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INTRODUCTION

The a r ith m e tic  o f  th e  t r a n s f i n i t e  o rd in a l numbers i s  u s u a lly  developed 

sem am tioally  from  a s e t  th e o ry . An o rd in a l number i s  the o rd e r type of a w e ll

o rdered  s e t .  The fu n c tio n s  on o rd in a l  numbers r e s u l t  from combining th e se

s e ts  in  d i f f e r e n t  ways . In  o rd e r  to  avoid th e  dependence o f t h i s

a r i th m e tic  on th e  axioms o f  s e t  th e o ry  a  s y n ta c t ic  development is  g iven

here  o f p a r t  o f  t h i s  a r i th m e t ic .  The a r ith m e tic  of th e  o rd in a l numbers 

l e s s  th a n  i s  developed a s  a  m u ltisu c c e sso r  a r i th m e t ic .

The f i r s t  a ttem p t a t  a  s y n ta c t ic  fo rm a lisa tio n  o f  the a r i th m e tic  of the 

n a tu ra l  numbers was made by Dedekind from  what have become known as 

Peono 's P o s tu la te s .  Here the n o tio n  o f  a su ccesso r fu n c tio n  which 

in c re a se s  a number by 1 i s  a ccep ted  as p r im itiv e  • I t  seems in te r e s t in g  to  

examine th e  system  w hich would r e s u l t  from g e n e ra lis in g  th e  a r i th m e tic  

o f th e  n a tu ra l numbers by a c c e p tin g  as p r im itiv e  more th a n  one su cc e sso r 

fu n c t io n . S ta r t in g  from  0 a g re a te r  v a r ie ty  o f numbers could be 

d e f in e d . By p la c in g  c e r t a i n r  e s t r i c t i o n s  on th e  r e s u l t s  o f  combining 

th o se  su ccesso r fu n c tio n s  a number o f  d i f f e r e n t  system s can be d ev e lo p ed .

One such system has been  s tu d ie d  e x te n s iv e ly  by Vuckovic and P a r t i s .

Here the  r e s u l t s  o f ap p ly ing  th e  su cc e sso r fu n c tio n s  in  d i f f e r e n t  o rd e rs  

a re  i d e n t i f i e d .  The r e s u l t in g  system  i s  a g e n e r a l is a t io n  o f t t e  a r i th m e tic  

o f  the n a tu r a l  numbers v iiich  p re se rv e s  many o f  i t s  p ro p e r tie s  such as th e
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com m utativity  o f  a d d itio n  and m u l t ip l ic a t io n .  A m u ltisu c c e sso r  a r ith m e tic  

w ith  a d i f f e r e n t  r e s t r i c t i o n  on th e  su cc e sso r fu n c tio n s  i s  s tu d ie d  here  •

The su ccesso r fu n c tio n s  dominate one an o th e r in  th e  sense  t h a t  th e  

a p p lic a t io n  o f a p a r t i c u la r  su ccesso r fu n c tio n  fo llow ed by an o th er 

su ccesso r fu n c tio n , h ig h e r  in  th e  h ie ra rc h y , has th e  same e f f e c t  as th e  

a p p lic a t io n  o f  on ly  th e  second su ccesso r f u n c t io n .  As w ith  Vuckovic’s 

system  th i s  m u ltisu c ce sso r a r ith m e tic  w i l l  be developed fo rm a lly  a s  an 

eq u atio n  c a lc u lu s .  The axioms w i l l  be p r im itiv e  re c u rs iv e  fu n c tio n  

d e f in i t io n s  to g e th e r  w ith  two axioms in v o lv in g  th e  com bination  o f  

su ccesso r fu n c t io n s .  Four ru le s  o f in fe re n c e  w i l l  be given fo r  deducing 

equations from o th e r  e q u a tio n s . This system  can be r e a d i ly  in te rp re te d  

as o rd in a l a r i th m e tic  f o r  o rd in a ls  le s s  th a n  As w ith  Vuckovic’s system

i t  i s  a g e n e r a l is a t io n  o f "the p r im it iv e  re c u rs iv e  a r i th m e tic  o f  th e  n a tu ra l  

numbers .

In  Chapter I  ihe  a r ith m e tic  of "the system  i s  fo rm a lly  developed .

The ch ap te r i s  d iv id ed  in to  numbered se c tio n s  and the  r e s u l t s  in  each 

s e c tio n  a re  numbered u s in g  a decim al n o ta t io n .  Soiie o f  th e  fu n c tio n s  used 

a re  indexed by th e  n a tu ra l  numbers. I t  i s  n e ce ssa ry  to  appea l to  c e r ta in  

r e s u l t s  gind methods o f th e  a r ith m e tic  o f  th e  n a tu ra l  numbers when 

m an ipu la ting  th ese  in d ic e s .  The a r ith m e tic  o f  th e  n a tu r a l  numbers,which i s  

u s e d ,is  accep ted  and n o t fo rm ally  developed . I t  has a lre a d y  been  

developed by G oodstein in  an equation  c a lc u lu s  which could  be regarded  a s  

a r e s t r i c t i o n  o f  the system  p resen ted  h ere  w ith  o n ly  th e  index  0 a llo w ed .
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In  c e r ta in  cases th e  hypotheses o f  th e  schemata in  the system  a re  

on ly  a p p lic a b le  when the in d ic e s  o f  fu n c tio n s  in  th e  hypotheses are  0 . 

These schemata a re  th en  a p p lie d  to  g iv e  the l im ite d  conclusion  o f  e q u a li ty  

between two fu n c tio n s  on ly  when t h e i r  v a r ia b le s  a re  r e s t r i c t e d  to th e  

n a tu ra l  numbers.

In  Chapter I I  i t  i s  shown t h a t  th e re  i s  a (1 ,1 ) correspondence between 

th e  p r im itiv e  re c u rs iv e  fu n c tio n s  in  t h i s  m u ltisu c c e s so r  system  and th e  

p r im itiv e  re c u rs iv e  fu n c tio n s  o f th e  n a tu ra l  numbers which corresponds to  

a c e r ta in  (1 ,1 ) coding o f th e  o rd in a ls  in  t h i s  system in to  th e  n a tu ra l  

numbe r s  •

A proof o f the c o n s is te n c y  o f  the system  developed h ere  i s  g iven  in  

C hapter I I I .  T his p ro o f fo llow s th e  same l in e s  as t h a t  g iven  by G oodstein 

f o r  h is  equation  c a lc u lu s  fo rm a lis a tio n  o f  the p r im itiv e  re c u rs iv e  

a r i th m e tic  o f  th e  n a tu r a l  numbers •
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CHAPTER I

THE ARITHMETIC OF THE ORDINAL NUMBERS LESS THAN .

1 • A ll fu n c tio n s  in  t h i s  system  are developed from c e r ta in  i n i t i a l  

fu n c t io n s . These a re :

( i )  th e  id e n t i t y  fu n c tio n  l(x )  = x which always tak es  a v a lu e  

equal to  th e  value o f  i t s  argum ent.

( i i )  the zero fu n ction  N(x) = 0 which always takes a value equal

to z e r o .

( i i i )  a coun tab ly  i n f i n i t e  number o f su ccesso r fu n c tio n s

So > S i , Sg f • • • *

The id e n t i ty  and the ze ro  fu n c tio n  are used im p l ic i t ly  in  th e  system . 

The fu n c tio n  Sq behaves in  th e  same way as th e  fu n c tio n  S in  th e

a r ith m e tic  of th e  n a tu ra l  numbers, i t  in c re a se s  a number by 1 . The

fu n c tio n s  ( f o r  ^ > O) in c re ase  a number to  th e  s m a lle s t m u ltip le  

o f  g re a te r  than  t h a t  number. T herefo re  S^O i s  in te r p r e te d  as 

w ith  b e in g  understood  to  be 1 .

The su ccesso r fu n c tio n s  a re  r e s t r i c t e d  by two axiom s. These a re : 

A 8 8 = 8  f o r  > v

B ^ ^b'

w ith  a ^ b ^  . . .3 ^  q and a * ^ b * ^ . . . ^ q *  i f  and on ly  i f
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a = a * ,  b = b*,  q = 4* .

Axiom A is  what causes t h i s  system  to d i f f e r  from th e  m u ltisu c c e sso r  

a r ith m e tic  developed by Vuckovic and P a r t i s  • In s te ad  of axiom A th ey  

give th e  axiom S S = S S . The r e s u l t in g  a r i th m e tic  i s  q u ite  d i f f e r e n t/i V V /i ^
and possesses  many p ro p e r t ie s  such as  com m utativ ity  o f  a d d it io n  and 

m u lt ip l ic a t io n  which a re  n o t found in  o rd in a l a r i th m e t ic .  Nor is  i h e i r  

system  t o t a l l y  o rdered  as i s  th i s  system . Axiom B enab les in e q u a l i ty  

between two d i f f e r e n t  o rd in a ls  to  be p ro v ed .

2 .  A fu n c tio n  F (x ,y ) i s  d e fin ed  by p r im itiv e  recu rs io n  from  p re v io u s ly  

d e fin ed  fu n c tio n s  a(x) and  b ^ (x ,y ,z )  in  th e  fo llo w in g  way

F(x , 0) = a(x)

F (x ,S^y) = b p (x ,y ,F (x ,y ) )

The second e q u a l i ty  s tan d s  fo r  an i n f i n i t e  number o f  e q u a tio n s , one f o r  

each value o f th e  f i n i t e  index  /i . The fu n c tio n s  b^ (x ,y ,z )  must be 

r e la te d  by th e  fo llow ing  i d e n t i t y  imposed by axiom A f o r  t h i s  to  

c o n s t i tu te  a p ro p e r d e f in i t io n  by p r im itiv e  re c u rs io n .

