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FORMAL LANGUAGES AND THE WORD PROBLEM IN
GROUPS

Duncan W. Parkes

Abstract

We consider some interactions between the theory of groups and the the-
ory of formal languages.

For any group G and generating set X we shall be primarily concerned
with three sets of words over X: the word problem, the reduced word prob-
lem, and the irreducible word problem. We explain the relationships between
these three sets of words and give necessary and sufficient conditions for a
language to be the word problem (or the reduced word problem) of a group.

We prove that the groups which have context-free reduced word problem
with respect to some finite monoid generating set are exactly the context-
free groups, thus proving a conjecture of Haring-Smith. We also show that,
if a group G has finite irreducible word problem with respect to a monoid
generating set X, then the reduced word problem of G’ with respect to X is
simple. In addition, we show that the reduced word problem is recursive (or
recursively enumerable) precisely when the word problem is recursive.

The irreducible word problem corresponds to the set of words on the left
hand side of a special rewriting system which is confluent on the equivalence
class containing the identity. We show that the class of groups which have
monoid presentations by means of finite special [A]-confluent string-rewriting
systems strictly contains the class of plain groups (the groups which are free
products of a finitely generated free group and finitely many finite groups),
and that any group which has an infinite cyclic central subgroup can be
presented by such a string-rewriting system if and only if it is the direct
product of an infinite cyclic group and a finite cyclic group.



Chapter 1

Introduction

Given a group G with a generating set X, we define the word problem of G
with respect to X to be the set of words in X* which are equal to the identity
in G. This definition gives a natural link between group theory and the theory
of formal languages, and presents us with the question of what relationship
exists between the complexity of the word problem as a formal language and
the algebraic structure of the group.

With any family of languages F, we can associate the class of groups
which have some finite generating set with respect to which the word problem
is in F: an interesting task is to try to find algebraic descriptions of these
classes of groups. While, in general, the fact that the word problem lies in F
may depend on our choice of finite generating set, it is well known that this
is not the case if F is closed under inverse homomorphism: in this case, if

the word problem with respect to any finite generating set lies in F, then the
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word problem with respect to every finite generating set lies in F (see [14]
for example).

There have been several such characterizations of the groups having word
problem in a particular class of languages. One early characterization, by
Anisimov [1], is that the class of groups which have regular word problem is
the class of finite groups. In [21] the class of accessible groups with context-
free word problem was shown to coincide with the virtually free groups (ac-
cessibility is a technical condition which we shall not define, and which can
be removed thanks to the result of [8], that all finitely presented groups are
accessible). In fact, if the word problem of a group is context-free, then it is
deterministic context-free [22].

One further family of languages that has been considered is the one-
counter languages. Herbst shows in [12] that a group has one-counter word
problem if and only if it is a finite extension of a cyclic group (or, to put
this another way, a group has a one-counter word problem if and only if it is
either finite or is a finite extension of an infinite cyclic group). As in the case
of the context-free languages, if the word problem of a group is a one-counter
language, then it is necessarily a deterministic one-counter language. Herbst
also shows that the class of groups with word problem in C, where C is a
cone in between the regular languages and the context-free languages, must
be either the finite or the one-counter groups. While there are, of course,
interesting families of languages which are not cones, these results do suggest

that the one-counter groups are also of special interest.
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In [10] Haring-Smith defines the reduced word problem of a group to be
the subset of the word problem consisting of those non-empty words which
have no non-empty proper prefix equal to the identity, and proves that a
group has simple reduced word problem, with respect to some generating set
which contains inverses, if and only if it is a free product of finitely many
finite groups and a finitely generated free group (where the free factor may
be trivial); he calls this class of groups the plain groups. In the same paper
he made the following suggestion as to what happens when the reduced word

problem is strict deterministic:

Conjecture 1.0.1 ([10]) A finitely generated group G has a presentation
whose reduced word problem is a strict deterministic language if and only

if G is a finite extension of a plain group.

Another subset of the word problem introduced in [10] is the irreducible
word problem, the set of all non-empty words w in the word problem such
that no non-empty proper subword of w represents the identity. The irre-
ducible word problem corresponds to the set of words on the left hand side
of a special rewriting system which is confluent on the equivalence class con-
taining the identity, and we shall use this to cast some light on an intriguing
question raised by Madlener and Otto in [20] about the groups with word
problem describable by such rewriting systems.

In Chapter 2 we give some definitions from formal language theory, and
fix notation: in general, formal language definitions may be found in [11]

or [15]. In the first few sections of Chapter 3 we give some definitions from
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combinatorial group theory. We then go on to describe in more detail some
of the ways in which groups have been classified using formal languages and
string-rewriting systems.

We start Chapter 4 by spelling out the relationships between the word
problem and the reduced word problem, and then between the word problem
and the irreducible word problem. In Sections 4.2 and 4.3 we give sets of
conditions which characterize when a language is respectively the word prob-
lem, and the reduced word problem, of a group. In the last section of this
chapter we look at how the solvability of the word problem and the reduced
word problem of a group are related.

Chapter 5 is devoted to syntactic monoids. We start off by pointing
out that there is no hope of a characterization of any class of languages
which is closed under inverse homomorphism and which strictly contains the
regular languages by means of syntactic monoids alone, even amongst those
languages whose syntactic monoids are groups. In Section 5.2 we go on to
consider word problems of syntactic monoids.

In Chapter 6 we consider the reduced word problem in more detail.
Firstly, in Section 6.1 we prove the conjecture of Haring-Smith that a group
has strict deterministic reduced word problem with respect to some gener-
ating set if and only if it is a finite extension of a plain group, by proving
that both classes coincide with the context-free groups (Theorem 6.1.1). In
the second section we consider simple reduced word problems with respect

to monoid generating sets, and prove that if a group has finite irreducible
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word problem with respect to some monoid generating set then it has simple
reduced word problem with respect to that generating set (Theorem 6.2.2),
a generalization of one direction of Theorem 3.7.1.

We then move on to the irreducible word problem. In Chapter 7 we
consider groups which have finite irreducible word problem with respect to
some finite monoid generating set. In the first section we prove the obser-
vation (implicit in [20]) that a group may be presented by a finite special
[M]-confluent string-rewriting system if and only if it has finite irreducible
word problem with respect to some monoid generating set. In Section 7.2 we
exhibit a monoid generating set for the group Co, X C,, with respect to which
it has finite irreducible word problem: thus the class of groups which may
be presented by finite special [A]-confluent string-rewriting systems strictly
contains the class of plain groups. In Section 7.3 we show that the groups of
the form C,, x C, are the only ones which which have such a presentation
and which have an infinite cyclic central subgroup. In the last section of this
chapter we give some further examples of groups which may be presented by
finite special [A]-confluent string-rewriting systems.

Finally, in Chapter 8, we consider groups which have infinite irreducible
word problem for any generating set. In the first section we note that, if the
irreducible word problem of a group with respect to some generating set is
regular, then it must be finite (Proposition 8.1.1). In the last two sections
we consider groups which have context-free and one-counter irreducible word

problem with respect to some generating set.



Chapter 2

Formal Languages

2.1 Languages

Let ¥ be a finite set or alphabet. The set of all finite words (or strings) over &
(including the empty word A) is denoted X*. The subsets of £* are known
as languages over X.

If L is a language then L*, the Kleene closure of L, is the submonoid of *
generated by L, i.e. the set all words which can be made by concatenating
together a finite (possibly empty) sequence of words from L. Similarly, L™ is
the subsemigroup generated by L, i.e. the set all words which can be made
by concatenating together a finite non-empty sequence of words from L.

The set {wyws : wy € Ly, ws € Ly} will be denoted Ly Ly; if Ly or Ly is
a singleton, we may omit the braces and write, for example, L,z instead

of Li{z}. We shall denote the complement in X* of the language L by L¢.

10
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If v and w are words over an alphabet ¥ then we shall use the expression
v = w to mean that v and w are identical as strings of symbols. If w = v,
where U,V € Y*, then u is said to be a prefiz of w, and v is said to be a
suffiz of w.

Let L be a language. The prefiz closure of L is the set of all prefixes of
words in L. The language L is said to be prefiz-closed if is is equal to its prefix
closure. The terms suffiz closure and suffiz-closed are defined similarly.

Given a language L, the set of words in L which have no non-empty
proper prefix in L is denoted MIN(L). A language L is said to be prefiz-free
if L = MIN(L).

We shall write |w| for the length of the word w, and |w|, for the number

of occurrences in w of the symbol z.

2.2 Regular Expressions

The regular expressions R over an alphabet ¥, and the languages L(R) they

denote, are defined recursively as follows:
e () is a regular expression with L(0) = ;
e ) is a regular expression with L(\) = {A};
e For each a € X, there is a regular expression a with L(a) = {a};

o If R is a regular expression then R* is a regular expression denot-

ing L(R)";
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e If R, and R, are regular expressions then (R; U Ry) is a regular ex-
pression denoting L(R;) U L(Ry) and (R;R,) is a regular expression
denoting L(R:)L(Ry).

A language is said to be regular if it is denoted by some regular expression.
In addition, we use R* to stand for RR*, so that L(R*) = L(R)*. The class

of regular languages will be denoted R.

2.3 Finite Automata

An alternative characterization of the regular languages is provided by finite
automata.

A (non-deterministic) finite automaton M is a quintuple (Q, X, 6, g, F'),
where @ is a finite set of states, ¥ is another finite set (the input alphabet),
the transition relation § is a subset of @ x (X U {A}) x Q, the start state qo
is a special element of @), and the set F' of accept states is a subset of Q.

The transition relation 6 may be extended inductively to a subset ¢* of

Q@ x T* x @ in the following way.
e Let (g, A, q) be in ¢* for each ¢ € Q.
o If (¢1,7,¢0) € 6 then let (¢1,2,¢2) be in §*.
o If (¢1,w,q2) € 6* and (g, x, q3) € & then let (¢, wz, g3) € §*.

We say that M accepts a word w € X* if (go, w,qs) € 0* for some ¢y € F.
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The set of words from X* which are accepted by M is denoted L(M), and is
known as the language accepted by M.

A finite automaton is said to be deterministic if for each pair (¢,z) €
@ x X there is at most one state ¢ € @ such that either (¢,z,¢') € §
or (g,A,¢') € 6. In fact, any language which can be accepted by a non-
deterministic finite automaton can be accepted by a deterministic finite

automaton:
Theorem 2.3.1 If L C ¥* then the following are equivalent:

o L can be accepted by a non-deterministic finite automaton;
e L can be accepted by a deterministic finite automaton; and

e L is denoted by some regular expression.

The following lemma, is a useful tool for showing that a language is not

regular.

Lemma 2.3.2 (The Pumping Lemma for Regular Languages) Let L
be a regular language over an alphabet ¥, and let w € L. Then there exists a
constant N such that if |w| > N then w = wvus with |uv| < N, v # X and

wvtuy € L for all i > 0.

2.4 Pushdown Automata

We now extend the concept of a finite automaton by adding a stack: the

resulting machine is known as a pushdown automaton.
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A pushdown automaton (PDA) M is a septuple (Q,%,T,4,qo, Zo, F),
where (@) is a finite set of states, ¥ is a finite set called the input alpha-
bet, I is another finite set called the stack alphabet, the transition relation &
is finite subset of @ x (ZU{\}) x I" x @ x I'*, the start state qq is a special
element of @), the start symbol Z, is a special element of [', and F C @Q is
the set of accept states.

We call the set ) x £* x I'* the set of configurations of M, and write
(q1, 7w, Z7) ~ (q2,w, BY) if (q1, 7, Z, 2, B) € 8. We write ~» for the reflexive
transitive closure of ~. If (go,w, Zo) ~» (gs, A, B) for some accept state g;
and some [, then we say that M accepts w. The set of words accepted by M
is denoted L(M), and a language is said to be context-free if it is accepted
by some pushdown automaton. We shall denote the class of context-free
languages CF.

The method of acceptance described here is known as acceptance by final
state. It is also possible to define acceptance by empty stack, where M is said
to accept a word w € T* if (o, w, Zo) ~» (g, A\, A) for some g € Q (there is no
need here for the set of accept states). The classes of languages which are
accepted by pushdown automata by final state and by empty stack are the
same (see, for example, [15]).

The following result is a version of Ogden’s Lemma, which, in the same
manner as the Pumping Lemma in the case of regular languages, can be used

to show that certain languages are not context-free.

Lemma 2.4.1 Let L C ¥* be a context-free language. Then there exists a
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constant N such that if w € L, and N or more letters in w are marked, then
W = UV UVu3 with vivy containing at least one marked position, viugVs

containing at most N marked positions, and u,v:*ugvy*us € L for all i > 0.

If M is a pushdown automaton such that, for any configuration, there
is at most one possible move (in particular, § must be a partial function
from @ x (ZU{A}) x I to @ x I'*), then M is said to be a deterministic
pushdown automaton (DPDA), and L(M) is then said to be a deterministic
context-free language. The class of deterministic context-free languages will
be denoted DCF.

For deterministic pushdown automata, acceptance by final state and ac-
ceptance by empty stack are no longer equivalent. The languages which are
accepted by deterministic pushdown automata by empty stack are exactly
those which are accepted by final state and which are prefix-free. These lan-

guages are known as the strict deterministic languages.

