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A b s t r a c t

In this thesis we study the second Hochschild cohomology group HH2(A) 
of a finite dimensional algebra A. In particular, we determine HH2(A) where 
A is a finite dimensional self-injective algebra of finite representation type 
over an algebraically closed field K  and show that this group is zero for most 
such A; we give a basis for HH2(A) in the few cases where it is not zero.

Then we consider algebras of tame representation type; more specifically, 
we study finite dimensional self-injective one parametric tame algebras which 
are not weakly symmetric. Here we show that HH2(A) is non-zero and find 
a non-zero element rj in HH2(A) and an associative deformation A  ̂ of A.
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I n t r o d u c t i o n

In this thesis we study the second Hochschild cohomology group HH2(A) 
of all finite dimensional self-injective algebras A of finite representation type 
over an algebraically closed field K . The second Hochschild cohomology 
group is linked to deformations of an algebra, that is, if HH2(A) =  0 then 
all deformations of A are trivial. The converse of this result is false in 
general and was shown in [13]. However, for monomial algebras with directed 
quiver the converse holds and was shown in [8]. We then study certain finite 
dimensional algebras A of tame representation type and find a non-zero 
element rj in HH2(A) and an associative deformation A  ̂ of A.

In general, finite dimensional self-injective algebras of finite representation 
type over an algebraically closed field K  fall into type A, type D and type E. 
Riedtmann in her paper [23] classified the stable equivalence representatives 
of these algebras and Asashiba then showed that stable equivalence classes 
are exactly the derived equivalence classes in [2, Theorem 1.2]. In [2], the 
derived equivalence class representatives axe given explicitly by quiver and 
relations.

Happel in [17] showed that Hochschild cohomology is invariant under 
derived equivalence. So if A  and B  are derived equivalent then HH2(A) = 
HH2(J3). Hence to study HH2(A) for all finite dimensional self-injective 
algebras of finite representation type over an algebraically closed field K , it 
is enough to study HH2(A) for the representatives of the derived equivalence 
classes. The algebras of type A  fall into two types: Nakayama algebras and 
Mobius algebras and the Hochschild cohomology of these algebras has been 
studied in the literature. In [9], Erdmann and Holm give the dimension of 
the second Hochschild cohomology group of a Nakayama algebra. In [15], 
Green and Snashall find the second Hochschild cohomology group for the 
Mobius algebras.

The main work in the thesis is in determining HH2(A) for the finite di­
mensioned self-injective algebras of finite representation type D and E. The 
algebras of type D fall into 5 classes, and the algebras of type E  fall into 2 
classes. In Chapter 5 we give a general theorem, Theorem 5.11, which we



use to show that HH2(A) =  0 for most of these algebras. This is motivated 
by work in [15]. The strategy of the theorem is to show that every element 
in Hom(Q2, A) is a coboundary so that HH2(A) =  0, where Q2 is the second 
projective in a minimal projective resolution of A as a A,A-bimodule. For all 
other cases which are not covered by Theorem 5.11, we determine HH2(A) 
by direct calculation, and find a basis for HH2(A) in the instances where 
HH2(A) ^  0. Chapters 4, 6, 7, 8 deal with the satandard algebra of type D, 
Chapters 9, 10 deal with standard algebra of type E  and Chapter 11 deals 
with the nonstandard algebra of type D.

In [2, Proposition 1.1], Asashiba gives a classification of finite dimensional 
self-injective algebras of finite representation type over an algebraically closed 
field according to the type of the algebra. I give more details in Chapter 2; 
however it is sufficient here to note that the following theorem is the main re­
sult of this thesis which is given in Theorem 11.10 in Chapter 11, and deals 
with every finite dimensional self-injective algebra of finite representation 
type over an algebraically closed field K.
Theorem . Let A be a finite dimensional self-injective algebra of finite 
representation type over an algebraically closed field K . I f  A is the stan­
dard algebra of type A(A2p+ i,s ,2) with s,p  > 1, A(Dn,s, 1), A(D4, s ,3) 
with n > 4, s > 1, A(Dn,s, 2), A(£>3m,s /3 ,1) with n > 4 ,  m > 2 , s > 2  
or A(En, s, 1), A(E$, s, 2) with n  G {6,7,8}, s > 1; then HH2(A) =  0.

I f  A is of type A (An, s/n , 1) then dim  HH2(A) =  m  where n  + 1  =  ms +  r  

and 0 < r  < s.
For A(A2p+i, s, 2) with s =  p =  1, <2iraHH2(A) =  1.
Let A be A (£>„, 1,2); then dimBH.2(A) =  1.
Let A be the standard algebra A(D3m, 1/3,1); then

I f  A is the nonstandard algebra A(m) of type (Dsm, 1/3,1) where m  > 2 we 
have

* » " • ( * ) - {  j  ‘> ^ z KK n :
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Thus we have determined HH2(A) for all finite dimensional self-injective 
algebras A of finite representation type over an algebraically closed field.

In the final chapter of the thesis we consider certain finite dimensional 
self-injective one parametric but not weakly symmetric tame algebras. The 
classification of these algebras is given in [6]. The algebras in [6] are divided 
into two types, and in this thesis we study some of one type. For our 
algebras A we show in Theorem 12.15 that HH2(A) is non-zero and find a 
non-zero element rj in HH2(A) and an associative deformation Av of A. This 
illustrates the connection between the second Hochschild cohomology group 
and deformation theory.

This leaves infinitely many algebras in the classification of [6] of the first 
type and the algebras of the second type to look at for future work. We also 
intend to look at the classification in [7] of finite dimensional self-injective 
one parametric of finite representation type tame weakly symmetric alge­
bras.



1. H o c h s c h i l d  c o h o m o l o g y  a n d  d e f o r m a t i o n s

The aim of the thesis is to study the second Hochschild cohomology group 
and to determine the second Hochschild cohomology group of all finite di­
mensional self-injective algebras of finite representation type over an alge­
braically closed field.

We start by introducing Hochschild cohomology and explain how the sec­
ond Hochschild cohomology group controls the deformations of an algebra, 
thus providing an important link between algebra and algebraic geometry.

Since we are interested in finite dimensional algebras over an algebraically 
closed field, we assume throughout that A is a finite dimensional algebra over 
an algebraically closed field K . Let Ae = A®# A ^ be the enveloping algebra 
of A. For ease of notation we write <g> for <8>k-

Now we will define the acyclic Hochschild complex of A.
D efinition 1 .1 . [5, p75] Let Sn(A) =  A®n+2. Then Sn(A) is a A,A-bimodule 
via

(a <8> b)(A o ®  A i ®  • • • ®  An+ i )  =  aAo <8> A i ®  • • • <g> An+ i6 .

Let S«(A) =  A®n. Then Sn(A) =  A <g> Sn(A) <g> A =  (A <g> A01*) <g> Sn(A) “  
Ae <8> Sn(A). The acyclic Hochschild complex is the projective resolution of 
A over Ae

S,( A ): -----> S„(A) h  Sn_ i(A) * 2 ? ------ > Si (A) 4  S0(A) -> A -> 0.

The map dn : Sn(A) -4 Sn- i(A) is given by
n

o o  ®  • • • <8> o n + i  ^ ( - l ) ^ a o  <8> • • • ®  Q>j0.j+\ <8> • • • ®  a n + i  

j=o

and it is a A,A-homomorphism.

Note that the acyclic Hochschild complex is known also as the bar reso­
lution of A as in [20] or the standard resolution as in [17].

Let X  be a A,A-bimodule. Applying Hom.A* (—, X ) to the acyclic Hochschild 
complex gives the complex



S*(A,X) : 0 -4 HomA«(50(A),X) -4 HomA.(Si(A ),X ) -4  . . .  -4  

HomA.(S„(A),X) -4Hom A.(Sn+1(A),X) -4 . . . .

We have HomA< (5„(A), X) =  HomA.(Ae®Sn(A),X) £S Hom,f(5„(A),X). 
So the map

HomA«(Sn(A),X) -4  HomA«(S„+1(A),X)

is the map

b" : Homjf (5n(A), X) -4  Hom*-(Sn+1(A),X)

given by
& " ( / ) :  a i  ®  • • • ®  a „ + i  >-¥ 0 1 / ( 0 2  ®  • • • ®  O n + i)  

n

+ ^ ( - l ) V ( a i  <g> • • • <8> aitoi+i ® • • • <8> an+i)
i=l

+  ( —l)n+1/(a i  <g> • • • <g> OnJOn+i,

where /  € Hom/f(5n(A),-X').
Note that Sq(A) = K  s o  Horn# (So (A), X ) = X. Therefore the map

b° : X  Homx(A, X )  is given by

b°(x) : A -» X, a ax — xa for x € X , a G A.

In [19], Hochschild started with this complex, that is, with

C* : 0 -4 X  ^4 Horn*(A,X) ^  Horn*(A®2,X ) ^4 . . . .

D efinition 1.2. The n-th Hochschild cohomology group of A with coeffi­
cients in the bimodule X  is denoted Hn(A, X )  and is the n-th cohomology 
group of the complex

C* : 0 -4 X ^4 HomA(A,X) ^4 Horn*(A®2,X ) ^4 . . . .

Thus H"(A,X) =  Ker6n/Im 6n_1.

The group Hn(A, X )  is also the n-th cohomology group of the complex 
S*(A, X ). Since S'* (A) is a projective resolution of A as a A,A-bimodule, 
this gives that Hn(A, X )  =  ExtJe(A, X ). Note with X  = A, then Hn(A, A) 
is denoted by HHn(A), and is called the n-th Hochschild cohomology group 
of A.
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The low dimensional groups HH°(A), HH1(A) and HH2(A) have important 
interpretations. Though this thesis is interested in HH2(A), we consider 
briefly the descriptions of HH°(A) and HH1(A) in this chapter as well. Let 
us take the Hochschild complex C* with AC =  A and write Sn for bn:

C* : 0 —> A Hom/<-(A, A) Homx(A®2, A) __

Then we have 6° : A -> Horn# (A, A) where 5° (A) is the element in Horn# (A, A) 
which is given by a i-* aX — A a. Since HH°(A) =  Ker<5°, then

HH°(A) =  {A G A | a »-> aA — Xa is the zero map}
— {A € A | oA — Ao =  0 Vo 6 A}
=  Z (A), the centre of A.

Now we look at HH1 (A) and again use the complex C*. The group HH1 (A) 
is related to the derivations of A.

D efinition 1.3. [17, 1.2] Let AC be a A,A-bimodule. The set of derivations 
of A on AC is the set

Der# (A, AC) :=  { / e Homic(A, AC) |/(a io 2) =  a i / ( a 2)+ /(o i)a 2, V ai,a2 G A}. 

The set of inner derivations of A on AC is the set 

Inn#(A, AC) := {/* G Homj^(A, AC)I/*(a) — ax — xa, with x  G AC}.

We know that H^A, AC) =  K er^ /Im tf0. Let /  G Kerfl1; then S1(f)  = 0, 
where S1( f ) : A®2 —>• AC is defined by:

oi ® o2 o i/(o 2) -  /(o io 2) +  /(a i)a 2.

So a i / ( a 2) - / ( o i a 2) +  /(o i)a2 =  0,Vai,a2 G A. Hence /(a ia 2) =  a i / ( a 2) +  
/(o i)a 2 and so /  G Derjr (A, AC). And Im<5° =  { fx G Horn# (A, AC) I/* (a) =  
ax — xa, with x  G AC} = Inn#(A, AC). Therefore,

H1(A,X) =  DetK(A ,X )/h m K(A,X).

So HH‘(A) =  Der*-(A, A)/Inn«-(A, A).



D efinition 1.4. [17, 1.2] If /  is a derivation of A on X  which represents a 
non-zero element of H1(A, X) then /  is called an outer derivation of A on 
X .

Now let us look at HH2(A). This group is related to the deformations 
of A. The deformation theory of an associative algebra was introduced by 
Gerstenhaber in [12]. We take the results here from [11] which provides a 
useful summary and introduction to this theory.

A one-parameter algebraic deformation of A may be considered as a family 
of algebras {At} such that Ao =  A and the multiplicative structure of At 
varies in some “nice” algebraic way with t. We will look at the next example 
before giving a formal definition.

E xam ple 1.5. Let A =  K Q /I  where Q is the quiver

o

o -------------- >■ oa

and I  =  (6c). Let At =  K Q /It where It =  (be — at). Notice that 6c =  0 in 
A but be =  at in At so the product varies with t.

We will return to this example in 1.19, but first we give the formal defi­
nition of a deformation.

D efinition 1.6. [11, Definition 1.2] A one-parameter deformation of A is 
the power series ring A[[i]] together with a multiplication F  which is a formal 
power series F  =  with fn  £ Horn# (A®2, A) and fo is multipli­
cation in A. We write (a, 6) for a <g> 6. Then F  gives A[[£]] a K [[t]]-algebra 
structure with

F(a, 6) =  f 0 (a, 6) +  / i  (a, b)t +  / 2 (a, b)t2 +  ...
=  ab +  /i(a , b)t +  / 2(a, b)t2 +  . ..

for a, 6 € A. The deformation A[[t]] with multiplication F  is written Ap-

If t =  0 then A[[t]] = A with multiplication F(a, 6) =  ab so we get back 
to A as required.
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Note that [11] uses A 0 k  K[[t]\ instead of A[[t]] but claims that A 0 k  
K[[t]] =  A[[t]]. However, this isomorphism does not always hold. For, as 
Buchweitz remarked, if A =  K[cl\ then ^ MV\\ but ^
A 0 k  ■K’[[t]]* So we must use A[[t]] throughout.

Now, we started with an associative algebra A over K  so we want the 
deformation Ap to be associative.

Definition 1.7. [11, Definition 1.2] The deformation A_p is associative if

F (F (o ,6),c) =  F (o ,F (6,c)), Va,6,c G A.

By expanding both sides we have:

F (F  (a, b),c) = F ( E “ 0 fn(a, b)tn, c)

= Y,™=oF (Mo.,b),c)tn 

=  E “ o Em =0 6),
and
F(a, F (6, c)) =  F(a, £ “ 0 / . A  <=)t")
=  E n = 0 ^ ( “ . / n ( i - ,  <=))<"

= E “ 0 E m =0 /m(o. /»(&, c))t"+m.

Now if we collect the coefficients of tr we get
r r

X } / * ( / r - * ( a , 6 ) , c )  =  5 ^ / i ( a , / r - i ( t , c ) )  ( 1 )

* = 0  i = 0

D efinition 1.8. [11, p22] Let f m be the first non-zero coefficient where 
m  > 1 in the power series for F. Then f m is called the infinitesimal of F.

Now let f m be the infinitesimal of F  and put r =  m  in (1) to give:

/o(/m(o> b), c) +  / m(/o(a, 6), c) =  / 0(a, / m(6, c)) +  f m(a, /o(6, c)).

Since /o is multiplication in A we have:

f m(a, b)c +  f m(ab, c) =  a /m(6, c) + / m(a, 6c).

Hence a /m(6,c) -  / m(a6,c) +  / m(a, 6c) -  / m(a,6)c =  0. Therefore, / m € 
Ker<52.



This leads to the first theorem which connects deformation theory and 
cohomology theory.

Theorem  1.9. [11, Theorem 2.1] I f  F  is an associative deformation of A 
then the infinitesimal fm of F  is in Ker S2, that is, f m is a 2-cocycle.

Now we consider when any 2-cocycle may be extended to give an associa­
tive deformation of A.

For arbitrary n, we may write (1) as:

fo(fn(a, 6), c) 4- J2i=i fi(fn -i(a , 6), c) +  f n(fo(a, b), c)
= /o(o, fn(b, c) +  /*(«, fn-i(b , c)) +  / n(a, / 0(6, c)).

Then
n—1 n—1

(S2fn)(a, 6, c) =  fi(fn -i(a , 6), c) -  /<(°» /«-*(&, c))« (2)
t = l  i = l

If / i , . . . ,  / m_i satisfy (2) then let
• m— 1 

9 = X][/»(/m-»(a,&),c) -  fi(a, fm-i(b, c))],
t = l

that is, the right hand side of (2). Then the cohomology class of g may 
be viewed as an obstruction to the construction of f m which extends the 
deformation.

We now have the following important theorem proved by Gerstenhaber; 
a proof may also be found in [11, p33]

T heorem  1.10. [12, §5 Proposition 3] The obstruction g is a 3-cocycle, that 
is, S^g =  0 .

C orollary  1.11. [11, Corollary 2.3] I/H H 3(A) =  0 then every 2-cocycle of 
A may be extended to an associative deformation of A.

Proof. Let /  be a 2-cocycle of A. We construct an associative deformation 
F  of A with infinitesimal / ,  thus showing that every 2-cocycle of A may be 
extended to an associative deformation of A.

Let /o be the usual multiplication in A and let / i  =  / .  Then, from 
Theorem 1.9, f \  satisfies (2). Let <72 =  f i  (/1  (a, b),c)~ f\(a , f \ (6, c)), that is, 
the right hand side of (2) with n — 2. From Theorem 1.10 we have Ssg2 = 0 
so (72 € Ker $3. Since HH3(A) =  0 then Ker J3 =  Im<J2. Hence <72 € Im<52. 
Therefore <72 =  f 2 for some f 2 -



Now let <73 =  Z)J=i[ /i( /3-i(o,fe),c) -  /<(a,/3_i(&,c))], that is, the right 
hand side of (2) with n =  3. Again from Theorem 1.10 we have 63gs = 0 so 
that <73 =  S2fz  for some h -

Continuing in this way gives f n for n  > 2. Let F  =  fn tn- Then F  
is an associative deformation that extends the cocycle f  = fi- □

Now we want to describe whether or not two deformations are significantly 
different from one another. Given associative deformations Ap and Aq of A 
we want to know when there is an isomorphism ^  : Ap —► Aq which keeps 
A fixed.

D efinition 1.12. [11, p23] A formal isomorphism ^  : Ap —> Aq is a i f  [[£]]- 
linear map that may be written in the form

^(a) =  a +  0 i (a)t +  i>2 {a)t2 H > for a € A.

We remark that it is enough to consider a € A since is i f  [[t]]-linear, 
and we also assume that each 0* € Horn#(A, A).

The formal isomorphism ^  is an algebraic isomorphism if ^  is multipli­
cation preserving, that is, if

^ (^ (a ), ^ ( 6)) =  SHf(F(a, b)) for all a and b in A.

The deformations Ap and Aq are said to be equivalent if there is an 
algebraic isomorphism : Ap —> Ac- In this case we write Ap = Aq .

If Ap and Aq are equivalent, then from [11, p23], we have <5*01 = f \  — pi. 
So / i  and pi represent the same element of HH2(A).

Now suppose that we have constructed 0 i, 0 2 , • • • > 0m -1, from Ap to Aq . 
Then we have the following theorem and corollary.

T heorem  1.13. [12, §5 Proposition 2] The obstruction to finding 0 m which 
extends the isomorphism is a 2-cocycle.

Thus if HH2(A) =  0, then there is no obstruction to finding 0 m so all 
such obstructions vanish and Ap = Aq-
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Corollary 1.14. [12] J/HH2(A) =  0 then ail deformations of A are isomor­
phic.

Definition 1.15. [11, p23] The trivial deformation of A is the deformation 
Ap with F  =  /o- We say that a deformation is trivial if it is isomorphic 
to the trivial deformation. An algebra A is rigid if it has no non-trivial 
deformations.

Theorem 1.14 implies that if HH2(A) =  0 then all deformations of A axe 
trivial. Hence we have the following result.

Theorem  1.16. [12, §3 Corollary] I f  HH2(A) =  0 then A is rigid.

However, the converse to Theorem 1.16 is not true in general as was 
shown in [13]. However, it was shown in [8] that the converse does hold 
for monomial algebras K Q /I  where Q has no oriented cycles. We briefly 
discuss [8] in relation to Example 1.5.

D efinition 1.17. A finite dimensional algebra K Q /I  over a field K  is a 
monomial algebra if I  is a two sided ideal of K  Q generated by a set of paths 
each of length at least 2 .

T heorem  1.18. [8 , Theorem 3.12, Theorem 4.2] Let Q be a quiver with no 
oriented cycles and I  an ideal of K Q  generated by a set of paths each of 
length at least 2. Then A =  K Q /I  is rigid if  and only if  HH2(A) =  0.

Exam ple 1.19. Let A =  K Q /I  as in Example 1.5 so that Q is the quiver

2

1 ------- 5------" 3

and I  =  (6c). Thus A is a monomial algebra.
It is straightforward to show that there is a non-zero element of HH2(A) 

given by

P 2 =  Aei 0  eaA —> A such that e\ 0  e3 a.

(Indeed, in [4] a minimal projective resolution of a monomial algebra is 
given.)



Thus from [8], A is not rigid, that is, A has a non-trivial deformation. 
The construction of a deformation is given in [8], and for this example, 
At =  K Q /It where It = {be — at) is a non-trivial deformation of A.

Thus we have shown the link between HH2(A) and deformations. Our 
aim is to compute HH2(A) for a specific class of finite dimensional algebras.

In the next chapter we introduce our algebras together with the notion 
of derived equivalence.
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2 . D e r i v e d  e q u i v a l e n c e  a n d  s e l f - i n j e c t i v e
ALGEBRAS OF FIN ITE REPRESENTATION TY PE

In the following chapters we will look at HH2(A) for all finite dimensional 
self-injective algebras of finite representation type over an algebraically closed 
field. Recall that a finite dimensional algebra is of finite representation type 
if there are only finitely many isomorphism classes of indecomposable finitely 
generated A-modules. These algebras were classified in [2] by quiver and re­
lations up to derived equivalence. It is known from Happel’s result in [17] 
that Hochschild cohomology is invariant under derived equivalence. We start 
with a brief description of some category theory to enable us to introduce 
the concept of derived equivalence. This is mainly taken from [24]; details 
can also be found in [21].
D efinition 2 .1 . [24, Definition A.1.1] A category C consists of a class of 
objects Obj(C), a set of morphisms Hom^(A, B) for every ordered pair (A, B) 
of objects, an identity morphism id a £ Hom^(A, A) for each object A, and 
a composition function

Homc(A,J5) x Hornc(B ,C ) -» Homc(A, C)

for every ordered triple (A, B , C) of objects. In addition, a category needs 
to satisfy two axioms:

(i) Associativity Axiom, that is, (hg)f = h(gf) for /  : A -» J3, g : B  -» 
C ,h : C D.

(ii) Unit axiom, that is, id s f  = f  = f id  a for /  : A —> B.

E xam ple 2 .2 . For A a finite dimensional algebra, mod A is the category 
whose objects are finitely generated A-modules and morphisms are A-module 
homomorphisms.

D efinition 2.3. [24, p421] A functor F : C —> V  from a category C to a 
category V  is a rule that associates an object F(C) of V  to every object 
C  of C, and a morphism F {f)  : F(C\) —* F(C?2) in V  to every morphism 
/  : Ci —y C2 in C. In addition, F  is required to preserve identity morphisms, 
that is, F ( i d c )  =  idp(C)  composition, that is, F (gf) =  F (g)F (f).



Definition 2.4. [24, p422] A subcategory B of a category C is a collection

are closed under composition and include id s  for every object B  € B. A 
subcategory is itself a category.

A subcategory B of a category C in which Homg(J3i, # 2) =  Homc(i?i, B 2 ), 
for every B \,B 2 in B is called a full subcategory.

To define the stable category we need to specify the objects and mor­
phisms. For an algebra A, let mod A denote the category of finite dimen­
sional A-modules and pro A denote the full subcategory of mod A consisting 
of finite dimensional projective A-modules.

D efinition 2.5. Let A be a self-injective algebra. Then the category of 
finitely generated A-modules modulo projectives is the stable category mod A. 
that is, mod A =2 mod A/{pro A). So the objects of mod A are finitely gener­
ated A-modules. If M ,N  are in mod A, let P B om \(M ,N )  be the subspace 
of HomA (M ,N ) consisting of all those A-morphisms which factor through 
projective modules. Note that /  : M  —► N  factors through a projective if 
there exists a projective module P  and two morphisms g : M  P  and 
h : P  —> N  such that /  = hg:

R em ark . If M  is projective module and /  : M  —¥ iV, then /  factors through 
a projective, that is, the following diagram is commutative:

So in mod A. /  : M  —> N  is the same as the zero map 0 : M  -» N  and, 
in particular, idM • M  —> M  is the zero map 0 : M  -¥ M. Therefore, every 
projective module is isomorphic to zero in the stable category.

of some objects and some morphisms of C, such that the morphisms of B

M f N

P
Now we define the morphisms in the stable category by

Horn(M .N ) := HomA(M,iV)/PHomA(M,iV).

M f N
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Definition 2.6. [24, A.3] Suppose that F  and G are two functors from C to 
V. A natural transformation 77: F  —► G is a rule that associates a morphism 
rjc : F(C) —» G(C) in T> to every object C of C in such a way that for every 
morphism /  : C —> C' in C the following diagram commutes:

F(C) — '■* F(C')

Vc

G(C) G (C)

If each Tfc is an isomorphism, we say 77 is natural equivalence or natural 
isomorphism and write F  =  G.

An equivalence of categories is a pair of functors F : C V  and G :T> —>• C 
such that FG and GF are naturally isomorphic to the appropriate identity 
functor, that is, FG =  idv  and GF = idc.

Now the following definition tells us when two algebras are stably equiv­
alent.

D efinition 2.7. [2, pi] For two algebras A, II, an equivalence mod A —> 
m odll is called a stable equivalence from A to II. The algebras A, II axe 
said to be stably equivalent if there exists a stable equivalence between 
them.

In fact, for a self-injective algebra A, the stable category mod A is a tri­
angulated category. We see this in Theorem 2.13 but first we will define a 
triangulated category using [18] and [24].

D efinition 2.8. [24, A.4.1] A category C is called an Ab-category if the 
set of morphisms Home (A, B) is an abelian group such that composition 
distributes over addition, that is, for appropriate morphisms / ,  <7, g' and h, 
we have f(g  +  cf)h =  fg h  +  fg 'h.

D efinition 2.9. [24, p425] An Ab-category C is called an additive category 
if C satisfies the following:

(1) There is a zero object OgC such that Homc(0, A) =  e =  Home (A, 0), 
where e is the trivial abelian group consisting of one element.
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(2) For all X , Y  E Obj(C), there exists X  ® Y  E Obj(C) with maps:

y

that satisfies the following:

Pxix =  id x ; py iy  =  idy;

px iy  =  0; py*x =  0;

ixPx  +  *ypy =  idx®y.

Definition 2.10. [18, 1.1] Let C be an additive category and T  an au­
tomorphism of C. A sextuple (X, Y, Z, u, v, w) in C is given by objects 
A, y, Z  G Obj(C) and morphisms u : X  —> Y,v  : Y  —> Z and w : Z  —> T X . 
The sextuple can be written as follows:

x 4 y A z 4  t x .

The automorphism T  is usually called the translation functor, and its 
inverse is denoted by T-1. A morphism of sextuples from (X, y, Z, u, v, w) 
to ( X \  y ;, Z 'jit'jt/ju /) is a triple ( f,g ,h )  forming a commutative diagram 
in C :

V „X

f

X

T X
T f

Y ' Z 1 T X 1
If / ,  g and h are isomorphisms in C the morphism is then called an isomor­
phism. Then we say that the two sextuples are isomorphic.

D efinition 2 .1 1 . [18, p2] An additive category C is called a triangulated 
category if there is an automorphism T : C —» C, a set of sextuples in C 
and a fixed set of sextuples which we call triangles such that the following 
conditions hold.

(TR1) Every sextuple isomorphic to a triangle is a triangle.
Every morphism u: X  - * Y  can be embedded into a triangle.
The sextuple (A, A ,0 ,tdA,0}0) is a triangle.
(TR2) (Rotation).
If (A, y, Z, u, v, w) is a triangle then (y, Z, TX , v, w, —Tu) is a triangle.
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(TR3) (Morphisms).
Given two triangles (X, Yt Z, u, v, w) and (X 1, Y7, Z', u', v \  w') and mor- 

phisms f  : X  —> X \  p : Y —► Y7 such that u' f  =  gu, there exists a morphism 
(/, p, h) of triangles.

3h

(TR4) (The octahedral axiom).
Consider three triangles (X , Y, Z7, u, i, i')} (Y, Z, X ',v , j, f )  and 

(X, Z, Y7, vu, k , k1). Then there is a triangle (Z7, Y', X 7, TZ7, / ,  T ij7) such 
that p/j =  j, Z:7/  = i7, / i  =  kv and Tuk7 =  /p .

D efinition 2.12. {18, p4] For additive categories C, V  an additive functor 
F  : C —> V  is a functor such that each Hom^(X, Y) —> Homp(FX, F Y )  is a 
group homomorphism.

An additive functor F  between two triangulated categories C, C1 is called 
exact if for T  and T7 automorphisms on C and C  respectively, there exists an 
invertible natural transformation a  : F T  -» T 'F  such that
(FX , FY, FZ, Fu, Fv, F w ax)  is a triangulation of C whenever 
(X, Y, Z, u, v,w) is a triangulation of C.

If an exact functor F : C —> C  is an equivalence of categories, then we 
call it a triangle equivalence. Then C and C  are called triangle equivalent.

For M  € mod A. if 0 —> Af —» I\ -* N\ —> 0 and 0 —> M  —> I 2 —<► IVjj — 
axe short exact sequences in mod A with I\, I 2 injective A-modules then from 
[18, Lemma 2.2] we know that N\ =  N 2 in mod A. We let f2-1  =  Ni which 
is unique up to isomorphism in mod A.

T heorem  2.13. [18, Theorem 2.6] I f  A is self-injective algebra the stable 
category mod A is a triangulated category with T  =  H-1  and the triangles 
are the sextuples isomorphic to a standard triangle.

In the next part using [24] we will define the derived category D(A) of 
an abelian category. It is obtained from the category Ch(A) of cochain
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complexes in two stages; the first step is to construct a quotient category of 
Ch(A) and the next step is to localize this quotient category.

Definition 2.14. [24, A.4.2] An abelian category is an additive category A  
such that:

(1) Every map in A  has a kernel and cokernel,
(2) Every monic in A  is the kernel of its cokernel, and
(3) Every epi in A  is the cokernel of its kernel.

D efinition 2.15. [24, p2] Let A  be an abelian category. The category of 
cochain complexes Ch(A) is the category where the objects are bi-infinite 
cochain complexes in A  and the morphisms are cochain maps. A cochain 
map /  : A  —► B  in Ch(A) is a commutative diagram:

- l

where = 0, d ^d jg  =  0, A*, B l € A, Vz € Z.

Let /  and g be two cochain maps from A  to B. We say that f  and 
g are (cochain) homotopic if there are maps sn : An —> J3n_1 such that 
/  — g = sd 4- ds. The maps {sn} are called a cochain homotopy from /  to g.

The objects of the homotopy category 'H(A) are cochains in A  and the 
morphisms are homotopy equivalence classes of cochain maps. Thus

Hom^(>4) (A, B) “  H o r n e t  (A, B )/  ~ ,

where /  ~  g if and only if /  is homotopic to g. Note that %(A) is a 
triangulated category and it is a quotient category of Ch(A).

To define the derived category we now need to define a quasi-isomorphism 
and a localisation.

D efinition 2.16. [24, Definition 1.1.2] A cochain map /  : A -» B  in %(A) is 
a quasi-isomorphism if the induced cohomology maps f n : H n(A) —>• H n(B) 
are all isomorphisms.
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Definition 2.17. [24, Definition 10.3.1] Let 5  be a collection of morphisms 
in a category C. A localisation of C with respect to S  is a category <S'_1C, 
together with a functor q : C —» S~l C such that:

i) q(s) is an isomorphism in S~lC for every s G S.
ii) Any functor F : C -* V  such that F(s) is an isomorphism for all s G S  

factors in a unique way through q.

We now come to the definition of the derived category.

Definition 2.18. [24, p379] The derived category of an abelian category A  
is defined as the localisation D(A) := Q~1'H(A), where Q is the collection 
of quasi-isomorphisms in 91(A).

T heorem  2.19. [24, Corollary 10.4.3] Let A  be an abelian category. Then 
D (A ), Db(A ), D+(A) and D~ (A) are all triangulated categories where Db(A ), 
D+(A) and D~(A) are the full subcategories of D(A) whose objects are the 
cochain complexes which are bounded, bounded below and bounded above, 
respectively.

D efinition 2.20. [2, p2] A triangle equivalence D(A) —» D(B) between two 
derived categories is called a derived equivalence.

If A  =  mod A and B =  mod II for algebras A, II and if there is a triangle 
equivalence D(A) —> D(B) then we say A, II are derived equivalent.

Now we describe Asashiba’s work of [2]. The main result for us is [2, The­
orem 1.2] in the paper which we state in Theorem 2.24. In brief, Asashiba 
gives the derived equivalence class representatives of all self-injective finite 
dimensional algebras of finite representation type over a field K. His descrip­
tion is given in terms of the type of A. Throughout the paper K  denotes an 
algebraically closed field, all algebras are assumed to be basic, connected, 
finite dimensional algebras with identity.

The type typ(A) was defined in [3]. We recall the definition here. Some 
definitions are needed first and they are taken from [l].

D efinition 2 .2 1 . [1, p l66] A morphism g : B —> C in mod A is called 
irreducible if g is neither a split monomorphism nor a split epimorphism 
and if g =  ts for some s : B  —> X  and t : X  —> C then s is a split 
monomorphism or t is a split epimorphism.



D efinition 2.22. [1, p225] For any algebra A of finite representation type 
the Auslander-Reiten quiver of A (AR-quiver) is the quiver where the ver­
tices are the indecomposable finitely generated A-modules and the arrows 
are the irreducible morphisms between indecomposable finitely generated 
modules together with the Auslander-Reiten translate r.

Now we define the type typ(A). From [22], the stable AR-quiver of a self- 
injective algebra A of finite representation type has the form ZA /(g), where 
A is a Dynkin graph, g =  CT~r such that r is a natural number, £ is an 
automorphism of the quiver ZA with a fixed vertex, r  is the AR-translate.

Then typ(A) := (A,/,£ ), where t is the order of (  and /  := r/m&  such 
that mA =  n, 2n — 3,11,17 or 29 as A =  An, Dn, E&, E? or Es , respectively.

R em ark. The type of A is uniquely determined by the stable Auslander- 
Reiten quiver.

P roposition  2.23. [2, Proposition 1.1] Given A a self-injective algebra of 
finite representation type then the type typ(A) is one of the following:

{(An, s /n , l) |n ,s  £ N};
{(A2p+i, s, 2)|p,s € N};
{(Dn,s , l) |n ,s  6  N,n > 4};
{(Dn, s , 2)|n, s G N, n > 4};
{(jD4,s,3)|sG N };
{(D3m,s / 3 ,l) |m ,s  G N,m > 2 ,3 1 s};
{(En,s, l) |n  =  6,7,8, s e N}; and 
{(E6,s ,2 )\se N } .

Now we state the main theorem for us.

T heorem  2.24. [3, Theorem] Let A and II be representation-finite self- 
injective algebras.

(i) I f  A is standard and II is non-standard then A and II are not derived 
equivalent.

(ii)If A and II are either both standard or both non-standard then the 
following are equivalent:

1) A and II are derived equivalent;
2) A and II are stably equivalent;
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3) typ(A) = typ(Il).

Thus we may list the derived equivalence class representatives accord­
ing to their type. Asashiba gives a precise description of these algebras by 
quiver and relations in [2]. We give here the full classification of [2] of de­
rived equivalence class representatives of the finite dimensional self-injective 
algebras of finite representation type over an algebraically closed field. Using 
Proposition 2.23 and Theorem 2.24, the derived equivalence representatives 
are given in 2.25-2.33. Note that [j] denotes the residue of j  modulo s where 
s > 1 and we write paths from left to right (whereas paths are written from 
right to left in [2]).



2.25. A(i4n,s/n, 1) w H hs,n>  1.

A (An, s/n , 1) with s, n  > 1 is the Nakayama algebra iVS)n and it is given 
by the quiver Q(N3,n):

Ota- 1 O -----  O

O
ati

o

°

with relations R(NSin):
aiaj+i • • • aj+n =  0, for alH  G {1 ,2 , . . . ,  s} =  Z /(s).

2.26. A(A2p-(-i,s,2) iyi£/i > 1 .

A(A.2p-|-i, s, 2) with s,p > 1 is the Mobius algebra MPyS and it is given by 
the quiver Q(MPtS):



with relations R(MPtS):
(i) a$  • • • a$  =  for all i G {0 , . . . ,  s -  1},
(ii) for all i € {0 , . . . ,  s — 2},

4 <1<8o +11 =  0, / f o g +11 =  0,

4 *-*,ag’1 = 0, = 0.

(iii) paths of length p +  2 are equal to 0 .

2.27. A(Dn,s, 1) with n  > 4,s > 1.

A(£>n, s, 1) with n > 4, s > 1 is given by the quiver Q(Dn, s)

> - i ]

J°]
n —3

,(-l]

O
r[« -l]

o o

aWn —2

O O

[2]

.12]

„[1]

with relations R(Dn, s, 1):

(0  a n -2“ n -3 ' '  ‘ “ s M ’ =  $ $  = ToM’1’ for aU * € {0 , 
Z/(«>,

(ii) for alH G {0 , . . . ,  s — 1} =  Z/(s),
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dST11 = 0, =  0,
(iii) for all i G { 0 ,.. .,  s — 1} =  Z/(s) and for all j  G { 1 ,.. .,  n  — 2} = 

Z/(n -  2),

a i ' - - - 4 - n + 2  =  0 -

=  o, i M S r 11= o,

$ $ +1]$ +1] = 0 . =  0 .
The set of relations (iii) means that “a-paths” of length n — 1 are equal to 

0, “/3-paths” of length 3 are equal to 0 and “7 -paths” of length 3 are equal 
to 0 .

