology into short exact sequences 0 = Hy,41(T; C)/ImfBmyr —

Hn(T;C?) = Kerfim = 0 50 Hy(T;C?) = Kerfm ® (Hpma1 (T;CY)/ImBmsr). Form >0
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[15] we identify fm with the homomorphism @pes, /r Am+1 I'? - A1 and Bo is iden-
tified with ®De11c/r(A1FD ® KereP?) = AT @ Kere, for €P: C% - Z.

Since Kerfp, is a subgroup of the free abelian group Hy,,(['; C!), and hence torsion-free,
it remains to consider Hm+1(L; CY)/ImfBm+1. Now Hp(T; CY) is of finite rank and torsion-
free for m > 0 since it is isomorphic to the torsion-free group Hy,+1(I; Z), as shown in the
proof of Theorem 2.29. This means that if ISy, is trivial then H,,(I'; C?) is torsion-free.

The map B4 will be zero if A,y 2IP is trivial for all D € I, /T, and this is the case
if m + 2 > rk I'’. By Lemma 1.49, for d-dimensional codimension 2 polytopal projection
patterns the rank of the stabiliser I'P of a singular 1-space may have rank d, so the homol-
ogy groups are always torsion-free for m > d — 2. Thus for a 2-dimensional codimension
2 polytopal projection pattern, torsion may appear in Ho(T;C?) only, for 4-dimensional
patterns, torsion may appear in Ho(T;C?) and H,(T;C?) and for 6-dimensional patterns,
torsion may appear in Ho(T'; C?) to H3(T;C?) = H3(MP). Compare this with the results
in [15] for canonical projection patterns, which have stabilisers I'® of rank d—“,f,‘—g. In this case,
torsion can only arise in Hp,(T'; C?) for m < d/2. Thus for a 6-dimensional codimension 2
canonical projection pattern Hj(I'; C?) = H3(MP) is always torsion free.

Consequences

There are several corollaries of the above results.

COROLLARY 2.30 For codimension 2 hypergeneric polytopal projection patterns (Def

1.50), rk Hp,(T;C?) = rk Hyyo(T; Z) for m > 0 and rk Ho(T; C?) = oo.

Proof In this case, Ly = oo so rk Ho(I'; C?) = oo and the ranks of the stabilisers of all
singular 1-spaces are 1 so r, = 0 and Hp, (T;CY) = 0 = H,(T'; C°) for all m > 0, which
implies that the edge homomorphisms H,,42(T';Z) = H,,(I'; C?) in the spectral sequence

(Page 48) are isomorphisms and hence rk H,,(T;C?) = (,‘:122) =rk Hpny2(T; Z). B
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COROLLARY 2.31 For codimension 2 hypergeneric polytopal projection patterns the groups

H,(T';C?) are torsion-free for all m.

Proof In this case, we have tk '’ = 1 for all D € I,./T so Apm42TP is trivial and hence
Brmt1: @D Am+2T? = Aol is zero for all m, as required for Hy, (I'; C%) to be torsion-free

by the results of the above section. |

COROLLARY 2.32 For codimension 2 generic polytopal projection patterns (Def 1.51),

we have rk Hp (T3 C?) = rk Hypy2(T; Z) for m > 0 and rk Ho(T;C2)) = oo.

Proof Again Ly = oo so rk Ho(T'; C?) = oo and since rk I'P = 0 for all D € I,./T we have

m =0 for all m and tk Hp(T;C?) = (3+3) = rk Hpny2(T;Z) as required. |

As the stabilisers I'P are all trivial in this case, we have A, oI'P trivial for all m. Thus
H,,(T; C?) is torsion-free for all m for generic polytopal projection patterns as well.

Note that it is shown in Section 2.4 that in fact for generic and hypergeneric polytopal
projection patterns H,,(I'; C?) is isomorphic to Hy,+2(T;Z) so these groups are not just of
equal rank as rational vector spaces.

If the singular 1-spaces have stabilisers of different ranks, then Lo will be infinite, so
rk Ho(T; C?) will be infinite, and if the stabilisers of singular 1-spaces are all less than or
equal to 1 then we will again have H,,,(['; C?) & H,,+2(T; Z) for m > 0. If the ranks of some
stabilisers are greater than 1 then the formula of Theorem 2.29 will give rk H,,(T'; C?) for
m > 0.

Note that for codimension 2 polytopal projection patterns which are not generic or
hypergeneric, to compute the cohomology Hy,(I'; C?) we need to know the quantities rp,,
whereas they do not appear in the Euler characteristic formula. Hence in general the Euler
characteristic ep is more straightforward to compute than the ranks of the Cech cohomology

groups H*(M7P) of the continuous hull MP.
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2.2.3 Examples

To show how the above ideas work in practice, we now consider some specific examples.
EXAMPLE 2.33 The Rhombus tiling (Example 2.25).

This is a tiling whose acceptance domain contains singular 0-spaces in a single I'-orbit
and gives rise to two distinct orbits of singular 1-spaces, each with stabiliser of rank 2. By
the earlier calculations, we have Ly = 1, Ly = 2 (since I); = {e;,ez} for e; and e; as in
Example 2.25) and ep = 1. Lemma 1.56 gives that the ranks of the stabilisers of the I-orbits
of e; and e; are 2 and in fact I'*! is generated by e; and e; — e4 and I'®? is generated by
e2 and e; + e3. This means that r; = rk (A;T¢ : € € I;) = 2 since ApT'®* is of rank 1,
generated by e; A (e2 — e4), and AoI'®? is generated by e; A (e3 + ;) and these two vectors

are rationally independent. Thus for this tiling

tk H3(MP) = e+3+Li-m = 4
tk HH(MP) = 4+L,-n = 4
tk HO(MP) = 1 = 1

Compare this with the cohomology calculations for the Octagonal tiling in Example 2.14.

EXAMPLE 2.34 Degenerate Octagonal tiling

Consider again the setup for the Octagonal tiling (Example 1.23). Altering the position
of E, and hence that of E+, the unit hypercube can be projected to E+ so that e; to e4 are
arranged into two pairs of parallel vectors with rationally independent lengths, as shown in
Figure 2.3 below.

The singular 0-spaces marked on the acceptance domain K in Figure 2.3, and any others

arising from translates of K are all in the same I'-orbit.

a N |p
Y2

Y=7
a+y



Figure 2.3: A degenerate canonical projection pattern and its acceptance domain

This is because any 7 € T' is a linear combination of elements in the stabilisers of the
two singular 1-spaces a and b and so any point S at the intersection of translates of @ and
b is in the same I'-orbit as the end points of a and b, which are lattice points (as shown in

the diagram above). Thus Ly = 1 and the Euler characteristic for patterns of this form also

has the valueep =2-1=1.

This tiling is a two-dimensional example of a class of patterns discussed in [21] and
described briefly below; namely it is the product of two 1-dimensional codimension 1 canon-

ical projection patterns with acceptance domains consisting of the non-parallel edges of the

acceptance domain in Figure 2.3.
EXAMPLE 2.35 Cartesian products of 1-dimensional tilings.

Given a set of d tilings P; of R, form the d-dimensional tiling P = P; x ... x Py. Tiles

in this tiling are d-dimensional rhombs formed from the Cartesian product of intervals of
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R. The continuous hull of this tiling [21] can be expressed in terms of the hulls of the
1-dimensional tilings as MP = MP; x ... x MP,, with the product topology.
Using Definition 2.1 and Theorem 1.76, we have the following equivalent formulation of

the Euler characteristic.
COROLLARY 2.36 The Euler characteristic for a d-dimensional pattern P is
ep: =1k Ko(C(MP) xR ®@Q - rk K;(C(MP) xR ® Q
when this makes sense. [ |

For a product P of two 1-dimensional tilings P;, P, it is shown in [21] that the K-
theory of the C*-algebra C(M7P) x R? decomposes as Ko(C(MP) x R?) = Ko(C(MP,) %
R) ® Ko(C(MP2) x R) & K1 (C(MP;) x R) ® K;(C(MP;) x R) and K;(C(MP) x R?) =
Ko(C(MP1) x R) @ K1{(C(MP2) x R) & K1(C(MP;) x R) ® Ko(C(MP;) » R). There
are similar (but more long-winded) formulae for products of three or more 1-dimensional
tilings. Thus, if all quantities are finite, the Euler characteristic ep is equal to ep, X ep,,
the product of the Euler characteristics of the 1-dimensional tilings. Given the formula for
the K-theory of a d-dimensional product tiling, it can also be shown that ep = H:Ll ep, in

general.

Summary

This section has provided a generalisation of Theorem 2.12 ([12, V.2.6]) to polytopal pro-
jection patterns and has also determined where torsion may arise, in analogy with [15]. For
codimension 2 projection patterns, we have also given an alternative proof of the result from
[12] that in the canonical case H4(MP) is of finite rank over Q if and only if Ly is finite.
In fact, we proved the stronger result that the Euler characteristic is defined and finite for
codimension 2 polytopal projection patterns if and only if Lo is finite. Formulae for the
computation of the Euler characteristic of polytopal projection patterns were also derived

and several examples were considered.
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2.3 The codimension 3 case

In [15, Thm 5.1], formulae for the cohomology groups H*(MP) of a codimension 3 canonical
projection pattern P with L, finite were given, and an expression for the Euler characteristic
in this case was provided in [12, V.2.7]. The main results are stated below. In this section,
we also obtain an expression for the Euler characteristic ep for codimension 3 polytopal

projection patterns P with Lo finite, before considering ep for patterns P with Lo = oo.

THEOREM 2.37 (15, Thm 5.1] For a d-dimensional codimension 3 canonical projection

pattern P with Lo finite,

. d+3 92443 443
d—p = 3 n 3
rk H*?(MP)®Q ( +3)+L2( +2)+§sz1( +1)

dt3
+L1(pj_2) — R, — Rp4y forp>0

3 2 1
rk HYMP)®Q = Y (-1) («;+§) + L3 (-1) (2%3) > L;’Z(—nf‘( %-_s)
j=0 —J 3=0 2=3 nela  j=0 1-J
2 d+3
+ I Z(‘“l)j (2_;_) +ep— Ry
§=0 —J

where 1] is the set of ['-orbits of singular 1-spaces £ contained in 7 a singular 2-space, L] =
7| and Ry = rk (Aps2T" im0 € L) + 32, o, th (ApaT¢ : £ € IT) + 1k ((@Beerp ApiTO) N
(KerfBp: ®§€1I’ ApiiT¢ = ApiiT) : n € Ip). The Euler characteristic is given by ep =

Lo - z:17612 Lg + 277612 ZEEI{' LS - 25611 Lg' l

THEOREM 2.38 [12, Thm IV.2.9,Thm V.2.4] The quantity Lo is finite if and only if

rk Ho(T;C3) ® Q is finite. |

Several examples of cohomology calculations for codimension 3 canonical projection pat-

terns are provided in [15].

2.3.1 Polytopal projection patterns

We now turn to polytopal projection patterns of codimension 3. To simplify calculations,

we consider separately the cases introduced at the end of Section 1.4.
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Case 1: Ly finite

When Ly < oo, we know by Lemma 1.54 that the I'-orbits of the 2-dimensional faces of
K contain the planes spanned by the faces and the orbits of singular 1-spaces consist of
lines of infinite length. Also, the set I;./T" of I'-orbits of connected components in the
orbits of singular i-spaces is equal to the set I; (Def 1.36) of I'-orbits of faces of K in this
case since by Lemma 1.39 singular 0-spaces are dense in a connected component D and as
there are only finitely many I'-orbits of singular 0-spaces, the stabiliser of D is dense in
D. Hence the orbit of a single face of K gives rise to D. By Lemma 1.60, the sequence
0> C3 = C? = C! > C%— Z — 0 of I''modules is exact. Using this sequence, and group
homology H.(T'; C*?) as defined in Section 1.6.3, a formula for the Euler characteristic can
be determined in this case, as follows. Note that I denotes the set enumerating distinct

orbit classes of singular i-spaces contained in the singular 2-space 7 € I,.

THEOREM 2.39 For a codimension 3 polytopal projection pattern P with Ly finite, the

Euler characteristic is given by

ep=Lo—» Li+Y Y L§-)Y LI

el nelz gely nelz

Proof By Lemma 2.6, we need to compute ey = ecz —ec1 + eco. By Lemma 2.19 we have
eco = Lo and ecr = Y, L§ since C! can again be decomposed as Deer, Ct ® Z[T/TE.
It thus remains to compute ec2. There is a decomposition of C? by Lemma 1.62 as C? =
®,c1, C2 ® ZIT/T"). For each I-orbit of singular 2-spaces n € Iy, there is a sequence
0= C2 = C} > C) = Z - 0, where C} is the module generated as in Definition 1.57
but only by singular i-spaces contained in singular 2-spaces in the I'-orbit n € I;. This
sequence is exact by Lemma 2.15 since we consider singular 0- and 1l-spaces in a plane
D = R? in the orbit 7. Exactness of the sequence implies ecz = ecy — €cy + ez, using
the notation of Definition 2.5 and Lemma 2.19. Since the orbits n € I, are sets of infinite

planes, the stabilisers I'” are non-trivial by Lemma 1.53 and hence Corollary 1.68 gives
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ez = >(~1)H;(T";Z) = 0. Thus, by Lemma 2.19, we have ecz = —Lg + > ¢cn LS,
for I as above. Hence ecz = 3=, cp (Lg = Leer L%) and so egs = Lo — el LS+

Znelg Ege];’ Lg - Enelz Lg' l

As in the codimension 2 case, there is an alternative expression of this formula in terms

of the number of distinct directions of singular 1-spaces intersecting at each singular O-space.

DEFINITION 2.40 Define the multiplicity gs of a singular O-space B to be the number
of distinct directions of singular 1-spaces in the set K' intersecting at 5. Write qg for the

number of such singular 1-spaces intersecting at 3 but lying in any plane in the I'-orbit

nel.

As in the remark following Definition 2.20, these quantities are well-defined for any

singular O-space in the same I'-orbit as £.

LEMMA 2.41 For a codimension 3 polytopal projection pattern P with Lo finite

ep=3 S (@-1- Y (g-1)

n€lz eIy Belo

Proof As in Lemma 2.21, we can write —Lo + 3., , Lg = > 5¢1,(gs — 1) and similarly

—LB’ + 2551;' L(E) = 25613(93 - 1) so Z:,,g,(LB’ - Egel{' L(E)) = Enelz Zﬁezg(qg -1).

Substituting these quantities into the formula of Theorem 2.39 gives the result. [ |

Of most use later in this section is a formula for the Euler characteristic in which the
calculation is carried out by taking each singular 0-space 8 € Ip in turn and examining the

singular 1- and 2-spaces which intersect at 5. With the aim of producing such a formula,

we first define some notation.

DEFINITION 2.42 Write pg to denote the number of singular 2-spaces ) € Iy with dis-
tinct normal vectors intersecting to form a given singular 0-space 8. Write Ig for the set
enumerating all distinct directions of singular 1-spaces intersecting at 3, so |Ig| = qg. Fi-

nally, write qf for the number of distinct singular 2-spaces intersecting to form the singular

1-space l € Ig.
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Note that pg is well-defined since if we take two singular 0-spaces $;,52 in the same
I-orbit, so 82 = B + v then any singular 2-space D which passes through 8; and hence
contributes to pg, will be such that D + v contributes to pg,. Similarly any D passing
through B, has the property that D — « passes through 8;. Hence pg, = pg,. Also note
that Lo < oo implies that the I'-orbits of singular 1- and 2-spaces are lines and planes
respectively, so if a singular 2-space D contains a singular 1-space !, and hence contributes
to q,B , then D + « will pass through another line I’ = I + v in the same orbit as [, so q,ﬁ = q‘ﬁ

which means that qfs is well-defined.