2.5 One-Counter Automata

Let M be a pushdown automaton. The start symbol Zj is said to be a bottom
marker for the stack if it appears once at the very bottom of the stack, and

nowhere else. In fact, Z; is a bottom marker if ¢ has the following properties:
(9,2, Zo,7,7) € 6 = v € (T \ {Zo})" Zy;

and,

Z # Zyand (¢q,z,Z,1,7) € =>ve (T'\{Z}).
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A pushdown automaton (accepting by final state) is said to be one-
counter if the stack alphabet contains a bottom marker and just one other
symbol. The languages accepted by such automata are known as the one-
counter languages (proofs of properties of the one-counter languages may be
found in [6]). The deterministic one-counter languages are those languages
accepted by one-counter automata which are deterministic. We shall de-
note the class of one-counter languages OC, and the class of deterministic

one-counter languages DOC.

2.6 Grammars

Another characterization of the regular languages and the context-free lan-
guages is provided by grammars.

An (unrestricted) grammar G = (V,Z, P,S) consists of a finite set V
of non-terminal symbols, a finite set ¥ of terminal symbols, a finite set
Pc ((VUZ)*\Z*) x (VUZX)* of productions, and a special symbol S € V
called the start symbol, where the sets V and ¥ are required to be disjoint.

Let B1,8; € (VUZX)*. We write f1a10; ~ Brasf if &y = oo is in P,
and then extend ~+ by reflexive transitive closure to ~». The language L(G)
generated by G is {w € £*: S & w}. A language is recursively enumerable
if and only if it can be generated by an unrestricted grammar. We shall
denote the class of recursively enumerable languages RE. A language is

recursive if and only if it is recursively enumerable and its complement is
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recursively enumerable. (These definitions are equivalent to other machine-
based definitions.)

The grammar G is said to be left-linear if every rule is of the form A — Bw
or A — w, where A and B are non-terminals and w is a string of terminals.
The languages which can be generated by such grammars are exactly the
regular languages.

If the elements of P are of the form A — «, where A is a non-terminal,
and o« is a (possibly empty) string of terminals and non-terminals, then the
grammar G is said to be contezt-free. A language is context-free if and only
if it can be generated by a context-free grammar.

A context-free grammar in said to be in Greibach normal form if ev-
ery production is of the form A — aa, where A is a non-terminal, a is
a terminal, and « is a (possibly empty) string of non-terminals, or is the
production S — . Every context-free language can be generated by a gram-
mar in Greibach normal form.

A grammar in Greibach normal form is said to be simple if, whenever
A = aaand A — af are in P, then we must have that o = 8, and, if S — A
is in P, then it is the only production. A language which is generated by a
simple grammar is said to be simple. The simple languages are exactly those
which are accepted by empty stack by deterministic pushdown automata with
only one state, and are thus a subclass of the strict deterministic languages
(the deterministic context-free languages which are prefix-free).

Lastly, a grammar is said to be contert-sensitive if, for any rule
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a — B in P, we must have |3| > |al; the languages which can be generated
by such grammars are said to be context-sensitive. The context-sensitive

languages will be denoted CS.

2.7 Closure Properties

Let F be a family of languages. Then F is said to be closed under homo-

morphism if
LCY,LeF,¢:X* — T* a monoid homomorphism = L¢ € F.
Similarly, F is said to be closed under inverse homomorphism if
LCTYLeF,é:L" — T* a monoid homomorphism = Lo~ ! € F.
We say that F is closed under intersection with regular languages if
LLCY LeF,L'eR=>LNL e€F.

A family of languages which is closed under homomorphism, inverse ho-
momorphism and intersection with regular languages is known as a cone

(in [15], a cone is known as a full trio).

Theorem 2.7.1 (See [6], for example) The classes of regular languages,
context-free languages, one-counter languages, and recursively enumerable

languages are all cones.
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We say that F is closed under union if
LLCY LLeF=LUL €F,
and that F is closed under Kleene star if
LeF=L"eF.
A family of languages F is said to be closed under the operator MIN if
LeF=MIN(L) e F.

We shall make use of the following result in our proof of Theorem 6.1.1

(see [15] for a proof):

Lemma 2.7.2 (See [6], for example) The deterministic contezt-free lan-
guages and the deterministic one-counter languages are closed under the op-

erator MIN.
We contrast this result with the situation for the context-free languages:

Example 2.7.3 There is a contezt-free language L such that MIN(L) is not

context-free.
Proof. Let ¥ = {a, A, b, B} and let L be the language
{a € " : |al, = |a]a or |a|y = |a|p}-

Then L is certainly context-free.
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Let P = MIN(L) and let J be the regular language denoted by the regular
expression atbt AT B*. If P were context-free, then K = P N J would be

context-free, by Theorem 2.7.1. Now
adWA*B' e K & j=1>0andi>k >0,

so that K = {a*t*b/ A¥B7 : u, 5,k > 0}.

We now use Ogden’s lemma (Lemma 2.4.1) to prove that K is not context-
free. If K were context-free, then there would exist a constant N such that,
if we pick any word w in K and mark N or more positions in w, then we can
write w as ujv;usvoug in such a way that v,ve contains at least one marked
position, vjusv, contains at most N marked positions, and u;v,"usv5"us € K
for all > 0.

Consider the word w = a6V AVNBY in K with all the instances of b
and A marked. With uq, vy, us, vo and us as above, let w, = u;v;"usv9 " us
for r > 0. In order that the w, are in K we must have that each of v; and v,
consists of a repetition of a single letter (i.e. each is of the form a?, b*, A’
or B?). If vy is of the form B‘, then v; must be & (else |wy|y # |wa|p)
and then v usvy contains more than /N marked positions. If vy is of the
form A‘, then v; must be a* (else |w,|, < |w|4 for some r > 1), and viuqv,
contains more than N marked positions. If v, is of the form b, we do not
have |wa|y = |wa|p, and, if vy is of the form a, then v,v; does not contain
a marked position. In all cases we have a contradiction to the conclusion of

Ogden’s lemma, and therefore K cannot be context-free. O



CHAPTER 2. FORMAL LANGUAGES 21

A generalized sequential machine (GSM for short) is defined to be a sex-
tuple M = (Q, %, A, 4, qo, F') where @ is a finite set of states, ¥ is the input
alphabet, A is the output alphabet, § is a function from @ x (X U {A}) to the
set of finite subsets of QQ x A*, qq is the start state, and F' is the set of accept
states.

As for finite automata, § may be extended to a function §* with domain
@ x ©* by inductively defining 6*(¢g, A) to be {(¢, )} and, for v € ¥* and
a € X, defining §*(q,ua) to be the set of all (p,vw) such that, for some p’,
we have (p/,v) € §*(q,u) and (p,w) € 6*(¢/, a).

For u € X*, let M(u) be the set of words w € A* such that (f,w) €
6*(qo, u) for some accept state f, and let M (L) = J{M(u) : v € L}. We
now have a mapping from the set of languages over X to the set of languages

over A; this is the GSM-mapping defined by M.

Proposition 2.7.4 Any class of languages which is a cone is closed under

GSM-mappings.

There is a useful table showing which classes of languages are closed under

what operations at [15, pages 280-281].

2.8 Insertions and Deletions

Let L be a language over an alphabet ¥. Then INS(L) is defined to be the

set of words which, when inserted at any point into a word from L, result in
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another word from L, i.e.
INS(L) ={w € £* : wv € L = vwv € L}.
Let SUE(L) be the set of subwords of L, so that
SUB(L) = {w € £* : uwv € L for some u,v € ¥*}.

Then DEL(L) is defined to be the set of words from SUB(L) which, when

deleted from any word in L, always result in another word from L, i.e.
DEL(L) = {w € suB(L) : uwv € L = uv € L}.

The subsets INS(L) and DEL(L) are defined and studied in [17].
For two languages L; and L, over the alphabet X, the dipolar dele-

tion L, = L4 is defined by the equation:
LimLy={z€e¥ :u=azf,v=af,u€ L,v € Ly}.

The following result from [17] gives the relationships between INS(L),

DEL(L) and L; = L,.

Proposition 2.8.1 Let L be a language over ¥. Then
i. INS(L) = (L¢ = L)°, and
4. DEL(L) = (L = L°)°NsuB(L).

If L C 3* is a language, then L is said to be insertion closed if, whenever
u, v and w are words in X* such that v € L and uw € L, then uwvw € L.

We will need the following result from [17]:
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Proposition 2.8.2 Let ¥ be a finite alphabet and L C ¥*. Then:

i. there is a unique smallest insertion closed language K in ¥* contain-

g L;
1. if L is context free, then K is context-free.

The language K in Proposition 2.8.2 is known as the insertion closure of L
in X*. Note that it is not true that the insertion closure of a regular language
must be regular.

Let L C * be an insertion closed language. Then the insertion base of
L is the set of non-trivial words from L which are not of the form uvw, with

uw and v non-trivial elements of L.

2.9 Syntactic Monoids

The syntactic congruence ~, of a language L C ¥* is the coarsest congruence
on X* such that L is a union of congruence classes. We shall denote the
congruence class of a word w under the syntactic congruence by [w]. Proofs
of properties of the syntactic congruence (and syntactic monoids) may be
found in [16].

The following is an alternative characterization of the syntactic congru-

ence.

Proposition 2.9.1 Let L be a language over ¥. The syntactic congru-
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ence ~p, s given by
(w1 ~p we) © Yu,v € Z*(uwiv € L & uwqv € L).

The syntactic monoid My, of L is the quotient of the free monoid X* by ~,
and the syntactic morphism np is the canonical homomorphism from *
onto My, i.e. my : w— [w]. A monoid is said to be syntactic if it is the
syntactic monoid of some language.

Since any congruence on ¥* which has L as a union of congruence classes
must also have L° as a union of congruence classes, the following proposition

is clear.

Proposition 2.9.2 The syntactic monoid of a language L C ¥* is equal to

the syntactic monoid of its complement L°.

The syntactic monoid My, is, in a sense, the smallest monoid M onto
which there is a homomorphism such that the images of L and L€ are disjoint.
The following definition allows one to formalize the sense in which it is the

smallest.

Definition 2.9.3 Let M, and My be monoids. Then M is said to divide My

if My is a homomorphic image of some submonoid of M,.
We then have the following:

Proposition 2.9.4 Let L C ¥* be a language, let M be a monoid and let
¢:X* — M be such that L = A¢p~' for some A C M. Then M;, divides M.
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It is useful to have a word to describe the situation where a subset of a
monoid is the image of some language which has that monoid as its syntactic

monoid.

Definition 2.9.5 Let M be a monoid. A subset A of M is said to be dis-
junctive, or syntactic, if there is no nontrivial congruence on M such that A

is a union of congruence classes.

In particular, the image of a language in its syntactic monoid is disjunctive.
In fact, if you have a language L C X*, a monoid M, and a surjective
homomorphism ¢ : $* — M such that L = A¢~! for some disjunctive subset
A of M then M is isomorphic to the syntactic monoid of L.

We shall need one further result, a proof of which may be found in, for
example, [16].
Theorem 2.9.6 A language is reqular if and only if it has finite syntactic

monotd.

Quite a lot of work has been done to classify subclasses of the regular lan-
guages by means of syntactic monoids, but we shall not look at this here. A

survey of what is known in this area can be found in [25].

2.10 String-Rewriting Systems

Given a finite alphabet ¥, a string-rewriting system R over ¥ is a set of
rules © — v, where u,v € ¥*; we shall only be interested in finite string-

rewriting systems here. The domain dom(R) of R is the set of all u € £*
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such that there exists a rule ¥ — v in R for some v € ¥*; similarly, the
range ran(R) of R is the set of all v € £* such that there exists a rule u — v
in R for some u € ¥*.

We define the reduction relation =g to be the reflexive transitive closure
of =g, where wiuwy =g wyvwy if wy,ws € ¥* and u - v € R. We
shall say u reduces to v under R if uw =>r v. The transitive symmetric
closure of =y will be written as <y, and is called the Thue congruence
of R. The congruence class of a word w is then denoted by [w].

A rule u — v is said to be length-reducing if |u| > |v|, and a string-
rewriting system R is said to be length-reducing if every rule in R is length-
reducing. A length-reducing string-rewriting system R is said to be monadic
if ran(R) C X U {A}, and special if ran(R) = {\}.

A string-rewriting system R over ¥ is said to be confluent ([A]-confluent)
if, whenever u,wy,wy € £* (u,w;, ws € [A]) with u =p w; and u =g wo,

then there exists v € £* (v € [A]) such that w, =g vand wy g v.
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Classifications of Groups

3.1 Generating Sets

A set X, where each z € X represents an element of a group G, is said to
be a monoid generating set for G if every element of G is represented by a
word from X*. Let X~! be a new set of symbols {z~! : z € X}, where 27!
represents the inverse of z. Then X is said to be a group generating set for G

if X U X! is a monoid generating set for G.

3.2 Presentations

A group presentation (X : R) for a group G consists of a group generating
set X for G, and a set R of words over X U X~ !. If we let Y denote the

set X UX ! then every element of G can be written as a word in Y* and G is

27
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isomorphic to Y*/ &, where & is the congruence on Y* generated by all pairs
of the form (w, ) with w € R, together with all pairs of the form (zz~!, \)
and (z7'z,)) with z € X.