2.28. A(£>n, s, 2) vrith n > 4, s > 1.

A(Dn, s, 2) with n > 4, s > 1 is given by the quiver Q(Dn, s) above with 
relations R(Dni s, 2):

(i) a£L2a£L3 • • • for all i e {0........ s -  1} =

(ii) for all i G {0 ,..., s — 1} =  Z/(s),

c ^ / T 1' =  0 , a i S r 11 =  o,

Pi n—2 ~  u> 7l an- 2 ~  u>
and for all i G { 0 ,..., s — 2},

= o, ^ = o,

0 t 1]Po] =  0. T'x*- 11'To’1 =  0 ,
(iii) “a-paths” of length n — 1 are equal to 0, and for a lii G { 0 ,..., s — 2},

/ f / f / T 11 =  0 , t M i T 11 =  0 .

p f d l +l]$ +1] =  0 , 7 W +l,7 f+11 =  0 and

p V b [r V S ] = o, = 0-

MS' 1|7o0,7 [01 =  0 , , 1- W  = 0.
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2.29. A(D4»s, 3) with s > 1.

A(D4, s ,3) with s > 1 is given by the quiver Q(D±, s) above with relations 
i2(I?4,s, 3):

(i) o ^ 1 =  Ad W  =  ToSi1* for all t € { 0 ,...,  s -  1} =  Z/(s),
(ii) for all * G {0 , . . . ,  s — 2},

4 “4 +11 =  o, a ' S r 1 =  0 ,

/3[il4 i+1' =  0 , i ^ 11 =  0,

M s r i1= o, 7m + i!= o.

and

4*- 1,4 01 =  o. 4 ‘- 114 01 =  o,

4* " / f  =  0- 7i* 'S o ” =  o,

(iii) paths of length 3 are equal to 0.

2.30. A(£>3m, s /3 ,1) with m  > 2 and 3 \ s > 1.

A(£>3m, s /3 ,1) with m > 2 and 3 { s > 1 is given by the quiver Q(£>3m5 s/3):
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,(*—i]
m—1

[5- 2]

m —1

w \4 '
[3]a\

o

m—1

m—1

m —1

and for s =  1, Q(Z>3m, 1/3):

a m - l  O --- O

°

with relations R(D$m, s /3 ,1):
(i) a^ajj^ • • • afi =  /3»A+i, for all i G {1, . . . ,  s} =  Z/(s),
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(ii) aSj!c4*+2  ̂ =  0, for all i e  { 1 ,.. .,  s} =  Z/(s),

(iii) • • • amA+2a i +3  ̂• * • Q!j*+3  ̂ =  0 , for all i G { 1 ,.. .,  s } =  Z /( s )  and 
for all j  € {1, . . . ,  m} (i.e. paths of length m  +  2 are equal to 0).

2.31. A(Enys, 1) with n e  {6,7,8} and s >  1.

A(jE7„, s, 1) is given by the quiver Q(En, s):

>-il

[o]«ni3 f t[•-11

[ • - 1]

n —4

O O[0]
°1

o
e . .

n —3

Jll

with relations R(En, s, 1) :

(i) an_3 • • * o $ a f  =  =  t M 1, for alH G {0 , . . . ,  s -  1},
(ii) for all t € { 0 , . . . , s — 1} =  Z/(s),

aSf/S^ 11 =  0, '1 =  0 ,

= 0, = 0,

tw
n —2
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Msr11=o, 7ii]4 i+ i1=o,

(iii) “a-paths” of length n — 2 are equal to 0, “/3-paths” of length 4 are 
equal to 0 and “7 -paths” of length 3 are equal to 0.

2.32. A(J5?6,s,2) with s > 1 .

A(2£6, s, 2) is given by the quiver Q(Eq, s) above with relations R(Eq, s ,  2) :
(i) a ^ a ^ a f 1 =  =  i f l f ,  for all i € {0 , . . . ,  s -  1},
(ii) for all t G {0 ,..., s — 1} =  Z/(s),

= 0, =  0, 

a ' s r 11= 0 , M s r 11= 0 ,

and for all i G {0 ,..., s — 2},

a M +1' =  0 , M ''4 ‘+l1 =  0 ,

a ' ' _11a™  =  0 , M*-1,4 01 =  °-

(iii) “7 -paths” of length 3 are equal to 0 and for all i € { 0 ,.. .,  s — 2} and 
for all j e  {1,2,3} =  Z/{3),

a'*' ■ ■ • q ^ 1' =  0 , $ - $ $  =  0,

« j r 1] • • • 4 ‘ _114 01 • • • e f - 3 = o . $ ~ 1] ■ • • 4 ‘ _114 01 • • • 4 ° - 3 = °-

2.33. Nonstandard algebras A(m) with m  > 2.

Prom [2] the derived equivalence representatives of the nonstandard self- 
injective algebras of finite representation type over an algebraically closed 
field K  are the algebras A(m) for each m > 2, where A(m) is given by the 
quiver Q(Z)3m, 1/3):



26

« m - lm   m -  1

3

with relations R(m):
(i) a i a 2 -*-am = /32,
(ii) OLm QCi — Q.m fi(X \ ,

(iii) a j a i + i  • • • a* =  0 , for all i  £  { 1 , . . .  , m }  =  Z /  (to ) (i.e. “a ” paths of 
length to +  1 are equal to 0).
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3. P r o j e c t i v e  r e s o l u t i o n s

To find the Hochschild cohomology groups for any finite dimensional al­
gebra A, a projective resolution of A as a Ae-module is needed. So in this 
chapter we will look at the projective resolutions of [15] and [16] in order 
to describe the second Hochschild cohomology group. In [15, Theorem 2.9], 
for A =  KQ /1  where Q is a quiver, I  is an admissible ideal of K Q  and the 
set f 2 is a minimal set of generators for the ideal J, a m inim al projective 
resolution of A as a A, A-bimodule is given which begins:

where the projective A, A-bimodules Q°, Q1, Q2 are given by

Q° =  Av <8> vA,
v,vertex

Q1 =  Ao(o) <8> t(a)A,
a,arrow

where o(a) is the origin of the arrow a and t(o) is the end of a,

Q2 =  ^  Ao(x) <8> t(z)A.

We now explain the notation of [15] (including the notation o(cc) and t(x) 
for x  G f 2) and start by defining the A, A-bimodule homomorphisms <7, A\ 
and A 2 .
D efinition 3.1. The map g : Q° A, is the multiplication map so is given 
by v <g> v v. The map A\ : Q1 =  © 0 Ao(o) <8> t(a)A —> Q°, is given by
o(a) <8> t(a) o(a) (8) o(a)a — at(a) <8> t(a) for each arrow a.

To define the map A 2 : Q2 —» Q1, we fix the set f 2 (which is a minimal 
set of generators of I) and let x  be one of the minimal relations. Then 
x = ]Cj=i cj a\j • * • ak j ' • • aSjj, that is, x  is a linear combination of paths 
a\j - • • akj • • • aSjj  for j  =  1 , . . . ,  r  and Cj G K  and there are unique vertices v 
and w such that each path aij • • • akj • • • a8jj starts at v and ends at w for all j.  
We write 0(2;) =  v and t(x) =  w. Then A 2 : Q2 =  ® xe f2 Ao(x)<8>t(x)A —> Q1 
is given by o(a) <8> t(x) i-> £ J =1 cj(£ * = i * * * a(k-i)j ® a(k+i)j • * * ^ j ) ,
where a\j • • • a^k-i) j  ® a(k+i)j' * ’ a»jj € Ao(o;y) (8) t(a^)A.
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In order to find the projective Q3 and the map in the Ae-resolution of 
A, Green and Snashall in [15] start by finding a projective resolution of A/r 
as a A-module, where A = K Q /I ,  Q is a quiver, I  is an admissible ideal 
and r =  J  (A) the Jacobson radical of A. The paper [16] by Green, Solberg 
and Zacharia provides a procedure to find such a resolution, in the graded 
and finite dimensional cases. In the first part of this section we describe the 
work of [16]. Then we will relate this to the Ac-resolution of [15].

We are interested in the finite dimensional case. Given A — K Q /1  finite 
dimensional with I  an admissible ideal, with the notation of [16], consider 
the right A-module A/r. Let the vertices of Q be labelled 1, . . . ,  n  and let

F  =  L E U  Then

F  -> A /r -» 0

is an exact sequence of KQ-modvles. Note that F  is a projective KQ- 
module (since it is the sum of projective K  Q-modules).

Now [16] constructs a filtration of F  by K  Q-submodules that contains 
all the information needed to construct the A-projective resolution of A/r. 
This filtration is

... c  Fn C F n_1 C  • • • C  F 1 C  F,

such that the F*’s are projective K Q-modules (since the F*’s are submodules 
of F  and K Q  is a hereditary algebra), and

 ► Fn/ F nI  -> F n -1/F n-1J ------> F 1/ F 1J  ->• F /F J  -> A /r->  0

is a A-projective resolution of A/r with the maps induced by the inclusions 
of the filtration.

We introduce the notation needed to define these submodules Fi . Let 
R  = KQ, /P =  e* for i ~  1 , . . . ,  n so that the projective A-module

n n

I I  f i R /  I I  f i 1 maPS onto AA-
i = l  i = l

Let f °  =  We have the exact sequence of F-modules
n

0 -> n}j(A/t) -> ] J  a K Q  -U A /r 0 .
t = l



Now choose a set {//*} of elements of JJ”=1 f?R  =  a K Q  such that 
nJj(A/t) =  U iG 4̂ fl*R.  We will find this set by finding Djj(A/r) which is
Ker / .  The map /  is given by: em. H h enrn •-> e m  H h enrn +  r,
with ri £ K Q .  Then Qjj(A/t) =  { e \n  H h enrn\e\r\ H h e„r„ Gt} =
Uo.orrou; aKQ- Therefore we may take the set {fi*}  to be the set of arrows 
of the quiver Q.

Next we discard all the elements //*  that are in II?=i /? / ;  note that 
IK=i f i 1 ^  equal to UJLj e»7 =  I. Denote the remaining elements of the set 
{//*} by {fl}-  However, there are no elements //*  in I  since I  is admissible. 
Hence {/*} = {o, arrows}. Let f 1 = {//} .

The algorithm now proceeds as follows: firstly, assume we have con­
structed f t ,  /* , . . . ,  / ”’s. Then construct the set f n+1 by considering

d l  f i R ) n d l  :=  H  f k +UR-
i j  k

Note that we may have {/£+1*} =  0. Next discard all the elements /£ +1* 
that are in J_Ji / ”/  and denote the remaining elements by /£ +1. Let f n+1 = 

i f k +1}’ ^  {/fc+1} = 0 then we stop at this point. Note that the set f 2 is a 
minimal set of generators for the ideal I.

Now [16] gives the following definitions and results for the resolution of 
A/t.

D efinition 3.2. [16, Definition 1.1]. For each n > 0, let Pn — JJj f ? R / f p I  
and let Sn : Pn -» Pn- i  be the homomorphism induced by the inclusion

U i f ? R c U j f r lR -
Note that if { /”} =  0 then Pn =  0. For this reason if {/*} =  0 then we 

can stop at this stage of the construction.

T h eo rem  3.3. [16, Theorem 1.2]. With the above notation,

(P, S) : • • • —> Pn —> Pn—i —> •••—> P\ —¥ Pq —> A/r —> 0

is a projective resolution of A /r over A.

It was then shown in [16] that, when A is a finite dimensional algebra, we 
can always choose the elements { /”} in such a way as to obtain a minimal 
projective resolution when J  is an admissible ideal.
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Theorem  3.4. [16, Theorem 2.2] In the resolution (V, 8) the elements { /”} 
can be chosen in such a way that, for each n, no proper K-linear combination 

of a subset of {/?} is in U j f j ~ l I  +  II* /£**•
Moreover, there is a decomposition

k i t
where the elements f f  can be chosen to be in / j 1-1 J.

T heorem  3.5. [16, Theorem 2.4] Let (V,8) be the projective resolution of 
A /r as in Theorem 3.3, where { /”} are chosen as in Theorem 3-4- Then, 
the resolution (P , 8) is minimal.

We are interested in the minimal projective resolution of A as a Ae- 
module, and in particular in the part Q3 ^4 Q2 of this resolution. We 
keep the notation of [16]. Then [15, 2.5] describes Q3 in the following way. 
Suppose that the elements of f 2 are { f 2, . . .  where f 2 is our fixed
minimal set of elements in the generating set of I. Each element of f 3 is in 

( I I  f 2R )  H O I  f 1! )  =  ( I I  / 2jR) n ( I L  aj0- ^ t  y  denote an arbitrary element 
of / 3, so y  € IJ f 2R  and y  € ]Ja a l .  Therefore, y  = T>f2Pi, with pi € R. 
Also y  =  Eao(EjQ^/?/3») =  2 a,iaaif2/3i for elements oh, Pi £ R, arrows a, so 
we may write y  = T>qif2r{, where is in the ideal of R  generated by the 
arrows and r, £ R.

Then [15] gives that Q3 =  JJyG^3 A o ( y ) ® t ( y ) A  and describes the map A3. 
For y  € f 3 the component of A^(o(y)<^t(y))  in the summand Ao(/2)<8>t(/2)A 
of Q2 is S(o(2/) -  qi ton).

Thus we can describe the part of the minimal projective Ae-resolution of
A

Q3 $  Q2 d* Ql d* Q0 4  A -4 0

since we have determined the set f 3 satisfying the conditions of Theorem 
3.4. Applying Hom(—, A) to this resolution gives us the complex

0 Hom(Q°,A) ^  Hom(Q1,A) ^  Hom(Q2,A) Hom(Q3,A)



where dj is the map induced from Ai for i =  1,2,3. Then HH2(A) =  
Ker cfe/Imd.2 - We keep this notation for the rest of the thesis.

The next proposition tells us how many elements there are in the set / 3. 

P roposition 3.6. [17, Lemma 1.5] Let A  be a finite dimensional algebra 
over a field K. Let P(i) denote the indecomposable projective A-module 
e{A. Let Si =  P(z)/radP(z) be the corresponding simple A-module. Denote 
by P (i,j) ,  the indecomposable projective Ae-module A(ei <g> ej)A.

Then if

• • • Rn —̂ Pn—1 —̂ ’ ' * P i —̂ Po —̂ A  —̂ 0 

is a minimal projective resolution of A  over Ae, then

Rn =  0 P ( i , j ) lS m E ll5 ( W i ) i

In order to find Ext” (Si, Sj) we use the well-known result, (see [5, Corol­
lary 2.5.4]), that for Si, Sj simple right A-modules, we have

Extl (S i,S j)  ** HomA(fr S u S j ) .

So Proposition 3.6 says that Ae* <8>ejA occurs dzmExtA(Si, Sj) times in the 
n-th projective Ae-module of the minimal projective resolution of A. This 
provides a check that we have found all elements of / 3.

The paper [16] and subsequent work by Green and Solberg (unpublished) 
provides us with an explicit description of the set / 3. Throughout we fix f °  
as the set of vertices of the quiver Q, f 1 as the set of arrows of Q and f 2 as 
our chosen minimal set of generators of the ideal I.

The maps induced by the filtration

• • • C Fn C F ” -1  C  • • • C  F 1 C F,

in Theorem 3.5 give the beginning of the minimal projective resolution of 
A /r as

TT t(x)A £  TT t(a)A ^  TT vA -> A /t -s- 0
xG f2 aef1 vef°

with maps S2 and <5* given as follows. For a G / 1, J1(t(o)A) =  at(a)A in the

summand t(a)A. For 1 G / 2 where x  =  Y7j= 1 cj aij mm • akj m"  asjj with the
notation of Definition 3.1, <$2(t(x)A) has component Cja2j • • • a ^  • • • aSjjX in
the summand t(aij)A.
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Moreover, as A /r is the direct sum of the simple right A-modules, for each 
simple S  =  v(A/r), we have the beginning of a minimal projective resolution 
of S  given by

TT t(a;)A ^  T J t(a)A vA S  -* 0 .
x€f2,o(x)=v oG/1,o(o)=t;

Now using S2 to compute Ker<52 =  f23 (S) and P 3, the third projective in 
the minimal projective resolution of 5, we may write P 3 =  © iexa e,A for 
some index set l s where \ls \ =  dimHom(n3(S), A/r) =  d im E x t\(S ,A /t) .

Moreover this explicit calculation of Ker S2 gives us the map

53 : P 3 —» J ]  t(* )A
xef2to(x)=v

e i  *“> ^x e f2,o(x)=vKx )P*,x t̂> for each i G Ta.

For each i E J 3, we set /?  := ^ xe f2,o(x)=vxPi,x € KQ. Taking the union 
over all simple right A-modules S  gives us our set / 3 =  [Js,simple{fi\^ e ^ s l­
it is easy to verify for each of our algebras that we consider that this set / 3 

does have the required properties and that | / 3| =  dim  Ext3 (A/r, A /r).

Now we are ready to compute HH2(A) for the derived equivalence repre­
sentatives of the self-injective finite dimensional algebras of finite represen­
tation type over an algebraically closed field.

First we note that the algebras of type (An, s/n , 1) and (^ 2̂ +1? 2) have
been considered in [9] and [15] respectively. We will come back to these 
results later in Chapter 5, but we start by considering type Dn: beginning 
with (Dn, 5, 1) in the next chapter.

Throughout, all tensor products are tensor products over K , and we 
write 0  for <S>k - When considering an element of the projective Ae-module 
Q1 =  © a>orrotw Ao(a) 0  t(a)A it is important to keep track of the individual 
summands of Q1. So to avoid confusion we usually denote an element in 
the summand Ao(o) 0  t(a)A by A 0 a A' using the subscript ‘a ’ to remind
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us in which summand this element lies. Similarly, an element A <g)p X' lies 
in the summand Ao(/i2) ® t(/?)A of Q2 and an element A <S>f? A7 lies in the 
summand Ao(/3) <8> t ( / 3)A of Q3.
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4 . A(D„, s, 1)

In this chapter we will determine dimHH2(A) for A(Dn, s, 1) with n > 
4, s > 1. The algebra A(Dn, s, 1) is given by the quiver Q(Dn, s):

>-i]

oo

.1°) «—3

[ * - i ]

,[2]

7i OO
[0]

aI1]n —2

OO ,W■ei.

J2]«—3

with relations R(Dn, s, 1):

( 0  a n - 2 Qn - 3  • • • a 2 l a l ’ =  $ $  =  t J M ’. fo r  a l l  i  €  { 0 , 1 }
Z/(s),

(ii) for all i G {0 ,..., s — 1} =  Z/(s),

«M +I1 = 0, a 'S r 11 = o,

/ W ?  =  0 , - rfa g lJ1 =  0 ,

/JPtT 11 =  0, T?1# 11 =  o,

(iii) for all* G { 0 ,..., s — 1} =  Z/(s) and for all j  G { 1 ,...,  n — 2}
Z /(n  -  2),

a j  * * • a i - n 4 - 2  U>j —n + 2

/ f / f / T 11= o, - M i T 11= o,

= o, = o.



The set of relations (iii) means that “a-paths” of length n  — 1 are equal to 
0, “/3-paths” of length 3 are equal to 0 and “7 -paths” of length 3 are equal 
to 0 .

We label the vertices of the quiver Q(Dn, s) as follows. For i =  0 , . . . ,  s —1,

°(a n-2) =  °(/?01) =  °(7o]) =  el,i> °(a i ]) =  ej+l,i) for j  = 1, . . .  ,71 — 3, 
o(/3|l]) =  e„_i5i and 0(7^) =  enji.

We need a set f 2 of minimal relations but note that R(Dn, s, 1) for s > 1 

is not minimal. So now we will discard some of the relations of R(Dn, s, 1) 
to give a minimal set.

All relations of type (ii) are in f 2. For relations of type (i), choose ($$1 — 

7o^7? e / 2 and ~  a n-2a n -3 ' '  ‘ °^2°^i G / 2- With these choices,
we now consider the relations of type (iii). So — 7o^7i^)7o+1  ̂ =

(/5o1M*17o+1]- 7o17i 17o+11) g 1  and G I. Therefore 7^  7^70+l1 €
I  and is not in our minimal set of relations f 2. Also 7 i* — 7ô 7 i^) =
I [* — 1] /ot*] /at*] [*—1] [*] [*] \ _ y 1 [* — 1] /o[x] /o[»] / - T O  [* —1] [t] [*] r- T(7 i Po Pi ~  7i 7o 7i ) € /  and 7 | J$ ,J/3}J G I. So 7! J7o 7 i € 1

and is not in f 2. Similarly we can show that neither P$Pi^/3q+1̂ nor 

$ $ +1]$ +1] are in / 2.
Now consider “a-paths”. We have — 4 ?-2a n-3  ' ‘ * a 2̂ a î  ^ / 2*

So ( / f / 3li] -  ^ L 2«l:1-3 - - -4 <14 il) ^ 2 1 € I  and * I. There­
fore 4 - 2Qn-3  ' ' '  a 2̂ a l^a n-2 ^ ^ and *s n°f in / 2- Also a f  —
Qn-2a n-3 • * • a ^ i 1) e 1  and a f -11^ 1/ ^  G I. So a i “ 1J4 L24 - 3  ' *' 4 *la i ] 
G I  and not in f 2.

However, the path a j^ a ^ a j^ ^ ' '  ’ a 2+^ cannot be obtained from any 
other paths, so a ^ a ^ a j^ 1 ■ • • 4 +1] G f 2. In general, 4 ]4 - i  • • • o t ^ a ^  
G / 2 for k =  { 2 ,...,  n — 3}. Now let us label the elements of / 2 as follows.

/2 f 2 a M . . . J O 1— Po Pi 7o 7l 5 / l,2,t — PQ P\ a n -2a n-3  a 2 a l >
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Hence f 2 — { f f  1 ,2 ,H f 2,1,H f 2,2,%̂ f 2 ,3 ,f 2 ,4 ,f 2 ,5 , f 2 ,6 , f 3,k,ii ^°r * 
0, . . . ,  s — 1 and k =  2, . . . ,  n  — 3 .

Next we need to find / 3.
For 2 € {0, . . . ,  s — 1} the indecomposable projective modules are:

For 2 < m < n  — 2

ei,iA 

M

n — 1,2 n — 2,2 n ,2

m, 1

m  — l , i

2,2  

1,2 +  1 

n — 2,2 +  1 

n — 3,2 +  1

m ,i +  1
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®n— 1,*A 

n — l,z 

1, i + 1  

n — 1, i + 1

^n,iA

n ,i  

1, * +  1 

n ,i +  1

Prom the minimal projective resolutions of each simple A-module we easily 
see that:

n 3( s 2,i) = 1, i -f- 2
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for 3 < m < n 2 we have, 

n 3(5m,j) m — 2,z 4-1

, z +  1

1, z +  2 

n — 2,z +  2

m  — l,z +  2

1, z +  2

n,z +  2 n — 2, z +  2

1, z +  2

n — 2,z +  2 M  +  2

For Q3 (Sifi) we need more details. We have the map 

tj) : en_2,iA © © en,*A  ̂f2((Sfi )t)
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given by:

^n—2,*A  ̂4 x—2®**—2,*Aj

^n—lfi/J’ 1,»Mj

en,t£ l—* 7 o ]en,t^

where A,/x,£ G A. Note that £l2 (S i , i )  — Kei'tp .

P roposition  4 .1 . ft2(Si,i) =  ( - 4 - 3  • • • a£], 0 %\ 0)A +  (0 , - 7 ^ ) A.

Proof. O n  o n e  h a n d , le t  x G f i 2 ( 5 i ,» ) .  T h e n  x =  ( e n _ 2,iA , en-i^/j,, en^ ) .  

W r ite  e n _ 2,iA =  c0,ien _ 2>i + c i ii4 L 3 + C 2>* 4 - 3 4 - 4 + -  • * ''  a i l a n^2 »
=  c^ien_i>i +  ci ^J*1 +  c^/?{‘14 ‘+11 ^  en,*£ =  do,*e„,i +  +

d 2 ,*7 i^ 7 o + 1  ̂ a ^  c o e f f ic ie n ts  Cj,t>c{ {,<£{,{ G i f .  S in c e  a; G K e r ^  w e  

k n o w  t h a t  V>(») =  0 . S o  4 U ( c <Me n-2,*  +  c i , i 4 - 3 +  c 2,taJjL3aJjL4 +  • • • +  

C n _ 2 , i 4 - 3  * * * 4 t la n - 2 V /5 o k ^ O )i e n - l 1x + ^ l )tM l l + 4 , i M ll/50 +11) + 7 o 1(d o ,ie „ ,i +  

dl,*7l*1 +  d2,i7l ]7o+1]) =  C0,ia n-2 +  Ch ia n - 2 a n -3  +  C2yiC ^ _ 2C ^ _ z a [̂ _ A +  • • • +

Cn—4,»4»—2 4 x —3 ‘ ’ * 4 1+ cn -3 ,* 4 - 2 4 - 3  ‘ ' * 4 * 1 +^0 ^ 0  + c l,i /30 ^ 1 1 + do,*7o1 +

d l,x 7 o 37 l ] =  C 0 , i4 ]_ 2 +  < * , * 4 - 2 4 - 3  +  C2,i<X[n - 2 a n - 3 a n - 4  +  **• +

Cn-4,* 4 - 2 4 - 3  ‘ • • 4^  +  Co.x/̂ O1 +  dO,t7o1 +  (Cn-3,i +  d1{ +  =  0 .
Thus co,t =  • • • =  Cn_4,i = dQ i -  do,t =  0 and cn_3,i +  dX i +  d i}i =  0 so let 
dX i =  — (cn_3)t +  di,i). Therefore,

a; =  (Cn_3ii 4 - 3  • • * a l 1+ Cn -2 ,* 4 1-3  * * * 4 34 - 2  > -(Cn-SW+dl,*)/?!11̂ ^ , ^ ! 3/3̂ 13’ 

di,»7it]+d2,t7itl7 o +11) =  (—4 - 3 ,*  • • • 4 ]>Mtl5° ) ( - cn -3 ,te i,t+ i+ c n_2)i 4 ^ 2 1) +  

- 7 i tl)(-d i,*ei,*+ i+C 2,i4*+11- (i2>t7 o +l1)- Sox G ( - 4 - 3  *' * 4 ,]»M*,»°)A 
+ (0 , 4 1i “ 7 i 1)A.

Thus n 2 ( 5 i , t )  C ( - 4 L 3 • • • 4 ] , 4 ] , 0 ) A  +  (0 , 4 > - 7 i t])A .

On the other hand, let x  G (—4 - 3  * * ’ 4 *3>4 »0)A +  (0 , 4  > —7il3)A. So

*  =  ( - 4 - 3 ' '  • 4 l1i 4 » 0)a+ ( 0 > 4 »  - 7 i ]) m =  ( - en - 2 , t 4 - 3  • • * 4 * 1A ,e» -i,iM ’1A
+ en-i,*4 3At> —en,*7i*3At) where A,/i G A. It is immediate from the definition 
of V* that ip(x) — 0 and so x G Cl2(Sij).

Thus ( - 4 - 3 ' ‘ * 4 3>M*3»°)A +  (°»M*3> “ 7 i 3)a  £  n 2(5 if<).

Therefore, fi2(£i,t) =  ( - 4 - 3  ’ * * 4 n  °)ei,*+iA+(°> - 7 il3)ei,*+iA-
□
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To find fF (S iti) the second projective in the resolution of is ei^+iA© 
ei,*+iA. With the map:

0 : ei,,-+iA 0  ei^+iA —> fl2(Si,»)

given by:

(e i ,* + iA ,e i>i+i / i )  ( - a £ L 3 • • • a ^ , ^ , 0 ) c i ti+ iA  +  ( 0 - 7p) e i , »+i A*

where A, ^  G A, we have f23(5 i,i) =  Ker 

P r o p o s it io n  4 .2 .

n*(S u) =  («!i-2 « ^ 3 . 0 )A+ (0 , 0 ^ 2^  +  ( - / 3 r il,/3i‘+1|)A +  (7i‘+1| , 0)A.

Proof. On one hand, let y  G fl3(Siti). Then j/ =  (ci^+iAjei^+i/n) G ei^+iA© 

e i,t+ iA  where A, fi G A. Let A =  co,,-+1 e i ,*+1 +  c i ,,•+1a  +  c2,*+i a n - 2] a !l- 3 +

• • •+cn_2>»+i a ^ 1 • • • aSLt+11+cn- i >i+i4*+11+cn>i+i7i*+1] and \i =  c/0>i+1ei>i+i+
J  n,l*+1]_|_r' n  „ ..  L.r ' • • • J i+1]+r/ /3[*+1l icl,*+la n-2  +c2,i+la n -2,t+l<*n_ 3 +  +cn -2,t+la n-2  a l + cn-l,t+l"o +
< )i+i7^ 1]. Since y G Ker 0 we know that 0(j/) =  0. Thus, (—a£L3 • • • a ^ ,  /3^, 0) 

(co,»+lC l,»+l +  c l ,* + la £ l a  “•"c2,*+la:n^2 a n -3  "•-------- *" ^ - 24+ 1 0 ^ - 2  ’ * ’ a l + ^ +

C n - i ,j+ i /3 o +l1 +  e m M - n T 11) +  (O ,^!*1, —7 i 1)(® o ,j+ ie i,<+1 +  
4 ,i+1a n_2,j+1a ^ l + ; • • • • aii+1,+ < - 1,<+l^ +1!+c'n,i+l7|:+1')
=  co,i+i(—a n -3 • • • a f ' ,^ ,0 )+ (c i ,j+xaJjLs • • • a f1a ^ 2 1. cn-i,«+i/3i'^o+1,>0)+ 

co,i+i(°>/3i 1. - 7i 1)+ (0.<4 -i,<+iM‘1̂ o+11>c'n,i+i7 i 17o+l1) =  co,i+ i(-°£U  • ■ • a f1, 
M*'.0)+ (cX.<+la n-3  • • . (Cn-l,i+l+<4 -l,i+l)M‘1/3CP+11>c'„,i+l 7l l7o+1|)+
co,i+i(°>M’1> -7 i1) =  0. Thus co,i+i =  ci,i+i =  cj,i+1 =  dn M  =  0 and 
<4 _i,»+i +  Cn—i,i+i =  0. Replace c'n_l i+1 by - c n_ i)i+i. Therefore, y =

(c2ti+l0^ 2 <̂n- 3  H----+ Cn-2,*+ian^2 ' * * Q1 + C n - l , i + 1 ^ 0 +^ +  cn,i+l7o+1]>
4 ,t+la n ! i+ c2,*+la n ^ a n-3̂  •"cIi-2,i+la L-2 ’ *’ Ql + ^—Cn-1,»+1$0 + ^ =
(a n^2 a n^3 (C2,i+len-3,*+l + * *' +  C n ^ i+ lO t^  • • ■ « i +1])

“H/̂ o ^Cn—l,*+lC n—l,t + l  + 7o ^ C n.i+^n .t+ lj a n—2  ̂(c l , i + l e n -2 ,t+ l  +  ^i+ l^n-Z  
+  • • • +  < - 2 ,i+ A t l ] • • • 4 +1]) -  P l+l]Cn-i,i+1en—1)i+1) • Thus

2/ =  + $ +1k  +  t T 11*. « n -2]M -  / ? r i]0

=  ( a ^ J ]a £ 3 1>0)A +  ( O .o f c jW  ( - / f ^ / f ^ X - O  +  (7^ , 0)^

where A, /u, £, G A.

So y € (« £ 3 1« £ S 1,0)A + (0, a £ J ) A  +  (—/ t ^ . / f ^ A  + ( ^ ‘’.OJA.



T t a . O » ( f l k )  C  ( a i | l * 1a ^ ^ 0 ) A + ( 0 , a ^ ‘b A + ( - ^ + 1U > ; + l l ) A + ( 7 ' ; + , , ,0 ) A .
On the other hand, let y  e  

+(7o+1], 0)A. So write y  =  ( a ^ a ^ J 1,0)A+(0, < £ » ')M+(-/3>i+l1, /3>*+1|)?'+ 
(7o+1] i 0)*'> where A, e  A. T h e n % ) =  ( -  3 ■ ■ • aS'1, p ['], O K ^ 'a J ^ A

+ ( 0 , t f ,  —rf1 M- (-«^_3 • • • a f  . / f .O ^ V + tO .M * '1, -7 i<]) ^ +1,«'+
( -a ||L 3---oii'.M’'.0)7o+1!i' =  0. So y  e  f23(S:,i).

Thus ( a £ ? c £ J ,0 ) A  +  (O .c& JjA  +  ( - / $ +,l , /# +1l)A +  (7^+1| ,0)A C  

n 3(5i,j).

Therefore, 0 3(Si,i) =  a !l-3  >°)e" - 3,i+iA +  (O .a J ^ 'je ^ .i+ iA  +
(-/3i*+11,/3|;+11)en-i„+iA + (7q+1 ,̂ 0)enij+iA. Let <j> be the the map:

<l> • en- 3,*+iA  ©  e n _ 2, i+ iA  ©  e n - i ^ + i A  ©  e n>t + iA  —» f t 3 (/Si,*) 

given by:
en—3,*+l* ►”> («n^2 a n^3 »°)cn-3,»+l^»
®n-2,i+lM 1  ̂ (0) ^n—2 )®n-2,i+lM)
en-i,*+i£ ->
en,t+l^ (7o+11>0)en,t+l^

where A, /i, £, 1/ € A. □

From the projective resolution for simples we now know that the 3rd 
projective in the Ac resolution of A is:

Q3 =  © i=o [(Aci,*0en_3,*+iA)©(Aei)*0en_ ( A e i )*0en_i,z+iA)© 
(Aei^ 0  enji+i A) ® (Ae2>i 0  ei)i+2A) © (Aen-i,* 0  ei,*+2 A) © (Aen,i 0  ei,*+2 A) ©
®m=3C^e«V ® em_2>i+iA)].

We now give a specific illustration of finding an element of / 3. From 
above we know that Q3 has the term Aei,* 0  en-3,*+iA which corresponds 
to some element of / 3. Using the filtration in K Q  we have 

e n —3 ,t+ l  V^n—2 a n - 3 » \P l  GLn—‘l  a n - 3 » a n - 3 a n—2 a n—3 /

“ fcs -  “ n -2«n-3 ' ' '  “ l ,Qn-2  QK '-  So we may choose / 3,l,i =
/3[*]/9[*]/>[i+1W*+1] — 0-̂ 1 • • • aJiW*+1W i+1  ̂ — f 2 eJ*+1Wi+1l Simi-P() P i  n —2 n —3 a n - 2 a n - 3  a l  a n - 2  a n - 3  ~  J l,2 ,ia n -2  a n - 3 * 511111

larly the other summands of fi3(Si,t) give us the terms / ^ 2i, / ^ 3i, f f 4i
which correspond to the summand Aei,* 0  en_2,i+iA, A e^ 0  en_i,*+iA and
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Aei,* ® Cn,i+iA of Q3 respectively. Then we find by direct calculation the 
expressions of each f 3 in the form /?  =  S j  Qjfjrj with qj,rj e  KQ.

From the previous comments the set f 3 for all s > 1 consists of the 
following elements:

{ /? ,! ,*  > /l ,2 ,i>  / l ,3 ,* ’ /l ,4 ,i>  / l ,5 ,i>  /l ,6 ,i>  / l , 7,i> /2,3,*> / f .m . iL  w ith  TO G {4, . . . ,  n - 2}

where

1,1,i
/ u ,
/? .3 .i

i,ia
2

f l ,2 ,ia n - 2 a n -3  
[*+11

1,4,»
r3

p3 
1, 
f3

— /2

/ l , l , i a n - 2

/ l , l , i P 0  -  / l ,2 , iP o  
f2  [»+l]
■/1,2,*7o
r2 /q»[*+l] f2  J * + l]

~  f 2,3yia n -3  ~  a n -2 f£ ,n -3 , i i

= ^0 /1,3,i “ 7q/2,4,i
.W x2 W *2

f 3

f t  5,i =  t t
— 0̂ /̂2,5,t _ an-2  * ’ * a2J/2,2,i>

M  V f ,2 , i+ l  >

-  o -W f 2— al /1,l,i+l’
f i
/ l , 6 , i
f3 _ f2 /q[*+1] _ f2 n,[*+1)•f l,7,i ~ /2,6,iPl , /2,4,tan-3

/1,3,i = /3,2,tal
/ 32,m,i

[<+l]
a [*+1]

— f 2~  Pi / 1,1,i+l
— J i ] f 2
~  7 l  / l ,2 , i+ l>

Ji+1]
13,m —l , i m —2

J*] f2 flli+l] _ Q[*]QW f2
a 2 / 2 , l , iP l  a 2 a l  /1 ,2 ,i + l ’

M /2

To find HH2 (A), we know that HH2 (A) =  Ker di /Im  (̂ 2 (from the notation 
of Chapter 3). First we will find Im d2- 
I m d 2 fo r  s >  1.

