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Summary

The subject of fluid flows over axisymmetric bodies has increased in recent
times, as they can be used to model flows over a swept wing, spinning pro-
jectiles and aeroengines amongst other things. A better mathematical under-
standing of the transition from laminar to turbulent flow within the boundary
layer could lead to an improvement in the design of such applications.

We consider a compressible fluid flow over a rotating cone, defined by half-
angle 1». The mean flow boundary—layer equations are derived and we conduct
a high Reynolds number asymptotic linear stability analysis. The flow is sus-
ceptible to instabilities caused by inviscid crossflow modes (type I) and modes
caused by a viscous—Coriolis balance force (type II). Both are considered, along
with the effects of changes in the cone half-angle, the magnitude of the local
Mach number and the temperature at the cone wall. A surface suction along

the cone wall is also analysed.

i



Acknowledgements

First and foremost I would like to thank my supervisor Dr. Stephen Garrett.
His advice and guidance, both academically and on a personal level, has been
invaluable throughout my time at Leicester. I would also like to thank Dr.

Zahir Hussain for some helpful discussions regarding his own PhD thesis.

[ am grateful to the Engineering and Physical Sciences Research Council for

the financial support I have received.

My final thank you is to my family and friends for their endless support
throughout this process. A special thank you must go to Marie, James, Oliver
& Charlie Inder for letting me stay with them upon request during the second

half of this project.

il



Contents

Declaration i
Summary ii
Acknowledgements iii
1 Introduction 1
2 Laminar flow equations 20
2.1 The governing equations . . . . . . . . ... ... 22
2.2 Solution of the governing equations . . . . . . . .. .. ... .. 29
2.3 Physical interpretation . . . . ... ..o L 37
2.4 The effect of mass flux on the laminar flow solution . . . . . . . 41
3 Inviscid type I modes 44
3.1 Linear perturbation equations . . . . . . .. ... ... ... .. 44

v



CONTENTS

3.2 Type I perturbation functions . . . . . . . ... ... ... ...

3.3 Leading order eigenmodes . . . . . .. .. ... ... ..

3.4 Wall layer solution . . . . .. ... ... ... ... ...

3.5 First order eigenmodes . . . . . .. ..o

4 Viscous Type II

Modes

4.1 Upper deck solutions . . . . . .. . ... ...

4.2 Main deck solutions . . . . . . . ...

4.3 Lower deck solutions . . . . . . . . . ...

4.4 First order lower-deck solutions . . . . . . . . . .. ... .. ..

4.5 Wavenumber

5 Conclusions
5.1 Current work

5.2  Future work

Bibliography

and waveangle predictions . . . . . . ... ... ..

48

20

o7

59

62

65

69

71

75

87

95

98

102

106



List of Figures

1.1

1.2

1.3

1.4

Experimental visualisation of the flow over a disk with radius
200mm rotating at 1500 revolutions per minute. Taken by Ko-
hama (1984a). . . . . . . ... Lo
A numerical study into the neutral stability curves for an incom-
pressible flow over a rotating disk, showing the upper branch
type I modes and the lower branch type II modes. Taken from
Malik (1986). . . . . o i
Space-time diagrams for disturbances defined as (a) convec-
tively unstable and (b) absolutely unstable. Taken from Ling-
wood (1996) . . . . . ...
A comparison for the required wave angle for the onset of the
type I instability for experimental, asymptotic (¢) and numeri-

cal studies (¢). Taken from Garrett, Hussain & Stephen (2009) .

vi

11



CONTENTS

1.5

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

Experimental visualisation of the flow over a cone with half
angle ¢ = 15° rotating at 670 revolutions per minute. Taken by

Kobayashi, Kohama & Kurosawa (1983). . . . . .. .. ... ..

Geometrical setup for the rotating cone (taken from Garrett

Varying wall temperature, increasing vertically from T,, = 0—2
in 0.4 increments, for constant local Mach numbers M,. . . . . .
Varying local Mach number, increasing vertically from M, =
0 — 10 in increments of 2, for constant wall temperatures T,,. . .
Numerical solution for (a) f(-), f'(-) and (b) ¢(-), ¢'(--). . . . .
Solution of U(-), V(--) and W(.-), for¢p =90°. . . . . . ... ..
Physical laminar flow profiles U(-), V(--), W(..) for ¢ = 40°
(uppermost) — 90° , T, = 1 with (a) M, = 0.5 and (b) M, =6. .
Physical laminar flow profiles U(-), V(--), W{(..) for ¢» = 40°
(uppermost) — 90° , M, =1 with (a) T, = 0.5 and (b) T, = 3. .
Varying suction parameter from a = 0.2 to a = 1 (uppermost)

in increments of 0.2, for cone half angles v, where U(-), V(--)

Vil

17

39

40



CONTENTS viii

3.1

3.2

3.3

3.4

3.5

3.6

3.7

4.1

4.2

4.3

4.4

=/

The effective velocity ﬁ(—) and it’s second derivative U (——)

for 1) = 40°(uppermost at z = 10)—90°, where T, = M, = 3. . . 51
Diagram showing the direction of wave numbers and the effec-

tive velocity, taken from Garrett, Hussain & Stephen (2009). . . 52
wy for ¢ = 40°(uppermost) — 90° where T, = .M, =% . . . .. 54
wq for ¢ = 40°(uppermost) — 90° where T, = %,Mm =1..... 54
wq for ¢ = 40°(uppermost) — 90° where T, = 1,M, =1 . . . . . 55
wy for ¢ = 60°.T, = %,Mm = 1 with suction parameter a =
O(uppermost),0.1,0.2. . . . . . . ... 55
Asymptotic plots of leading order wavenumber & waveangle pre-
dictions for neutrally stable inviscid modes . . . . . . . . .. .. 56
Diagram of the triple-deck structure. . . . . . . ... ... ... 63
The graph of U(0, ), showing the decay over the region of in-
tegration from # =0to @ =5. . . . ... ... 83
The effective wavenumber yox% for fixed T, = 0.4,0.8,1.0,1.2, 1.6.
The solution for the incompressible case is also given (——).. . . 87

The correction to the wave angle for fixed T;, = 0.4,0.8,1.0,1.2, 1.6.

The solution for the incompressible case is also given (——).. . . 88



CONTENTS

4.5

4.6

4.7

4.8

The correction to the wave angle for T,, = 1, with ¢) = 40° —90°
in 10° increments. . . . . . . . ..o
Asymptotic wavenumber and waveangle predictions for the vis-

cous type II modes, for fixed T, = M, = 1 and varying ¢ =

Asymptotic wavenumber and waveangle predictions for the vis-
cous type II modes, for fixed ¢ = 60°, M, = 1 and varying
Ty, =04,0812,1.6. . ... . . . . .. ... ..
Asymptotic wavenumber and waveangle predictions for the vis-
cous type II modes, for fixed v = 60°,7,, = 1 and varying

M, =0.3,0.6,0.9,1.2. . . . .

X

93

94



List of Tables

4.1 The effect of a change in ¥ on the maximum local Mach number
M* allowed for stationary three-dimensional modes of insta-

bility toexist. . . . . ...



Chapter 1

Introduction

This thesis presents a study of the stability of compressible boundary-layer
flows over rotating cones, defined by half-angle ). The boundary-layer flow
driven by a rotating disk is a special case of the rotating-cone flow when
¥ = 90°, and that particular geometry has received a huge amount of attention
in the literature. Interest in the rotating-disk flow started with the combined
theoretical and experimental work by Gregory, Stuart & Walker (1955). Their
experimental study showed that a laminar flow was maintained within the
small region around the centre of the rotation, with spiral vortices appearing
at an increased radial distance. The spiral vortices were observed to be co-
rotating and stationary with respect to the disk surface. As the radial position

was increased yet further, transition to turbulent flow was observed.
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Figure 1.1: Experimental visualisation of the flow over a disk with radius

200mm rotating at 1500 revolutions per minute. Taken by Kohama (1984a).

This is highlighted in Figure 1.1, a flow visualisation taken from experi-
mental work by Kohama (1984a). The cause of the spiral vortices within the
boundary layer was confirmed to be the presence of an inviscid cross-flow in-
stability, which is also the dominant convective instability mechanism found

for a flow over a swept wing. This connection to the swept-wing flow has
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since motivated the huge interest in the rotating disk, not least because of its
relatively simple geometry.

Before Gregory, Stuart & Walker (1955), the very first study of the rotating-
disk flow was due to Kdrman (1921), who obtained the equations that governed
steady boundary-layer flow. von Karman’s approach was to solve the Navier—
Stokes equations in the appropriate geometry (which are partial differential
equations) by using a similarity solution that scaled out the radial dependence,
which led to ordinary differential equations which are much easier to solve.
The resulting theoretical flow profiles were later verified by Cochran (1934).
The aforementioned study by Gregory, Stuart & Walker (1955) followed some
years later and was the first to consider the stability of steady boundary-layer
flow, however the theoretical component of their study relied on von Karman’s
earlier results.

We now present a short summary of the literature relevant to this thesis
that includes a summary of developments of the knowledge of the rotating-disk
flow and that over related three-dimensional bodies, including the rotating
cone. The summary is necessarily short and focussed, and a fuller review of
the early work is given by Reed & Saric (1989).

In their stability analysis, Gregory, Stuart & Walker (1955) neglected vis-

cous terms, yielding results for what have become known as the inviscid type
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Figure 1.2: A numerical study into the neutral stability curves for an incom-
pressible flow over a rotating disk, showing the upper branch type I modes and

the lower branch type II modes. Taken from Malik (1986).

I modes, shown by the upper branch of Figure 1.2. Some years later, a fuller
numerical investigation of the linear stability of the rotating-disk flow was
presented by Malik (1986), which was closely followed by a linear asymp-
totic analysis by Hall (1986). Both approaches demonstrated the existence of
an additional instability mode, the type II mode shown by the lower branch
of Figure 1.2, and good agreement was found between the asymptotic and
numerical neutral curves in the high Reynolds-number limit. Hall formally

demonstrated that the type II mode was viscous in origin and was caused
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Figure 1.3: Space-time diagrams for disturbances defined as (a) convectively

unstable and (b) absolutely unstable. Taken from Lingwood (1996)

by a balance between viscous and Coriolis forces. Type II modes could not,
therefore, be described by an inviscid theory. The asymptotic study showed
that the type II mode has a triple deck structure and Hall’s study was later
extended to consider the non-linear development of the stationary modes by
MacKerrell (1987). MacKerrell found that including non-linear terms led to a
more unstable flow compared to the linear analysis, suggesting that non-linear
effects were destabilising.

In addition to type I and Il modes, which are example of convective insta-
bilities and can be associated with the experimentally observed spiral vortices,

Lingwood (1995) was the first to show that the flow over a rotating disk was
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locally absolutely unstable. A space-time diagram of the evolution of absolute
and convective instabilities are shown in Figure 1.3. Lingwood noticed the close
match between her predicted critical Reynolds number for the onset of absolute
instability and the reported critical Reynolds numbers for the onset of turbu-
lence from various experimental studies over the prior years, for examples see
Malik, Wilkinson & Orszag (1981), Kobayashi, Kohama & Takamadate (1980).
More specifically, experimentally observed values for transition were found to
have an average critical Reynolds number of 513, and Lingwood’s prediction
for the onset of absolute instability differed by less than 3% of this value. This
led to the suggestion that absolute instability may be closely associated with
the onset of turbulent flow.