The free group with generating set X is the group with presentation (X : )
(the trivial group can be thought of as the free group generated by the empty
set). A virtually free group is a finite extension of a free group, i.e. a group
with a free subgroup of finite index.

Let G; and G, be groups with presentations (X; : R;) and (X5 : Ry)
(where X; and X, are disjoint). Then the free product Gy * G is the group
with presentation (X; U X5 : Ry U Ry).

Given groups G = (X : R) and H = (Y : S), where X and Y are
disjoint sets, subgroups A = ({u;: i€ I}) < G and B= ({v;: 1 € I}) < H,
where each u; is an element of X* and each v; is an element of Y*, and
an isomorphism ¢ : A — B such that u;¢ = v; for ¢ € I, the free product
of G and H with A and B amalgamated is the group with presentation
(XUY : RUSU{uv;~': i€ I}). Weshall often identify A and B, and we

then write G x4 H for this group.

3.3 Cayley Graphs

When we refer to the Cayley graph of a group we shall mean the right Cayley
graph, that is, for a group G with monoid generating set X, the graph I’

whose vertices are the elements of G, and which has an edge labelled by
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z € X from vertex g; to vertex g, exactly when g;x = go. For each vertex
g of ', any word w € X* labels a path starting at g. The path labelled by
the word w (or sometimes the word itself) is said to be closed if it starts and
ends at the same vertex (closed paths are also known as loops) and simple if
no non-empty proper subword of w labels a loop.

It is noted in [10] that a non-empty word w labels a simple loop in the
Cayley graph of G' with respect to X if and only if it is in the irreducible

word problem of G with respect to X.

3.4 Word Problems

Given a monoid generating set X for a group G, the word problem, W}(G),
of G with respect to X is the set of all words from X* which are equal to the
identity in G. The word problem of G with respect to a group generating
set X, denoted W%(G), is W x-1(G). The set of non-empty words from the
word problem which have no non-empty proper prefix in the word problem
is called the reduced word problem of G with respect to X, and is denoted by
R%(G), if X is a monoid generating set, or by R%(G), if X is a group gener-
ating set. Lastly, the set of non-empty words from the word problem which
have no non-empty proper subword which is in the word problem is called
the irreducible word problem and is denoted I¢(G), or I%(G), depending on
whether we are considering X as a monoid or as a group generating set.

We shall sometimes talk about W¢(M) where M is a monoid which is
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not a group. It should be noted that in this case knowing how to decide
whether or not a word is in W¢(M) does not give a solution to the full word
problem for M.

Another way of thinking of the word problem is the following. Let X
be a finite alphabet, and let ¢x : X* — G be a surjective homomorphism.
Then X is a finite monoid generating set for GG, and the word problem of G

with respect to X is the kernel of ¢x.

3.5 F-Subsets

Let F be a class of languages which is closed under inverse homomorphism,
and let M be a finitely generated monoid. A subset A of M is said to be an
F-subset if for any alphabet X and surjective homomorphism ¢ : X* — M,
we have A¢~! € F. The set of F-subsets of the monoid M will be denoted
by F(M).

The independence of this concept with respect to generating set and sur-

jective homomorphism is provided by the following result.

Lemma 3.5.1 ([26]) Let M be a finitely generated monoid, ¥ and T finite
alphabets, ¢ : ¥* — M a homomorphism, ¢ : T* — M a surjective homo-

morphism. Then there is a homomorphism x : £* — T* such that xy = ¢.

Let A be an F-subset of a monoid M, so that there is a monoid gener-
ating set X and a surjective homomorphism ¢ : X* — M, with A¢~! € F.

If Y and ¢ : Y* — M are respectively another alphabet and surjective
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homomorphism then, by Lemma 3.5.1, there is a homomorphism x such
that x¢ = 1. We then have Ay~! = A¢p~'x~!, so that Ay~ is an in-
verse image of A¢~!, and thus Ay~! € F by the closure of F under inverse
homomorphism.

Herbst writes extensively on F-subsets in [12] and [13]. We shall use the

following results from these papers.

Theorem 3.5.2 ([13]) Let G be a finitely generated group, and let A be a
finite, non-empty, disjunctive subset of G such that A € RE(G) (respec-
tively, A € CS5(G)). Then every finite subset of G is recursively enumerable

(context-sensitive).

Theorem 3.5.3 ([13])) Let M be a finitely generated cancellative monoid,
and let T be a finite non-empty context-free subset of M. Then every finite

subset of M 1is context-free.

If F is closed under inverse homomorphism and the word problem of G
with respect to a finite monoid generating set X is in F then {1} is an
F-subset of G. Thus Wi*(G) € F for any finite monoid generating set Y.

In other words:

Proposition 3.5.4 Let X and Y be finite monoid generating sets for a
group G, and let F be a class of languages which is closed under inverse

homomorphisms. If W¢(G) € F then W (G) € F.

In the light of this result, if F is a class of languages which is closed under

inverse homomorphism, and the word problem of a group G with respect to
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some finite monoid generating set X lies in F, then we may say that the
word problem of G is in F (W(G) € F) without reference to any particular

generating set, and that G is an F-group.

3.6 The Word Problem

With any family of languages F, which is closed under inverse homomor-
phism, we can associate the class of groups whose word problem is in F:
an interesting task is to try to find algebraic descriptions of these classes of
groups.

There have been several such characterizations of the groups having word

problem in a particular class of languages. One early such was by Anisimov

in [1]

Theorem 3.6.1 ([1]) Let G be a finitely generated group. Then W(Q) is

reqular if and only if G is finite.

Anisimov also proved several closure properties for the class of groups
which have context-free word problem, including Proposition 3.5.4 in the
case of the context-free languages, but he was unable to give an algebraic
description of this class of groups.

In [21] the class of groups which have context-free word problem and
which are accessible (a technical condition which we shall not define) was
shown to coincide with the virtually free groups (the accessibility condition

here can be removed thanks to the result of [8], that all finitely presented
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groups are accessible). In fact, if the word problem of a group is context-free,
then it is deterministic context-free (see [22]). Putting these results together

gives the following theorem:

Theorem 3.6.2 ([21, 22]) Let G be a finitely generated group. The follow-

ing are equivalent:
i. W(G) €CF (i.e. G is a context-free group);
. W(G) € DCF;
1t. G is virtually frée.

One further family of languages that has been considered is the class of
one-counter languages. Herbst showed in [12] that a group has one-counter
word problem if and only if it is a finite extension of a cyclic group (or, to put
this another way, a group has a one-counter word problem if and only if it is
either finite or is a finite extension of an infinite cyclic group). As in the case
of the context-free languages, if the word problem of a group is a one-counter

language, then it is necessarily a deterministic one-counter language.

Theorem 3.6.3 ([12]) Let G be a finitely generated group. The following

are equivalent:
i. W(G) € OC (i.e. G is a one-counter group);
u. W(G) € DOC;

i1. G is a finite extension of a cyclic group.
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Several more equivalent conditions are given in [12] and [14].

Herbst also shows that the class of groups with word problem in C,
where C is a cone in between the regular languages and the context-free
languages, must be either the finite or the one-counter groups. While there
are, of course, interesting families of languages which are not cones, these

results do suggest that the one-counter groups are also of special interest.

3.7 The Reduced Word Problem

The concepts of reduced word problem and irreducible word problem were

introduced by Haring-Smith in [10], where he proved the following results:

Theorem 3.7.1 Let G be a group, and let X a finite group generating set
for G. Then R%(G) is a simple language if and only if I%(G) is finite.

Theorem 3.7.2 Let G be a finitely generated group. The following are equiv-

alent:

i. There is a finite group generating set X for G such that R%(G) is a

simple language;

it. G 1is the free product of a finitely generated free group and finitely many

finite groups.

On account of the previous theorem, Haring-Smith named the class of groups

which are the free product of a finitely generated free group and finitely many
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finite groups the plain groups. Note that, by Theorem 3.7.1, condition (i) in
Theorem 3.7.2 is equivalent to there being a finite group generating set X

for G such that I(G) is finite.

3.8 String-rewriting systems

In this section we shall give a short survey of some of the things that are
known about the presentation of groups by finite string-rewriting systems.
Much of this material is derived from [20] which gives a general account of
the subject.

A string-rewriting system R over X is said to present the monoid
(X:{u=v:u—vin R}),

which is isomorphic to %*/ <3r. We are interested here in the case where
the monoid presented by R is a group.

Several interesting results have been proved giving algebraic character-
izations of the groups which can be presented by certain classes of finite
string-rewriting system; we will only mention a few of them here. The first

such result was proved by Cochet in [7]:

Theorem 3.8.1 A finitely generated group G has a presentation by a finite
special confluent string-rewriting system if and only if it is a free product of

finitely many (finite or infinite) cyclic groups.

A string-rewriting system R over a set X is said to provide inverses of
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length one for every letter if, for each x € X, there exists y € X such that
Ty =g Xand yzr =g A

In [20] Madlener and Otto prove the following:

Theorem 3.8.2 A finitely generated group can be presented by a finite spe-
cial [A)-confluent string-rewriting system which provides inverses of length

one if and only if it is a plain group.

But the question as to which groups may be presented by finite special string-
rewriting systems which do not necessarily provide inverses of length one is

left open:

Question 3.8.3 Which groups may be presented by finite [A]-confluent spe-

cial string-rewriting systems?

We shall return to this question in Chapter 7.
There is at present no known algebraic characterization of the class of
groups which may be presented by finite monadic confluent string-rewriting

systems. In [9], Gilman makes the following conjecture:

Conjecture 3.8.4 ([9]) A finitely generated group can be presented by a

finite monadic confluent string-rewriting system if and only if it is plain.

This has been shown to be true for finite monadic confluent string-rewriting
systems which provide inverses of length one [4], and for finite two-monadic
confluent string-rewriting systems [5] (a monadic string-rewriting system R

is said to be two-monadic if dom(R) C £?), but remains open in general.
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The following result, from [19], provides an easy way to show that some
groups can not be presented by finite monadic confluent string-rewriting

systems,

Theorem 3.8.5 Let G be a group which can be presented by a finite monadic
confluent string-rewriting system. Then each finitely generated abelian sub-

group of G is either finite or infinite cyclic.

Autebert, Boasson and Sénizergues have shown in [3] that the groups pre-
sented by finite monadic [A]-confluent string-rewriting systems which provide
inverses of length one are exactly the context-free groups, and it is shown
in [20] that this continues to be true if the condition on inverses is dropped.

This provides yet another equivalent condition for Theorem 3.6.2:

Theorem 3.8.6 ([20]) Let G be a finitely generated group. Then G has a
presentation by a finite monadic [\]-confluent string-rewriting system if and

only if G is is a context-free group.
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Characterizations

4.1 Relationships

The relationship between the reduced word problem and the word problem

of a group is summed up in the following pair of results:

Proposition 4.1.1 The word problem of a group with respect to a monoid
generating set is the Kleene closure of its reduced word problem with respect

to that generating set.

Proof. Let G be a group, X a finite monoid generating set for G, R = RZ(G)
and W = WZ(G). Let w be an element of R*. Since w is a product of
elements from R, and R C W, we have that w isin W. So R* C W.
Conversely, suppose that W is not contained in R*, and let w be a word
of minimal length in W \ R*. If w = ) then clearly w € R*; so we may

assume that there is a non-empty prefix u of w which is in R. Then w = wv

38
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where v € W and |v| < |w|. By the minimality of w, v € R*, and hence

w € R*, a contradiction. O

Proposition 4.1.2 If W is the word problem of a group with respect to q
monoid generating set X and R is the reduced word problem with respect

to X, then R=MIN(W)N X+,

Proof. Since R C W and R is prefix-free, we certainly have that R is g
subset of MIN(W); since, by definition, R does not contain the empty word,
R is a subset of MIN(W)NX™*. On the other hand, if @ € MIN(W) and o & )

then « is a non-empty word in W such that no proper prefix of « lies in 1Y,

so that o € R by definition. O

The following two results give the relationship between the word problem

and the irreducible word problem.

Proposition 4.1.3 If G is a group and X is a monoid generating set for G,
then W(G) is the insertion closure of I (G) U {\} in X*.

Proof. Let W = W2(G) and I = I}(G). Let K be the insertion closure
of TU{\} in X*.

If u, v and w are words such that v € W and uw € W, then v and uw
represent the identity of GG, and so uvw represents the identity of G, giving

that uvw € W. So W is an insertion closed language containing JU{\}, and

therefore K C W by definition of K.
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Suppose that W is not contained in K, and let w be a word of minimal
length in W\ K. If w € I or w = ), then w € K by definition; so we
may assume that w = usv for some words u and v with |uv| > 0 and some
non-empty word s € I. Since uv € W and luv| < |w]|, we have that uwv € K.
Since s € I C K and K is insertion closed, we have that w = usv € K, a

contradiction. O

Proposition 4.1.4 If G is a group and X 1is a monoid generating set for G,
then I'?(G) is the insertion base of W (G) in X*.