THEOREM 2.43 For a codimension 3 polytopal projection pattern with Lo finite,

er=3 |~Gs -+ Y -1)

Belo lelg

Proof From the formula in Lemma 2.41, we have

ep=3 1= 31+ S qd-Ygs=Lo- > L3+ Y - e

Belo  nelel]  nelBel] Bely nely nel Bl Belo

Now in the term 3, Lg singular 0-spaces 8 are counted pg times in the sum over all
n € I, since if § has multiplicity ps then by definition it lies in pg non-parallel planes II,
each in some orbit 7. Thus 3°, ., Lg = 35, ps. Hence Lo+ 3 p, Lg = ~ 3 gep, 1 +
27]612 Lg = ZBEIO (pB - 1)'

Next consider 3° 1 3 gc L g3- The quantity g3 counts the number of lines passing
through 8 but which lie in a given n € I;. Thus in the sum over all 75, each line [ passing
through §8 € Iy will be counted qf times. Hence Znelz Zﬁelg qg = 2 gel, 21615 qlB. For
any given B € Io, singular 1-spaces passing through B are counted exactly once by gg, so

— - B
Zﬁelo a = Eﬁe[o Exelﬁ 1. Thus Zn% Zﬁelg qZ - ZBGIO a4 = Zﬁelo erf,, (@ - 1.

Combining these results gives ep = 3 5. 1 [—(pB =1+ e, (qf3 - 1)] as required. [ |

As for polytopal projection patterns of codimension 2, we can consider bounds on the

Euler characteristic in terms of the number ¢ of 2-dimensional faces of the acceptance domain

K with distinct normal vectors.
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LEMMA 2.44 For a codimension 3 polytopal projection pattern P with Lo finite and ac-
ceptance domain K having t faces with distinct normal vectors, the Euler characteristic ts

bounded and Ly < ep < %‘l[t3 —2t2+t—4).

Proof Given the formula in the above theorem, note that for a given § € Iy, we have
P8 € Lie I (qf —1). This is because firstly q,’3 > 2, as any singular 1-space lies at the
intersection of two or more faces of K, so ), Is (qIB -1) > X 1, 1 = gg. Secondly, if pg
faces intersect at a singular point §, then the number of distinct lines which intersect at §
(the multiplicity gg) is at least pg. To see vthis, note that each face of K could intersect only
two others, or ps — 1 faces could intersect in a single line and the remaining face, which
must be transverse to the others as K is a polytope, intersects all the other faces, creating
1+ pg — 1 = pg lines through 5. However, if neither of these cases occur, then gg > pg
since, for example, one plane D could intersect three others, D;, D5, D3, producing three
lines in D plus the three or more lines arising at the intersection of D;, D and D3 with one
another.

Hence Yic, (¢ — 1) = (P — 1) > 150 ep = ey, [~(0s = 1) + Tiey, (o - 1)] >
>-ser, 1 = Lo

To determine the upper bound, note the following points. Firstly, ¢ < t — 1 for any
l € Ig, since at most ¢ — 1 distinct faces of K can intersect in any one line, as there must be
at least one face transverse to ! to ensure that K is bounded. Also, the number gg = |I3] of
lines through § satisfies |Ig| < (;) since the greatest number of lines through S is produced
when all faces of K intersect at 8 and each pair of faces intersects in a distinct line. Lastly,
pp = 3 since singular points J arise at the intersection of three or more planes in V = R3.

These results give ep < Lo[-2+ () (t—1-1)] = La[t(t—1)(t—2)—4] = Le[t3-3t2+2t—4].

Note that since ¢ > 3, we have £2[t3 — 3¢2 + 2t — 4] > L. [ |
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This result shows that for codimension 3 polytopal projection patterns with Lg finite,
er = 1. This is because the acceptance domain K is a polytope and so has at least one
vertex, which gives rise to a I'-orbit of singular O-spaces, so Lo > 1. Thusep 2> Lg 2 1, as
required.

The lower bound ep = 1 is attainable for some codimension 3 polytopal projection
pattern, since we can take a pattern consisting of the product of three 1-dimensional codi-
mension 1 patterns (as described in Example 2.35), each with Euler characteristic e = 1 to
give a 3-dimensional codimension 3 pattern P with ep = 1.

As t is assumed to be finite by definition of a polytope, there is another corollary of the

above result.

COROLLARY 2.45 For a codimension 3 polytopal projection pattern P, if Lo is finite,

then the Euler characteristic ep is defined and is finite. [ |

Unlike for codimension 2 polytopal projection patterns, we will see later in this section
that if Ly is infinite then it is not always the case that the Euler characteristic is defined and
infinite, since for some codimension 3 polytopal projection patterns the Euler characteristic
is not defined. However, note that for a codimension 3 polytopal projection pattern with Lo
finite, so the Euler characteristic ep is defined, it is more straightforward to compute this
invariant than the Cech cohomology groups H*(MP) for P. This is because the quantities
R, defined in Theorem 2.37 arising from ranks of maps in the spectral sequence (Section
1.6.3) are [12, V.6] hard to compute in general. However, they are not required for the Euler
characteristic calculations.

The Euler characteristic has a particularly neat formulation in the case when there is

one I'-orbit of singular 0-spaces and exactly two singular 2-spaces intersect at any singular

1-space.

LEMMA 2.46 For a codimension 3 polytopal projection pattern P with Lo = 1 and such

that exactly two singular 2-spaces intersect at any singular 1-space, ep = %(t - 1)(t - 2).
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Proof In this case, gg = (;) since a line through S is produced at the intersection of any
pair of singular 2-spaces. Also, for each 7, in this situation we have qg = (t — 1) since the
t — 1 planes transverse to a plane D in the orbit 7 intersect D in distinct lines through 5.
Substituting these values into the formula in Lemma 2.41 gives ep = 3, . [(t — 1) — 1] -

O +y=tt-1)—t-HN 1 =M 9012 -3t+2)=1¢-1)(t-2) |

An example of a pattern satisfying these conditions is the Danzer tiling, described in
[14]. This pattern is canonical, Ly = 1 and its acceptance domain has 6 faces in distinct
orbit classes, each pair of which has 1-dimensional intersection, so its Euler characteristic is

1(5x 4) =10.

Case 2: Ly infinite but orbits of faces of K contain planes

Unlike codimension 3 polytopal projection patterns P with a finite number of I'-orbits of
singular O-spaces, for which the I'-orbits of the faces of the acceptance K for P automatically
have the form of planes by Lemma 1.54, when L is infinite and singular 2-spaces D € I,
are planes, there are two possibilities. Firstly, the I'-orbit of any face of K may consist of
planes. Secondly, the I'-orbit of a single 2-dimensional face of the acceptance domain K may
not consist of planes, but in the set of I'-orbits of all faces of K the connected components D
are planes. Recall (Def 1.52) that we refer to patterns P in this case as hyperplane polytopal
projection patterns. By Lemma 1.60 the sequence 0 =+ C3 -+ C? - C! -y C°* - Z - 0 is
exact for hyperplane polytopal projection patterns and so a spectral sequence can be set up
as in Section 1.6.3. However, as we shall see in Theorem 2.50 below, even in the simplest
case of a three-dimensional codimension 3 hyperplane polytopal projection pattern, the
Euler characteristic (Def 2.1) is not always defined. There are cases in which the Euler
characteristic of such a codimension 3 pattern is defined, namely under the conditions of
Theorem 2.53 or Corollaries 2.55 and 2.56. To state and prove these results, we show in
Lemma 2.49 that for codimension 3 hyperplane polytopal patterns, the finiteness of the
rational rank of H,(I';C?%) = H9*(MP) depends in part on the rank of H.(I';C!). We

begin with a result about rk H,(T;C?).
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LEMMA 2.47 For a codimension 3 hyperplane polytopal projection pattern, if the number
L. of T-orbits of singular 1-spaces D € I,./T is finite, then rk Hp,(T; C') ® Q is finite for

m > 0.

Proof First decompose the module C* as @p¢y, - Cp ® Z[I'/TP] by Lemma 1.62, where
C} is the submodule of C! arising from singular 1-spaces contained in a single representative
of the I-orbit D. Corollary 1.71 then gives Hp(T'; C!) = SBper,.r H.(CP;CL). Now we
can use Lemma 2.16 to show that for each D € I,./T, the module C}, fits into a sequence
0 - C5 = C% = Z — 0 which is exact. Applying the functor H.(I'’;-) to this short
exact sequence yields a long exact sequence in homology

<=+ — Hy(TP;Z2) — Hy(TP;Cp) — Hi(T?;CP) — H\(TP;Z)

s Ho(TP;Ch) —s Ho(TP;C2) —s Ho(TP;Z) —s 0

and since C is a free ['P-module, Hy(I'P;C%) = 0 for m > 0. This implies that
Hp,(TP;Ch) = Hpy1(TP;Z) for m > 0. In particular, tk H,, (I'P; C}) < oo.

Returning to H, (I'; C!) = @‘Dehc/l‘ H,(T'P;C%), since Ly = |I1./T| is finite by assump-
tion, Hy(T'; C!) is a finite sum of groups of finite rank over Q and hence rk H,(I'; C) ®Q <

00, as required. |

As in the codimension 2 case (Section 2.2), for a hyperplane polytopal projection pattern
P with exact sequence 0 - C3 = C? — C! = C® = Z — 0, we can obtain other exact

sequences, as shown in the following lemma.

LEMMA 2.48 Given a codimension 3 hyperplane polytopal projection pattern, and I'-

modules Ch for i =0,1,2 (Def 1.61), there is an ezact sequence
0—C, —CL—C)—2Z—0. (2.4)

Proof In this case, singular 2-spaces are planes. Since parallel planes are disjoint, and

non-parallel planes in distinct I-orbits intersect in at most singular 1-spaces, which give rise
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to the zero element in C?, we can decompose C? as @p¢y, Cp- Note that, as in Lemma
1.62, we could write C% = C3 ® Z[['/T'P], for C% the module defined on singular 2-spaces
in a single representative of the orbit D with action by I'P, but in this section we generally
want to consider the module C% with action by the whole of .

Note that the sequence 0 = C3 — C}, = C% — Z — 0 is exact by Lemma 2.15, as we
are restricting to an orbit D of a (two-dimensional) plane D in which the singular 1-spaces are
lines of infinite length by Lemma 1.43. Thus the sequence 0 = C% — C}, = C% -+ Z* - 0

is exact, because the functor — ® Z[['/TP] is exact. Note that Z ®p Z[['/T?] = Z* is of

infinite rank. |

Tables for the E* and E® terms of the spectral sequence described in Section 1.6.3 are
given below for a 3-dimensional codimension 3 hyperplane polytopal projection pattern P.
Note that E® = E* since only the first and second differentials are non-zero in this case.
The groups in the table which are possibly non-trivial are determined by Lemma 1.72. As
we will always be working rationally in the work which follows, we again suppress Q by

writing E7, for E;, ® Q and rk G for rk (G ® Q).

0 0 0 Hy(T; C®)
0 | Ha(T;CH)FrHh{liC?) F2 Hu (I C°)
0 | B0 CH)FIiCY) P Hy(T; C°)

Ho(T; C°) 42 Ho(T'; C1) 40 Ho (T; C?) 40 Hy (T; C3)

0 0 0 Hs(T; 0%
0 (H2 (F; Cl)/Imdzz)/Imaz Kerdzz/Imdsz Ke’rdaz
0 (H1(T;C")/Imda,)/Imb, Kerds /Imds, Kerd,

Ho(P;CO)/Imdw Kerdlo/Imdzo Kerdzo/Imd30 Keral

LEMMA 2.49 For a codimension 3 hyperplane polytopal projection pattern P, if the rank

of Hm(T; C') over Q is infinite, then the rank over Q of Hy,(I'; C?) is infinite for m > 0.
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Proof To prove that rk H,,(I'; C?) is infinite, consideration of the spectral sequence ta-
bles above indicates that it suffices to show Ker(dom: Hpm(T;C?) = Hpy(T;Ct)) is of in-
finite rank over Q. This is because of the fact that rk (Kerdom/Imdsy,) is a summand of
rk Hy,+2(T; Z), which is finite by Lemma 1.66, so if rk Kerd;,, = oo then rk Imds, = o0
and hence rk H,,,(T; C3) = rk Kerda,, + rk Imds, = oo.

In order to prove rk Kerds,, = oo, in analogy with the proof of Theorem 2.26 we
essentially find (infinitely many) linearly independent pairs of elements [z], [y] € Hm(T; C?)
with the property that dam([z] = dam[y] in Hpm(F; C?) so their difference [z] — [y] is in the
kernel of dap,. In fact, we establish the following diagram, in which H,,(T;CLp,) is an
infinite rank subgroup of H,,(I'; C') with the property that an infinite rank subspace AN A’
lifts to distinct summands H,(I'; C%) and Hp(T;C%,) of Hp(T'; C?), thus producing the

required (infinite) set of pairs of elements of H,,(I'; C?) whose images under do,,, are equal.

Hpn(T; Chp ) Hm(T'; Cp)

Hp(T;Cp)— Hm(L;C)
dam

Y d2m v
Hn(T;C3)C H,(T;C?)

We first produce the group Hp,(I'; C} /). By Lemma 2.47, there are an infinite number
L, of orbits of singular 1-spaces since rk Hy, (; C?) is infinite. Since the number of I'-orbits
of singular 2-spaces is finite for a codimension 3 polytopal projection pattern, by the remark
following Definition 1.36, at least one pair D, D' of singular 2-spaces has the property that
the translates of D and D’ under I intersect in singular 1-spaces in infinitely many I'-orbits.
We can also suppose that these singular 1-spaces have stabilisers of rank m + 1 or greater,

and hence cause H,,(I'; C') to be non-trivial and of infinite rank.
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Consider the exact sequence (2.4) in Lemma 2.48. In C}), there is a submodule C}p,
of functions on singular 1-spaces at the intersection of singular 2-spaces D and D’ and
their I'-translates. As the singular 1-spaces (D + ) N (D’ + 4') as v and v’ vary are all
parallel, there is a decomposition Cp,p = @¢e oo’ Cf ®Z[[/T¢], where Cj is the I'-module
generated by indicator functions on a single representative of a I'-orbit of singular 1-spaces
(D +9)N (D' +4') and IPP" is the set of all such orbits. By Corollary 1.71 we have
Hn(T;CLp) = Deciro Hp(T¢;Cf). Now we assumed that the singular 1-spaces at the
intersection of D and D' had stabilisers of rank strictly greater than m, so Hy,(T¢;C}) is
non-trivial, and we assumed the singular 1-spaces were in infinitely many I'-orbits, so IIDD'
is an infinite set. Hence we have produced a group Hn,(T'; C}p,) of infinite rank over Q.

Note that there is an inclusion Hn(I';Chpy) < Hm(T;Ch) induced by the inclusion
Chp C Ch. Thus tk Hn(T'; C}) is also infinite and the inclusion C} C C! induces a map
Hn(T;CL) < Hp(T;CH).

We now show that H,,(T’;C?) is of infinite rank over Q. Consider again the sequence

(2.4). We can break this sequence into two short exact sequences

0C,>ChH-C¥ -0 (2.5)

03C® 5CLoZ° -0 (2.6)

where C} is the image of the map 6o: C} — C%. Note that T acts on these modules, as
mentioned in Lemma 2.48, so we apply the functor H,.(I'; —) to both sequences.

The long exact sequence in homology associated to (2.6) is
o+ = Hp(T;C%) = Hp(T5C%) - Hip(T;2°) = Hy 1 (T;C%) = -+ (2.7)
Now Hp(T; CD) is trivial for m > 0 since C9 is a free -module, so we have H,,(I'; CY) =

Hp1(T52%) for m > 0. By definition of s and Corollary 1.71, we have H,,(T';Z*) =
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H,.(TP@T'/I'P; ZQZ[['/T'P)) = H,,(I'P; Z), which is of finite rank over Q. Thus H,,(T; CY)
has finite rank over Q for m > 0.