C b ^ (x ,S ^ y , b ^ (x ,y ,z ) )  = b ^ (x ,y ,z )  fo r  y<  #i.

F unctions a re  a lso  d e fin e d  from p re v io u s ly  d e fin ed  fu n c tio n s  by 

s u b s t i t u t io n .  S ta r t in g  from th e  i n i t i a l  fu n c tio n s  th e  c la s s  o f  a l l  

fu n c tio n s  w hich can be d e riv ed  by s u b s t i tu t io n  and p r im itiv e  re c u rs io n  

w i l l  be c a l le d  th e  p r im itiv e  re c u rs iv e  f u n c t io n s .

-  5 -



3 .  The r u le s  o f  in fe re n c e  a re  th e  fo llo w in g  schemata 

Sb,

Sb,

F(A) = G(A

A = B
f (a) = f (b )

T A = B

A = C

B = C

and th e  p r im itiv e  re c u rs iv e  uniqueness ru le

F(S x) = H ( x , F(x) )  f o r  a l l  ^
Ü ^  W  1

F(x) = H ^ (0 )

F , G, a re  p r im it iv e  re c u rs iv e  fu n c tio n s  and A, B, C p r im itiv e  

re c u rs iv e  te rm s • The c la s s  o f  p r im it iv e  re c u rs iv e  term s i s  th e  s m a lle s t 

c la s s  c o n ta in in g  0 , a l l  symbols fo r  v a r ia b le s  and F ( t)  i f  F i s  a 

p r im itiv e  re c u rs iv e  fu n c tio n  and t  i s  a te rm . The fu n c tio n  H^t i s  

d e fin ed  by the fo llo w in g  p r im itiv e  r e c u rs io n .

H* t  = t

t  = H^(x, t )
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I t  i s  n o t n ecessa ry  to  s t ip u la te  t h a t  th e  fu n c tio n s  s a t i s f y  th e

co n sis ten cy  co n d itio n  C fo r t h i s  i s  a lre a d y  guaran teed  by F(x) 

be ing  a p rim itiv e  re c u rs iv e  fu n c t io n .

A number of a u x i l ia r y  schemata w i l l  now be p ro v ed . F i r s t  th e  

fo llo w in g  r e s u l t  i s  p ro v ed .

3.1 X = X

From the d e f in in g  eq u a tio n s  f o r  a d d i t io n  (which fo llo w ) x + 0 = x .

Taking A to  be x + 0 and B and C to  be x schema T g iv es  the

r e s u l t .  Applying Sbi to  3.1 g ives A = A. T herefo re  ta k in g  C 

as A, fro m  schema T th e  fo llo w in g  schema i s  o b ta in e d .

A = B
 ̂ m

The fo llow ing  i s  a  more u s e fu l form o f  U.

f (0 )  = g(0)

Ui f(s x) = H ( x ,f ( x ) )
^ ^ f o r  a l l  ^

g(S x) = H (x ,g (x ))

f (x )  = g(x)

Ui i s  proved e q u iv a le n t t o  U. F i r s t  suppose Ui h o ld s  and the  hypo theses

o f  U hold. . By th e  d e f in i t io n  o f  H ^ t ,  H®F(0) = F(0) ,
S X

H ^ F(0) = H p ( x ,  H ^ F (O )) . Taking F(x) as f(x )  and j ( x )  as 

H^P(O) the  hypotheses o f  Ui a re  s a t i s f i e d .  T herefo re
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?(%) = g(x) = i f t (O )  which i s  the  co n c lu s io n  of U . Hence

Ui => U

Now suppose U ho lds and th e  hypotheses o f Ui h o ld . Taking in  tu rn  

f(x )  and g(x) a s  F (x), U g iv es  f(x )  = H ^i(o) and g(x) = H ^g(o). 

But f (0 )  = g(0) . T herefo re  H^f (O) = H^g(O) by Sba • Applying K 

and T g ives f ( x )  = g(x) which i s  th e  c o n c lu s io n  of U i . Hence

U =?> U i.

T herefore U and Ui a re  e q u iv a len t schem ata .

A p a r t i c u la r  in s ta n c e  of schema Ui i s  f r e q u e n tly  used and w il l  

th e re fo re  be s ta te d  a s  a sep a ra te  schema. I  and J  are index ing  s e ts  

o f  n a tu ra l  num bers. I  U J  = Z the  s e t  o f  a l l  n a tu ra l  numbers, I  n  J  = ^

f ( 0) = g (0)

Ua f ( 8^x) = g(S^x) f o r  ti € I

f(S ^x) = M^f(x) 

g(S^x) = M^g(x)

f (x )  = g(x)

f o r  fj € J

T his fo llow s from U i .  For suppose the hypotheses o f  Ug h o ld . D efine 

H ^(x,y) = g (8^x) f o r  fj € I .  Then g(S^x) = H ^(x ,g (x )) and 

f ( S ^ x )  = H ^ ( x , f ( x ) )  f o r  € I  and H ^ (x ,y ) = M ^ (y) fo r  p f  J .  

The co n c lu sio n  o f  U3 fo llo w s by U i .
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FUNCTION DEFINITIONS

A number o f  e lem en tary  fu n c tio n s  a re  now in tro d u ced  u s in g  p r im itiv e  

re c u rs io n  and c e r ta in  r e s u l ts  in  o rd in a l a r i th m e tic  concerning them 

are  p roved .

4 .  A dd ition

This i s  de fin ed  by th e  fo llow ing  r e c u r s io n s .

a + 0 = a ,  a + S^b = S^(a + b) f o r  a l l  ^

I t  must be v e r i f ie d  t h a t  th e  co n sis ten cy  c o n d itio n  G i s  s a t i s f i e d .

This c o n d itio n  w i l l  c le a r ly  be s a t i s f i e d  i f  th e  r e s u l t  o f re p la c in g

by 8^8^ where v< ^  in  th e  l e f t  hand s id e  of th e  d e f in in g  e q u a tio n s , 

and apply ing  t h i s  d e f in i t io n  tw ic e , y ie ld s  an ex p re ss io n  which can  be 

shown to be equal to  th e  o r ig in a l  ex p re ss io n  on th e  r ig h t  hand s id e  of 

th e  d e fin in g  e q u a tio n . Applying th i s  procedure to  the  above d e f in i t io n  

g ives

a + 8 8 b = 8 ( a + 8 b )ti V ti V

= S ^ s y a  + b)

= 8^(a  + b) by axiom A s in ce  v<  n

Hence th e  d e f in i t io n  of a d d i t io n  i s  c o n s i s te n t .

The fo llo w in g  r e s u l t  i s  proved

4 .1  0 + a = a
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P ro o f . 0 + 0 = 0 from  th e  f i r s t  e q u a tio n  in  the d e f in i t i o n  of a d d i t io n .

0 + S a = S ( 0  + a) from th e  second eq u a tio n  in  the  d e f in i t io n  o f a d d i t io n .  

Taking f ( a )  = 0 + a ,  g (a )=  a ,  JT = Z and %" = ^  ^ th e  r e s u l t  fo llow s

from U3 .

4 .2  S^a = a +

P ro o f . a + o>̂  = a + SO    ^

= S^(a + 0)

= S a

This r e s u l t  g ives th e  in tu i t i v e  i n t e r p r e ta t io n  w hich i s  to  be p laced  on 

th e  su ccesso r fu n c tio n s  . The o p e ra tio n  a p p lie d  to  an o rd in a l

r e s u l t s  in  a d d itio n  o f  on th e  r i g h t .

4*3 (a  + b) + c = a + (b + c)

i . e .  a d d itio n  i s  a s s o c ia t iv e  

P ro o f . ( a + b )  + 0 = a + b

= a +(b + 0 )

(a  + b) + S c = S [ ( a  + b) + 0]\ / ^ fj '

a + (b + S 0) = a + S (b + c)Ii H

= Sy[a + (b + c )]

The r e s u l t  fo llo w s from  Ug ta k in g  f(c) = (a  + b) + c ,  g (c ) = a + (b + c ) ,

1 = J  = Z and M (x) = S (x) .tlL fj '
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The a s s o c ia tiv e  law a lso  ho lds f o r  th e  a r i th m e tic  of th e  n a tu ra l  

num bers. However, as i s  w e ll known, n o t a l l  r e s u l t s  in  th e  a r i th m e tic  

o f  th e  n a tu ra l  numbers g e n e ra liz e  to  t r a n s f i n i t e  o rd in a l a r i th m e t ic .

In  p a r t i c u la r  th i s  a r i th m e tic  is  not commutative w ith  r e s p e c t  to a d d it io n

i . e .  i t  i s  p o s s ib le  to  choose o rd in a ls  such th a t  a + b /  b + a .  As 

an example co n sid e r 1 + « and w + 1 .

1 + (y ~ SqO + SiO

= Si(SoO + 0)

= S i SqO

= SiO by axiom A

W + 1 — Si 0 + Sq 0 

= So(SiO + 0)

~ Sq Si 0

S i 0 and Sq Si 0 a re  n o t equal by axiom B.

5 • The Degree F unction

The in d ic e s  o f  th e  su ccesso r fu n c tio n s  8^ always have f i n i t e  v a lu e s . 

In  o rd e r to  make d e f in i t io n s  in v o lv in g  th e se  fu n c tio n s  i t  i s  n ecessa ry  to  

use p a r t  o f  th e  a r i th m e tic  of the n a tu ra l  numbers in  combining th ese  in d ic e s  

w ith  o th e r  f i n i t e  numbers. The fu n c tio n  Max(m,n) in  th e  a r i th m e tic  of 

th e  n a tu ra l  numbers w i l l  be tak en  as d e fin ed  and used in  such a way.