Proof. By Proposition 4.1.3, the word problem is insertion closed. The

result follows easily from the definitions. O

4.2 The Word Problem

We now give a pair of conditions which characterize when a language W is

the word problem of a group:

Proposition 4.2.1 Let W C ¥*. Then W is the word problem of a group if

and only if it satisfies the following conditions:
(W1) if o € L* then there ezists f € £* such that aff € W,
(W2) ifa € W and uav € W then uv € W.

Proof. We first show that, if W is the word problem of a group, then W
satisfies (W1) and (W2).
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Let o € ¥* and suppose that o represents ¢ € G. Let 8 be a word
representing ¢~'; then af represents gg~!, and so a3 € W. Therefore W
satisfies (W1).

IfaAe W and uav € W then o = uav =1 in G, so that uv = 1 in G,
and so uv € W. Therefore W satisfies (W2).

Conversely, suppose that W satisfies (W1) and (W2); we want to show
that W is the word problem of a group.

Suppose that @ € W and that uav ¢ W. By (W1), there exists g € X*
with uavf € W. Since a € W and uavfB € W, we have that wvg € W
by (W2). If wv € W; then we have uv € W and wvf = Auvf € W, so
that A\3 = 8 € W by (W2). Then, since 8 € W and uavfBA € W, we have

uav = uav € W by (W2), a contradiction. So we have deduced:
(W3) if @ € W and uav ¢ W then uv ¢ W.

Now let ~ denote the syntactic congruence of W, i.e. ~ is the congruence

on ¥* defined by:
(a1 ~ a3) © (v € W < uagv € W Yu,v € %),

Let M be the syntactic monoid £*/ ~, so that we have the natural homomor-
phism ¢ : ©* — M. Recall that by standard properties of syntactic monoids,
W is a union of congruence classes of ~. Since if oy € W and as € X* such

that a; ~ ay (noting that W is non-empty by (W1)), then

(0 ~ ) = (uav € W & uagu € W)

= ()\al/\Ea1€W<=>)\ag/\Ea2€W)
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and we must have oy € W.

In addition, in our situation, we have:

uoveW & weW

o, €W = ( ) by (W2) and (W3)

& uov eW
= o~ as.
Thus W consists of a single conguence class of ~.
We have shown that W is equal to a congruence class of ~. By (W2), if
we pick a € W, we have that Aa\ € W, so that A\ A=A e W. Thus W =
{a € Z*:a~ A} and then W = 1¢~1.
If m € M, choose o € ¥* with a¢ = m, and then (using (W1)) choose
B € ¥* such that aff € W. If n = ¢, then mn = (a¢)(8¢4) = (af)¢ = 1.
So every element of M has a right inverse, which is a sufficient condition for
the monoid M to be a group. Since W = 1¢7!, we have that W is the word

problem of the group M as required. O

4.3 The Reduced Word Problem

We may now give a set of conditions which characterize when a language R

is the reduced word problem of a group:

Proposition 4.3.1 Let R C X*. Then R s the reduced word problem of a

group if and only if it satisfies the following conditions:

(R1) if a € T* then there ezists f € £* such that aff € R*;
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(R2) if & € R and uav € R* then uv € R*;
(R3) M ¢ R;
(R4) if o € R then there is no B € R such that o = By and v £ A.

Proof. Suppose that R is the reduced word problem for a group G. By
Proposition 4.1.1, W = R* is the word problem of G. Given this, the fact
that R satisfies (R1) and (R2) follows immediately from Proposition 4.2.1.
The properties (R3) and (R4) follow immediately from the definition of R.
We now want to show that a language which satisfies (R1)-(R4) must be
the reduced word problem of a group. Assume that R satisfies (R1)—(R4).

Ifa=a;...0, € R*, where each ¢; is in R, then (R2) gives

uav €E R* = uoy...qpv € R* = wuos...apv € R*
= = ua,v € R = uv € R*.

Since (R1) is just (W1) with W replaced by R*, we now know that R*
satisfies (W1) and (W2), and is therefore the word problem of a group G,
by Proposition 4.2.1. Let W = R* = W{(G); then we are finished if we can
show that R = MIN(W) N Xt.

Suppose that « € R, with a« = By, 5 € W, v # A, and § # A. Since
W = R*, we have 8 = B;...05,, with §; € R. So o = (17, with 8, € R
and v # )\, contradicting (R4). Noting that the empty word is not in R, we
have that R C MIN(W)N T+,

Conversely, let o € MIN(W) N E*t. Since a« € W = R*, we have a =

op...0n With a; € R. Since oy € R C W, and o € MIN(W), we know
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that o = &, and thus that « € R. Thus MIN(W) N £t C R, and so
R =MIN(W)N Z* is the reduced word problem of G. O

4.4 Solvability

One would expect that solvability of the word problem for a group is closely
linked to the solvability of the reduced word problem. This is indeed the

case, and we have:

Theorem 4.4.1 If W is the word problem of a group with respect to a
monoid generating set X and if R is the reduced word problem with respect

to X, then the following are equivalent:
(S1) R is recursive;

(S2) R is recursively enumerable;

(S3) W is recursive.

Proof. The fact that (S1) implies (S2) is clear; it remains to show that (S2)
implies (S3) and that (S3) implies (S1).

Let us assume that R is recursively enumerable. Let o € ¥*. If no prefix
of a lies in R, choose S of minimal length such that a8 € W; we see that we

must have aff € R. So

a € ¥ = either there is a prefix of « in R

or there is a non-empty word 3 such that af € R (4.1)
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We have a procedure P which, when given as input a word v € X*, will
terminate if and only if v € R. We will outline an algorithm A which, given

a word « in ¥*, will terminate with “yes” if « € W and with “no” otherwise.

(A1) We set P going on every non-empty prefix of o. If P terminates on
some such prefix 7, say a = nf, then 7 represents the identity, so that
a € W if and only if § € W. We delete n and restart A completely
with @ in place of a. Note that, if « =7 and § = )\, then o € W and

we have finished.

(A2) Whilst doing (All), we enumerate words of the form a8 which have o
as a proper prefix. For each such word a8, we run P on that word.
If P terminates on such a word «f, we know that a8 € R with
non-empty, and so a ¢ W. Note that, if we find a prefix 7 of @ in R
via (A1), then these procedures in (A2) are all abandoned when we

restart A with @ in place of a.

By (4.1), our algorithm A either terminates with the empty word whilst
performing (A1), in which case @ € W, or else we find, in (A2), a word
uv € R, such that v and v are non-empty, and our original « is wu, for some
w € W; but then a = u ¢ W. So W is recursive.

Lastly, suppose that W is recursive. Given a word «, we test « and all
its proper non-empty prefixes for membership of W. We have that o € R if
and only if & € W and no proper non-empty prefix of « lies in W. So R is

recursive as required. O
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It is interesting to note that there are no groups where the reduced word
problem is recursively enumerable but not recursive, and so any language
satisfying the conditions of Proposition 4.3.1 that is recursively enumerable

is necessarily recursive.



Chapter 5

Syntactic Monoids

5.1 Characterizations of Languages

As has been noted in [24], it is not possible to give a characterization of
the context-free languages using syntactic monoids in the same way as has
been done for the regular languages, since languages which are very different
in terms of position in the Chomsky Hierarchy can have the same syntac-
tic monoid. For example, the context-free languages are not closed under
complementation, and, by Proposition 2.9.2, a language always has the same
syntactic monoid as its complement; therefore there are monoids which are
the syntactic monoids of languages which are context-free and of languages
further up the hierarchy. In fact, there is little hope of such a characteriza-
tion for any class of languages which is closed under inverse homomorphism

and which strictly contains the regular languages.

47
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Theorem 5.1.1 Let G be a finitely generated non-periodic group and let F
be a family of languages which is closed under inverse homomorphisms and
intersections with regular languages such that there ezists K C {a}* with

K ¢ F. Then G = My, for some L ¢ F.

Proof. Let a be an element of G of infinite order. Let X be a group
generating set for G containing a, let ¥ = X U X~!, and let ¢ : £* — G be
the natural homomorphism.

Let K be a subset of {a}* such that K ¢ F, and let I = {i : ¢’ € K}.
If KU{\} € F, then (KU {A}) n{a}" = K € F, a contradiction. So we
may assume without loss of generality that A € K, and thus that 0 € I.
Let S = {a* : i € I} C G (since 0 € K, we must have 1 € 3), and let
L=_S8¢7"

If L € F,then K = LN {a}* € F, a contradiction; so L ¢ F.

In order to show that G = M; we must show that there is no non-trivial
congruence on G such that S is a union of congruence classes. Let ~ be a
non-trivial congruence on G. Suppose that a’ and o’ are in S, with i > 7,
and that o/ ~ a’. Then &’ ~ 1€ S, and /" € S with j —i < 0, a

contradiction. O

In the light of the problems with using syntactic monoids to classify lan-
guages above the regular languages in the Chomsky Hierarchy, Sakarovitch
suggests in [27] the framework of syntactic pointed monoids, effectively, that

languages should be classified by the structure of the syntactic monoid and
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the image of the language in that monoid.

It would therefore be useful to have methods of finding out whether or not
a particular subset of a monoid is disjunctive. Since the set of congruences
on a group is in bijective correspondence with the set of normal subgroups
we have that, in the case of groups, a subset A of a group G is disjunctive if
there is no non-injective homomorphism ¢ from G onto a group G’ such that
A is the full inverse image of a subset B of G'.

It the subset that we are considering is a subgroup, then we have the

following result.

Proposition 5.1.2 Let G be a group, and H a subgroup of G. Then H
is a disjunctive subset of G if and only if it contains no non-trivial normal

subgroup of G.

Proof. Assume H is not a disjunctive subset of G. Then there is some
homomorphism ¢ from G onto G’, say, such that H is the inverse image of
some subset B C G’. Since the identity element of G is in H, and H is the
inverse image of some subset of G’, H must contain Ker(¢), a non-trivial
normal subgroup of G.

Conversely, assume H contains a non-trivial normal subgroup N of G.
Consider the natural homomorphism, %, from G onto G/N. By the First
Isomorphism Theorem, 1 gives a bijective correspondence between the set of
subgroups of G containing N and the set of subgroups of G/N. Hence there
is a subgroup H1 of G/N such that (Hy)y™' = H. O
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An immediate corollary of Proposition 5.1.2 is the following well-known

observation.
Proposition 5.1.3 A group is the syntactic monoid of its word problem.

Proof. Let G be a group. Then {1} is a subgroup of G which contains no
non-trivial normal subgroup of G. By the previous result, {1} is a disjunctive

subset of GG, and thus G is the syntactic monoid of its word problem. O

This gives us another proof of the following result of [2].

Corollary 5.1.4 The groups with reqular word problems are ezxactly the finite

groups.

Proof. A finite group G is the syntactic monoid of its word problem which
must therefore be regular, by Theorem 2.9.6. If G has regular word problem
then it is the syntactic monoid of a regular language and hence is finite,

again, by Theorem 2.9.6. O

5.2 Word Problems

We note that, given a language L C X*, the word problem of the syntactic
monoid M, of L with respect to the the generating set X is the set of words
over X which are equal to the identity, i.e. the congruence class [A] of the

empty word under the syntactic congruence.
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The following lemma allows us to assume, when considering the syntactic
monoid of a language L from a class of languages which is closed under inverse

homomorphism, that our alphabet contains inverses.

Lemma 5.2.1 Let F is a class of languages which is closed under inverse
homomorphism, and let L C X* be a language in F. If My, the syntac-
tic monoid of L, is a group G, then G is also the syntactic monoid of a

language L' over the generating set ¥ = X U X!, with L' € F.

Proof. Let S be the image of L in G under 7, the syntactic morphism
(note that L = Sn;™!). Let ¢ be the monoid homomorphism from ¥* to G,
which maps each z € X to znz, and each 7! € X! to (zn,)”". Since 7y, is
surjective, ¢ must also be surjective.

Let K be the inverse image of S under ¢. Since S is a disjunctive subset
of G, we know that G is the syntactic monoid of K. By Lemma 3.5.1, we

must have K € F. O

It will be useful to note the following characterization of the word problem

of the syntactic monoid of a language.

Lemma 5.2.2 Let L be a language over an alphabet X. Then the word
problem W of the syntactic monoid of L is I N D, where I = INS(L) and
D = pEL(L).

Proof. We observe that

wueW =[N & (ww; €L & wuw; € L)
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& (wiwy € L = wiuwse € L) and (wyuwy € L = wiwe € L)

< uelandue D

which is exactly what we wanted. O

Suppose £ = X U X~} and define ~! : ©* — &* inductively by:
o M\ l=)

e ifa € X then (aa)™' = la™};

e ifa € X! then (aa)™' = o 'b where a = b~!, and b € X.