Following this discovery, Lingwood (1996) obtained experimental results
for the stability of a rotating-disk flow, considering both unexcited and excited
flows. In the case of an unexcited flow, where no artificial disturbance is made
to the flow, the stationary waves grew as the Reynolds number is increased,
leading to transitional behaviour between R = 502 and R = 514 and fully
turbulent by R =~ 600. However, before R = 502 there is no prior sign of
any features of transition. This region coincides with the region of theoretical
absolute instability and added weight to the original assertion that absolute

instability is related to the onset of turbulence.
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A few years later, Davies & Carpenter (2003) performed direct numerical
simulations solving the linearized Navier-Stokes equations directly on a disk of
infinite extent. When they made the same homogeneous flow approximation as
in Lingwood’s theoretical analysis (i.e. the parallel-flow approximation), they
recovered her results in full, with absolute instability clearly present at high
Reynolds number. However, when the spatial inhomogeneity of the boundary
layer was included there was no evidence that absolute instability gives rise to
an unstable global oscillator in the long-time response that would be required
to give the onset of transition within a purely linear theory. Indeed their study
suggested that convective behaviour eventually dominates at all the Reynolds
numbers investigated, even for strongly absolutely unstable regions. Thereby
suggesting that absolute instability was not involved in the transition process
through linear effects. This result is entirely consistent with Itoh (2001a,b)
who had raised the point that the spatial modulation of the dispersion rela-
tion, from which instability types are determined, may yield significant effects
on the spatial and temporal development of instability waves. Hence, because
a parallel-flow approximation causes the dispersion relation to have no depen-
dence on any spatial coordinate, it cannot be justified.

Following this, Pier (2003) demonstrated that a nonlinear approach is re-

quired to explain the self-sustained behaviour of the rotating-disk flow that
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leads to turbulence. Using the result of Huerre & Monkewitz (1990) that the
presence of local absolute instability does not necessarily give rise to linear
global instability, Pier suggested that the flow has a primary nonlinear global
mode that is fixed by the onset of the local absolute instability which has a
secondary absolute instability that triggers the transition to turbulence. Some
experimental evidence for a secondary instability exists (Kohama (1984a) and
Imayama, Alfredsson & Lingwood (2012)), but the behaviour of the secondary
instability and also its relation to the primary absolute instability are not fully
understood as yet.

In an attempt to explain Lingwood’s original experimental observations in
the light of the subsequent theoretical developments, Healey (2010) presents
a theory, based on the Ginzburg-Landau equation, that suggests that there
can be a linear global instability when there is local instability at the edge of
the disk. The finite size of experimental disks is of course a crucial difference
between experimental and theoretical studies prior to Healey’s work, and edge
effects were a new addition to the arguments in the literature. The very recent
experimental study of Imayama, Alfredsson & Lingwood (2013) finds that edge
effects may indeed lead to linear global instability as a first step in the onset of
transition. Discussions in the literature continue as to the actual mechanism

by which transition to turbulence occurs in the boundary—layer flow over a
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rotating disk.

The discovery of absolute instability and the associated interest in the rotating-
disk flow within the literature has led to a renewed interest in the instability
mechanisms found within boundary-layer flows over other axisymmetric, rotat-
ing bodies, such as cones. This flow is the subject of this thesis. Aside from the
theoretical interest in the abstract flow, very similar flows exist in engineering
applications, for example over the nose of a rotating missile or over rotating
aeroengine components. Hence, even though the interest in the rotating disk
was initiated by its relationship to the swept-wing flow, the results of studies
of rotating-cone flows have a more immediate application.

Early experimental work for the rotating cone in an otherwise still fluid was
carried out by Kappesser, Greif & Cornet (1973); Kreith, Ellis & Giesing (1962)
and Tein & Campbell (1963). These experiments were limited to measuring
the critical Reynolds number for the onset of turbulent flow and very little
was known about the mechanisms causing the transition. However, during
the 1980s, progress was made towards an understanding of the instabilities at
work. In particular, spiral vortices were found to be present in the transitional
region of the boundary layer (see Kobayashi, Kohama & Kurosawa (1983);

Kobayashi & Izumi (1983); Kohama (1984b)), similar to those observed in the



INTRODUCTION 10

rotating-disk flow. This breakthrough was found using a high speed strobe
light flow visualisation technique which showed the spiral vortices emanating
from the surface of the cone. The spiral vortices are stationary with respect
to the cone, regardless of the cone’s rate of rotation Q*.

In contrast to the observations on rotating disks, where counter-rotating
vortices are always seen, the structure of the spiral vortices over a cone was
seen to depend on the half-angle, v, of the cone. In the experimental study
by Kobayashi & Izumi (1983), the spiral vortices on cones with slender half-
angles are shown to take the form of pairs of counter-rotating vortices, similar
to Gortler vortices that are known to arise from centrifugal forces present
in the flow field found by Hussain, Stephen & Garrett (2012). However, as
the half-angle increases through 1 = 30°, the spiral vortices appear to take
the form of co-rotating cross-flow vortices, as seen on the rotating disk. As
mentioned above, the co-rotating vortices on the rotating disk appear because
of an underlying cross-flow instability, and are caused by the inflectional nature
of the flow. Hence the observed centrifugal instability for cones with sufficiently
small half angle, along with the cross-flow instability for broader cones, show
that there is a distinct variation in the dominant instability mechanism for
slender cones, which is not seen on broad cones or on a disk (where ¢ = 90°).

(This is further discussed by Garrett, Hussain & Stephen (2009), who have
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Figure 1.4: A comparison for the required wave angle for the onset of the type
[ instability for experimental, asymptotic (¢) and numerical studies (¢). Taken

from Garrett, Hussain & Stephen (2009)

recently identified an alternative Gortler-type mode and continue to work on
its properties.)

With regards theoretical studies of instabilities within the rotating-cone
boundary-layer flows, Garrett (2002) considers the problem in still fluid and

uses a numerical approach. A parallel-flow approximation is used in a study
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similar to Lingwood (1995) work and also includes both viscous and streamline-
curvature effects. The resulting dispersion relation for the rotating-cone flow is
then formed and both the convective and absolute instabilities of the problem
were investigated at each half-angle. Garrett found that when expressing the
transition points found experimentally by Kobayashi & Izumi (1983) in terms
of the local Reynolds number, his results for transition were roughly the same
for all cones with half-angle 1/ > 40°. This suggests that it may well be possible
that the instability mechanism for transition to turbulent flow is the presence
of absolute instability for cones with ¥ > 40°. However, for ¢ < 40° the local
Reynolds number at the experimental transition point reduces in magnitude
sharply as the half-angle decreases, as shown in Figure 1.4. This suggests
that for smaller half angles absolute instability is suppressed and some other
transition mechanism must be forcing the turbulent flow.

Recently Hussain (2009) extended Hall’s work and presented a linear asymp-
totic analysis of the type I and type II modes of instability within the boundary-
layer flow over the family of rotating cones in otherwise still fluid, as well as
the rotating disk and cone within an oncoming axial flow. As would be ex-
pected, his results were in good agreement with those of Hall (1986) in the limit
1 = 90°. For both numerical and asymptotic results it is seen that an increase

in the cone half-angle i) has a stabilising effect on both the type I and type
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IT modes of instability, as the predicted value of the critical Reynolds number
required to cause the onset of turbulence is increased. As with the numerical
results found by Garrett (2002), the asymptotic results are only in agreement
with the experimental results for a cone half-angle v > 40°, and a different
analysis is needed below this value. Because of this the study presented here
will focus on broad cones.

Lingwood (1997) and Lingwood & Garrett (2011) both study the effects
of adding a uniform surface suction in the normal direction along the surface
of a rotating body. They suggest that suction could be used as a stabilising
mechanism by delaying the inset of turbulence, which is in agreement with
previous experimental work by Gregory & Walker (1960). In this work we
shall also consider a surface suction for the compressible flow, and compare
how significant any changes in the flow are compared to the previous results
for the incompressible case.

For further studies into the incompressible boundary—layer flow over a ro-
tating cone see Garrett & Peake (2007), Garrett, Hussain & Stephen (2009),
Garrett (2010), Garrett, Hussain & Stephen (2010), Hussain, Stephen & Gar-

rett (2012).

The majority of research into boundary-layer stability for incompressible flows
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started by finding a basic velocity profile, usually some variation on the well
known von Karmdan basic steady flow; see Karman (1921). However, when
considering a compressible flow case, the basic flow is much more complex to
evaluate. The main cause of this is, as discussed by Stewartson (1964) amongst
others, the introduction of several parameters. These include the Prandtl
number, which is related to temperature, and the second coefficient of viscosity,
also known as the volume viscosity. These do not appear as constants, as they
do in the incompressible case. This complication has naturally led to more
investigation, and hence greater advances and understanding, of incompressible
flows. However, suitable progress relevant to this current study has been made.

Around the same time as Lingwood’s studies of absolute instability for an
incompressible flow over a rotating disk, Cole (1995) was conducting a study of
three-dimensional compressible boundary-layers, where he also concluded that
the flow over a rotating disk is absolutely unstable. He numerically solved
the three-dimensional inviscid compressible Rayleigh equation, finding branch
points leading to absolute instability at scaled Mach numbers 0,1 and 2. The
case of a suitably small Mach number, usually approximately Ma < 0.3, re-
lates to an essentially incompressible flow. Hence for the branch point found
with scaled zero Mach number, Cole’s results should have compared favourably

to the findings by Lingwood. However there were obvious discrepancies be-
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tween the two sets of results, with the wave angles corresponding to absolutely
unstable flow differing.

Although briefly considered by, amongst others, Solan, Olek & Toren (1983),
it was not until the early 1990s that interest in instabilities of compressible
flows increased, but the vast majority was focused on mixing layers and shear
flows. The first study into the possible absolute and convective stability of a
compressible flow over a rotating disk was by Turkyilmazoglu, Cole & Gajjar
(2000). The aim was to find the mathematical reasoning behind the differing
results of Lingwood and Cole by considering the compressible flow case. In
addition, they sought to investigate the effects that compressibility has on the
absolute instability of the three-dimensional flow over a rotating disk. It was
found that the restrictions assumed by Lingwood, that the disturbances would
only grow in the radial direction, could not be justified for a three-dimensional
flow. Cole’s analysis was found to be valid as at a fixed location the distur-
bances may grow locally in any direction, not just radially. However, absolute
instability was present in both problem formulations. It was also shown that
in general compressibility has a stabilizing effect on the flow, and wall heating
is found to be destabilizing (with wall cooling having the opposite effect).

Following theoretical work by Hall (1986) and MacKerrell (1987) into the

stabilities of a three-dimensional incompressible flow over a rotating disk, Sed-
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dougui (1990) conducted a non-linear study into the effects of compressibility
on the stationary modes of instability. It was found that compressibility can
have a substantial effect on the stationary viscous modes, as for sufficiently
large Mach numbers they cannot exist. However, when the stationary modes
do exist, the results show that they are similar in form to those found by
MacKerrell for the incompressible case, with any differences being dependent
on the wall temperature and not the compressibility itself.

Turkyilmazoglu has been at the forefront of recent research into the station-
ary and non-stationary modes of instability found for a compressible flow over
a rotating disk. A study into the non-stationary viscous lower branch modes
(see Turkyilmazoglu (2005)) were similar with the findings by Seddougui, in
that he proved that the compressible neutral modes only exist for limited Mach
number, and that there exists a critical frequency value for which no solutions
are found. Again a triple deck asymptotic structure was studied, rather than
using a parallel-flow approximation, and concluded that the linear modes are
stabilized by high wall cooling and destabilized for wall insulation and heat
transfer cases as the local Mach number grows.

However, in a later study (see Turkyilmazoglu (2007)), it was found that
the reverse effect was observed for the evolution of the non-linear modes. By

considering finite amplitudes the non-stationary modes which have negative
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Figure 1.5: Experimental visualisation of the flow over a cone with half angle
1 = 15° rotating at 670 revolutions per minute. Taken by Kobayashi, Kohama

& Kurosawa (1983).

frequencies are similar to those found by Seddougui for the stationary modes.
But differences were found for the positive frequency waves, especially when
considering wall cooling, where it is shown that non-linearity is destabilizing

for all modes.

The motivation for this thesis is to extend previous work by Hall (1986), Sed-

dougui (1990) and Hussain (2009), to consider the effect of compressibility on
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a rotating cone flow for half angle 1. This configuration has industrial ap-
plications, such as spinning projectiles and aeroengines. Understanding the
instability mechanisms of the rotating—cone flow will enable us to find ways of
controlling the laminar—turbulent transition within the boundary layer. This
would lead to performance improvements in the aforementioned applications.
For example, for spinning projectiles, being able to control turbulence within
the boundary layer would have a positive effect on control and accurate tar-
geting. In aeroengines it would help fuel efficiency by reducing drag. We
will consider how changes in the cone’s wall temperature effects the stability
characteristics, as well as changes in the local Mach number. A surface suction
along the cone wall will also be considered by introducing a non-zero boundary
condition in the normal direction.