The sequence in homology associated to (2.5) is as follows.
s Hn(T;C3) 8 H(T305) & Hon(T;6%) — Hinoy(T;C3) = - (2.8)

As shown above, tk Hn([';Ch) = oo but rk Hn(I;CY) < 00 so Kerd] must be of in-
finite rank over Q. The exactness of the sequence (2.8) implies that there is a surjection
H,(T;C}) — Kerdf and so Hp(T';Ch) is of infinite rank over Q. The inclusion of the
summand C% into C? induces an inclusion Hy,(T;C%) < Hp(L;C?) so Hy(T;C?) is of
infinite rank over QQ for m > 0.

We could equivalently have made the above constructions using the summand C%, of
C?, so we also have Hp,([';C%,) an infinite rank summand of Hy,(I';C?) and Hp,(T; Ch,)
of infinite rank, with inclusions H,,(T';Chp/) < Hn(T; CL,) < Hp,(T;CY).

Given the diagrams

Hnp(l;Cpp) < Hm(T;Cp) and  Hn(T;Chp) < Hum(T;Ch)
165" 146"
H,(T;C%) Hn(T;CF)
we can decompose Hy,, (I'; Ch /) as a direct sum A® B for A C H,(T';Chp) C Hm(T;C})
in the kernel of 6" and B such that the restriction §5*|p of 3* to B is an inclusion. As
Hp,(T; CY) is of finite rank, B is of finite rank, so A is of infinite rank since rtk Hp(T';Chp) =
oo. Similarly there is a decomposition of Hy, (T'; Chp) as A'@ B’ for A’ C K. erdy™ of infinite
rank and B’ of finite rank.

The intersection ANA' is of infinite rank. To see this, consider 7: A@B — Bandn': A'®
B' — B’ projection maps with kernel A and A’ respectively. The kernel of H,,,(T'; C /) o
B @& B' is precisely AN A’ but this is of infinite rank since rk Hy,(I';Chp/) = 0o and B B’
is of finite rank.

Now since Hp,(I'; C3) surjects onto Kerd]* by exactness of the long exact sequence in

homology above and AN A’ is contained in Kerdf*, the elements of AN A’ can be lifted
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to elements of H,,(I';C3). Similarly, the elements of AN A’ can be lifted to Hm(T; C%,).
Thus we can find two non-zero elements [z] € Hp,(T';C%) and [y] € Hm(T;C%,) which both
map to some element [z] € AN A’ C H,(T;Chp) under dom: Hm(T;C?) = Hn(L;CH).
Since [z] and [y] are in different direct summands of H,,(['; C?) their difference [z] — [y] is
non-zero in Hp,(T;C?) but dam([z] — [y]) = [2] — [2] = 0. As AN A’ is of infinite rank,
there exist infinitely many such elements [z] associated to linearly independent pairs [z], [y]

of elements of H,,(T'; C?). Thus Kerds,, is of infinite rank, so rk H,,(T; C3) is infinite. |

We can now formulate a theorem giving conditions under which the Euler characteristic

is not defined.

THEOREM 2.50 Given a codimension 3 hyperplane polytopal projection pattern for which

the rank of H,(T'; C!) is infinite, the Euler characteristic is not defined.

Proof Since rk H;(I';C') = oo by assumption, setting m = 1 in Lemma 2.49 gives that
Hy(T;C3) is of infinite rank over Q. If we can show that rk Ho(I'; C?) is also infinite,
then since it has a sign opposite to that of rk H;(I'; C?) in the expression for the Euler
characteristic in Corollary 2.4, the Euler characteristic is not defined in this case.

First note that under the above assumptions, Lo is infinite since rk H;(I;C!) = oo
implies that Ly, = |[;./T]| is infinite by Lemma 2.47 and this in turn gives that Lg is
infinite, since each I'-orbit of singular 1l-spaces in I;./T" contains at least one I'-orbit of
singular O-spaces by Lemma 1.39. Hence to show that rk Ho(I'; C3) = oo, we could use
Theorem 2.60 ahead, but in this relatively low dimensional case for which we know by
Lemma 1.60 the sequence 0 = C3 — C? - C! = C° =+ Z — 0 is exact, we prove the
result as follows. The argument used is similar to that of Lemma 2.49 — we show that the
kernel of the map dyo: Ho(I'; C%) — Ho(T'; C!) is of infinite rank by finding an infinite set of
elements in Ho(I'; C') which lift to two distinct summands of Ho(T; C?) so their difference

is non-trivial in Ho(I'; C?) but zero in Ho(T'; C?).
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For a codimension 3 polytopal projection pattern, there are only finitely many I'-orbits
of singular 2-spaces and hence at least one, denoted D, must contain singular 0-spaces in
infinitely many I'-orbits. As in Lemma 2.49, we consider the exact sequence 0 — C% —
Cl - CY — Z* — 0 and the short exact sequences (2.5) and (2.6).

The long exact sequence arising from (2.6) yields rk Ho(I; C¥) = rk Ho([;CD) —
rk Ho(T;Z*)+rk H,(T;Z?) and this is equal to rk Ho(I'P?; C%)—rk Ho(I'P;Z)+1k H,(I'P;Z)
by Corollary 1.69, for I'? the stabiliser of all singular 2-spaces D in the orbit D. Hence,
writing LY for the number of I'-orbits of singular 0-spaces in D (or any other singular 2-
spaces in the T-orbit D of D) we have rk Ho(I';C¥) = L? + rk I'P — 1 which is infinite
since LY is infinite by the choice of D.

Next considering the long exact sequence (2.7) arising from (2.6), the map Ho(T;C}) —
Ho(T; CY) is a surjection so rk Ho(T'; C}) is infinite and hence Ho(T;C*) D Ho(T;C}) is
of infinite rank.

Now there is a singular 1-space in D which contains singular 0-spaces in an infinite
number of I'-orbits. To see this, note first that there are infinitely many I'-orbits of singular
O-spaces in D but any singular 0-space arises at the intersection of three or more singular 2-
spaces and since there are only finitely many I'-orbits of singular 2-spaces for a codimension
3 polytopal projection pattern, there is at least one set D', D" of singular 2-spaces whose
translates intersect D in singular 0-spaces in infinitely many I'-orbits. If the intersection of
translates of D" with the singular 1-space D N (D' + v) and the intersection of translates
of D' with DN (D" +~') were in finitely many I'-orbits for some «,¥’ € T then there could
be only finitely many I'-orbits of singular 0-spaces arising at the intersection of translates
of D,D' and D", which is a contradiction to the choice of D' and D". Thus at least one of
the lines DN (D’ +v) or DN (D" +4') contain infinitely many I'-orbits of singular 0-spaces.
Denote this singular 1-space by ! and write I; for the set of parallel singular 1-spaces which
intersect ! at the singular O-spaces in infinitely many I'-orbits and which are formed at the

intersection of D with the singular 2-space D’ or D" not used to form .
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The above construction enables us to be able to apply the argument in the proof of
Theorem 2.26. Namely we produce infinitely many elements ¢; of C}, giving rise to dis-
tinct elements of Kerdyo: Ho(I'; Ch) = Ho(T'; C¥), which is thus of infinite rank. Hence,
since Ho(I'; C}) surjects onto Kerdio: Ho(I';Ch) — Ho(T; CY) by exactness of (2.8) at
Hy(T;C}) we have rk Ho(T'; C%) infinite.

We now proceed by constructing an infinite set of elements in the kernel of the map
83: Ho(T;Ch) — Ho(T; CX) which lifts to two distinct summands of Ho(T'; C?), thus giving
rise to pairs of elements whose difference in H(I'; C?) is non-trivial, but which are in the
kernel of dyg: Ho(T;C?) — Ho(T; C).

Take the set S; of singular 2-spaces in D which are bounded by the singular 1-spaces
associated to the elements £; € Kerd, where ¢; is the indicator function on the loop formed
by the singular 1-spaces [, lg, I; and !’ for I’ parallel to | and Iy parallel to I; formed by the
same pairs of singular 2-spaces as [ and I; respectively, as shown in the diagram below. These
singular 2-spaces then give rise to elements S; of C% whose images under 8, : C3 — C}, are
¢; which in turn yield distinct elements [¢;] in Ker(Ho(I'; C) — Ho(I'; CY)) as in the proof

of Theorem 2.26. Hence {¢;} is a set of elements in Ho(T'; C}) which lifts to Ho(T'; C3).

I'=Dn (D +7)

I=Dn (D' +7)

lg=Dn (D" ++49) I; =DNn (D" +4;)

Now translates of D, D' and D" can be found which form parallelepipeds II; having base
S; since each singular 1-space in the boundary of S; is at the intersection of D with some
translate of D' or D" and since D, D' and D" are planes of infinite extent by assumption a
translate D + v of D can be taken which intersects the translates of D’ and D" in singular
1-spaces forming the boundary of S; + 7. Thus as above the element [4;] + [ + 7] €
Ker(Ho(T;C}) — Ho(T; CY)) lifts to Ho(T;C3) C Ho(T; C?), but it lifts to Ho(T; C3,) &
Ho(T;C%,.) C Ho(T;C?) as well, since the singular 1-spaces associated to ¢; also form the

boundary of the cylinder in II; arising from D', D" and their translates.
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Hence we have found elements [z] € Ho(I'; C%) and [y] € Ho(T; C%,) ® Ho(T; C%,,) such
that [z] — [y] is non-trivial but dyo([z] — [y]) = [&:] + [€i + 7] — ([€:) + [¢: +7]) = 0 and since
there are infinitely many elements [¢;], we have rk Ker(dzo: Ho(T'; C?) — Ho(T;C!)) = o0,

which means that rk Ho(T; C3) = oo as required. [ |

The above theorem established criteria under which the Euler characteristic of a codimen-

sion 3 polytopal projection pattern is not defined. We now consider an example satisfying

these conditions.

EXAMPLE 2.51 A 3-dimensional codimension 3 degenerate canonical projection pattern.

To produce such a pattern, we take a canonical 3-dimensional codimension 3 projection
pattern, so the acceptance domain K is the projection to V of a six-dimensional hypercube.
The projection is chosen so that three of the 1-dimensional faces of K coincide but with
lengths that are mutually irrational. Any singular 1-space ! in the direction of these three
faces thus has stabiliser of rank 3 since there are three elements of I" in the direction of [
and they are rationally independent. Note by Lemma 1.49 that the stabiliser of any singular
1-space associated to a 3-dimensional codimension 3 projection pattern cannot be of rank

larger than 3. To show that a pattern with this property satisfies the criteria above, note

the following lemma.

LEMMA 2.52 For a 3-dimensional codimension 3 hyperplane polytopal projection pattern
such that at least one singular 1-space has stabiliser T of rank 3, then the number of orbit

classes of singular 1-spaces with rk I = 3 is infinite.

Proof Under these assumptions, and using Lemma 1.49, the rank of the stabiliser of any
singular 2-space D is at most 4, so if there is a singular 1-space ! with stabiliser I'? =
(e1,€2,€e3) of rank 3 in some singular 2-space D, then there must be another singular 1-

space l' in D with stabiliser of rank 1. This is because D is a plane by assumption, but
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there are only finitely many I'-orbits of singular 2-spaces for a codimension 3 polytopal
projection pattern so the vector space span of the stabiliser of D must be two-dimensional.
Hence all stabiliser vectors cannot be parallel to the singular 1-space I.

Now suppose the singular 1-space ! is formed at the intersection of singular 2-spaces
D and D'. Then as in Lemma 1.39 the lines formed at the intersection of D and D' are
dense in D by the density of I in V (which implies that the projection of I' to D along
D' is dense in D). Similarly, the singular O-spaces at the intersection of I’ and the singular
1-spaces parallel to ! are dense in I’. The singular O-spaces in I’ are thus not all in the same
I-orbit since the stabiliser of I’ is of rank 1 so singular 0-spaces closer than the length of
the generator of IV’ are in distinct [-orbits.

Note that the elements of the stabiliser I'P of D are linear combinations of the elements
of I* and I'¥'. This means that the orbit of [ under I'? is not dense in D because in the
direction of I’ (not parallel to !) the only translates are of length jjv|| for v the generator of
I¥. Since singular 1-spaces parallel to ! are dense in D, there are infinitely many which are

closer than ||v|| to ! and to each other and hence must be in distinct I™-orbits. [ |

The above lemma shows that H; (T'; C!) is infinite for this pattern so Lemma 2.49 tells us
that H, (T; C?) is of infinite rank over Q. Lemma 2.47 also gives Lo infinite for this pattern

so tk Ho(T; C®) is infinite by the result in the proof of Theorem 2.50 or by Theorem 2.60.

Hence the Euler characteristic of this pattern is not defined.

We now give three results considering situations when the Euler characteristic is defined

for a codimension 3 hyperplane polytopal projection pattern with L¢ infinite.

THEOREM 2.53 For a d-dimensional codimension 3 hyperplane polytopal projection pat-

tern P with Lo infinite, if H,,(T'; C') is of finite rank over Q for all m > 0 then the Euler

characteristic ep is defined and is infinite.
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Proof To prove this result, we begin by showing that rk H,,,(I'; C?) is finite for m > 0 by
showing that the kernel and image of the map da;,: Hy(T';C%) — H,,(T'; C?) have finite
rank over Q.

By Lemma 1.62, we can decompose C? as @pe,. ;r Cp ® Z[['/T'P] for C} the I-module
in Definition 1.61. From the proof of Lemma 2.48 there is an associated exact sequence
0+ C3 = C} - C% — Z — 0. Break this sequence into two short exact sequences
05C%,->CL—-C® —>0and0 - C¥ — C% — Z — 0, where CX = Imé: C} — C and
apply the functor H,(I'P; ) to obtain long exact sequences in homology. From the sequence

. = Hp(T?;C¥) - Hp(I'P;C%) = H,(TP;Z) — --- we see that Hn,(I'P;CY) =
Hp41(TP;Z) for m > 0 since CY, is a free I'-module so Hy, (I'P; C%) = 0 for m > 0. Now in
the long exact sequence - - - & Hp,(['P?; C%) = Hp(TP;C%) = Hp(TP;CP) = -+ -, form >
0 we have H,,,(I'P; C¥) of finite rank over Q and H,,,(I'?; C}) of finite rank by assumption,
so Hp,(T'P;C3) is of finite rank. Hence, as the set I5./T of I-orbits of singular 2-spaces is
finite for codimension 3 polytopal projection patterns, Hy(T'; C?) = @pey,. ;v Hm(TP; C3)
is of finite rank. Thus the map dzy, : Hp (I'; C3) = H,(T; C?) has image of finite rank.

Note that Kerds,, is also of finite rank, since from the E® = E* terms in the spectral
sequence (in the table preceding Lemma 2.49) rk Kerd,,+1 is a summand of Hy,4+3(T;Z),
which is of finite rank. This implies that rk Kerds,, is finite since if Kerds,, were of infinite
rank, then the image of the second differential 8,,41: H([;C3) = Hpmya (T;C') would
have infinite rank. However, H,,(T;C!) is of finite rank by assumption, so rk Kerdsm,
cannot be infinite. Hence rk H,,(T'; C3) = rk Kerds,, + rk Imds,, is finite for m > 0. Thus
the Euler characteristic is defined in this case. The proof of Theorem 2.50 or Theorem 2.60

ahead imply that Ho(T'; C?) is of infinite rank over Q and hence the Euler characteristic is

infinite. |

COROLLARY 2.54 The Euler characteristic for a codimension 3 polytopal projection

pattern is defined if and only if rk H,,(T'; C!) is finite for all m > 0. |
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COROLLARY 2.55 For a codimension 3 hyperplane polytopal projection pattern with Lo
infinite and such that the stabilisers of all singular 1-spaces have rank 1, the Euler charac-

teristic is defined and is infinite.