If A and B are subsets of ¥*, then

(A=B)"' = {z€¥ :3q,8cZ(u=azf€ Aandv=0af € B)} !
= {z7'e¥: 3o, (u=azB€ Aand v=af € B)}
= {zlex T, teut=p"r7la e A7

and v! =B ot € BY)}
= {yeX:Iy,6€T*(yyd€ A and vd € B7)}

= (A'=B7)
and

(A = {zex*:z¢ A} = {z7leX:z ¢ A}
= {zleX:z7l¢g A} = {yeZ:y¢g A}
= (47,

and we have the following lemma:
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Lemma 5.2.3 Let A and B be subsets of X*. Then
i (A= B)'=(A"'= B™); and
i. (A9 =4~

We can now show the following:

Proposition 5.2.4 Let L be a language over the alphabet ¥ = X U X7},
such that My is a group G, the function ~! is defined as above, and X is
a group generating set for G. Let I = INS(L) and D = DEL(L). Then
D=1I"1=1ws(L™). |
Proof. We must have aa™! € WZ(G) for any a € ¥*, so that aa™t € IND
for any o € ¥* by Lemma 5.2.2.

Let o € I. Then ua™'v € L implies that uaa™v € L (since a € I), and
thus uv € L (since aa™! € D), and we see that ™! € D.

Let ! € D. Then uv € L implies that uaa~'v € L (since aa™' € I),
and thus uav € L (since o' € D), and we have o € I.

We now have that D = {a™' € £*: @ € I} = ™!, and thus,
D=I"={L=L)]" =[L7) = L") =mws(L™)

by Lemma 5.2.3 and Proposition 2.8.1. O

In particular, given Lemma 5.2.2, we have

Corollary 5.2.5 If L = L™! is a language over the alphabet ¥ = X U X1,
the syntactic monoid of L is a group G, the function ' is defined as above,

and X 1is a monoid generating set for G, then WZ(G) = INS(L) = DEL(L).
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One general question which we shall look at is the following:

Question 5.2.6 Given a language L C X*, from a family F which is closed
under inverse homomorphism, such that the syntactic monoid of L is a group,

is the word problem of the syntactic monoid of L in F?
More generally:

Question 5.2.7 Given a language L from family F, what can we say about

the word problem of My, ?

Lemma 5.2.1 tells us that, when trying to answer Question 5.2.6, we may
assume without loss of generality that the alphabet ¥* contains inverses.
We can now give the answer to Question 5.2.6 when F is the class of

regular langages.

Theorem 5.2.8 If L is a regular language with syntactic monoid M then

the word problem of M 1is a regular language.

Note that this theorem in the case where M is a group follows immediately
from Theorem 2.9.6 and Corollary 5.1.4.
Proof. Let M = (Q,%, 4, go, F') be the minimal complete deterministic finite
automaton recognizing L. For each state ¢ € (), consider the language L, C
¥* of all words w € ¥* for which (g, w) = ¢. We claim that [ ¢, L is the
word problem W of M. By Lemma 5.2.2 we know that W = INS(L)NDEL(L).

Suppose u € [\, Lq and that wi,w, € E*. Since u € (o Ly, we

q9€Q

have 6(qo, wi1w2) = 6(go, w1uws) and hence wywy; € L < wiyuw, € L, and

u € INS(L) NDEL(L) = W.
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Conversely, suppose that u ¢ qsco Lq that is, there exists 7 € Q with
u ¢ L,. By completeness and minimality we can choose w; € ¥* such that
5(qo,w1j =r. Since u ¢ L,, 6(r,u) # r. Let 6(r,u) = r’. By minimality
there exists wy € X* such that §(r,ws) € F and (', ws) ¢ F, or vice versa.
We have shown that there exist w; and w, in £* such that §(go, wywe) € F

and 0(qo, wiuws) ¢ F, or vice versa. Hence wywy € L and wyuw, ¢ L, or

vice versa, and we cannot have u € W. O

Theorem 3.5.3 gives a partial positive answer to Question 5.2.6 in the
case of context-free languages where the syntactic monoid is assumed to be

cancellative:

Corollary 5.2.9 Let L be a context-free language with cancellative syntactic
monoid M. If the image of L in M is finite then M has a context-free word

problem.

Proof. Assume that L # (0. Then the image of L in M is a finite non-
empty context-free set, and by Theorem 3.5.3 all finite subsets of M}, are
context-free; in particular {1} € CF(My).

If L is empty then its syntactic monoid is the trivial group, which has

context-free word problem. O

In general, the word problem of a group which is the syntactic monoid
of a context-free language need not be context-free. A particular example

from [28] is the group Coo X Cuo.
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Example 5.2.10 ([28]) Let ¥ = {a,b,c,d}, and let
L={weX:|wl,=|wor|wl=|w}

Then L is a context-free language with syntactic monoid isomorphic to

Coo X Coo.-

In the case of deterministic context-free languages, the answer to Ques-
tion 5.2.6 is unknown.

The following conjecture was made in [12].

Conjecture 5.2.11 Let L C X* be a deterministic context-free language

with syntactic monoid a group G. Then G 1is a context-free group.

This reduces to our Question 5.2.6 for deterministic context-free languages,
since, by Theorem 3.6.2 the word problem of a context-free group is always
deterministic context-free. It is noted in [12] that if Conjecture 5.2.11 could
be proved then it would lead to a proof of the conjecture of Sakarovitch ([26,
29]), that the thin syntactic monoids are exactly the deterministic monoids,
in the special case of groups.

We finish this chapter by looking at the syntactic monoids of recursive

languages.

Proposition 5.2.12 Let L be a recursive language with syntactic monoid M.

Then the complement of the word problem of M is recursively enumerable.

Proof. We shall assume that L is infinite: were L finite it would be regular,

and thus the word problem of M would be regular, and hence certainly
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recursive. Since L is recursive we can assume the existence of a Turing
machine 7; which enumerates the words of L, and a machine 7; which, upon
readingi a word of ¥*, always terminates, and gives the answer yes if and only
if the word is in L. We construct a machine 7 which, when given input u,
halts if and only if u is in the complement of the word problem of M.

Our machine 7 uses a copy of 77 to enumerate words of L. For each word
W= I1Z2...Ty, € L, T inserts u into w in the n + 1 possible places in turn
and checks for each one, using a copy of 73 that the resulting word is in L.
If one of these words fails to be in L, then 7 halts.

For each occurrence of u as a subword z;...z; of w, T uses a copy of 7,
tosee if 1 ...%;_1%j41...2, is in L. If this is not the case then 7T halts.

Having checked to see if u can be inserted or deleted at any point in w in
such a way that we finish up with a word not in L, 7 goes back to its copy
of 7; and starts the process again with a new w. Since L is infinite, 7 will

never run out of words to work on. O

Combining Theorem 3.5.2 and the previous result gives:

Proposition 5.2.13 Let F be the context-sensitive languages, the recursive
languages, or the recursively enumerable languages. If G is a finitely gener-
ated group and A is a finite, nonempty, disjunctive, F-subset of G, then the

word problem of G is in F.

Proof. If F is the context-sensitive languages or the recursively enumerable

languages, then by Theorem 3.5.2 every finite subset of G is an F-subset,
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and in particular {1} is a F-subset.
If F is the recursive languages then A is an RE-subset of G and thus {1} is
also an RE-subset. By Proposition 5.2.12, G\ {1} is recursively enumerable.

So {1} is recursive. O

We now have a partial answer to Question 5.2.6 in the case of recursive

languages.

Proposition 5.2.14 Let L C ¥* be a recursive language, with syntactic
monoid a group G, and suppose that the image of L under the syntactic

morphism is finite. Then G has a recursive word problem.

Proof. The image L under its syntactic morphism is always disjunctive. If L
is nonempty, then its image in G is nonempty and we may apply Proposi-

tion 5.2.13. If L is empty then its syntactic monoid is the trivial group. O



Chapter 6

Reduced AWord Problems

6.1 Haring-Smith’s Conjecture

The purpose of this section is to prove Theorem 6.1.1, which includes (as the
equivalence of parts i and vi) the conjecture of Haring-Smith that a group has
strict deterministic reduced word problem for some monoid generating set if
and only if it is a finite extension of a plain group. Saying that a reduced
word problem is strict deterministic is equivalent to just saying that it is a

deterministic context-free language (since it is prefix-free by definition).

Theorem 6.1.1 Let G be a finitely generated group. The following are equiv-

alent:

i. for some monoid generating set X, the reduced word problem of G with

respect to X is deterministic context-free;

59
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1. for some monoid generating set X, the reduced word problem of G with

respect to X s context-free;
it. G is a context-free group;

w. for every monoid generating set X, the reduced word problem of G with

respect to X s deterministic context-free;

v. for every monoid generating set X, the reduced word problem of G with

respect to X is context-free;
vi. G is a finite extension of a plain group.

Proof. 1t is clear that part i implies ii. Next we prove that part ii implies
part iii.

Let X be a monoid generating set for a group G, such that RZ(G) is
context-free. Since the class of context-free languages is closed under Kleene
star, and W¥(G) = R%(G)*, by Proposition 4.1.1, W¢(G) is context-free,
and we have shown that part ii implies part iii.

Let G be a context-free group, and let X be a finite monoid generating set
for G, so that, by Theorem 3.6.2, W(G) is deterministic context-free. Since
R?%(G) = MIN(WR(G) N X™*) by Proposition 4.1.2, it must be deterministic
context-free, by the closure of the deterministic context-free languages under
intersections with regular sets, and Lemma 2.7.2. We have proved that part

iii implies part iv, and it is immediate that part iv implies part v.
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If part v is true, take X to be any monoid generating set for G. Since
R%(G) is context free, WZ(G) = RZ(G)* is context-free, and so W2(G)
is deterministic context-free by Theorem 3.6.2, and R%(G) is deterministic
context-free by Lemma 2.7.2 and the closure of the deterministic context-free
languages under intersections with regular sets. So we have shown that parts
i, 1i, iii, iv and v are equivalent. It therefore only remains to show that part vi
is equivalent to these five conditions.

A context-free group G is a finite extension of a free group, and, since a
free group is certainiy plain, G must be a finite extension of a plain group,
and so we have proved that part iii implies part vi. Let G be a finite extension
of a plain group H. Since H is plain, by Theorem 3.7.2, it has simple reduced
word problem for some generating set. A simple language is certainly context-
free, and, by the equivalence of parts ii and iii, we know that H is a context-
free group. The class of context-free groups is closed under taking finite

extensions, so that G must also be context-free. O

An obvious extension of the work of Haring-Smith would be to classify the
groups with reduced word problem in other classes of languages. In the case
of the one-counter languages, Herbst’s characterization of the one-counter
groups can play much the same role as Muller and Schupp’s characterization
of the context-free groups. Substituting one-counter for context-free through-
out, and using Theorem 3.6.3 in place of Theorem 3.6.2 we see that the proof

of the equivalence of parts i, ii, iii, iv and v of Theorem 6.1.1 works equally
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well, and so we have:

Theorem 6.1.2 Let G be a finitely generated group. The following are equiv-

alent:

i. for some monoid generating set X, the reduced word problem of G with

respect to X 1s deterministic one-counter;

it. for some monoid generating set X, the reduced word problem of G with

respect to X s one-counter;
wi. G is a one-counter group;

. for every monoid generating set X, the reduced word problem of G with

respect to X is deterministic one-counter;

v. for every monoid generating set X, the reduced word problem of G with

respect to X 1s one-counter;

6.2 Monoid Generating Sets

In this section we shall look at the analogue of Theorems 3.7.1 and 3.7.2 in
the case of monoid generating sets.

We start by constructing a grammar I' from the finite irreducible word
problem of a group G with respect to monoid generating set X. The con-

struction is the same as that in [10].
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Let I = {wy,ws,...,ws}, where w; = a;1055...0;p, for i € {1,...,n},
be the irreducible word problem of G with respect to X; let I, be the suffix
closure of 1.

The set of terminals for our grammar shall be X. The set of non-terminal
symbols, V', will consist of a symbol A, for each g € G which is represented
by an element of I,. Since the identity element of the group is represented
by the empty word, which is in I, there is a symbol A; corresponding to it.
This symbol will be the start symbol for our grammar, and we shall therefore
write S in place of Ai. We note that for each a € X, there must be a symbol
Ag-1 € V| since there must be a word starting with a which is equal to
the identity, and a minimal such word must be in I. We now have a set of
terminals, a set of non-terminals, and a start symbol; so all that remains to

be defined is the set of productions. This is constructed in the following way:
o S—a; A, € Pforie{l,...,n}

o if there is a word in I, \ {\} representing the (non-identity) group

element a~'g, then A, = aA,-1, € P;
e if alg is the identity element, then A, — a € P;
e if a~lg is not represented by a word in I, then A; — aA,-14, € P.

Since, for each pair of one terminal a, and one non-terminal A, we have

constructed exactly one rule of the form A — aa, our grammar is simple.
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Lemma 6.2.1 The language of the grammar we have just constructed is

R2(G).

Proof. =~ We prove by induction that the words derived from each non-
terminal A, all represent g in the group. In a derivation A, — a of length
one, we have, by definition, that a~'g = 1, and thus that a = g. Let us
assume that we have proved that every word which can be derived from a
symbol A, using a derivation of length less than or equal to m, where m > 1,
is equal in the group to g, for every non-terminal symbol A, € V. Let w
be a word which can be derived from A, with a derivation of length m + 1.

The derivation of w must start in one of the following ways:
o Ay = ad,-1y;
° Ag — aAa-lAg.

The lengths of the derivations from the non-terminals on the right hand
sides of the rules above must in all cases be less than or equal to m. So in
the first case, A,-1, derives a word u which is equal to a'g. In this way A,
derives au = aa"!g = g.