The degree fu n c tio n  i s  d e fin ed  from t h i s  fu n c tio n  by the  fo llo w in g  

re c u rs io n .
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d(0) = 0 

d(S^a) = Max ( d ( a ) ,p )

The co n sis ten cy  c o n d itio n  i s  s a t i s f i e d  s in ce

d.(S^,S^a) = M ax(d(S^a), ^ )

= Max(Max(d(a) , v) ,fi)

= Max(d(a),fx) i f  ^ > v>

Although th e  degree fu n c tio n  is  d e fin ed  a sL o rd in a ls  i t  on ly  ta k e s  values 

among th e  n a tu ra l  numbers •

5.1 d(w = (2

P ro o f . = 8 ^ 0

d(8^0) = Max(d(0) ,fi)

= Max(0,fi)

= ^

6 • M u lt ip l ic a t io n

F i r s t  a .(if  i s  d e fin ed  by th e  equations

0 ,(y^ = 0

8 "V

a .b  i s  then  d e fin e d  by a .0 = 0

a .Sob = a .b  + a

a .S  b = a .b  + a.w^ f o r  u > 0

To prove th e  d e f in i t io n  of a .b  c o n s is te n t  i t  i s  f i r s t  necessa ry  to  

prove two r e s u l t s .
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6 *1 i f  fi > V

P r o o f .  = S 0 + S 0--------  y fi

= s (s 0 + o)
f i '  y

3 S 8 0 
fi V

= S^O by axiom A

6.2  a.m'^ + a.w^ = a.w^ i f  fi > y

P r o o f . 61 a .w^ +6a.w^ =A X

= by 6.1 i f  fi > y

« a  o . i /  + r .w t ' o“
The cons is tency  o f  th e  d e f i n i t i o n  o f  m u l t i p l i c a t i o n  can  now be proved 

s in ce
a S S b  = a . S  b + a.w^'• fi y y

= (a .b  + a .w*) + a 

= a .b  + (a.w* + a.w^)

= a .b  + a b y  6.2  i f  fi > y

6.3  0 .a = 0

Proof . 0.0 = 0

0 .So a = 0 .a  + 0 

= O.a

0 .Sfia = O.a + 0 f o r  ^ > 0
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= o .a  + 0 

= O.a

The r e s u l t  fo llow s from Ug ta k in g  f ( a )  = 0*a, g (a) = 0 ,  I  = ^  

and J  = Z , i s  th e  id e n t i t y  f u n c t io n .

6 a .1 = a

P ro o f . a.1 = a .Sq 0

a .Sq 0 a.O + a

0 + a

a

6 ,5 = w"

P ro o f . 1 = SoO,

SqO = ^Max(d(0)

,,fi~

6.6 1 .a a

P ro o f . 1 .0 0

1 .S^a 1 .a  + 1 . J

= 1 .a +

8 ,(1  .a)
fi

S a — S afi fi

by 6 .5

The r e s u l t  fo llo w s from Ug ta k in g  f  (a) = 1 .a ,  g (a) = a ,  

1 = 0  and J  = Z . M i s  S .
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6 .7  a .(b  + c) = a.b + a.O

i  . e . the l e f t  d is tr ib u t iv e  law holds .

P ro o f . a .(b  + O) = a .b

a .b  + a.O = a .b  + 0 

= a .b

a .( b  + S c) = a .S  (b + c)fi fi
= a .(b  + o) + a.

a.b + a .2^0 = a.b + (a .o  +

= (a .b  + a .o ) + a jy^  by 4 .3

The r e s u l t  fo llo w s by Ug ta k in g  f ( a )  = a .(b  + o ) ,  g (a) = a .b  + a .o ,  

1 = 0 ,  J  = 2 and M^(x) = x + a .w ^ .

The r i g h t  d i s t r ib u t iv e  law does n o t h o ld  i n  o rd in a l a r ith m e tic  as 

i s  shown by th e  fo llo w in g  exam ple.

(w + 1 ) .2 = SqSi O.SqSqO

= SqSi O.SqO + SoSiO 

= (SqS^O .0 + SqSj O) + SqSj O 

= (0 + SoSiO) + SoSiO 

= SqSi O + SgSlO 

= So(SoSiO + SiO)

=  S o S i ( S @ S i O  +  o )

= SqSi SqSi O

= SqS i Si O by axiom A

— 1 5 ”



(i) *2 +  2 — S i O  .SqSqO +  SqSqO

= (SiO.SqO + SiO) + SqSqO 

= [(SiO.O + SiO) + SiO] + SqSoO 

= (SiO + SjO) + SqSqO

= Si(SiO + 0) + SoSqO

= SiSiO + SoSqO 

= So(SiSiO + SqO)

= SoSo(SiSiO + 0)

= SqSqSi Si O

SqSi Si O and SqSqSi S i O a re  no t equal by axiom B .

Before proving the a s s o c i a t i v i t y  o f m u l t ip l ic a t io n  the  fo llo w in g , 

l e s s  g e n e ra l, r e s u l t  i s  p ro v ed .

6 .8  a .(b .m ^) = (a .b ).w ^

P ro o f . a .(O .w ^) = a.O

=  0

( a . o ) = 0 

=  0

a .(S ^b .w ^)=  ^ ^

(a .S^b) = (a .b  + a.w*)

I t  i s  n ecessa ry  to  prove ^ ^ = (a .b  + a.w^)
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d (s  b) + fi
0 «w ^ = 0

(O.b + Ojü^) .û)  ̂ = (0 .+  o)

= 0 .û)^

= 0
d(S b) + fi d(Sv a) + d(S b) + fi 

S^a.w ^ = w ^
d(S. a) + V

(Sp^a.b + Sp^a.ûi^) .w = (S^a.b + w ) .w

= t^d(S^a) +

&(8a(s a) + y ( \ a . b ) )  + u
= Û1

M ax(d(S^a,b) ,d(S^a) + y) + fi
= CJ

I t  rem ains to  show

d(Sxa) + d(S b) + fi = Max(d(S. a . b ) , d (S .a ) + y) + fi A y  A A

d(S^a) + d(S^O) = d(S^a) + y

M ax(d(S^4.0) , d(S^a) + y )= Max(d(o) , d(S^a) + y)

= Max(0,d(Sp^a) + y)

= d(S^a) + y

Max(d(S^a,Sgb) , d(S^a)+ y ) = Max(d(S^a) + d(Sgb) , d(S^a) + y )

= d(S^a) + Max(d(Sgb), y)

= d(S^a) + d(S^Sgb)
d(S a) + fi

The r e s i i l t  a .w  ^ = (a .b  + a .o f  ) ,w
d(S b) + fi

now fo llo w s by Ug p u t t in g  f ( a )  = a.w  ^ , g (a) = (a .b  + a.w*0 ,

1 = 2  and J = 0 .
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The r e s u l t  6 .8  now fo llow s from Ug p u ttin g  f (b )  = a .(b .w ^ ) ,

g(b) = (a .b )  .w f, 1 = 2  and J  = 0 .

6 .9  a .( b ,o )  = ( a .b ) .c

i . e .  m u lt ip l ic a t io n  i s  a s s o c ia t iv e  

P roof . a .(b .O ) = a .0

=  0

(a .b )  .0 = 0 

a .(b  .S^c) = a  .(b  .c + b .w^)

= a . ( b .c )  + a .(b .m ^)

(a .b )  .S^c = (a .b )  .c + (a .b )

= ( a .b ) .c  + a .(b .w ^ ) by 6 .8  

The r e s u l t  fo llow s by Ug p u tt in g  f (c )  = a . ( b . c ) ,  g (c) = (a .b )  .c ,

1 = 0 ,  J  = Z and (x) = x + a.(b^w^) .

M u ltip lic a tio n  i s  n o t commutative fo r  t r a n s f i n i t e  o rd in a ls  as i t  is  

f o r  n a tu ra l  num bers. T his i s  shown by th e  fo llo w in g  exam ple.

2 . w = Sq Sq 0 .m 

8 ,8 ,0 .w  = w M a=(a(S ,0),0) + 1

M ax(M ax(d(0),0), O) + 1— (à)

=  <i)

= SiO
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cj »2 ~ SiOaSqSqO

= S i O.SqO + SiO 

= Si0*0 + SiO + SiO 

ss 0 + SlO + SiO 

= SiO + SiO

=  S i ( S i O  +  o )

= SiSiO

SiO and SiSiO are  n o t eq u al by axiom B .

7 • E xpo n en tia tio n

Since t h i s  fo rm a lis a t io n  on ly  concerns o rd in a ls  l e s s  than 

a  r e a l i s t i c  d e f in i t io n  o f  e x p o n e n tia tio n  f o r  t r a n s f i n i t e  exponents canno t 

be g iv en . The d e f in i t io n  i s  th e re fo re  by a p r im itiv e  re c u rs io n  on the  

exponent in v o lv in g  on ly  th e  su cc e sso r fu n c tio n  Sq • This makes th e  d e f in i t io n  

on ly  e f fe c t iv e  f o r  f i n i t e  ex p o n en ts . O" i s  d e fin e d  f i r s t  by th e  re c u rs io n

0°  =  1 

0^°“  = 0

(S^a) " i s  th en  d e fin e d  by th e  re c u rs io n

(S ^a)“ = 1

= (S ^ a)" .(s^ a )

Since re c u rs io n  only  in v o lv es  Sq no co n sis te n cy  c o n d itio n  a r i s e s .
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7.1 a° = 1

P ro o f . 0° = 1

(S^a)o = 1

.The r e s u l t  fo llow s by Us tak in g  f ( a )  = a ° ,  g (a ) = 1 , 1 = 2 and 

J  = # .