Since d2 : Hom(Q1,A) —» Hom(Q2,A), then d2f  € Im d2, where /  E
Hom(Q1, A) and d2f  =  /A 2. Here Q1 =  © ^[(A ei,*  0  M en_ itiA) ©

Po
(A e j j —i ^  ®  «[*] ® i , i + i A )  ®  ( A e i ^  0  [<] e njj A )  ®  ( A e n>i  0  [»] c i , i + i A )  ®  ( A e 2 ,* 0  [*]

<o 'i l
ei,i+iA) © © nr22(Ae|+i^ 0  ^ ej^A)]. The module Q1 has 5s +  s(n — 3) sum-

ai
mands, that is, 2s +  sn summands. Let /  G Hom(Q1, A) and write

/(el,i en—l,t) = /(en—l,i ®gl*] el,t+l) = c2,i/5{̂,

/(el,i en,t) = C3,i7cn /(en,i ® [i] el,t+l) = c4,i7l\
»o a

/(e2,i ® [«] el,i+l) = ̂ 1,1 1
and

/ (eZ+i,i <8> M e/,,) =  d/^aj*1 for I G {2, . . . ,  n -  2},
I

where t G { 0 , . . . ,  s -  1},  and citi, c2)i, c3ji, c4ji, di^, d^ G K.
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We have Q2 =  © J I (J[(Aeifi®/ ai ̂ ei|i+iA)©(Aeiti0 /a a .eiji+iA)®(Ae2,i®/ 2i . 
en-i,*+iA) © (Ae2,i 0/2 . en,*+iA) © (Aen-i^ 0/2 e„_2,i+iA) © (Aen>* 0/2

* * «|3|i *
en—2,*+i A) © (Aen_i,i ®/£_ . cn j+iA) © (Aen,i . ®n—i,*+iA)©* 2tOti
©!b=2(Aejb+i,* 0/2 efc^+iA)]. Here Q2 has 4s +  sn summands. Now we 
find f  Ai- Recall the definition of the map A2 from Definition 3.1.

We have /A 2(e 1,* 0/2^ . eM+i) =  /(ei,» 0 ^  4 *1 -  ehi 0 ^ ]  7[t] +  / $

e l,* + l “  7o^ ®  W e l ,* + l)  =  / ( e l,» e n - l ,t ) M ^  — / ( e M  ®J*1 e n ,t)7 l^  +
1 0 0

/3oll/ ( e n - i ,»  ®^<] C i,i+ i) -  7 o ]/ (e n,t 0 7w e i , i+ i )  =  c i ^ M * 3 “  c3 ,i7o17 il] +

-  C4,t7o]7lt3 =  (c i,i -  C3>t +  C2,i -  C4><)flo1Mll‘

Also f A 2(eiti 0 /2a . ei,i+i) =  /(ei,i 0 ^ j  en- hi)$ }  +  ( $ f ( e n- 1,* 0^*]

ei,<+i) - / ( e i , i0 aii] aen_2)aJjL3 • • • a[*1-aJjL2/ (e n_2,i0Qi<]_3en_3)i)ajjL4 • • • a f 1-  

• • - - a n - 2 • ' * 4 ,1/ ( e 2 ,i® a We l,» + l)  =  C l , i4 tlM tl+ C2 ,x 4 t]/5{l]- d n - 2 ,* a ! ; - 2  * * * 4 * 3-  

. . .  -  ditia jjl2 • • • a f a [l ] =  (ci,< +  c2,i -  dn-2,» -  . . .  -  di.O/^M*3-
A n d  / A 2 ( e 2 , t 0 / 2 i  . e n - i , t + i )  =  /(e2 ,*<8>Q[i] e i j + i ) P o + 1] f ( e i j + i®p[i+i]  

en-i,*+i) =  di,»a^4 ,+l3 +  ci,t+iQi 34 *+l3 =  (dM +  ci,t+i ) a ^ 4 l+l3 =  0>
/A 2(e2,<0 / 2a .en>i+i) = /(e 2,i0 Q[t]ei,i+i)7^+11+ a i ]/(e i,i+i 0 7[i+i]enii+i) =

di,»ai17o+l1 +  c3,i+ia i17o+11 =  (di,i +  c3,*+i)ai17o+11 =  °»
/ A 2 ( e n _ i  » 0 / 2  . e n _ 2|i + i )  =  / ( e n - i , » 0 /3[ i ] e i >i + i ) 4 l 21- l - 4 t l / ( e i , » + i 0  w+i]'2,3,1 f'j n—2

e n - 2 , i + l )  =  C21iM t]° £n - 2  +  dn - 2,i+l{3 [i ]a [̂ 2  =  0 ,  

f A 2(en,i 0 / 2  e n _ 2 ,* + i )  =  / ( e n,t i] e i , i + i ) a ^ 2] +  0 al<+1)'2,4,* n—2
\  [t] [t+1] , * [i] [*H-1]   n

e n —2 , t + l )  — c 4 ,*7 l  a n—2 ^n—2, t + l 7 l  a n—2 ~

f  A 2(en—l,i ®/|5< en,t+l) := /(en— l,i el,t+l)7o 3 /(el,*+l

eM+i) =  ^ t T 11 +  < W S S £ +*1 =  0 ,
f -^ 2 (C n ,i . € n —l , i + l )  =  / ( C n , i  ®  [*] ^ - l ,i+ l) /3 o  "1“ T l /(® X ,*+ 1'2,0,* 7l MO

e „ - i , i + i )  =  c 4)i 7 i 34 t+ l1  +  c i ,< + i7 i 14 ’+13 =  °*

For A; € {2, . . . , n  -  3},/A 2(efc+i,i ®/afc>i efc,i+i) =  /(efc+i,, 0 aw efc,»)

4 - 1  ' • ' a l l a n^2 ‘ ‘ • 4 +11+ 4 3/ ( e fc ,i® aL li eA!- 1>i ) 4 - 2  ’ ‘ ' 4 * 1« n ^ 2  ' ’ * 4 * +1] +  

• • • + 4 1 •' • allan̂ 2 • * • 4 1̂l3/(e*+l,t+l ®ati+i] ek,i+1) = d*,i4]4 - l  * • • al3

a n—2 ' * ' a k fc -1  fc -2  1 n —2 • + a fc ,t+ la fc a l
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4 - 2  * * * 4 - l 1]4 t+1] =  (d fc,*+d fc - l ,i+ *  * '+dk,i+l)<X[k 4 - 1  ’ * * 4 ^  4 ^ 2  * * * 4 +1] 
=  0.

Hence f A 2(ei,*®/JMci,*+i) =  (ci,t - c3ji+ c2)i - c4)i)/3^/3[l] =  c7/ ^ / ^  and 

f A 2(eiii 0 / 22 . e iti+i) =  (ci,i +  c2,i -  dn_2,i -  . . .  -  d i , , ) /^ /^  =  c77/ ^ / ^  for 
some c7, c77 G K. Moreover /A 2 takes every other idempotent o( f j l *)®t(/2j J  
with j  ^  1 to zero. So d im lm d 2 =  2s.

To find Keidz we consider separately the cases s =  1 and s > 2.
K er ds for s > 2 .

To find Kerd3, we have d$ : Hom(Q2, A) -¥ Hom(Q3, A). Let h G Kerd3, 
so h G Hom(Q2,A) and CI3/1 =  0. Then, as s > 2, the map h : Q2 —► A is 
given by

Mei,» ei.*+i) = a A ]4 ^

h(eiti <8>/22  ̂ei,i+i) =  c2}<4 '̂ M̂ » 

h(°(flj,i) for j  £ {1,. . . ,6} and

hW lk , i )  =  °> for A; G {2, . . .  ,n  -  3}

for some ci)t-, c2|t- G AT, where i G {0, . . . ,  s — 1}. Hence dim Hom(Q2, A) =  2s.
Note that Imd2 C Kerds C Hom(Q2,A). So since d im Imd2 

=  dim  Hom(Q2, A) =  2s then dim  Ker d^ =  2s so Imd2 =  Ker d^. Therefore 
HH2(A) =  0.

K e rd s  for s =  1. We write 5  and f ^ b to indicate and f^bfi respectively 
for an arrow 8 in Q(Dn, s) since there is no confusion here. The algebra 
(£>n, 1 ,1) is given by the quiver Q(Dn, 1):
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<*n-2

n — 2

n — 3

£*1

Recall from the beginning of the chapter that for s =  1 the minimal 
relations are

/ l , l  =  0001 -  707l> /l,2 =  A)A "  «n-2Q!n-3 * * * <*201,

/l,l =  <*100, /1,2 =  a i7o>

/2,3 == 01O!n—2) /2,4 =  7 la n—2,

/22,5 =  0170, /1,6 =  7100 and

/ 3,fc =  «*••■ a ia n -2  • • • afc, for A: =  { 2 ,...,  n -  3}. 

and the set / 3 is

{/l.i, /i,2> / i ,3> / i ,4» /i,5» /i,6» /i,7» / 3,3» /l.m}* m € { 4 ,...,  n -  2} where
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t y — /l,2<*n—2<*n—3
A ,2 = /l,lan—2
fl.3 = /l,lA) — /l,2A)

f Y =  / 1,2Tb
A.5 <N

s£f111

A,6 =  f l s 0̂ - ^  ' ‘ * Q1 “  /1 ,571
A ,7 = /2.6A — /2,4an-3 * * * 0 7

A3,3 =  f & n
/l,m ~ /|,m-l®m-2

Poflsan—3 a n—2f$in—3,
M i s  ~  70 f h ,
Ctn- 2 * * • <*2/2 ,1  “  7 0 / ^ 6 ’

A > /a 5  — a n - 2  * ‘ * <*2 / 2,2»

“ 1/ 6 .
A  A2,!  -  0 l / l ,2 >

7 l/? 2 .
«2 /|,iA  ~ <*201/ 1,2, 
a m - i / 3 , m - 2  for m € { 4 ,...,  n -  2}.

We have c/3 : Hom(Q2,A) —» Hom(Q3,A). Let h G Ker c/3, so h € 
Hom(Q2, A) and c/3/1 =  0. Then h : Q2 —>■ A is given by

Me! 0 /a ei) =  ciei +  c2A)A,

h(ei 0 / a  ei) =  C3ei +  C4A A ,* 1,2

. t(/|,j)) =  0 , for j  € {1, • • •, 6} and

hW l k )  ®f2k t(/s,fc)) =  <*fc<*fc, for fe G { 2 ,.. .,  n -  3} 

for some 01, 02, 03, 04, 0/* G K. Hence dimHomfQ2, A) =  n.
Recall the definition of the map A3 from Definition 3.1. Then hA^(ei <g>y3 

e n - 3 )  =  M e l  ® /2  2 On-2Q!n_3  — [A) <S>/2 3 O n -3  — 0!n - 2  0  /*  3 e „ - 3] ) =

Ol)o!n—2<*n—3 A)h(en_ l®/2 3®n-2)^n- 3"b<*n—2^{^n—2®/gn_3®w—3) =  (<-3̂ 1 “I”
04A)A)<*n-2O!n-3  ~ 0 + (/„_30!n- 20!n-3  =  (<£ +  dn-3)0!n-20:n-3- As G 

Ker 4s, 03 +  dn-3 =  0.
hA3(ei 0 /a en_2) =  A(ei 0 J2 e i)an_ 2 -/3oMen-i 0 /£ 3 en- 2) + 7oMen0 / f 4 

en- 2) =  (ciei 4- c2/3o(3i)an- 2 =  c ian_2, so ci =  0.
h A 3 ( e i 0 y r 3 3 e n _ i )  =  h ( e i 0 ^ 2 i e i ) / 3 o - h ( e i ® / 122 e i ) A ) - < * n _ 2  • • • ct2h(e2® f^  

C n -i)  +  7 o M e n 0 / | 6 e n_ i )  =  ( c ie i  +  c2/3oA )A ) -  f e e i  +  c4ei/3oA )/3o =  

(c i  — C3)/3o- S o we have c i — 03 =  0 and c i  =  03. As c i  =  0 it follows that 
03 =  0 and therefore c/n_3 =  0 .

hA3(e i0 / 34e„) =  M<40/22ei)7o-& M en -i0 /2 5en)+O!„_2 • • • a2h(e2®f 22 
en) =  (0301 +  C4/3o/?i)7o =  0370- We already know 03 =  0, so this gives no 
new information.
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Similarly, /i^3(e2<8>/35ei) =  h(e2®f 2 en-i)& i-h (e 2 ®S2 2en)7 l - a 1h(ei®S2 i 
e\)  — -c iQ i,

hA$(en- \  0 ^ 3  g e i )  =  h ( e n_1  0 ^2# e n _ 2) a n _ 3a n _4  • • • a i  -  h ( e n _ i  0^ 2  g 

e n ) 7 i  “  Pih(ei  0 ^  e i )  +  / ? i / i ( e i  0 ^  e i )  =  - c i / 3 i  +  c3/3i =  (c 3 -  ci)/h, 
hAz(en ® i) =  h(en £n—i)Pi h{en ® / | 4 c n _ 2 ) a :n _3  • • • q i  —

7 i / i ( e i  0 ^2  ̂ e i )  =  —71(0361  +  c 4/3o/3i) =  — C37 1 , a l l  g iv e  n o  n e w  in fo r m a ­
t io n .

/iA3(e3 0 y |3ei) =  /i(e3 ®/f,2 e2)« i -  a 2/i(e2 0^2 x en_ i) /3i - a 2a 2/i(ei 0^2 2 

ei) =  d2a 2a i — 0  — a 2ai(c3ei +  c4/3o/3i) =  (d2 — C3)a2a i.  Thus we have 

d2 — C3 =  0 . As C3 =  0 , it follows that d2 =  0 .

Finally for m € {4 , . . . , n  — 2}, we have /iA.3(em 0*3 em_ 2)* 2,771
=  h(em0y2 6771—1)̂ 771—2 Cm—2) =  ^m—l^m—l^m—2*3,171—1 * 3fm—2
^m—2&m— l^m—2 = (^m—1 2)^m—l^m—2* Then dm—\ dm —2 — 0 and
so dm- i  =  dm—2 - Hence dn-3  =  dn-4  =  . . .  =  ds =  d2. We already have
dn_3 =  0 and d2 = 0 so d* =  0 for k =  2 , . . . ,  n — 3.

Thus h is given by

h(ei 0 /j2i ei) =  c2/3o/3i,

/i(ei 0^2 ei) =  c4/30/3i ,

K ° U lj)  ®f’d K /lj)) =  0, for j  € { 1 ,...,6 }  and 

K °U lk) ® flk K /f,* )) =  °. for fe e  { 2 ,.. . ,  n -  3} 
for some c2, c4 € If  and so dim Ker d^ =  2.

We recall that dim  Imd2 = 2s =  2. Therefore diraHH2(A) =  2 — 2 =  0. 

T heorem  4.3. For A =  A(£)„, s, 1) with n > 4, s > 1 ioe have HH2(A) =  0.
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5. V a n is h in g  o f  H H 2(A)

In chapter 4 we showed that HH2(A) =  0 for A of type (Dn,s , 1) with 
s > 1. Together with Section 3 of [15], which gives some sufficient conditions 
for the vanishing of HH2(A), this motivates new results on the vanishing of 
HH2(A) which may be applied to some of the self-injective algebras of finite 
representation type. Throughout A = K Q /I  is a finite dimensional algebra 
over the algebraically closed field K  where I  is an admissible ideal with 
a minimal set of uniform relations f 2 =  { /2, . . . ,  /^ } . Note that we may 
choose each relation to be uniform, that is, for each relation f 2 there are 
some vertices v, w such that f 2 =  v f 2 and f 2 =  f 2w.

We start by recalling some definitions from Section 3 of [15] and from the 
theory of Grobner bases (see [15] and [14]).

A length-lexicographic order > on the paths of Q is an arbitrary linear 
order of both the vertices and the arrows of Q, so that any vertex is smaller 
than any path of length at least one. For paths p and q, both not vertices, 
we define p > q if the length of p is greater than the length of q. If the 
lengths are equal, say p = a\ • • • a* and q =  b\ • • • 6* where the a* and 6, are 
arrows, then we say p > q if there is an i, 0 < i < t — 1, such that a,j =  bj 
for j  < i but o,+i > 6j+i.

Let /  be an element in KQ  written as a linear combination of paths 
^2j~iCjpj with Cj G AT\{0} and paths pj. Following [15], we say a path p 
occurs in /  if p =  pj for some j.
D efinition 5.1. Fix a length-lexicographic order on a quiver Q. Let /  be 
a non-zero element of KQ. Let tip (f)  denote the largest path occuring in 
/ .  Then

Tip(I) = { tip ( f) \f  e  A M I-

Define NonTip(J) to be the set of paths in K Q  that are not in Tip(I). 
Note that for vertices v and tu, vNonTip( J)iu is a AT-basis of paths for vAw.
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D efinition 5.2. [15, Definition 3.1] The boundary of / 2, denoted by B d y (f2), 
is defined to be the set

B d y ( f )  =  { ( o ( / f ) ,  t ( / ? ) ) , . . . , ( o ( / £ ) , t ( / £ ) ) }  =  { ( o ( * ) ,t ( * ) ) |x  €  / 2}.

D efinition 5.3. [15, Definition 3.3] Let Q2 =  (J vNonTip(/)iu, where the 
union is taken over all (v, w) in B d y (f2).

We consider now elements of Hom(Q2, A).

D efinition 5.4. [15, Definition 3.4] For p in Q2 and x  £ f 2 with o(x) =  o(p) 
and t(a;) =  t(p), define <j>p x : Q2 -+ A to be the Ae-homomorphism given by

Let d’l : Hom(Q1,A) —>■ Hom(Q2,A) be the map induced by A 2. Each 
element of HH2(A) may be represented by a map in Hom(Q2, A) and so is 
represented by a linear combination over K  of maps 4>p,x- If every 0P)X is 
in Im ̂ 2 then Hom(Q2, A) =  Im d2 and hence HH2(A) =  0. Our strategy in 
Theorem 5.11 is to show that HH2(A) =  0 for certain self-injective algebras 
of finite representation type by showing that every <f)p x̂ is in Im <̂2- 

First we return to [15] and modify [15, Definition 3.6].

D efinition 5.5. Let X  be a set of paths in KQ. Define 
Lq(X) =  {pG X\3  some arrow a which occurs in p and

which does not occur in any element of X\{p}}.
For p  € Lo(X), we call such an a an arrow associated to p.

Define Li(X) for i £ N by
i —1

L,(X) =  L0(X \  |J  H * ) ) -
j = 0

D efinition 5.6. [15, Definition 3.9] Let X  be a set of paths in NonTip(J). 

The arrows are said to separate X  if X  =  U»>o Li(X).

Now we will state the main Theorem of [15].

T heorem  5.7. [15, Theorem 3.10] Let X  =  Q2 and suppose that the arrows 
separate X . Suppose further that for all (v, w) € B d y (f2) there is some 
x  =  vxw  € f 2 and constants cxj  € AT\{0} such that v f 2w =  {tip(x) +
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XlpiGuNonTip(/)it; cx,iPi}- For each path p in X , let ap be an arrow associated 
to p and let sp be the number of occurrences of ap in p. Suppose that char K  
does not divide sp for all p G X. Then every element of Hom(Q2, A) is 
a coboundary, that is, <f>PyX G Im d2 for all p G Q2 and x  G / 2. Thus 
HH2(A) =  0.

Theorem 5.7 was used in [15] to determine HH2(A) for the self-injective 
Mobius algebras of finite representation type An. We state Theorem 4.2 of 
[15] with the notation of [2] which we have given in chapter 3.

T heorem  5.8. [15, Theorem 4.2] For the Mobius algebra MPtS we have 
HH2(MP)S) =  0 except when p =  1 and 8 = 1.

Prom [15], if p =  1 and s =  1 then MPiS is the preprojective algebra of 
type A3. In [10, 7.2.1], a basis for the Hochschild cohomology groups of 
the algebras of type An is given. Using [10, 7.2.1] with n =  3 we have the 
following proposition.

P roposition  5.9. For the Mobius algebra Mp%a with p = 1 and s = 1 we 
have dimHH2(Mp>a) =  1.

Self-injective algebras of finite representation type An fall into two types. 
They are the Mobius algebras MPyS above, and the self-injective Nakayama 
algebras. In [9], the dimension of HH2j(A) is given for a self-injective 
Nakayama algebra for all j  > 1. In particular this gives us HH2(A) when 
j  = 1. The self-injective Nakayama algebra A(An, s/n , 1) of [2] is the algebra 
J5”+1 of [9]. Write n + 1 =  ms +  r where 0 < r  < s. Prom [9], with j  = 1, 
we have the following result.

P ro p o sitio n  5.10. [9, Proposition 4.4] For A =  A (A n ,s /n ,l), we have 
dzmHH2(A) =  m.

Thus we need now to determine HH2(A) for the algebras of type Dn and 

-^6,7,8-

For the algebras A(Dn, s, 1), A(D„, s, 2) with n > 4, A(£>4, s, 3), A(£>3m, s /3 ,1) 
with m  > 2 and 3 f s, A(En,s , l )  with n G {6,7,8} and A(E$,s,2) all for
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s > 1, Theorem 5.7 does not apply since there is some x  =  vxw  G f 2 such 
that |v /2u;| > 1.

Motivated by Theorem 5.7 we give a new theorem on the vanishing of 
HH2(A) which we will show applies to all these algebras when s > 2. (We 
will consider the case 3 =  1 later.)

T heorem  5.11. Suppose that for all (v,iu) G B d y (f2) either vAw = {0} 
or there is some path p such that uNonTip(I)w — {p}. I f  vAw  ^  0 suppose 
further that v f 2w =  {p — f t , . . .  ,p  — ft} for paths f t , . . . ,  ft. Thus we may 
write Q2 =  {pi,. . .  ,pr}, where for each i =  1 , . . . ,  r, we have non-zero paths 
f t l , • • •, ftti with o(pi)/2t(pi) =  {pi -  qi u . . .  ,pi -  qiti}.

L e tY  =  { p i,...,p r ,f t j |l  < i < r, 1 < j  < tj}. Suppose that Lq(Y ) =  Y\ 
Let a+j be an arrow associated to qij and assume that aij occurs only once 
in the path ftj. Then every element o/Hom(Q2, A) is a coboundary, that is, 
<f)PiX G Imd2 for all p G ^ 2 and x  G / 2, and t/ms HH2(A) =  0.

Proof. It is enough to show that each element <f>p x̂ of Hom(Q2, A) where p is a 
path in Q2 and x  G f 2 with o(x) =  o(p) and t(x) =  t(p), is a coboundary. By 
hypothesis Q2 =  {pi,. ..  ,pr}. Note that the paths p i , . . .  ,pr are distinct. 
Consider the path Pi where i G {1 ,... ,r}. Then by hypothesis there are 
vertices Vi,W{ with t/*NonTip(I)itfi =  {pj} and Vif2Wi =  {p, — f t i , . . .  ,p, — 
qiti}. Thus if x  G f 2 and o(x) =  o(p,) and t(x) =  t(pi) then x G Vif2W{. 
Thus x € {pi — qn ,. . .  ,pi — qi^}. Consider x  =  p, — qij where j  G { 1 ,...,  £,}.

The map (f>pi,x : Q2 —» A is given by

We have y  =  {pi,. . .  ,pr ,f t j |l  < i < r, 1 < j  < U} and Y  =  Lo(y) so 
qij G L0(y). Therefore there exists some arrow a^j which occurs in qij and 
does not occur in any element of Y\{qij}.

Define : Q1 A by

„ ( « ) » * , )  ► + { -•*

Now we want to show that *0^2 =  0Pi,x. Take o(f%) <8> t ( / |)  G Q2. We
start by finding ^A.2(o (/|)  0 1(/^)) by considering two cases.
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Case / |  =  x.
Here, we have ^ A 2(o(f^) 0  t(/*)) =  -0 ^ 2(o(a;) 0  t(a;)), where x  =  jh — qij 

and =  p\a%jp2 for paths p i,p 2 such that Oij does not occur in p\ or 
p2 since o*j occurs only once in qij by hypothesis. Let pi = o\ - • • cri, p\ — 
ci •••€ ,» ,p 2 =  6i***6m, where <r’s, e’s, 6’s are arrows. Then i / j A 2 ( o ( x )  <g> 

t(x)) =

V>[(o(a:) 0 ox (cr2 • • • vi) +  (T\ 0 a2 (^3 • • • oi) +  • • • +  (cricr2 • • • a/_i 0 *, t(a?))-
(o (x ) 0 ei (e2 • • • €n)OijP2 +  Cl 0e2 (e3 • • • €n ) a i j p 2  +  b (c i€2 * * * Cn_ i )  0£n

<H jp2 +  p i  0Oij- p2 +  Pl<Hj 06i  (6 2  • • • &m) +  P\<Hjb\ 0& 2 (6 3  • • • 6 m ) +  • • • +  

P ia » # i&2 • • • 6m_i) 0 ^  t(x))\.
As qij,Pi G Y  = Lq(Y) and occurs in qij, we have that Oij does not 

occur in pi. So Oij is not equal to any of the cr’s, e’s or 6’s. Therefore 
V>A.2(o(x) 0  t(x))

=  -V>(Pi 0 ^  P2)

= “Pl̂ WPl) ® a ij 0(P2))P2

= -p i i> { o (< H j) t(°ij))P2

=  P\0>ijp2 — q i j•

Case /jj ^  x.
We consider the cases o(/^)A t(/|) =  0 and o ( /|)A t( / |)  7  ̂0.
a) If o ( / |)A t( / |)  =  0 then i>A2(o{fl) 0  t(/£)) =  o(f%)il>A2(o(fZ) 0  

t( /fc2))t(/fc2) =  0 as ^A2(o(/fc2) 0  t ( /2)) G A and o ( /2)A t(/2) =  0.
b) If o{f%)At(f%) 7  ̂ 0 then o ( /|)A t( / |)  =  S'plPu}, the vector space 

spanned by pu, for some 1 < u < r. Hence / |  =  pu — qui for some 1 < / < tu.
We have Lo(T) =  T  so Ojj does not occur in any element of F\{gjj}. 

Suppose for contradiction that Oij occurs in q^, so that q î = qij as paths 
in KQ . Then

o(fk) =  =  °(®j) =  °(*)

and
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Therefore, o(f£)At(f£) — o(x)At(x) =  Sp{pi}. Hence, p« =  p» by the 
choice of Q2. Therefore, = P u  — Qul — P i ~ Q ij =  x. This gives a contra­
diction since we assumed f% ^  x. Hence o»j does not occur in q^.

Now suppose for contradiction that a+j occurs in pu so that pu =  qij as 
paths in KQ. Then

°(fk) = o(pu) =  o(qij) =  o(x)

and

*(/*) = =  t(« j) =  t(*).

Therefore, Sp{pu} =  o (/^)A t(/|) =  o(x)At(:c) =  Sp{pi}. Therefore, pu =  
P i  by the choice of Q 2 . Hence p» =  P u  =  Q ij in KQ. So p i  -  =  0 in KQ.
This contradicts pi — qij being a minimal generator of I. Therefore, aij does 
not occur in pu.

Thus aij does not occur in / | .  So ipA2 (o(f^) (8) t ( / |) )  =  0.

Hence 1PA2 is the map

As pi — qij G / 2, we know that pi =  qij in A. Hence '1PA2 =  0Pi)X- 
Thus 4>Pi,x, and hence each element of Hom(Q2, A), is a coboundary. Hence 
HH2(A) =  0. □

We now want to apply Theorem 5.11. So we need minimal relations for 
each algebra in Asashiba’s list. We consider the standard algebras in this 
chapter. Theorem 5.11 does not apply to the nonstandard algebras and so 
we consider the nonstandard case separately in Chapter 11.

5.12. A(D„,s,2).

Recall the quiver and relations from 2.28. We need a set f 2 of minimal 
relations but note that R(Dn, s, 2) is not minimal. So now we will discard 
some of the relations of R(Dn, s, 2) to give a minimal set.
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A ll  r e la t io n s  o f  t y p e  ( i i )  a r e  in  f 2. F o r  r e la t io n s  o f  t y p e  ( i ) ,  l e t  @$(3^ — 

T oM *1 €  f 2 a n d  -  a j j l 2a S L 3 * * • €  f 2 fo r  i e  { 0 , . . . ,  s -  1 } .
W e  n o w ‘c o n s id e r  t h e  r e la t io n s  o f  t y p e  ( i i i ) .  N o w  — 7 o ^ 7 i^ )7 o + 1  ̂ =

G4*1M*17 o +11 -  7 o 17 i 17 o +11) ^  12111(1 e  /  fo r  a ll  i e  { 0 , . . . , s - 2 } .
T h e r e fo r e  7 ^ 7 ^ 7 0 + 1  ̂ G I  a n d  s o  is  n o t  in  f 2 fo r  a l l  i e  { 0 , . . . ,  s  — 2 } .  

S im ila r ly  w e  c a n  s h o w  t h a t  $ +1 ,̂ $ ( 3 q+1^ |* + 1J a n d  7 i^ 7 o + 1^7i*+1  ̂
a r e  n o t  in  f 2 for  i e  { 0 , . . . ,  s — 2 } .

N o w  c o n s id e r  t h e  p a t h  H e r e  w e  h a v e  “ 7 ^  ^

l [r l]) l [S] =  -  7 ^ - 1]7{3~ 1]7 ? ]) €  /  a n d  7 ^ - 1]7 l 3“ 1]7 ^  €  I.
T h e r e fo r e  £  I  a n d  s o  is  n o t  in  f 2. S im ila r ly  w e  c a n  s h o w

t h a t  7q _ 1 ^7ia ^/3o0^ M , - 1 ^7o°^7i)  ̂ ^ d  aie n o t  *n  / 2 *
N o w  c o n s id e r  “a - p a t h s ” . W e  h a v e  ($$1 — 4 - 2 a n - 3  ’ * * a s?a ?  e  f 2-

S o  {p[Q p[i -  4 - 2 Qn - 3  • • * a [2 a i ])a n-2 €  J  a n d  G I - T h e r e ­
fo r e  ( 4 - 2 a n - 3  * ‘ ’ a 2^a i^ )a n-2^ e  ^  a n d  is  n o t  in  f 2. A ls o  —

a n - 2 a n - 3  ‘ ‘ ‘ G 1 ^ d  e l .  S o  4 ~  ̂ 4 - 2 4 - 3  * ‘ * 4 4 1 G
I  a n d  is  n o t  in  f 2 for  i €  { 0 , . . . ,  s — 1 } .

H o w e v e r , t h e  p a t h  a !^ Qi ? 4 - 2  * ’ * 4 + ^  f ° r * €  { 0 , . . . ,  s — 1 }  c a n n o t  b e
o b t a in e d  fr o m  a n y  o th e r  r e la t io n s , s o  4 4 4̂ - 2  * * * 4 + ^ e  / 2 - M o r e  
g e n e r a lly , 4 4 - 1  * • * 4 + ? 4 + ^ e  / 2 fo r  i  e  { 0 ,  . . . , s  — 1 }  a n d  for k =  
{ 2 , . . . ,  n  — 3 } .  S o  w e  h a v e  th e  fo l lo w in g  p r o p o s it io n .

P r o p o s i t i o n  5 . 1 3 .  For A  =  A (Dn, s, 2 )  with s > 2 ,  let 

for all i e  { 0 , . . . ,  s — 1 } ,

/ 2  _  o[i\ Ai\ _  W W f2 —QWf t W- cf i  qW . . . a Wa W— Po P\ 7o  7 l  > / l,2 ,i — Po Pi a n - 2 a n - 3  a 2 a l  »

f l i , i  =  c # l t \  =  a i ^ o " 1"11-

fh , i  =  /3l''a ! l-2  > =  T i ' a f c 2 .

for ali i  e  { 0 , . . . , s  — 2 } ,

= M s r 11, /i,6, i =

/ 1 ,7 , - 1  =  - / 1 ,8 , - 1  =  ^ ‘' V o ] >

f o r i e  { 0 , . . . , «  — 1 } ,

=  4  *‘ ‘ 4 4 ^ 2  * ‘ ‘ a * +1] > fo rk  =  { 2 , . . . , n - 3 } .



/2,6,» / or * — 0 , . . . ,  a -  2} U {/1,7,s -l > /1,8,3- 1} U {/l.ib.t / or * — 0 ,.. .  , S — 1 
and A: =  2 , . . . ,  n — 3} is a minimal set of relations.

In the case s =  1, we write S and f£ b to indicate <5̂  and 5 0 respectively 
for an arrow 8 in Q(Dn, s) since there is no confusion here. The relations 
for the algebra A(£>n, 1,2) are R{Dn, 1,2) as follows.

(i) a„_2a n_3 • • • a 2a i =  0o0i =  7o7i>

(if)

a ify  =  0, ai7o =  0,

0 i « n - 2  =  0 , 7 i « n - 2  =  0 ,

0100 = 0, 7170 = 0,

(iii) “a-paths” of length n — 1 are equal to 0,

000170 = 0, 7071 A) = 0,

/3i7o7i =  0, 71 A) 01 =  0.

Note that R(Dni 1,2) is not minimal. So now we will discard some of the 
relations of R(Dn, 1, 2) to give a minimal set f 2.

All relations of type (ii) are in f 2. For relations of type (i), let 0o0i — 

7071 € f 2 and 0o0i -  an-2<*n-3 * * * a 2 <*i € f 2.
We now consider the relations of type (iii). First consider “a-paths”. We 

have 0o0i - a n_2a n_3 • • • a 2a i G f 2. So (0o0i - a n- 2a n-3 • • * a 2a i) a n_2 € I  
and 0o0i<*n—2 € / .  Therefore a n-2Q!n-3 * * * c*2<*ian-2  £ I  and is not in f 2. 
Also a i(0 o 0 i-an —2a «—3 • * * <*2a i) € I  and ai0o0i € I- So a \a n_2a n_3 • • • a 2 
a i  G I  and is not in f 2.

However, the path a 2a ia n_2 • • • a 2 cannot be obtained from any other 
relations, so a 2a ia n_2 • • • a 2 G / 2. More generally, otk&k- 1 • * • afc+ic**: € / 2 
for k G { 2 ,.. .,  n — 3}. It is easy to see that the other relations of type (iii) 
are not in f 2. So we have the following proposition for 5 =  1.
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P roposition  5.14. For A =  A(£>„, 1,2), let

f l , l  —  0 0 0 1  -  7o7l> /l,2  =  # 0 P i  -  <*n—2 « n —3 * ‘ * 2 « li

/ l , l  =  a lA ), /1 ,2 =  a i7o>

/1 ,3 ~  ^ l Qn - 2 j  / | , 4 =  7 l a n - 2 i

/1 ,5 =  f l  6 =  7170

/£,* =  «*••• aiOn-2 • * • ajfe, /or A; G { 2 ,.. .,  n — 3}.

Then f 2 =  / 22» /|,i> / l ,2> /1,3’ /l ,4» f%5’ /f,6> fi,k f or ^ ~  2 , . . . ,  n  — 3}
is a minimal set of relations.

5.15. A(£>4, s,3).

Recall the quiver and relations from 2.29. We need a set / 2 of minimal 
relations but note that R{D±, s, 3) is not minimal. So now we will discard 
some of the relations of R(D±, s, 3) to give a minimal set. All relations of 
type (ii) are in / 2. For relations of type (i) let — 7^ 7 ^  G f 2 and

~  a {?a ?  € / 2 for all i G { 0 ,...,  s — 1}.
We now consider the relations of type (iii). Consider first “/3-paths”. So

( /fM i] -  7o*17 i1)/^o+l1 =  ~ ^ M +1] € I  and 7? W +1] G I
for all i G { 0 ,...,  s -  1}. Therefore ^ /3 ^ /3 o +1  ̂ G I  and is not in f 2 for 
all i G {0, . . . , s — 1}. We also have — 7^ 7 ^ )  =  $  —

M*_ 1̂ 7o^7i  ̂ ^ ^ and /3[t - 1̂ 7ô 7î  € /  for all i G { 0 ,.. . ,  s — 2}. Therefore 
/3{*_ 1̂ o ^ [^  G I  for all i G { 0 ,..., s —2} and is not in f 2 for allz G { 0 , . . . , s — 

2}. So MS_11̂ o0lM01 € / 2.
Now consider “7 -paths”. We have ( ^ /3 ^  — 7 ô 7 i^)7o+1  ̂ =  /^ A ^ 7o+^ ~ 

7o^7?7o+1  ̂ ^ I  and /3o^M^7o+^ ^ ^  for all i G { 0 ,.. .,  s — 2}. Therefore 
7^ 7 ^ 7 t̂+1  ̂ G I  and is not in f 2 for all i G { 0 ,.. .,  s — 2} but 7^ ^7^  G 

f 2. Therefore 7oM^7o+^ e ^ and is not in f 2 for all i G { 0 ,...,  s — 1}. 