In the second case, A,-1 derives a word u equal to a™!, and the 4, on the
right hand side derives, in fewer than m moves, a word v which is equal to g.
Thus the A, on the left hand side of the production derives auv = aa™'g = g.

In particular, we have shown that every word which can be derived from
S = A; is equal to 1, and therefore that L(I') C W(G). Since the gram-
mar I is simple, L(T) is prefix-free, and thus L(T') C RR(G).



CHAPTER 6. REDUCED WORD PROBLEMS 65

To complete the proof of the Lemma we need to show that every word
which is in R(G) is also in L(T"). This follows from the fact that for every
non-terminal A, and terminal a, there is exactly one rule of the form A — aqa
in P. Given a word w = aja...a; € RE(G), we construct a leftmost
derivation of w in I' in the only possible way. Assume that we have already
constructed the first m moves of the derivation S = a;...amAB, where
m < k. The next letter of w is @41, so the next production must be of the
form A — a;410, and in m+ 1 moves, we derive the string a; . .. anan108.
If af is empty then the string a; ...am41 is in L(T') C RZ(G), so this can
only happen if m = k — 1, and our derivation cannot come to an end before
the end of w. If m = k — 1, and af is not the empty string, then we have
derived the string a; ...araf = waf. There must be a non-empty string u
which derives from a8, and so we have that S = wu, where u is non-empty.
This cannot happen, since we would have wu € L(I') € RR(G) with a non-
empty proper prefix w € R%(G). So we know that our derivation does finish

at the end of w. O

The previous lemma (together with the preceding discussion) gives a proof

of the following theorem:

Theorem 6.2.2 If a group G has finite irreducible word problem with respect
to a monoid generating set X, then G has simple reduced word problem with

respect to X. O
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In contrast to the situation for group generating sets, the converse of

Theorem 6.2.2 remains open.

Question 6.2.3 If a group G has simple reduced word problem with respect
to some monoid generating set X, does the irreducible word problem of G

with respect to X have to be finite?



Chapter 7

Finite Irreducible Word

Problems

7.1 Preliminaries

The following observation, implicit in [20], tells us that the groups presented
by finite special [A]-confluent string-rewriting systems and the groups which
have finite irreducible word problem with respect to some monoid generating

set are in fact one and the same.

Proposition 7.1.1 Let G be a group, and X a finite monoid generating
set for G. Then G can be presented by a finite special [A]-confluent string-
rewriting system over X if and only if it has finite irreducible word problem

with respect to X.

67
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Proof. Let R be a finite special [A]-confluent string-rewriting system over X
which presents G. If w € I = I'Z(G) then, since w € WP(G), there is a rule
u — X which can be applied to w. Now u is a non-empty subword of w which
is equal to the identity, so u = w. We have shown that, for any w € I, there
must be a rule w — X in R. Since R has only finitely many rules, I must be
finite.

Conversely, let G be a group with finite monoid generating set X such that
I = IR(G) is finite. Then {w — A : w € I} is a finite special [\]-confluent

string-rewriting system which presents G. O

7.2 Special Rewriting for C, x C;

We know from [20] that a group can be presented by a finite special [)]-
confluent string-rewriting system which provides inverses of length one for
each generator if and only if it is a plain group, but it is left open there as
to whether or not this continues to be the case if the condition on inverses
is dropped. Our task here is to give an example to show that this is not the

case.

Proposition 7.2.1 Let G be the direct product of the infinite cyclic group
and a finite cyclic group. Then G can be presented by a finite special [A]-

confluent string-rewriting system, but G is not plain.

Proof. Firstly, we note that G cannot be plain, since a group cannot be both
a non-trivial direct product and a non-trivial free product: see for example

[18, page 177].
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¢ —f>@—f>0—f>0—f>0—f>0—f>0

e —f>0—f>0—f>0—f>0—f>0—f>0

Figure 7.1: The Cayley graph of Co, x Cy = (f : ) x (a : a¥) with respect to the

monoid generating set {f, g}, where g = af~!.

The standard group presentation for Gis (f : )x{a: a*). Let X = {f, g},
where ¢ = af~!. The Cayley graph of G with respect to X is shown in
Figure 7.1. We claim that X is a monoid generating set for G with respect
to which the irreducible word problem of G is finite.

Any element of G' can be written in terms of the symbols f, f~! and a.
Since f € X,a = fgand f~! = f¥~1g*, we see that X is a monoid generating
set for G.

A word w is in W2(G) if and only if it satisfies |w|; = |w|y and |w], =
0 mod k. Together these conditions give that |w|; = |w|, = nk, and |w| =
o2nk, for some n > 0. We shall show that if n > 1 then w cannot be

in I = I?(G), so that I is just the set of words which contain exactly k
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instances of f and & instances of g, and is thus a finite set.

Assume that w = 2;...20, € I and that n > 1. Consider the word
21...22. This subword of w must contain different numbers of instances
of f and g, or else it would be equal to the identity in G. We may therefore
assume without loss of generality that it contains more instances of f than it
does of g. Now suppose that, for some i, the subword z;. .. 29,1 contains
more instances of f than of g. The difference between |z;. .. 2 0c-1|; and
|Zit1 - . . Ziyox|s must be at most 1, and so |zi41. .. zivok|; = k. We cannot
have |z;41 ... Ziyok|f = k because this would mean that 2, ...z 9 is equal
to the identity; so |zj41...%i42k|f > k. By induction we see that every
subword of w consisting of 2k consecutive symbols contains more instances
of f than it does instances of g. Since |w| is a multiple of 2k, we may
consider w as the concatenation of n words of 2k symbols, and it is clear

that |w|f > |wl|,, a contradiction. O

A group of the form Co X C, has a finitely generated abelian subgroup
which is neither finite nor infinite cyclic and thus by Theorem 3.8.5, cannot be
presented by a finite monadic confluent string-rewriting system. We therefore
have examples of groups which can be presented by finite special [A]-confluent
string-rewriting systems, but which cannot be presented by a finite monadic
confluent string-rewriting system. It is not known whether or not there exists
a group which can be presented by a finite monadic confluent system, but
not by a finite special [A]-confluent system: such a group would, of course,

be a counter-example to Conjecture 3.8.4.
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7.3 Infinite Cyclic Central Subgroups

Having demonstrated that the class of groups which may be presented by
finite special [A]-confluent string-rewriting systems strictly contains the plain

groups, the obvious question is:

Question 7.3.1 Which groups can be presented by finite special [A]-confluent

string-rewriting systems?

We shall answer this question for groups which have an infinite cyclic central

subgroup. We start with two lemmas.

Lemma 7.3.2 Let X be a finite monoid generating set for the group G.
Suppose there are a finite set S C G, an element g € G, and an infinite
set P of pairs of words over X such that, for all (uy,us) € P, both u; and uy
have no non-empty subwords equal to the identity, u;gus € S, and usgu_ =1
implies uy = u_ = \ whenever uy is a suffit of uy and u_ is a prefiz of u,.

Then IZ(G) is infinite.

Proof. For each s € S, let the word v, represent a simple path in the Cayley

graph T' of G connecting s to 1 so that v, = s7%.

Since S is finite, there
is an integer B such that the length of each such path does not exceed B.
Let C = [v,|, where v is a word representing g.

Suppose IP(G) were finite. By Proposition 7.1.1 there is then a finite

special [A]-confluent string-rewriting system R presenting G. Let M be larger

than the length of the left hand side of any rule in R. Observe that an
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application of any R-rule to the label of any path in I' corresponds to the
removal from that path of a loop of length less than M.

Fix an arbitrary integer L > M. Since P is infinite, there must be a
pair (u1,u) € P with |u;| + |us] > L. Consider the word u,v,usvs, where
u1vgup = s € S so that uyvyusvs = 1. By the assumptions on (u;,us) and L,
the application of any R-rule to (any R-descendant of) the word wujv uqvs
must remove at least one edge of the loop ujvyuvs outside the subpaths
labelled by u; and uy. Therefore one reaches an R-irreducible descendant w

of ujvguvs in at most B + C steps. We have w = 1 and
[l > furvyuzve] — M(B +C) > L— M(B+C).

Since this holds for all L > M, we see that there are non-trivial R-irreducible
words in Wi*(G). This contradicts the fact that R is special and [A}-confluent,

and completes the proof. O

Lemma 7.3.2 has the following consequence:

Lemma 7.3.3 Let X be a finite monoid generating set for the group G.
Suppose there are a finite set S C G and an infinite set U of words over X
such that no u € U has a non-empty proper subword equal to the identity,

and every u € U is equal in G to an element of S. Then IZ(G) is infinite.

Proof. We may clearly assume that no element of U is equal to the identity.

Then Lemma 7.3.2 applies with g=1and P= {(\u):ueU}. O
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We may now characterize the groups which may be presented by finite
special [A]-confluent string-rewriting systems amongst those groups which are

split extensions with infinite cyclic quotient and finite kernel.

Proposition 7.3.4 A group G which is of the form H x F, where H is a
finite normal subgroup of G and F is an infinite cyclic group, can be presented
by a finite special [\]-confluent string-rewriting system if and only if G =

H x F and H 1is cyclic.

Proof. Proposition 7.2.1 tells us that the “if” part the theorem is true.

To prove the “only if” direction, we shall assume that G is not of the
form H x F for any finite cyclic group H, and deduce that G has infinite
irreducible word problem with respect to any monoid generating set.

Let X be a finite monoid generating set for G. We may assume that there
are no redundant elements in X, since if I'¢(G) is infinite, then adding more
elements to X is certainly not going to make it finite.

Fix a generator f (not necessarily in X) of the infinite cyclic group F
and let ¢ : G — F be the natural projection of G onto F. We start by
partitioning X into three sets, P, N, and Z, where P = {z € X : z¢ =
fiandi >0}, N={z€X:2¢=fandi<0},and Z={z € X : ¢ =
1} = X N H. We must have P # () and N # { in order that we have in X*
both words which are equal to f and words which are equal to f~!.

We shall split the proof that I'?(G) is infinite into several cases.
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CASE 1 Z #£ 0.

Fix a € Z,z € P and y € N. We shall construct a sequence (w, : r > 0) of

distinct words which satisfy the following conditions:
i w, € H\{1};
ii. w, has no non-empty proper subword which is equal to the identity;
iii. every x in w, occurs to the left of the first y.

Let m,n > 0 be minimal such that z™y"™ € H. We cannot have both
2™y = 1 and z™ay™ = 1, since a would then be redundant. We may
therefore choose wq to be either z™y™ or z™ay™ so that it satisfies condition i.
The minimality of m and n tells us that wy satisfies condition ii, and it is
clear that wy satisfies condition iii.

Assume that we have constructed w, which satisfies conditions i, ii and iii.
We cannot have both z™w,y"™ = 1 and x™w,ay"™ = 1, so we may choose w4,
to be z™w,y", if this is not the identity, and z™w,ay™ otherwise, so that
w41 satisfies condition i. Condition iii for w,, and the fact that all of the
new instances of z are introduced on the left, and all of the new instances
of y on the right, ensure that w,; satisfies condition iii. Our construction is
complete if we can show that w,; satisfies condition ii.

By conditions i and ii for w,, we know that there is no non-empty sub-
word of w, which is equal to the identity. Since a¢ = w,¢ = 1, we have

(ziw,ay’)p = ('w,y’)¢ = (z'y’)¢. But m and n are minimal such that
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(z™y")¢ = 1, and hence no subword of w,,, the form ziw,y? or z'w,ay’,
with 0 < 4 < m and 0 < j < n, is equal to the identity. By condition iii
for w,, any word v which is a suffix of w, or of w,a, must satisfy v¢ = f*, for
some k < 0. Thus any word of the form vy* with ¢ > 0, and v a suffix of w, or
of wya, must satisfy (vy')¢ = f*, for some k < 0, and thus cannot be equal
to the identity. The situation is similar for words of the form z‘u, where u
is a prefix of w,a, and ¢ > 0. The only remaining possibility for a subword
of w,41 being equal to the identity is where we have w,;; = z™w,ay™ (and
hence x™w,y™ = 1)', and the subword is w,a. But then y"2™w, = 1, and we
have y"z™ = y"z™w,a = a, and a is redundant.

We have constructed an infinite sequence of words w, of increasing length
which are equal to elements of the finite group H and which have no
non-empty subword equal to the identity, and we may therefore appeal to

Lemma 7.3.3 to see that I'?(G) is infinite.
Case 2 |P|=|N|=1,Z=0.

Let P = {z} and N = {y} so that X = {z,y}. If z and y commute, then G
is the direct product of an infinite cyclic group and a finite cyclic group, so
we may assume that they do not commute. Let ¢ > 0 and j < 0 be such that
z¢ = f* and y¢ = f7.

We shall split this case into three subcases. In Cases 2.1 and 2.2 we shall

construct a sequence (v, : 7 > 0) of words with the following properties:

i. v,y = xz~° for some s, > 0;
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ii. 8, > s, for r > 0;

iii. Av,y has no non-empty subword equal to the identity;

iv. v, has no non-empty prefix equal (in G) to a negative power of z.
The set {w, = z* v,y : r > 0} is then an infinite subset of IF(G).

CASE 2.1 3| # |j].