7 .2  a* = a

Proof . a* = a^®^

= a®,a 

= 1 .a  

= a

7 .3  a"**" = a " , a®

P ro o f . % is  w i l l  be proved f i r s t  fo r a  = 0 and th e n  f o r  S^a in  

p lace  o f a .

On+o _ Qn

0".0® = O" .1 

=  0 "

Qn+So m = o?o (n + fn )

= 0̂ +® .0 

= 0

0" .Cpo® = on .0 

=  0

-  20 -



Hence 0"*® = 0̂  .CP by Ug ta k in g  f  (m) = 0®*® , g(m) = ( f ,  CP ,

I  = {oj and J  = ^  and r e s t r i c t i n g  th e  hypotheses of the  schema to  

th e  case ^ = 0 .  Such a r e s t r i c t i o n  in  th e  hypotheses w i l l  be allow ed 

when the v a r ia b le  in vo lved  in  th e  r e c u rs io n  can on ly  ta k e  f i n i t e  v a lu e s .

(S^a)n+® = (8 a)n 

(S^a)n .(S^a)® = (s^a)" .1

= (8 ,a )"

(8^a)n+*om = (s^a)*o (n+m)

= (S^a)®*® .(S^a)

(S^a)® .(S^a)^o® = (S^a)® [(S^a)® .S^a]

= [(S^a)® .(S ^a)® ].s^a

Hence (S^a)®*® = (s^a) ® ,(S^a)® by Ug ta k in g  f(m) = (S^a)®*®,

g(m) = (S^a)® ,(S^a)P , 1 = 0 J  = [oi and Mo(x) = Xy S^a and

r e s t r i c t i n g  th e  hypotheses o f  th e  schema to  th e  case ^ = 0» The 

f i n a l  r e s u l t  th e re fo re  ho lds by Ug ta k in g  f ( a )  = a®*®, 

g(a) = a® .a® , 1 = 2 and J  = 0 ,

7 •h- aP = (an)m

P ro o f . a®*® = a®

=  1
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(a")o  = 1 

,n -Sq m _ + n

= a®'® . a®

(a®)*o® =(a® )® .a®

The r e s u l t  fo llow s by Ug ta k in g  f(m ) = aP *® , g(in) = (aP )® ,

1 = 0 ,  J  = [o] and Mo(x) = x.aP and r e s t r i c t i n g  th e  hypotheses o f 

th e  s chema to  th e  case /i = 0 .

Up to now th e  e x p re s s io n  has been  used as a name fo r  S^O.

I t  must be proved t h a t  t h i s  ag rees  w ith  th e  e x p o n en tia tio n  o f w to

th e  f i n i t e  index p . In  o rd e r  n o t to  cause con fusion  in  th e  p roo f o f

t h i s  when i s  co n sid e red  as th e  name f o r  SO  i t  w i l l  be w r i t t e n

w® = 1 

= SqO

= S n 0

_ ^ M ax(d(0). n) + 1

n+1

=

The r e s u l t  th e re fo re  fo llo w s  by Ug tak in g  f(n )  = w®, g(n) = w— ,
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I  = [ o i ,  J  = 0 and r e s t r i c t i n g  th e  hypotheses o f  the schema to th e  

case ^ = 0 •

The id e n t i ty  a® ,b® = (a .b )"  which ho lds fo r  "the a r i th m e tic  o f  th e

n a tu ra l  numbers does n o t ho ld  when a and b can ta k e  v a lu e s  amang th e

t r a n s f i n i t e  o rd in a ls  , This i s  shown by th e  fo llo w in g  example 

a,® .(a, + 1)= = w 'Xw +

= + 1)

= .(w + 1 ) .(w + 1 )

= w ®. (w + l ) i y  + 1)»1

= (w®+ . w + (w® + w*)

4 3 2= W + W + W

= Sg S3 S4 0

(w.(w + 1))® = (w* + w)®

= (M= + w)S°S°0

= + w )S»°.(w :+ a)

= (w®+ w) . (w® + w)

= (w ® + w)xt)® + (w® + w ).w
4 3= w + w 

= S3 8 4  0

S 2 S3 S4 0 i s  n o t equal to S3 S4 0 by  axiom B .

8 • The Component F unctions

These fu n c tio n s  a re  denoted by and a re  d e fin e d  by th e  fo llo w in g

re c u rs io n s
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c ^ ( o )  =  0

C^(S^a) = C^(a) ± f  ^ > V

~ 2oC^(a)

Ĉ  (fi^ a) = 0 i f  /i < V

These d e f in i t io n s  obey th e  c o n s is te n c y  c o n d itio n  s in ce

= C^(S^a) i f  ^ > v

= (a ) i f  > V >  A

= SoC^(a) i f  fi > \

C (S S. a) = 0 i f  ^ < Vfj y A

Since i s  d e fin ed  by p r im itiv e  re c u rs io n  from 0 and Sq i t  can

on ly  tak e  f i n i t e  v a lu e s .  The in tu i t i v e  in te r p r e ta t io n  o f the component 

fu n c tio n s  w i l l  become ap p aren t l a t e r .

9 .  The Sum F unction

For a fu n c tio n  f  th e re  itf ill  be a co rresponding  sum fu n c tio n  denoted 

by Z ^ . I f  f  i s  a fu n c tio n  o f  two arguments the  summation w i l l  be 

understood  to  be over th e  f i r s t  argum ent. T herefo re  f o r  th e  fu n c tio n  

f ( x , y ) , Z^ w i l l  be d e fin e d  by the  fo llo w in g  r e c u r s io n .

Z^(0,b) = f (0 ,b )

Z f(S oa ,b ) = f  (Soa,b) + Z^(a,b)

Z f(S ^ a ,b )  = 0 f o r  ^ > 0 

This d e f in i t io n  i s  e a s i ly  seen  to  be c o n s is te n t  fo r
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E^(S S^a, t )  = 0 i f  It > V ^ 0

I n  o rd e r  t h a t  th e  fu n c t io n  2  can have t r a n s f i n i t e  o rd in a l numbers 

f o r  i t s  arguments th e  su cc e sso r fu n c tio n s  f o r  p > 0 have been

in c lu d ed  in  th e  d e f i n i t i o n .  This makes th e  d e f in i t io n  somewhat a r t i f i c i a l  

when i s  co n sid e red  a s  re p re s e n tin g  a sum o f v a lu es  o f f ( a ,b )  .

In  th e  a p p lic a tio n s  w hich a re  made o f  th e  sum fu n c t io n ,  however, th e  

argument a w i l l  on ly  ta k e  f i n i t e  v a lu e s  • The above re c u rs io n  c le a r ly  

does no t give a  d e f in i t i o n  o f  i n f i n i t e  sums o f  o rd in a l  numbers . Indeed 

no such  c o n s is te n t  d e f in i t io n  i s  p o s s ib le  i n  t h i s  system . This i s  shown 

by the fo llow ing  argum ent. Suppose Z ^(x) i s  a fu n c tio n  which re p re s e n ts  

th e  sum f (0 )  + f ( l )  + . . .  + f(x )  . C le a rly  Z ^(0) = f ( 0 ) .

Z f(S ^a) = H ^(a, Z ^ (a ))  where H ^(x,y) i s  a p r im itiv e  re c u rs iv e  fu n c tio n .

Case ( i )  L e t f ( x )  = 1 f o r  a l l  x .

Then Z ^ k )  = Z ^(S iO ) = H i(0 , Z ^ (o )) = H i(0 ,l )  . The sum f ( ô )  + f ( l )  +

+ . . .  + f(w) i s  eq u a l ( in  i n t u i t i v e  o rd in a l  a r i th m e tic )  to  w + 1 .

Case ( i i )  L e t f  be d e fin e d  by th e  fo llo w in g  r e c u r s io n .

f (0 )  = 1 

f(S ^ a ) = cj f o r  a l l

Then Z^(w) = Z ^ (S iO ) = H i(0 ,Z ^ (0 )) = H i( 0 ,1 ) .  The sum f (0 )  + f ( l )  +

+ . . .  + f(w) i s  equal ( in  i n tu i t i v e  o rd in a l  a r i th m e tic )  to  w® + w .

But w + 1 and w® + w a re  d i f f e r e n t  o rd in a ls  and cannot b o th  be equal 

to  H i(0 , 1 ) .
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In  the  d e f in i t io n  o f th e  sum fu n c tio n  su ccessiv e  a d d itio n s  a re  

made on th e  l e f t .  Such a d e f in i t io n  i s  c le a r ly  d i f f e r e n t  from one in  

which successive  a d d itio n s  a re  made on th e  r i g h t ,  s in ce  a d d it io n  is  

n o t com m utative. The fo rm er d e f in i t io n  i s  g iv en  in  o rd e r to s im p lify  

an im portan t a p p l ic a t io n  o f  th i s  fu n c t io n .

1 0 . C an to r' s Normal Form Theorem

a = Z ^ (d (a ) ,a )  where h(m ,a) = w®. Cm(a).

The f i r s t  argument o f  h can on ly  take  v a lues among th e  n a tu ra l  num bers.

i s  d e fined  s in c e  d (a )  i s  s u b s t i tu te d  f o r  i t s  f i r s t  argument and 

d (a ) always ta k es  f i n i t e  v a lu e s .  B efore t h i s  theorem is  proved a 

number o f  o th e r  r e s u l t s  a re  r e q u ire d .

10.1 .C^(a) +w ^ =w^ i f  V < ^

P ro o f . w^\C^(o) + .0 + ù)̂

= 0 +

=

.C (s . a) + (i)̂  = .C (a ) + i f  v > Ay A V

(i) .C (s  a) + w = w .SqC (a) +V V
= (a) +y
= wT .C (a) + b)

V

.C^ ( a ^ a )  + ( /  =. Cü̂  ,0  + ÛĴ  i f  A > V

= 0 + ù)̂

The r e s u l t  fo llow s by Ug ta k in g  f(a )  = .Cy(a) +
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g ( a ) = w ^ ,  I = [ i : i > v j ,  J = î i : 0 ^ i ^  vj  and as t he

id e n t i ty  fu n c t io n .