We also have {13$ -  70S ? )  =  7 i” 11$o1#qi1 “  7il_S c S ?  G /  and
7 il_ 1̂ o S ?  e I  for all i G { 0 ,...,  s — 1}. Therefore 7 i*~SoS? e ^ for all 
i G { 0 ,.. . ,  s — 1} and is not in f 2 for alH G { 0 ,..., s — 1}. Similarly we can 
show that for “a-paths” neither a ? a ?  a jS ^  nor a S ^ a j?a i°̂  are in f 2.
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Now we consider the other possible paths of length 3. We have 7^ 71^ 0+1  ̂
in I  and is not in f 2 since 7^/3^+1  ̂ £ f 2 for all 2 € { 0 ,.. .,  5-1}. Similarly we 

can easly see that non of a ^ a ^ 7^+1 ,̂ / 3 o ^ Qo+1^ ai^7i*+^7i*’1' 1̂  /3^a^+1 âS*+1  ̂
or 7i*^o+1^ i +1  ̂ are in / 2 for all 2 € { 0 ,.. .,  s -  1}.

We also have 7o^7i^a o+1  ̂ € I  and is not in f 2 for all i £ { 0 ,.. .,  s — 2}. 
Therefore, 7^  ^ 7^ € f 2. Similarly we can easly see that non of

O M 4 * 11, $ ]$ W o +1]> a i 1/^o+1]M*+1]> M S r i]7li+11 or 7{i]4 i+1]« f+11 are 
in f 2 for all 2 € {0, — 2}. Hence O q ' 0q~ ^^ i _1 7̂o°̂
Qi @1 W  and 7l*-1]4 0]4 ° ] are in f 2. So we have the fol­
lowing proposition.

P roposition  5.10. For A =  A(Z>4,s,3) with s > 2, let 
for f l i / i6 { 0 , . . . ,s  -  1}:

f l ; = pM ] -  i M ,  =  pM ] -

f l u = / W 1'. =  o S f iT 11.

f l ,  =

for all i € { 0 ,...,  s — 2};

/i,4„=

= tM * * 11.

/2,7,.-l =  7['_1,7o°]> = /3[*_1,/3o01,

/2,9,.-l =  a X _^ a (M

= M*~ '  W >  f l  2.,-! =  c f r 1]o t 1W >

f2 _  ^[ -̂ll l̂O] [0] f 2 _  J ^ U O ]  JO]
/3,6,5-l “  Pi 7o 7l 5 J3,7,3-1 — 7l a 0 a l •

Then f 2 =  { / f ^ ,  / 2,i,*> f i ,2 ,n /l,3,t> f or * =  0 , . . . ,  s — 1} U /1,5,»»
f or * =  0 ,. . . , « 2}u{/2t7j,_ i , /|,8 ,s-l’ /2,9,s-l 5 /3,l,a-l> fi& s-li /f,3,s-l>

f 3 ,4 ,s -n  f 3 ,5 ,3- ! ’ f 3 ,6 ,3—1} ^  « minimal set of relations.

Consider 5 =  1. We write <J and f* b to indicate $°] and f^  b Q respectively 
since there is no confusion here. The relations jR(I?4, 1,3) is given as follows:
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(*)

PoPi =  7o7i =  « o « i,

(ii)
facto =  0, ai7o =  0,

7iA) = 0, 7170 = 0,

Pifio =  0, aiao  =  0,

(iii) paths of length 3 are equal to 0.

It is easy to see from Proposition 5.16 that the set of minimal relations 
/ 2 when s =  1 is different. It is given in the next proposition.

P roposition  5.17. For A =  A(D4 ,1,3), let

/ i , i  =  A) A  “  7 o 7 i ,  / i , 2  =  A)A i -  « o « i ,

f£tl =  A a 0 , /1 ,2 — a i 7 o ,

f l  3 =  7 l A ) ,  

f l  4 =  7170, f l  5 =  A  Ad and

/I .6  =  a l a 0-

Then f 2 =  {/i,i, / i )2, / 22,i> ^ ,2, / 22,3, fifi}  is a minimal set of rela­
tions.

5.18. A(£>3m,s/3,1).

We recall the quiver and relations from 2.30. We need a set / 2 of minimal 
relations but note that R(D^m: s /3 ,1) is not minimal. So we discard some 
of the relations of R(Dsm, s /3 ,1) to give a minimal set.

Relations of type (i) and (ii) are in f 2.
We now consider the relations of type (iii). If j  =  1 we have • • • Qm/5,+ 2

a l*+3] _  /3i#i+1/3i+2c4t+3l =  /3jaf+1  ̂• • • G I. So • • • a|}!/3j+2a£+^
€ /  and is not in f 2. Similarly if j  =  m then it can be shown that 
<*inA+2<*1+3  ̂• • • ofc1’3̂ G J  and is not in f 2.
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However, the paths a**1 • • • a H ^ +2a f +3  ̂• • • aJ*+3V j G { 2 ,.. .,  m -  1} can­
not be obtained from any other relations, so cty • • • a„1̂ + 201+3  ̂• • • a£'+3̂ € 
/ 2Vj 6 { 2 ,...,  m — 1}. So we have the following proposition.

P roposition  5.19. For A =  A(D3m, s /3 ,1) iwith s > 1, let for all i G 
{ l , . . . , s }

/?,( =  -  «W . . .  a g ,  =  aWa'i+21,

/l,«j =  ’ ’ ' a m ft+2ai+31 • • • aj-+31 for all j  € { 2 ,.. .,  m -  1}.

Then f 2 =  {/£;, /£ ,, / 3ji>J- /or j  =  2 , . . . ,  m -  1 and for i  =  1 , . . . ,  s} is a 
minimal set of relations.

5 .2 0 . A (f?n, s, 1).

Recall the quiver and relation from 2.31. We need a set / 2 of minimal 
relations but note that R(En, s, 1) is not minimal. So we discard some of 
the relations of R(Enis, 1) to give a minimal set. Throughout this part 
i G { 0 ,.. .,  s — 1}.A11 relations of type (ii) are in / 2. For relations of type
(i) let -  7217i*1 € f 2 and $ $ $  -  a£L3a£L4 • • • a f1 G f 2 for all
* G {0,. . . ,  s — 1}.

We now consider the relations of type (iii) and start by considering “a- 
paths”. We have -  a£L3a£L4 • • • G f 2. So ~

a n--3a n - 4 '’*a ? a ? ) a n-3 e ? and e Therefore the rela­
tion aW_3aW_4 • • • 4 l]a W a K ] G I  and is not in f 2. Also / 3 ^ —
a n-3a n-4 • • • a 2la i ]) € /  and a [r 1]$ ]$ ]P? e l .  So a f  “ 1]a^L3a  Jjl4 • • • a ty a f 
G I  and not in f 2.

However, the path aJ^a^ajjlg • • • cannot be obtained from any
other relations, so at^a^ajjlg • • • e  f 2. More generally, the relation

a l?a L-i * ‘ ‘ a L’+iIafc+11 G f 2 for k G {2, • • •, n -  4}.
Now consider “/3-paths” of length 4. We have ( /^  ~ I 2 )/4*+^ —

G 7 a n d 7^ 7 ^ r i] € I. Therefore 
G I  and is not in f 2. We also have { ( $ ( $ $ 1  —72^7i^) =  Pi $ 2  ~
M - W  ^ I  and / T W  € I. Therefore p \  $ 2  ^ ^ and is
not in f 2.
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However, the path (3  ̂ ^(3\ ^/3^ (3^ cannot be obtained from any other 

relations, so /4*_ 1W* ~1 ̂ 3̂ $ 2  e / 2*
Now consider “7 -paths” of length 3. We have ”  7?7p)72+1  ̂ =

^31 $ 1  72 + 11 “ 72]7i*J72 + 11 € /  and ^ / ? 2IM^72+1J e I ' Therefore, 7217 i‘]72+1] 
G I  and is not in f 2. We also have 7 i*- ^ — 72^7 i  ̂) =

7i ^72^7?  € ^ and 7^ ^(3^ (3^(3^ G I. Therfore, 7i*-1^72^7i  ̂ e  I  and is 
not in f 2.

So the elements of f 2 is given in the following proposition.

P roposition  5.21. For A =  A(En, s, 1) with s > 1 and for all i G { 0 ,...,  s -  
1}, let

f l ,  =  4 W  -  «  f l ,  =  4 W  -  «*«U«£U • • • 4 M - 1, 

f l ,  =  c g / t " ,  f l ,  =  a ' S r 1', 

f l , = f l ,  =  4 S £ +11.

f i , = 4 ' 4 +i]>

f l k ,  = 4 ‘14 - i  • • • 4 + i114 ’+,! f° r k e  {2> • • • - n  -  4} and

/ t = /jM '- sM 411-

Then / 2 - { f l #  /i,2,i> f l ,<  f l ,<  f l , ’ / 2,5,«> / 2,6,«> /|,JM / or ft € { 2 ,.. .,  
n — 4}, /l^} is a minimal set of relations.

5 .2 2 . A ( jE76, s ,2 ) .

We recall the quiver and relations from 2.32. We need a set f 2 of minimal 
relations but note that R(Eq, s, 2) is not minimal. So now we will discard 
some of the relations of R(Eq,Sj2) to give a minimal set. All relations of 

type (ii) are in f 2. For relations of type (i) let ^ § ^ 2  ~  7^ 71  ̂ e  f 2 anc*
— a P o f a M  G f 2 for all i G { 0 ,.. .,  s — 1}.

We now consider the relations of type (iii) and start with “7 -paths” of 

length 3. We have =  £3 e
I  and ^ 3 ^ 2^ 1̂ 72+1  ̂ G I  for all i G { 0 ,.. .,  s — 1}. Therefore, 7^71^72+1  ̂ ^ I  
for all i G { 0 , — 1} and is not in f 2. We also have 7}* ( 3 ^ —

72]7 i‘]) =  7 \ ~1 ] $ P f  ~  7 i*- 1]7217 i 1 € J  and 7i G I  for all
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i G { 0 ,...,  s — 1}. Therefore, 7}* 1̂ 7^7i ̂  € J  for all t € { 0 ,.. .,  a — 1} and is 
not in f 2.

Now consider “a-paths”. When j  = 1 we have — a j^ a ^ a ^
/ 2. So a [l~ 1]( $ ]/3[i ]$ ] -  a ^ a ^ a f 1) G I  and a \ ~ l]p f p f p f  G I  for all 
z G { 0 ,.. .,  s — 2}. So a f  ^aS ^a^a^ G /  for all z G {0, . . . , s  — 2} and 
is not in / 2. Similarly if j  =  3 it can be shown that aj^a^aj^ ajj1̂  G I  
for all z G { 0 ,..., s — 2} and is not in f 2. However, if j  = 2 and s > 2 
then the path a ^ a ^ a S ^ ^ a !^ 1̂ cannot be obtained from any other paths, 

so a ^ ]4 +1]4 t+11 € / 2 for all z G { 0 ,..., s — 2}.
Now consider “/3-paths” . When j  =  1 we have P^~l\ (3^/3^/3 — 7^ 7 i^) =  

~  / T W  ^ and G I  for all z G { 0 ,..., s —
1}. Therefore Pi~^ P^ P$ Pi^ e  /  for all i G { 0 ,.. .,  s — 1} and is not in 
f 2. So in particular Pi~^ P$ P$ Pp is not in f 2 for all z G {0, . . . , s — 2}. 
Similarly when j  = 3 it can be shown that P$P$Pi^P$+1̂ G /  for all z G 
{0 , . . . ,  s — 1} and is not in f 2. So in particular P^P^Pi^Ps+1 ̂ € /  is not 
in f 2 for all z G { 0 ,..., s — 2}. However, if j  =  2 and only if s > 2 then 
the path ptyP^ ^3 + ̂ ^2+ ̂  cannot be obtained from any other paths, so 
P f  p f  P l+l] P[2+Vi € / 2 for all z G { 0 ,.. .,  s -  2}.

This leaves two relations of type (iii) to consider. Firstly consider the rela­
tion a ^ -1  ̂• • • ot^~^p^  • • • /3j°l3 =  0. If j  =  1 we have P ^ P ^ P ^  — 72^ 71°̂  € 

f 2. So a ^ - 1̂ (P ^P ^P i^  — 7N ° ]) ^ I  and £*1* ^ 72^71  ̂ ^ Therefore, 
a  j8 - ^  P ^  /3]°] G I  and is not in f 2. Similarly, when j  = 3 we can show 
that a 3 - 1̂ a2 G I  and is not in f 2. However when j  =  2 then 
the path o k cannot be obtained from any other paths, so

a [r l]ot[r 1]p f ]p [2] e / 2.
Finally consider the relation P^~^ • • • /3[s ^a!^ • • • a ^ 3 =  0. If j  =  1 we 

have p f p [*]p f ] -  o§]c§]a l?  G f 2. So p[a~1](p f]$ ]P[?] -  a f a f a f ]) G I  
and P \~ l^P^p2 ^P^ £ I- Therefore, P^~^ aj^ a ^  G I  and is not in f 2. 
Similarly, when j  = 3 we can show that P^~^p 2 ^Pi ^ a 3°̂  € I  and is 
not in f 2. However when j  — 2 then the path p2 ~^Pi ^aj^a!^ cannot be 
obtained from any other paths, so P% ^Pi G f 2. So the elements
of f 2 is given in the following proposition.

G



62

P roposition  5.23. For A =  A(i?6, s, 2) with s > 2, let 
for all i e  {0, . . . ,  s — 1};

f h , i = -  t M ,  f h , i = / f / f / f  -  4 W ,

f h ,  =  7lil4 ,+11. f l * , = o M i+1'.

J2,3,t — Q1 72 , 72,4,1 _  Pi 72 5

and /or alii £ {0 , . . . ,  5 — 2}

/2,5,< =  a f f l T 1', / l ,6 ,i =  Mi]4 i+11.

/ I , 7 , . - 1 = « 1 _ 1 |4 01. / 2 , 8 , . - l  =  4 * _ l ) 4 01

f L i = 4 <1«Sf14 + 114 i+ ‘1. f k i =

f l  3, . - i = 4 “ ,14 *_ 114 014 01. = 4 *” 1,M*_ 1,4 014 01-

Hence f  = { f l hi, f l u , f t A i, for i € {0 ,... s -  1}} U
{ /2,5,i> f l ,6,0 /o r t e  { 0 ,. . . ,«-2}}U { / | i7 j_1, / 2A,_ 1}U {/|>1>i, / 32,2ii, /or i e 
{ 0 ,.. .,  s — 2}} U {/3,3^ -u  / 3,4,*-i} is a minimal set of relations.

Consider s =  1. We write 8 and f£ b to indicate and f^b,o respectively 
since there is no confusion here. The set of minimal relations f 2 when s = 1
is different from the case s > 2 above. The minimal relations for s =  1 is
given in the next proposition.

P rop o sitio n  5.24. Let A =  A(Eq, 1,2), let

fi,i =  030201 -  7271, / i ,2 =  03020i -  0 3 0 2 0 :1 ,

f h  =  710=3, f h  = 7103,

f h  = a i72, f h  =  0172,

f h  =  a ia 3, f h  ~  0i03,

/ | sl =  02010302, f l  2 =  020103O2.
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Hence f 2 =  { /i#i , / i >2» f l v  / l ,2> /l ,3> /I.4* f l f r  /l,6> /l .n  / | , 2} «  ° minimal set 
of relations.

We now apply Theorem 5.11 to the self-injective algebras of type Dn and 
Ek5,7,8 using Propositions 5.13, 5.14, 5.16, 5.17, 5.19, 5.21, 5.23, 5.24.

For example consider the algebra A(Dn, s, 2) for s > 2. Fix an order on 
the vertices and the arrows:

“ » -2  >  a n -3  >  ■ • ■ >  o f 1 >  7o01 >  71°' >  /So01 >  M01 >  a ^ I 2 >  • • • >  M1* >

■ • . > o f  21 > ■ ■ ' > p [r 1]
fa—lland > ei,o > en- 2,o > • • • > ei,i > en,o > en_i,o > • • • > ei,3_i >

Cn—2,s—1 >  * * * >  Cn,a—1 >  ®n—l,a—1-

Then t ip ( f lhi) =  t i p ^ / ^ - ^ S i * 1) =  7o*17i*1 and t ip( f22i) = t i p ( $ $ ]-  
=  a n -2a n-3  * • • a 2]al ] for i =  0 ,.. . , 3 -  1. For all 

other f 2 G / 2 with f 2 ^  / i ,2,» we know that /?  is a path in ATQ
so t ip( f2) — f 2. In these cases o (/2)NonTip(I)t(/2) =  {0}. Let Vi =

=  °(/i,2,t) let Wi =  t(/?aw) =  t(/fAi) for i =  0 , . . . ,  s -  1. Then
(v», G Bdy ( f 2) and ViNonTip(I)u/j =  {/3^M } for all t =  0 , . . . ,  s — 1. So 
let pM =  for i =  0 , . . . ,  s - 1. Then Vif2wi =  {/3̂ $  - 7^ 7 ^ , ( $  -

anL2a n-3***a 2la l1} = {PW ~ flflW**1 ~ 4 ‘1)> where $  =  7o*17 l1> ^2 =
a n -2a n-3  ' ’ * a 2̂ a i^  With the notation of Theorem 5.11, Q2 =  I * =
0 , . . .  ,s  — 1} and Y  =  0 Q ]P i\^ Q ]J i \ a ^ _ 2a ^ _3 • • • \ i  =  0 , . . . , s -

1} =  L0(Y). Choose =  7^  and aty =  < $ -2  so l^at and aty are ar­
rows associated to <7̂  and respectively, and occurs once in for 
j  =  1,2. Then by applying Theorem 5.11, every element of Hom(Q2, A) is 
a coboundary and so HH2(A) = 0.

Similar arguments give the following corollary.

C orollary  5.25. Let A be one of the standard algebras A(Dn, s, 1), A(Dn, s, 2) 
for n > 4, A(£>4,s,3) , A(Z>3m, s /3 ,1) with m  > 2,3 \ s, A(2?n,s, 1) with 
n  G {6,7,8} and A(Eq, s , 2) and s > 2. Then HH2(A) =  0.

R em ark , i) Theorem 5.11 does not apply if s =  1.
ii) Corollary 5.25 provides an alternative proof of our result (see Theorem 

4.3) in Chapter 4 that HH2(A) =  0 for A =  A(Dn, s, 1) with s > 2.
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In the next chapters we will determine HH2(A) for the algebras A(Dn, s, 2), 
A(£>4,s,3), A(£>3m, s/3 ,1), A(£n,s , l ) ,  A(E q ,s ,1 )  when s =  1.
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6. A(Dn, s, 2)

In this chapter we calculate HH2(A) for A(Dn, s, 2) with n > 4 ,s =  1. 
It is known that HH2(A) =  0 for s > 2 from Theorem 5.11. We start by 
recalling the algebra A(£)n,s, 2) for all s > 1. From [2] and 2.4 in Chapter 
2, the algebra A(Dn, s, 2) is given by the quiver Q(Dn, s):

> - i ]

a(0]n —2 OO

o
[0]«1

a[1] «—2

OO
ID

J2]
n —2

J2!

with relations R(Dn, s, 2):

(0 a n -2 “ n -3  • •' =  /8 0 W  =  7o*17l i . for all i  €  { 0, .

Z/<«),
(ii) for all i € { 0 ,..., s -  1} =  Z/(s),

=  o, a i s r 11 =  0,

=  0. =  0- 

and for all i G { 0 ,..., s — 2},

/sSST1' = o, iM ”1 = o,

M*-11/ # 1 =  0, 7i’_117o01 =

. , 5 - 1}
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(iii) “a-paths” of length n  — 1 are equal to 0, and for all i G { 0 ,...,  s — 2},

= 0, 7o'7iil7o+11 =  0,

W 7 | * +1> =  0 and 

7o*_1|7i*_1|/̂ o01 =  0,

7i‘“1|/3i0|/3[01 =  0.

/ f / # +l|/3ii+11 =  0,
/3[»-1]/3[ . - 117 [o1 =  0)

M - 1 W  =  0,

In the case s =  1, the algebra A(Dn, 1,2) is given by the quiver Q(Dn, 1):

<*n-3

n  — 3

n — 2

70

n — 1 1n

2

ctl
with the minimal set of relations given in Proposition 5.14 as follows.

f 2 ~  { / i , i»  /i,2> f l u  f 2,2i /1,3» /2,4> /1,5> f 2,6> /l.fc for fc — 2 , . . . , n  3} where 

/ l . i  =  A ) A  “  7071 , / i , 2  =  A)A  -  a n- 2<xn - 3  • * • <*2<*i,

/ l , i  =  < * iA ), / 22,2 =  <*i7 o ,

/ 1 ,3 =  A < * n —2, / 2,4 =  7 l< * n -2 ,

f l  5 =  A  A ) ,  f l  6 =  7170 and



fi,k =  «*••• aiOn-2  •••«*, for k € { 2 ,.. .,  n  -  3}.
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Next we need to find / 3. This again can be done by looking at the 
3rd projective in each of the minimal projective resolution of the simple 
A-modules.

eiA emA, for 2 < m  < n — 2

n — 1 n — 2 n

n — 3

m

771 — 1

77 — 2

77 — 3

777



68

6n—lA

n — 1 n

n n — 1

From the m inim al projective resolution of each simple A-module we easily 

see that:

Q3(S2) S 1
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For 3 < to < n — 2 we have,

^ 3(*Sm) — m  — 2

m  — 3

n — 2

ra — 1

n3(s„-i)

n n — 2

n — 2 n — 1

For f23(5'i) we need more details. We have the map 

: en_2A © en_iA © enA -> Q(S\ )

given by:

en-2^ l_* a n-2en-2^i
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en-i/J »-4 Poen- m  

en£ •-> 7oen£

where A,ji,£ G A. Note that 0 2(5X) =  Ker^.
P roposition  6 .1 . 0 2(SX) =  (a n_ 3 • • • a x, - £ X>0)A 4- (0,- / 3X,7 X)A.

Proo/. On one hand, let x  G 0 2(SX). Then x =  (en_2A, en_x/i, e„£) with
A,/*,£ G A. Write en_2A =  coen_ 2 4- cxa n_3 4- C2a n_3a n_4 4 -  h

C n -2Q !n -3  * • • a i « n - 2 ,  en_x/i =  Coe n - i  4- cfxP i  4- 4/^170 and en£ =  doen 4- 
di7i -f d27iA) with Cj,cJ,d» G if . Since x G Ker ip we know that ^>(x) =  0. 

Thus a n_2(coen_2 + CXa n_3 +  C2Qn-3«n-4 -I 1- cn—2c*n—3 ' ' •  OiiQn_2) +

&(coen-i+4/?i+c2/?i7o)+7oW>en4-dX7X 4-̂ 271 A)) = coan-24-cxan-20!n-3+

C20tn -2 0 ln -3 < X n -4 H 1" C n -4 0 tn -2< X n -3 * * * C*2 + Cn-3«n-2«n-3 * * ’ «1 + 4 A) +

4 A ) f t  +  d o 7 0  +  d l7 0 7 l  =  C0<*n-2 +  C i a n - 2 « n - 3  +  C2an-2Cltn -3<Xn- 4  4 H

c„_4an_2an_3 • • • a2+Co&+do7o+(cn-3+c/i+di)A)/3i =  0. Hence cq — c\ — 
c2 = . . .  — Cn-4 = 4  =  do =  0 and c„_3 4- 4  +  d\ =  0. Write 4  =  -(cn _3 4- 
di). Therefore, x  =  ( c ^ a n - s  • • • a i+ c n_2a n_3 • • • a xa n_2, - ( c n_34-dx)A4- 

40i7o> di7i+d27iA)) =  (<*n-3 • • • a i, —/3i, 0)(cn-3ei+cn_2a n_2)+(0, —/3i,7i) 
(dxex -  c^7o 4- cfeA))- So x G (an_3 • • • a x, -/3X,0)A 4- (0, -/3X,7X)A.

Thus O2 (5 i) C (an_ 3 • • • a i , - P i , 0) A +  (0, - P i , 71)A.
On the other hand, let x G (an-3  • • • a i, — /3i,0)A 4- (0, —/3Xj7i)A. So 

x = (an_ 3 • • • a i, -/3i, 0)A 4- (0, -/3X, 7 i)P =  (e„_2a n-3  • • • a xA, - e n_x/3xA -  
Cn-iPifa en'yifj,). By definition of ip it is easy to see that ip(x) =  0.

Thus (a:n_3 • • • a i , —p i , 0)A 4- (0, ~Pi , 71)A C Q2 (Si).

Therefore, Q2(Si) =  (on-3  * • •<*1, -/?x, 0)exA +  (0, -/?x, 7 X)exA. □

To find f23(Si), we need to find the kernel of the map:

9 : exA © exA —t f22(jL?x)

given by

(exA,ex/x) 1-^ (o!n-3  * * • « i , ~P i>0)exA 4- (0, -p i,y i)e in  

where A,/i G A. Note that 0 3(£x) =  Ker0.

P ro p o sitio n  6 .2 . f23(5x) =  (an_2a n -3J0)A4-(0 , a n_2)A4-(A)>0)A4-(7o, ~ 7o)A.
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Proof. O n  o n e  h a n d , l e t  y € ft3( S i ) .  T h e n  y =  ( e xA, e x/z ). W r ite  y =  (c o e i  +

C lttn - 2  + C2a n _ 2a n_3  H h C n_2a n _2  • • • ai + Cn- 1  A) + Cn7 0 , C oei + CiQ n- 2  +
4 a n - 2 « n - 3  H H n̂- 2a n-2 • • • a x +  c J ^ A  +  c^ 7 o ) w i t h  Cj, c£ G iiC. S in c e
y G K e r 0  w e  k n o w  t h a t  0 (3/ )  =  0 . T h u s  ( a n _ 3 • • • a x , ~ A >  0 ) ( c o e x +  c xa n_2  +

C2an-2Q!n-3 H h C„_2Q!n_2 • • • a X +  Cn_XA  +  Cn7o) +  (0, —A>7l)(CocX +

Cian-2+C2Qn-2an-3H H4 _2a n_ 2 • • • a x+</„_! A+cJ/yo) =  (coan_ 3 • • • a x+
ClOtn-3 ' • • a i«n -2 , ~CoA “ CnA70, 0) +  (0, -< £A  -ckATO* A )  =

(co«n-3 * • * a x+cxa^ _ 3 • • • a i a n_2, -(co+Co)A-(cn+<4)A7o, Co7i+c'n-i7 iA )- 
Thus cq =  ci =  cjj_x =  Cq =  0, cn +  cjl =  0. Let dn =  —c„. Therefore, y  =
(C2<2n—2<*n—3 H-------- h C „ _ 2 a n _ 2  • * • a X +  Cn-ifio +  C n7o, C jQ n -2  +  C2Qn - 2 « n - 3  +

 1- dn_2an-2 • • • a x — Cn7o) =  (an_2a n_3(c2e„ _ 3 H 1- cn_2an-4 • • • a X) +

®n-2(Ci®n-2"i’^2^n-3")”  ’ ,'f‘^n-2®n-3 ' * ’ ®l) 70Cn®n)*
S o

y =  (an_2an_3A +  AC +  7o*7 an -2M ~  7o^)

=  ( a n _ 2a n - 3 , 0 )A  +  ( 0 , a n _ 2) / i  +  (A), 0 )£  +  (7 0 , - 7 0 M ,

w h e r e  A G  A . H e n c e  3/ G ( a n- 2a n - 3 >0 )A  +  ( 0 , a n _ 2 )A  +  ( A ) ,0 )A  +

(70, -7o)A.
T h u s

0 3 ( S i )  C ( a n _ 2a n- 3 , 0 ) A +  ( 0 , a n - 2)A  +  ( A > 0 ) A  +  (7 o > ~ 7 o )A .

On the other hand, let y G (a n_ 2O!n_ 3, 0 )A  +  (0, a n_ 2)A  4- (A> 0)A  + 

(70, —7o)A. So y  =  (an- 20!n-3, 0)A+(0 ,a n - 2)M +(A 50)£+ (7o, -7 o > , where 
A,p,€,i/ G A. Then0 (3/) =  (a n_ 3 • • • a 1} - A , 0 ) a n-2 a n -3 A + (0 , - A > 7 i ) a n-2/* 

+ (<*n-3 • * • a  1, -  A » 0) AC +  (<*n-3 • • •<*1,-  A , Q)7t>i/ -  (0, -  A , 7 i bo*' =  o. S o  
2/ €  0 3 ( S i ) .

T h u s  ( a „ _ 2a n_ 3 , 0 )A  +  ( 0 , a n - 2 )A  +  ( A , 0 )A  +  (7 0 , ~ 7 o )A  C  f t 3 ( S x). 

T h e r e fo r e , 0 3 ( S X) =  ( a n- 2« n - 35 0 ) e n - 3A  +  (0 , a n _ 2) e n _ 2A  +  ( A ,  0 ) e n _ i A  +  

(7 0 , - 7 o ) e n A . □

F r o m  t h e  p r o je c t iv e  r e s o lu t io n s  fo r  s im p le s  w e  n o w  k n o w  t h a t  t h e  3 rd  

p r o j e c t iv e  Q3 =  (A e x 0  e n_ 3A ) ®  ( A e i  0  e n _ 2A ) ®  ( A e i  0  e n- i A )  ®  ( A e i  0  

e n A )  ®  ( A e 2 0  e xA ) ©  (A e n - i  0  e xA )  ©  (A e n 0  e i A )  ©  © ” ' l 3 (A e m 0  e m_ 2A ).
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We choose the set / 3 to consist of the following elements: 

{ / l , l>  / l ,2 i  /l,3>  /l,4>  /l,5 >  /l,6>  /l,7 »  /l,3>  /!,«»}> w it ^  m  €  {4 , . . .

/ l , l  =  / i , 2 a n -2 < * n -3  =
/ l ,2  =  / l , l a n - 2  =
/ l , 3  =  f  1,200 ~
/ l , 4  =  / l , l 7 0  -  / f  270

A3,5 =  f l i h  ~  f l a n
f l f i  — / 2,5f t  — /2 ,3 a n - 3  * * • a i  =
/ l , 7  =  A2,4 « n -3  * • * a i  -  / | , 67 l  =

/ 1 , 3 =  /3 ,2 a l  =
/ 2,m fz,m— l^m —2

,n  — 2} where

0of2,San-Z ~ an-2f£in-3i 
A )/2 ,3  “  7 o/ 2,4»
00 f 2,5 ~ a n-2  * ' ‘ 02 / 2,1 j
a n_2 • • • 0:2/ 2,2 — 7o/2,6»
« l / l 2,l> 

f t / l , 2 ’

7 l / l 2 l  -  7 l / l 2,2’
02/2,1ft ~  02ai/i,25 
Om-i/^m -2  for m G { 4 ,..., n -  2}.

W e  k n o w  t h a t  H H 2 (A ) =  K e r  d s / I m  F ir s t  w e  w il l  f in d  I m  d 2 - 

F in d  I m d 2 .

S in c e  d 2 ’• H o m (Q 1,A )  —» H o m ( Q 2, A ) ,  t h e n  d 2/  €  I m d 2 , w h e r e  /  G 

H o m ( Q 1 ,A )  a n d d 2/  =  / A 2 . H e r e  Q 1 =  (A ei< 8 >)go e n _ i A ) © ( A e n _ i 0 )g1 e i A ) ©  

( A e i  ® 7o CnA ) ©  (A Cn ® t i  C lA ) ©  ( A e i  ® a n_2 ®n—2A ) ©  ^ ^ i= i  ( A Cf-t-l ® a j C |A ). 
L e t  /  G H o m ( Q 1 ,A )  a n d  s o  w r ite

/ ( e  1 ®/3o e « - i )  =  c i/3o , / ( c n - i  ® /3i  e i )  =  c 2/31 ,

/ ( e i  0 ^  e n ) =  C370 , / ( e n  0 7l e i )  =  C4 7 1 ,

/ ( e  1 0 Qn_ 2 e n —2 ) =  d n _ 2 0 n _ 2

a n d

/ ( e i+ i  0 a , e /)  =  d ja j  fo r  / G { 1 , . . . ,  n  -  3 } ,

w h e r e  c i ,  c 2 , C3 , C4 , d n - 2> dj G i f  fo r  / G { 1 , . . . ,  n  — 3 } .
W e  h a v e  Q2 =  ( A e i  ® /2  e i A )  ©  ( A e i  ® /2  e i A )  ©  ( A e 2 ® /2  e n_ iA )  ©#1,1 1̂,2 #2,1

(A e 2 0 / 2  a e „ A )  ©  ( A e „ _ i  0 / 2  3 e n _ 2A ) ©  ( A e n 0 / 2  4 e n _ 2A ) ©  (A e n_ i  0 / 2  g 

e n _ i A )  ©  (A e n 0 / a # e nA ) ©  © J I 3 (A e fc+i ® / J fc e * A )- 
N o w  w e  f in d  / A 2 . W e h a v e

f A 2(ei 0 /2  j ei) =  / ( e i  0 # , en- i ) f t  -  / ( e 1 0 7o en)7 i +  A )/(en- i  ®0X ei) -  

7 o /(c n <S>71 ei) =  ci/3q0i -  C37071 +  c2/3o/?i - C47071 =  (ci -  c3 +  c2 -  c4)^0A • 

Also /A 2(ei 0 /2  ̂ei) =  / ( e i  0 ^, en_ i) /3i +  A )/(en_i 0 ^  ei) -  / ( e i  0 an_2

Cn - 2 ) O n - 3  * ' ‘ 0 : i - a n - 2 / ( C n - 2<S>an- 3e n - 3 )O n - 4  ’a  1~ -  • “ ° n - 2 • ' * 0 2 / ( e 2® a i
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C l)  =  C 10O 01  +  C 20O 01  — d n -2 < X n - 2  • * • « i  — . . .  — d \ a n - 2  * * • « 2 a i  =  ( c i  +  C2 -  

d n - 2  -  . . .  — d i ) / 3 o P i .

And /A 2(e2 0 / 2̂  e„_i) =  / ( e 2 0 ai ei)A) 4- a i / ( e i  0 ^  en -i) =  di<*iA) 4- 
ciotifio =  (di +  cx)aipo =  0 ,

/A 2(e2 0 ^  en) =  / ( e 2 0 ai ei)7o +  a i /(e i  0 7o en) =  d ia i7o 4- c3a  170 =  
(di 4* c3)a i7o =  0,

/A 2(en_ i0 / 23en_2) =  /(c„_i® i8lc i)an_2+/8i / ( c i0  an- 2en- 2) =  C2 P\Otn - 2  

+dn- 2^lOn-2  =  0 ,
f A 2(en 0y*4 en_2) =  /(e n 0 ^  e ia n_ 2 +  7 i / ( d  <8>an_2 Cn-2) =  C47i a n-2  4- 

dn-27ian-2 =  0,
/A 2(en- 1 0 / | 6 cn- i)  =  /( e n_i 0 ^  ei)#o 4- /?i/(ei 0 ^  e„_i) =  c2/3i#o +  

ciPi Pq =  (c2 4- c\)fiiPo =  0,
/A 2(en 0 /a # e„) = /(e n 0 7l ei)70 4- 7 i/(c i ®7o en) =  C47i7o +  c37 i7o = 

(04 4- c3)7i7o =  0.
Finally, for k =  2 ,... ,n  -  3, we have /A 2(ejfe+i 0 /2  e*.) =  /(ejt+i 0 Ofc

• 3,fc

CjfeJajfe-i • • • a ia n -2  •••<** +  afc/(e* 0 Qfc_! Cfc-i)afc_ 2 • • • a i a n_ 2 • • • a k 4- . . .  4- 
otk” ’ otian - 2  • • • a*_i/(e*+i 0 afc e*) =  dkakak- i  • • • a i a „ _ 2 • • • a* 4-

d f c - ia f c a j f e - ia f c -2  • • * « i « n - 2  • • • <**+• • • +  d k a k  • • • a i a n - 2  • • ■ otk - \ a k  =  ( d k +

dk- 1 4------ 1- dk)otka k- i  • • • a ia n_ 2 • • • a k =  0 .
Thus /  is given by

/A 2(e 1 ®/21 ei) = (ci -  c3 4- c2 -  c4)/3o/5i =  c'/3o/3i and

/A 2(e 1 0 /a a ei) =  (ci 4- c2 -  dn_ 2 — . . .  — d\)(3oPi =  c"@o/?i 

for some d ,d ' E K

fM o ( fJ )  ® t(/?)) =  0

for all f j  7̂  / 21? / j  2 • So dim Im d2 =  2.
F in d  K e r d 3 .

We have d3 : Hom(Q2,A) —» Hom(Q3,A). Let h € Kerd3, so h G 
Hom(Q2, A) and d3/i =  0. Then h : Q2 —> A is given by

h(ei 0 /2  ̂  ei) =  ciei 4- C2P0 P1 , 

h(ei 0 /2  2 Ci) — c3ei 4- c4/3o/3i,
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h (o(f2 j )  =  0, for j  e  {1 ,... ,4},

h(Cn—1 ® / |5 ®n—l) =  C5en_i,

Men ®/2fl en) =  C6en and

® /|fc *(/!,*)) =  d^a*, for k e  { 2 ,.. . ,  n -  3}

for some c i , . . . ,G6,djb € Hence dim Hom(Q2,A) =  n -  4 +  6 =  ra +  2 .
Then AAsfei& ^en-s) =  /i(ei®/ 22e i)an_2a n_3-/3o/i(en_i®/ a3en_2)an_3 

+a„_2/i(e„_2®/|n_3en-3) =  (c3ei+c4/^ /^ )a n_2an_3-Q +dn_3an_2an_3 =  
(03 +  dn_3)an_20!n_3. As h € Kercfe we have c3 +  dn_ 3 =  0 .

hA3(ei 0^3 aen_2) =  h(ei 0  /j2̂  e i)an_ 2 -/3o/i(en- i  <S> f%z en_2)+ 7o/i(en® ̂ 2 4 
en- 2) =  (ciei +  C20oPi)an-2 =  c ian_2. As h € Ker d3, cx =  0 .