We begin by formulating the mean flow equations, commonly known as the
Karman equations. Here we will consider the effects of wall temperature, local
Mach number and surface suction on the basic flow profiles. Theoretically,
we would expect changes in these parameters to effect the basic flow profiles
in a similar way to the instability modes, hence it is important to know how
these alter the flow. The linear disturbance equations are then formulated,
from which we identify the upper branch inviscid modes. These are referred

to as the type I modes, where the instabilities captured are those away from
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the cone wall. We study the change in behaviour as the half angle v is varied,
as well as the effect of a surface suction. The viscous type II modes are
then considered, which captures the instabilities near to the cone wall. In the
literature the type I modes are said to be caused by a crossflow instability,
and the type II modes cause by a streamline curvature instability. We will
discuss the results in relation to the previous studies into compressible and

incompressible boundary—layer flows over rotating bodies.



Chapter 2

Laminar flow equations

We shall consider a cone placed in an otherwise still compressible fluid, which
rotates about its axis of symmetry with angular velocity Q* (where superscript
* denotes dimensional quantities). The fluid flow is driven by the rotation of
the cone, and we shall take into account the effects of streamline curvature and
Coriolis forces. The angle between the cone’s surface and its axis of symmetry
is defined as the cone half-angle .

The geometry is shown in Figure 2.1 and is formulated using Cartesian
coordinates (X*,Y* Z*) with the origin placed at the tip of the cone. This
is then transformed to the orthogonal curvilinear coordinates (z*, 6, z*) which

respectively represent a streamwise coordinate, an azimuthal coordinate and

20
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Figure 2.1: Geometrical setup for the rotating cone (taken from Garrett

(2002)).

a surface-normal coordinate. The coordinate transformation is given by

X* =xa"cost — z"sin 1, (2.1)
Y* = (2" siney + 2" cos ) sin 0, (2.2)
Z* = (2" siney + 2% cos ) cos b; (2.3)

with the scale factors of the orthogonal curvilinear coordinates (z*, , z*) being
given by h, = h, =1 and hg = h* = 2*sin® + 2" cos®, where r; = z*sin
defines the local surface radius of the cone.

This formulation is consistent with both Garrett (2002) and Hussain (2009),
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who consider the incompressible case of the rotating—cone boundary—layer flow.
This study of the compressible case is a generalisation of work done by Turky-

ilmazoglu (2004) for the particular case of a rotating disk (¢ = 90°).

2.1 The governing equations

As with the incompressible case we use a continuity equation and the Navier—
Stokes equations. As we are considering a compressible fluid these equations
alone are not sufficient, due to the fluid having a non—constant density. Hence
we also require a state equation and an energy equation. The equations are
applied in a reference frame rotating with angular velocity 2* about the X*-

axis, and are given by

dp*
(p*u) = 2.4
5 TV (Pw) =0, (2.4)
D 1
D—?—i—Qqu—l—(QxQ)xr:—*(V()\*V~u)—Vp* (2.5)
P
3
+V (/L* Z 6@') s
j=1
YMZp = pT, (2.6)
.Dh _ Dp* R .
P ;= i + V- (K*VT*) + p*(2e], + 2e3 + 2€3, (2.7)

ety + €l + ey) + A (V)
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where the Coriolis forcing term 2€2 x u appears due to the rotating frame. Note
that this is in contrast to Garrett (2002) formulation, who uses a stationary
frame and so does not have the Coriolis term.

The vector u = (u*, v*, w*) denotes the velocity flow field and r = (2*, 0, z*)
gives the position vector. The parameters given in Equations (2.4)-(2.7) are
defined as: p* the density; p* the pressure; A\* the second coefficient of viscosity
related to the bulk viscosity; p* the dynamical viscosity; M, the free stream
Mach number; T* the temperature; and h the enthalpy (where h is distinct
from the previously defined scale factors). The heat capacity ratio + is the ratio
of the heat capacity at constant pressure c, to the heat capacity at constant
volume ¢,. The parameter k is that associated with the Prandtl number o,

where ko = c,u. The components of the strain tensor e;; are given by,

Lo
N 9

ov* 1 0u* wv*siny
=3 \gr twar T w )

1
2
1 [ow* Ou*
€13 = €31 = 5 <65B* + 82*) ;

1 ov*  w*cosy u'siny
2= T T e

o o 1 %_}_iaw*_v*cosw
S BN PR Y. e )7

ow*
€33 — .
oz*
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The coordinate transform (2.1)-(2.3) applied to the governing Equations (2.4)-
(2.7) leads to the following full governing equations for the flow in orthogonal

curvilinear coordinates,

ap* LOp* LOp* Lout  Ow* 1/ ,0p* L0V
o Vo TWoas TP (8:1:* + 82*) +h*(” 20 " 90

+ p*(u* siny + w* cos 1/1)) =0, (2.8)

ou* ou*  v* ou* ou*  v*?siny
k * _ * _ _ QQ* * :
(Gt e e Y e T e vising

) (P
S o ) < S (G )
o () o (4 - )

* az* (“(gzj * g:)) (2.9)
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*<8U* +u*av* + i@4—10*(%* + U—*(u* inty 4+ w* cos 1)
P\ o o h* 00 et weos

1 op* )\*< 0%u* *w*

0
+ 20" (u" siny + w* COS@Z))) —EW+E 590 + 00
1 /0%v* . ou* ow*
+ o gz +oimv g+ eosv )
0 ¢ ,/0v" 1 0u* wv*siny
oGt )
10 L/ 1 O0v" wcosy wusiny
a2 et e )
d ¢ ,/0v° 10w v*cost
toa v Ge e ) @21
L/Owt owr vt Qw* Low* v cosp . .
p<8t* +u 83:*—{—%89 +w 9 — 2Q0%v* cos

op* 0*u* w1/ 0%

_ Q*Qh* e )\* il
o8 ¢> oz* * (833*82* * 0z*? + h* (8982’*

+ sinngz* + cosw?;;* > - C(;;;Z} (6;9 + u*siny + w* cosﬂ)))

5 00 3 e (G~ )
0 ( L ow*

+ 5 (2 az*)’ (2.11)

YM2 p* = p*T™, (2.12)
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., (0T or*  v*oT* oT™ op* 8p* v* dp*
P Cp( ) =

o TV Yar TV ) T 8:10* h* ae
( 83* ))

L i( 0 (h*k*aT*> +3<k aT*) +

9w\ \" ¥ 9 ) T a0\"
e (2g) (g e Zf”b) (?ﬁf)
(Gt ar ) (G v )
(et )
“*<%<a§:*<h*“*) %Ue az* (h*w >2> (2.13)

The first stage of this study is to solve the steady form of the above equations
with appropriate boundary conditions to obtain the steady, laminar flow pro-
files for each half-angle 1. These are no slip on the cone wall, the streamwise
velocity component tending to zero and a Coriolis balance enforce both condi-
tions at the edge of the cone boundary layer. Mathematically, these are given

by
u'=0,v"=0 w=0,T"=1T, onz"=0,
u* =0, v* = =" Q'siny, T - T as 2* — 0. (2.14)

where T, is the dimensional temperature at the cone’s wall. Note that an
isothermal boundary condition for the wall temperature has been chosen. In

Seddougui (1990) on a compressible flow over a rotating disk, she also considers
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an adiabatic condition where %—Z = 0 at z = 0. However, as we are looking
to consider the effects of a change in wall temperature, we have chosen the
isothermal condition. We will return to the form of these boundary conditions

in the presence of surface mass flux in Section 2.4.

Equations (2.8)-(2.13) are then non-dimensionalised. The characteristic length
along the cone surface, [*, is used to scale any length quantities. The surface
normal coordinate is further scaled using the modified boundary layer thick-

ness. Hence we arrive at scaled spatial variables
o ="z, 2" =I"R 2, (2.15)

where R is the Reynolds number given by

*l*QQ* :
R= w. (2.16)
1
The velocity quantities are then scaled by
ut = (w0, w') = U sin g(u(z, m), v(w, 1), R 2w(y)), (2.17)
and the pressure is scaled using
p* = p Q2 sin? Yp(x, ). (2.18)

The length scale allows us to define the free—stream Mach number by

Moo 2
<7RgasToo)§
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where Ry, is the gas constant with Rg.s = ¢, — ¢,. This free stream value is
used to scaled the Mach number. Likewise, all other variables are scaled using
their free stream values. Again, this method is consistent with Turkyilmazoglu

(2004) in the particular case of ¢ = 90°.

To obtain the governing steady axisymmetric mean flow equations, we neglect
any dependence on time and the azimuthal coordinate # and apply our scalings
to Equations (2.8)-(2.13). We then expand in terms of R and dismiss terms
of O(R_%) due to the assumption of large Reynolds number. Physically this
limits the analysis to high rotation rates and/or large characteristic length
scales relative to the boundary layer thickness and is entirely appropriate.

This leads to the reduced system of equations

dp dp ou  Ow pu
u + <ax+a—n)+——0, (219)

T

(T2 e

(g enGe s Wom) =250, e

corp(Sr2ra) =L @

YMp =T, (223)

(i ) -0 (g o en(G) e
() )+ 5 (45
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subject to the following boundary conditions

u=0,,v=0, w=0, onn=0,

u—0, v — —zsiny asn— oo. (2.25)

p, T,u—1, p— as 17 — 00.

YMZ,

2.2 Solution of the governing equations

To proceed in reducing the equations to a von Karman type similarity solution
we make further assumptions. We let the fluid satisfy Chapman’s viscosity
law, that is u = CT for some constant C' which is found experimentally.
This is then used to remove the density terms from the equations using a
Dorotonitsyn-Howarth transformation, shown by Stewartson (1964) and given

by

R
yzC‘?/ pdn. (2.26)
0

We note that in previous work, notably Seddougui (1990), the constant C
remains in the analysis throughout. However, when results are presented no
value is given for C' and it is assumed that the value C' = 1 is used. This
is justified in the conclusions section of this thesis, and hence we set C' = 1

throughout the analysis presented here.
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The velocity and pressure quantities are then further scaled using

(u,v,w,p) = (IU(y)va(y)7W<y)7 (WM;)_I) (227)

We introduce a stream function satisfying Equation (2.4), and given by

dv /
U= =) (2.28)
Oy
= — 1/2 B
W=—C T<2\I/+x‘ll aa;)' (2.29)

Applying this to Equations (2.19)-(2.24) leads to the generalised set of von

Kéarman equations for the compressible flow over a rotating cone, given by

U =0 200" — (V4 1) (2.30)
Vi=2(V 4+ 1) - 20V, (2.31)
aQT 8T IaT 1"

—— 420V — — 20V — — Do’ ME2(U2 +V?) = 2.32
2 + 20 oy 2oV —— + (v —1Dox*M (Vv “+V*) =0, (2.32)

T(0) = T'(0) = U(oo) = V(0) = V(o) +1=T(c0) —1=0.  (2.33)

Note that a prime indicates a spatial derivative with respect to y, the trans-
formed normal variable. We consider solving the coupled ordinary differen-
tial equations (2.30)-(2.31) together with the boundary conditions (2.33). An

implicit fourth-order Runge-Kutta integration method is used to solve the
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Figure 2.2: Solution of ¥(--), U(-), —V/(..)

ODEs. Figure 2.2 shows the solution for the stream function and the stream-
wise and negative azimuthal components of the steady laminar flow velocity
in the boundary layer of a rotating cone. This is in agreement with the in-
compressible flow case (Lingwood (1997); Hussain (2009)) due to the removal
of the density terms via the Dorotonitsyn-Howarth transformation. However,

we will recover the effects of compressibility in §2.3.