10.2  a + .C^(a) + i f  A ^  d(a)

PROOF. 0 + (J^ = (û^

<y‘̂ .C ^(0) + = 6)^.0 + (d^
A= Ù)

S a+w = 8^8 aV A V

= S ^ a i f  A > V

A= a + w

oj^.Cp^(S^a) + = ûj^.C^(a) +

S^a + = (a  + (J^) + (û̂

>^.C^(S^a) + = &i^.SoC^(a) + o>̂

= (o) .C^(a) +w  ) + (d)

I f  y > A d(S^a) > A .

The r e s u l t  fo llow s by Ug ta k in g  f  (a) = a + g (a) = w^.C. (a) +

I  = 0 ,  J = { i ; 0 ^ i ^ A Î ,  and M (x) =*%=a=5F . The r e s t r i c t i o n  o f
^  Sy^7tjrv

th e  v a lu es  o f  /i i n  th e  hypotheses of Ug l im i t s  th e  conclusion  to  th e  

cases where A ^  d (a ) .

10.3 Zj^(A,S^a) = 0 where h(m ,a) = ,C;n(a)ani A <  ^

PROOF . Zj^(0,S^a) = h(0 ,S ^a)

= w® .Co(S^a)

= ûP.O s in ce  ^ > 0
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= 0

Zj^(SoA,S^a) = h(S.A,S^a) + 2j^(\,S^a)

= + Eh(A 'iS,a)

= 0)^®^ ,0 + Zj^(A^S^a) s in ce  SqA < ^

= 0 + Z, (A,S a) 
h u

= Z j^U ,S^a)

The r e s u l t  fo llow s by Ug ta k in g  f(A) = Z j^(A ,S ^a), g(A) =» 0 ,

1 = 0 ,  J  = [O] and Mq th e  id e n t i ty  f u n c t io n .

A new fu n c tio n  h* (x ,y ) = h (x  + ju + 1 , y) i s  d e fin e d .

10 Zj^(x,y) = Z ^ , (x -ju  -  1 , y) + Zj Ôj ,y ) i f  x >  p .

PROOF . When x = 0 th e  r e s u l t  ho lds v acu o u sly .

2 jj(S«x,y) = h(SoX,y) + Z ^ (x ,y )

Zj^, (SqX -  1 ,y ) + Z j^(u ,y ) +^jjO ^,y)

= Zj^,(So(x -  -  i ) , y )  + Z ^ O i,y )

= h* (So (x -  (i -  1 ) ,y) + Zj^, (x -  ^ -  1 , y)

+ Ẑ Qi ,y) 

h» (Sqx -  ̂ -  1, y) + Z^, (x -  /i -  1, y)
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= h(S «x,y) + iZ ^ ,(x  -  p -  1 , y)

+ ,y)

The r e s u l t  ho lds by Ug ta k in g  f (x )  = Z ^ ( x ,y ) ,

g(x) = (x -  /i -  1 , y) + Z j^(/i,y ), 1 = 0 ,  J  = {O] and Mo(z) = 

= h(SoX, y) + z ,

_ .P10*3 Zj^(A,a)+ i f  ^ > A

PROOF. Z, (0 ,a ) + oT'= h (0 ,a )  + ( /

-  w® .C^Ca) + b)̂
= bj s in ce  /j > 0

Zj^(SoA,a) + b)^ =s h (S o A ,a )  + Z ^ (A ,a )  +

b)^ = w ^ ® ^ , C g ^ ( a )  + i f  SgA< n

= h (S o A ,  a )  + b)^

The r e s u l t  fo llow s by Ug tak in g  f(A) = Z^(A ,a) + , g(A) = ,

1 = 0 ,  J  = {o| and Mo(x) = h(SoA,a) + x .

10.6 Zj^,(A ,S^a) =Zj^, (A ,a )

PROOF.

Z ^ ,(0 ,8 ^ a )  = h*(0 ,S^a)

= h(/J+1, ^ a )

= - V i ( S ^ a )

= h(p+1,a)
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= h '( 0 ,a )

= Z % ,(0 ,a )

Zj^,(SoA,S^a) = h»(SoA,S^a) + Z ^ ,(A ,S ^a)

= h(SoA + ^+1 , S^a) + Z^*, (A,S^a)

= „SoAtM+1 + Z j^ .U .S ^a)

— h(SoX+^+1, a) + Zj^,(A,S^a)

= h*(SoA,a) +Zj^, (A,S^a)

Z j ^ , ( S o A , a )  = h * ( S o A , a )  + Z ^ , ( A , a )

The r e s u l t  fo llow s by Ug t a k in g  f  (A) = Z ^ , (A ,S^a), 

g(A) = Z ^ , (A ,a ) , I  = 0 ,  J  = [O] and M o(x)  = h* (SoA,a) + x

PROOF o f C an to r 's  Normal Form Theorem.

L et g (a) = Z ^ (d (a ) ,a ) where h(m ,a) = w® .C^(a) . 

g(0) =Zj^(d(0),0)

= Zj^(o,o)

= h (0 ,0 )

= ,Co(0)

=  ùP , 0
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= 0

g(8p,a) = , S^a)

= Zj^(Max(d(a) ,^ )  ,S^a)

Case ( i )  n ^  d (a )

g(S^^) =Z j^(p ,S^a)

g(Soa) = Zj^(0,Soa)

= h(0,8@a)

= w® «Co (Soa) 

= w® .SoC*(a)

For II > 0

g(S^a) - Z ^ ( S o ( ^ - l ) ,  S^a)

= h(So()Li—1 ) , 8^a) + Z^(u"""1 f ^ a )

= h(/J,S^a) by 10.3

= .0 (S a)
/J ^

= w ^ ,8oC ^ (a)

Hence fo r  a l l  /j ^  d(a)

g(8^^) -  .Sq (a)

= .0 (a) + ù)^

= a + o)^ by 10.2
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= s a

Case ( i i )  fj < d (a)

g(S^a) = Z j^ (d (a ),S ^a)

= Z ^ ,(d (a )  -  u -  1 , S^a) + Z^(jU,S^a) by 10 .4

Z^ (0,S$a) — h(0,Soa)

= (ü ,Co (8@a)

= w® j SqCo( a)

= (d ÿCo(a) + ùp

For ji >  Q

Z j (̂m fS^a) = Z^(8o (^—1 ) ,8^a)

-  h ( 8 o ( u - l ) .  S a) + Z , 0j - 1 ,8  a)fj 11

= by 1 0 .3

= (d^' .C (8 a)

= w .8qĈ  (a)

= <y .C  ̂(a) + (d

Hence fo r  a i l  f j

Zj^(ju,8^a) = (d̂  .C  ̂(a) +

T herefore

g(8 a) = Z, , (d (a) -  (i -  1 ,8 a) + w^.C (a) + 
^ ^  (I /i
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Z ^ (0 ,a )  + £ü®= h ( 0 ,a )  + w®

= (iP .Co (a) + bP

For /i > 0

Z, (u ;&) + = Z, (So(jU-l) ,a )  +

= h(So (u~1 ),&) + Z^(p —1 ,a )  + 

= h(p >a) + by 10.3

= w ^.C^(a) +

Hence f o r  a l l  ^ < d (a )

w ^.C ^(a) + w^= Zj^Gr,a) +

T here fo re

T here fo re

g(S^a) = Z ^ ; ( d ( a )  -  p -  1 , S^a) + Z^Gf ,a )  +

= Z ^ , (d (a ) -  ^ -  1 , a) + Zj^Gi ,a )  + by 10 .6

= Z j^ (d (a ), a ) + by 1 0 o4

= S^g(a)

g(S^a) = S^a i f  ^ ^  &(a)

g(S^a) -= S^g(a) i f  p <  d (a )

Taking th e  s u b tr a c t io n  fu n c t io n  -  as d e fin e d  on th e  n a tu ra l  

numbers

g(S^a) = [1 -  (d (a) - ^ ) ] . S ^ a  + [1 — ( i  -  (d (a )  - /J ) ) ] .S^g(a)
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th e  r e s u l t  fo llo w s  by 'Ui ta k in g

H^(x,y) = [1 -  (d (a ) - ^ ) ] . S ^ X +  [1 -  ( t  -  (d (a ) - u ) ) ] . S ^ y

Since th e  d egree fVinction and th e  component fu n c tio n s  only ta k e  

va lu es  among the n a tu ra l  numbers C an to r’s Normal Form Theorem shows

th a t  any o rd in a l  a in  t h i s  system ( i . e .  l e s s  th an  u  ) can  be

exp ressed  u n iq u e ly  in  "the form
«1 % aua = Ù) .a i + OJ .ag + . . .  + w .a^

where a i , a a ,  . . . ,  a% a re  n a tu ra l  numbers and a i , a g , . . . ,  a% i s

a d ecrea sin g  sequence of n a tu ra l  num bers.

Denote a prece^6edy by a s t r in g  of n su cc e sso r fu n c tio n s

S by S ( " ^ a .  8 ^^^a . w i l l  be tak en  as a .  The fo llo w in g  r e s u l t

i s  p ro v ed .

10 .7  w ^.n  = S^("^0

PROOF w^.O = 0

8^(0) 0 = 0

<ŷ  ,8on = .n +

= 8^ (w  ̂ .n)

S = 8 ^̂ ■*‘̂ ^0

=  8 8  ("^0

The r e s u l t  fo llow s by Ug ta k in g  f(n )  = w ^ ,n ,  g(n) =

I  = 0 , J  = [oj and Mo = 8^ .