We assume, without loss of generality, that |i| > |j|.

We shall require v, to satisfy one further condition

1

v. v = ylolgyh iy gyt~ with all £, > 0 (so that v, = v,_jzyt!

for r > 0).

in addition to conditions i to iv.

It is easily seen that there exist s > 0 and ¢ > 0 such that z°y* = 1.
Let so and ¢y be the minimal such s and ¢, and then let vy be y*~1. Clearly v,
satisfies properties i to v. Assume that we have constructed v, to v, satisfying
conditions i to v.

If there is no k > 0 such that v,zy* is equal to a negative power of z then
no word of the form z'v,zy* with { > 0 and k£ > 0 is equal to the identity.
Elementary arithmetic involving 7, j, and s, shows that for each k > 0 there is
an [y > 0 satisfying z%v,2y* € U ; f™H. Therefore Lemma 7.3.2 applies
with S = Ui f"H, 9 = 20,2, and P = {(z"*1,y*) : k > 0} to establish

that I?(G) is infinite.
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We may therefore assume that there exists k& > 0 such that v,zy® is
equal to a negative power of z. Let t,.; be the least such k. If ¢,,; were
equal ‘to zero, then we would have v,z = z~!, for some | > 0, and hence
v, = 27! a contradiction. Since t,,, # 0, we may let v,,; be v zytr+~L,
By construction, v, clearly satisfies conditions i, iv and v.

Next, we check that v,,; satisfies condition ii. If s,,; were equal to s,
then we would have v,y = v,zy'+!, and thus zy*+1~! = 1, a contradiction

since z and y do not commute. If s, were greater than s,,;, then v,yz® =

1 = vy y2’r+! = vozybr+Hizs+1, and thus
yxs T = gyt (7.1)

If we consider the projection of these words onto F, we see that fit(sr=sr+1)i =

fittr+13 which implies that i(s, — 8,41 — 1) = j(t,+1 — 1) and thus that

IJl(l - tr+1) = M(Sr -1- 3r+1)'

Since s,41 < s, — 1, both sides of this equation must be non-negative, and
thus we must have ¢,4; < 1. We have already shown that t,; # 0, so the
only possibility is t,4+1 = 1, and hence [i|(s; =1 —$;41) =0 and s,41 = s, — L.
Substituting these values into (7.1) gives us yz = zy, a contradiction. We
have shown that we cannot have s, = s,4; or s, > 8,41, so condition ii is
satisfied.

By condition v for v,, the word v,;; we have constructed is of the form

1 tr—1

1 to=1,. ti— trp1—1
vpzytriTl = o lgyh Tl gyt T gyt
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By condition iii for v, and the fact that z and y do not commute, the
only subwords of v,y which can be equal to the identity are those of the
form vzy*, where v, = wv, v is non-empty and 0 < k < ty41. If such
a word vzy* is equal to the identity, then v = wvzy* = v,zy* and hence
uyt+17F = y.xyt+ = g%+, Now let r, be the least n such that u is a
prefix of v,. We know that u is a prefix of v,, so r, must be less than or
equal to r.

If r, > 0 then we have u = v, ,_izy!, for some | > 0. If r, = 0, then

u =y for some 0 < I < ¢;. In either case,
T = vy = uytreTl = vy tie ! (7.2)

and k +t,, — ! > t,+1 by the minimality of ¢,.;.
On the other hand, 7%+ = v,.zy'+ which together with (7.2) implies
that

$—$r+1y—tr+1 =T = x‘sfuy_(k+t7u_l)'

Since 8,41 > 8y, by ii, we have t,4; > k+1t,, —l, which contradicts the earlier

inequality. We have thus shown that v, satisfies condition iii.
CaASE 2.2 |i| = |j] and z%y* # 1.

Note that if |i| = |j| then we must have |¢| = |j| = 1 or we would not have a
word in X* representing f.
We again construct a sequence of words v, which satisfies the properties i

to iv, and which also satisfies a new condition v:
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v. v = yloTlgyh=ly gyt ~! with all t, > 2 (so that v, = v,_ zyt !

for r > 0).

Let to be the least k such that z¥y* = 1 (by assumption ¢, is greater than
two) and let vy = y*~!. It is clear that v, satisfies conditions i to v with
sp = tp. Assume that we have constructed v, to v, which satisfy conditions i
to v.

If there is no k& > 0 such that v,2y* is equal to a negative power of z
then, just as in Case 2.1, an application of Lemma 7.3.2 shows that I} (G)
is infinite.

We may therefore assume that there is some k& > 0 such that v,zy* is
equal to a negative power of x. Let ¢, be the least such &, and let v,,; be
vyzyt+1 71, In order to do this, we need to know that ¢, is not equal to zero.
If t,,1 were equal to zero then we would have v,z = 7P and thus v, = 777,
for some p > 0, contradicting condition iv for v,. Our construction clearly
implies that conditions i and iv are satisfied by v,41.

Since a word in X can be equal to the identity only if it contains the
same number of instances of x as it does instances of y it is easy to see
that s,41 = s + tr41 — 2. If t,41 were equal to one then we would have
$r = Spq1+ 1. Now v,2y = vp41y = 7°+" and v,y = 7% = 2~*+~1. Hence
vzy = %+ = v.yz, which implies that zy = yz, a contradiction. If ¢,
were equal to two then we would have s, = s,41. Now v.2y? = vy =
z~%+ = 7% = vy, which implies that zy = 1, a contradiction. We can

therefore say that ¢.,; is greater than two: this, and the fact that v, satisfies
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condition v, imply that v,,; satisfies condition v. Since s;41 = 8, + t,41 — 2
and ¢, > 2, we see that s,+; > s, and v,,, also satisfies condition ii.
The only condition we have left to check is iii. By condition v the word

vr4+1 that we have constructed is of the form

Upp1 = v,:z:yt’“_l = yt"_lxytl_la: .. .myt"lxytr“_l,

where for 0 < n < r+1 we know that ¢, —1 > 2. By the inductive hypothesis
we know that no subword of v, is equal to the identity, so the only words
we need to consider-to show that v,y has no non-empty proper subwords
which are equal to the identity are those of the form vzy', where v is a non-
empty suffix of v, and 0 < I < t,41. Any proper subword of v,y which is
equal to the identity must contain the same number of instances of z as it
does instances of y. Since t, —1 > 2 for 0 < n < r+ 1, the only possibility is

zyt*~lz = 1, with t, = 3, which would imply that z2y? = 1, a contradiction.

CASE 2.3 z2%y2 =1.

Let w, = z"yry”. We shall show that w, # 1 for all » > 0. Given this, since
any non-empty subword of w, which is in H must be equal to w, for some
n < r, no w, has a non-empty subword equal to the identity. Clearly w, € H
for every r > 0, and we may apply Lemma 7.3.3 with U = {w, : r > 0} and
S = H to show that I'?(QG) is infinite.

If wy = yr = 1 then z and y commute, a contradiction. We know that
z?y? = 1, and thus zyyz = 1. If w; = zyzy = 1 then 2y = yz, and again, z

and y commute. Assume that 7 > 0 is minimal such that z"yzy" = 1 (we have
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shown that r > 2). Since z?y? = 1, we have z"~2yzy"2 = 1, contradicting

the minimality of r and thus there is no » > 0 such that z"yzy" = 1.
CAsE 3 |P|=1,|N|>2, Z=0.

Let P = {z}, with ¢ = f* and i > 0. We construct inductively a sequence
(w, : 7 = 0) of words such that no prefix of w, is equal to a negative power
of z. Let wy be a single letter word consisting of an element of N which is
not equal to a negative power of z. Such an element must exist, since if each
element of IV is equal to a power of z then G must be generated by the set
{z,z~'}, which clearly cannot be the case. Let w,,; be w,y where y is an
element of N such that z'w,y # 1 for all I > 0. Such a y must exist, since
there are at least two elements in NV, and if y; and y, are elements of IV, and [;
and [y are natural numbers, with I, > {;, such that z4w,y; = 22w,y = 1,
then y1ztw, = yoz2w,, and thus y; = yx'*7", and y; is redundant. There
can therefore be only one element 3’ of N such that z'w,y’ = 1 for some
[ > 0, and the other elements of N must be suitable candidates for y. Note
that w, € N*, so that w, is simple.

For each w;, let t, > 0 be minimal such that (z*w,)¢ = f7 with j > 0.
Clearly each word z' w, is simple, and for any r > 0 we have z'"w, € fFH
with 4 > k > 0, and we may apply Lemma 7.3.3 with S = Uy, f*¥H to

settle this case.
CAsE 4 |P| =2, |N|=1, Z=0.

This case is similar to Case 3.
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Case 5 |P| > 2, [N| > 2.

We construct words w, inductively as follows; each w, will be of the form uv
with u € P* and v € N*. Let wy = z, for some z € P. If w,¢ = f! with
¢ 2 0, then let w,4; = w,y for some y € N such that w,y has no suffix equal
to 1. If w,¢ = f* with i < 0, then let w,,, = zw, for some z € P such that
zw, has no prefix equal to 1. We must now check that we can do this. If y;
and y, are distinct elements of N such that vy; = 1 for some suffix v of w,,
and uvys = 1 for some suffix uv of w,, then y; = you, where u € P*, and y;
is redundant. The situation is similar when we prefix w, by an element of P.

We now have an infinite set {w, : r > 0} of words, none of which has a
subword equal to the identity, and each of which is equal to an element of the
finite set S = {Jy < f'H, where M is minimal such that X C Uycp f'H.
We may therefore apply Lemma 7.3.3.

This case completes the proof of Proposition 7.3.4. O

We shall need the following observation; for completeness we include a

proof.

Lemma 7.3.5 If G is a virtually free group containing an infinite cyclic
central subgroup Z, then G is a semi-direct product H x F' where H is a

finite normal subgroup of G and F' is an infinite cyclic subgroup.

Proof. By definition, G contains a free subgroup F' of finite index. Since G

is infinite, F' is non-trivial.
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If F' is non-cyclic, then Z(F) =1, so that FNZ =1 (as FNZ < Z(F)).
But then G contains the subgroup F' x Z, contradicting the fact that F' has
finite index in G. So F is infinite cyclic and then G is virtually cyclic.

By Theorem 5.4 of [14], G has a finite normal subgroup H such that
G/H is isomorphic to Cy or to Cy x Cy. In the latter case, G /H would have
trivial centre, contradicting the fact that ZH/H must be an infinite central
subgroup of G/H. So G/H is isomorphic to Cy.

Choose a to be an element of infinite order in G such that G/H = (aH);
thus G = (H,a). Let F = (a), so that G = HF. Since F has no non-trivial
finite subgroups, we have that HNF = 1 and so G is the semi-direct product

H x F as required. O

We are now in a position to prove the main result of this section:

Theorem 7.3.6 A group G which has an infinite cyclic central subgroup
can be presented by a finite special [A|-confluent string-rewriting system if

and only if G = H x F, where H is finite cyclic and F is infinite cyclic.

Proof. A string-rewriting system is said to be monadic if every rule is of
the form u — v, where |u| > |v], and |v] < 1. It is shown in [20] that
the groups which can be presented by finite monadic [A]-confluent string-
rewriting systems are exactly the virtually free groups, so any group which
can be presented by a finite special [A]-confluent string-rewriting system is

certainly virtually free.
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If G can be presented by a finite special [A]-confluent string-rewriting
system then, by Lemma 7.3.5, G is of the form H x F where H is a finite
normal subgroup of G and F is infinite cyclic. By Proposition 7.3.4, G is the
direct product of a finite and an infinite cyclic group.

The converse follows directly from Proposition 7.3.4. O

7.4 Further Examples

In this section we -shall give several more examples of groups which may
be presented by finite special [A\]-confluent string-rewriting systems. The
following example shows that there are non-abelian groups which are not

plain and which can be presented by such a system.

Example 7.4.1 The group Cy *¢, Cor can be presented by a finite special

[A]-confluent string-rewriting system.

Proof. The Cayley graph of Ca, *¢, Car = {(a,b : a®,a?b~2) with respect to
the monoid generating set {a, b} (pictured in Figure 7.2) is isomorphic as an
unlabelled graph to the Cayley graph of Coo X Cx = (f : ) X {(a : aF) with
respect to {f, g}, where g = af~! (pictured in Figure 7.1). The number of
closed simple loops through any point in the two graphs must therefore be

the same. 0O

The next proposition gives us a way of constructing a new group which

can be presented by a finite special [A]-confluent string-rewriting system from
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® —a—>0 —p>0 —0>@—ph—>0 —a>0 —h>©

SN N S

® —a—> @ —hp—> @ —a—> @ —h—> 0 —a—> 0 —)—> 0

Figure 7.2: The Cayley graph of Cy *¢, Cor = (a,b: a®*,a%b2) with respect to

the monoid generating set {a, b}.

a group which has finite irreducible word problem with respect to a monoid

generating set which contains a generator of order two.

Proposition 7.4.2 Let G be a group with a subgroup C = (c) of order two
and suppose that I'F(G) is finite and that c € X. Let D be a cyclic group (d)
of order four and let P = G x¢ D (where c is identified with d?). Then
IR, 4y (P) 1s finite.