Next, hA3(ei 0^3 3 e„_i) == h(ei 0 ^  ei)#o -  Poh(en- i  <8>/|6 en- i )  + 
a n_2 • • • a 2/i(ei 0 ^  en- i )  =  (c3ei +  C4# o /3i ) / 3o — C5/3oen_i =  (03 — c^)^q. So 

we have C3 — C5 =  0 and hence C3 =  C5.

h As ( e i  0  f » en) =  h(ei 0  f 2 x e\)7 o -  / i ( e i  0  f 2 a e i  ) 7 0 -  a „ _ 2 • • • a 2h(e2 0 ^  a 

e n ) +  7 o M e n <S>/28 e n ) =  ( c i e i  +  c 2/3o/31)70  -  ( c 3e i  +  c 4 /30/3 i)7 o  -  0  +  ce7 o  =  
( c i  — C3 +  C6 )7 o- T h e r e fo r e  C3 =  eg a s  c i  =  0 .

hA3(e2 0 f 3 ei) =  h(e2 0 ^  en-i)/?i -  h(e2 0 ya en)7 i -  a ih (ei 0 ^  ei) =  
—cia i =  0 . This gives no new information since we have already c\ = 0 .

^A3(e„_i®^33ei) =  h(en_i 0^2 ̂  en_ i)^ i /i(en_i®^23en_2)o:n_3 • • • q i — 

Pih(ei ®f 22 e i) =  c5e„_i)0i -  0 i(c3ei +  c4A )A ) =  c5/?i -  c3/?i =  (c5 -  c3)/3i. 

Thus again we have C5 =  C3.

hAslenQjs ei) =  h(en®/| 4en- 2)an-3 • • • <*1 ~M ei® /|>6en)7i-T lM ei® /^  
ei) +  71 (ei ®/a ei) =  -ceen7 i -  7 i(ciei +  c2/3o/3i) +  7 i(c3ei +  c4/30/31) = 
—C67i — C171+C371 =  (C3—c i—C6)7 i- So again this gives no new information.

hA s(es^f3s ei) =  h(e3 0^2 2 e2)a i — ot2 h(e2 0^2  j en_i)/3i +  a 20!2Mei 0^2 2 
ei) =  d2a 2Q :i-0 + a 2O!i(c3e i+ c4A)^i) =  (d2+C3)a 2a i. So we have d2+C3 = 
0.

Finally for m  € { 4 ,..., n —2}, we have em_ 2 ) =  m*2,m, *3,171 — 1
Cm- l)o!m—2 Olm_i/l(em_i® *2 em—2) =  dm—l^m—l^m—2 dm—2 0 tm—\^m —2*3,171—2
^  (dm—l dm_2)om -iom_2- Then dm—l dm —2 = 0  and so dm—\ — dm—2-
Hence dn-3  — dn_4 =  . . .  =  d3 =
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Thus h is given by

h{e i ei) =  C2P0P1,

h(ei ®7i a e i) =  c3ei +  c4/3o/3i, 

hW l j )  ® fl. t ( / l j ) )  =  0 , for j  € {1, . . . ,4 } ,  

h(en_ i <g>/226 en_ i) =  c3en- i  

h(en <8>y|8 en) =  c3en and

hW l k )  ®fZk Kfi,k)) = ~C3<*k, for fc € { 2 ,.. .,  n -  3} 

for some C2,c3,C4 G K. So we have dim  Ker d3 =  3.
Therefore dim  HH2(A) =  3 — 2 =  1. Hence dim  HH2(A) =  1.

T heorem  6.3. For A =  A(Dn, 1,2) iye /lave dimHH2(A) =  1.

6.4. A fcasis/or HH2(A).

Now we will find a non-zero element of HH2(A). An element of K e r  d3 

represent a non-zero element of HH2(A) if it is not an element of Im g^. Let 
77 be the map in Ker d3 given by

e i ® /iaei ^  Cl»
On—1 j ®n—1 *  ̂ 0)̂ —1,

else 0 .
Clearly, 77 is a non-zero map. Suppose for contradiction that 77 € Im cfo.

Then by the definition of 7 7, we have rj(en <8 > / 2  en) =  en. On the other
* 2,6

hand, rj(en < ^ f 2 en) =  fA 2 (en <g>f2 en) for some /  € Hom(Q1,A). So *2,6 2̂,6
77(en en) =  0. So we have a contradiction as we get en =  0. Therefore 

77 ^  Imcfe-
Thus 77-fIm d2 is a non-zero element of HH2(A) and so the set {77+ Im di} 

is a basis of HH2(A).
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7. A (£> 4 ,5 ,3 )

It is known for A =  A(Z?4, s, 3) with s > 2  that HH2(A) =  0 from Theorem 
5.11. The aim of this chapter is to find HH2(A) for A =  A(£>4,s, 3) with 
s =  l. Following Asashiba in [2], we write ao for a-2. We stm t by recapping 
the definition of A(£>4,s, 3) with s > 1. From [2] and 2.5 in Chapter 2 the 
algebra A (£>4, s, 3) is given by the quiver Q(D<i, s):

,[— i ]

7i

O oo
,(2]

oo

o

with relations R(Da, s, 3):
(i) for all * € { 0 ,.. . ,  3 — 1} =  Z/(s),

(ii) for all i € {0 , . . . ,  s — 2},

« M +l) =  o,

/3ii|4 i+11= 0 ,

M s r 11= o,

4 il7o+l' =  0 , 

7[il4 i+1' =  0.
^ ]0 [o+1] =  0 ;

and

a'r11̂  = 0, a 'r sr  = o,

4 * " l ,4 01 =  ° - 0 i ~ 1]P o ] =  0>



77

7l* ‘W  =  0 , 7 |S 117o°' =  0;

(iii) paths of length 3 are equal to 0.

Consider s =  1. The algebra A(£>4, 1,3) is given by the quiver Q(D^ 1). 
Note that we changed the notation of the vertices from that in Chapter 4.

tto

<*1

with the minimal set of relations given in 5.17 as follows. 

f 2 — {/i,i» / i ,2> f 2,1^2,2, / 1,3> f 2,4i /f,5> fifi}  where

/ i , i  = M l ~ 7o7i, /?,2 =  M i  ~ a o « i,

/ l , i  =  M o ,  /1 ,2 =  a i7o,

f 2,3 =  7iA), 

f 2,4 = 7170, /1,5 = A  A) and

/ l ,6 =  a i a o-
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Next we need to find / 3. The indecomposable projective A-modules are: 

eiA e2A e3A e4A

4 3

From the minimal projective resolution of each simple A-module we have

ft3(S3)

n 3( s 4)

For Q3(S\) we need more details. We have the map 

^  : e2A © e3A © e4A —> fl(Si)
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given by:

e2A h* 7oe2A, 

e$fjL foezn, 

e4£ t-> a 0e4£

where A,/*,£ G A. Note that H2(5i) =  Ker ip.
P roposition  7.1. 0 2(Si) =  (71, -/3i,0)A +  (0, - p i , a i ) A .

Proof. O n  o n e  h a n d , l e t  x G 0 2 ( 5 i ) .  T h e n  x  =  ( e 2A, e 3/ i ,  e 4£ )  w h e r e  

A ,/ a , f  G A. W r ite  e 2A =  c o e 2 +  C171 +  c 27 i a 0 , e 3/z =  d^e3 +  c ^ i  +  4 ^ 7 0  
a n d  e 4£  =  doe 4 +  d i a i  4- d2ctiPo w i t h  C j,cJ ,d j G K .  S in c e  a; G K e r ^  w e  
k n o w  t h a t  ip(x) =  0 . T h u s , 7 o (c o e 2 +  C171 +  c 271  q 0 ) +  Poises +  dxP1 +  

4 / ^ 7 0 )  +  a o (d o e 4 +  d i a i  +  d2atiPo) =  C070  +  C17071  +  CqA) +  dxpopi +  
d o a o  +  d i a o a i  =  C070 +  Cq/3o +  d o « o  +  ( c i  +  dx +  di)poPi =  0 . T h u s  
cq =  Cq =  do =  0  a n d  c i  +  c* +  d i  =  0 . L e t  c j  =  — ( c i  +  d\).  T h e r e fo r e ,  
x = ( c i 7 i  + c 27 ia 0, —c i/3 i  — d i/3 i  +C2/3i7o ,d iai + d 2a :iA ))  = c i (7 1 , - f a , 0 ) +  

di(0, - /3 i,a i)  +  (c27iQ0,^ i 7 o ,d 2ai/3o) =  (7 1 , —/3i, 0) (c ie i+  c2a 0 - ^ 70) + 
(0, —Pi, a i ) (diei +  d2po) =  (71, -/3i,0)A + (0, -/?i,ai)ju , where A,/x G A. S o  

x G (71, - f t ,0 )A  4- (0, - f t , ai)A.
Thus fi2(5i) C (71, —p i ,0)A +  (0, —p i , a i )A.
On the other hand, let x  G (71, — pi,  0)A+(0, —/3i, q i) A .  So x  =  (71, — /3i, 0)A 

+(0, — A , oti)ix =  (e27 iA, - e 3^ iA -e 3^i/z, e4ai/x). Then it is easy to see from 
the definition of ip that ip(x) =  0 .

Thus (71, —p i ,0)A +  (0, —P i , a i ) A C  Q2 (S i ) .

Therefore, 0 2(5i) =  (71, -/3i, 0)eiA +  (0, — Pi, ai)eiA . □

Next Q ?(S i)  is the kernel of the map

0 1 e i A  ® eiA —̂ f22(<Si)

given by

(eiA,ei/x) (7 i , - / 3i , 0)eiA+ (0 , -p i,a i)e it i  

where A, fj, G A.

P roposition  7.2. £l3 ( S i )  =  (Po,  0)A +  (70, —7o)A +  (0, ao)A.
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Proof. Firstly, let y  G fi3( f t ) .  Then y  =  (eiA,ei/x) G exA © eiA with 

A,/x G A. Write y  — (Coei4-Ciao4-C2aoa!i4-C3ft4-C47o,c0ei4-Ciao4-C2aoa!i4- 
Cgft 4- C470) with Cj,cJ € K. Since 2/ G Ker0  we know that 0 (j/) = 0 . Thus, 

(71»- f t  > 0 )(coei 4- ciqo 4- c2a 0a i 4- 03ft 4- C470) 4- (0 , - f t ,  ai)(cj)ei 4 - ciao 4- 
c^ aoa^ ^ /^ o+ cilo ) =  co(7 i,  - f t , 0 ) 4-(c i7 ia o, -C4ft7o, 0)4-Cq(0, - f t ,  a i ) 4- 

(0 , - c /4ft7o,c4«iA)) =  (co7 i 4- c i7 ia 0, - ( c 4 4- c/4) f t7 0 -  (co 4- c^)ft,c^ai 4- 
CgQift) =  0 . Thus Co =  ci =  Cq =  C3 =  0 ,C4 4-c4 =  0 and co 4- Cq = 
0 . Let ĉ  =  -C4. Therefore, y  =  (c2aoai 4- c3f t  4- 0470,(^010 4- c^aoai -  

C47o) =  (A)(c3e3 4- c2f t )  4- C470, ao(c/1e4 4- c^ai) -  C470) =  (ftA 4~7 o/x, a o £ -  

TDAO =  (A), 0 )A 4- (70, ~ 7o)m 4- (0 , a 0)£, where A, /x, £ G A. So y G ( f t ,  0 )A 4- 
(70j —7o)A 4- (0 , ao)A.

Thus Q3(Si) C (ft, 0)A 4- (70, - 70)A 4- (0, ao)A.
Conversely, let y G (ft,0)A  4- (7o>~7o)A 4- (0 ,ao)A. So y = ( f t , 0)A 4- 

(70, -7o)M+(0> aoK =  (eiA)» 0)A4-(ei7o, - e i 7o)/x4-(0 , e ia 0)& where A 
A. Then

% )  =  (7i> —ft>0)ft^4-(7i, —f t , 0)7o/x—(0, — f t , 0:1)70/x4-(0, - f t ,a i ) a o £  = 
0. So y G ft3(ft) .

Thus (ft, 0)A 4- (70, ~7o)A 4- (0, «o)A C  Q 3 ( f t ) .

Therefore, ft3(5i) =  (ft, 0)esA 4- (70, —7o)e2A 4- (0, a^e^A . □

From the projective resolution for simples we now know that the 3rd 
projective Q3 =  (Aei <8> e2A) © (Aei ® esA) 0  (Aei ® e4A) 0  (Ae2 0  eiA) 0  

(Aez  0  eiA) 0  (Ae4 0  eiA).
We choose the set / 3 to consist of the following elements:

/ i , 6  — /2 ,6 a i  “  / 1 , 271

/l,3 — /l,2a0
/l,4 — /2,3ft — /1,471 
/l,5 = /2,5ft — f%, lal ft/l>

/v .  1 2«l/l,l “ <*l/l,2*

2’

2,3»

F ind Im d 2.
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We know that HH2(A) =  Ker d^/lm d 2 - First we will find Im 6 2 - Since 
d2 : HomfQ^A) —> Hom(Q2,A), then d2f  € Imd2, where /  G Hom(Q1,A) 
and d2f  =  f A 2. Here Q1 =  (Aei 0 7o ^A ) © (Ae2 0 ^  exA) © (Aei ® a, e3A) © 
(Ae3 0 ^  eiA) © (Aei 0 a o 64A) © (Ae4 0 ai ejA). Let /  G Hom(Qi, A) and 
write

/(e  1 0 ^  e2) =  C170, / (e 2 0 ^  ei) =  C271,

/(e  1 0 ^  e3) =  c3/3o, /(e 3 0 ^  ei) =  c4/31,

/(e i  0 ao e4) =  csao

and

/(e 4 0 ai ei) =  ceai,

where c i , . . .  ,ce G K.

We have Q2 =  (Aei 0 / 2  ei A) ©  (Aei 0 /a  ei A) ©  (Ae3 0 /2 e4 A) ©  (Ae4 0 /2  

^2A) © (Ae2 0 /2  e3A) © (Ae2 0 /2  e2A) © (Ae3 0 /2  e3A) © (Ae4 0 /2  e4A). 
Now we find /A 2. We have
/A 2(ei 0 / 2̂  ei) = /(e i 0 #, e3)/?i -  /(e i 0 7o e2)7i +  A )/(e3 0 ^  ei) -  

7o/(e2 0 7i ei) =  czfiopi -  C17071 +  c4/3oA -  C27071 =  (C3 -  ci +  c4 -  c2)PoP 1.
A ls o  f A 2(e\ 0 / 2  e x) =  / ( e i  0 # , e 3 )/3 i +  A ) / ( e 3 0 /fc  e i )  -  / ( e i  0 QO e 4 ) -  

a o / ( e 4 0 tti  e i )  =  c3/3o/?i+C4/3o/3i — c s a o a i  — C6a o a i  =  ( c 3 +  C4 — C5 — cq)PqP\- 
f A 2(e$ 0 / 2 164) =  / ( e ^ f t  e i ) a o  +  / 3 i / ( e i  0 Qo 64) =  C4A a o  + c 5/3 ia o  =  0 , 
f A 2(e4 0 / | 2 e 2) = / ( e 4 0 ai e i ) 7 o + a i / ( e i  0 7o e 2) = C6 a i 7 o + c i « i 7 o = 0, 
f A 2(e2 0 / 23 e 3) = / ( e 2 0 ^  e i) /3 o  + 7 i / ( e i  ®/3o es) =  C271A ) +  c 37 iA )  = 0 , 
f A 2(e2 0 /a e 2) = / ( e 2 0 7l e i ) 7 o +  7 i / ( e i  ®7o e 2 ) =  c 27 i7 o  +  C17170  =  0, 
f A 2(ez 0 / | 6 e 3) =  / ( e 3 0 ^  e i) /3 o  +  / ? i / ( e i  0 # ,  es) =  c4/?iA) +  C3AA) =  0, 
/A 2(e 4 0 / 2#e4) =  /(e 4 0 aiei)Qo +  a i / ( e i 0 Qoe4) =  C6aiao  +  c5aiao =  0 , 
H e n c e  /  is  g iv e n  b y

f A 2(e\ 0 /a t ei) =  (c3 -  ci +  C4 -  c2)(3qP\ = c'fopi, 

f A 2(e 1 0 / 2  ̂ei) =  (c3 +  C4 -  c5 -  cq)PqP\ =  c"/3o/?i and 

fM (o ( f2J) 0  t ( / | j )  =  0, where j  G {1 ,2 ,3 ,4 ,5 ,6}.

So d im lm d2 =  2.
F in d  K e r d 3. We have d3 : Hom(Q2, A) —► Hom(Q3, A). Let h G Kerd3, so 
h G Hom(Q2, A) and d3h =  0 . Then h :  Q2 A is given by
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h(ei <8)f 2 i ei) =  c\e\ +  c2/3o/31,

H ei ®/*a ei) =  c3ei +  C4/3o/3i,

M »(/2j )  ® / |,K / l j ) )  =  0, for j  6  {1, 2,3},

Me2 <S>/|4 62) =  C5e2, 

h(e3 0 /2  g 63) =  cees and 

h(e4 0/2 e e4) =  C7e4, 

for some c i , . . .  ,07 € K. Hence dimHom(Q2, A) =  7.
Then hAz(e\ 0 / ^  e2) =  h(ei 0^2 j ei)7o -  h(ei 0 /2  e i)7o — ooh(e4 0 /2  

^2) +  7oMe2 ®/a e2) =  (ciei +  c2A)A)7o -  fe e i +  c4/3o/3i)70 +  c570e2 =  
ci 70 ~ C370 +  C570 =  (ci -  03 +  05)70. As h e  Ker ̂ 3, ci -  c3 4- c5 =  0. 

hA3(ei 0 /3o e3) =  h(ei 0 /2  ei)/3o -  Poh(e3 0 /2 e3) +  7oh(e2 0 /2  e3) =
*1»2 *1,1 *2,5 <2,3

(ciei +  C2/3o/3i)/3o -  C6A)C3 =  (ci -  cq)Pq- Thus we have ci -  C6 =  0  and so
ci =  Cq.

hA3(e 1 0 /3  e4) =  h(ei 0 /2  e i)a0 -  A)h(e3 ®/2 64) +  a 0/i(e4 0 /2  e4) =
*1,3 *1,4 *2,1 » 2,0

(0361 + C4P0P1 )ao+070004 = C300+C700 = (03+07)00- So we have 03 = -07.

hA$(e2 0 /3  ei) =  h(e2 0 /2  e3)^i -  h(e2 ® /a4 e2)7i -  7 iM ci ®/*tl e i) =  

—050271 -  7 i(c ie i +  c2fiol3i)  =  -0571 -  c i71 =  (-05  -  01)71. Therefore 

ci =  —05. Thus 03 =  0 as we had ci — 03 +  05 =  0  above. Also 07 =  0 since 

we already had 03 =  —07.

hA3(e3 0 /3  ̂ei) =  /i(e3 0 /2  g e3)/3i -  h(e3 ®/a e4)a i -  (3\h{ei 0 / 22 ei) = 
ceezfii -  /3i(c3ei +  C4/3o/3i ) = (cq-  o3)/3i- Hence 06 =  0 since we had 03 =  0 
already. Moreover, since ci =  06, we know ci =  0.

hAz(e4 0 /3 e ei) =  /i(e4 0/2 e4)ai -  /i(e4 0 /2 2 02)71 -  a\h(e\ 0 /2 1 ei) + 
aih (ei 0 /2 2 ei) =  070401 — ai(ciei +  c20 ofii) +  01(0301 +  C4/3o/?i) =  C701 — 
C1O1 +  C3O1 =  (07 + 03 — ci)oi. This gives no new information.

Thus h is given by

h{e\ 0 /a ei) =  c2A)A, 

h(e\ 0 /2  2 01) =  C4/3oPi ,

t( /2j ) )  =  0 , for j  =  {1, . . . ,  6}, 

for some 02,04 € K  and so dim  Ker dz = 2.
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Therefore dimHH2(A) =  2 — 2 =  0.

Theorem  7.3. For A =  A(Z>4, 1,3) we have HH2(A) =  0.



84

8. T h e  s t a n d a r d  a l g e b r a  A(Dsm, s / 3 , 1)

It is known for A =  A(D$mi -s/3,1) with m  > 2 and 3 \  s > 2 that 
HH2(A) =  0 from Theorem 5.11. The aim of this chapter is to find HH2(A) 
for A =  A(D^m,s /3 ,1) with s =  1. We start by recapping the definition of 
A(I?3m,s / 3 , 1) with s > 1. Prom [2] and 2.30, the algebra A(I?3m, s /3 ,1) 
with m  > 2 and 3 { s > 1 is given by the quiver Q(Dsmi s/3):

om —1 O

,l3) [.-a]
o

m —1 Pa-1

O
a!

m—1

OOO

OO

m—1

m —1
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with relations R(Dsmi s /3 ,1):
(i) • • * afi =  & # + i, for all i € {1, =  Z/(«),
(ii) a S a f +2l =  0, for a lii  G { 1 , . . . , s} =  Z/(s),
(iii) • • • aQ/3i+2aii+^  • • • a£+3  ̂ =  0 , for all i G { 1 ,.. . ,  s} =  Z/(s) and 

for all j  G { 1 ,...,  m} (i.e. paths of length m  4-2 are equal to 0).

Consider s — 1. We write 6 and f* b to indicate <$W and f* l b respec­
tively for an arrow S in (Q, s) since there is no confusion here. The algebra 
•A-(i?3tn> 1 /3 ,1) is given in [2] and has quiver Q(D3mi 1/3):

3

Prom Proposition 5.19 in Chapter 5 the set of minimal relations f 2 for 
A(i?3m, 1/3,1) is as follows:

f 2 = J32 -  Ctf-OCm, / |  =  ow* 1,

=  (Xj • • • • • • otj for all j  G { 2 ,.. .,  tti 1}.

Next we need to find / 3. The indecomposable projective right A-modules 
are:
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eiA e*A, for 2 < t < m

1

2

t
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Prom the minimal projective resolutions of each simple A-module we see 
that: for 2 < t < m  — 2 we have,

n3(5«) t + 2

771 —  1

m

0 3(Sm-l) =

m — 1

m
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and

n3(Sm) a s2.

For n 3(Sx) we need more details. We have the map

: eiA 0  e2A —► fl(5i)

given by:

€\A i-+ (3ciA,

e2/i ■-+ ot\e2Ht 

where A,/x G A. Note that fl2(5i) =  Ker 

P roposition  8.1. ft2(Si) =  (/3, —02 • • * om)A.

Proof. First let x G fl2(5i). Then x  =  (eiA, e2 jj) with A,/x G A. Write
eiA =  coei +  ciai+C2Qia2H----- \ -C m -\O L \ • ••am_ i 4 c ma i • • • a rn +  cm+i/3 +
cf,/33 4- ci/^ai 4  C2/3aiQ2 H 1- • • • a m_i and e2/x =  doe2 4  di«2 4
<^20203 4  • • • 4  dm-102  • • • om + dm02 * * * om/3 4  dm+\OL2 ' ’ ’ otm(3at\ where 
Ci,d»,cJ G -K". Since x G Ker^> we know that =  0, that is, (3(coe\ 4  
c i a i  4  c2a i a 2 4  • • • 4  C m - i a i  • • • a m _ i  4  C m Q i • • • a m  4  C m + i f i  4  d0/33 4  
ci/Sai +  d^OL\o.2 H 1- dm_x(3a\ • • • a m- i)  4  ot\(doe2 4  d io 2 4  d2a 2a 3 4
• • • 4* dm-\OL2 • • • otm 4  dmot2 • ■ • otm(3 4  dm+\OL2 * • • otmfioi\) =  0. So cq /3 4
c i / 3 a i + C 2 / 3 a i a 2 H  \ -C m -\f io L \  • • • o Tn_ i 4 c Tn/ 3 3 4 c m + i / 5 2 4 d o O i 4 d i O i a : 2 4

d20L\OL20L$ H h d m -2 Q !l * • • Otm - 1 4  d m - l t t l  * * * O m  4  d m « l  • • • Otm /3 —  Co/3 4
c\(3ot\ 4  C20ot\ot2 4  • • • 4  Cm—i(3oti • • • otm—1 4  doa i d\(X\ot2 4  ^2010:203 4
• • • 4  dm- 2a i • • • a m_i 4  (dm- 1 4  cm+i)/32 4  (dm +  c™)/?3 =  0. Thus cq = 
C\ — • • • =  Cm—\ — do — • • • =  dm—2 = dm— l 4  <41+1 =  0 and dm 4
Cm = 0. Therefore, x  =  (Cm/32 4  Cm+i/3 4  Cq/33 4  d ^ a i  4  Cj/foias H h
Ĉn_j/5o:i • • • Otm—1, Cm+l02 * • * Otm Cm̂ 2 ' ' * Otm(3 4  dm+l02 * * • OlTn̂ Oi) =
Cm+1 (/3, - a 2 • • • Qm) 4  Cm((3, - o 2 • • • om)/3 4  (c /̂33 4  dx/3ai 4  d2/3atiq 2 4  h
C ^.i/Jo i • • • Om_ i, dm-|_iQ!2 * ’ * otmPoti) (/3, 02 • • • om)(cm+l^l 4  Cm(3 4
cj)/324 c ,1oi4c2aia2-l h c ^ .ja i  • • • o m_i4dm+i/?oi) =  (/3, - 0 2  • • • om)i/,
where 1/ £ A. So x £ (/3, —02 • • • om)A. Thus fl2(/S'i) C (/?, —cx.2 • • • o m)A.
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On the other hand, let x  G (/3, - a 2 • • • a ^ A . So x  =  (/3, - a 2 • • • a m)A =  

(ei/3A, —e2a 2 • • • a mA), where A G A. Then \f)(x) — (/32 — a i • • • a m)A =  0 . 

Thus (/3, - a 2 • • • am)A C 0 2(5i).
Therefore, Q?(Si) =  (/3, - a 2 • • • a m)eiA. □

To find H3(Si) we have that f23(<S'i) =  Ker# where # is the map:

# : eiA -> 0 2(5i)

given by:

eiA (/3, —a 2 • • • a m)eiA

where A G A.

P r o p o s it io n  8 .2 . £l3(Si) =  /3ai a 2A.

Proof. On one hand, let y G 0 3(S'i). Then y =  eiA where A G A. Write
y =  coei 4- c ia i +  c2a \a 2 4 b Cm-iai • • • a m_i 4- C m a \  • • • a m 4- C m + \(3 4-
Cq/33 4- dx(3a\ 4- C2/3a ia 2 H b • • • a m_i where c* ,cj G K. Since
y G Ker# we know that 6(y) =  0. Thus 0 =  (/3, — a 2 • • • a m)(coei 4- 
c ia i 4- c2a i a 2 4- ■• • 4- Cm-iai • • • a m_i 4- cma i • • • a m 4- Cm +lfi +  Cq/33 4-
ci/3ai 4- d1(3a\a2 H 1- dm_x(3a\ • • • a m_i) =  (co/3 4- ci/3ai 4- c2(3a\a2 4-
 b Cm-\(3a\ • • • a m_ !  4- Cm/33 4- Cm+i/32, - c o a 2 • • • a m -  c ^ i a ^  • • • am/3 -
dxa 2 • • • a m/3ai) =  co(/?, - a 2 • • • a m)4-(ci/3ai4-c2/3aia24 bCm-i^ai • • • a m_i
4-Cm/33, o )  4- Cm+i(/3, - a 2 • • • am)(3 4- (0, - c i a 2 • • • am/3ai). Thus co =  • • • =
cm+1 =  dx — 0. Therefore, y =  d0/3s 4- c^paia2 4 -  b dm_xf3ai • • • a m_i
=  (3aia2(d0az • • • a m4-4e34- • -+dm_ ia z • • • a m_i) =  (3aia 2//, where fj, G A.
So y G /3aia2A. Thus fi3(5i) C (3a\a2A.

On the other hand, let y G (3a\a2A. So y =  j3aia2\  where A G A. Then 
#(y) =  (/3, —a 2 • • • a m)/3aia2A = 0. So y G ft3(5i). Thus (3a\a2A C 0 3(5i). 

Therefore, 0 3(5i) =  (3a\a2ezA. □
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Prom the projective resolutions for simples we now know that the 3rd 
projective Q3 =  (Aei 0  e3A) © (B™^2(Aet 0  e*+2A) © (Aem_i ® eiA) ©
(Aem 0  e2A).

We choose the set / 3 to consist of the following elements:

{/?»f l u  f i > f l }  with t € {2 , . . . ,  m -  2} where

f i  =  f i P < * i a 2 =  /5 / i  a io :2 +  /3 a i  • • • otm - i f 2<X2 -  a i / 3,2>

f i t  ~  =  a */s,t+ii
/ 3 =  fi,m—l**m =  &m—1/2 02 • * * "1" &m—l^m /i P &m—l&mPfi ,
/ I  =  f i a 2 • • • a m/3ai =  -a m /i/3 a i +  «i +  «m ^ai • • •

F in d  I m d 2 -

We know that HH2(A) =  Ker d3/Im d2. First we will find Imd2. Since d2 : 
Hom(Q1,A) -> Hom(Q2,A), then d2/  G Imd2, where /  G HomJQ1, A) and 
d2/  =  /A 2. Here Q1 =  (Aei®igeiA )© © £i1(Aei®Q,e/+iA)©(AeTn®QmeiA).
Let /  G Hom(Q1,A) and so

f (e i 0 ^ ei) =  ciei +  c2/3 +  c3/32 +  c4/33,

/(e/ 0 a, ef+i) =  d/c*/, for / G { 1 ,.. .,  m  -  1},

/(fim 0 a m ®l) =  dmOtrn> 

where ci, c2, c3,c4,d/,dm G K, for I G {1, . . . , m  — 1}.
We have Q2 =  (Aei 0/a eiA) © (Aem 0^2  e2A) © © ^ ^ 1(AeJ- ®^a eJ+iA).
Now we find /A 2. We have
/A 2(ei 0^2  ei) =  /(e i 0/3 ei)/3 +  /?/(ei 0/3 ei) -  /(e i ®Q1 e2)a 2 • • • a m -

a i / ( e 2 ®Q2 c3)a3 • • • a m  a ia 2 • • • a m_ i/(e m ®am ei) =  (ciei +  c2/3 +
c$(32 +  c4P3)P +  P(c\e\ +  c2/3 +  c3/02 +  c4/?3) -  d ia i • • • a m -  d2a i • • • a m -  

— — dma i • • • am =  2ci/3 — (di +  d2 +  • • • +  dm — 2c2)/32 4- 2c3/53.
Also /A 2(em 0^2 e2) =  /(e m ®ttm e i)a i 4- a m/(e i ®ai e2) =  dma ma i 4-

dlQJmOJi =  (dm -f- di)QrnO'i — 0 .
Finally, for j  — 2 , . . . ,m  -  1 we have /A 2(ej 0 /2  eJ+i) =  /(e^ ®Q.

e J + i ) Q J + i  • • • a mp a \  • • • a j 4 - a j / ( e j + i ® a i+ 1 e j + 2 ) a j + 2 • • • a m /3a i  • • • aj-1 h

• • • a m_ i / ( e m 0 a me i) /3 a i  • • • a j+ a j  • • • a m / ( e i ® / 3e i ) a i  • • • otj+atj • • • am/3
f(e  1 0 «i e2)a 2 • • • aj H (- a j • • • a m/3ai • • * ocj-if(ej ®ai eJ+i)
=  djotjotj+i • • • a m/3ai • • • 4- dj+iatjaj+iaj+ 2  * * * otmpa 1 • • • 4- • • •
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-f-dmQj • • • am- ia mPai • • • aj + a j • • • a m(ciei +  c2 @+ c3/32 +  c4/33)ai • • • aj +
d\a.j • • • a m/?aia2 • • • Qj +  • • • +  djOtj • • • a m/3ai • • • a ^ - ia j. So f A 2(ej (8 * 2

ej+i) =  (4? +  ^i+i  H +  di H h dj)aj • • • a m/3ai • • • aj =  0. Thus
/  is given by

f  A 2 (ei®f 2 ei) =  2ci/3-(di+d2H----- l-dm-2c2)/32+2c3/33 =  2c,/3+c"/32+2c,/;/33,

62) =  0, /(e j  ®^a Cj+i) =  0, for all j  G { 2 ,.. .,  m -  1} 

for some o', d \  d" G If. So

T , f 3 if char i f  ^ 2 ,
i{ c h a r K L 2]

F in d  K e r  d 3.

We have d3 : Hom(Q2,A) -» Hom(Q3,A). Let h G Kerd3, so h € 
Hom(Q2, A) and d3/i =  0. Then h : Q2 -> A is given by

h(ei <8^2 ei) =  ciei +  c2/3 +  c3/32 +  c40 3, 

h(em ®/22 e2) =  c5a m/3ai and 

h(ej <S>/2 . ej+i) =  djCXj, for j  G { 2 ,.. .,  m — 1},

for some c i, . . . ,  C5, dj G i f  where j  =  2 , . . . ,  m —1. Hence dim  Hom(Q2, A) =  
m  4-3.

Then hA$(ei<8>/3e3) =  h(ei®^2ei)/3a ia 2- / 3h(ei®f2e i)a ia 2- /fo i • • • a m_i 
h(em 0^2  e2) a 2+ a i h(e2 ® ̂ 2 2 e3) =  (ciei+c2/3+c3/32+c4/33)/3aia2-/3(ciei + 
C2 P +  C$0 2 +  c4/53) a ia 2 +  d2a ia 2 =  ci/3aia2 -  ci/5aia2 +  d2 a \a 2 = d2 a \a 2.
As h G Ker d3 we have d2 =  0.

For t  G {2, . . . ,  m  -  2}, we have hAs(et <8 >fgt et+2) = h(et <S>f2 t et+i)at+i -  
a th(et+ 1 ® / | t+1 et+2) =  chatat+i -  dt+ia tat+i = (<k -  dt+i)ata t+i. Then 
dt — dt+i =  0 and so dt =  d*+i for £ =  2, . . . ,  m — 2 . Hence d2 =  d3 =  . . .  = 
dm- 2 =  dm-i* We already have d2 =  0 so dj = 0 for j  = 2, . . . ,  m  — 1.

Now hA3(em_i®f3ei) =  h(em— 1 em)am lh(em<8>y2e2)Q!2 ’ * ’ Q-mft
&m— C\)(3 -f- OLm—l&m0 h{&l ® ®l)

=  dm— l&m—l&m ^5Q:m_iQ:m^O!iQt2 • • • am(3 “I” ^2^  +  C3^ 2 +
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C4/33)/?+am- i a m/3(ciei+c2/3+c3/32+C4/33) =  dm_ 1 a m_ i a m -  ci a m_ ia m/3+ 
c iam_ ia mjS =  0 , and

hA^(em e2) =  h(em 0^2  e2)a 2 • • • a m/3ai +  a mh(ei 0^2  ei)/3ai -  a m/3 
h(ei <8>/a e i)a i -  a m^ a i  • • • a m_ih(em 0^2 e2) =  C5a m/3a i a 2 • • • a m/3ai + 
a m(ciei +  c2f3 +  c3/32 +  C4^ 3)/3q i -  a m/3(ciei +  c2/3 +  c3/32 +  c4/33)a  1 -  
C5&mP<xi• * • a m_ ia m/3ai =  0 , and so these give no information on the con­
stants occuring in h.

Thus h is given by

h(e\ <8 >j2 ei) =  c ^ i  +  c2 0  +  c3/?2 +  c4/33, 

h(em <S>f 2 e2) =  C5a m/3a i and 

h(ej ® f 2 _ ej+i) =  0 , for j  e  {2 , . . . ,  m  -  1}

for some c i , . . . ,  c3 G K  and so dim  Ker d3 =  5.
Therefore,

a - xjti2/a \ /  5 - 3  =  2 if char K  ^ 2 ,  
dtrn HH (A) =  |  5 _  i  =  4 if cfear =  2!

Hence,

« - “ ■ <*>-{ 3 3:

T heo rem  8.3. For A =  A(D3m, 1/3,1) we have

* - > = ■ ( « - {  3

8.4. A basis for HH2(A). 

char K / 2 .
We know that dimHH2(A) =  2 . So we need to find two non-zero linearly 

independent elements in HH2(A). We start by defining two non-zero maps 
hi, h2 in Ker d3. Let hi be the map given by

ei 0^2  ei »-> ei,
else i—̂ 0 ,
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and the map h2 given by

® /| e2 am/3ai,
else 0 .

Now suppose for contradiction that hi G Im d2. Then hi(ex 0 >̂ 2 ex) =  
/A 2(ex0 ^2ex) for some /  G Hom(Q1,A). So we have ex =  2d/3+d'l32+2dn(fi 
for some c7, c", d" G K. This gives a contradiction. Therefore hx £ Im d2, 
that is, hx +  Im d2 ^  0 +  Im d2 is a non-zero element in HH2(A). Similarly, 
if we suppose that hi G Im d2, then h2(em 0^2 e2) =  fA i(e m 0^2 e2) for 
some /  G Hom(Q1, A). So we have a m/3ax =  0. But this contradicts having 
amP&i a non-zero path in A. Therefore h2 £ Imd2, that is, h2 +  Imd2 ^  
0 +  Im d2 is a non-zero element in HH2(A).