Hence i f  an o rd in a l a i s  given th e  above r e p re s e n ta t io n  in
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C a n to r 's  Normal Form a can a lso  be expressed  in  the form

a = . . .
«1 ag %k

Using th e  d e fin in g  eq u a tio n s  fo r a d d it io n  a can be ex p ressed  in  the 

form

a = g(*k) 8 s (* i)  0 .
“ k %k-i %i

Hence C a n to r 's  Normal Form Theorem g ives a p roo f w ith in  th e  

system  t h a t  any o rd in a l in  the system  can be un ique ly  ex p ressed  as 

0 preceded  by a s t r in g  o f  su ccesso r fu n c tio n s  i f  th e  in d ic e s  o f  ttie 

su ccesso r fu n c tio n s  a re  in  ascending o rd e r .

Computation w ith  o rd in a ls  w r i t te n  in  norm al form (a s  done by , fo r 

example, S ie rp in sk i)  can be perform ed a lg o r i th m ic a lly  i f  t h e  

exp ress io n s  a re  converted  in to  s t r in g s  o f su ccesso r fu n c tio n s  and 

successive  a p p lic a tio n s  made of axiom A and  th e  d e f in in g  equations 

fo r  th e  a p p ro p ria te  f u n c t io n s . Examples are  given o f  an a d d i t io n

and a m u l t ip l ic a t io n  c a r r ie d  out in  t h i s  way.

(w® + 0)® .2 + w+ 3) + (w® + 1 ) = 8o% + So Sq O

= Sq(SoEQSoSiSgSgSsO + SgO) d e f . o f add .

= So(syboSo8o8iSgSg8aO + O)) " " "

= 8o8gSoSo8o8iSg8g830 ” ” "

= 80828382830 axiom A

= w®+ w® .3 + 1
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(w® + (ü *3) «(w® + 1) = SiSiSiSgO , S0S3O

= SiSiSiSgO .830 + 81818183O d e f .  o f m u lt. 

= 818^81820.0 + 81818182O wW®

+ 818,81820 " " "

= w®+ 8 1 8 1 8 1 8 2 O " " "

= 8 3 0  + 8 1 S1 8 1 8 2 0

= 81(850 + 8181S20) " " ”

= 8181(850 + S1820) •• " "

= 818181(850 + 820) " ”

= 81818182(850 + 0)

= 81818182850 d e f .  of ad d .

= w® + w® + w .3
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1 1 • The L e ft Successor Functions

There i s  a  countab le  i n f i n i t y  of th e se  fu n c tio n s  a rd  th e y  a re

denoted by T  ̂ and defined  by th e  fo llo w in g  re c u rs io n s .

T 0 = S 0 
^ ju

T S a = S T a /J y y ju

These d e f in i t io n s  a re  c o n s is te n t  fo r

T S S .a  = S T S .a  /Li y A y fi A

= S S.T a y A ^

= 8 T a i f  y > A
y ^

The fo llow ing  analogous r e s u l t  to  axiom A is  proved

A’ T T = T i f j u > yy /Li ju

PROOF T T 0 = T 8 0
  y /Li V II

= 8 T 0 ^ y

= 8 8 0 by axiom A

= 8 0  

= T 0

T T 8, a = T &T , 
y  /Li A y  A /i

= S.T T a A y /i

T 8 a = S T  a 
^ A  A jLi
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The r e s u l t  fo llo w s by Ug ta k in g  f (a )  = T^T^a, g(a) = T^a.,

1 = 0 ,  J = Z and M̂ = •

11.1 T a  = ( u ^ + a
Ai

moop T 0 = S 0--------  /i ^

b)^+ 0 = wf

T S a = S T a
U  V  V II

(û^+ S a = S (w^+ a)V V
The r e s u l t  fo llo w s by Ug ta k in g  f  (a) = T a ,  g(a) = ctP +  a ,  1 = 0  

and M = S . ^ h is  r e s u l t  shows t h a t  th e  fu n c tio n  T i s  to  be
V V 11

in te rp re te d  as a d d it io n  by on th e  l e f t .  The analogy between th i s

fu n c tio n  and S i s  c l e a r .II
Function d e f in i t io n s  u s in g  T in  p lace  of S .
_______________________________ u__ _____________

Suppose a(x) and b ^ (x ,y ,z )  a re  p r im itiv e  re c u rs iv e  fu n c tio n s

and P (x ,y ) i s  a fu n c tio n  s a t i s f y in g  ihe fo llo w in g  eq u a tio n s

F(x , 0) = a(x)

F(x ,T ^y) = b ^ (x ,y ,F (x ,y ) )  .

In  a d d i t io n  the fo llo w in g  c o n d itio n  ho lds on "the fu n c tio n s  b^ .

C* b ^ (x ,T ^y , b ^ (x ,y ,z ) )  = b ^ (x , y , z ) i f  v < A i.

This c o n d itio n  i s  a c o n s is te n cy  co n d itio n  imposed bÿ A' . Do th e se  equations 

d e fin e  P (x ,y ) and n e c e s s i ta te  i t s  be ing  p r im itiv e  re c r tc s iv e ?  The
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answer to  t h i s  q u estio n  i s  in  th e  a f f irm a tiv e  . In  the same way th a t  

i t  fo llow s from C an to r 's  Normal Form Theorem t h a t  any o rd in a l a can 

be expressed  in  th e  form

a = g (a k )g (% -i)  . . .
ak %k-i oLi

i t  a lso  follow s th a t  th is  o rd in a l can be expressed  in  th e  form

a = T^^i) . . .  T^^k)o
a i 0C2 (%k

I t  th e re fo re  fo llow s t h a t  by rep ea ted  a p p lic a t io n s  of th e  above equations 

which a re  s a t i s f i e d  by F (x ,y ) the value o f  F (x ,y ) can be c a lc u la te d .  

Hence th e se  equations give a d e f in i t io n  of F (x ,y ) . The co n s is te n cy  

of t h i s  d e f in i t io n  i s  guaranteed  by th e  fu n c tio n  h f j  s a t i s f y in g  

co n d itio n  C' . I t  rem ains to  show th a t  t h i s  d e f in i t io n  makes F (x ,y ) 

p r im itiv e  r e c u rs iv e .

THEOREM. I f  a(x) and b ^ (x ,y ,z )  a r e  p r im itiv e  re c u rs iv e  fu n c tio n s  

and F (x ,y ) a fu n c tio n  which s a t i s f i e s  th e  equations

F(x,0)' = a(x)

F(x,T^y) = b iu (x ,y ,F (x ,y )) 

where th e  fu n c tions h/j s a t i s f y  th e  c o n d itio n  C* th en  F (x ,y ) 

i s  p r im itiv e  r e c u r s iv e .

PROOF. The fu n c tio n  C ^^ (a ,b ,c ) i s  in troduced  and d e fin ed  by th e  

fo llow ing  re c u rs io n .

( a ,b ,c )  = c 
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^So + b , & ^^ (a ,b ,c ))

jti and m a re  r e s t r i c t e d  to  the  n a tu ra l  numbers. 

The fo llow ing  r e s u l t  i s  now p roved ,

( a ,b ,F ( a ,b ) )  = F (a , ,m + b)

G j^ (a ,b ,F (a ,b ) )  = F (a ,b ) 

p .(a , (0^ .0 + b) = F (a ,b )

& ^ ^ u i(a ,b ,F (a ,b ))  = b^(a,cü^.m + b , G j" (a ,b ,F (a ,b ) ) )

F(a,w^ .Sgm + b) = F (a ,w ^(l + m) + b) s in ce  m is  f i n i t e

= F ( a ,  (0^ + (w^,m + b) )

= F (a , T^(o)^,m + b ))

= b^(a,w ^,m  + b , F (a , w^,m + b))

The r e s u l t  fo llow s by V, ta k in g  f(m) = G j^ ( a ,b ,F ( a ,b ) ) ,  

g(m) = F (a , w^,m + b) and Ho(x,y) = b^ ( a ,% + b , y) . The theorem

w il l  now be proved by in d u c tio n  on the degree of the second argument

o f F (x ,y ) • C onsider F (a , 8^b) .

I f  d(b) = 0 b i s  f i n i t e  and 8ob = Tob,

Therefore F ( a , S o b )  = F ( a , T o b )

= b o (a ,b ,F (a ,b ) )

For V > 0 8^b = 8^0 by axiom A
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= T 0
V

T herefore F(a,S^b) = F (a , T^O)

= b ^ (a ,b ,F ( a ,û ) ) )

Hence fo r d(b) = 0 F (a , S^b) i s  de fin ed  in  term s of a ,  b and 

F (a ,o )  by a p r im itiv e  re c u rs iv e  fu n c tio n . I f  d(b) > 0 d(b) = n + 1 ,

th en  b = Z ^(n  + 1, b) idiere h(m ,a) = w® .Cm(a)

= h(n  + 1, b) + Z ^ (n ,b )

= Z ^ (n ,b )

S^b = "^n+1 + Z ^ (n ,b ))  + uP

F (a,8yb)=  F(a,S_^2j^(n,b)))

Z ^ (n ,b ) i s  of degree n and th e re fo re  by th e  in d u c tiv e  assum ption 

F(a,S^Zj^(n,b) ) is  defined  in  term s o f a ,  Z ^ (n ,b ) and f  )

by a p rim itiv e  re c u rs iv e  fu n c t io n .  Hence F (a ,S  b) i s  d e fin ed  in

term s o f  a ,b  and F ( a ^ )  by a p r im itiv e  re c u rs iv e  fu n c tio n .