In addition to the usual velocity von Kdarmén equations (2.30)-(2.31), we also
have an energy equation (2.32). This contains the extra parameters we must

consider due to the effects of compressibility. To proceed further we rewrite
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this partial differential equation (PDE) as two ordinary differential equations
(ODEs) via the temperature relation originally used by Riley (1964), but used

throughout the literature, given by
_ y—1.5
T=1-——=M;f(y) + (T — Da(y)- (2.34)

Here f is a viscous dissipation quantity, ¢ defines a heat conduction term and
M, is the local Mach number defined by M, = xsiniyyM.,. Then (2.32) is

expressed as

20 (V"2 4+ V')
sin? )

4200 f — 200 f = (2.35)

¢ +200q¢ =0 (2.36)

We note that Equation (2.36) can be solved analytically, with the solution

e o vy

Ji7 ey

q(y) (2.37)

The boundary conditions for these ODEs are now considered. The free flow
uniform temperature from the boundary equations given in Equation (2.33),

along with the heat transfer at the wall, leads to the boundary conditions

£(0) = f(00) = g(0) — 1 = q(o0) =0, (2.38)

Using the numerical solutions shown in Figure 2.2 we next solve the ODEs

(2.35)-(2.36) subject to the boundary conditions (2.33) and (2.38). We assume
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the compressible fluid to be air, which leads to the choice of ¢ = 0.7 and
v =1.4.

Figure 2.3 shows the temperature distributions for several cases of constant
local Mach number with varying wall temperature, which shows agreement
with Turkyilmazoglu, Cole & Gajjar (2000) for M, = 1. The effect of the
quadratic local Mach number in (2.34) is clear. For M, = 1 the temperature
distributions all tend to 1 fairly linearly, whereas in the extreme case given
where M, = 8, all profiles grow to a maximum before settling back to 1.

Figure 2.4 shows the temperature distributions for several cases of constant
wall temperature with varying local Mach number. Again, it is the local Mach
number which is the more dominant parameter. The change in wall tempera-
ture merely causes a shift upwards in temperature as expected from Equation
(2.34). However, a change in M, causes a large change in the profiles. For
example, near the wall a substantial difference in the temperature can be seen
for say M, =2 and M, = 10.

It is important to note that these laminar flow temperature profiles will play
an important role during the stability analysis in later chapters. A change in
value of the wall temperature or local Mach number will be seen to effect the

stability characteristics of the flow.
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Figure 2.3: Varying wall temperature, increasing vertically from 7, = 0 —2 in

0.4 increments, for constant local Mach numbers M,.
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Figure 2.4: Varying local Mach number, increasing vertically from M, = 0—10

in increments of 2, for constant wall temperatures T,,.
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Figure 2.5: Numerical solution for (a) f(-), f'(--) and (b) q(-), ¢'(--).

36



LAMINAR FLOW EQUATIONS 37

2.3 Physical interpretation

To recover the dimensionless spatial quantity z from which we originally started,
we invert the transformation (2.26) used to eliminate the density terms and
make use of the temperature relation given by Equation (2.34).

By defining R = sin ¢ Ry, where Ry is the Reynolds number in the disk

case and set to unity without loss of generality, we obtain

z= (Sin@b)‘”z(y— fyT_lMi /Oyfdy+ (Tw — 1)/qudy>-

This reintroduces several physical parameters that were originally scaled out,
namely wall temperature, cone half-angle and local Mach number, and facili-
tates a study of the physical effects of compressibility.

Figure 2.7 shows the effect of a change in local Mach number on the laminar
flow profiles for T,, = 1. Similarly, Figure 2.8 shows the change brought by a
change in the wall temperature for M, = 1. It is shown that compressibility
has a stretching effect on the flow profiles due to the quadratic local Mach
number term, with the wall temperature controlling the magnitude of the heat
conduction integral term. The maximum streamwise velocity component U
is seen to be delayed by an increase in either the local Mach number or wall
temperature, and the azimuthal component V' also sees a delay in tending to

1 due to an increase in either value.
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Figure 2.6: Solution of U(-), V(--) and W (.-), for ¢» = 90°.

A low wall temperature produces similar results to the laminar flow profiles
found in Figure 2.6, whereas for an increased wall temperature the W profile is
seen to differ, which may suggest wall heating to have a destabilising effect on
the flow. This is consistent with previous investigations Turkyilmazoglu, Cole

& Gajjar (2000) and will be considered further during the stability analysis.
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Figure 2.7: Physical laminar flow profiles U(-), V(--), W(..) for ¢» = 40°

(uppermost) — 90° , T,, = 1 with (a) M, = 0.5 and (b) M, = 6.
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Figure 2.8: Physical laminar flow profiles U(-), V(--), W(..) for ¢» = 40°

(uppermost) — 90° , M, =1 with (a) T, = 0.5 and (b) T,, = 3.
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2.4 The effect of mass flux on the laminar flow

solution

Introducing a mass flux through the cone surface causes a change in the bound-
ary conditions (2.14). We introduce a suction parameter a which replaces the
zero boundary condition on the surface in the surface normal coordinate di-

rection. This leads to the revised velocity boundary conditions of

u=0 v=0 w= 'a , onn =20,
sin
u— 0, v—= —xsiny asn— oo. (2.39)

and modifies the von Karman boundary conditions 2.33 as follows

a ’

U(0) — Sno =V (0) =T(c0) =V(0)=V(0)+1=T(c0) —1=0, (2.40)

where a is the modified suction parameter a = and is defined for

-1 <a<l.

Figure 2.9 shows the plots for a uniform suction along the surface of the
cone, for various value of half-angle ¢ and suction parameter a, with fixed wall
temperature T, = 0.5 and C set to unity. The i)-dependence arises through
the normal velocity boundary condition (2.40), and is necessary to ensure a

particular value of a represents the same physical surface mass flux across all .

Whilst the half angle is shown to have an effect on the wall normal component
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W, the given physical velocity components U and V' are relatively insensitive
to this change. Suction is seen to narrow the boundary layer, as would be
expected, and also reducing the magnitude of crossflow velocity. Both of these

are expected to have a stabilising effect, as we shall study in later chapters.
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Figure 2.9: Varying suction parameter from a = 0.2 to a = 1 (uppermost) in

increments of 0.2, for cone half angles ¥, where U(-), V(--) and W (.-).



Chapter 3

Inviscid type I modes

3.1 Linear perturbation equations

To begin the stability analysis we impose an infinitesimally small perturbation
field on the governing equations (2.8)-(2.13). Hence the dimensional quantities

become

u—u+ua, (3.1)
Pt = p +p, (3.2)
P = pt+ P, (3.3)
T =T +T, (3.4)

44
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where 0, p, p, T are dimensional perturbation quantities. We non—dimensionalise

using

0 = I"Qsin¢(a, 9, @), (3.5)
h = p* Q21 sin )P, (3.6)
P = Pooh (3.7)
T =TT, (3.8)

We expand (2.8)-(2.13) and linearise with respect to the perturbation terms,

leading to the full linear perturbation equations

0 v 0 0 1w xusiny
(xu%—i-hae + R 2 wa——l—u—irR 8_+T (3.9)
R~ 2wcos1/) . ou 100 psmlp
)+ (5 + 5w)? ( )i
dp 0  pcosy
g +r3 ) =0

p{<$u£+@g R_%wi—i-u)ﬂ— ( s1n1/1 ) +w } (3.10)

Ox h 00 0z
- ou  z*v?siny
2 2 - _
+p<xu + R xwaz N 2zv s >

L ) (2 i e

Ao T 8 (0200 s 1al))
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0 av d 10 a:usmw R~z wcosw
oz +Tag+ Fhug + ) (31)
0 uxsiny  wWxcosyY
—i—(wxa—i— ; + . +u>v+2(u—i—wcot )}
2
+ﬁ{(R§xw%+xu—|—xusm¢ R™2 wcoszp ;

'+%xu+}%éwCMﬂM}::%;g§+f%{£2<T(gz%_igz Ui?¢)

+T<v— xvs}in;b)) + h22 (;99 <T<29 ~|—usmw+wcosw)

+T<$usin¢+R—§wCOS¢>>_{_%(T(av ;Zlg U cos 1p>

(a2 v xva$w>>}
—wafwﬁmm¢y}+szw%§—$“;%¢—2man¢
i) =gl (G 5 1 1)
U R BRI =)
w2 (1 - T

YMZp = T + pT,

(3.13)
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S A <uxa—T +adL o zv OT + rt0?L + wa—T>
M2 (v—1) Ox dr  h 00 0z 0z
P or  p-1,9TY_ 0% 0 wvop
VEAE —1)<x“ax+R W) = g g o
1 0p  _Op 1 o T\ 0T

R R R Yo ﬂ%(h%)*w

b (W50} + g+ B (s s o

+(zusiny + R 2w cos Y)usiny + (zusiny + R 2w cos Y)W cos )

ow _;8w ow xvsin Y\ 00 v zvsiny\ 0u
R = il Gy e e e e
zusin®ey  wvsinyy _ ou 0t ou 0w ov

H - )itag g tga (v,

xvcos¢)8ﬁ n (U . x Ov xvcosdz)@w N (xvcos (0

h )0z hor: k2 oo h

xcos¢8v v cos Y A
9. h )}—i—ﬁ{muusm Y + 2huu sin v
+xu sin w% + xu Sinw% ~+ xuw sin Y cos ¥ + R 2wii sin v cos 1)
i, ou v

+ R zhisin w— + xuh sin w— + hua— + hu% + whw cos 1
+uh28—+R 2wcosz/)— + R 1h(9_w8_u+R wcosw—

0z 0z Ox
—|—R_7ha—w@+R 2w cos? P + R 2hwcos¢—

0z 00
1 8w8w

+R" 2whcos1/J—+R 0 8z}
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(3.14)

Note that as well as forming the basis of the following section, these pertur-

bation equations will also be used in the viscous analysis in Chapter 4.
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3.2 Type I perturbation functions

To begin the inviscid type I mode analysis we consider the previous incom-
pressible analysis by Hall (1986) for the rotating disk and Hussain (2009) for
the rotating cone, along with the compressible rotating disk flow analysis by
Turkyilmazoglu, Cole & Gajjar (2000). We seek a normal-mode solution and
scale the inviscid mode wavelengths, o and S in the x and 6 directions respec-
tively, by the boundary layer—thickness which is O(R*%).

We choose to define a small parameter ¢ = R™s following the aforemen-
tioned previous work, which is entirely appropriate as for an arbitrary Reynolds
number domain R € (10%,107), ¢ € (0.068,0.215) and ¢ — 0 as R — oo. We
let the perturbation velocity functions depend on the wall normal coordinate

z only. Then the perturbations are given by

i = u(z)exp(é{ / ofz, dr + B(e)0} ). (3.15)

with similar expressions for all other perturbations v, 1w, p, p, T. The stream-

wise and azimuthal wavenumbers are expanded as
a=ay+eay + ..., (3.16)
B=po+ebi+ ... (3.17)

Following Hall (1986) we restrict ourselves to neutral disturbances and find «

and [ such that the flow is neutrally stable at position z, hence a;, 8 € R. Then
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from the experimental study by Gregory, Stuart & Walker (1955), Hall (1986)

states that there is an inviscid layer of thickness O(e®). However to satisfy

the no slip condition on the cone’s wall, there must exist a viscous layer. By

balancing convection and diffusion terms in the perturbation equations the

viscous layer is found to be O(e?), and will be considered in §3.4.

In the inviscid layer we expand the perturbation functions as

u = up(n) + eur(n) + ...,
v =1(n) + evi(n) + ...,
w = wo(n) + ewr(n) + ...,
p=po(n) +epr(n) + ...,
p=po(n) +epi(n) + ...,

T = Ty(n) + €T (n) + ...,

where n = ze 3. Here a%’ % and % are effectively transformed to
9.,9 + i {ao +ear + ...}
— = — + —{ag+eas + ...
o ox V" ! ’
0 s Lot e+ )
— = — €

0. 19
0z  e0n

(3.18)
(3.19)
(3.20)
(3.21)
(3.22)

(3.23)

(3.24)
(3.25)

(3.26)
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3.3 Leading order eigenmodes

Substituting the expansions (3.15)—(3.23) into the perturbation equations (3.9)—

(3.14) and equating terms of O(e™?) leads to the leading-order eigenmodes

given by
L= 8
ipoU + zp(uoao + vobo ) +w p —|— pwy =0, (3.27)
x sin
ipuoﬁ + prwen’ = —iagpo, (3.28)
.= / iBoPo
ipvoU + prwor’ = ————, (3.29)
xsiny
ipwol = —ph, (3.30)
(iU OTN _ o7 + e 22 3.31
TR VAN oy B
where U = apxTu + fr‘ffp

The quantities ug, vg, pp and Tj can be eliminated from the above equations

and we find an equation in wqy given by

pUw + (20T — pﬁ/)w() + ()T — pﬁ// — pU~2)wo = 0 (3.32)

B3

preTa is interpreted as the effective wave number

The quantity 72 = af +
and U as the effective velocity profile, as previously discussed by Hall (1986)
for the rotating disk case. Then Equation (3.32) is the compressible Rayleigh

equation which dictates the leading-order stability of the flow.
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Figure 3.1: The effective velocity ﬁ(—) and it’s second derivative U (——) for

) = 40°(uppermost at z = 10)—90°, where T, = M, = %.