Proof By Lemma 1.72, in this situation the homology groups H, (I‘f;Cg) are trivial for
m > 0, where £ € I, /T are I'-orbits of singular 1-spaces and Cil is the T'-module (Def 1.57)
defined only for one singular 1-space in the I-orbit £. Note that C* = @, v C¢ ®Z[T/ r€)
since by assumption the singular 1-spaces are lines of infinite length, so parallel singular
1-spaces are disjoint and non-parallel lines intersect in at most a point, which gives the
zero element in C'. Thus H,,(T';C!) = Beer.r Hm(l‘ﬁ;Cel) is trivial. In particular
rk H,,(T;C"!) is finite, so Theorem 2.53 tells us that H,,(T; C®) is of finite rank over Q for
m > 0, which means that the Euler characteristic is defined. Again, by the proof of Theorem

2.50 or Theorem 2.60, the group Ho(['; C3) is of infinite rank. Thus the Euler characteristic

is infinite. ]

COROLLARY 2.56 For a hypergeneric codimension 3 polytopal projection pattern of ar-

bitrary dimension, the Euler characteristic is defined and is infinite.

Proof If the stabilisers of singular i-spaces are i-dimensional, for i = 1,2, then by Lemma
1.72 the groups Hu(T;C*) = @y, /r Hm (L% C) are trivial for m > 0. Thus in particular
H,,.(T;C?) is of finite rank over Q for m > 0 so Theorem 2.53 gives that rk H,,(['; C?) is
finite for m in this range, and so the Euler characteristic is defined.

By Theorem 2.50 or Theorem 2.60, we know that Hy(L;C?) is of infinite rank, so the

Euler characteristic is infinite. [ |

Note that something more can be said about the (co)homology of hypergeneric polytopal
projection patterns than is yielded by the Euler characteristic. Considering the spectral
sequence tables on Page 88, if H,,([;C') = 0 = H,,(T';C?) for m > 0, then the edge

homomorphisms Hp,43(;Z) = Hp(T;C3) are isomorphisms, so we have the following

result.
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THEOREM 2.57 The rational ranks of the Cech cohomology groups of the continuous

hull MP for a codimension 3 hypergeneric polytopal projection pattern are as follows.

rk HP(MP) = { (45) for0<p <d-1

00 forp

We conclude consideration of this case with a general result giving a necessary condition

for H,,(T; C®) to be of finite rank.

THEOREM 2.58 For a d-dimensional codimension 3 hyperplane polytopal projection pat-

tern, the homology groups H,,(T'; C3) have finite rank over Q for m > r — 1, where r =

max{rk '€ : £ € I}.

Proof By Lemma 1.72, the group H,([';C?) is trivial for m > r — 1, where r is the
maximum of the ranks of stabilisers of singular 1-spaces (which are lines of infinite length
in this case). Thus the second differentials 8: H,,_1(T;C3) = H,(T'; C') will be zero maps
for such values of m and so Kerds,, is of finite rank over QQ since Kerd is of finite rank,
being a summand of Hp,4+3(I'; Z), and Imd is of finite (zero) rank. Also, the images of the
first differentials d3p,: Hy,(D; C3) — Hp,(T; C?) have finite rank for m > r — 1 by Theorem
2.53, since rk Hp,(I'; C*) = 0 < oo for m > r — 1. Thus the groups H,,([; C?) are of finite

rank form >r — 1. |

Case 3: L, infinite and orbits not hyperplanes

For a codimension 3 polytopal projection pattern P, if the I'-orbits of singular 2-spaces do
not contain the planes spanned by the spaces, then it is possible that the sequence (1.2) of
modules C* (Def 1.57) may not be exact. However, if there is such an exact sequence, then

we may proceed in the same way as in the previous cases to obtain various results about

the Euler characteristic in this situation.
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Note that when the [-orbits of singular 2-spaces do not consist of planes, then there
are three possibilities. Firstly, the connected components may be homeomorphic to 2-
dimensional balls and hence have trivial stabilisers. Secondly, the connected components
could have the form of strips of infinite length, with stabiliser having real span of dimension
1. Thirdly, the connected component may have the form of a plane with holes in, so
the stabiliser has real span of dimension 2 but there are some points in the span of a 2-
dimensional face F' of the acceptance domain K for P which are not in the orbit F + T of
F. In the latter two cases, singular 1-spaces [ € I;. could have the form of lines of infinite
length.

The result below considers polytopal projection patterns with connected components

D € I, having trivial stabiliser (referred to as generic polytopal projection patterns in

Definition 1.51).

THEOREM 2.59 For a codimension 3 generic polytopal projection pattern for which the

ezact sequence (1.2) exists, then the Euler characteristic is defined and is infinite.

Proof Given the exact sequence 0 = C% = C? - C! — C° = Z — 0, a spectral sequence
can be set up as in Section 1.6.3. In this case, the stabilisers I'* of singular 1-spaces ! are
trivial s0 Hm (03 C1) & @y, - Hm(1;CF) = 0 for m > 0 and similarly Hp, (T';C?) = 0 for
m > 0. This means that the edge homomorphisms H,,3(I'; Z) = H,,(T; C?) in the spectral
sequence are isomorphisms for m > 0 so rk Hn,(T'; C?) is finite for m > 0 and hence the
Euler characteristic is defined since at most one group in the expression given in Corollary
2.2, namely Hy(T; C®), can be of infinite rank.

Since Ly is infinite for generic patterns (because the stabiliser of any singular 2-space D
is trivial and so any two singular 0-spaces in D must be in different I'-orbits and there are
infinitely many singular 0-spaces in D by Lemma 1.39), by Theorem 2.60 ahead or Theorem

2.50 we have Ho(I'; C3) of infinite rank. Hence the Euler characteristic is infinite. |
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When the stabilisers of singular 2-spaces are non-trivial, but the singular spaces are
not hyperplanes, then subject to the modification of the exact sequence associated to C%
described below, the results of Case 2 can be applied here to yield similar results.

There is an exact sequence 0 = C% — Ch — C — Z* — 0, for C% the I''module in
Definition 1.61. This is because within the 2-dimensional affine subspace D of V = R3, we
can apply Lemma 2.15 to give exactness at C% and C}. However, since singular 2-spaces
in I, are not hyperplanes, it is possible that there are singular 0-spaces in D which are not
contained in singular 1-spaces. These can only arise from the intersection with D of vertices
of translates of the acceptance domain K, since if p is a singular 0-space at the intersection
of singular 2-spaces D and D’ which is in the interior of D and not a vertex of D', then
D N D' consists of a line segment containing p. Thus there are singular 0-spaces for which
the difference of their indicator functions is in the kernel of C%, — Z but not in the image of
C} — CY since there is no path of singular 1-spaces between the singular 0-spaces. Hence
for exactness at CJ, we require a map C%, — Z? for s the number of edge-path components
(Def 1.26) in D. There can only be finitely many singular 0-spaces in D not contained in
any singular 1-space since there are only finitely many vertices of K and as the stabiliser of
D is trivial, no more than one singular 0-space in the same I'-orbit can lie in D. All other
singular O-spaces in D are in the same edge-path component by Lemma 1.42 so s is finite.

Summary

This section has shown that for codimension 3 polytopal projection patferns when Ly is
finite we can produce formulae for the calculation of the Euler characteristic, as we did in
the codimension 2 case. However, when Ly is infinite, codimension 3 polytopal projection
patterns differ from patterns of codimension 2 since we have seen that the Euler charac-
teristic is not always defined in this case. Lastly, we showed that the Euler characteristic
is always defined and infinite for generic and hypergeneric polytopal projection patterns of
codimension 3.

Having considered low-codimension patterns, the next section gives a discussion of poly-

topal projection patterns of arbitrary codimension.
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2.4 Higher codimensions

This section produces results generalising the statements made above for polytopal projec-
tion patterns of low codimensions to patterns of any codimension. We begin with the proof
of the result referred to in previous sections, namely that (no matter whether the sequence
(1.2) of modules C* is exact or not) if Lo is infinite for a polytopal projection pattern P
then H4(MP) = Hy(T;C™) is of infinite rank over Q. The result generalises [12, IV.2.9],

which was only applicable to canonical projection patterns.

THEOREM 2.60 For a codimension n polytopal projection pattern with Lo infinite, we

have rk Ho(T';C™) ® Q = o0.

Proof To prove this result, we restrict to a region small with respect to the inradii of faces
of K so that there are infinitely many translates of singular (n — 1)-spaces with the property
that the region intersects the spaces in their interior only. Thus we recover the setup for
[12, IV.2.9], namely a region containing a dense set of hyperplanes whose normals span the
region, and so the method of proof of {12, IV.2.9] can be applied here.

Since Ly is infinite, but the number of I'-orbits of (n — 1)-dimensional faces of the accep-
tance domain K is finite, there is an (n — 1)-dimensional face F containing representatives
of infinitely many orbit classes of singular 0-spaces. Take a singular O-space 8 in F. This
point is formed at the intersection of at least n faces of K, including F, and there must be
a subset of n faces with linearly independent normal vectors for the intersection of these
faces to be a single point.

Since there are infinitely many orbit classes of singular points, and K is a polytope so
has a finite number of vertices by definition, without loss of generality we can take a singular
0-space B which is not a vertex of K. Thus it lies in the interior of F' and all the other faces
F; intersecting F to form 8. Since f is in the interior of these faces, there is some € > 0 such

that (n — 1)-dimensional balls B,(B) of radius € centred at 8 can be contained in each face
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intersecting at 8. We can suppose that there is another point 4’ in F which is not in the
same orbit as 8 and is formed at the intersection of translates F; + v; of the same faces that
form S (but note that given translates F; + v;, F; + v; of the faces forming 3, the elements
i and 7; need not be equal). This is because if all singular 0-spaces in F' were formed at
the intersection of different faces, then there would have to be an infinite number of distinct
faces in K, which is not true since K is a polytope. We can also suppose that 8' lies in the
ball B.(8) in F since if there were no translates of the faces F; intersecting F at a point
within this ball, then the n-dimensional region v x B¢(3) of the n-dimensional space V' could
contain no translates of at least one of the faces F' of K, for v a vector in F' but not F.
This contradicts the density of I' in V, so 3’ is within € of 3, as stated. Thus, the translates
of faces forming ' intersect the faces forming 8. Taking a translate of F within € of 8 then
produces a bounded region II, which is an n-dimensional generalisation of a parallelepiped.
Since II encloses an n-dimensional subset of V, it is also a singular n-space.

Thus we have constructed the required region and so the proof of [12, IV.2.9] can be
applied to give the result. The basic idea behind the proof is to construct a map ¢: C" —
@D 5, Z/2 for Jy the set of flags (Def 1.29) on all singular n-spaces in IT such that the image
of ¢ is an infinitely generated subgroup of €, Z/2, so then taking quotients by I' and
writing J = Jo/T for the set of I'-orbits of flags associated to singular n-spaces, there is a
homomorphism Ho(I'; C™) — €D ; Z/2 whose image is infinitely generated. By [12, IV.2.10],

this implies that Ho(I'; C™) ® Q is infinite-dimensional as a Q-vector space as required. [}

In the next section, a formula for the calculation of the Euler characteristic is presented,
which generalises the results of the low codimension cases. This formula only applies to

polytopal projection patterns for which Ly is finite, so the result below shows that the Euler

characteristic is defined and finite in this case.

THEOREM 2.61 For a d-dimensional codimension n projection pattern P, if Ly is finite,

then the Euler characteristic is defined and is finite.
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Proof To prove that the Euler characteristic is defined and finite, we need to show that
rk H,,(T;C™) is finite for all m. We proceed as in {12, V.2.4] by induction on the codimension
n of the pattern P. The result is true for n = 1 since rk Ho(I'; C°) = Ly is finite by
assumption so using the formulae in Theorem 2.7 rk Ho([;C') = Lo + d is finite and
rk H,([;C!) =1k H,(T; Z) is also finite for m > 0.

Now suppose the result is true for patterns of codimension ¢ < n. As Lg is finite, Lemma
1.54 gives that the orbits of the faces of the acceptance domain K contain the hyperplanes
spanned by the faces and by Lemma 1.60 the sequence 0 + C* = --- =2 C° 5 Z - 0 is
exact. From Section 1.6.3, there is also a spectral sequence with E},q = H,([;CY). Note
that the module C"~! decomposes as @y, _, Cy~' ® Z[[/T?], for I-modules C; ! as
in Definition 1.57 but only for singular (n — 1)-spaces in the I'-orbit #. This is because
Ly is finite so any singular (n — 1)-space is a hyperplane arising from the I'-orbit of one
face of K (so In—1./T = I—1) and non-parallel hyperplanes intersect in singular spaces of
dimension less than n — 1 which give the zero element in C*~!. Hence by Corollary 1.71
there is a decomposition @,¢;,_, Hp(T?%;Cy™") of Hy(I';C™Y). Also note that by Lemma
1.60 applied to @ (since the singular spaces in @ are hyperplanes by Lemma 1.43) there is
an exact sequence 0 & Cy ' = C;7% = --- & C? = Z — 0 and we can view this as
arising from a codimension n — 1 projection scheme. Hence by the induction hypothesis,
Hy(T?; C;"l) is of finite rank for all p. Note that the number L,_; = |I,—1| of I'-orbits of
singular (n — 1)-spaces is finite, since singular (n — 1)-spaces arise only from I'-translates
of faces of K, and the fact that K is a polytope implies that there are only finitely many
T-orbits of faces. Thus Hp(T;C™) = @,¢; | Hp(T%;C;7") is of finite rank for all p for
a codimension n pattern.

When Ly is finite [12, V.2.3], the number L, of I'-orbits of singular g-spaces is also finite,

for ¢ < n — 1. Thus a similar argument to the one given above shows that H,(I'; C?) is of

finite rank for all p.
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Using the notation of spectral sequences (Page 48), we have shown that E},q has finite
rational rank for ¢ < n. Since the terms E",fq for k > 1 are produced as quotients of kernels
by images of the differential maps, E?, of finite rank implies that rk Ef, is finite. Now Ep,
is produced by successively taking kernels of higher differentials, so if rk E:,n = 00, then the
rank of the image of some differential 8 must be infinite. However, the fact that rk E",fq < o0
for all k and ¢ < n implies that the images of the higher differentials must have finite rank.
Hence rk H,([;C™) ® Q < oo for all p.

Thus the Euler characteristic ep = Efﬂ(—l)‘rk H;(T';C™) ® Q is defined and it is finite

as it is a finite sum of finite quantities. |

2.4.1 General formula for the Euler characteristic

The aim of this section is to produce a formula for the Euler characteristic for codimension n
polytopal projection patterns when Ly is finite, generalising the formulae found for polytopal
projection patterns of codimension 1, 2 and 3. We begin by producing a formula describing
the Euler characteristic in codimension n in terms of the Euler characteristic for codimension
n — 1 patterns.

For a codimension n polytopal projection pattern with Lg finite and acceptance domain
K, recall (Lemma 1.54) that the I'-orbits of (n — 1)-dimensional faces of K consist of sets

of (n — 1)-dimensional hyperplanes. We thus make the following definition.

DEFINITION 2.62 Denote by 8; a I'-orbit of singular i-spaces and write I; for the set
of all such orbits. Write If 7 to denote the set of orbit classes of i-dimensional hyperplanes

which are contained in singular j-spaces in the I'-orbit ;.

In the notation of previous sections, we have 8 = 6y, £ = 6; and 7 = 0,.
Now from Lemma 1.60, for a codimension n polytopal projection pattern P with Lg
finite, the sequence (1.2) 0 =+ C™ = --- — C® = Z — 0 is exact and hence by Lemma 2.6,

we have ep = (—1)"*ley = epon-1 — egn-2 + -+ + (=1)"*leco. This expression arises by
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breaking the exact sequence (1.2) into short exact sequences 0 - C™ = C™~! — C{ 250,
0 - Cj 2502 5 03_3 — 0 and so on. This means that ep = ec» = ecn-1 + ecp-2

for ecp-2 = +eon-2 Fegn-1 -k eco.

DEFINITION 2.63 For a codimension n polytopal projection pattern P with Lo finite,
write e, to denote the Euler characteristic ep = Z‘::O(—l)"rk Hi(T';C™) ® Q and let ez
d

denote the formula for the Euler characteristic 3 i_(—1)'rk H;(T%;CJ). Write €2 for the

Euler characteristic €cg-1 = €ce-1 +€oa-z + - * ego.