Next we need to show that {hx-f-Imd2, h2+Im d2} is a basis for Ker d^/Im d2 

=  HH2(A). Suppose c(h\ +  Imd2) +  d(hi +  Imd2) =  0 4 - Im d2 for some 
c,d G if . Sochx+dh2 G Imd2. Then (c/ix+d/i2)(em0 ^ae2) =  /A 2(em0 y2e2) 
for some /  G Hom(Q1, A). So we have dam/3ax =  0. Hence d =  0. Also 
(ch\ +  dh2)(ex 0^2 ex) =  /A 2(ex 0^2 ex). So cex =  2c,/3 -I- c"/32 -I- 2d"/33. 
Therefore cei—2d(3+d'(32+2dnp^ = 0. Since {ex, (3, fi2, /53} is a linearly inde­
pendent set in A, we have c = d  = c" = d" — 0. Hence hx -f Im d2, h2 +  Imd2 

are linearly independent.
So {hx +  Im d2, hi +  Imd2} is a basis of HH2(A) when char K  ^  2.

c h a r  K  =  2 .

Here dimHH2(A) — 4. So we need to find four non-zero linearly indepen­
dent elements in HH2(A). We start by defining non-zero maps hx, h2, /13, /14 

in Ker d%.
Let hi be the map given by

ex 0^2 ex 1—¥ ex,
else t-¥ 0 ,

hi be given by
ex 0 /x2 ex »->• /3,

else »->• 0 ,
hz be given by

eX0 / 2 ex /33,
else 0 ,
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and /14 be given by
em®/ 2 e2 H* (Xmpoti,

else 1-4 0.
It can be shown as before that these maps are not in Imd2. Now we 

will show that {hi 4- Im d2, h2 4- Im d2, h3 4- Im d2, /14 4- Im d2} is a linearly 
independent set in Ker d3/Im  d2 =  HH2(A).

Suppose a(h\ 4- Imd2) 4- 6(h2 4- Imd2) 4- c(hs 4- Imd2) 4- d(h4 4- Imd2) =  
0 4- Im d2 for some a, 6, c, d e K . So ah\ 4- 6h2 4- ch3 4- dh± 6  Im d2. Hence 
ah\ 4- 6h2 4- c/13 +  d/14 =  /A 2 for some /  6  Hom(<51, A). Then (ahi 4- 6/12 + 
c/13 +  dh^){em <8 >f2 e2) =  /A 2(em <8)^2 e2). So we have dam(3a 1 =  0. Hence 
d =  0.

Also (ohi4-6h24-c/i34-d/i4)(ei®y2ei) =  /-A2(ei®^2ei). So aei4-6/?4-c/33 =  
d '0 1. Therefore aei 4- b(3 4- c/33 — d' f32 =  0. Since {ei,/?,/32,/?3} is linearly 
independent in A, we have a =  6 =  c =  c// =  0. Hence {hi 4- Im d2,h 2 4- 
Imd2, /13 4- Imd2, /14 4- Imd2} is linearly independent in HH2(A) and forms 
a basis of HH2(A) when char K  =  2.

This completes the discussion of the standard self-injective algebras of 
finite representation type Dn- In the next chapter we start to look at the 
algebras of type En.
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9. A(E„, s, 1)

It is known for A =  A(En, s, 1) with s > 2 that HH2(A) =  0 from Theorem 
5.11. The aim of this chapter is to find HH2(A) for A =  A(jE7n,s, 1) with 
s = 1. We start by recapping the definition of A(En, s, 1) with s > 1. Prom 
[2] and 2.31, the algebra A(J57n, s, 1) with n  G {6 ,7 ,8} is given by the quiver 

Q(-®n» 5):

Jo]

> -» ]

t[0) n—3
4 01

&

f t

JO]

f t[«-l]

7i> - i ]

[o]7i

J1]

Ji)

M11

'Y12112

f t[l]
J2)

J1!

J1]

J2]

with relations R(En, s, 1) :

(i) o «  ,  • • • o g 'a f  =  / f / j M 1 =  t P tP, for aU » € {0 , 1},
(ii) for all i G {0, . . . ,  s — 1} =  Z/(s),

a ' ^ r 11 =  0 , a ' S r 11 =  0 ,

= o, = o,
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M S £+l1 =  0 , 7i'/^3+11 =  0 ,

(iii) “a-paths” of length n — 2 are equal to 0, “/3-paths” of length 4 are 
equal to 0 and “7 -paths” of length 3 are equal to 0.

In order to complete our investigation of HH2(A) for A =  A(En, s, 1) we 
consider s =  1. We write S and f* b to indicate <5̂  and 0 respectively 
for S an arrow in Q(En, s) since there is no confusion here. The algebra 
A(J5?n, 1, 1) is given by the quiver Q(En, 1):

n — 3

n — 4

n — 2
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with the set of minimal relations f 2 given in Proposition 5.21 as follows: 

/ l , l  =  P z f o P l  -  7271> / l , 2  = A A A  - Otn - z O tn -A  ' ' ’ &20L\i

f l l  =  « lA , f l  2 =  «172,

fl, 3 =  A<*n-3, 4 =  A  72,

/ l t5 = TlOn-3, fl, 6 = 71 A ,

/!,* =  • • • «*+!«* for A; G { 2 ,.. .,  n  -  4} and

/ I  =  A A A A -

Hence / 2 =  { /iti, / f t2» /|,i? /I,2> /1,3’ f 2 ,4 -> /1,6’ /|,fc ôr ^ =  2, . . . , n  —

4 ,/42}.
Note that / 2 is a subset of R(En, 1,1) since the set R{En, 1,1) is not 

minimal.

Next we need to find / 3.

)
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The indecomposable projective right A-modules are:

eiA emA, for 2 < m < n — 3

m

n — 1 n — 3 n m — 1

n — 2 n — 4

n — 4 

m

en—iA cnA

n -  1 n

n — 2

n — 1

e„_2A

n — 2

n — 1

n — 2
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From the m in im a l  projective resolutions of each simple A-module we see 

that:

ft3(S2)

n n — 1

For 3 < m < n  — 3 we have,

771 — 1

771 — 2

n — 3

771

n3(sn_2) = i



For H3(Si) we need more details. We have the map 

: en_3A © en_iA © enA H(Si)

given by:

en-3^ ^  an-3en-3^> 

en_i/x h-> foen-in , 

en£ 72en^

where A, € A. Note that H2(Si) =  K er^.

P ro p o sitio n  9.1. ft2(Si) =  (an_4 • • • a i , - / 32/3i , 0)A +  (0, A2/5i, —71)A.

Proof. On one hand, let x  € fi2(Si). Then x  =  (en_3A,en_i/z,en0* Write
en-3A =  coen_3+ cian_4+C2a!n-4an-5H f-Cn_3an_4 • • • a i a n_3, en- ifi  =
d^en-i +  ci/% +  +  c'zlhplfo and e„£ =  d0en +  di7 i +  ^27172 where
Ci,dj,di G K. Since x  € Ker we know that “4>(x) =  0 . Thus a n_3(coen_3 + 

CiQ„_4 -f* C2an-4Q!n-5 +  * * * +  Cn_3an_4 • • • a i a n_3) 4- Psic^en-l +  Ci/?2 +  

c^/hPi +  d3p2pifo) +  72(doen +  di7i +  <£27172) =  coa„_ 3 +  cia„_3a n_4 +
C2«n-3an-4«n-5 H-------H Cn-4<*n-3<*n-4 • • • Oi + dQ/3s + d i f o f o  + C ^ f e / h P l +

do72 +  ^17271 =  0 . Hence c o a n- 3  +  c ian_3a n_4 +  C2a n- 3a n -4<*n-5  +  • • • +  

Cn—5<*n—3<*n—4 * * * <*2 +  Cg/33 +  d i f e f o  +  do72 +  (Cn-4 +  +  d i) f i$ p 2 f i \  =  0 .

Thus co =  ci =  C2 =  . . .  =  c„_5 =  Co =  c i = d o  =  0 and c„_4 +  Cj +
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d\ =  0. So let Cj =  — (cn-4  +  di). Therefore, x =  (cn_4a n_4 • • • a i +
Cn—3 0 n —4 • • • a i Q n _ 3 , — (Cn_4 +  d i )0 2 0 1  +  4 0 2 0 1 0 3 ,  d i 7 i  +  <^27172)
=  (ttn- 4  • • • « 1, “ 0 2 0 1 , 0 )(Cn_4ei +  Cn_3an_3) +  (0 , 0 2 0 1 , ~ 7 l ) ( 4 el +  4 ^ 3  +  

^272) =  (**n- 4  • • * <*i, —020i,O)A +  (0 , 020i, ~7 i)a4j where A,/i € A. So 

a: G (a n - 4  • • • <*i, - 0 201, 0 ) A +  (0 , 02 0 i, - 7 1 ) A. Thus

to2(S i )  C  (a„_ 4 • • • a i,  - 0201, 0)A +  (O,020 i, - 71)A.

On the other hand, let x G (an_4 • • - a i , - 020 i,O)A +  (O,020 i ,~ 7 i)A.
So x =  (an_4 • • • c*i, — 0201, 0)A +  (0 , 0201, —7 i)m with A,/x G A. Prom the 
definition of it follows that ^>(x) =  0. Thus (an-4  • • • a i, — 020 i,O)A + 
( 0 ,A A ,- 7 i ) A c n a(51).

Therefore, Q2(Si) =  (an_4 • • •<*1, - 0 20i, 0)eiA +  (0, $ 2/31, - 7 i)eiA. □

To find fl3(Si), we use the map:

0 : eiA © eiA —̂ 172(Si )

given by:

(eiA, em ) ^  (a„_4 • • a i, - 020 i, 0)eiA +  (0 , # 201, - 7 i)eiM 

where A,/iG A, since we know that fl3(Si) =  Ker 0.

P r o p o s i t io n  9 .2 .

ft3(Si) =  («n-3Q!n-4, 0)A +  (72, 0)A +  (#3, -03)A +  (0, a n- 3)A +  (0, #3#2)A. 

Proof. On one hand, let y G ft3(Si). Then y =  (eiA, ei/x). Write eiA =

Coei+Cian_3 + C2an_3an-4H \-C n-Z< X n-$ ' * * <*l+Cn-272 + Cn-103 + Cn#3#2

and eifj. =  cj,e 1 +  c ia„_3 +  4 an -3an -4  H h 4 - 3a «-3  • • • a i +  4 -2 7 2  +
cjl_1#3+cjl#3#2 with Cj,cJ G K. Since y  G Ker 0 we know that 0 (2/) =  0. Thus
(an_4 • • • a i , — # 2# i, 0) (coei +  ci a n_3 +  C2an_3an_4 H 1- c„_3an-3 • • • «i +
Cn- 272 +  Cn-103+Cn0302) +  (0,0201, —7 l ) ( 4 el +  Cj a n-3  +  4<*n-3an-4 H h

c^_3Q!n—3 * * • a i+ c /n_272+c/n_103+c,n0302) =  (coan_4 • • • ai+cia„_4 • • • a ia„_3, 
-C O 0 2 0 1  -  C n -1 0 2 0 1 0 3 ,0 )  +  (0 , C/o0 201 -  4 - l / 3 2 # 1 0 3 ,  ~ 4 7 l  ~  4 - 2 7 1 7 2 )  =
( c o a n _ 4  • • • a i + c i a n - 4  • • • a i a n - 3 ,  - ( c o - C o ) 0 2 0 i - ( c n - i + 4 _ 1 ) 0 2 A 0 3 ,  - C q7 i

- 4 - 27172) =  0 . Thus Co = Cl = 4  =  c'n-2  =  °> cn- i + 4 - i  =  0 - Let 4 -1  =
—Cn—l- Therefore y — (c2an-3an-4H hCn-3C*n-3  • • • ai+Cn-272+Cn-i03+

C n0 302 , c i a n - 3  +  4 a „ _ 3Q n -4  H 1" 4 - 3 a « - 3  ' * ’ a l “  C n -103 +  4 0 3 0 2 ) -  S o
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V =  (<*n-3«n-4(C2en_4 H \- C n -z^n -b  * * * <*l) +  Cn-272 +  fh(C n-\Cn- \  +

C n ^ 2 )» O n -3 (C ie n _ 3  +  C^Qn _ 4  +  • • • - f  C ^_3a n _ 4  • • • O t\)  — Cn - i / 3 ^  +

T h e n  y  =  ( a n - 3 a n - 4 ( c 2 e n _4H------ t-cn _ 3a n _ 5 • • • a i ) + c n _ 27 2 + /3 3 (c n_ i e n- i +

cn^2)»Q!n-3(cien_3 +  C2an_4H------l"c4_3a n-4 • • * Ot\) — (^(Cn-ien-i + Cnfo) +
(cn +  dn)fofa)-  H e n c e

y  =  (ttn-3Q!n-4C +  72^ +  <*n-3« “  f o t  +  03/327?)

=  ( a n _ 3a n- 4> 0)C +  ( 7 2 ,0) i /  +  (03, - 03)£  +  (0, a n _ 3 ) «  +  (0, 0302)t7, 

w h e r e  < ,i/ ,£ ,k, t? G A . S o  j/ G (an_3a n_4, 0)A  +  ( 7 2 ,0 ) A  +  (03, - 03)A  +  
(0, a n _ 3 )A  +  (0, /% A ) A . T h u s  

0 3 (<Si) Q (<*n-3Qn - 4,0 ) A  +  (7 2 , 0 )A  +  (03, —0 s)A  +  (0, a n _ 3 ) A  +  (0 , 0 Z02)A.

O n  t h e  o th e r  h a n d , le t  y G ( a n _ 3a n _ 4, 0)A  +  ( 7 2 ,0 ) A  +  (03, - 03)A  +  

(0, a n - 3) A + ( 0, 0302)A . So y =  ( e i a „ _ 3a n _ 4, 0) C + ( e i72, O ) i / + ( e i03, - e i 03) £ +  
(0, e i a „ _ 3) « +  (0, eiflzffyri, w h e r e  C, v ,£ ,« ,7 ?  G A . T h e n  0(i/) =  ( a n_4 • • • a i ,  

- 020i , O ) a n _ 3a n _ 4C + (O ,020i ,  - 7l )< * n -3* + ( O ,020i ,  - 7i ) 03027? + ( a n_4 • • - a i ,  

- 020i ,O )0 s£  +  (ttn-4 • • • a i ,  —0201,0 ) 7 2 ^  -  ( 0 ,0 2 0 1 ,  —7 1 ) 7 2 ^  =  0. S o  2/ G 
f t 3 ( S i ) .  T h u s  ( a n _ 3a n_ 4 ,0 ) A + ( 7 2 ,O ) A + ( 0 3 ,  -  fo)A +(0 , a n _ 3 ) A + ( 0, foffyA  C  

^ 3 ( 5 i ) .
T h e r e fo r e , 123 ( S i )  =  ( a „ _ 3a „ _ 4 ,0 ) e „ _ 4 A  +  ( 7 2 ,0 ) e n A  +  (/?3, - 03 ) e „ _ i A  +  

(0 , a n-3)en-3A +  (0 , 0302)en-2A. □

From the projective resolution for simples we now know that the 3rd 
projective Qz — (Aei 0  en_4A) 0  (Aei 0  en-zA) 0  (Aei 0  en_2A) 0  (Aei 0  

en_iA) 0  (Aei ® enA) 0  (Ae2 0  eiA) 0  (Aen_i 0  eiA) 0  (Aen_2 0  eiA) 0  

(Aen 0  eiA) 0  © J^ 33(Aem 0  em_2A).
We choose the set / 3 to consist of the following elements:
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/ l , l  ~  /l,2Qn-3«n- 4  — 0 3 0 2 ^ ,3 ^-4  ~  an-3/3,n-4>
fl,2 =  / l , l « n - 3  =  A A /a ,3 “  7 2 /1 ,5 .

/ l , 3  =  f h f a f o  =  A / I -  7 2 / 1 , 6 ^
/1 ,4  =  f  1,10$ ~~ f  1,203 — Otn-sOLn- 4  • • • <2 2 / 2,1 — 7 2 / 2 ,6 ’

/ l , 5  = /l,272 = 0Z02f%,4 - «n-3«n-4 * * • Q!2/22,2’
/ l , 6  =  f 2,10201 ~  / f , 271  =  < * l/? ,i i

/ l , 7  =  f l 0 l  =  0201f  1,1 +  # 2 /2 ,4 7 l>

/ l , 8  ~  /2 ,3 a n - 4  * ’ • Q!2Q!l ~ / 2 , 4 7 l  =  A / l , l  — 01 f  1,2'
f l ,9  =  /1 ,6 ^ 2 /3 l — / f , 5 a n - 4  * ' * a ^ l  =  7 l / ? 2 ’

f l 3 =  / | , 2 a l  =  <*2f 2 ,10201  ~  < *20L ifl2 ,
fi,m =  f i ,m -ia m-2 =  a m- i / | >m_2 for m =  4, . . .  n -  3.

F in d  I m d 2 .

We know that HH2(A) =  Ker d3/Im  c?2. First we will find Imcfo- Since 
^2 : Hom(Q1,A) -» Hom(Q2,A), then c^ / £ Im d2> where /  € Hom(Q1,A) 

and cfo/ =  /-A2- HereQ1 =  (Aei0 0 3en_iA)©(Aen_ i0 /32en_2A)©(Aen_2 0 j31

ei A) © (Aei ©72 CnA) © (Aen ©71 ®1 A) © (Aei ©an_3 ®n—3-̂ -) © ̂ ^i=i (■̂ ■®/+1 ©c*j 
ejA). Let /  € Hom(Q2,A) so

/(e i  (g)  ̂en_i) =  ci/33, / ( e n_i 0 ^  en_2) =  c2/32,

/ (e n-2  ©ft ei) =  c3/5i 

/ ( e x 0 72 en) =  C472, f ( e n  ©71 ei) =  c57i’

/(e  1 0 Qn_3 Cn—3) =  dn—ZOt-n—3

and

/ (ft+i ©«! ft) =  d/a*, for / G { 1 ,.. .,  n -  4},

where c i , . . . ,  C5, di, di € K  for / =  1 , . . . ,  n — 4.
We have Q2 =  (Aei ©*2 eiA) © (Aei ©/2 eiA) © (Ae2 0 /2  en_iA) ©• ljl *1)2 *2)1

(Ae2 0  / |  2 en A) © (Aen _ 2 0  / |  s en _ 3 A) © (Aen _ 2 0 /a 4 en A) © (Ae„ 0 /a g en _ 3 A) © 

(Aen 0 / 2  en_iA) © ® (Aen- i  © /| en_2A).
* 4)0 *Oj#C *

Now we find /-A2-
We have / ^ ( e  1 0 / ^  ei) =  /(e i  0 /33 en-\)(320i +  /53/ (e n_ 1 0 /32 en_2)/3i +  

/33/32/(en-2 © /3 ie i) - /(e i0 72en)7 i-7 2 /(e n 0 71ei) =  c\(33020i + C203020i + 

C $030201 — C47271 “  C57271 =  (C1 +  C2 +  c3 -  C4 -  C 5 ) f tA f t .
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f A 2(e i® fj2ei) =  /(e i® )93en_i)/32A + /33/(en -i® i02en_2) A + ^ / 52/(e n -2®)91 

ei) - f ( e i<g>Qn_3en-3)an -4  • • • a i  an-3  • • • <*2/ ( 02®ai ei) =  ci/33/32/3i +
C2(h(hfil +C3030201 ~  dn-3<*n-3<*n-4 .. . « i --------d ia n_3a n_4 . . . « i =  (ci +
C2+c3)/33/32/3i —(dn-3H f-di)/33/32/3i =  (01+ 02+ 03—dn_ 3--------di)/33/32/3i.

Also /A 2(e2 ®jax e„_i) =  / ( e 2 ®ai ei)/33 +  a i / ( e i  <8>̂ 3 en_i) =  diai/33 + 
c ia ife  = (di +  ci)ai/33 =  0 ,

f A 2(e2 ®f aa e„) =  f ( e 2 ®ai e i)72 +  a i / ( e i  ®72 en) =  d ia i72 +  c4a i 72 =  
(di +  c4)ai72 =  0 ,

/  A 2 (en_2® ̂ 2 3e„_3) =  / (e n_2®^1e i)an_3H-^i/(ei®an_3en_3) =  c3/3i a n-3

+dn-3/3lO!n-3 =  (c3 +  dn-3)(3ian-3 =  0 ,
f  A 2(en- 2® f 2 4en) =  /(c n_2®/g1ci)72+ A /(e i® 7acn) =  c3/3i7 2+c4/3i72 = 

(c3 +  c4)/3i72 =  0 ,

/  A 2(en <8>/2 6 en- 3) =  /(e n <S>7i e i)an- 3 + 7 i/(o i ®an-s en -3) =  C57i<*n-3  + 
rfn-37la n-3 =  (05 +  dn-3)7l<*n-3 =  0,

f A 2{en®f 2 6en- 1) =  /(e„® 7l ei)/33+ 7 i/(e i® )g3en_i) =  0571/33+ 0171/33 =
(05 +  01)71/33 =  0 .

For k =  2 ,.. .  ,n  — 4, /A 2(e]fe+i <g>/2 efc) =  / (e fc+i ®afc efc)ajb_i • • • a i
* 3,fc

a n_ 3 • • • afc+afc/(efc®afc_1efc_i)ajfe_2 • • • a i a n-3 • * *  Ha* • • • a ian -3  • • •
<*ft+i/(ofc+i o&) =  (dfe +  dk—\ +  • • • +  dj^otitOn5_i • • • 0:1 a n—3 * * * <*& == 0 .

Finally, f A 2(en- 1 ®/2 en_2) =  / ( e n- i  en- 2 )Pilh(h  +  fo f{e n- 2 0 f t 

oi)/33^2 +  (h fiif(e i ®p3 cn_ i)f t +  fo 0 ifo f(e n - i  en_2) =  tyfoPifofo  +  
C3fhPl(h(h +  d / W s # *  + =  (2c2 +  C3 +  Ci)/32/3l/33/32 =  0 .

Hence /  is given by

f A 2(e\ <8 ^  ei) =  (ci +  02 +  c3 — c4 — 05)^3/32^1 =  dfhfoPii

f A 2(e\ ®y2a ei) =  (ci +  C2 +  c3 — dn_ 3  di)/33/32/3i =  d 'fo fefii,

f M W l j )  ®/ati K /lj))  =  0 . for j  =  1, . . . ,  6 ,

/A 2(e*+i ®/2 e*) =  0 for fc =  2 , . . . ,  n -  4,
• 3,Ac

f A 2(en- 1 <g>/2 e„_2) =  0 , 

for some c7, c;/ E A". Hence dim  Im d2 =  2.

F in d  K e r  da.
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We have d3 : Hom(Q2,A) -> Hom(Q3,A). Let h € Kerd3, so h e  
Hom(Q2, A) and d3h =  0. Then h : Q2 —» A is given by

h(ei ®f 2 x ei) =  ciei +  c27271, 

h(ei <S>f 2 2 ei) =  c3ei +  c47271 >

O /lj t ( /2j) )  =  0, for i  6  { 1 ,.. .,  6},

Me*+i <8)̂  e*.) =  dkOtk for A; =  2 , . . . ,  n -  4,

/i(en_i 0^2  en_2) =  05/% 

for some c i , . . . ,  C5, dk G K. Hence dim  Horn(Q2, A) =  n.
Then hA3(e 1 0 ^  en_4) =  h(ei 0 ^  e i)an_3a n_4 -  /%/%h(en_2 0 ^  

en-3)an-4+an-3^(en-3®/| n 4 en_4) =  (c3e i+ c4727 i )a n_3a n_4+dn_4o:n_3 

q„-4 =  c3a n_3Qn_44-dn-4a n- 3Q!n-4  =  (c3+ dn- 4)an- 3a n -4- As h G Ker d3, 
we have c3 -f dn_4 =  0 and so c3 =  —dn_4.

^ A3 (ei 0 /3  2 en_3) =  /i(ei®/12ie i)an_3-/53/32/i(en_2(g)/ 23en-3)+72h(en®/ 26 
en_3) =  (ciei +  c2727 i)q„ _ 3 =  c ian_3. As h e  Ker d3, we have c\ =  0.

hA3(ei <8>f s3 en_2) =  h(ei 0 ^  ei)fop2 -/33/i(en_i 0 ^  en_2) + 72  Men 0 / | 6 

en- i )#2 =  (ciei +  c2727i )(h!h -  c3p3p2 =  (ci -  c5)fop2. Thus, since h € 
Ker d3, we have C5 =  0 as we have already ci =  0.

Now, hA3(ei®/ 34e„_i) =  h(ei®/ 2i ei)/?3-/i(e i® / 22ei)/33- a n- 3a n_ 4 • • • a 2 

/i(e2 0 / 2i en_ i)+ 72h(en®/ 28en_i) =  (ciei+  027271 )/33 - ( c 3ei + 047271 )/33 = 
(ci — c3)Pz. So we have ci — c3 =  0 and so c3 =  0 as c\ =  0. It then follows 
that dn- 4 =  0 as c3 =  —dn- 4 above.

Next, hA3(ei 0^3 g en) =  h(ei 0^2 a ei)72 -  fap 2 h(en- 2 0 ^  e„)+ 
a„_ 3a n_ 4 • • • a2h(e2 0/a e„) =  (c3ei +  c4727i )72 =  W 2 =  0. This gives 
no new information.

Similarly, hA3(e2 0 /3  g ei) =  h(e2 0 /2  x en- \)p 2pi -  h(e2 0 /2  2 en)7 i -  
ot\h(e\ 0^2  x ei) =  -a i(c ie i +  C27271) =  - c ia i  =  0 ,

h A3 (en- i  0 /3 7 ei) = h(en- i 0  /j en_2)/3i -p 2P\h(e\0  ̂ 2 ̂  e i) -p2h(en-2® / |  4 
en)7i =  C5/32A  -  #20i(ciei +  027271) =  (<* -  =  0,

hA3(en_20 / 3gei) =  h(en_ 2 0 / |  g en_3)a:n_4 ••• 0:2^1 h{en—20 / 24en)7 i 
/?ih(ei 0 ^2x e i) +  (5\h(e\ 0 ^2a e \) = - p i (ciei +  C27271) +  Pifee i +  C47271) =  
(c3 -  ci)/3i =  0 , and
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hAs(en <S>f 39 ei) =  h(en 0 ^  en- i) /32/?i -  h(en 0 ^  en_3)an_ 4 • • • a 2a i -  
7 i/i(ei 0^2 ei) =  —7 i(c3ei +  C47271) =  —c37 i =  0, all give no new informa­
tion.

Next, hA3(e3 0 ^  ei) =  h(e3 0^2 2 e2)a i -  a 2h(e2 0 /^  en- i ) ^ \  +  
a 2a \h (e i  0^2 ei) =  d2a 2a  1 +  a 2a i(c3ei +  047271) =  (d2 +  c3)a 2a i. Since 

h G Ker d3, we have d2 +  c3 =  0. So d2 =  0 as c3 =  0 from above.
Finally, for m  € {4 , . . . ,  n —3}, we have /iA3(em0*3  em_ 2 ) =  h( em0  /2

J 2 , m  3 ,m — 1

Om—1 )ttm—2 CX-m—\h{(Zm — -2 em—2) — dm— l&m— l^m—2 ^m—2&m— l&m—2

=  (dm-i — dm—2)am—i«m—2- Then h G Ker d3 gives dm_i — dm_ 2 =  0 and so 
dm_i =  dm_2. Hence dn_ 4 =  dn_s =  . . .  =  d3 =  d2. We already have d2 — 0 

so dfc =  0 for & =  2 , . . . ,  n — 4.
Thus h is given by

/i(ei 0 ^  ei) =  c2727i, 

h(ei ®f 2 2 ei) =  C47171, 

hW l j )  ®/afi tC/lj)) =  0, for j  G { 1 , . . . ,  6 },

0*2 efc) =  0, for & G {2 , . . . ,  n — 4} and
• 3|fc

h{en—i 0^2 en_2) =  0 ,

for some c2,C4 G K  and so dim  Ker d3 =  2.
Therefore dimHH2(A) =  2 — 2 =  0. Hence HH2(A) =  0.

T heorem  9.3. For A =  A(£?n, 1,1) with n = 6 ,7 ,8 , iye have HH2(A) = 0.



10. A{E6, s,2)
It is known for A =  A(Eq, s , 1) with s >  2 that HH2(A) =  0 from Theorem

5.11. But we recap all s > 1 first. The algebra A(£6, s, 2) is given by the 
quiver Q(E^is):

[ , - i ]

o

o
,12]

Oo ,W

with relations R(Eq, s , 2 )  :
(i) =  $ $ $  =  7 2 for all * € {0 , . . . ,  s -  1};
(ii) for all i e {0, . . . ,  s — 1} =  Z/(s),

7i"4,+11 =  0, 7i'!4 '+11 =  0,

= 0, P[H +X] = 0;
and for all i € {0 , . . . ,  s — 2},

afflST11 =  0 , / f a f 1' =  0 ,
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(iii) M7 -paths” of length 3 are equal to 0 and for a lii  G { 0 ,.. .,  s — 2} and
for all j  € {1,2,3} =  Z /(3),

4 '  • • • • • 4 - 3 1 =  °> P f  ■ ■ ■ Pl]Plt 1] ' ■' P j-3] =  °.

aj*"11 • • • a ’'-11/?!*1 • • ■ ^ °i3 = 0, /3[r 1] • • ■ /3i*_114 01 • • • aj°l3 =  0.

Consider s =  1. Recall that we write S and f* b to indicate and f^b,o 
respectively since there is no confusion here. The algebra A(Eq, 1,2) is given 
by the quiver Q{Eq, 1).

03

3

2

«i

with the set of minimal relations f 2 given in 5.24 as follows.

/l,l =  030201 -  7271, / l ,2 =  030201 ~ “ 30201,

f l l  =  7103, f l  2 =  7103,

/ l ,3 =  0172, f l  4 =  0172,

f l  5 =  O ia3, f l  6 =  0103,

/ | tl =  02010302, f l 2 =  02010 30 2.



Next we need to find The projective indecomposable A-modules are: 

eiA e2A esA

From the minimal projective resolutions of each simple A-module we have:



n 3(s3)

n 3(s3)

n3(s4)

n3(s5)

n3(s6)



I l l

For n3{St ) we need more details. We have the map 

V>: e3A © e5A © eeA ->• Q(Si)

given by:

e3A •-> a 3e3A,

•-> feesP, 

e6^ 72^6^
where A,/z,£ E A. Note that fl2(S\) =  Ker^.
P roposition  10.1. ft2(Si) =  (a 2a i, - # 2/3i , 0)A +  (0,/?2/5i, -7 1  )A.

Proof. On one hand, let x  E Q2(Si). Then x  =  (e3A,e5/j,ee£)- Write 
e3A =  coe3+ c ia 2+C2a 2a:i+c3a 2a i/23, =  dQe

and =  do^e + di7 i +  d27 i72. Since x  E Ker^> we know that V>0x) = 0. 
Thus a 3(coe3 + cia2 +  c2a 2a i +  c3a 2ai/33) +  (k(d0e5 +  ci/% +  d2/32pi + 
C302/3i a 3) +  72(^060 + di7i +  d27i72) =  coa3 +  c ia 3a 2 +  c2a 3a 2a  1 +  d0/3s + 
ci^/52 +  C2/33/52A  + do72 +  ̂ 17271 =  coa3 +  c ia 3a 2 +  c /̂% +  d ^ l h  +  do72 + 
(02 +  02 +  ̂ 1)7271 =  0. Thus co =  ci =  Co =  c/1 = do =  0 and c2 +  C2 +  di =  0. 

Let d2 =  - ( c 2 +  d\). Therefore, x =  (c2a 2a i +  c3a 2ai/33, —(c2 +  +
d$fhfi\<xz, d i7i+d27i72) =  (0201 , -& /3i, 0)(c2ei+c3/33)+ (0 ,/32/3i, - 7 i)(~diei 
+c/3a 3 -  d272) =  (a2a i , - / 32/3i , 0)A +  (0 ,/?2/3i , - 71)^, where A,/z E A. So 
a; G (a2a i , —(hfh ,0)A+(0, feP i, —71)A. Thus O2 (Si) C (a2a i, -/32/3i,0)A+ 
(0, /?2/3i,-7i)A.

On the other hand, let x G (020:1 > —/52/3i , 0)A +  (0,/32/3i, —71)A. So x = 
(«2a i , —̂ 2/0i,O)A + (0 ,/32/?i, —7 i)/i, where A,/x G A. From the definition 
of Vs it follows that ^(x)  =  0. Thus (a2Qi, — # 2/3i, 0)A +  (0 ,/52/3i, —7 i)A C 
0 2(5i).

Therefore, f)2(Si) =  (a2a i, - fc fh ,  0)eiA +  (0,# 2/3i, - 7 i)eiA. 1=1

To find Qs(S\). We have the map:

0 : &\A © eiA —̂ 172(Si)

given by:

(eiA,ei/z) 1  ̂ (a2a i , - / 32̂ i»0)eiA +  (0 ,^ A ,-7 i)e iM  

where A,/zG A.
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N o te  t h a t  =  K e r # .

Proposition  1 0 .2 . Cl3(Si) =  (a3, o3)A +  (0, a 3a 2)A +  (72, 0)A +  (0,/%)A + 
(AA,0)A.

Proof. On one hand, let y G ft3 (Si). Then y =  (eiA,ei/x) with A,/i € A. 
Write eiA =  coei 4- c i q 3 +  c2o 3o 2 +  c3a 3a 2a i +  0472 +  05/% +  c $ P z (h  and 
ei/z =  Cgei +  dxaz +  d2aza2 +  C g O ^o i +  0472 +  dbfc  +  with all
coefficients Ci,cJ € K. Since y € Ker# we know that #(y) =  0. Thus 
(o2oi, —/?2/3i, 0)(coei +  cio 3 +  c2a 3a 2 +  c3a 3a 2a i +  0472 +  C5/33 +  c% (h (h )  +
(0 , A A >  - 7 i)(coei +  c ia3 +  c,2q 3q 2 +  c 'g O ^o i +  dA 72 +  c £ A  +  C g A A )  =
(0 0 0 2 0 1 + 0 5 0 2 0 1 /%, - c o A A  - c i ^ 2 / 3 i o 3 , 0 ) +  ( 0 , c b f h P i +  d i f h f i io t z ,  -C q 7 i  -  

C47172) =  (C0O2O1 +  C5O2O1&, (c'o -  C q ) A A  +  W  -  Ci)/%/%03, - d Q71 -  

C47172) =  0. Thus co =  05 =  of, =  C4 =  0,ci =  ci. Therefore, y = 
(0lO3 +  C20 302 +  030 30 20 i  +  C472 +  C6A/32, 0lO3 +  C ^ O ^ O i +  C g O ^ O i +

d5f o  +  d s f h th )

=  (o3(cie3 +  c2o2 +  c3a 2oi) +  0472 +  o 3(cie3 +  0302 +  c '3 o 2 o i ) +

f o ( d 5e 5 +  c ^ fo ) )

=  (a3(cie3 +  c2o 2 +  c3o2oi) +  0472 +  c s f a f a ,  <*3(cie3 +  c2o 2 +  (d2 -  c2)o2 +  
c3o2o 1 +  (eg -  c3)o2oi) +  f o ( d 5e 5 +  d ^ fa ))

=  ( o 3 ( c i e 3 +  c 2o 2 +  c3o 2o i ) , o 3 ( c i e 3 +  c 2o 2 +  c 3o 2o i )  +  ( 0 , a z a 2 ( (d 2 -  

c 2) e 2 +  ( 4  -  c3) o i ) )  +  (0472, 0 ) +  ( 0 , / 33(c'5e 5 +  Cg/%) +  ( c e A A » 0 ) .  H e n c e  

y  =  ( o 3 , o 3)r7+ ( 0 , o 3o 2) C + ( 7 2 , 0 ) £ + ( 0 , /% )« + (/% /% ,0 ) i /w h e r e  17, C ,£ ,* ,* '  e  

A . S o  y  G ( o 3 , o 3)A  +  ( 0 , o 3o 2)A  +  (7 2, 0 )A  +  (0 ,/% )A  +  (/%/%, 0 )A  T h u s  

n 3 ( S i )  C  ( o 3 , a 3)A  +  (0 , o 3q 2)A  +  (7 2 , 0 )A  +  (0 , /% )A  +  ( A A ,  0 )A .

O n  t h e  o th e r  h a n d , le t  y  G ( o 3 , o 3 )A  +  (0 , o 3o 2 )A  +  (7 2 , 0 )A  +  (0 , A ) A  +  

( A A iO ) A .  S o  y  =  ( e i o 3 , e i o 3)?7 +  ( 0 , e i o 3o 2)C +  ( e i 7 2 , 0 )£  +  (0 ,e i /% ) «  +  

( e iA A » 0 ) i ^  w h ere  tj,C»{ » « ,* '  €  A . T h e n  0 ( y )  =  ( o 2o i , -/% /% , 0 ) o 3T7 +

(0 , A A > - 7 i) < * 3 f?  +  (0 , A A » —7 i ) Q:3Q:2C +  ( 0 2 0 1 , — A A >  0 )72 ^

+ ( 0 , /%/%, - 7 i ) A «  +  ( a 2<*i> -  A A »  O J A A 17 =  0 . S o  y  G Sl3 ( S i ) .  T h u s

(o3,o 3)A +  (0,o3o2)A + (72, 0)A +  (0 ,A )A +  (AA»0)A C fl3(Si).