We proceed by solving the eigenvalue problem (3.32) subject to the bound-

ary conditions at the cone wall and in the free—stream given by
wo = 0at z=0,00, (3.33)

where there exists a singularity at that point due to the effective velocity having

a root in the domain. We use a numerical method of central finite differences
= 74

with 2z = Z such that U = U = 0 at this point, known as the location of

the critical layer. This condition requires the effective velocity profile T to
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¥ = xsiny

Figure 3.2: Diagram showing the direction of wave numbers and the effective

velocity, taken from Garrett, Hussain & Stephen (2009).

have a root and inflexion point at z = z. To interpret the results physically
we consider the spiral vortices that wrap around the cone at an angle to the
cone meridian. As shown in Figure 3.2 the normal to these spiral vortices is
in the direction of the effective velocity and is at an angle ¢ to the streamwise
position vector, which defines our waveangle ¢. The wavenumbers for neutrally

stable modes are given by ~p.

Figures 3.3-3.5 show the profile of wy for given values of T, and M,, with
varying 1. The profile shape is consistent with that of the incompressible case
(Hussain (2009)), with a larger value for the velocity peak. This is physically

plausible because a non—constant density would suggest that any disturbance
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would grow to be greater than in an incompressible fluid before being sup-
pressed. In Figure 3.6 the effect of an active suction parameter is shown.
Including a non-zero value for a is seen to have a relatively large effect on the
wy profile, however an increase in a is then seen to cause little change.

As the suction is turned on the leading—order wall normal perturbation
quantity wg quickly reduces in magnitude, almost immediately eliminating the
effect of the perturbation. This suggests that suction along the cone wall can
be used as a stabilising mechanism, which is consistent with previous findings
by Gregory & Walker (1960), Lingwood (1997).

Figure 3.7 presents the leading—order wavenumber and waveangle predic-
tions for the inviscid neutrally stable modes, under several different parameter
combinations. The wavenumbers are consistent with the incompressible case
in that as the half angle grows the wavenumber grows. For the waveangles,
as the half angle increases the spiral vortices deviate further from the stream-
wise direction, which is in agreement with the incompressible case (Garrett,
Hussain & Stephen (2009)), due to an increased rotational shear force on the

vortex spirals as the gradient of the cone’s surface grows as 1 increases.
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-0.2
0

Figure 3.3: wq for ¢» = 40°(uppermost) — 90° where T, = %,Mx = %

Figure 3.4: wy for ¢ = 40°(uppermost) — 90° where T, = %,Mx =1
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-0.2
0

Figure 3.5: wy for ¢» = 40°(uppermost) — 90° where T, = 1,M, = 1

Figure 3.6: wy for v = 60°, T, = %,Mm = 1 with suction parameter a =

O(uppermost), 0.1,0.2.
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Figure 3.7: Asymptotic plots of leading order wavenumber & waveangle pre-

dictions for neutrally stable inviscid modes
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3.4 Wall layer solution

We now consider the leading—order inviscid mode solution for the wall layer,
which is present to preserve the no slip boundary condition on the cone’s

42, where

surface. The surface—normal coordinate now takes the form & = e~
¢ is related to the original surface—normal coordinate by n = €£. On the cone

wall, the basic flow quantities satisfy the no—slip condition, with derivatives

linear in £ such that

u = eu'(0)¢, (3.34)
v=ev'(0)¢, (3.35)
w = ew'(0)&. (3.36)

We expand the perturbation quantities within the wall layer as

= Up(&) + Uy () + .., (3.37)
v =Vo(&) +eVi(§) + -, (3.38)
w = eWp(&) + EWp(E) + .., (3.39)
p=€ePy(&) +€P(E) + .., (3.40)
p=00(&) +eor(§) + -, (3.41)

T =To(€) + €Ti(€) + ... (3.42)



INVISCID TYPE I MODES o8

We substitute these expansions into the perturbation equations (3.9)-(3.14)
and equate terms of O(e™?) for the continuity equation, terms of O(e™?) for
the streamwise velocity, azimuthal velocity and energy equations, and O(e™!)

for the surface-normal velocity equation. This leads to

iB0Vo dp

p(iaoUO ot WO) Floge =0 (343)
U
p(ixu( YeaoUs + %ﬁ“ xu’(O)WO) (3.44)

. oT
= —ZOéopo —+ Uéa_£ + TU(;/,

iv’(O)fBOVO

p(ixu'(O)faOVO + + wv’(O)W()) (3.45)

o
~ e+ g+ T

p(z':cu'(())gaowo + %) - Py 2W5Z—§ FOTW!,  (3.46)

m( W (0)ezagTy + %5“% + W a;g) ngf; (3.47)
xsin@baj\zgo(v ) <COS¢T2/ + “inwé/) + x’“‘(?g Uo + ggm

Considering 4 (ag x (3.45)) + 4 (72 x (3.46)), and eliminating W, by using

xsmd)

(3.43), we obtain

(7 (a0l + i 2:0 w)/> ’ (3.48)
{0+ 20) (2 s 5 o
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We will now move onto the next—order problem in the inviscid zone and will

discuss the application of this equation in relation to the next—order equations.

3.5 First order eigenmodes

We next consider the first—order relations in the inviscid zone. We follow the

method of §3.3 and expand the perturbation equations (3.9)-(3.14) to O(e?)

to find
. 1w .
izu(poc + prav) + m(ﬂoﬁ1 + p1Bo) + ip(uoas + urap) (3.49)
xsinz/z<v061 + v18) + w1 p’ + pwy =0,
. 1PV ,
ipru(aqug + apuy) + m(ﬁluo + Bour) + prwiu (3.50)
= —i(op1 + a1po),
. 1pv ,
ipru(ovy + aguy) + m(ﬁwo + Bov1) + pwizv (3.51)
—1
= Zsing (Bop1 + Bipo),
. 1pv ,
ipru(aqwy + qpwy) + m(ﬁlwo + Powy) = —pi, (3.52)
p < w 8T>
_— T T, T, T — 3.53
MZ(T — 1) iuz(oq Ty + 1)+sinw(ﬁo 1+ B 0)+w1077 ( )
: 1w Op
= izu(oqpy + aopr) + m(ﬁopl + Bipo) + w1a—n-

These are the equivalent equations to (3.27)-(3.31) for the disturbance quan-
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tities (uq, vy, w1, p1, p1,11), where we find the introduction of inhomogenous
cross—terms related to the leading—order quantities (ug, vo, wo, po, Po, To). The
quantities uy, vy, p; and T} are eliminated as in the leading order case. We use
the leading—order continuity equation (3.27) to eliminate ug, and the leading—
order azimuthal velocity equation (3.29) to eliminate vy. This leads to the

governing equation for the first-order eigenfunction given by

= — —= — = =
U + (20T — pU s, + (0T = pU — pUR)ws (3.54)
!/
= <51 - alﬁO) P2 + (p(ale+ ik >7§
Qg /sina sin
77 Bor
O+ 2 s)
TP o 22 sin” 1)

+(51 _ 04150>< pv” p'v n pﬁoﬁ >)w0.

o sin v B siny  a2sin?
From considering the incompressible flow case studied by Hussain (2009), the
next step is to asymptotically match the leading order eigensolution in the
viscous wall layer (3.48) to the first—order solution in the inviscid zone (3.54).
However, this method cannot be followed for the compressible flow case. Hus-

sain (2009) uses the substitution

¢ = (OéoUo + 50V0/7’>/, (3.55)
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and let 7 = &, where

Jun

3

7= (ilaorU'(0) + BV'(0))) (3.56)

This transforms the incompressible flow version of equation (3.48) into the

ordinary differential equation
Orr — 7P = 0. (3.57)

This has an analytic solution given by an Airy function which is then matched
to the incompressible flow version of Equation (3.54). Due to the complica-
tion of the added temperature distribution terms in Equation (3.48), such a
substitution is not possible. As no adequate alternative has been found, the
problem is left open and the equations are included for completeness.

There is a gap in the literature on this problem for theoretical studies into
compressible flows over rotating boundary layers. It is suggested that this
problem is revisited in a later study to find a way of extending the method for
the incompressible case such that a solution can be found when taking into

account the added terms found in the compressible analysis.



Chapter 4

Viscous Type II Modes

In this chapter we consider a triple deck structure to study the stability of
the stationary viscous modes, following the method used for the compressible
rotating disk case by Seddougui (1990). Rather than the previous condition
for the inviscid modes, where we required U = ﬁ// = 0 at the location of the
critical layer, the condition used for the viscous stationary modes is that at
leading order the effective wall shear is given by aw/xsinvy + v’ = 0. This

will be discussed in more detail as we progress.

We base the analysis around the small parameter
1
e= R, (4.1)
which as in §3 is entirely suitable as we are considering a high Reynolds—

62
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Upper deck 0(84)

Main deck O(®) <

0 g
Lower deck O(e”)

Figure 4.1: Diagram of the triple-deck structure.

number flow and € — 0 as R — oo. Then the upper, main and lower decks
are of thickness O(e*), O(e®) and O(€?) respectively. The triple deck structure
follows that found by Smith (1979) for the Blasius flow, and is shown in Figure
4.1. The triple deck structure is used to remove a singularity caused by flow
separation. The separation occurs when the part of the boundary layer closest
to the cone wall reverses in flow direction, caused by an adverse pressure
gradient. The fluid then becomes detached from the cone wall, leading to the
spiral vortices seen experimentally. The upper deck is inviscid and irrotational

and creates a pressure gradient which drives the flow in the lower deck. The
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main deck is also inviscid with no pressure change across the layer. All viscous
effects are contained in the lower deck, which has to satisfy the no slip condition
on the surface of the cone.

We seek a stationary normal modes solution for the axial flow perturbation

given by

U= u(Z)exp(ei;{ /x a(x,€)dr + B(e)Q}) (4.2)

with similar expressions for the other perturbations v, w, p, p, T. The stream-

wise and azimuthal wavenumbers are expanded as

o=+ o + Eag + .., (4.3)

6 = 50 + 6251 + 6362 + ceey (44)

where the O(¢) terms are zero. As with the inviscid modes, we require o, 5 € R

such that the flow is neutrally stable at position x.
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4.1 Upper deck solutions

We let z = €*Z so that Z is O(1) in the upper deck.

tions in the form

w = wy (2)

p=eEpy (Z2) +epl(Z) + ...

T=THZ) + TY(Z) + ...

Substituting these into the perturbation equations

terms of O(e™1) gives the leading-order equations

+ el (2) + ..
+e(Z) + ...

+wl(2) + ...

= Epg (2) +'p] (Z) + ...