The co n s is te n cy  of t h i s  d e f in i t io n  i s  guaran teed  by the c o n s is te n c y  

E quations G ' s a t i s f i e d  by th e  fu n c tio n s  bju.

This theorem enab les p r im itiv e  re c u rs iv e  fu n c tio n s  to  be defined 

by re c u rs io n s  using  T^ in s te a d  o f . For example a d d itio n  could 

be d e fin ed  by th e  fo llow ing  equations

0 + b = b
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11.2  T a  + b = T ( a  + b)[I

PROOF The f i r s t  equation  has a lread y  been p roved .

For th e  second eq u a tio n

T a + 0 = T a

T (a + 0)= T a 
fi P

T a + S b = S  ( T a + b )
^  V V ^

T (a  + S b) = T S (a  + b)
II V p  V

= S T (a  + b) v i i

The r e s u l t  fo llow s by Ug ta k in g  f (b )  = T^a + b , g(b) = T^(a + b ) ,

1 = 0 ,  J  = 2 and M = S .
^  V V

An analogous uniqueness ru le  to  Ui i s  now p ro v ed . 

f (0 )  = g(0)

Ui ' f(T ^a) = H ^ ( a ,f ( a ) )

g(T^a) = H ja ,g ( a ) )

f ( a )  = g(a)

Taking b ^ (x ,y ,z )  as H ^(y,z) in  the p ro o f o f  theorem  1

f(S oa) = H o ( a , f ( a ) )  i f  f i ( a )  = 0

f(S  a) = H, ( a , f ( 0 ) )  i f  y > 0

g(Soa) = H o (a ,g (a))

g(S^a) = H ^ (a ,f(0 ))

= H y(a,g (0))
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f (S ^ a )  = &c (a) , f ( S ^ 2 J d ( a ) - 1 ,a ) ) )

g(S^a) = ^^^(S^2 j^ (d (a )-1 , a ) ,  g(S^Zj^(d(a)-1  ,a ) ) )
d(a)

For d (a) = 0 the  co n o lu sio n  o f  Ui* ho lds by app ly ing  Ui w ith  i t s  

hypotheses r e s t r i c t e d  to fi = 0 » The g en era l conclusion  of U% th e re fo re  

holds by inductioii, on the degree of a ,
t

As w ith  schema Ui th e re  is  a p a r t i c u la r  in s ta n c e  of Ui which i s  

f re q u e n tly  used I  and J  a re  indexing  s e t s  of n a tu ra l  num bers.

I  U J  = 2 ,  1 r\ J = 0 ,
f ( 0) = g(0) 

f(T  x) = g(T x) fo r Ii € 111 Ii '
f(T  x) = Ivl f (x )

^ ^ fo r  Ii €  J
g(T^x) = M^g(x)

f(x ) = g(x)
The p ro o f of t h i s  schema fo llo w s th e  p roof of Ug .

The fo llow ing  r e s u l t  p rov ides a f u r th e r  connection  be-hveen and T  ̂ •

11 .3  a + T b  = S a  + bli !i
PROOF a + T^b = a + (w^+ b)

= (a + + b
= S a + b 

II
This r e s u l t  i s  the  g e n e ra lis a tio n  in  t h i s  system of the r e s u l t  a + Sb = Sa + b

proved by Goods te  in  and used in  the p roo f o f th e  com m utativity  of a d d itio n

in  the  a r i th m e tic  of the n a tu ra l  numbers . Y/hen t h i s  m u ltisu cce sso r system  i s

r e s t r i c t e d  to th e  n a tu ra l  numbers the  fu n c tio n s  Sq and Tq become

i d e n t i c a l . T herefo re  any id e n t i ty  in  th i s  system  in v o lv in g  fu n c tio n s  T^

and S becomes an id e n t i ty  in  the a r i t ^ e t i c  o f the n a tu ra l  numbers by 
Ai

s u b s t i t u t in g  the symbol S f o r  T ^ and whenever they o ccu r .
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1 2 . P red ecesso r Functions

There a re  a co u n tab le  i n f i n i t y  o f  th e se  fu n c tio n s  and they  a re  

denoted by . They a re  de fin ed  by p r im itiv e  re c u rs io n s  which use th e  

fu n c tio n s  T in s te a d  o f S .

P 0 = 0

P T a  = P a i f  (i > v
li V  li

P T a = a 
P ^

P T a = T a i f  u < v
U V V

These d e f in i t io n s  a re  c o n s is te n t .  To prove c o n sis ten cy  i t  w i l l  be 

s u f f i c i e n t  to  adop t an analogous p rocedure to th a t  adopted in  the case 

o f  su ccesso r fu n c tio n s  • Replace T̂  by Ü^T  ̂  ̂ where A< V y  

on th e  l e f t  hand s id e  of 1he d e f in in g  equations and ap p ly  the  d e f in i t io n  

tw ic e , For "the p red ecesso r fu n c tio n s  suppose

{ l )  11 > V > X

P TVT a = P T a II X V II V

- V
( i i )  II -  V >  X

P 1\T  a = P T a II X  V II V

=

= a
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( i i i )  V > Il > X

P T , T a  = P T a  
11 X  V 11 V

= T a
V

( iv )  V > X  =  II

P T.T a = P T T a 
{1 X  V II 11 V

= T a
V

(v) V > X  >

P T.T a = T.T a II X  V X  V

= T a
V

12.1 P P = P i f  n > VU V ^

PROOF . P P O  = P O  = 0--------  ^ V ^

Case ( i )  ii > v  > X

P P T . a  = P P a  II V X  n  V -

Case ( i i )  n > v  — X

P P T .a  = P P T a II V X  II V V

= P a 
11

P T. a = P a !i X  II
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Case ( i i i )  /i > A > y

P P T ,a  = P T .a
II V A  lU A

= V

Case ( iv )  /U = A > y

P P T ,a  = P T .a  II V X 11 X

= P T a

= a

P T. a = P T a II X 1111

= a

Case (v) X > II > V

P P T. a = P T. a II V X ji X

= T^a

P T. a = T .a  II X A

The r e s u l t  fo llow s by Ug ta k in g  f (a )  = P^P^a, g(a) = P^a,

I  = { i ; i  ^  v ] ,  J  = [ i : i <  y | and th e  id e n t i ty  fu n c t io n .

13 • S u b tra c tio n

T his i s  d e fin ed  u s in g  th e  p red ecesso r fu n c tio n s  by th e  fo llow ing  

e q u a tio n s .
a — 0 = a

a ^ S b  = P ( a - b ) .11 /i '
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The d e f in i t io n  i s  c o n s is te n t fo r

a -  S S b = P (a  -  S b)
U V ^ V

= P P (a  -  b)
II V

= P^ (a  -  b) i f  11 > V •

The su b tra c tio n  d e fin e d  here  is  not th e  only  p o ss ib le  p r im itiv e  re c u rs iv e  

s u b tra c t io n .  I t  does, however, behave in  many ways as the  inverse-; to  

a d d itio n  as i s  shown in  ihe fo llow ing  r e s u l t s  . In  p a r t ic u la r  the  

im portan t key eq u a tio n  a + (b — a) = b +  (a  -  b) holds vd.th t h i s  

form o f s u b tra c tio n  b u t does no t w ith  o th e r  s u b tr a c t io n s .  This 

s u b tra c tio n  d o es, however, la c k  c e r ta in  p ro p e r tie s  which are a sso c ia te d  

w ith  th e  fu n c tio n  when defined  on the n a tu ra l  numbers . For example 

the  id e n t i ty  (a  + l )  -  1 = a does n o t ho ld  a s  i s  shown by th e  

fo llow ing  exam ple.

(w + 1 ) — 1 = Ti % 0 — ^  0 

i  PqTi ToO 

= TiToO 

= w + 1

The d e f in i t io n  o f su b tra c tio n  g ives a connection  between a 

s u b tra c t io n  of S^b and a s u b tra c tio n  of b .  The fo llo w in g  r e s u l t  

connects a s u b tra c t io n  of T^b and a su b tra c tio n  of b .

1 3 .1 a - T b  = P a - b
^ II

PROOF. a - T O  = a -  S O
  II ^
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= P^(a -  0)

= P a 
11

P a — 0 = P a
Il 11

a — T JS b = a — S T b
Il V V 11

= P (a  -  T b)
V  11

P a 1 8 b = P (P a -  b)
Il V V 11

The r e s u l t  fo llo w s by Ug ta k in g  f (b )  = a -  T^b, g(b) = P^a -  b ,

I  = ,  J  = Z and M = P .
* V V

13 .2 T a -  T b = a -  b

PROOF . T a -  T b = P T a -  b by 13 J.
------------  Il ^  ^  U

= a b

13 .3 (a  + b) -  (a + o) = b -  c

PROOF (O + b) -  (O + c) = b -  0

( t  a + b) -  ( t  a + c) = T (a + b) -  T (a  + c)
^ 1 1  '  il  11 11

= (a  + b) -  (a  + c) by 13 .2

The r e s u l t  fo llo w s by Ug tak ing  f (a )  = (a + b) -  (a + c ) ,

g(a) = b — c , ^  = Z and . if = <f> = X ,

As p a r t i c u la r  examples of 13*3 th e  fo llo w in g  r e s u l t s  a re  n o te d .