LEMMA 2.64 The Euler characteristic e, for a codimension n polytopal projection pattern
with Ly finite can be erpressed as

On—
€n = —e(f)l—l + E enn_ll
on—leln—l

forn > 2 ande; = Lg.

Proof Use proof by induction. By the results of Section 2.1, e; = eco = Ly. Also, Lemma
2.19 gives ez = —Lo+ 3 g, cp, Lo° = —€3 + Yg.c1, et since ecy = eco = Lo as this module
fits into a short exact sequence 0 = C§ — C° — Z — 0 and ez = 0 by Corollary 1.68.

Now suppose the result is true for k. Thus we suppose that we have a formula of the
above form for the Euler characteristic ex. Since Ly is finite, there is an exact sequence
0-CF>CF!5...5C° > Z— 0 by Lemma 1.60. Using the notation of Lemma 2.6,
by Corollary 1.68 we have ez = 0 5o ex = ecr = eck-1 — egr—2 + -+ L eco.

For ex41 = ecx+1, we have an exact sequence 0 = C**! 5 C* —» ... 5 C1 = C° —
Z — 0, and we need to compute ecx — ecr-1 + - £ eco. Since we assume a formula for e
has already been determined, we have an expression for €ch-1 = €Ck-1 = o + eco. Thus
ech+1 = ek — €3.

It remains to compute ecx. Decompose C* as @, ¢, C§, ® Z[l'/T%] as in Lemma

1.62. Since Ly is finite, by Lemma 1.60 there is also an exact sequence 0 — Cgk -
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C,‘,’,c — Z — 0. By the induction hypothesis, the formula for the Euler characteristic
ecr = 2(-1)'k Hi(T%;Ck ) = el* is known. Hence ecx = ¥4, ¢;, e and epy1 =
k

0 O ;
—€§ + Y g, 1, € s required. |

Note that in the same way that e; can be equivalently written as 34 (g5 —1) (Theorem
2.21) for gg the multiplicity of a singular 0-space 3, there is a similar formulation for e,. In

order to produce this equivalent formula, we begin with some definitions and notation.

DEFINITION 2.65 Write N,, for the set {2,3,...,n—2,n — 1} and set Ny =0 = N,.

Define a k-multi-index to be i: = {i1,...ix} for k > 1, where ix > ix_1 > ... > i) and

ij € Nn. Seti: =0 for k=0.

DEFINITION 2.66 Define qg, for 6o € Iy to be the multiplicity of a singular 0-space 6o,
that is the number of non-parallel singular 1-spaces intersecting at 6y. If 0; € If i, then the

multiplicity of 6y is counted only over those singular 1-spaces contained in singular j-spaces

in the I'-orbit 6;.

DEFINITION 2.67 We define the following notation.

> (g -1 = Y oo 3N -

0;€l; 0; ; 0 6 o,
1€1; €l g, et 65, el) gl

Ifj= 0 then Zoielj_(q% -1)= Eooejo(qoo -1).

THEOREM 2.68 With the above constructions, the Euler characteristic associated to a

codimension n polytopal projection pattern with Ly finite is

n—2
en= (1)) (=DM Y Y (gs,— 1) forn > 2
k=0 i a k-multi-indez OLEIL

and e; = Log.
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Proof Using Lemma 2.64, we prove this result by induction on the codimension n.
For n =1, by Section 2.1, e; = Lg as required.
For n = 2, we have N, = @ and k = 0, so the expression reduces to

= (D' Y (g -1 = Y (g0 — 1)

o€l Bo€lp

which is equivalent to the result of Theorem 2.21.
Now suppose the result is true for m, so

m—2
em = (=)™ D (-DFT Y > (o, — 1)
k=0

J » kemulti-index 0 €15

By the recursion formula for the Euler characteristic (Lemma 2.64), we have em41 = —€3, +

Yo..c1,, €. Thus

m—2
emyr = ()™M= DM Y Y (e - 1)
k=0 J a k-multi-index 6; €5
+ Y Z( DY Y (e - 1)
Om€Elm J = k-multi-index ;€15

Now the second term in the expression has a sum indexed by (k+ 1)-multi-indices, where
ik+1 = m, for k = 0,...,m — 2. Equivalently, we can think of this as a sum indexed by
k-multi-indices with iy =m for k = 1,...,m — 1. Iu the first term, there will also be sums
indexed by k-multi-indices, for £ = 0,...m — 2. In particular, there are no multi-indices
with iz = m. Thus no multi-indices appear in both the first and second terms. However,
all possible k-multi-indices on {2,...,m — 1,m} for k = 0,...,m — 1 appear in either one
term or the other since the only (m — 1)-multi-indices are those with i, = m, the only
0-multi-index is @, and a k-multi-index j for k = 1,...,m — 2 either has j, = m and the
other entries in j have the form of a (k — 1)-multi-index on {2,...,m -1} (since jx = m > j
for I < k by definition) which appears in the second term, or jx # m in which case j is a

multi-index on {2,...,m — 1}, appearing in the first term. Thus we can combine terms to
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give

m—2
emii = (CD™SEDEOY Y (@ - 1)
k=0 J = k-multi-index ;€1

m—1
+3EDF Y Y -
k=1

i ® k-multi-index GLGIL

with ip=m

m-—1
ED™ S EDE Y Y e -1)

k=0 l a k-multi-index 9;'_611_
(m+1)-2
ol G e W G Vit DU W ()
k=0 l a k-multi-index BLGIL

which is the required result for a codimension (m+1) projection pattern. Hence by induction,

the result holds for all m. [ |

Given the results of the sections investigating polytopal projection patterns with codi-
mensions n £ 3, the above results enable us in particular to determine a result about the

Euler characteristic for a codimension 4 polytopal projection pattern, as shown below.

THEOREM 2.69 For a codimension n polytopal projection pattern, if Lo is finite, then

the Euler characteristic satisfies e, > Lo > 0 for n < 4.

Proof For n = 1, we have e; = Ly > 1 by Corollary 2.8 and the fact that the polytope
K (the acceptance domain for the pattern) has at least one vertex, which gives rise to a
T-orbit of singular 0-spaces.

For n = 2, we have e2 = —Lo + 34 ¢, LS. Now every singular O-space is at the
intersection of at least two singular 1-spaces 6; and 6}, so a given singular 0-space 6o
appears in both Lg1 and Lgll. Thus Eole I Lg‘ 2> 2L as every singular 0-space appears at
least twice in the sum. Hence e; > —Lg + 2Lg = Lg > 0.

When n = 3, by Lemma 2.44 we have e3 > Lo > 1. This result was obtained by first

writing e3 as a sum over 6y € I and then showing that the terms in the sum had value at

least Lg.
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Forn = 4, we use eg = —€3 + 3 .. €5® and the formula e3 = Y g o1 [ (g, — 1) +
Yie Iog (qf° —1)] of Lemma 2.44, where the notation is as in Definition 2.42. Given an element
6o € Io, in the sum 37, ;. 200 e1?s Poos each plane passing through 6, is counted at least
twice since planes 6, are at the intersection of at least two elements of I3. Also every plane

<

passing through 6, contributes at least two to the sum 3, ;. D doci®s Tie oy qfo since the
plane passes through at least one singular 1-space ! through 6, and is counted at least twice.
. . fo
Thus if 32 7, Eoo e1¢s Pp increases by some amount, then 3°, . 3 boc®s Eleloo gfo in-
creases by at least the same amount. Also note that py, > 1 and qf° > 1 since singular
O-spaces and singular 1-spaces are at the intersection of at least two singular 2-spaces in
: 6
63. Hence since 3, ;. Ly® > 2Lo we have 34 ;. 2906133 [=(poo — 1) + iy, (@1 — D} >
23 poer = (P — 1) + Zleloo (@ — 1)] which means that e5 = —€3 + 3., el > ez > Lo,

as required. |

Potentially, Lemma 2.64 and the methods used in the proof of the above result lead to
an induction argument on the codimension n which could be used to show that e, > Lo
for polytopal projection patterns of arbitrary codimension n. However, the notation which

would be required in order to do this becomes rather more complicated, so es,eg and so on

are not considered here.

COROLLARY 2.70 For a codimension n polytopal projection pattern with n < 4, if e, is

defined and finite then Lq is finite. |

Finally note that by Theorem 2.61, if Ly is finite then e, is finite.

We now move on to consideration of some codimension n polytopal projection patterns

for which Lg is infinite.
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2.4.2 The hypergeneric case

For hypergeneric polytopal projection patterns (Def 1.50) we have Ly infinite, but the sta-
bilisers of all singular spaces have rank equal to the dimensions of the spaces they sta-
bilise, and the singular spaces are arranged into hyperplanes. This means that the sequence
(1.2) is exact everywhere and a spectral sequence exists for computing the group homology

H,(I;C™). The argument of the proof of Corollary 2.56 immediately generalises to verify

the following result.

THEOREM 2.71 For a hypergeneric codimension n polytopal projection pattern P, the

Euler characteristic is defined and is infinite. [ |

Also, the ranks of the cohomology groups H*(MP) can be determined in this case,
because the methods of Corollary 2.56 can again be used to show that H,(I';C") =
Hp i n(T;Z) for m > 0 and rk Ho(T'; C™) = oo.

As in the codimension 2 case, we can also consider whether torsion can arise in the
cohomology of hypergeneric projection patterns of codimension n. By the above result,
since Hy([C™) & Hpyn(T;2) = z(23%) for m > 0, these groups are torsion-free, so it
remains to check Ho(I'; C™). Now we can break the sequence 0 - C™ byton-1 5. o

!B 0520 (1.2), which is exact in the hypergeneric case, into short exact sequences
0 —C*—C"!1—Cy?—0

0o CF 2Dt —oCi?—o0

0—Ct—C'—Cy—0
0—C)—C'—2Z—0

where C{ is the image of ,: C9*! — C9. Note that C? is free, so Ho(I'; C°) is torsion-free,

and so is Ho(I'; Z). Thus Ho(T;CQ) is torsion-free. Applying the techniques described for
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the codimension 2 case on Page 74 to the sequence 0 — C} - C* = C° = Z — 0 gives that
Ho(T; C}) is torsion-free since singular 1-spaces have stabilisers I'* of rank 1 in this case so
B1: D¢er,.yr: A2l = Aol is the zero map. Similarly, considering C? 2 @per,.rCH®
Z[T'/T'P], the methods for codimension 2 patterns yield Ho(I'?; C%) torsion-free in this case,
so Ho(T; C?) is torsion-free. Thus from the long exact sequence in homology associated to
the short exact sequence 0 = C3 = C? — C} — 0, since Ho(T'; C?) and Ho(T;C}) are
torsion-free, we see that Ho(T'; C3) is torsion-free as well. Similarly considering the sequence
0= C} - C} - Cip = 0 for D € I3 /T gives Ho(T;C?) & @peyyr Ho(IP;C3)
torsion-free. Proceeding in the same way for C3 and C* and so on shows that Ho(T; C™) is
torsion-free.

Note also that Ho(I'; C™) ¢ Z* for s = oo since Hp(T; Z) = 2(%") and Ho(T;C°) = ZLo
so the spectral sequences of Section 1.6.3 and induction on n give the result. Hence we have

the following.

THEOREM 2.72 For a hypergeneric codimension n polytopal projection pattern, we have

H™(MP) torsion-free for all m and

: z(=3)  form<d
H™"(MP) =
(MP) { 7> form=d

where Z* denotes a countable direct sum of copies of Z. [ |

2.4.3 Infinite generation of cohomology groups

In the low codimension cases, we saw that there are circumstances under which the coho-
mology groups H*(MP) = H,_,(T;C") for polytopal projection patterns P have infinite
rank over Q. This section contains some general results determining when rk H,,,(I'; C™)
will be finite or infinite. We have already seen in Theorem 2.60 that if Lg is infinite, then
Hy(T';C™) is of infinite rank, so we next give a corollary of Lemma 2.49. Note that we

always assume in this section that the sequence (1.2) of I'-modules C" is exact.
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THEOREM 2.73 If rk H,,(T;C""2) is infinite and the stabilisers of singular (n — 3)-

spaces have rank less than m + n — 3 for some m > 0, then vk Hy, (T'; C™) is infinite.

Proof With these assumptions, by Lemma 1.72 we know H,,(T'; C*~3) = 0. Also H,(T',C?) =
0 for ¢ < n — 3 and p > m since the stabilisers of singular spaces contained in a singular
(n — 3)-space D have ranks which are not greater than the rank of the stabiliser of D. This
means that in the spectral sequence (Section 1.6.3) the higher differentials with domain

H,([;C™ 1) and H,,(I'; C™2) are trivial so we can use the proof of Theorem 2.50 with

n = 3 replaced by n and C2° replaced by C{"~%°, to give rk Ker(dn_1,m: Hm(T;C™"1) =

H.,(T;C™~2)) infinite, and hence rk Imdy,,, infinite. Thus rk H,,(I';C") = rk Kerd,m +

rk Imd,.,, is infinite, as required. |

There are also cases when the ranks of groups H,,(I'; C™) are known to be finite, as

shown by the next two results.

THEOREM 2.74 For a codimension n polytopal projection pattern P, if the stabilisers of
singular (n — 1)-spaces are of rank less than m + n — 1 for some m > 0 then H,,(T';C") =

He=™(MP) is of finite rank over Q.

Proof With these assumptions, Hp, (I'; C"~!) = 0 and, as in the proof of the above theorem,
H,(T;C%) = 0 for all ¢ < n. This means that the edge homomorphisms H,4+,(I;Z) —

H,(T'; C™) are isomorphisms, so H,(I'; C*) = H*™(MP) = Z(3¥m) is of finite rank. [ ]

THEOREM 2.75 For a codimension n polytopal projection pattern P, if only finitely many

['-orbits of singular q-spaces have stabilisers of rank r > m +q for all ¢ < n then Hp(T';C™)

is of finite rank for p > m.

Proof With these assumptions, H,(I'; C?) is finite for p > m by Lemma 1.72. Hence in the

spectral sequence with E, = H,(I'; C™), the images of all differentials with domain E;,‘n for
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any k will be of finite rank. In particular Im(dpn: H,(T;C™) — H,(T;C™1)) is of finite
rank for p > m.

The kernels of the differentials with domain E}, = E3 are also of finite rank because
rk Kerd is a summand of rk Hpy,(T;Z) for some differential & with domain E¥,, so is
finite. If any other differential with domain EJ, for r < k had kernel of infinite rank, then
the image of a higher differential would thus have to be of infinite rank, which is impossible
by the first paragraph. In particular Ker(dpn: Hp(I'; C™) — Hp(T';C™!) is of finite rank
forp > m.

Hence rk H,(T'; C™) = rk Kerdp, + rk Imd,, is finite for p > m. [ |

The above discussion does not enable the finiteness or otherwise of all groups H, (I'; C™)
to be determined. For example, given a codimension 4 polytopal projection pattern with
H.,(T;CY) of infinite rank, the methods used in Lemma 2.49 are not strong enough to
tell us whether H,,(T;C*) is of infinite rank. We suspect that rk H,([;C%) = oo if
rk H,(T;C') = oo, since expressions like those for the Euler characteristics in Lemma
2.19 or Theorem 2.39 arise when computing cohomology for higher-codimension projection
patterns, but with Lg replaced by L;, and if the Euler characteristic is defined and infinite,
then so should these quantities be. For example, for a codimension 3 canonical projection
pattern P, in the formula of Theorem 2.37 for the rank of H*(MP) ® Q, terms of the form
~Li+Y e, L] appear, which are analogous to the formula for the Euler characteristic for
a codimension 2 canonical projection pattern. Thus if ep is infinite, then such expressions
should also be infinite and hence the homology groups H, (I'; C™) are likely to have infinite

rank. However, in order to prove such results, more work is needed.