65

We expand the perturba-

, (4.5)
, (4.6)
: (4.7)
: (4.8)
: (4.9)

(4.10)

(3.9)-(3.14) and equating

: U : U U
- v, Whopy | . v, WPy | dp o dwyg
— — =0 4.11
izuagpy + e + ipagug + v az" trz : (4.11)
. v, ipvBoug 1, U U
iprucouy + sin v + pru'wg = —iappy, (4.12)
- U 0 U
: U vaﬂovo 1, U Zﬁopo
—_— = — 4.13
iprucgU, + Ny + prv'wg e (4.13)
~ U U
: v, Lpvfowg dpg
= — 4.14
iprucowy + " 7 (4.14)
—_— T — - — 4.15
M2 (7 — 1) \Vreto g Tz ) T agt (4.15)
' U
= ixuaopg + ihovpy

sinty
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66

In the upper deck, the basic-flow quantities take the free stream values from

(2.33), given by u = 0,v = —1,p = 1,7 = 1 and p is constant. This leads to

the modified equations

o U 8wl dwl
_W00P0 et 4 0% dwo
sin vy x siny dz
BOU(()] . U
Sinw = QpPg
U
oy =20,
ibowy _ dpy
sin 1) az’
v
MLy -1)

Reducing these equations into a single equation in p§ leads to

d2 U
T T =

where the leading order wavenumber is defined by

Eh

22 sin? 1) (1 M),

I?=a2+

(4.16)
(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Rejecting solutions which grow as z — oo leaves us with the solutions

apsinyC'
W — o2

, 423
0 /80 ( )
C
vl = —e 1%, (4.24)
x
 sin pI'C'
wy = %e*FZ, (4.25)
Bo
py = Ce 12 (4.26)
py = M2 sin?Ce 12, (4.27)
TV = (y = 1)M2.Ce™ "2, (4.28)

where C' =constant.

For three-dimensional stationary modes to exist the following relation must

hold,

5

22 sin? 1)

ag + (1— M2 > 0. (4.29)

Hence for 0 < M, < 1, there will exist three-dimensional modes for all real oy
and . However, for M, > 1, solutions still exist as long as the condition (4.29)
holds. As stated by Hall (1986), in order for three-dimensional stationary
modes to exist, the effective wall shear must be equal to zero at leading order.

Hence we require

LU B OV
09z rsiny 0z

Oat z =0, (4.30)
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where U and V' are the basic flow quantities given in (2.27).
We find the streamline and azimuthal velocity gradients by finding the

value of the solution to Equations (2.30)—(2.31) at z = 0, and have the values

ou(0) =0.51023, GV—(O) = —0.61592, (4.31)
0z 0z
leading to
QTSNY g7, (4.32)
Bo

Hence by rearranging (4.29) we find that the three-dimensional stationary

modes exist for

0< M, < 1.5674. (4.33)

We note that as the local Mach number M, depends on the half-angle ¢, a
change in ¢ will effect the upper limit of M, for solutions to exist. To show
this change we define Mgy = xM,,, the local Mach number for the rotating
disk case, which leads to M, = siny My,. We set Mgy = 1.5674, which is the
upper limit for ¢ = 90, and vary the half angle. The change is shown in Table

4.1.
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(0 40 30 60 70 80 90

Mer 1 1.0075  1.2007 1.3574 1.4729 1.5436 1.5674

Table 4.1: The effect of a change in 1 on the maximum local Mach number

M** allowed for stationary three-dimensional modes of instability to exist.

4.2 Main deck solutions

In the main deck, we scale the wall normal and pressure perturbations in the
same way as before. We scale all other perturbations by the difference in the
order of € between the upper and main decks, so in effect we multiply the upper
deck expansions by ¢~ to obtain the main deck expansions. This means we

use

i = e 'ud (¢) + " (¢) + ..., (4.34)
v =€ vy (¢) + v () + ..., (4.35)
w = wy' (¢) + e'wi’ () + .., (4.36)
p=epy (C)+e'p'(Q) + oy (4.37)
p=e " (O + () + .y (4.38)
T=e'TMC)+TME) + ... (4.39)

Substituting these expansions into the perturbation equations (3.9)-(3.14) leads
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to the main deck equations at O(¢~°) given by

, i fBopd! ipBovg! dp dwp’
izucopy’ + sinwo + ipagud! + smgp C w)' + p 2 =0,
, v Boud!
iruaguy’ + singbo + zu'w{’ =0,
izucguy’ + ooy’ + zv'wd! =0,
0% sin ¢ 0
dpg’ _
d¢ ’
—_ T, — = 0.
M2 (y—1) el smw + dC

Prandt]l matching between the upper and main decks implies that

lim py (O = hmpo (Z)=C

(—o0 Z—0

70

(4.40)
(4.41)
(4.42)
(4.43)

(4.44)

(4.45)

From (4.43) p!(¢) =constant, hence p}!(¢) = C. Eliminating u)’ and v}’ from

the continuity equation (4.40) and integrating the resulting equation leads to

the main deck equations given by

102 /
v sin“yYl'Cru
uO h—

g
M _ sin? ' Cxv’
0 ﬁg ’
2
M _ isin wFC< Bov )
Wy = QpTU + ,
: 50 ’ in
py =C,

M sin® sin”YI'C'dp

TR A
M2 (y — 1)sin? ¢y T'C dT
B dac’

M =

(4.46)
(4.47)
(4.48)

(4.49)

(4.50)

(4.51)
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after matching with the previous upper deck equations. Here the wall normal
velocity wj! satisfies the usual no slip condition at ¢ = 0, whereas u}! and
v} do not. This is because of the condition of zero wall shear at leading

order given in (4.30), and we are required to choose ag and Sy to satisfy this

condition.

4.3 Lower deck solutions

We now let z = €?¢, such that £ = O(1) in the lower deck. For small ¢ we

expand the basic flow components u, v, p and T', which in terms of £ are given

by
u = eupf + ur &% + Supéd + ., (4.52)
v = evgé + €162 + Euxéd + .., (4.53)
p = puw+epo + €&+ ., (4.54)
T =T, + €Ty + ETVE: + ..., (4.55)

where p,, and T, are the density and the temperature at the cone’s wall re-

spectively. The basic flow terms are now given by

1 0

= —— 4.56
jloz7 le=o ( )

Uj—1
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with similar expressions for v;_1, p;j—1 and Tj_;. The lower deck perturbation

fields are given by

Uel(f) L

U= —=" U (6) + eul(€) + .., (4.57)
7= ULle(f) + ol (€) + ek () + ., (4.58)
@ = wg (&) + etwl () + .., (4.59)
p=epp(§) +epi(€) + (4.60)
5= L) + et + . (4.61
7= 5l + TE(E) + €TEE) + ..., (4.62)

Upon matching with the leading order terms from the main deck solutions,
and substituting in the basic flow expansions, this leads to the lower deck

perturbation terms (in term of &) given by
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) N L
=S L e )+ b el (4.63)
B €
sin? YzI'C vk
€3 €
isin® YI'Ce Bov1 \ .o Bovz \ .3
= — — -7 4.65
o 7 {<a0u1x+ sinw)f +€<aoﬂfu2+ sinw>€ + } ( )
+ e6w§ + 67w1L + ..,
D :e3p5 + e4p1L + ..., (4-66)
sin2yT'C L
2 :—egz (po +2ep§ + ) + % + p§ +ept + ., (4.67)
0
. M2 (v —1)sin?yI'C TE
7 My 65)2 in* ¢ (T0+2€T1,5+'_)+71+T0L+6T1L+... (4.68)
0

Substituting these relations into the perturbations equations yields the lower
deck governing equations. We first concentrate on the continuity equation,

where equating terms at O(¢~®) yields

Bov \ L ﬁovfl _
(”3“0‘0 * sin¢>p1 * p<o‘°“*1 N xsinz/;) =0, (4.69)

and at O(e™*) we find

L
v v
(xuao + %)pé + p(aouoL + 69—0> =0, (4.70)

We next consider the streamwise perturbation equation. Equating terms of

O(€e73) leads to the governing ordinary differential equation for ul (), given
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by

2, L
d“u,

dg?

, v
— @p(aoxul + 5;@2)521&1 =0 (4.71)

The boundary conditions for this ordinary differential equation are given by

the no slip condition and the zero wall normal perturbation at O(e'). Hence

Lo sin? Y2l Cug

uf, -0 as & — oo. (4.73)

for £=0, (4.72)

Taking equation (4.71) and using the substitution
v = V2AIE, (4.74)

where

i

A=
Ty

(aoxul + Sﬁl(:)qz) (4.75)

This leads to the parabolic cylinder ordinary differential equation for u”,,

d>ut 0
dyzl — Zufl =0, (4.76)

subject to the boundary conditions

L _sin2 Yal'Cug

’U,fl — B(Q)

u?, -0 as v — oo. (4.78)

for v=0, (4.77)
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Solving this ordinary differential equation subject to these boundary condi-
tions, and taking only solutions which decay as v — oo, leads to the solution

for u*, given by

sin? YaTCuo U (0, V2A€)
TR U0, 0)

uly(€) = (4.79)

where U (0, V2AIE ) is a parabolic cylinder function, values for which are given
in Abramowitz & Stegun (1964).

We find the solution for v*; by considering the condition (4.30) and is given

by
© 3.9 1
L g sin® Y T'Cuyg U(O7 \/§A4§)
- 4.
U_1(5) 53 U(O, O) ( 80)
Then using the energy and state equations we find
in? I'CT, U(0, V201 A1€)
T () = -2 LT D 481
~1(6) 7 00.0) (4.81)
c 2 1.1
L sin? YI'Cpo U (0, V201 Ai¢)
- 4.82
p=1(§) 5 0(0.0) (4.82)

4.4 First order lower-deck solutions

Our next aim is to find the next order values uf(¢) and v&(€). To do this we

must first solve for wk(£), which requires looking at the next order approxi-

mation to the perturbation equations. Considering the continuity equation at
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O(e73) yields

3 L L C a2

. Bovy dwyg ¢ sin ¢mFC< Bivg )
= — 4.83
oty rsinty  dE 2 atio + T sin 1 (4.83)

—i (alufl + 51.7171 > - ixaouléﬂpfl’

xr sin Y Pw
and the surface-normal perturbation equation at O(e~°) yields
d

o —o. (4.84)

¢

Matching with the main deck pressure solution leads to

p5(§) =C. (4.85)
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The streamwise perturbation expansion at O(e!) leads to

. 2 510152 Bavo€ sin’ YI'Crug I
pw{@(xa1u1§ + zaupé + Sy + sin¢)< 52 z
Bova€® N 51%5) (2 sin® YT Cwéuy
sin ¢ sin ¢ Ioh

.2
9 Bovi\ _ ,(sin Yxl'Cug I
+i& (a:aoul + —sinw>u1 2<—ﬁ§ + v~ )
3i sin? YT Crupé? Bovr
- <060U133' + — )

+1i <IE040U2§3 + zagueé +

h

(aoa:uQ +

20 sin? YT Cru, &4 Bove )
32 sin
Bovat? 51%5) (SiHQ YI'Crug )
+
sin ¢ sin ¢ Ih
ﬁ001£2> (2 sinyT'Caéu;
+u
sin 1) B2 0)
BOUO§>UL % sin? YI'Cxu, £ <a . @)
sineg /1 B2 0T
b sin’ ¢;§$U0§3 Sﬁli:];) S SinQ;ZEC’x }
0 0
. Bov1£2\ /sin® YT Czuyg
+p152{l<m°“152 T iy ) ( 7 fl)
ﬁovog 2 SiIl2 wFC’xgul
sin ) ( 32 * “£>

v ,
<a0u1x + ﬁ'o : )} —ap*, = —iagpy + T,
sin )

+Pof{i<$&ou2§3 + roqueé +

+1 <a:a0u1£2 +

+1 (:L'Ozouof +

(ozoqu +

+1 (:Uaouof +

i sin? YT Crugé?
B3




VISCOUS TYPE II MODES 78

Then considering the azimuthal perturbation expansion at O(¢~!) leads to

pw{i<xoz1u1§2 + ragupé + /88111;115 + ifz(zf) (sin2 ?ﬁﬁgowvo + Ufl> (4.87)
+1 <xa0uQ§3 + zaqupé + i(;ffj’ + 5111:25> (2 sin” @bﬁgcval + v§>
+ig? <a:aOU1 + %)vf 49 <sin2 zp;;grcuo u£1>
_ 34 sin? QﬁﬁgC’xvgﬁ (Oéouﬂ n 6;@;)
_ 2isin” @/Jﬁfg‘C’xvl§4 (aoa:uQ + ﬁ;ﬁi) + 2x01§w§}
-I—Pof{i(mozougﬁg + roqué + 682225 + fjgﬁ) (Sin2 wBIévao + v£1>
o ) 1
i + B0E) p AMEOIE o)
_ isin® ¢;§va€3 <Ozoxu2 + Sﬁlilv;) + xvowg }
+p1€2{i<xa0u1§2 + BS ﬁf) (SmQ wBIévao + v£1>
+i(zaguo¢ + f fzzf) (2 sin’ wﬁgox@l +of)
_iSinz w;gc*xvoéz (aoulx + 5:};) } = —x zﬁ)¢p€ Ty d;;f

Following Hussain (2009) we simplify these equations using the operation

i0rg(4.86)+—20(4.87). Then using the relations in (4.56) we can expand the

 sin
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streamwise and azimuthal laminar flow equations (2.30)-(2.31) to find

U = = —— (4.88)

— 0. (4.89)

Differentiating (2.30)-(2.31) then leads to

_Umo) - 2V(0)  wo

_ _ _ 4
12 3] 3] 37 (4.90)
VIO)  207(0)  u
=gt = o = g (4.91)

We eliminate uf and v} from the resulting equation using Equation (4.83),
and simplify using Equations (4.69) and (4.71) leads to an ordinary differential

equation in w{, with solution

+ k&2 (4.92)

Brvg ) Isin? ¢C¢
sin ¢ 5
2iv2T 'z sin® ¥ Cug Jiayl'z sin® 1 Cpy
FLU0.0) T BU0.0)
i(1 — o)aplz sin® ¢Cpg
263U(0,0)

wh = —i (ozlxuo +

FAS {ngFl(s) + Fy(s)

F4(s)},

where s = Aif and k; =constant.