T h e r e fo r e , f t 3 ( S i )  =  ( o 3 , o 3) A + ( 0 , o 3o 2) A + (7 2 , 0 ) A + ( 0 , /% ) A + (/%/%, 0 )A .

□
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From the projective resolution for simples we now know that the 3rd 
projective Q3  = (Aei ® e6A) © (Aei ® esA) © (Aei ® (-4 A) © (Aei ® C3A) © 
(Aei®e2A)ffi(Ae2®eiA)©(Ae3®eiA)ffi(Ae4®eiA)©(Ae5®eiA)©(AeeigieiA). 

The set f 3  consists of the following elements:

/?
f l
f i
f l
f l
f i
f i
f l
f i
r3

{ f l ’ f l i f l ’f l ’f h f h f l ’f l ’f l t  fio i  where

/ i ,272

fi,1̂ 3
fl,203@2 “  P zfo flfife
/ l , l « 3  -  /l,2<*3  
f l ,  1 0 3 0 2  +  7 2 / 22,1^2

fl,3a3a2 — fl, 371 
fi,1P1 -  « 2 / 22,3 7 l
fhfhpi -  fh'ri 
f i^ a i  -

/1 0  — f 2 ,2 ^ 3 ^  “  / 2 , l Q2 0 l  —

A A / 2,4 -  0302 / 2,3. 
f t z f h f l s  — 7 2 / 2,2. 
“ 03 / 31 ,
0 3 0 2 / 2,5 “  7 2 / 2,1,

/% /l2,
O l / l , l  “  “ 1/ 1,2,
0 2 0 l / i ,i ,
/3 , / i2 i .
- i h t h f i ,2 ,
7 ifi,2 -

F ind  Im d 2-
We know that HH2(A) =  Kerds/Imcfe. First we will find Imc^- Since 

c/2 : Hom(Qx,A) -* Hom(<22,A), then c?2/  € Imcfe, where /  G Hom((31,A) 
and <£2/  =  / ^ 2- Here Q1 =  (Aei ^A ) © (Aes 0 /% e4A) © (Ae4 0 ^  ei A) © 
(Aei <S>72 eg A) © (Ae6 <8)7! ei A) © (Aei ®a3 63 A) © (Ae3 0 Q2 ^2 A) © (Ae2 0 Q1 ei A). 
Let

f(e  1 0 A e5) =  ci^3, / ( e 5 0 ^  e5) =  c2fh,

/(e 4 0& ei) =  c3/3i 

/( e i  072 eg) =  C472, / ( e 6 071 e i) =  C571,

/(e i 0 a3 ^3) =  cga3, / ( e 3 0 a2 e2) = ojol2 and

/(e 2 ®ai ei) =  c8a i

where c i, . . . ,  c8 G K.
We have Q2 =  (Aei ® /2  ei A) ©  (Aei 0 / 2  2 ei A) © (Ae6 0 / |  x 63 A) © (Ae6 0 / 2  2 

65 A) © (Ae2 0 /2  egA) © (Ae4 0 /2  4 eg A) © (Ae2 0 / | 5 esA) © (Ae4 0 /2  & esA). 
Now we find f  A2.

Wehave/A.2(ei0 / 2i ei) =  f(ei<g>03e5)l32/3i+p3f(e5®p2e4)pi+P3(32f(e4<8>p1
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ei) -  f ( e i 0 ^  e6)7i -  72/(e6 <8)7! ex) =  c ifo fhfh  +  C2P3P2P1 +  csfofaP i -  

C47271 — C57271 =  (ci +  C2 +  C3 — C4 -  C5)/?3)02)01,
Also /A.2(ex®f *2e i )  =  / ( e i 0 # ,e5)^ /3i+ /% /(e5®/32e4)/?x 4-/?3# 2/ ( e 4 0 & 

e i ) ~ / ( e i  ®3)®2®1 ®3/(®3 ®a2 ®2) 1̂ Ot3CX2f (®2 ®ai ®l) — Ci^3^2^1 4“
Q fh fh P i  4- c3(hlh lh . — C6a 3Q2a x — C7«3a2ai -  C8a 3a 2a x =  (cx 4- C2 4- C3 -
C6 -  C7 -  Cs)fo/32pi,

/A 2(e6 0 ^  e3) =  / ( e 6 0 ^  e i)a 3 4- 7 i/(e i 0 a 3 es) =  c57 Xa 3 4- C67ia 3 =  
(C5 4- ce)7 ia 3 =  0,

/A 2(e6 0 y*a e5) =  / ( e 6 0 ^  ei)fo 4- 7X/ ( e x 0 ^  e5) =  0571/% +  ci7i/33 =  
(05 4- 01)71^3 =  0,

/A 2(e2 0 / | 3 ee) =  / (e 2 0 ax e i )72 +  a i / ( e x 0 72 e6) =  c8a X7 2 4- c4a i7 2 =  
(c8 4- 04)0172 =  0,

/A 2(e4 0 ^  e6) =  /(e 4 0 A ex)7 2 4- /3x/ ( e x <g>72 e6) =  c3/3X7 2 +  c4/3X7 2 =  

(03 4- C4)/3i72 =  0,
f A 2(e2 0 /225 e3) =  f ( e 2 0 ai ex)a3 4- a i / ( e i  0 Q3 e3) =  c8a ia 3 4- c6a xa 3 =  

(c8 4- C6)a ia 3 =  0,
f A 2(e4 0^2  ̂es) =  /(e 4 0 ^  ex)/?3 4- /3x/ ( e x 0/j3 es) =  c^ i fo  4- cipifa =  

(C3 +  Ci)/3i/?3 =  0,

/A 2(330^ |i e4) =  f (e z® a 2e2)aifol32+oi2f ( e 2<8)ai ei)p3p2+OL2a i f ( e i® f c  

e$)& 2  +  a 2a i/33/ ( e 5 0 ^  e4) =  crc^ai&Aj 4- c8a 2a 4- c ia 2a i/33/32 4- 
c2ot2Qt\0zP2 =  (c7 4- c8 4- cx 4- c2) a 2a \^ z (h  =  0,

Finally, /A 2(e5 0 2̂a e2) =  / ( e 5 0 ^  e4)/3xa 3a 2 4- /32/ ( e 4 0 ^  ex)a3a 2 4- 

!h (h f (e \  0 a 3 e3)a2 4- fh (h a zf (e z  0 a 2 C2) =  c2/32(3ia3a 2 +  cs& ftasa^ +  
c^p2p\ot3a 2 4- or02Pi<*3<*2 =  (02 4- c3 4- C6 4- c7)/32/3\a3a 2.

Hence /  is given by

f A 2(ei 0 2̂1 ei) =  (ci 4- C2 +  C3 -  c4 -  =  c'fofofi1,

f A 2(e\ 0 2̂2 ei) =  (ci 4- C2 4- C3 -  C6 -  c7 -  cs jfe fh P i  =  J 'fe fo P i,

M 2(o(/J) 9 f .  t(/?)) =  0 for all / /  #  /* „  /?,2.

So dimlmcfc =  2 .

F in d  K e r d s .



115

We have d3 : Hom(Q2,A) -* Hom(Q3,A). Let h € Kerd3, so h G 

Hom(Q2, A) and d3/i =  0. Then h : Q2 -* A is given by

h(ei 0 / 2̂  ei) =  ciei +  c27 2 7 1  >

/i(ei 0 / 22 ei) =  c3ei +  0 4 7 2 7 1 )

hW l j )  ®f l .  Kf l j ) )  =  0 , for j  e {  1, . . . ,  6}, 

for some 01, 02, 03,04 G K.  Hence dimHom(Q2, A) =  4.

M °(/2,z) ®/aatl *(/£,/)) =  0 , for I =  1, 2 ,

Then AA3(ei 0/3 en) =  A(ei 0 / 2  ei)72 -0302M e4 0/2 e6) +  a 3a 2/i(e2 0 / 2*1 *1,2 «2t4 *2,3
oe) =  (c3ei +  0 4 7 2 7 1 )7 2  =  0372  +  0 4 7 2 7 1 7 2  =  0 3 7 2 . As h € Kerd3 we have 
c3 =  0.

hA$(e 1 0 /3  es) =  /i(ei 0 / 21 e i)/33 — 0302/i(e4 0 /2  e es) +  72A(e6 0 / | 2 es) = 

(ciei +  C2727i )/?3 =  Ci03 +  02727103 =  ci03- As A € Ker d3, ci =  0.
Now, AA3(ei0 / 3e4) = A(ei0 / 22ei)/33/32- 0302A(e4 0 / 26e5)/32+ a 3A(e3 0 / 2i 

e4) =  (c3ei +  047271)0302 =  csfofo +  c4727i0302 =  c3/33 =  0. This gives no 
new information.

N e x t ,  hAz(e\® fze$)  =  A (e i 0 / 2 ^ 1 ) 0 3  — A (e i  0 / 2 2 e i ) o 3 — O3O2/i(e 2  0 / 2 5 

e 3) + 7 2 ^ (0 6  0 / 2 ^ 3 )  =  ( c i e i  +  C 2 7 2 7 i)a 3 - ( c 3 e i + C 4a 37 i ) a 3 =  ( 0 1 - 0 3 ) 0 3  +  
(02 — 0 4 )7 2 7 1 0 3  =  ( c i  — 0 3 )0 3 , s o  w e  h a v e  c 3 =  0  a s  w e  a lr e a d y  h a v e  c i  =  0 .

/iA3(ei0 /3e2) =  A(ei0/2 ei)o3o 2+72^(06 0 / |  ̂  e3)o2 03A(e50/2 2 e2) = 
(ciei +  027271)0*30*2 =  C10302 + 0272710*30*2 =  C1O3O2 =  0,

AA3(e2 0/3 ei) =  /i(e2 0 / 2  0 3 ) 0 2 0 1  — /i(e2 0 / 2  ee)7 i — oiA(ei 0 / 2• 6 J 2,5 *2,3 *1,1
ei) +  oiA(ei 0 / 22 ei) = -o i(c ie i +  C2 7 2 7 1 ) +  o*i(c3ei +  C4 7 2 7 1 ) =  - c io i  -  
020*17271 +  C3O1 +  C4O17271 =  (c3 — ci)oi =  0, since we have already c3 = 
ci =  0.

Similarly, AA3(e30/3ei) =  /i(e30 / | i e4)/3i-O2/i(e20/23e6)7i-<*20L\h(ei®f2 x 
ei) =  —o2oi(ciei +  C2 7 2 7 1) =  —C1 0 2 0 1  — C2 0 2 0 1 7 2 7 1  =  0, and

hAz(e4 0/3 ei) =  h(e4 0 /a  e5)/320i -  h(e4 0 / | 4 e6)7i ~ 0iA(ei 0 / 21 ei) = 
-0 i(c ie i +  C2 7 2 7 1) =  -c ip i  -  c20i727i =  -c i0 i  =  0, as we have ci =  0.

Next, AA3(e50/3ei) =  /i(e50/22e2)oi-02M e40/26e5)020i+020iA(ei0/22 
ei) =  0201 (c3ei +  0 4 7 2 7 1) =  c3/32P1 +  c402017271 =  c3020i =  0,



116

Finally, hA&fa® ̂ e i )  =  h(e6® y* ae5)#20i -h (e 6®ya j e3)a 2Qi -7 1  h(e\ <g)  ̂
ci) =  —7i(c3Ci+C4727i) =  —C37i-C47i727i =  -C371 =  0, as we have C3 = 0. 

Thus h is given by

for some 02,04 G K  and so dim  Ker ̂ 3 =  2.
Therefore d*mHH2(A) =  2 — 2 =  0.

T h e o r e m  1 0 .3 . For A =  A(l?6, 1 ,2 ) we have HH2(A) =  0.

Now we summarise the results of chapters 4, 5, 6 , 7, 8 , 9,10 using Theorem
5.11, as we have already pointed out, we have the following theorem.

T h e o r e m  1 0 .4 . Let A 6e the standard algebras of type A(£>n, s, 1), A(Dn, s, 2), 
with n  > 4, A(Z?4, s ,3), A(D^mis/3 i 1) with m > 2 ,3 \  s, A(En,s, 1) with 
n  G {6 ,7 ,8} or A (1%, s, 2). I f s > 2 then HH2(A) =  0.

The case s =  1 has been dealt with in Theorems 4.3, 6.3, 7.3, 8.3, 9.3 and 
10.3. Combining these with Theorem 10.4 we complete our description of 
the second Hochschild cohomology for all finite dimensional standard self- 
injective algebras over an algebraically closed field of type D and E, thus 
summarising Chapters 4 and 6-10.

T h e o r e m  1 0 .5 . Let A be a standard algebra of type A(Dn, s, 1), A(I>4, s, 3) 
with n > 4,s > 1, A(.Dn,s ,2), A(Z?3m,s / 3 , 1) with n > 4,m  > 2,s  > 2 or 
A(En, s , 1), A(AJb, s, 2) with n  € {6 ,7 ,8}, s > 1. Then HH2(A) =  0.

Let A be A(Dn, 1,2); then dimHH2(A) =  1.
Let A be A(Dsmi 1/3,1); then

h(e 1 ei) =  027271, 

h(ei ® /a3 ei) =  C47171,

M«(/2j )  t ( / l j ) )  =  0 , for j  =  {1, . . . ,  6},

hW h )  ®fl,  ) =  0 , for i =  1, 2,

dim HH2
2 i/  char K  ^ 2 ,
4 if  char K  =  2.
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To conclude we now know the second Hochschild cohomology group for 
all finite dimensional standard self-injective algebras over an algebraically 
closed field K .

T heorem  10.6. Let A. be a finite dimensional standard self-injective alge­
bras over an algebraically closed field K . I f  A is of type A(A2P+i, s ,2) with 
s,p > 1, A(Dn,s, l),A(£>4, s , 3) withn > 4, s > 1, A(£>n,s, 2), A(D3m,s / 3 , 1) 
with n > 4, m > 2 , s > 2 or A (En, s, 1), A (Eg, s, 2) with n € {6 ,7 ,8}, s > 1; 
then HH2(A) =  0.

I f  A is of type A(An is/n , 1) then dimHH2(A) =  m.
For A(A2p+.i,s,2) with s =  p = 1, dimHH2(A) =  1.
Let A be A (Dn, 1,2); then dimHH2(A) =  1.
Let A be A(£>3m, 1/3,1); then

dimHH2(A) = |  4

Further a basis of HH2(A) where d im H H 2(A) ^  0 for A(An, s/n , 1), 
A(A2p+ i ,s ,2), A(Dn, l , 2) and A(D3m, 1/3,1) can be found in [9], [10], 6.4 
and 8.4 respectively.

We consider the nonstandard algebra in Chapter 11.
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1 1 . N o n s t a n d a r d  a l g e b r a s

Prom [2] the derived equivalence representatives of the nonstandard self- 
injective algebras of finite representation type over an algebraically closed 
field K  are the algebras A(m) of type (Dzm? 1/3,1) for each m > 2 , where 
A(m) is given by the quiver Q(Dsmi 1/3):

3

with relations R(m):
(i) OL\Ot2 • • * OLm =  /32,
(ii) OLfnOLi —
(iii) OtOi+i • • • oti = 0 , for alH € { 1 ,.. .,  m} =  Z / (m) (i.e. “a ” paths of 

length m  +  1 are equal to 0).

We need a set / 2 of minimal relations. Relations of type (i) and (ii) 
are in / 2. So let /32 -  a i =: /?  and ama\ -  amf3ai =: / | .  Now
consider the relations of type (iii). Let := a 2C*3 • • • <*2 if m > 3. If i = 1 

then the path a\ • • • amai is one of the elements of I. It can be shown, for 
m  > 3, that a\ • • • ama i =  Qi • • • / i / J a i+ ^ / f a i+ ^ a i  • • •
Pf i f iai  +  f i f i ot i  +  a i • • • a m/ 2a i +  /fax  • • • a ma i 4- a i / 3>2«3 • • * amai- So 
o i • • • a ma i € I  and not in / 2. Also it can be shown, for m  > 3, that
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amai • • • a m =  / | a 2 • • • a m -  am(3f2 +  4- / 2a 2 • • • a m/3 -  a m/3/J/3 +
a m /i /1 + % • • •  am /? +  a m/ i a i  • • • a m +  a ma i / | j2a 3 • • • a m. So, if m  > 3, 
then a ma i • • • a m G /  and not in f 2. If m — 2 then a 2a i a 2 G / 2 and we 
let / f  2 := a 2a i a 2. In this case a i a 2a i =  a \ f \  — +  /3/2a  1 +  /3 a i/ | -
j3fi(3ai +  / 1/1  a i +  a i a 2/ 2a i 4- / 2a i a 2a i +  a i / | 2a i so is not in / 2. Let

These paths cannot be obtained from any other relations. Now we have the 
elements of f 2 as follows.

Next we need to find / 3. The indecomposable projective right A-modules 
are:

/ 3J  •— a j Q t j + i  • • • otj for if m > 3, 
if m  = 2 .

/1 — a i • • • dmt / 2 — a ma i otm(3oc 1,

f s , j  — a j a j + 1 ’ * ’ a j  f ° r
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Prom the minimal projective resolution of each simple A-module we see 
that: for 2 < t < m  — 2 we have,



p tre

(’sOtU
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For D3(Si) and f23(Sm) we need more details. We will find il3(Si) first. 
We have the map

tp : e i A  ®  e 2 A  -¥  Q (S \ )

given by:
eiA h-> /3eiA, 

e2/x a \e2/z, 

where A,/* G A. Note that f22(Si) =  Ker^- 

P roposition  11.1. ft2(Si) =  (/?, —a 2 • • • a m)A.

Proof. First let x G fl2(S i). Then x =  (eiA ,e2/x) with A, fj, G A. Write 

Cl A =  Coei 4" Citti +  C2QiQ!2 4“* * * 4" Cm—l&l * ' ' &m— 1 4" CynQi • • • Q!m 4“ Cm+1  ̂4" 

cJj/33 4- c^/foi 4- c /̂3a ia 2 4- • • • 4- c ^ / f o i  • • • a m_ i and e2 t̂ =  d0e2 4- d ia 2 4- 

d2a 2a3 4- • • • 4- dm—ia 2 • • • a m 4- dm«2 • • • otm/3 4- dm+ia2 • • • a m(3a i where 

Ci,d»,cJ G K .  Since x G Ker̂ /> we know that VK*) =  0 » that is, (3(coei 4 - 

c ia i 4- c2a ia 2 4- • • • 4- Cm-\Ot\ • • • a m-1 4 - Cm^i • * * a m 4- Cm+ifi 4- d0j33 4- 

d1/3ai 4- d2fioi\OL2 4- • • • 4- dm_xpa\ • • • a m_ i)  4- a i(d o e 2 4- d i a 2 4- d2a 2a3 4-

• • • 4“ dm—1^2 ’ ’ * &m "I" dmOl2 ' ' " &m@ 4“ dm+1^2 * * ’ Ctm^Ot\) =  0. So Co/? 4“
ci/3ai4-c2/3aia24 \-Cm-\pot\ • • • a m- i  4-Cm/?3 4-cm+i/?2 4-doai 4-d ia ia 2 4-
d2QiQ2Q3 4-------1- dm—2^1 • • • am-1 4- dm_ ia i • • • a m 4- dma i • • • a m/3 =  co/? 4-

c\(3a\ 4- c2/?aia2 4- * • • 4- Cm -ifioi • • • a m- i  4- dooti 4- d i« ia 2 4- d2a i a 2« 3  4-

• • • 4- dm_ 2a i  • • • a m_ i 4- (dm- i  +  Cm+i)/?2 4- (dm 4- Cm)(33 =  0. Thus Co =  

Ci =  • • • — Cm—l ~  do — ■ ■ ■ — dm—2 =  dm—i 4" Cm+i =  0 and  dm 4“

Cm =  o. Therefore, x  =  (c,*/?2 4- Cm+i/? 4- cjj/33 4- 4 /to i  4- d2f io \o 2 4 f-
dm—\ 0 OL\ • • • OLm—i, —Cm+1£*2 ' ' ' CmOL2 * * • &m(3 4“ dm+l02 • • • OtmfiOL\) — 
Cm+1 (/?j CX2 ’ * * ^m ) 4" Cm(^i <*2 ‘ * * &m)0  4 * (Cq/33 4" Cj/3q!i 4" d2^OL\Ot2 4~ * * * 4“ 

dfn—ifloii • • • Om—l i dm-\.\OL2 • • • OLm(3oL\) — (/3i —0.2 ’ * * Q!m)(Cm+ lel 4“ Cm/? 4“ 

Cq/32 4- c i a i  4- C2a i a 2 4- ••• 4- c ^ . j a i  • • • a m- i  -  (c* 4- dm +i)/?ai) 

— (/?> oi2 * * * Offi)j/ , where G A. So x G (/?) oj2 • • • Qm )A. Thus n 2(5,i) C 
(/3, —a 2 • • • a m)A.

On the other hand, let x  G (/?, —a 2 • • • a m)A. So x =  (/3, —a 2 • • • Q:m)^ = 
(ei/3A, —e2a 2 • • • a mA), where A G A. Then tp(x) =  (/32 -  a \ • • • a m)A =  0. 
Thus (/?, —a 2 • • • a m)A C Q2(Si).

Therefore, ft2(Si) =  (/3, —a 2 • • • a m)eiA. □
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To find Q?(S\) we have that ft3 (Si) =  Ker 0 where 0 is the map:

0 : eiA Q2(Si )

given by:

eiA (/3, —a 2 • • • a m)eiA

where A G A.

P roposition  1 1 .2 . ft3 (Si) =  P a ^ e ^ A .

Proof. On one hand, let y  G ft3(Si). Then y = eiA where A G A. Write
V =  coei+ciai+C20:ia2H l-Cm-iQi • • • a m_i+cma i • • • a m-{-cm+i/3+Cq/33+
dxpot\ 4- dl pOL\a.2 H 1- • • • a m-1  where Cj, cj G if. Since y  G Ker 0
we know that 0(y) — 0. Thus 0 =  (p, - a 2 • • • a m)(coei 4- c ia i 4- c2a i a 2 4-
 l-Crn-iai •••am_ i+ cma i •••Qm4-cm+i^+Co/33+c'1/? a i+ 4 /5Q!ia2H----- 1-
cJn—i/^Oi • • • OCm—i)  (co/3 4  C\@Ol\ 4* C2^OL\Ot2 H- • • • 4" Cm -1^1 ' * * ^m—1 4- 

Cm0OL\ • • • a m 4- Cm+i/32, -c o a 2 • • • a m -  (dx 4 - ci)q2 • • • a mp a i ) .  Thus cq =  

••• =  Cm+1 =  0  and dx 4- ci =  0 so that dx — 0 . Therefore, y  =  d0/33 4- 

d2pai<X2 4- • • • 4 - dm_ xP a \ • • • a m_i =  /3a ia 2(coQ3 • • • am 4 - c^e3 4- • • • 4- 

dm_iOLz • • • a m- i )  =  Pot 1<*2M, where y  G A. So j/ G /toia^A. Thus ft3(S i) C  

pa\OL2A.

On the other hand, let y G /faio^A. So y =  /toia^A where A G A. Then 
0(2/) =  (A —<*2 • • • ctm)pot\ot2 \  =  0. So y G fl3(Si). Thus /3a i a 2A C 0 3(Si). 

Therefore, 0 3(Si) =  p a ia 2e^A. □

To find Qs(Sm) we have the map

ip : eiA Q(Sm)

given by:
eiA »-> a meiA, where A G A.

Note that f)2(Sm) = Ker ip.

P r o p o s i t io n  1 1 .3 .  fl2(Sm) = (c*i — Poti)A.

Proof. First let x  G Q2(Sm). Then x  =  e\X with A G A. Write x  =  coei 4-
CiCti-\-C20tiOt2-\----- \-Cm-\OL\ • • • Om-l4CmQl • • • am4-Cm+i/34-Co/?3 +  Ci/3ai 4"
c^/teic^H------1-dm_lpot\ • • • a m_i where Cj, cj G K .  Since x  G Ker ip we know
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that ip(x) =  0, that is, a m(coei 4- c ia i +  C20t\a2 4------ • • • Qm- i  +
CroQi • • • a m+ cm+i/5+c()̂ 3+ c /1̂ Qi+c^/?aia2H Hcjn_ 1j0ai • • • am- i )  =  0.

So Coam +  CiQmQi +  C2a mQiQ2 4 h Cm-iamQi • • • a m_ i +  Crn^iam/3 +

dlam^a\-\-d2(xmfia ia 2 -\ l-c/Tn_1Qm/5Qi • • • a m- i  =  coam4-(ci4-c/1)ama i 4-
(c2 4- C2)ama ia 2 4------1- (cm-i 4- • * • <*m-i 4- Cm+iotmP = 0. Thus
Co =  Cm+1 =  o and ci 4- cj =  c2 4- c'2 =  • • • =  Cm-i +  dm_1 =  0. There­
fore, X  — C jftl -|- C2OtlO!2 4" • • • -(- C fn—lOCl • • • Otm —\  - f  Cm f t l  • • • Otm  4“ Cq/33 

ci/3ai -  . . .  -  Cm-ifiai • • • a m_ i =  c i(a i -  /?ai) -I- c2(a i -  /3ai ) a 2 4- • • • 4- 
C m -i(a i- /3 a i)a 2 - - -a m+ c ma i • • •a m4 -c ^ 3 =  (a i- /3 a i) ( c ie 2-|-c2a 2-|--• •+  

Cm-20-2 • • • a m_i 4- (cm_i +  Cm)(*2 ••• «m) +  (cm +  d0)(33 =  (ai -  /3ai)(cie2 4-
C2a2-|------1“ Cm—2̂2 • • • «m-l+(Cm-l+Cm)a2 * ' • «m+(Cm+Co)(a2 * * • =

( a i— /3ai)z/, where i/ £ A. So x £ (ai — (3a\)h. Thus 0 2(5m) C ( a i—/3ai)A.
On the other hand, let x £ (ai — /3ai)A. So x =  (ai — /3ai)A, where 

A £ A. Then )̂(x) =  (ama i — am(3ai)A =  0. Thus (ai — /3ai)A C fl2(Sm). 
Therefore, Q2(Sm) =  (ai — /3ai)e2A. □

To find 0 3(5m) we have that Q,3(Sm) =  Ker 0 where 0 is the map:

0 : e2A -> fi2(Sm)

given by:

e2A i—̂ (qi — /3ai)e2A

where A G A.

P r o p o s it io n  1 1 .4 . Q3(Sm) =  a 2 • • • a ma ie 2A.

Proof. On one hand, let y G Q3(Sm). Then y  =  e2A where A G A. Write y —

doC2 4-dia2+ d 2« 2Q!3H l-dm-ia2 • • * <Xm+dm<x2 • • * otm/3+dm+ia2 • • • ama\
where di G K . Since y G Ker 0 we know that 6(y) — 0. Thus 0 = 
(qi — /3ai)(doe2 4- d ia2 4- d2a 2as 4- • • • 4* dm-iQ !2 * * * a m  4- dma 2 • • • am(3 4- 
dm+ia 2 • • * otma i) =  do(ai -  (3ai) 4- d i(a i -  (3a\)a2 4- d2(ai -  /3ai)a2a3 4- 
• • • 4" dm—2 {ai — (3ai)a2 • • • am—\ 4~ dm— l^ i * * * ®m 4* (dm dm—i)(33. Thus 
do =  . . .  =  dm-i =  0 and dm -  dm- i  =  0 so that dm =  0. There­
fore, y =  dm+iQ:2 * * • Q!m«iM> where /i G A. So y G a 2 " - a ma \ \ .  Thus 
0 3(5m) C a 2 • • • a maiA.
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On the other hand, let y G c*2 • • • a maiA. So y  =  a 2 • • • otma iA where 
A G A. Then 6(y) — (ai — p a \)a 2 • • • ama \ \  =  0. So y G n 3(£m). Thus
02 * *' OmOiA C

Therefore, fi3(5'm) =  a 2 • • • a ma ie 2A. □

To determine HH2(A) we start by finding Imcfe- 
F ind  Im d 2 .

We know that HH2(A) =  Ker d3/Im d2. First we will find Imefe- Since : 
Hom(Q1,A) —► Hom(Q2,A), then d^f G Imd2i where /  G Hom(Q1,A) and 
d2f  = f A 2. Here Q1 =  (Aei<8)/3eiA )© © [^'1(Ae/<8)a/e/4.iA)e(Aern<8)QmeiA). 
Let /  G Hom(Q1,A) and so

/(e i <8)0 ei) =  ciei +  c2/3 +  c3/32 +  c4/33, 

f{ei 0 Q, ei+i) =  d/af, for I G { 1 ,.. .,  m  — 1},

/(e»n ®atm Cl) =  dmOtm-, 

where c\ , C2, c3, c4, dj, dm G AT.
We have Q2 =  (Aei 0 ^  e\ A) ® (Aem 0^2 e2A) ® © J^ 1 (Aej (8)f* ej+i A) if 

m > 3 and Q2 =  (Aei 0^2 eiA) ® (Ae2 <8>/| e2A) ® (Ae2 <8>/|2 e3A) if m  =  2 .
Now we find f A 2. We have
f A 2(e\ <8>y2 ei) =  /(e i 0 ^ e\)P +  p f(e  1 0 ^ ei) -  /(e i 0 ai e2)a2 • • • am -

<*if(e2 0 Q2 e3)a 3 • • •a m  a i a 2 • • • otm- i f { e m 0 Qm ei) =  (ciei +  c2p  +
c z f i2 +  c a P z )P  +  P ( c \ e \  +  C2/3 +  c3/32 +  c4/33) -  d i a i  ' - - a m -  d 2a \  • • • a m -  

. . .  — d m ot\ • • • Om =  2c i /3 — (d i +  d2 +  • • • +  d m  — 2 c 2) P 2 +  2c3/33.

Also f A 2(em <8>/| e2) =  /(e m 0 Qm ei)a i +  a m/(e  1 0 ai e2) -  /(e m 0 «m 
ei)/?ai -  a m/(e i 0 ^ ei)ai -  a m/3/(e 1 0 Ol e2) =  +  d iamai -
dma rn^ a i - a m(ciei4-c2^+ c3^ 2+c4/33) a i - d i a m/3ai =  (dm+ d i-c i) a ma i -
(dm +  C2+di)am/3ai =  (dm + di — ci — dm —C2 - d i ) a ma i =  —(01+ 02)0^ 01 .

Finally, for m  > 3 and j  =  2 , . . . ,  m — 1 or for m =  2 and j  =  2,
we have f A 2(ej 0 /? . eJ+i) =  f(e j 0 Q, ej+i)ay+i • • • ay + a jf(e j+1 0 Qj+1

e j + 2 ) a j + 2  • • • ayH  \-otj • • • a y _ i / ( e j 0 O ie j + i )  =  ( d j + d J + iH \ -d j)a j  • • - a j

=  0.
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Thus f  A<i is given by 

/A 2(ei®/ 2ei) =  2c1p - ( d 1+ d 2+ - - - + d rn- 2 c 2)P2+ 2 c 30 3 =  2c'/34-c"024-2c"'/33, 

f A 2(em ® /2 e2) =  - (c i 4- c2)ama i,

/ ( ej ® /2 . Cj+i) =  0, for all j  G { 2 ,.. .,  m — 1} if m  > 3 or j  =  2 if m  =  2»3,j
for some c',c/,,cw,c i,c2 G if . So

T , ( 4  if c h a r K ^  2,
* m lm rf2 =  |  2 if c/uirK  = 2.

Next we determine Ker ̂ 3 in the case where m > 4. We will consider the 
cases m  =  2 and m = 3 later.
Find K er ds for m > 4.

From the projective resolutions for simples we know,, for m  > 4, that the 
third projective Q3 =  (Aei ® esA) © ©J!L22(Aet 0  e*+2A) © (Aem_i <S» eiA) ©
(Aem ® e2A).

For m > 4, the set / 3 consists of the following elements:

{/?»f l u  f i »/I}  with t G {2 ,... ,m  — 2} where

/?  =  f iP a i<*2 =  /3/2a i a 2 +  a i • • • a m- i / 2a 2 4- (/3ai -  a i ) / | 2,
f i t  = fi,ta t+i =
/3  =  f 3 ,m —l ( arn drnfi)  =  & m —i f 2 ^ 2  ’ ’ ’ &m  “1" & m—l & m f l  P  &m—l & m ( 3 f i ,
f i  = f i a 2 * * • QmQi =  - a m/i/3 a i +  a m/3 /fa i+ Q ma i- - - a rn - i / l .

We have ^3 : Hom(Q2,A) -> Hom(C?3,A). Let h G Ker6/3, so h G 
Hom(Q2, A) and ffe/i =  0. Then h : Q2 -> A is given by

Mci ci) =  ciei +  c2/3 4- C3/32 4- C4/33, 

h(em ®^| e2) =  c5a mQi and 

h(ej ® /2 eJ+i) =  d jaj, for j  G { 2 ,..., m  — 1},*3,j
for some c i , . . . ,  C5, dj G K  where j  =  2 , . . . ,  m — 1.

Then h A ^ e i^ fse s )  =  h(ei®^2ei)/3aia2—/3h(ei®^2e i)a ia 2—ai • • • a m_i/i(em0 y2 

e2)a 2 — (/3ai — ai)h(e2 ® /3a 63) =  (ciei 4- c2/3 4- C3/32 4- C4/?3)/?aia:2 —
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/3(ciei+C2/3+C3/32+C4/33)o:ia2— c$ot\ • • • a m- i a ma i a 2 —d2/5«i«2+d2aia2 = 
d2(<*i<*2 — /3 q iQ 2 ) .  A s  h  €  Ker d $  w e  h a v e  d2 =  0 .

For t e  {2 , . . . ,  m -  2}, we have hA3(et 0 ^31 et+2) =  Me< ®/f t et+i)at+i -  
a«h(et+i et+2) =  d*atat+i -  dt+ iatat+i =  {dt -  dt+i)atat+i. Then
dt — dt+1 =  0 and so dt =  dt+i for t =  2 , . . . , m — 2. Hence d2 = d$ = . . .  = 
dm-2 =  dm-i- We already have cfe =  0 so dj =  0 for j  =  2 , . . . ,  m — 1.

N o w  h A $ ( e m —i  c i )  =  h { e m —1 & m 0 ) & m —i h ( e m ® f2♦3  ̂3,771 — I *2

e 2 ) « 2  * * * & m  iO!m /l(e i< 8 > y 2 e i) /3 + Q !7 n _ iQ !m ^ / l ( e i< 8 > ^ 2 e i )  =  d m —l & m —l& m

d m - lO tm - l< X m P - C 50lm - lO tm O tia 2 • • * a m - a m - i a m ( c i e i + C 2/3+ C 3/?2-f-C4/33 ) /? +

& m —i& m P (c i€ ' i  “I- C2/? C3/32 C4/33 )  =  d m _ i ( o : m _iQ !7n otrn—\OLrn(3 ') =  0 , a s

d m _ i  =  0  a b o v e .

Finally, hAz(em®f s e2) =  h(em ® f 2 e2)a2 • • • a ma i +  a mh(ei <8)^2 ei)/3ai -  
am0h(ei <g>̂ 2 ei)ai -  a ma i • • • am-ih (em e2) =  C5Qma i a 2 • • • a ma i + 
am(ciei +  c2/3 +  c3/32 + c4/33)/3ai -  a m/3(ciei +  c2/3 +  c3/32 +  c4/33)ai -  
C5a ma i • • • a m_ ia ma i =  - c i a m/3ai +  c iam/3ai =  0 , and so this gives no 
information on the constants occuring in h.

T h u s  h  i s  g iv e n  b y

h(ei <8 ,2  ei) =  ciei +  c2(3 +  c3/32 +  C4 /?3 , 

h(em ® /| e2) =  C5QmQ!i and 

h(ej . eJ+i) =  0 , for j  € {2 , . . . ,  m  -  1}
3>i

for some c i, . . . ,  C5 € K  and so dim  Ker d% =  5. 
Therefore, for m > 4 we have

5 — 4 = 1  if char K  ^  2,
5 — 2 =  3 if char K  =  2 .dim HH‘

T h eo rem  11.5. For A =  A(m) and m > 4 we have
1 if  char K  ^  2,
3 i/ char K  — 2.dim  HH
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11.6. A basis for HH2(A) for A =  A(m) and m  > 4. 

charK  ^  2.

Suppose that m  > 4. We know that dim  HH2(A) =  1. So we need to find 
one non-zero element in HH2(A). Define the non-zero map h\ in Ker d% to 
be given by

ei 0^2  ei ci,
else 0 .

Now suppose for contradiction that hi E Imd2- Then hi(ei 0^2 ei) = 
/ A2(ei0 ^2ei) for some /  G Hom(Q1,A). So we have ei =  2c//34-c"/324-2c,"/33 

for some d ,d ',d u G if. This gives a contradiction. Therefore h\ £  Im d2 - 
Hence h\ 4- Imd2 is a non-zero element in HH2(A).