2.5 Applications

In this section, we consider several applications of the calculations and results obtained in

this chapter.
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2.5.1 Euler characteristic 0

Note that the Euler characteristic ep is zero for a two-dimensional periodic point pattern
P, since the continuous hull MP is a torus in this case. Thus the work of this chapter, and
in particular corollary 2.24, shows that periodic patterns do not arise as projection patterns
as described above. In fact, periodic patterns have the form of codimension 0 projection
patterns, since they can be produced by taking a lattice A of any dimension and choosing
the space E so that it intersects A at more than one point. Then [34] a periodic pattern
consisting of points from A automatically appears in E, without the need for any projection.

There are two-dimensional quasiperiodic patterns which have ep = 0. One example is the
Pinwheel tiling in Figure 1.1. Since this tiling does not satisfy the Finite Local Complexity
condition (Def 1.13), the above theory cannot be used to compute its Euler characteristic
ep, but [28] the continuous hull MP of this tiling can be viewed as an S'-bundle over a
certain simplicial complex and its Cech cohomology (with rational coefficients) is related
to the cohomology of the circle S, for which the Euler characteristic is 0. Since ep = 0,
Corollary 2.24 tells us that the Pinwheel tiling cannot be produced from the projection of

points in a lattice selected by a polytopal acceptance domain.

2.5.2 Canonical projection patterns

Since canonical projection patterns have acceptance domains which are polytopal, the above
work is applicable in this more specific case. In particular, we have shown that for canonical
projection patterns, the group H4(M7P) is of infinite rank over Q if and only if the number
Lg of T'-orbits of singular 0-spaces is infinite, a result which appears in [12]. We have also
extended the work of [12] to consideration of higher homology groups H,,,(I'; C™) and what
can be said about their ranks over Q. In the codimension 2 case, we obtained the result
that the Euler characteristic is always defined, which is stronger than the above result for

H4(MP) only, since its proof entailed showing that the groups H™(MP) are always of finite

rank for m < d.
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2.5.3 K-theory

Consider the isomorphism K*~4(MP) ® Q = @2 __, H**+(MP) ® Q from Theorem 1.76
for P a codimension 2 polytopal projection pattern. In this case we have seen that if
Lo = oo then H*(MP) has infinite rank over Q, but all other cohomology groups have finite
rational rank, so rk K(MP) ® Q =tk H}(MP)® Q +rk H*"2(MP)®Q + --- could be
infinite, but rk K!(MP) ® Q = rk H4"}(MP) ® Q + rk H43(MP)®Q + - - - will always
be finite. Additionally, for 3-dimensional codimension 3 patterns, since rk K°(MP) =
tk H3(MP)+r1k H'(MP) and tk K}(MP)®Q = rk H2(MP)®Q+r1k H*(MP)®Q, both
K°(MP) and K'(MP) could be of infinite rank over Q. For polytopal projection patterns
of higher dimension and codimension, it is again possible that both rk K°(MP) ® Q and
rk K'(MP) ® Q could be infinite.

This has applications to ideas related to those in Section 1.6.1. In Section 1.6.1, we
saw the gap labelling map Gap(H) — Ky(A) for Gap(H) a set of subsets of R and A the
C*-algebra associated to tilings P in MP. A related concept is to consider the topological
K-theory of MP, for which there is a trace map K°(MP) — R sending projections to
intervals of R which has image consisting of finitely many intervals since the Hamiltonian
H has bounded spectrum in R. Thus if rk K°(M7P) is infinite, then the kernel of this map
is of infinite rank over Q. Elements in the kernel are called infinitesimals, and are of interest
as knowledge of these elements should yield more information about the structure of the
space MP than is detected by the trace, especially since the group of infinitesimals has been
shown by the results of this chapter to be of infinite rank in many cases. Work in this area

is being carried out by Bellissard, Bendetti and Gambaudo [2] amongst others.

2.5.4 Deformations

In (8], deformations of tilings are considered. Given a d-dimensional tiling 7~ (Def 1.2), a

deformation is a tiling 7" which is combinatorially identical to 7, so the tiles in 7 and 7"’
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can be labelled in such a way that if tiles meet in 7 then they correspond to tiles which
meet in 77, but the tiling 7" differs geometrically from 7, so the shapes and positions of
tiles in 7" could be different from the shapes and positions of tiles in 7. A deformation f
is [8] given by a set of vectors specifying the one-dimensional edges of each prototile in a
tiling so that if two prototiles meet at an edge in a tiling, then the vectors associated to the
edge are the same. The sum of all vectors associated to a prototile should be zero. Such
deformations [32] do not alter the topology of the continuous hull — given two deformations
f, g, and the associated tilings 7; and 7, then MT; is homeomorphic to M7,. However,
the relationship between the tilings in the spaces M7y and M7, is more interesting. In
(8], a map Z is defined from the space = of deformations to H*(MP;R?) = H'(MP) ® RC.
The image of this map is then investigated to produce conditions for when tilings in M7}
and MT, are related, and how strong the relationship is. For example [8], if f,g € Z, and
I(f) = I(g), then given an R%-equivariant homeomorphism ¢: MT; — M7, the patterns
T' € MT; and ¢(T') € MT, are mutually locally derivable.

Since we have shown that for codimension 2 polytopal projection patterns the group
H'(MP) is of finite rank, this means that for associated tilings, deformations only nroduce
finitely many MLD classes (Def 1.4). For higher codimensions, there are possibly infinitely
many MLD classes, but Chapter 2 gives conditions when this is not the case. In particular,
for tilings associated to hypergeneric (Def 1.50) or generic (Def 1.51) polytopal projection
patterns for which the cohomology can be computed, there are only finitely many possible

MLD classes produced by deformations.

We have seen in this chapter a consideration of one particular topological invariant for
polytopal projection patterns P — the Euler characteristic. Since this invariant was defined
using the Cech cohomology H*(MP) of the continuous hull MP for P, some results about
these cohomology groups were also obtained. The next chapter contains further discussion of
Cech cohomology H*(M P) for polytopal projection patterns and models for the continuous

hull MP which simplify the computation of H*(MP).
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Chapter 3

Cohomology and models for MP

The cohomology H*(MP) of the continuous hull MP for a canonical projection pattern
P can be calculated as in [12], but recent work in this area aims to produce alternative
models for MP whose cohomology is more straightforward to compute and gives a more
intuitive idea of the structure of MP which is detected by the cohomology. It was shown
in [12, Chapter III] that for a d-dimensional codimension 1 projection pattern (which need
not be canonical), the continuous hull in that case is homeomorphic to a punctured (d + 1)-
dimensional torus, where the number of punctures depends on the number of I'-orbit classes
of points in the boundary of the acceptance domain K. These ideas were extended in a
paper by Pavel Kalugin [20] to provide a geometric interpretation of the continuous hull
and its cohomology, for certain projection patterns of codimension n > 1.

More specifically, in [20], a d-dimensional codimension n canonical projection pattern P
is considered, for which n = d and which satisfies the following (referred to in [20] as the
rationality condition).

Firstly, there should be two vectors, k; € V and n; € E associated to each face F; in
the boundary of the acceptance domain K of P, with the properties that the hyperplane
H; spanned by F; has k; as its normal vector and n; is normal to some hyperplane H] in
E which intersects F; at a point. Secondly, the space H; + H] should be an affine torus in

T™*4 of dimension n + d — 2 = 2(d — 1) orthogonal to n; and k;.
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It is shown in [20] that the cohomology of M7P is isomorphic to the cohomology of
Tn+9\ A, where A is an arrangement of (2(d — 1))-dimensional tori, thickened so that A is a
2d-dimensional submanifold of T?¢. Note that the tori in A correspond to the tori H; + H
defined above.

Further work in this area is being carried out by Pavel Kalugin, Franz G&hler and others.
However, on studying [20] a generalisation readily suggested itself, so the following results
have been obtained independently. It is shown in this chapter that results analogous to those
of [12] hold for the larger class of d-dimensional codimension n polytopal projection patterns
with the number Lg of I'-orbits of singular 0-spaces finite (for which n divides d by Lemma
1.56 but n need not be equal to d). Also in this chapter, we consider a further generalisation
which potentially yields results for polytopal projection patterns of codimension 2 with Lg
infinite.

We begin by setting out the methodology and main results of [20].

3.1 Setup and existing result

In [20], projection patterns are viewed in a different way from those described in Section 1.1.
As before, we have a lattice A in R”, a subspace E of RV, a space V orthogonal to E with
the property that 7+ (A)NV is dense in V for 7 the projection map with kernel E, and an
acceptance domain K in V. However, in this setting, the projection scheme is considered
to be within the torus T"*9, formed as the quotient (V + E)/A’, where V + E = R**¢ and
A’ 2 Z"+d is the subset of A with the property that 71 (A’) NV =T for I as in Definition

1.34. If the tiling space E intersects A’ only at the origin, then E is dense in T"t9,
\%4
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The paper [20] proceeds by noting that for a canonical projection pattern P in the
space E with Lo finite, if E intersects the hyperplane H; which is the span of an (n — 1)-
dimensional boundary face F; of the acceptance domain K at some point, then in the torus
T™t¢ it intersects H; in a dense set of points. Viewed in E, this set of points is a Delone
set in a hyperplane subspace of E.

Since H; is of dimension n — 1, it has codimension 1 in V and hence the vector k; in
the rationality condition is a normal to H;. When n = d, if the pattern P satisfies the
rationality condition, then [20] the hyperplane H] in E containing the Delone set of points
of intersection with H; is of codimension 1 in E with normal n;. The rationality condition
also gives that the space H; + H] is an affine torus of codimension 2 in Tn+4 orthogonal to
n; and k;. Note that if hyperplanes associated to faces of K are in the same I'-orbit, then
their associated vectors will be of equal magnitude and direction, so we need only consider
distinct I-orbits of faces of K.

The fact that the set of points EN F; is a Delone set, and in particular is relatively dense
so there exists R > 0 such that any ball in H; of radius R contains a point of EN F;, implies
that a (thickened) hyperplane containing these points can be produced by taking balls in E

of radius R about each point, as shown in the diagram below.

This leads to consideration in [20] of the set Yr = (J;;, Fi + Bf, whose intersection
with E is the set of hyperplanes {H/}ic1, thickened by some amount in the direction n;, for
Ik the set enumerating the I'-orbits of faces of K. Note that more than one translate of the
acceptance domain K may be needed in order for all possible I-orbits of singular spaces to
appear in Yg, but since Ly is finite by assumption, there are only a finite number of I'-orbits

of singular spaces of any dimension, so finitely many translates of K are sufficient. In fact,
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since the intention below is to excise Y from T"*¢ and then complete the resulting space,
to ensure that the completion of T"*4\ Y is not T"+9 the space Y must be of dimension
n + d. This means that we instead consider Yg = ¢, (Hi + BY) + BE) where B! is
a one-dimensional space in V of fixed length € containing the vector k; which ‘thickens’
the hyperplane H;, for ¢ small with respect to the inradius of the smallest n-cell in the
set {J, (K + ) of translates of K in which representatives of all I-orbits of singular spaces
appear. Thus (H;+BY )+ BE is an (n+d)-dimensional object and Y is (n+ d)-dimensional
as well.

The next step in [20] is to show that the continuous hull MP for P is homeomorphic
to the inverse limit li}_nX r as R increases, where Xg is the completion of T"+9 \ Yr with
respect to the metric p defined below. First note that there is a metric in T*+¢ = Rn+4 /714

induced from the Euclidean metric on R**¢, This in turn induces the following metric on

Tntd \ YR-

DEFINITION 3.1 Define p to be the metric on T™4 \ Y which gives p(a,b) as the

infimum of the lengths of all paths connecting the points a and b in T™*¢ but avoiding Y.

DEFINITION 3.2 Define X: = lif_nX,,‘ for (rx) a monotone increasing sequence of real
numbers rr, > R, where the maps 1;: X, ., = X,, are the ectensions of the maps iy : Tr+d\

Yro,. = T\ Y,, (which are continuous with respect to p). Write mp: X — X,, for the

projection maps.

It is then shown in [20] that there is an isomorphism H*(MP) = H*(T"*+%\Y,,) for
some rg. Denoting Y;, by A, by definition A is an arrangement of thickened tori of the form
(H;+BY)+BE. A formula for the rank of H*(T"*+4\ A) over Q is then determined in [20] as

follows, using the long exact sequence in relative cohomology for the pair (T"+4, T"+9\ A).

.. Hm-l (Tn+d \ A) d_}m Hm(Tn+d,T"+d \ A) ﬂ_'; H™ (T"+d) ﬁ__)m Hm(Tn+d \ A) e
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Since T"*4 is a compact orientable manifold containing the compact subset T"t¢ \ A,
by Poincaré-Alexander-Lefschetz duality [4, Thm 8.3], we have H™(Tn+d T4\ A) =
H,, 4._n(A). Hence the long exact sequence can be broken into five-term exact sequences

of the form
0 = Im(B™ 1) » H™ YT\ A) D Hppaom(4) S5 H™(T™H) = Im(B™) = 0. (3.1)

From this, we obtain one of the main results of [20], stated in the following theorem. Recall

that rk G denotes rk (G ® Q).

THEOREM 3.3 For a d-dimensional codimension n canonical projection pattern P which
satisfies the rationality condition, the torsion-free part of H™1(MP)) = H™~1(T+¢ \ A)

is given by the formula
rk H™H(T™ 4\ A) = rk Hora-m(A) + rk Im(B™*) + rk Im(B™) — ("; d). (3.2)

3.2 Extension of existing result

For canonical projection patterns with d > n, the rationality condition fails to hold as
stated, because the hyperplane in F defined by the points of intersection with a face F;
of the acceptance domain K will be of codimension greater than one. To see this, we
begin by assuming that Lo, the number of orbit classes of singular 0-spaces, is finite. This
then implies that the cohomology H*(MP) is finitely generated over Q (see Theorem 2.61)
and also that the orbits of the faces of K contain the hyperplanes spanned by the faces
by Lemma 1.54. By Lemma 1.56 the rank of the stabiliser of a hyperplane H; associated
to an (n — 1)-dimensional face of K is E}}‘(n —1). Hence, in the quotient with respect
to A’, the real span of those vectors A'? in A’ which project to the stabiliser I'P of an

(n — 1)-dimensional hyperplane D forms a (E,*;-d(n — 1))-dimensional torus of codimension
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n+d—23¢(n—1) = 24 =y jn Tr+d = (V + E)/A’. If d > n then v > 2 s0 the subtori of
Tn+4 have dimension v(n — 1) =n+d — v < n+d — 2 and hence the rationality condition
does not hold.

However, the theory of [20] does not break down if we extend to the more general setting
of d-dimensional codimension n polytopal projection patterns with L finite and d > n. The
proof of [20, Corollary 1], which asserts that MP is homeomorphic to the space X, is still
valid since it does not use the assumption that H; is of codimension 1 in E. The vectors k;
and n; are used explicitly in the proof of [20, Corollary 2], which gives that the cohomology
of MP is isomorphic to that of T"*¢\ A. They are used to define a local coordinate system
on T™*4\ A and then to define hyperplanes {c € V : z-k; =0} and {z € E : z-n; = 0}. An
amendment can be made to this result to ensure that the conclusion of the therorem still
holds for projection patterns with n # d. When d > n, the hyperplane H; is of codimension
greater than 1in E, so there is a hyperplane of vectors normal to H} in E. Associate to F;
the vector k; as before, but now also associate to F; a set of vectors {n{ } which forms a basis
of the hyperplane normal to H]. Irrespective of the choice of basis {n{}, the torus H; + H|

is orthogonal to all the vectors n]. Thus if we replace the vector n; by the set {n] ;’;11 and

consider the hyperplane {z € E : z - n{ = 0 for all j} instead of {z € E : z - n; = 0}, the

result from [20] holds in this setting.

The cohomology of T"+9\ A is computed in exactly the same way as before, using relative

cohomology for the pair (T™*¢, T"*+4 \ A), so we have the following result.