VISCOUS TYPE II MODES 80

The independent solutions Fi(s),Fy(s),F5(s) and Fy(s) satisfy the following

F" — °F] +2sF, =1, (4.93)
FY' — $*F + 2sFy, = U(0,/2075), (4.94)
FI — F! 4 25y = % (sU(o, ﬂais)), (4.95)
F' — $*F} + 2sF; = s*'U(0,V20715), (4.96)

satisfying the boundary conditions

F;(0) = Fi(c0) =0fori =1,2,3,4. (4.97)

Considering the continuity equation (4.83) at £ = 0 finds

7550“%(0) i dw(’}(O)

L
ioguy’ (0) P T (4.98)
B isin® al'C B1vo . B’ (0)
N 32 (aluo * xsinqﬁ) B Z<a1u51<0) * xsiny )’

Hence differentiating (4.92) and satisfying the boundary conditions at & = 0

yields

2iv3Tz sin® Yy
B T,U(0,0)

3iaglz sin® g
- BU0.0)
i(1 — o)aplz sin® ¢py
283U(0,0)
— (1"‘@')231;121/)(&095)5 (alu i 51.1)0 >
B5 T x sin

%0 F(0) + F5(0) F3(0) (4.99)

F3(0)
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Taking the real and imaginary parts of this equation leads to

I'sin? ¢p(aor)2 Brvg
o F1(0) = 4.1

0F1(0) 2% T, (oo + xsinw) (4.100)

22T sin® Yug _, 3aglzsin®py
F5(0) — E5(0 4.101

sroeo 2V guea PO A0

(1 —o)aplzsin?pg I sin? w(aox)% Brvg
FI(0) = _
263U(0,0) 1(0) 263 T, (amo + x sin ¢>

Then substituting (4.100) into (4.101) we find the eigenrelation

2+v2Tx sin® Y 3oLz sin? pg
SF1(0) — = F5(0 F3(0 4.102
(1 —o)apglzsinpg
— F;(0)=0.
@U@0

We now aim to find the values of F7(0),F3(0),F%(0) and F;(0), and to do this
we follow the method of Hall (1986) (but outlined fully by Hussain (2009)) by
transforming Equations (4.93)-(4.96) such that they can be solved in terms of
the parabolic cylinder equations.

"

For F| we begin by letting G = 3, which upon substitution into (4.93)

leads to
s*’G" +6sG" + (6 — sM)G' = 1. (4.103)

This can be reduced to a second order differential equation via H = G’, given

by

s’H" +6sH' + (6 — s")H = 1. (4.104)
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Making the change of variable K = s3H, along with u = v/2s, leads to the
parabolic cylinder equation given by

2

u u
K'(u) — —K(u) = —=. 4.105
(1) = KW = 57 (4.105)
We let K(u) = R(u)U(0,u) to obtain
R'U+2RU = —. 4.106
WG (4.106)

Solving for R’ using the method of integrating factors leads to

1 [ 0U(0,0)do

R = 4.107
23 U0, 00

Rewriting this equation back in terms of F} we find
uF{(u) — 2F(u) = R(uw)U(0,u). (4.108)

Setting u = 0 and using the boundary condition (4.97) (noting that s = 0 =
u = 0) gives the condition R(0) = 0. Differentiating (4.108) and a change of

variable from u back to s leads to

< 0U(0,6)do
20/(0,0)

Fl(0) = (4.109)

A similar method is used to find F3(0), F;(0) and F}(0), taking into account
the changes in the right-side side of (4.94)-(4.96). To estimate each respective

F!(0) we follow Hussain (2009) by using a Simpson’s rule method from § = 0 to
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14 T T T T

Figure 4.2: The graph of U(0, @), showing the decay over the region of inte-

gration from 6 = 0 to § = 5.

0 = 5 with a fixed step size of 0.1, noting that the parabolic cylinder function

U(0,0) decays exponentially (as shown in Figure 4.2). Using this method we
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find that
F{(0) = 0.5984, (4.110)
F3(0) = 0.2779, (4.111)
F1(0) = 0.0192, (4.112)
F1(0) = 1.6972. (4.113)

We note here that the value found for F{(0) is in agreement with Hussain
(2009), and differs from that found by Hall (1986) and Seddougui (1990). As
discussed by Hussain (2009), this is possibly be due to the choice of integration

method.

Using (4.30), we can rewrite Equation (4.102) in terms of the leading order

wavenumber to find

2 1 / 2
_ -1 Vo a2\ 2uof3(0) v
0= (F{(0) 7 (1+ 2 M2) (—Tgw(o, 3 (1+23) (4.114)

3vopoF5(0) (1 — a)vngFi(0)>§

uozU (0, 0) 2upzU(0,0)

From the equation of state we have the relation py = —%, so we proceed by

differentiating the temperature relation (2.34) leads to

T = -2 M2F(0) + (T~ 1) (0) (4.115)

where f/(0) = —0.4562 and ¢'(0) = —0.3241 are found numerically. These

values are different to those found by Seddougui (1990), where a slightly dif-
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ferent temperature relation was used, as well as being computed with o = 0.72
instead of o = 0.7 used here.
Substituting all known values into Equation (4.114) leads to the following

simplified equation for the leading order wavenumber

1293772

Y0 = (2457 M?)i(0.573 + 0.310T3)> (4.116)

where
Ty = 0-091M§ —0.3241(T, — 1) (4.117)

Following the same method we rewrite the real part of the eigenrelation (4.100)
to find the waveangle estimates given by
2 2

22 o _1 1
sirw(ﬂ—o“)ﬂl):Q7 TwFl(O)(H”—O—Mg) (1+”—°2) (4.118)

Bo 53 lugvo Ig? ug Ug

Substituting all known values into Equation (4.118) leads to the following

simplified equation for the waveangle estimates

3
2.66972 T2
sinw(%—o‘(’fl) = e (4.119)
Go B r2(2.457 — M2)>

As discussed by Hussain (2009), it is not possible to find «; and /31 indepen-
dently in this analysis. Instead we concentrate on the combination of a; and
p1 found in Equation (4.118) in terms of the waveangle ¢ between the stream-

wise position and normal to the spiral vortices as discussed in §3.3. This leads
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to

T N _ oz (o + 2oy + ...)x
tan( ¢> == hienr ) (4.120)

Qo 9 ([ O1 ap
€ x,

Bo Bo B3
. 1.207 a7 Ofgﬁl
= sing “2(%_ 5 )x

The expanded wavenumber is scaled on the viscous mode wavelength, given

by

ety =etyp 4 .. (4.121)

L €1.293z7:

ey = (2457 - M?)3(0.573 + 0.310T;)2 (4.122)

Following Hussain (2009), we define the Reynolds number based on the boundary—

layer thickness 6*, given by
Ry = Riz(sint)?. (4.123)

Then the local wavenumber is given by

_1 1
 1.293R;.(sine))i
_ -

e (2.457 — M2)7(0.573 + 0.310Tp)?, (4.124)

and the local mode waveangle is given as

NI
(o

(0.573 + 0.31075)
(2.457 — M2)s

1.2 .924R‘ﬁT
tan (f - ¢> _ L2007 | 3.924K; (4.125)

2 sin 1/) (Sil’l w)

00|~
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Figure 4.3: The effective wavenumber yox% for fixed T,, = 0.4,0.8,1.0,1.2, 1.6.

The solution for the incompressible case is also given (——).

4.5 Wavenumber and waveangle predictions

Figure 4.3 shows 7093% as a function of M, for T,, = 0.4,0.8,1.0,1.2,1.6, along
with half angle v = 90°. We see that the effective wavenumber of the flow
decreases as the local Mach number grows, and the results are in agreement
with those found by Seddougui (1990) for the compressible flow over a rotating
disk. The appearance of the wall temperature, local Mach number and cone

half-angle terms allow us to fully consider the effects of both compressibility,
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Increasing
T

w

Figure 4.4: The correction to the wave angle for fixed T,, = 0.4,0.8,1.0,1.2, 1.6.

The solution for the incompressible case is also given (——).

and varying the broadness of the cone, on the stability characteristics of the
flow. We see that for T,, = 1 the effective wavenumber is in good agreement
with the incompressible case for low M,. For T,, > 1 we find that the value of
Yox? is less than that found by Hall (1986) and Hussain (2009), which means
that the wavelength of the modes is longer than in the incompressible case.
The opposite is true for T,, < 1, suggesting wall cooling to be a stabilising

feature, which is in agreement with Seddougui (1990).
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Figure 4.5: The correction to the wave angle for T,, = 1, with ¢ = 40° — 90°
in 10° increments.

ar _ oo
Bo B2

Figure 4.4 shows ( )m%, the wave angle correction, as a function of
M, for T,, = 0.4,0.8,1.0,1.2,1.6, along with the incompressible result, where
the half angle is v = 90°. Note that again for 7, = 1 and low M, the
compressible case is in good agreement with the incompressible case. These
results form part of Equation (4.120) to allow us to consider the orientation

of the stationary vortices, given by the angle ¢. The effect of a change in the

cone half-angle on the wave angle correction is shown in Figure 4.5 for T,, = 1
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and ¢ = 40° — 90 in increments of 10°.

Figures 4.6-4.8 show the asymptotic wavenumber prediction, using a log-log
scale, and the waveangle prediction using a semi-log scale. In Figure 4.6 we
have fixed T, = M, = 1 and the results show the effect of a varying half angle
from ¢ = 40° — 90° in increments of 10°. In Figure 4.7 we show the effect
of a change in wall temperature for T,, = 0.4,0.8,1.2, 1.6, where 1) = 60° and
M, = 1. Then in Figure 4.8 we fix ¢ = 60° and T3, = 1 to show the effect of a
change in local Mach number for M, = 0.3,0.6,0.9,1.2. Note that from Table
4.1 the maximum local Mach number for stationary three-dimensional modes
to exist is M, = 1.3574, hence the values of M, in Figure 4.8 are valid for the

choice of .

Each of these figures shows how a change in one parameter affects the stability
of the flow, and in the wavenumber plots the areas of stable and unstable
flow are labelled. It is shown that increasing the cone half-angle can be used
as a stabilising mechanism, although it does not cause a great change in the
magnitude of the effective wavenumber. Decreasing the local Mach number
is seen to have a similar consequence. The biggest effect on the value of the
wavenumber is seen when varying the wall temperature. The results suggest

that wall cooling can be used as an effective stabilising mechanism, which is
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consistent with previous findings by Seddougui (1990).