So {h\ -I- Imd2} is a basis of HH2(A) when charK  ^  2.

char K  =  2.
Suppose that m > 4. Here dim  HH2(A) =  3. So we need to find three 

non-zero linearly independent elements in HH2(A). We start by defining 
non-zero maps h i,/i2,/i3 in Ker d^.

Let hi be the map given by

ei 0^2 ei »-» ei,
else 0 ,

h2 be given by
ei 0 /x2 ei /33,

else i—y 0 ,
and hs be given by

ei 0 y2 ei *  ̂ /3,

else »-> 0 .
It can be shown as before that these maps are not in Im d2. Now we will 

show that {hi 4- Imcfe, h2 4- Im d2, h3 4- Im d2} is a linearly independent set 
in Kerd3/Im d 2 =  HH2(A).

Suppose a(hi 4- Imd2) +  6(^2 4- Imd2) +  c(h3 4- Im d2) =  0 +  Imd2 for some 
a, 6, c G K . So ahi 4- 6h2 4- c/13 G Im d2. Hence ahi -I- 6/12 4- c/13 =  /A 2 for 
some /  G Hom(Q1, A). Then (ahi 4- &h2 4- chd)(e\ 0^2 ei) =  /A 2(e 1 0^2 ei). 
So aei +  h/?3 4- c/3 =  d'j32 for some d' G if . Since {ei,/3,/32,/33} is linearly 
independent in A, we have a =  & =  c =  c// =  0. Hence {hi 4- Im d2,h 2 4-
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Imd2, /13 +  Imcfe} is linearly independent in HH2(A) and forms a basis of 
HH2(A) when char K  =  2.

11.7. HH2(A) for A =  A(m) and m  =  3.

Note that if m =  3 then the set / 3 is {/i> /!> / I } where

/ 1  =  f i 0 a i a 2 =  /3/iaiQ 2 +  0 1 0 :2 / 20:2 +  (/3oi -  o ti)/|i2,
f i  =  / | , 2 (a 3 -  « 3/3) =  0 2 / 3 0 2 0 3  +  o 2q 3 / 1 -  0 2 0 3 / 3 / 1 ,
/ I  =  /2 a 2«30i =  -c tz flp a x  +  a 3/3/2a i +  030102 / I  -

To find Ker ̂ 3. It can be seen easily from the case where m > 4 that a 
typical element /i G Ker 4̂ 3 is given by

h(e 1 <8)^2 ei) =  ciei +  c2/3 +  c3/32 +  c4$3,

Me3 <S»/2 02) =  050301 and 

h(e2 ®/32a e3) =  0 , 

for some c i , . . . ,  C5 G K  and so dim  Ker d$ =  5. Recall that

/14m  Tm -  /  4  i f  ^  2 >dim  Imd2 -  j  2 if char K  = 2.

Therefore,

dimHH2(A) =  { 5 I  5  =  3

A basis for A =  A(m) where m  =  3 is the same basis as for m > 4 above.

11.8. HH2(A) for A =  A(m) and m  — 2 .

The set / 3 is the set { /3, / f  } where

/ i  =  fiP<*i<*2 =  /3/i2o iq 2 +  o i / |o 2 +  (/3oi -  o i ) / |2, 
f i  = / 2a 2<*i =  - 02 / 1/3oi +  o 2/3/2oi +  o2o i / | .

Let /i G Kercfe. So h G Hom(Q2, A) and

h ( e i  <8)̂ 2 e i )  =  c i e i  +  c 2/3 +  C3/32 +  c4/33, 

h(e2 ®^| e2) =  C50201 and 

h (e 2  ® / |2 e i )  =  d2o 2

for some c i, . . . ,  C5, d2 € AT.
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Then hAs(ei 0^3  ei) =  h(ei0 ^2ei)/3oiO2—/3h(ei0 ^2ei)oiO 2 —Oih(e20^2 

e2)a2-(/3ai-ai)/i(e2<8>y|2ei) =  (ciei+C2/3+C3/32+04/33)/3oiO2-)3(ciei + 
C2p+Czp2+C4(3>Z)ot\OL2—C5Cl\Cl2&\Ot2—d2fioi\Ot2+d20t\OL2 =  d2(a \a2- ^ \ O t 2). 
As h € Ker (fe we have d2 =  0.

Also hA$(e2 0 y>se2) =  h(e2 0^2  02)0201+  02h(ei 0^2 ei)/3oi—02/3h(ei 0^2 

e i ) a i  — a2a\h(e2® f2 e2) =  C5 0 2 0 i 0 2 0 i  +  0 2 ( c i e i  +  C2/3 +  C3/32 4-C4/33) /3a i -  
a 2/3( c i e i  +  c2@ +  C3/32 +  c4/33) q i  — 05020:1 a 2a i  =  - 0iO 2/3o i  +  c\a2(3ai =  0 , 
and so this gives no information on the constants occuring in h.

So h is given by

h(ei ®Aa ei) =  ciei +  c2/3 +  c3/?2 +  C403,

h(e2 0^2  e2) =  050201 and

h(e2 ®/aa ei) =  0 ,

for some c i , . . . ,0 5  € K.
So dim  Ker ̂ 3 =  5. Recalling that d im lm d2 was found earlier, we have

The basis for A =  A(m) where m =  2 is again the same as above.

We summarise the results in the following theorem.

T heorem  11.9. For A =  A(m) where m  > 2 we have

dimHH2(A) = |  I z t Z l  ' J f t h Z r K t l

If charK  ^  2, then {hi +  Im d2} is a basis for HH2(A) where hi is the 

map given by
ei ®y2 ei >—> ei,

else »-> 0 .
If charK  =  2, then {hi +  Im d2,h 2 +  Im d2,h^ +  Im d2} is a basis for

HH2(A) where hi is the map given by

ei 0 j* e\ Cl*
else 0,

h2 is given by
ei 0^2 ei •—̂ 0 3,

else 0,
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and /13 is given by
ei <8)^2 ei /3,

else »-> 0 .

This completes the discussion of HH2(A) for the non-standard self-injective 
algebras of finite representation type over an algebraically closed field. 

T heorem  1 1 .1 0 . Let A be a finite dimensional self-injective algebra of finite 
representation type over an algebraically closed field K . I f  A is the standard 
algebra of type A(j42p+i, s, 2) with s ,p >  1, A(£)n, s, 1), A(D4, s, 3) with n >

A(£?6, s, 2) with n  € {6 ,7 ,8}, s > 1; then HH2(A) =  0.
I f A is of type A(An, s/n , 1) then dim  HH2(A) =  m  where n +  1 =  ms +  r  

and 0 < r  < s.
For A(A2p+i, s , 2) with s — p = 1, dimHH2(A) =  1.

Xet A 6e A(Dn, 1,2); then d im HH2(A) =  1.
Let A be the standard algebra A(D 3m, 1/3,1); then

I f  A is the nonstandard algebra A (m) of type {D^m, 1/3,1) where m  > 2 we 

have

4, s > 1, A(Dn, s, 2), A(D3m, s /3 ,1) with n > 4, m > 2 , s > 2 or A(Eni s, 1),

dim HH z/ char K  ^  2, 
z/ char K  — 2.

1 z/ char K  ±  2,
3 z/ char K  =  2.dim  HH
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1 2 . D e r i v e d  e q u i v a l e n c e  a n d  o n e - p a r a m e t r i c
SELF-INJECTIVE ALGEBRAS

In this chapter we look at self-injective algebras of tame representation 
type (not finite representation type). We start by describing the work of 
Bocian, Holm and Skowronski in [6] which gives a classification of all stan­
dard one-parametric but not weakly symmetric self-injective algebras. We 
consider the algebras of [6], but remark that there are other classes of self- 
injective tame representation type algebras that we could also have consid­
ered. In particular, the classification of all standard one-parametric weakly 
symmetric algebras has been given in [7]. The algebras in [6] are divided 
into two types, and here we study HH2(A) for some of one type A. The 
main result here is Theorem 12.13, and this finishes the thesis. Future work 
will continue the computation for the second type.

We start by describing this first type. The classification in [6] gives each 
algebra by quiver and relations and is constructed from Brauer graphs. The 
definitions are all taken from [6].

D efinition 12.1. A Brauer graph T  is a finite connected undirected graph, 
where for each vertex there is a fixed circular order on the edges adjacent 
to it.

In the context of the paper [6], T  has at most one cycle. Moreover, the 
edges adjacent to a given vertex Eire clockwise ordered.

Let T  be a Brauer graph with exactly one cycle Rk, having k > 2 edges. 
Let i/i,. . . ,  Vk be the vertices of Rk and n(vi) =  {u*, ̂ i+i} the edges of Rk 
where i =  1 , . . . ,  k and Vk+i = v\. In that case the Brauer graph T  is of the 
form (*):
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V k -1  

'(*-1)1 (*-!),"

I l \ / v  
Vl ----

o

Vk

(k-1) 
(k-l)p ( f c - l ) l

As can be seen from the diagram, the main edges are labelled 1, . . . , k. 
Sometimes we will use the notation n(vj) for the main edge i where 1 < i < k. 
The outer edges are those labelled by im where 1 < m < p and the inner 
edges are those labelled by im where 1 < m  < q.

The outer vertices are labelled ti/i,. . . ,  Wkp where i)p+m and V{ are 
the vertices of the edge im, for 1 < m  < p and 1 < i < k. The inner vertices 
Eire labelled 3/1, . . .  ,yqk where y(i-i)q+m Vi are the vertices of the edge 
im, for 1 < m  < q and 1 < i < k.

For ease of following the edges, we will label the inner edges by i* where 
p + 2 < t < p  + q + l  and 1 < i < k .  So i* = it-p -1-

As in [6], the edges of T  are then rotated by an automorphism of T.
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Definition 12.2. An automorphism of the Brauer graph T is an automor­
phism which preserves the fixed circular order on the edges adjacent to any 
vertex.

A rotation of T  is an automorphism aa of T, for some integer s with 
1 < s < k — 1, such that crs(vi) =  Vi+S for all i =  1, 2 , . . . ,  k (where k +  r = 
r  for r  > 1).

As in [6], we assume gcd(s +  2 , k) =  1. With the following definitions we 
will define the generalized Brauer quiver Q(T, crs).

D efinition 12.3. Let T  be a Brauer graph. A -orbit of a vertex v of T  
is the orbit of v with respect to the action of the cyclic group generated by 
<ja on the vertices of T. Moreover, all cr3-orbits of vertices of T  have k/d  
elements where d =  gcd(s, k).

D efinition 12.4. Let T  be a Brauer graph. An order P(T,<rs) of the edges 
of T  is defined as

P ( T , o , )  =  { J P(T,<t„ v )
V

where v are the representatives of all pairwise different ovorbits of vertices 
of T. A cyclic order p(T, cra:v) is defined using the cyclic orders of edges 
around the vertices v, cra(v),. . .  in the Brauer graph T.

Specifically, let r  € { 0 ,1 ,..., (k/d) — 1}, let i be an edge of T  adja­
cent to the vertex and let j  be the direct successor of i in the cyclic 
order in T  around cra(v). If j  ^  n(crj(v)), then j  is defined to be the 
direct successor of i in the cyclic order p(T,cra,v). If j  — n(<rr8(v)) then 
n (°ra+1(v)) =  ^ ( n K ( V))) is said to be the direct successor of i in the cyclic 
order P (T ,(ts, v).

Now we are ready to define the generalized Brauer quiver Q(T,cra).

D efinition 12.5. Given a Brauer graph T, we define a generalized Brauer 
quiver Q(T, aa) where the vertices and arrows are given as follows. The 
vertices of Q(T, oa) are the edges of T. An arrow i —> j  exists if and only if 
j  is the direct successor of i in the order p(T, aa).

D efinition 12.6. The algebra OSl\ T ,  <j8) is the algebra

K Q (T ,a .) /lV (T ,a .) ,
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where K Q (T ,a3) is the path algebra of the quiver Q(Tycrs) and a3)
is the ideal in KQ (T, crs) generated by the elements

(1) ab where a : i\ —► 1 2 , b : 22 —► *3 and t i , i 2>*3 are not consecutive 
elements in the cyclic order P(T, <js).

(2) C(i,p(T,o-3,v)) — C7(i,p(T,o-3,u;)), where i =  {v,iu} is an edge of T  
and C (i,p (T ,aa,v)),C7(i,p(T,o-s,io)) are the paths from i to aa(i) in the 
quiver Q(T, ora) corresponding to the consecutive elements i , . . . ,  aa(i) of the 
cyclic orders p(T,crs,v) and p(T ,aa,w), respectively.

D efinition 12.7. If the Brauer graph T  is of the form (*) and gcd(s, k) =  1 
then nM(T,flr,) is denoted by A(p, q, k, s).

As [6, Theorem 1] shows, these algebras A(p, q, k , s) are one of the types 
of standard one-parametric but not weakly symmetric algebras. The other 
type is labelled T*(n) and the definition of T*(n) is in [6].

T heorem  12.8. [6, Theorem 1] For a standard self-injective algebra A the 
following are equivalent:

i) A is one-parametric but not weakly symmetric;
ii) A is derived equivalent to an algebra of the form  A(p, q, k, s) or T*(n).

R em ark . Two algebras of the form A(p, q, k , s) and T*(n) are derived equiv­
alent if and only if they are isomorphic. Note that an algebra of the form 
A(p, q, k, s) is never isomorphic to an algebra of the form T*(n) as their stable 
Auslander-Reiten quivers are not isomorphic. Precise details of when two 
algebras either both of type A or both of type T are given in [6, Proposition 
7.6] and [6, §0] respectively.

The overall aim is to find HH2(A) for all standard one-parametric but not 
weakly symmetric algebras and in this thesis we consider here some of the 
derived equivalent representatives of these algebras A(p, q, k, s), namely the 
algebras A(p, q, fc, k — 1).

We fix s — k — 1 and will show that the second Hochschild cohomology 
group is non-zero, for the algebras of the form A(p, q, k , k —1) where p, q, k are 
arbitrary. With s =  fe — 1 it is true that gcd(s +  2, k) =  1 and gcd(s, k) = 1. 
As Hochschild cohomology is invariant under derived equivalence, the second
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Hochschild cohomology group is non-zero for any algebra derived equivalent 
to one of these representatives A(p, q ,k ,k  — 1).

For an arbitrary p, q, k and s =  k - 1, let d =  gcd(s, fc) =  gcd(fc - 1 ,  k) =  1 

and let crs be the rotation: 
for the main vertices

crs : V{ *-¥ Vi+k-i where i + k — 1 = i — 1, i > 2 .

for the outer vertices Wi,

( Wi+rfc-nn if w* is a vertex aroimd v\.
[ Wi-p otherwise,

and for the inner vertices pt-,

v /  ViMk-Dq if Vi is a vertex around vi,(Ta : Vi v .. ̂ yi-q otherwise.
For ease of notation we write a for as.
The orbit of a vertex v with respect to the action of the cyclic group 

generated by a on the vertices of T  is:

{id(u),<r(v),<72(v),...} .

Recall from Definition 12.3 that all o-orbits of vertices of T  have the same
number of elements, namely k. Now we find the orbit C?(v) of each vertex v
of T.

0 ( V  i )  =  { V i , V f c , V f c _ l , . . . , V 3 , V 2 }

0 {w\) = {uJl, W(k—l)p+l? ̂ (fc—2)p+l* * * ' » ̂ 2p+l? ̂ P+l}

0(wp) =  {Wpj Wkp> W(k—l)pj • • • > ̂ 3pi ̂ 2p\

^(l/l) =  {l/l» 1)9+1» ̂ (fc—2)g+l> *•'» ^ 2g+l) ̂ 9+l}

®(Vq)  — f i /? ’ 2Ikq't V{k—l)qi  • • • » V3qi V29 }*

Now we introduce an order P(T, cr) of the edges of the Brauer graph T. 
We have p +  q +  1 distinct representatives of the orbits of the vertices of T,
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they are v\ , w\ , . . . ,  wp, y\ , . . . ,  yq. So we have p+ q + 1 cyclic orders. Hence, 
from Definition 12.4 we know that

P(T, a) =  p(T, <r, vi) U (Jf=1 p(T, a, Wi) U (J*=i P(T, a, j/j). 
Using Definition 12.4 we define the cyclic order around each vertex. For 

the cyclic order p(T, <7, vi), starting from any edge, say i, and moving clock­
wise around the vertex v\, if the direct successor of i is not a main edge then 
it is the direct successor of i in the cyclic order. If the direct successor is a 
main edge n(<jr(v\)) then the direct successor of the edge i is n(crr+1(vi)) 
in the cyclic order. So we have,

p(t,<7,«,) =  {i, I***,. . . ,  k, l 1, . . . ,  v ,  k, *p+2, . . . ,  k - 1,
k1, . . . ,  kp, k  -  1, (k -  1)P+2, . . . ,  2, 2>*2, . . . ,  2>>+«+1, 1, 21, . . . ,  2P}.

The other cyclic orders are found more easily, and can be seen to be: 
p(T, <r, « ,)  =  { l1, fe\ (k -  l ) 1, . . . ,  31,21},

p(T, a, wp) =  {IP, k”, (k -  1)«\. . . ,  3?, 2”},
p(T, <r,Vi) =  {lp+2, k ^ 2, (k -  l ) ^ 2, . . . , 3 ^ 2, 2*>+2},

P(T, cr, yq) =  {I**-*44, (k -  l )p+,+l, . . . ,  3P+4+1,2IH-4+1}.

Then the generalized Brauer quiver Q(T, a) using Definition 12.5 is of the 
form:
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i-i

\P +  2 «l
,p+g

7k
■P+2

»-l iP+fl+i
i-i

|P+2

k -  1
i-i

> - i

Hence, by Definition 12.6, the algebra A(p ,q ,k ,k  — 1) is given by the 
above quiver Q{T, a) with the relations:

(1) for all i € {1, . . . ,  fc}, we have relations

CH0T2,
'YiPi+li
7{ where j € { l , . . . , p - l } ,

where m 6  {1, . . .  ,p}, 
a |- 1/3j where / € {p +  3 ,... ,p  +  q +  1},

« f+9+1«<7(») and



#°£(*) where t G {p +  2 ,.. .  ,p  +  q +  1}.
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(2) for all i G { 1 ,.. . ,  /c}, we have relations

^ a r 2 • • • o r ,+ v W7? • ■• ■■ t? -  i n j n  • ■■ ■■ 7f+^ « r 2 • • • ° r ,+ l.
-  7™ ’ ' '  7?< M 0 < 0  ■ ■' < r ^ ( . > ^ . )  • • • 7^ ) ' ,  for m 6  {1, . . . ,  p}, 

f t  -  a< • • • a f+?+l7<r(i)7.* • • • i f < V 0 < 0  ‘' '  < /)>  
for t G {p +  2 ,.. .  ,p  +  q +  1}.

Now we want to find an algebra A;(p, g, A;, Ac—1) isomorphic to A(p, q, k, k — 
1) and so that A1 = KQ!/1' and the ideal I 1 is contained in the square of the 
arrow ideal of KQ!. So we are going to replace /3’s in the relations where it 
is possible. Let Q!{p,q>kyk — 1) be the quiver:

7k

k
>-i

i-i

2 p - i  . . .  2 2

1 = C ^  ^ 71
IP+ 2 ^  ai 2p+9+1

2P+q

k - lP + z

vP+2

kp+q+ 1 QP+«+! afc_x fc - lP +2

7fc-i  ^  — 1

. . .  kP
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Then A(p, g, A:, k — 1) is isomorphic to the algebra given by the quiver 
Q/(P>q ,k ,k  — 1) with relations, for all i G { 1 , . . . ,k} :

(1) Qiof4"2 • • • * • * 7?<M»),

7»7i+i * Tf+iOiof^2 * * •
7< 7i+1 ‘ • ‘ 7faa(i)o5j) * • • a££)+17i+i7i(i) * * • 7 ^  where j e {  1, . . .  ,p - l} , 
7i>7<r(i)>

7 r  • • • 7 f « a ( i ) Q ^ )  • • • o 5 j ) + 1 7 ^ ( 0 7 i « )  • • • 7 ^ 7 ^ )

where m G {1 ,... ,p},

a j - 'a j  • • • a f +,+17»(i)7/ • • • 7?<V(i)aS(i)' ' '  “ £ )  
where I G {p +  3 , . . . ,  p +  q +  1},

a T ,+1^ w .
a* - .  a f +',+ l7»(i)7i • • • 7 ? •'' < i K ( i )  

where t G {p +  2 , . . . ,  p 4- q +  1}
and finally

(2) o iio ^2 • • • a f f 9+17«T(i)7i * * • 7? “  7»7i+i * * * Ti+i<*id?2 * * * «f+9+1-

These relations are not minimal. So next we will find a minimal set of 
relations f 2 for this algebra.

Let f f ti =  Oiof"2 • • • of+,+17a(i)7i • •' 7 f-7 i7 i+ i' •' 7 f+ i« i«T 2 ' '  ‘ “T ',+1. 
f l i  =  7?7»(i) and /!_( =  o f1",+1a t7(i) so /? ,j,/l.i-/l.i in / 2 for * e
{ I , - - - , * } -

Now consider the other relations. We have (c^af4'2 • • • a f+9+17ff( i)7i • ' '  7 f -  

7i7i+i " '7 f + ia  io f1-2 • • • a f+5+1)a„(i) and 7(7*+! • • • 7?+ia ia f +2 • • • <^+,+1“ <7(i) 
are both in J. Therefore aiO?+2 • • • a f+,+17*(*)7i * * * 7fa <r(t) € /  and is not 
in / 2.

Also we have /i2i7a(0 € J, so that (7 ^ + 1  * • * li+ iai ° ^ 2 ’ ’ ' a f+9+1)7a(t) 
is in I  and not in f 2.

Now consider the relation 7{n • • • 7?<Mi)o£5) * • * 
where m  G {1 ,... ,p}.

If to =  p  then 7?/ j ^ j  6  /  and 7f  7a(i)7j(i)+i • • • ' ' '  «i£ ) +1

€ / .  So 7f  « < * )< £ )' •' < ( i’+17^ ( 0 7 i (i) •' • T ^ J t ^ )  S I  and not in /  
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If m  G {1 ,... ,p  — 1}, then

=  7“  • • - 7 •  • • < ; f 17^(i)7i(<) • • • 7 ^ * 7 ^ )  
cannot be obtained from any other elements of I. So =  7^  • • • 7 ?

• • • a? w +17<r»(07i(j) • • • 7 ^ '7 ^ )  is in f  where m € {1, . . .  ,p  -  1}.
Now consider the relation 7?-yf+l • • • ■ ■ ■ a £ $ +17.+i7J(i) • • • 7 ^ )

where j  G {1 ,... ,p — 1}. Note that this relation is precisely m above with 
j  =  m, which is in / 2.

Next consider the relation a j_1aj • • • a f +9+17<r(*)7i • • *7 * * * °£(*) 
where 1 G {p+3,. . .  ,p+ g+ l} . It cannot be obtained from any other relations 

in / .  Therefore =  a |_1a ' • • • o f ' ,+ 17<r(<)7i • • ■7ia<r(i)0£(i) ' ' '  a‘i(i)
where I G {p +  3 ,... ,p +  q +  1} is in / 2.

Finally consider <x\ • • • o f+9+17a(»)7i • * • 7?<M»)a£(i) ’ ''  a £(i)a a(0 where 1 € 
{p +  2 , . . .  ,p  +  q +  1}. This is precisely the element with t = I — 1

above.

So we now have the minimal set of relations.

P ro p o sitio n  12.9. For A =  A (p ,q ,k ,k  — 1), the minimal set of relations, 
for all i G { 1 ,.. .,  k}, is

f 2 =  {/?,*> /l,i>  f i ,  i i  / 4,t,j > / | , i , / - l }

where

f l  =  cn cC 2 ■ • • a r ,+ 1 7 * W 7 ?  • • • 7 f - 7 < 7 ‘+1 • • • 7 ? + ! ^  • • •

=  7?7<r(*)» 
y2 _ _

= 7j 7 j+I • • • 7?<**(<)°S(i) • • • < (i)+l7<+,7»(0 ’ ’ ' 
where j  G {1 ,... ,p  — 1},

/s .ij- i =  • • • « r ,+ 17.W7/ • • • 7?“ a(i)O^) • • • a^ i1)
where I G {p +  3 , . . . ,  p +  q 4- 1}.

In contrast to the majority of the self-injective algebras of finite represen­
tation type, we will show that the algebra A(p, q ,k ,k  — 1) has HH2(A) ^  0.
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Specifically, we will find a non-zero element in HH2(A). As HH2(A) =  
Kerda/Imcfe) the first step is to find a non-zero map in Ker d^. We have 
dz : Hom(Q2, A) -» Hom(Q3, A).

12.10. Define h G Hom(Q2, A) by

o (/l,i)® t( /i,i)  =  e i ® e fc -► a i < 2 • ■ • o T ,+ 17)c7i 
else 0 .

We note that p ^  0 so h is a non-zero map. But pjk — 0 and pak — 0 . 
Hence px =  0 where r =  radA. Similarly we have rp =  0.

To show that h G Ker dz we show that hAz =  0.
Recall from Chapter 3 that the 3rd projective in a minimal Ac-resolution 

of A is Q3 =  U y e /3 Ao(y) 0  t(y)A  where y  =  E u / 2Pu =  £ „  9«/ur«> is 
a path of length > 1 and qu is in the ideal generated by the arrows. For 
y G / 3 the component of Az(o(y) 0  t(p)) in Ao (/2) 0  t ( / 2)A is

S(o(2/) 0 /2  pu -  <8>/2 ru).

Then

hA3(o(y) ® t(p)) =  Zu(h(o(y) 0 /2  pu) -  quh(o{fl) 0 /2  t ( /2))rtt).

Thus h(c(y) ®,>Pu) =  { ^  * £ = £

As pu is in the arrow ideal of KQ, ppu G px =  0. So we have h(o(y)®pu) = 
0. Similarly h(qu 0 /2  ru) =  0 as qupru G r/oru =  0.

Therefore hAz(o(y)®t(y)) =  0 forall y  G / 3 so /1A3 =  0. Thus h G Kercfe. 
Thus we have a non-zero map h in Ker

P roposition  1 2 .1 1 . For h given in 12.10, h is a non-zero map in Ker d3. 

Next we find Imcfo-
Since d2 : Horn (Q1, A) —> Hom(Q2,A), let /  G HomfQ1, A) and consider 

d i f  =  fA i .  Here
Q1 =  ©jLi [(Aei <8>7i e(i+i)iA)©©^“J (Ae^ 0 ^- et;+i A) © (AeiP ®7? e ^ A )  © 

(Aei ®ip+2 A) ® ^ ^ t ^ .2  (■̂•®i*/ ® eit/+iA) © (Aeip+9+1 ®qP+«+i ea î̂ A)].
Let
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f ( ei i e(t+l)0 =  cl,*7*>
/ ( e*i Cii+1) =  C2,»j7i for j  e  { 1 , . . .  ,p -  1},
/(c»p <8^  ea(i)) =  c2,i,P7f,
/(^ i <8 >a4 Cjp+a) =
/(e it» 0  eit>+1) =  for t7 G {p +  2, . . .  ,p +  q} £ind

/ (eiP+q+i 0 ap+,+i e<j(i)) = C4,i,p+q+ 1of+ 9 + 1  +  rfi,»af+9+170-(t)7i * * *7?>
where all coefficients ci>i,c2,»j for j  € {1, . .  .p  -  l} ,c2ji)P, c3)i,c4)i)f/ for *' €

{p +  2 , • •. ,p +  g}>c4,i,p+g+i>di,» G -K\

We have Q2 =  ©^=1[(Aej 0 / 2 . e^ jA ) ® (Ae*P 0 / 2 . e,iA) ® (Ae^ + ,+ 1  0 / 2 , 

e(^(0)p+2 A) ® (Actf e(o-(*))i+ 1 A) ® ©J5 +31 (Ae^-i 0 / 2 . f e(o.(i))i A)j.

Now we find /A 2.
We have, /A 2(ei0 /2  .e ^ ) )  =  / ( e i 0 Q.eip+2)of+2 • • • o f f9+17a(»)7,- • • • o f +  

a i f { e iP + 2  0 Qp+2 eip+3)of+3 ---of+9+17a(i)7i‘ --Tf +  ••• +  a ia f + 2  • • • of* 9 

/(ejp+g+l0 ap+«+ieff(i)) 7<r(t)7i * ‘ * 7 f  / ( e<r(i)®7<T(<)ei1)7i

T f+ aio f^-2 • • • /(eii<8>7 iei2)7 ? • • • 7 f + -  • • + a ia f f2  • • • a f f9+17<r(i)

7< • • • i f 1 f ( eiP ea(i))

-[7 i/(e(i+i)i® 7 i+ie(i+1)2)7?+1 • • • T f+ i^ a T 2 * * • a f+9+1+- • -+7i7i+i * • • t£Ti 
/ ( e (i+1)p 0 7p+i ei)a io f H2 • • • of* 9* 1 +  7 <7^+ 1  • • • 7 ?+1/ ( c< ®a4 eip+2)af+ 2  • • • 
o^+9+1 +7»7i+i • • • /lii+iai f  (ev>+2 ® Q?+ 2 eip+s)af+ 3  • • • o f* 9* 1 +  • • •+7»7i+i * * * 

'y?+iai°%+2 ’ ’ ' a f+ 9  /(e  iP+9+l 0 QP+9+l (*))]
=  (c3,i+C4>tiP+2-l hC4>tjP+g+i+ c lta(i)+ c 2tijiH hc2j*)P)aio f+ 2  • • • a f+9+

7 a ( i)7 ,*  • • • 7 f  -  [c l,» +  c 2 , t + l , l  H---------1- C 2 ,i+ l,p  +  C3 ,i +  C 4,i,p+2 H-------- h C 4,i,p+g+ l ] 7 i

7 ^ i- - -7 f+1a i a r 2 - - « T 9+1.
So /A 2(ej 0 / 2 . e ^ ) )  =  (cijff(i) +  c2)i)i H 1-  c2>ijP -  citi -  c^i+i.i -  . . .  -

c 2 ,* + i )P) a i a f + 2  • • * a T 9 + 1 7 a (* )7 i  * * • 7 ? -

Next, f A 2(eiP 0 / 2 . e;i) =  f (e iP 0 ^  ea(i))7 <r(i) +  7 f / ( e <T(i) 0 7<r(i) e^) =

(c2,z,p d* cl,a(*))7f7<r(i) =  0.
Now, /A 2(eiP+,+i 0 / 2 . e(a(i))p+2) =  f{e iP+ q+ 1 0 aP+«+i + a f+9+1

/(®<r(i)*8>at0.(i)̂ (o-(i))P+2) 7<r(*)7t 7?'
CS>a(t)0<H'9+1«ir(<) =  ^l,t«f+9+17a(i)7i * * *7?<Mi)-
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For the remaining terms, we note that f A 2 (eij<8 >f2 e ^ ^ j+ i)  G e^A e^^j+ i 
Vj G {1, . . .  ,p -  1} and =  0 , so f A 2(ea 0 /2  _  e ^ j i + i )  =  0 .
Similarly f A ^ i - x  0 /2  G e ^ - i A e ^ i  VI € { p + 3 , . . .  , p + g  +1}

and e{i-iAe(a({))i =  0, so f A 2 (eii-x 0/2 e(<r(*))0 =  °-

Let cj — l̂,<r(i) “I” C2,*,l ”b ' ' '  “f” C2,itp ^1,* ^2,»+l,l • • • for
i =  1, . . .
Thus for i G {1,.. •, A:}, /  is given by

f A 2(ei <8^2. ea(i)) =  c/iQia f+2 • • • a f+9+17 <r(i)7 i * * * 7 f » 
f A 2(eiP ®f2' e?) =  0 ,

/ - ^ ( e j p + g + i  0 / ^  ®(cr(t))P+2) =  7 <t(»)7* * ' '  7 f a <r(i)>

/A 2(eii 0 /2  e ^ j i + i )  =  0 where j  € —1} and

/A 2(eij-i ® /2 . J X C(<r(i))0  =  0 where Z G {p +  3 , . . .  ,p  +  g +  1}, 

where c i , . . . , c* G i f  with EjLicJ =  0  and eZi,i,. . . ,  di^ G A".

To find dimlmda, let clt<r(*) +  C2,<,i -I ^c2,i,P =• K(i) and c\ti +  c2|i+i,i +
 b C2,i+i,p =: 6*. Therefore we have the following k equations

c[ = bk - b i  

c-2 = b \ - b 2

c'k-i =  bk~2 — bk-i

ck = bk-i ~ bk•

Thus we can form the matrix A  of coefficients so that

Cl bi
°2 b2
; =  A •

Cfc-l bk-1
.  dk . &fc
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where A =

- 1  0
1 - 1
0 1

0 •••
0 •••

1
0
0

0
- 1

Then it is easy to show that rank(A) =  k — 1.
Hence dimlm  cfo = k — l  + k = 2k — 1.

P roposition  12.12. =  2k — 1.

We now come to the main result of this chapter.

T heorem  12.13. For A(p, q,k ,k  — 1), HH2(A) ^  0 with h +  Imcfo being a 
non-zero element.

Proof. Consider the element h 4- Imd2 of HH2(A) where h is given as in 
12.10 by

°(/i,i) ® K/i.i) =  ei ® efc *-> p, 
else 0 .

Recall p =  a i a f 1"2 • • • o^+9+l'ykll *' * 7i •
We have from Proposition 12.11 that 0 ^  h G Kercfe. Now suppose for 

contradiction that h E Imcfe. Then h(ei <g> e*) =  f A 2 (e\ <g> efc). So p =  cxp 
and so =  1. Also h(e* ® e<r(»)) =  / ^ ( e ,  ® eo-(»)) where z € {2, . . . ,  k}.
Then 0 =  cja»a£+2 • • • o f+fl+17a(»)7i • • • 7f , where z € {2,. . . ,  k } .  But this
contradicts having SjLxcJ =  0 . Therefore h £ Imefej that is, h +  Im /  
0 +  Imcfc- So h +  Imcfc is a non-zero element in HH2(A). □

It is then immediate from Proposition 12.12 and Theorem 12.13 that we 
have the following result.

C orollary  12.14. dzraKerd3 > 2k.

R em ark . There are other non-zero maps hi in Ker d$ defined similarly, for 
each z, such as /12 given by

°(fi,2 ) ® t(/f |2) =  e2 0  ei h-* a 2o5+2 • • • o ^ q+1ji'yl • • • t£  , 
else i-» 0 .

However they all represent the same element of HH2(A), since, for example,

/12 — h € Imcfo*
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Let h 4- Im d2 =: V- Since we have HH2(A) /  0 we might have a deforma­
tion related to that element rj in HH2(A). We introduce a new parameter 
t  to get a deformed algebra Av such that if t =  0 we get back to A. The 
deformed algebra Av is the algebra K Q /IV where Iv is the ideal generated 
by the following elements:

(!) / i ,i  ~  /i ,j  where 3 € {2 , . . . ,  k},
(2) for all i € { l , . . . , k } ,  / ! , » > / ! , » > where 3 € { l , . . . , p -  1}, 
I € {p +  3 , . . .  ,p +  <jr +  1},
(3) pa for all arrows a with t(p) =  o(a),
(4) ap for all arrows a with t(o) =  o(p).

We now need to show that dim A^ =  dim A to make sure that A  ̂is indeed 
a deformation. I thank Dr. Karin Erdmann for her helpful comments when 
considering A^.

It is clear that dim e j A^ =  dime j A for all t and for all vertices ej with 
ej ^  e\ because the relation f \ x — pt does not affect this.

Now we consider eiA, eiA,, with t ^  1, eiA^ with t =  1.

e\A

a i

1P+2 21
a r 2 | h i

\P+3 22

1P+9+1 2P
rf+9+1 | K

k l
7fc | | <* i

l 1 1P+2

7i 1 |a ? + 2

l 2 1P+3

1P lJH-g+1

V + q+ l
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eiAjy with t ^  1 eiA„ with t =  1

- J / 1 - ^ 7 1 a i  > \ 7 i

]P+2 21 JP+2 21
1 7j « r 2 i ItI

]P+3 22 JP+3 22

1P+9+1 2P 1P+9+1 2P
It? a f+9+1| It?

k 1 k 1
7*| |a i 7* 1 |a i

l 1 1P+2 l 1 1P+2

Til i « r 2 7i I 1 Q?+2
l 2 1P+3 l 2 1P+3

IP

7?

1P+9+1 IP

7?

IP + g + l

In each case we see that dimeiA =  dim eiAv =  2p4-2g+4 for all t. Hence

dimAfj =  dim A.

Theorem  12.15. Wiitfi A, 77, and A  ̂ as defined above, then Av is a defor­
mation of A.

So we have found a non-zero element in HH2(A) and a corresponding 
associative deformation of A. Thus we can see the connection between the 
second Hochschild cohomology group and deformation theory.

This concludes the chapter and the thesis. In future work we will consider 
the other derived equivalent representatives of the algebras of the first type
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A(p, q, k, s). After that, it would be interesting to consider HH2(A) for the 
second type T*(n) and to look at the classification in [7] of tame weakly 
symmetric finite dimensional self-injective algebras.
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