THEOREM 3.4 For a d-dimensional codimension n polytopal projection pattern P with

Ly finite, the torsion-free part of H™~1(MP)) = H™(T™*+¢\ A) is given by the formula
d
rk H™YT™9\ A) = 1k Hoyaem(A) + rk Im(B™ ) + 1k Im(B™) — (”7: ) (3.3)
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3.2.1 The codimension 2 case

We now consider the codimension 2 case and investigate the consequences of Theorem 3.4 in
more detail. In particular, we show that the formula (3.3) is equivalent to the formula stated
in Theorem 2.12 in Chapter 2 (taken from [12]). A specific example of a 4-dimensional codi-
mension 2 polytopal projection pattern is considered, which does not satisfy the rationality
condition of [20] but whose cohomology is isomorphic to that of T® \ A, a six-dimensional
torus with an arrangement A of three-dimensional tori removed from it. Several examples of
2-dimensional codimension 2 polytopal projection patterns which do satisfy the rationality
condition can be found in [20].

Note that for a codimension 2 pattern with Ly finite, we have v = % € Z so in
particular the dimension of the pattern must be even. Also in this case, the faces of the
acceptance domain K give rise to lines of infinite length which intersect in points. This
means that the quantities in the formula are straightforward to compute. We do not discuss
codimension 3 patterns here, for which the faces are planes intersecting in lines, giving rise
to tori which intersect in circles, since the calculations are not so straightforward. One
example of a 3-dimensional codimension 3 pattern is discussed in [20].

It is shown in [20] that the arrangement A of tori arising from the Fy,...,F; of K in
distinct I'-orbits have 0-dimensional intersection only, since the faces of K (which are 1-
dimensional) intersect at points. Note that, for codimension n = 2 polytopal projection
patterns, these codimension v tori in T"*¢ also have dimension n+d - v =n+d - (n +
d)/2 = v. The following result gives the homology groups for the arrangement A, in which

ea: =Y oo(-1)rk H;(4) ® Q.

LEMMA 3.5 The homology groups H.(A) of en arrangement A of t tori of dimension v,

intersecting only at points, with p connected components are the following.
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Ho(A) = ZP
HI(A) - Z(V—l)t—eA+p
Hy(4) = z0)

Hy(4) = z0)

H,_y(4) = zl5)

H,(4) = z

Proof Consider the spectral sequence with @~ ; H.(T") in the Ej, column and @ H.(T} N

-.NTY) in the E;_, , column, for j =2,...,t.

Dy Hy(T7) 0 0 0
P H(T) ¢ 0 0 0

3 ¥
@, Ho(T!) ¢ @H(T4NTy) T H(N,TY)

Since the tori in the arrangement A intersect only in points, we have H, (T} N.. .ﬁ']l‘;’j) =0

for * > 0 and j = 2,...,t. On the level of chain complexes, we have an exact sequence

0= Ca(Micy TY) = DC.(NIZITY) Sest BCANZ2TY) » - » @C.(T, NTY)

P C.(T?) = C.(A) — 0. This can be split into a series of short exact sequences 0 —

Co(Niz, T?) = D CL(NZI TY) = Imdey — 0, then 0 = Imde_y — @ C.(N;Z3 T%,) -

j=1
Imé_ — 0 and so on, until 0 —» Imé; — @ Cu(Nj—, T%,) = Imé; — 0 and finally
0= Imé; - PC.(T; NTY,) - PC.(T;) = C.(A) — 0. In homology, we then have
short exact sequences 0 — Ho(Imd;) — @Ho(ﬂ' ! T},) = Ho(Iméi—,) — 0 since ﬂ;-;l TY

consists only of points fori =2,...,t—1s0 Hm(ﬂ;:"; T, ) =0 and hence Hy,(6;—1) = 0 for

m > 0. The spectral sequence splices all such short exact sequences in homology together

[4] so the zeroth row of the spectral sequence table is exact up to @ Hp ﬂ =1 T},). Passing

to the E? page thus gives the following result. There are only two non-zero columns, so

E? = E>.
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D, H.(T?) 0 0

@y Hi(TY) 0 0
®§=1 HO(Tf)/Imdtln Kerd},l/Imd})z 0

The alternating sum of all the entries in the spectral sequence table gives [6] the Euler
characteristic e4. However, the Euler characteristic of a torus T" is zero, so the alternating
sum of the groups H,(T?) is zero. Hence e4 = 0 — tk Imd}; — rk Kerd}, + rk Imd},. As
the arrangement A has p connected components, Ho(A) = Z*, so the rank of the image of
dj, must be ¢t — p. Hence rk Kerd}, — tk Imd§, = —e4 — (t — p).

Therefore, Ho(A) = ZP, Hy(A) = Z¥t=¢4=(t-P) and H,,(A) = Z{=)! for 2 < m < v, as

required. [ |

Some results about the Euler characteristic of codimension 2 polytopal projection pat-

terns (see Chapter 2) can also be deduced in this setting.

LEMMA 3.6 The Euler characteristic e = —e, where e is (Def 2.1) the Euler character-

istic of MP.

Proof The isomorphism H*(M7P) = H*(T%t2?\ A) implies that the Euler characteristic of
H*(T+2\ A) is e. The isomorphism H™(T4+2 T4t2\ A) = Hy,.o_m(A), together with the
fact that n = 2 is even and d is even since Ly is finite so thé parity of m is equal to the
parity of d + 2 — m, implies that the Euler characteristic of H*(T9+2,T4+2\ A) is e4. Also
Lemma 1.68 gives that the Euler characteristic of the torus T"*¢ is zero.

From the sequence (3.1) we thus see that 0 = e4 + e, that is the Euler characteristic of
H*(T™*9) is equal to the sum of the Euler characteristic of H*(T™t¢ T4\ A) and that of

H*(T"*+4\ A). Hence e = —ey4, as required. [ |

COROLLARY 3.7 For a codimension 2 polytopal projection pattern with Lo finite, its

Euler characteristic e is positive.
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Proof The Euler characteristic of a one-point union A of t tori of dimension v is eg4 =
0—(1—t) = 1—t as the Euler characteristic of a single torus is 0 and to create the one-point
union, we add in ¢t — 1 1-simplices (homotopy equivalent to points) which each contribute
—1 to e4. Since there are at least two tori in the arrangement A arising from a codimension
2 polytopal projection pattern (because the acceptance domains for such patterns have at

least two faces) we have e4 < 0 and hence by the above lemma e = —e4 > 0. [ |

This provides an alternative proof of Corollary 2.24 in Chapter 2.

Next consider the maps in the relative‘ cohomology sequence (3.1). Since H;(A) = 0 for
i > v, the map 8™ is an isomorphism for m < v so rk Im(8™) = (":;d) in these cases.

The map a%+!: H,(A) - H+1(T4+2) = H,(T%t?) is surjective. To see this, note that
e 2t —1 by Lemma 2.22 and the number ¢ of distinct faces of the acceptance domain K
is at least 2 since K is bounded in the 2-dimensional space V. This then gives rk H;(A) =
G2t _t+e+1> 422 =d+2=rk H¥(T?>*9). It thus remains to show that the d + 2
generators of H4+1(T4+2) =~ H,(T4+2) correspond to elements of H;(A) under a%+!.

Note the following points. Every v € I' is in at least one stabiliser when Lg is finite
since the stabilisers of singular 1-spaces have rank -’%ﬁ and there are at least n such spaces
because K is of positive volume, so if there were fewer than n linearly independent lines
v; intersecting at any vertex of K then the parallelepiped formed by these lines and some
of their translates would have volume v; A ... A v, = 0 which is a contradiction. Also, the
tori in A are formed from the real span of the vectors in A’ projecting to the stabilisers of
hyperplanes. Thus in the quotient T"+¢ = (V + E)/A’, the tori in A are embedded in T"+¢
(as a simplicial complex) so that they contain cycles which generate H,;(T™*4) and hence
H,(A) - Hy(T"™*%) as required.

The above results give that 4%*! and A9+? are zero and hence H™(T4+2 \ A) = 0 for

m>d.
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Now rk Im(8™) = (%?) - ra4a—(m+1) for v < m < d, where r, (which arises in
the calculations of [12]) is the rank of the map & in the sequence --- — Hp(I;C?) A
H,(T;C8) = Hpoy([;C?) - -, where Hp(T;C8) & Hm1(T52Z) = Hpyy (T42) for
m > 0 and rk Ho(T; C9) = rk Hy(T4?) + rk Ho(T;C°) — rk Ho(T4+2).

Substituting these results into the formula (3.3) gives the following, in which we write

— d+2
V===

rk HP(T?*4\ A) = rk Hpy1(A) +tk Im(B97P) + rk Im(B4P+") - ( d+2 )

d—p+1
a2 d+
(p+ 1)t+ (d p) — Td42—(d—p+1)

d+2 d+2
d—p+1 Td+2~(d—p+1+1) — d-—p+1
= (p ) (p ) Tp — Tp+1 for p >0
tk HY(T? 4\ A) = (u-1t+e+1+(22”) (d+2)-m

This is in accordance with the formulae given in [12], which were only applicable to canonical

projection patterns.

Hence we have proved the following result.

THEOREM 3.8 For a d-dimensional codimension 2 polytopal projection pattern with Lg

finite (so d is even)

rk H4~P(MP) = rk HI-P(T2+4\ A)

v 2v
(p+1)t+ (_p+2) —7Tp —Tpt1 forp>0

rk HY(MP) = rk HY(T?*4\ A) (v-Dt+e+1+ (22”) —(d+2)-r. §

Compare this with the results of Section 2.2.2.

EXAMPLE 3.9 The Heptagonal tiling

This tiling was described in [16]. It is a codimension 2 tiling of four-dimensional space

whose acceptance domain is a polygon with 14 sides. The sides are arranged into seven
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I-orbits. There is only one I'-orbit of singular 0-spaces, corresponding to the projection of
the lattice points in Z® to the two-dimensional space V. Thus, the arrangement A consists
of seven tori of dimension v = 221‘3 = 3, all intersecting at a single point.

By Lemma 3.5, the homology of A is as follows. Note that the Euler characteristic for a

one-point union of seven 3-tori (as cellular complexes) iseq =1-3x7+3x7—-1x7 = —6.
HO(A) = Za Hl (A) = Z2X7_(-6)+1 = Zzla H2(A) = Zzl} H3(A) = Z7

Now rk ImB° = (§) = 1, rk ImB* = 6 and rk Imf? = 15. Also, we know Imf® = ImfB% =
0. Lastly, tk ImB™ = (%) — r5_m for m = 3,4. Note [16] that 7, = 12 and r» = 4 for this
tiling. The formula (3.3) then tells us that the rational ranks of the cohomology of T \ A,
and hence of the Cech cohomology of the continuous hull MP for P the Heptagonal tiling,

are the following.

tk O (MP) = 0+1+6-6 = 1
tk HY(MP) = 0+6+15-15 = 6
tk H2(MP) = 7+154+20—-712—20 = 18
tk H3(MP) = 21420-r,+15—7r—-15 = 25
tk H4(MP) = 214+15~7,+0-6 = 18
tk H*(MP) = 1+0+0-1 =0

These results agree with those calculated in [16].

3.3 Possible further extensions

If we weaken the hypotheses of the constructions from [20] by supposing that there are an
infinite number of I'-orbits of singular 0-spaces, so Ly = oo, then it is likely that similar
results hold, which are analogous to those obtained in Chapter 2 for polytopal projection
patterns with Lo infinite. As before, we need to describe the continuous hull! M7P as an
inverse limit space, but in the cases below, the description X’ we produce has to be rather
different from that given in Section 3.1 so the methods of [20] cannot be used to show that

MP is homeomorphic to X'. We first restrict to consideration of hypergeneric patterns

(Def 1.50).
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3.3.1 Hypergeneric polytopal projection patterns

Hypergeneric polytopal projection patterns P are such that the I'-orbits of the (n — 1)-
dimensional faces of the acceptance domain K consist of hyperplanes, but the number Lq of
TI'-orbits of singular O-spaces is infinite. Thus any finite set of translates of K will not contain
representatives of all I'-orbits of singular spaces. To describe the continuous hull MP for
such patterns P, the construction of Section 3.1 is therefore not good enough. However, if
an inverse limit space can be produced which is homeomorphic to MP then results can be
obtained in a similar way as before.

Note also that for hypergeneric polytopal projection patterns, the stabilisers of (n — 1)-
dimensional hyperplanes are of rank n — 1 and there is at least one set of n hyperplanes with
linearly independent normals since the acceptance domain is bounded in the n-dimensional
space V. As in Section 3.2, the stabilisers of hyperplanes are projections to V of elements
of A’ and each set of these elements defines an (n — 1)-dimensional torus in the quotient
(V+E)/A'. Define T;: = (H;+E)/A' C (V+E)/A' = T""4, which is homotopy equivalent
to an (n — 1)-dimensional torus since E is totally irrational with respect to A’ and hence is
contractible in (V + E)/A'".

Again, in order to be able to remove the objects T; from T"*¢ and obtain a non-trivial
space, the T; need to be thickened to ensure they are (n + d)-dimensional. This leads to
problems when trying to find an inverse limit homeomorphic to M 7P since there are infinitely
many T; which need to be considered in order to include all the singular O-spaces which arise
at the intersection of the hyperplanes H;. If k objects T; are each thickened by an amount
¢, then k + 1 objects T; must each be thickened by less than € to ensure that the limit space
is non-trivial. In the remainder of this section, we proceed as if we had such an inverse limit

construction for MP and investigate the consequences for the cohomology of MP.
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The codimension 2 case

We consider codimension n = 2 hypergeneric polytopal projection patterns, so that we are
again dealing with sets of lines intersecting in points in V. The hyperplanes H; are lines of
infinite length with stabilisers ' ¢ I' = 71 (A’) of rank 1 in this case which thus give rise
to circular cuts in the quotient (V + E)/A’.

A collection of t = |Ik| circles S? intersecting in various points is homotopy equivalent
to a one-point union of k circles, for k > ¢, by a homotopy which collapses the arcs of circles
between points. The homology of such an object is straightforward to compute, as follows.

K Z m=0
Hm(\\/sl)g /A m=1

i=1 0 otherwise

Note that the objects T; = (H; + E)/A' are cylinders and hence are homotopy equivalent
to circles S*.

To compute the cohomology of T2\ Y,: = T*4\{T;+~,:v; €T,j=1,...k,i € I},
we again consider the relative cohomology of the pair (T4+2, T¢+2\Y}), so as before we need
to determine rk H™~}(T4*2\ Y}) = rk Hayz—m(Yk) + tk Im(B™1) + 1k Im(B™) — (%%).

Now Hyy2-m(Yx) = Hapo-m(Vio, S*) = 0 for m # d + 1,d + 2. From the long exact
sequence (3.1) in relative cohomology, this implies that H™~1(T9+2 \ Y;) = H™~1(T4+?)
for such m.

It remains to consider H4(T9+2 \ Y;) and H*+1(T+2\ Y;). For m = d + 1, we have
rk HY(T%2\Yy) = rk Hy (Yi)+rk ImB%+rk ImB4! —(d+2) = k+(44?) +rk ImpBH! —(d+
2). For m = d+2, we have rk H4+!(T4+2\Y}) = rk Ho(Yy)+rk ImB4+! +rk ImpBdt2 -1 =
tk ImpB4t! 4+ rk ImpB%t2. We thus need to determine the ranks of 4t and g4+2.

As in the case for patterns with Lo finite, we again have Ho(Yy) = Z = Hy(T%+?) ~
H%2(T%*?2) and the generators of H; (Yx) & H;(\/i_, S!) map to generators of H, (T4+2) &
HA4+1(T%+2) under a?t!, so A%2 = 0 and if k > d+ 2 then a: Z* — Z4*2 will be surjective

and g4t = 0.

131



LEMMA 3.10 ForY; ~ \/_, S? a subset of T4*2 arising from a d-dimensional codimen-

sion 2 hyperplane polytopal projection pattern as above, k > d + 2.

Proof If there are t > d+2 distinct I'-orbits of faces of K, then the result holds immediately,
as in the above case of patterns with Ly finite, since Y contains lines H; for i € Ix and
[Ix|=t,s0 & 2t > d+ 2 as required.