These asymptotic wavenumber and waveangle plots are comparable to the
lower branch of the neutral stability curves for stationary modes found by
Garrett, Hussain & Stephen (2009). In their study they consider the pertur-
bation equations using numerical methods, then compare the results to the
asymptotic results in a high Reynolds number limit (similar to the analysis
here). Due to the complexity of the compressible perturbation equations com-
pared to the incompressible equations, no such numerical study has yet been
undertaken. However, for any numerical study of the compressible perturba-
tion equations, we would expect the results presented here to be in agreement

in the same high Reynolds number limit.
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Figure 4.6: Asymptotic wavenumber and waveangle predictions for the viscous

type II modes, for fixed T}, = M, = 1 and varying 1) = 40° — 90°.
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Figure 4.7: Asymptotic wavenumber and waveangle predictions for the viscous

type II modes, for fixed ¢ = 60°, M, = 1 and varying T, = 0.4,0.8,1.2, 1.6.
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Figure 4.8: Asymptotic wavenumber and waveangle predictions for the viscous

type II modes, for fixed ¢ = 60°,T,, = 1 and varying M, = 0.3,0.6,0.9,1.2.



Chapter 5

Conclusions

This thesis consists of a full stability analysis of the compressible boundary—
layer flow over a rotating cone, with half-angle ¢» > 40°. The full governing
Navier—Stokes equations have been non-dimensionalised. A Dorotonitsyn—
Howarth transformation is used to remove the density quantities, which allows
us to obtain the steady basic flow equations within the boundary layer, via the
introduction of a stream function which satisfies the continuity equation. The
solution to these equations show the laminar flow profiles in the streamwise,
azimuthal and normal directions. From the energy equation we also find ODEs
in terms of a viscous dissipation quantity and a heat conduction quantity. The
solution of these allow us to find the temperature distribution of the flow for

specific wall temperatures and local Mach numbers. We introduce a suction

95
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along the cone wall, which is achieved by changing the boundary condition in
the normal direction.

We then add a small perturbation field onto the mean flow field and linearise
with respect to the perturbation quantities. Hall (1986), Seddougui (1990) and
Hussain (2009) have all used the same small expansion parameters, based on
the Reynolds number, and here we follow the same method. For a small
parameter € = R™% we investigate the inviscidly dominated neutrally stable
modes, which we call the inviscid type I modes following the previous literature.
The modes appear away from the cone wall and were found using a critical
layer analysis similar to that used by Hall (1986), and subsequently Hussain
(2009).

Here we note that for the compressible case we have additional terms not
found in the incompressible analysis, and naturally this adds complexity not
found in the incompressible case. Due to this, the estimates for the wavenum-
ber and waveangles associated with the spiral vortices are only found at leading
order, as no satisfactory method has been found to consider the modes at first
order. There is a gap in the literature for compressible flows which suggests
that an alternative to the method used in the incompressible case is needed
but has not yet been found, and this is left as an open problem.

Using a small expansion parameter € = R~ 16 we investigate the wall domi-
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nated neutrally stable modes, caused by a viscous—Coriolis force balance, which
we label as the viscous type II modes. We proceed by considering a triple—
deck analysis similar to that used by Seddougui (1990). This leads to both the
leading order and first order estimates for the wavenumber and the waveangles
related to the spiral vortices for the type II modes. We then present the lower
branch asymptotic neutral curves, as described by Garrett, Hussain & Stephen
(2009). We consider the effects of a change in the cone half-angle v, as well
as how varying the wall temperature or local Mach number changes the flow
characteristics.

In §5.1 we compare the results to previous findings, and describe the effect
that both the cone half-angle and compressibility have on the flow. Due to
there being very limited experimental work on compressible boundary—layer
flows over axisymmetric bodies most comparisons will be made with theoretical
work. However, it may occasionally be beneficial to consider the experimen-
tal work for incompressible flows, and these comparisons will be made where
appropriate. In §5.2 we will consider possible routes for further research into

compressible boundary—layer flows over a rotating cone.
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5.1 Current work

To find the basic flow profiles we non—dimensionalise the full Navier—Stokes
equations and make a series of self—consistent assumptions. Through the
choices made we find that the laminar flow profiles match those found for
the incompressible flow, which have been verified in a number of studies (for
examples see Lingwood (1995), Hussain (2009)). However they are still suit-
able to be used during the stability analysis, as the perturbation equations
are formed from the full Navier-Stokes equations and hence do not contain
the same assumptions. We also find that through our choice of scalings, the
cone half-angle v is scaled out of the equations as was also found by Hussain
(2009). Therefore the velocity profiles are effectively those found in the case
of an incompressible boundary—layer flow over a rotating disk, however they
are still valid for our range of cone half-angles.

Temperature distributions are calculated upon solving the basic flow equa-
tions and are in agreement with those found by Turkyilmazoglu, Cole &
Gajjar (2000). Physical flow profiles are then presented by reversing the
Dorotonitsyn—-Howarth transformation. The effects of changing the cone half—
angle, wall temperature and local Mach number are all considered, where we

would expect to see the same changes caused by varying these parameters
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follow through to effect the stability characteristics in a similar way. From
these profiles there is little change when varying the cone half-angle, an ob-
servation which justifies using the laminar flow rotating—disk profiles for the
laminar flow rotating—cone due to the cone half-angle being scaled out of the
equations. If we then assume that the greater the magnitude of the flow in the
normal direction, the more susceptible the flow is to becoming turbulent, then
the plots would suggest increasing either the wall temperature or local Mach
number to be destabilising. When considering a surface suction it is difficult
from the laminar profiles to make any conclusions, and will be reconsidered
during the type I analysis.

For the type I modes we can compare our results to those found by Hall
(1986) and Hussain (2009) for the incompressible case over a rotating disk and
rotating cone respectively. There is currently no full asymptotic analysis into
the type I modes for the compressible flow over a rotating disk and this is
attributed to the difficulties we have faced. As mentioned by Hussain (2009),
the fact that the cone half-angle is scaled out of the laminar flow equations
is an advantage to the critical-layer analysis here. The analysis requires the
effective velocity and second derivative to be zero at the same point, which is
defined as the location of the critical layer. Because there is no dependency on

1 for the laminar flow equations the same is true for the location of the critical
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layer, hence it only needs to be calculated for one set of values as opposed to
for each cone half-angle.

Our results for the leading—order eigenmode solution in the normal direc-
tion wy are in good agreement with the incompressible results found by Hall
(1986) and Hussain (2009) in terms of the shape of the profile. We find that
the peak magnitude of the mode is greater than that of an incompressible flow,
and this is plausible as we would expect the effects of compressibility to cause
a greater magnitude in flow components as a result of a disturbance. Again
from these results it is difficult to make any assumptions with regard to the
role of the cone half-angle, however during the type II analysis we shall make
some conclusions. Whereas an increase in the local Mach number is seen to
have little effect here, a change in the wall temperature causes a noticable
increase in the peak magnitude of wy.

The effect of the suction parameter becomes clearer when considering the
type I modes. The leading order eigenmode is almost completely dampened by
the introduction of a surface suction. This is expected due to previous exper-
imental work by Gregory & Walker (1960) and theoretical work by Lingwood
(1997) and Lingwood & Garrett (2011), suggesting a surface suction could be
used as a stability mechanism. Without being able to produce the first order

correction terms we cannot consider the upper branch of the neutral stability
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curve for the compressible case as seen in Garrett, Hussain & Stephen (2009)
for the incompressible case.

Before discussing the neutrally stable lower branch modes we note two
points of discussion from the analysis. First is the differing value of F}'(0) be-
tween Hall (1986), Seddougui (1990) and the values found by Hussain (2009)
and the study here. We find that F}'(0) = 0.5984, whereas Seddougui (1990)
finds F}(0) = 0.5991 which will slightly change the wavenumber and wavean-
gle predictions found. The other point is the value of C' used from the
Dorotonitsyn-Howarth transformation. We set C = 1 all the way through
the analysis. Seddougui (1990) does not state a value for C' and it remains
in her analysis. However, when computing our results we find ours match the
incompressible results when setting 7, = 1 and M, = 0, and it is assumed
that Seddougui (1990) also sets C' = 1 when finding her results.

A key result from our type II analysis is that the three-dimensional sta-
tionary modes do not exist for all local Mach numbers. We take care to ensure
the local Mach numbers used are valid for the configuration of parameters
used. Our results are consistent with those found by Seddougui (1990) for the
compressible boundary—layer flow over a rotating disk, and we are able to see
the effects of the cone half-angle. As the cone half-angle is increased we see

the region of stability grow which implies that increasing the half angle can be
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used as a stability mechanism. This is in agreement with Hussain (2009) for
the incompressible case.

We note that we have been concerned with the case of air flow, and hence
have set 0 = 0.7 and v = 1.4 throughout the analysis. Most gases have values
of 0 =~ 0.16 — 0.8 and v = 1 — 1.7, however changes in these parameters would
not cause a great change in the given results. Hence similar qualitative results

are expected for all reasonable combinations of ¢ and ~.

5.2 Future work

When considering the previous literature there are several obvious options to
extend the work presented here. In this section we shall describe these pertur-
bations in relation to the previous work and how it will help the understanding
of the observed laminar to turbulent transition.

An immediate extension of the type II analysis found here would be to
consider the nonlinear terms in the lower deck of the triple-deck analysis.
Seddougui (1990) found that for the compressible boundary-layer flow over a
rotating disk, the nonlinear effects are destabilising. However the magnitude
of the nonlinear effects is found to be dependent upon the wall temperature

of the disk. For T,, > 1 they were seen to be of less importance than those



CONCLUSIONS 103

found by MacKerrell (1987) for the incompressible case. However, for T, <
1 the nonlinear effects are found to be stronger than in the incompressible
case. Whilst we would expect to be in agreement with Seddougui (1990) by
expanding our analysis, we would also be able to consider the effect of the cone
half-angle on the influence of these nonlinear effects.

A key area for the incompressible boundary-layer flows over rotating cones
is the numerical analysis of the perturbation equations. Garrett (2002) derives
the incompressible perturbation equations and then uses a set of transformed
variables to rewrite the equations as a set of six first-order ordinary differen-
tial equations. This was an extension of Lingwood (1995) who used the same
method for the case of a rotating disk. Garrett (2002) then solves this sixth—
order system numerically and computes the neutral stability curves, including
both the inviscid upper branch and the viscous lower branch. As with the
asymptotic results found by Hussain (2009), the numerical results are in good
agreement with Kobayashi & Izumi (1983) for broad half-angles, however as
the half-angle is reduced the numerical results begin to deviate from the exper-
imental results. The numerical results are important as they would verify the
asymptotic results found here. However, there is no current numerical analysis
of the compressible perturbation equations for these types of flows. This is due

to the added complexity of the non—constant density terms which arise due to
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the compressibility, and because of this there is no suitable transformation to
reduce the equations to a solvable system of ordinary differential equations.
Hence an alternative method must be found, and is a possible extension of this
work.

As mentioned above, for the incompressible case the analysis presented
here leads to results which differ from the experimental findings for smaller
half-angles. Hence we expect the same for the compressible case. Kobayashi
& Izumi (1983) found experimentally that the nature of the observed spiral
vortices is dependent upon the cone half-angle. For ¢ > 30° they find the fa-
miliar co—rotating crossflow vortices, which approach those found for a rotating
disk as 1) — 90°, as verified by Garrett, Hussain & Stephen (2009). However,
for ¢ < 30°. counter-rotating Gortler vortices are found. This is due to the
nature of the instability changing from a crossflow instability to a centrifugal
instability. A recent study by Hussain, Stephen & Garrett (2012) describes the
analysis needed to capture this centrifugal instability, and deriving a similar
compressible analysis would be a natural follow on from the work presented
here.

The final suggestion for expanding this work is introducing an oncoming
axial flow towards the rotating cone in the streamwise direction. This has been

considered for the incompressible boundary—layer flow over a rotating cone
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by Garrett (2002) and Hussain (2009) for numerical and asymptotic analyses
respectively. For all values of the cone half-angle increasing the strength of
the oncoming axial flow is seen to have a stabilising influence. Therefore this

area could be of great interest when considering the practical applications.
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