Proof. Let the word w represent a simple loop in the Cayley graph of P
with respect to X U {d}. If the only symbol in w is d then clearly |w| < 4.
If w contains any letters other than d then we may assume, by taking a cyclic

permutation of w if necessary, that the last letter of w is not d.
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Now, if w contains a subword of the form dd then the word obtained
by replacing an occurrence of dd by ¢ in w still is a simple loop. Applying
similar replacements to the resulting word we eventually arrive at a word v
with length at least half that of w and such that v does not contain any
subwords of the form dd.

If d occurs in v then v has the form du,dus, ... du,, where the u; are non-
empty words over X. By the normal form theorem for amalgamated free
products at least one of u; has to satisfy u; € C because v = 1. Asvis a
simple loop, u; # 1. Hence u; = ¢ and therefore du;d = 1. Since v is simple,
this implies n = 1. But du; # 1; thus d does not occur in v. So v € X* and

therefore |v| is bounded, as is |w| < 2|v|. O

We give one further set of examples of groups with finite irreducible word
problem. While the generator ¢ in the following example is redundant, its
presence both brings the situation under the scope of Proposition 7.4.2 and

simplifies the proof.

Example 7.4.3 The direct product P = (c: ¢®) X {f1, fay.- -, fu: ) = Ca X

F, has finite irreducible word problem with respect to the monoid generating

set {f1,-- -, fnrC G1,---,9n} where gi = filc.

Proof. Let w be (the label of) a simple loop in the Cayley graph of P.
Replace each occurrence of g;f; and f;g; in w by c¢ and call the resulting
word v. Since ¢;f; = figi = ¢, v is a simple loop. Observe that v has no

proper subwords of the form cc for otherwise it cannot be simple.
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Consider the word ¢ obtained by deleting from v all occurrences of ¢ and
replacing each occurrence of g; by the symbol f;™*. Since v — ¥ corresponds
to the projection Cy X F, — F, and v = 1, we must have o = 1. If ¥ is
empty then v = cc so |w| < 2|v| = 4. Otherwise U must contain a subword
of the form f;f;™* or f;™'f;. Since neither g; f; nor fig; nor cc can occur in v
as (proper) subwords, a subword of the form f;cg; or gicf; does. However
ficg; = gicfi = 1 which, in view of the simplicity of v implies |v| < 3 and

thus jw| < 6. O



Chapter 8

Infinite Irreducible Word

Problems

8.1 Regular Irreducible Word Problem

Having considered groups whose irreducible word problem is a finite language,
the next class of languages which we would naturally consider is the regular
languages. It is an easy consequence of the pumping lemma that we must

look further than this class of languages if we wish to find a wider class of

groups.

Proposition 8.1.1 Let G be a group with finite monoid generating set X.

If the irreducible word problem of G with respect to X is reqular then it is

finite.

88
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Proof. Suppose that I = IR(G) is regular. By the Pumping Lemma (2.3.2)
there is a constant NV such that, if z € I with |z| > N, then there exist words
u, v and w with z = wvw, |v| < N and uv'w € I for all i € N,

If we now consider u, v and w as elements of G, we have that vw = uvw =
1 and hence that v = 1. But v is a proper subword of uvw, a contradiction.
Thus any word in I has length less than N, and so there can be only finitely

many of them. O

8.2 Context-Free Irreducible Word Problem

Next we consider the groups which have context-free irreducible word prob-
lem with respect to some group generating set. We start with an example of

a group which is in this class, but is not a plain group.

P it T Lok Nt PO dat TR b N b N

PSR
s . s . s o fIs o §% It . s

Figure 8.1: The Cayley Graph of (f :) x (a : a?) with respect to the group

generating set {f,a}.

Example 8.2.1 The irreducible word problem of the group G defined by the
presentation (f : ) X {a : a®) with respect to the group generating set {a, f}

is context-free but not finite.
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Proof. We write A for a™! and F for f~!; note that ¢ and A represent the
same element of G.

A word w in the symbols {a, 4, f, F'} is equal to the identity in G if and
only if it contains an even number of instances of elements of {a, A} and, in
addition, we have that |w|; = |w|r. Let L be the language consisting of the
words of the following forms, all of which are equal to the identity in G and

are simple:
o fF, Ff,aA, _Aa, aa, and AA;
o fibyFibyf* where by,by € {a,A} and i +k =3, >0, k> 0;
o Fib, fibyF*, where by,by € {a,A} and i+k=3,5>0,k>0.

L is a union of context-free languages and is therefore context-free.

We shall show that any word from the word problem which contains more
than two instances of elements of {a, A} cannot be simple, and hence that L
is the irreducible word problem I of G with respect to the group generating

set {a, f}.

Assume, for a contradiction, that there is a word w in I of the form
91619220295 . . . gno1" " bp_19a",

where n > 3, each g; is either f or F, each b; is a or A, and where i; > 0
for each j such that 2 < j < n — 1. At least one of i; and 7, must be
non-zero, otherwise, by removing b, and b,—; from w, we would produce a

proper subword of w equal to the identity.
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We assume that 4, > 0 and that g; is f (the other cases are similar).
If i, > 0, then g,, must also be f (otherwise we could remove the first and last
symbol of w to leave a proper subword equal to the identity). We must have
g;j = gj+1 for 2 < j < n—1, otherwise, b;_19,%b;g;11+1b;11 would contain a
proper subword equal to the identity. Thus gy =g35=---=g,_1 = F. So we

now have that w must be of the form
fHo F2boFs . Fin=iby,_y f™,

where 7; > 0 for each j such that 1 < j < n—1. We must have that i; < i3 in
order to prevent f*1b; F*2b, from having a subword equal to the identity, and,
similarly, we must have that i,_; > i,. From this we deduce that i; + i, <
ig + -+ 4+ i,_1, a contradiction, since we must have ¢, + i, = g + - + i1

for w to be in the word problem. O

The previous example shows us that it is possible for a group to have ir-
reducible word problem, with respect to some monoid generating set, which
is context-free, but not finite. We already know however that the group in
question has finite irreducible word problem with respect to another gener-
ating set. The question remains as to whether there is a group which has
context-free irreducible word problem with respect to some monoid or group
generating set which does not have finite irreducible word problem with re-
spect to any monoid generating set.

Having shown that the plain groups are a proper subclass of the class of

groups with context-free irreducible word problem for some group generating
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set, our next task must be to put some bound on how complex these groups
can be. It turns out that, even if we allow monoid generating sets, such

groups must be context-free:

Proposition 8.2.2 If G is a group with a finite monoid generating set X,

and if IR (G) is context-free, then W2 (G) is context-free.

Proof. If IY(G) is context-free, then IF(G) U {)\} is context-free, and the

result follows from Propositions 4.1.3 and 2.8.2. O

The converse of Proposition 8.2.2 is false, as the following example shows.
In fact, we will subsequently prove that all infinite context-free groups have
non-context-free irreducible word problem with respect to some finite group

generating set.

Example 8.2.3 Let G = (f : ) be the free group on one generator, and let
a=f,b= f%and c = f&. Then G has non-context-free irreducible word

problem with respect to the group generating set X = {a,b,c}.

Proof. We let I = I%(G) and W = W§(G), and let A, B and C denote
a~!, b1 and ¢! respectively. Let Y be the language denoted by the regular
expression abc*BC*Bc*bAC* and let L =INY. If L can be shown not to
be context-free then it follows that I is not context-free, since the class of

context-free languages is closed under intersection with regular sets.
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Consider a typical element w = abc! BCY Bc*bAC! of Y. We need to find
conditions which tell us exactly when such an element of Y is also in 1.
Firstly, we must have that i + £ = j + [ in order that w is in W. We also
need to make sure that no subword of w is in W.

Since any instance of b, B, c or C in w is equivalent to an even number
of instances of f, the instance of a can only cancel out with the instance
of A. So any subword of w which is equal to the identity in G and which
contains the instance of a must also contain the instance of A and vice-versa,
and hence must be the entire word w. So we need only consider subwords
of bc! BCI Bckb. There are not enough instances of b and B in this subword
to cancel out an instance of ¢ or C'; so, in any subword which is equal to the
identity, the instances of b must cancel with those of B, and the instances
of ¢ must cancel with those of C.

Hence any proper subword of bc' BC? BcFb which is equal to the identity
must be either a subword of bc! BCY or a subword of C?BcFb; so, to make
sure there are no such subwords, we must have that ¢ > j, j < k and that
i+ k#j. Ifi>jand j <k then i+ k > j, so this last condition may be

dropped, and the language L we need to consider is

{abciBCchkbACl ci+k=j+1,i>7jand j <k}
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Let M = ({QOaQI,Q%QB:(M)QS}a{a, ba Cy A,B,C},{m,y, z}a67q07{q5}) be the
GSM, where

| 6(q0aa) = {(Q1,/\)}, 6(q1’b) = {(Q%)‘)}’ (5(q2,0) = {(Q%x)}’
6(q2, B) = {(g3, )}, 6(a3,C) = {(g3,9)}, (g3, B) = {(as, M)},

6(qs,¢) ={(as,2)}, 6(as,0) = {(g5, M)},
0(¢q,d) = {(gs,A)}  for all other (g, d).

The image of L under M is the language L' = {z'y/2* : i > j and j < k}.
If we can prove that L’ is not context-free then it follows that L is not context-
free, as the class of context-free languages is closed under GSM-mappings.

We use Ogden’s Lemma (Lemma 2.4.1) to prove that L' is not context-
free. If L' were context-free, then there would exist a constant N such that,
if we pick any word w in L' and mark N or more positions in w, then we can
write w as uiv usveusz in such a way that vyve contains at least one marked
position, viusvs contains at most N marked positions, and, for all » > 0,
u v UV uz € L.

N+2

Consider the word w = VN *2yN+12N+2 in I’ with all the instances of y

marked. In order that ws = u;v12ugve%us € L' we must have either that v;

N+2 N+1

is a subword of z or yV*1 and v, is a non-empty subword of ¥ *1, or else

N+1 N+1 or ZN+2.

that v; is a non-empty subword of y and v; is a subword of y
In the first case |wa|, > |ws|,; in the second case |wq|y > |ws|s. So the
word w does not satisfy the conclusion of Ogden’s Lemma, and therefore L'

cannot be context-free. O
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Given this result, we have:

Corollary 8.2.4 Every infinite context-free group has non-context-free irre-

ducible word problem for some finite group generating set.

Proof. By Theorem 3.6.2 every infinite context-free group G contains the
free group (f : ) as a subgroup. Let a, b, ¢, A, B and C be as in Exam-
ple 8.2.3, and then choose a finite group generating set Z for G which includes
a, b and c¢. We now consider the intersection of I3(G) with {a,b,c, A, B,C}*.
This set was shown not to be context-free in Example 8.2.3; since the in-
tersection of a context-free set and a regular set is necessarily context-free,

IZ(G) cannot be context-free. O

It is interesting to note that we now have three generating sets for the

group (f : ) x {a: a?):

e a monoid generating set with respect to which the irreducible word

problem is finite (Proposition 7.2.1);

e a group generating set with respect to which the irreducible word prob-

lem is context-free, but not finite (Example 8.2.1); and

e a group generating set with respect to which the irreducible word prob-

lem is not context-free (Corollary 8.2.4).

Although every infinite context-free group has a finite group generating

set with respect to which its irreducible word problem is non-context-free,
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there is something we can say about the irreducible word problem for any

monoid generating set: it must have a context-free complement.

Proposition 8.2.5 Let G be a group with finite monoid generating set X.

If W2 (G) is context-free then the complement in X* of I'?(G) is context-free.

Proof. Let I = IR(G) and W = W2(G). The complement X*\ I of I is
the union of the complement of W and the set Y of all words which contain
a proper subword which is in W. Now Y = X*WX* U X*W X* is context-
free since the clas_s of context-free languages is closed under concatenation
and union. The complement of W is context-free since W is deterministic
context-free by Theorem 3.6.2. Thus the complement of I must be context-

free as it is the union of two context-free languages. O

Propositions 8.2.2 and 8.2.5 together with Proposition 3.5.4 give us the
following piece of information about which context-free languages can be the

irreducible word problems of groups:

Corollary 8.2.6 Let G be a group with context-free irreducible word problem
for some finite monoid generating set. Then the complement of the irreducible
word problem of G is context-free with respect to any finite monoid generating

set.

The problem remains of finding alternative characterizations of the class
of groups which have context-free irreducible word problem with respect to
some monoid or group generating set. We have not yet ruled out the pos-

sibility that every context-free group has a finite group generating set with
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respect to which it has context-free irreducible word problem, although this

seems unlikely.

8.3 One-Counter Irreducible Word Problem

Proposition 8.2.5 and Corollary 8.2.6 carry across to the one-counter groups.

For instance, we have:

Corollary 8.3.1 Let G be a group with finite monoid generating set X.

IfWg(G) e OC then the complement in X* of IF(G) is one-counter.

On the other hand, the analogue of Proposition 8.2.2 in the one-counter
case fails. The free group on two generators provides a simple example of a
group which has a set of generators for which the irreducible word problem
is finite, and therefore certainly one-counter, but the word problem is not
one-counter. This reflects the fact that, unlike the case of the context-free
languages, the insertion closure of a one-counter language need not be one-

counter.
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