Now suppose that there are only ¢ < rk I' orbit classes of singular 1-spaces, so the vectors
giving the directions of the corresponding lines in R4+2 do not span this space. We still have
kK 2 d + 2 in this case as well, for the number k of translates of the acceptance domain K
large enough. This is because by Lemma 1.42 any pair of points in 8K +TI' can be connected
by a path of singular 1-spaces. Hence any two points in the same I'-orbit differing by an
element v € I' = n1(A’) which is not a linear combination of the stabilisers of singular
1-spaces can be connected by a path of singular 1-spaces and so these singular 1-spaces with
end points in the same T-orbit form circles in the quotient (V + E)/A’ & T4+2 which are
embedded non-trivially and correspond to cycles in T¢*2. Only finitely many translates of
lines H; are needed to create circular cuts in the compact space T¢*+2 because the lines are
of positive length, not of irrational slope with respect to I" (since their stabilisers are non-
trivial, so they each contain two points in the same I'-orbit) and two or more lines contain
a given singular 0-space in any ['-orbit, so the required paths can be formed which give rise

to the circles in T4+2.

Hence in Y} for k large enough we have d + 2 circles which are embedded non-trivially

in T*2 s0 k > d + 2 in all cases. [ |

THEOREM 3.11 A (d + 2)-dimensional torus with a one-point union of infinitely many

circles removed (denoted M) has Cech cohomology groups with ranks

rk H4(M) = oo

rk H™(M) = (d:;2) for0<m<d.
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Proof The above calculations show that H™(M) = H™(T%*2) for m < d. Given that
rk H4(T42\ Yy) = (*}%) + k — (d + 2), in the limit as the number of I'-orbits of singular
0-spaces arising at intersections of elements in the set Y; increases with increasing k, and

hence the number  of circles in the one-point union \/5_, S! increases, rk H4(M) = oc0. [}

These results are in accordance with the results for hypergeneric projection patterns

computed in Theorem 2.71, giving evidence for a link between the continuous hull MP and

the cut torus M.
3.3.2 Non-hyperplane polytopal projection patterns

In this section, we weaken the assumptions still further and suppose that the patterns under
consideration are not hypergeneric so the I'-orbits of singular (n—1)-spaces do not all contain
the hyperplanes spanned by the spaces. Note that Ly = oo in this case as well.

We again need to describe the continuous hull as an inverse limit, but similar problems
to those discussed in the previous section arise here, since Lg is infinite so infinitely many
translates of the acceptance domain for the pattern under consideration need to be taken
in order for representatives of all I'-orbits of singular 0-spaces to appear. We consider the
space T"+4\ Y, formed by removing finitely many translates of the acceptance domain from
the torus. More precisely, we define Yy = {Ule((aK +E)/A +7):vi €T}

Suppose that T"*¢\ Y; can be used to describe MP as an inverse limit and consider
codimension 2 generic polytopal projection patterns only. Some consequences of this are

given below.

Codimension 2 generic patterns

In this case, by Definition 1.51 the stabilisers of the faces of the acceptance domain K for any
generic polytopal projection pattern P are trivial, so no two singular O-spaces in the same
orbit appear on any singular 1-space. However, as in the case of hypergeneric patterns,

since the singular O-spaces can be connected by paths of singular 1-spaces in 0K + T, if
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enough translates of K are taken, then there will be paths between two points in the same
I"-orbit, which become circles in the quotient (V + E)/A’ as I' = w1 (A’). Note that only
finitely many translates are required to form the paths since T?*2 is compact and the faces
of K have positive length. Hence, as before, for A, the (d + 2)-dimensional submanifold of
T4+2 consisting of the one-point union of & circles \/i_, S, which is homotopy equivalent
to Yy, we have H™(T4+2\ A,) = H™(T4*+?) for m < d and H+!(T9+2\ A;) = 0. Now
as the number of translates of K in Y} increases, the number of singular 0-spaces arising
increases. Since paths can be constructed between representatives of each orbit appearing,
as k increases, the number & of circles which arise increases. Thus we again have H¢(T?+2\

Ax) = (*4?) + k — (d + 2), giving the following result.

THEOREM 3.12 For M: = T"t4\ A, where A is a one-point union of a countably

infinite number of circles S' we have

rk H{(M) = oo

(d+2) for0<m < d.
m

rk H™(M)

Proof The above calculations show that H™ (M) = H™(T+?) for m < d and, given that
rk H4 (T2 \ A,c) = (*}?) + & — (d + 2), in the limit as the number of I'-orbits of singular
O-spaces arising at intersections of elements in the set A, increases with increasing x, we

have rk H4(M) = oo. |
Again, this is consistent with the results for generic polytopal projection patterns ob-
tained in Chapter 2.

Non-hyperplane polytopal projection patterns with non-trivial stabilisers

Lastly, consider a general codimension 2 polytopal projection pattern P with L infinite. In
this situation, problems with describing the continuous hull as an inverse limit still arise but

the constructions of all the cases discussed above can be combined to yield similar results,
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where the dimensions of the tori which are removed from T"*¢ depend on the ranks of
the stabilisers of the (n — 1)-dimensional faces of the acceptance domain K for P. If the
stabilisers of all (n — 1)-dimensional faces of K are less than or equal to (n — 1), then the
space T™*¢\ A which arises has Cech cohomology as given in Theorem 3.12 above, but if a
face has stabiliser of rank greater than (n — 1) then H™(T"*+¢\ A) will not be isomorphic

to H™+2(T9+2) for 0 < m < d and will have rank greater than rk H™+2(T4t2),
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Chapter 4

Conclusion

This document has established two sets of results. Firstly, a theory has been developed in
analogy with work in [12] for investigating projection patterns with polytopal acceptance
domains, a class which contains the set of canonical projection patterns. Explicit calculations
of the Euler characteristic were carried out for such patterns in codimension 2 and 3. In
particular, we showed for a polytopal projection pattern that H4(MP) is finite if and only
if Lo, the number of orbit classes of singular O-spaces, is finite. As a corollary, this reproves
a result of [12] which gives that H¢(M7P) has finite rank if and only if Lo is finite, for
P a canonical projection pattern. A formula for computing the Euler characteristic of a
polytopal projection pattern of any codimension, provided Ly is finite, was produced, and
patterns with Lo infinite were also considered. Secondly, it has shown that for codimension
2 polytopal projection patterns of arbitrary dimension with Ly finite, the Cech cohomology
of the continuous hull can be calculated and also can be expressed as the cohomology of
a (d + 2)-dimensional torus with an arrangement of lower-dimensional tori removed. This
extends ideas presented in [12] and [20].

Thus, in answer to Question 0.1 we have shown that for codimension 2 polytopal pro-
jection patterns, the Euler characteristic, as defined in Definition 2.1, always exists, but
under certain circumstances it takes the value infinity. Also, the rational ranks of the Cech
cohomology groups H*(MP) can be computed, although rk H4(MP) is infinite if Ly is in-

finite. However, in general, the Euler characteristic of a codimension n polytopal projection
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pattern for n > 3 is not defined according to Definition 2.1. There are classes of codimension
n polytopal projection patterns for which the Euler characteristic can be computed: in par-
ticular, for a codimension n polytopal projection pattern with Lg finite, a formula yielding
the Euler characteristic of a pattern of any codimension was produced in Chapter 2. Also
the Euler characteristic is defined for a given polytopal projection pattern if the stabilisers
I'? of singular spaces have sufficiently small ranks. With regard to Question 0.2, in Chapter
2, when the Euler characteristic is finite, bounds on the values it could take were found,
in particular for patterns of codimension 2 and 3. Such calculations, plus consideration of
patterns with Lo infinite enabled Question 0.3 to be addressed, since necessary conditions
for certain cohomology groups of polytopal projection patterns to be of infinite rank were
determined. However, the question was not answered in complete generality since there are
some cohomology groups, for polytopal projection patterns of codimension 4 or more, to
which the methods developed in this document cannot be applied. Finally, Question 0.4,
which asked about alternative models of the continuous hull, was answered positively for
polytopal projection patterns with Lo finite, and calculations were carried out for patterns
of codimension 2. Thus the work of [20] was generalised to a larger class of projection
patterns than previously considered.

There are various questions which have arisen during the period of study but which are
still unresolved due to the time constraints associated to this project, and so provide scope
for future research.

The continuous hull MP for polytopal projection patterns P with Lo infinite could be
investigated further, in particular to find models which yield the results described at the
end of Chapter 3. Since [15] the cohomology of MP is not always torsion-free, the work of
Chapter 3 could be re-evaluated with the aim of determining H*(M7P) with coefficients in
Z rather than Q. Also, the tools of Chapter 3 were not used to investigate the structure
of the continuous hull of codimension 3 polytopal projection patterns, even though an ex-

ample of a canonical projection pattern was considered in [20], because the geometry of the
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singular spaces in this higher-dimensional situation is more complicated. Thus the methods
of Chapter 3 and [20] could also be considered in more depth with respect to polytopal
projection patterns of codimension 3 in order to produce further examples of computations
of the Cech cohomology of the continuous hull in this case.

A method for determining when the sequence (1.2) of I'-modules C* is exact could be
developed, so more specific conditions on the theorems of Chapter 2 could be obtained.
If the sequence (1.2) is not always exact, then the spectral sequences described in Section
1.6.3 could be considered more carefully with the aim of producing similar results. A full
characterisation of when the ranks of the cohomology groups H*(MP) are infinite could be
produced. Alternative definitions of the Euler characteristic could also be considered, which
may be applicable in more cases where Definition 2.1 is not always suitable, such as for 3-
dimensional codimension 3 patterns with Ho(I'; C°) and H;(T'; C?) of infinite rank. Lastly,
geometric interpretations of the higher cohomology groups H™(MP) for m > 1 could be

considered which would also extend the results of [8].
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Appendix 1: C*-algebras and
K-theory

This appendix consists of the definition of C*-algebras and the definition of C*-algebra K-

theory. Crossed-product C*-algebras are also constructed here. The main references are [3]
and [37].

C*-algebras

DEFINITION 4.1 A C*-algebra is an algebra A over C together with an operation, called

the adjoint and an algebra norm | - |, where
1. A is complete with respect to the norm | - |.
2. for all a,b € A and X € C the adjoint satisfies
e (a+b)*=a"+b".

e (Aa)* =Aa*.

o (ab)* = b*a*.
3. la*a] = |a]?.

A C*-algebra A does not necessarily have to contain a unit, which is an element 1 € A
with 1.a = a = a.1 for all a € A. However, we can always adjoin a unit to A by embedding

A into a larger, unital, C*-algebra. This C*-algebra, A~, contains A as an ideal and is such
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that if A is unital, then A~ = A and if A is not unital, then A~ /A ~ C. Further details
about this construction can be found in [37, p16], for example.

Given two C*-algebras A and B, say a map A — B is a x-homomorphism if it pre-
serves the addition, scalar multiplication, product and adjoint operations. In general, *-
homomorphisms are norm-decreasing. Lastly, define a *-representation of a C*-algebra A
to be a *-homomorphism 7: A - B(H) from A to the algebra of bounded linear operators
on a Hilbert space H.

Examples of C*-algebras are the set C(Y) of continuous complex-valued functions on
a compact Hausdorff space Y, together with the operations pointwise addition, pointwise
multiplication and complex conjugation, and the supremum norm, and, for a C*-algebra A,
the matrix algebra M,(A) of all n x n matrices with entries in A, with the usual matrix
operations and norm.

The definition of the crossed-product C*-algebra A %, G is given in full generality in
[10]. For tiling theory, we use A = C(Y) for Y either MP or X; the group G is R? or
Z4 respectively and « is a homomorphism of G into the group of automorphisms of C(Y)
(the action of G on C(Y)). First take the space C.(G,C(Y),a) of compactly supported
C(Y)-valued functions on G. Write f(g,y) to denote the element of C which is the value of
the function f(g) € C(Y) on the element y € Y. Define the product of two such elements
f1 and f by

fi+ Falgrw) = /h i) g = by = Wy

and define the adjoint operation by

f1(9:9) = f(g,y—9)

for g € G and y € C(Y). Define a norm on this algebra by ||f|| = sup |lo(f)||, where o
runs over all *-representations of C.(G,C(Y),a) on a Hilbert space H. The completion of

C:(G,C(Y),a) with respect to this norm is the C*-algebra C(Y) x, G, the crossed-product
of C(Y) by G.
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K-theory

Given the C*-algebra C(Y) % G, we can define its C*-algebra K -theory K.(C(Y) x G), as
described below.

For a C*-algebra A, say an element p € M, (A) is a projection if it satisfies p = p* = p?.
Write P(A) = [j {projections in M,(A)}. Say projections p € M,(A) and ¢ € M,,,(A),
for m > n are *- e(;mvale'nt if there exists w in M,,(A) with the property that ¢ = w*w and
( ) ww*, where ( g g ) denotes the matrix p with sufficiently many zero entries
added to give an m x m matrix. Say p,q € P(A) are stably equivalent, and write p ~ gq, if
there exists e € P(A) such that the block diagonal projection matrix p@&e: = ( g 2 )
is x-equivalent to g®e: = ( g 2 ) Denote by [p] the stable equivalence class of p. The
operation @ induces a commutative associative semigroup operation [p] + [¢g] = [p @ ¢] on
the set P(A)/ ~ of stable equivalence classes of projections. Define A* to be A~ if 4 is

non-unital, or A & C if A is unital. Writing Ko(A'") to denote the Grothendieck group of

P(A*)/ ~, we can then make the following definition.
DEFINITION 4.2 The zeroth K-group of the C*-algebra A is
Ko(A): = Ker(n.: Ko(A") - Z),

where . is induced from the map w: C — At which takes the unit in C to the adjoined unit

in A™ or to the second factor in A® C.

To define K (A), first write GL(A) = Uno; GLn(A) the nested union of all n x n invert-
ible matrices with entries in A. Inclusion GL,(A) < GLp41(A) is given by a — ( 8 (1) )
Finally, denote by GL(A* ), the connected component of GL(A') which contains the unit,

i.e. it is the set of elements which are homotopic to the unit in GL(A*). We then have the

following.

DEFINITION 4.3 K,(A) = GL(A*)/GL(A*)o
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An alternative way of defining K;(A), in analogy with the construction of K'(Y) in

topological K-theory, is to use suspensions.

DEFINITION 4.4 [37] The suspension of a C*-algebra A is the C*-algebra SA: = A®

Co(R) for Co(R) the algebra of continuous functions on R with compact support.

It is shown in [37, Thm 7.2.5] that there is an isomorphism 8,4 : K;(A) = Ko(SA).

The process of suspension can be iterated, giving S*A = A ® Co{R"), and hence higher
K-groups can be defined as K,,(4): = Ko(S™A). However, [37, Chap 9] for a C*-algebra A
there is also an isomorphism 84 : Kg(A) — K;(SA). This result gives rise to Bott periodicity

for C*-algebra K-theory.

THEOREM 4.5 [37] The Bott Periodicity Theorem

For a C*-algebra A, there is an isomorphism K;(A) = K;,2(A). B

Note that the most useful notion of equivalence of C*-algebras is Morita equivalence.
A precise definition is given in [30]. The main point to note is that Morita equivalent C*-
algebras have isomorphic K-theory. Finally, two other properties of C*-algebra K-theory

relevant to the study of C*-algebras arising from quasiperiodic patterns are listed below.

THEOREM 4.6 [5] The Serre-Swan Theorem
For a compact Hausdorff topological space Y, there is an isomorphism K.(C(Y)) =

K*(Y) of the C*-algebra K -theory of the algebra of continuous functions on Y with the

ordinary topological K -theory of the space Y. |

THEOREM 4.7 [9] Connes’ Generalised Thom Isomorphism Theorem

For a C*-algebra A, there is an isomorphism
K;(AxR®) = K;_,(A4),

where i — n denotes (i — n) mod 2. [ |
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