13 X (a + b) -  a = b

13 .5 a -  (a + b) = 0

13 .6  0 -  a = 0

13 .7  a -  a = 0
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The co rresp o n d in g  equation  to  13*3, (b + a) -  (c + a) = h -  c 

does n o t ho ld  as  i s  shown by th e  fo llo w in g  example

(w + 1) -  (2 + 1) = TiToO -  SqSqSoO

= PoPoPoTiToO 

= TiT.O 

= w + 1 

w 1  2 = T i O  2  SqSqO 

= PoPoTiO 

= TiO 

= Ù)

13*8 a -  (b + c) = (a  -  b) -  c

PROOF . a -  (b + O) = a -  b

(a  — b) — 0 = a -  b

a — (b + S^c) = a — 8^(b + c)

= (a -  (b + c))

(a  -  b) -  S^c = P^ ( ( a  -  b) -  c)

The r e s u l t  fo llo w s by Ug ta k in g  f (c )  = a -  (b + c ) ,  g(c) = (a  -  b) -  c ,

I  = 6 ,  J  = Z and M = P : •^ }i
13*9 a , ( l —■ a ) = 0

PROOF . 0 ,(1  -  0) = 0.1

=  0

T a . ( l  -  T a) = T .a .(P  T 0 -  a)A/ ^ r  '  /i 0
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Pô b 0 = 0

P Ï qO = P 0 i f  Ai > 0
Ai Ai

=  0

Hence T a ,(P  SqO -  a) = T a .(0  -  a) f o r  a i l  Ai 
jU Ai Ai

= T^a.O by 13.6

= 0

The r e s u l t  fo llow s by Ug tak ing  f ( a )  = a . ( l  -  a ) ,  g(a) = 0,

1 = Z and J  = <2».

13 .10  (1 -  a) .a = 0

PROOF . (1 -  o) .0 = 0

(l -  T a) . ï  a = (p ToO -  a) .T a 
II 11 ^ Ai

= O.T a 
Ai

= 0 .

The r e s u l t  fo llo w s by Ug ta k in g  f(a ) = ( l  -  a ) . a ,  g (a) = 0,

I  = Z and J = (p •

14 Double R ecursion

A fu n c tio n  i s  sa id  to be defined  by double re c u rs io n  from the 

fu n c tio n s  a(x ) , b (y) and (x ,y ,z )  using  -the l e f t  su ccesso r

fu n c tio n s  T^ i f  i t  s a t i s f i e s  the  fo llow ing equations

F (x , O) = a(x)

P(0,T^y) = b(T^y)

P(T^x,T^y) = G ^(x ,y ,F (x ,y ))

where th e  fu n c tio n s  s a t i s f y  th e  fo llo w in g  co n s is te n cy  co n d itio n s
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t
imposed by A ,

D» C^(T^x,T^yj C ^ (x ,y ,z ))  = C ^(x ,y ,z ) fo r  > y

I t  niight be supposed th a t  th e  above eq u a tio n s  are inadequate  as a 

d e f in i t io n  o f  F (x ,y) s in ce  th e re  i s  no eq u a tio n  ex p ress in g  

F(T^x, T^y^, fo r  ii /  v ,  i n  term s of F ( s , t )  where e i th e r  s i s  

sm a lle r  th a n  T x or t  i s  sm a lle r th an  T^y or b o th . Such an
f

eq u a tio n  can however, be deduced from the above equatio n s  u sin g  A . 

C onsider F(T^x , T^y) where  ̂ v • Suppose ii > v , th en  

T^y) = F(T^T^x , T^y) = b^ (T^x, T^y, F(T^x , y) ) .

A s im ila r  argument a p p lie s  i f  jU < y •

D e f in it io n s  can be made by double re c u rs io n s  u sin g  th e  su ccesso r

fu n c tio n s  S in s te a d  o f T • Such d e f in i t io n s  a re  n o t, however,11 11 * *
so sim ple s in c e  i t  is  n ecessa ry  to  g ive sep a ra te  equations g iv in g  

ex p re ss io n s  f o r  F(S^x, S^y) when \i > v and /i = y and \i < y . 

This n e c e s s i ta te s  com plicated co n sis te n cy  c o n d itio n s  on the fu n c tio n s  

in  term s o f  which F (x ,y ) i s  d e f in e d . No use w i l l  be made o f  

t h i s  l a t t e r  type  o f  d e f in i t io n  and i t  w i l l  n e t , th e re f o re ,b e  d iscu ssed  

f u r t h e r .

1 5 . The Key E q u a tio n .

The eq u a tio n  a + (b -  a) = b + (a  -  b) holds in  t h i s  system .

As in  th e  system s of C oodstein  and Vuckovio th i s  eq u a tio n  assumes
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g re a t  im portance s in ce  i t  en ab les a d if f e re n c e  fu n c tio n  ia ,b j  

to  be d e fin e d  which has value zero i f  and only i f  a and b a re  

e q u a l ,  G-oodstein proves t h i s  eq u ation  using  a doubly re c u rs iv e  uniqueness 

ru le  and l a t e r  manages to  give a r a th e r  more d i f f i c u l t  p roo f u sing  the 

p r im itiv e  re c u rs iv e  uniqueness r u l e . V uckovic's p roof of th e  key 

eq u a tio n  a ls o  uses a doubly re c u rs iv e  uniqueness r u l e . A p ro o f u s in g  

the  p r im it iv e  re c u rs iv e  uniqueness ru le  was l a t e r  found by P a r t i s .

In  th e  system  given here a very  sim ple p roof o f  th e  key eq u atio n  i s  

p re sen te d  u sin g  a doubly re c u rs iv e  uniqueness r u l e .  B esides s im p lic i ty  

t h i s  p ro o f has th e  v i r tu e  of showing i n tu i t i v e ly  t h a t  th i s  eq u a tio n
Ù)ho lds fo r  o rd in a ls  l e s s  than  w . Such a p ro o f canno t, however, be 

adm itted  in  "the fo rm al developm ent of the system  s in c e  a doubly re c u rs iv e  

un iqueness ru le  has no t been g iv en  as one o f  the in fe re n c e  schema nor 

has i t  y e t  been proved to  be a v a l id  schema. Once the  key eq u a tio n  has 

been accep ted  a doubly re c u rs iv e  uniqueness ru le  can be p roved .

I t  would th e re fo re  seem t h a t  in  th i s  system  as in  th a t  o f  O oodstein 

th e re  i s  a c e r ta in  equivalence between th e  key eq u atio n  and a doubly 

re c u rs iv e  uniqueness r u l e .  A form al p roof o f the key eq u atio n  w i l l  be  

g iven  here  u sin g  C an to r’s Normal Form Theorem. A doubly re c u rs iv e  

uniqueness ru le  w i l l  be fo rm ally  s ta te d  when i t  i s  p roved . The p ro o f 

g iven  now of the key equation  sim ply shows th a t  a + (b -  a) and 

b + (a  -  b) s a t i s f y  the same in tro d u c to ry  equatio n s  when reg ard ed  as 

doubly re c u rs iv e  f u n c t io n s .
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P roof o f a + (b -  a) = b + (a  -  b) u sing  a doubly re c u rs iv e  uniqueness 

ru le  .

L e t f ( a ,b )  = a +(b -  a ) ,  g (a ,b )  = b + (a  -  b ) .

f(a ,D ) = a + (O -  a)

= a + 0

= a

g (a ,0 ) = 0 + (a -  O)'

= 0 + a

= a

f (0 , ï^ b )  = 0 + (T^b :  0)

= 0 + T b
il

= T b 
fi

g(0,T^b) = T^b + (0 -  T^b)

= T b + 0
ii

= T b 
11

) = T^a + ( y  :  T^a)

= T^a + (b -  a)

= [a + (b -  a) ]

= T ^s(a ,b )

g(T^a,T^b) = T^b + (T^a -*T b)

= b + (a  -  b)

= T^[b + (a  -  b ) ]

= T^g(a,b)
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PROOF of a + (b -  a) = b + (a  -  b) us ing  C a n to r ’s Normal Form Theorem.

By C an to r’s Normal Form Theorem a and b can be expressed  in  th e  

fo llow ing  fo rm s,

a = s ( a k ) s ( * k - i )  . . .
ttk %k-i «1

_  ^(ag) ^ ^(^k) Q
«1 ag *”  «k

_ rp(bl) (bg) (b l)
“  V l  /?2 / 3 t

where ct , jS , a , b a re  a l l  n a tu r a l  numbers &k< a k - i <

< % i , 0 l  < •••<  /5i and a t  and b t  are n o n -ze ro .

■u •  _  m ( b l )  r p ( b g )  ^  •  n ( ^ k )  o ( ^ k * * l )  n ( a i )  -

_  p(®'k) p(^k“> 1 ) p(^i)m (bi)m (bg) (b l)  _

Kk %k.l %1 V l  I3g is  I

Case ( i )  ^  = b

b — a = 0 

a + (b-X #) = a 

Case ( i i )  = a g ,  . . . ,  ^ u i  •= « U i ,  j3 I = « I

b 1 — a i ,  bg — ag , . . . ,  b t-, i  — a t., %, b t c  a t

1 ^  i  ^  M in(k ,l)
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V 1  .  _ p(&k) p ( a u i ) p ( a i )  ( b t )  ( b u i )  m(b t)

by success ive  a p p l ic a t io n s  o f  th e  d e f in in g  equations  for P/a 

_ p(4 < )  p ( a i + i  ) p ( a t - b t ) r p ( b u i  ) m(b&)n
"  ock • •  a u i  &L V u i  P i

= 0 s in ce  at, -  bt > 0 and a t >  0 t+ i  > > . . .  > j9i

Hence a + (b -  a) = a

Case ( i i i )  j91 = oli, ^ z = a g ,  jS u i  = a u i  , jSt = at,

b 1 — a%, b g — ag , ###, b i — at,^i , bt, ^ at,

b 1 a -  p(*k) p ( a u i )  (a t )  (b l)  ( b u i )  - ( b l ) .
^ ^ "  a i , i  ^a i V  " " ^ l  °

__ p(&k) p ( a u i )  ( b i - a i )  ( b u i )  - ( b i ) .
"  «k " V l P u i  •• /3l

= m (b i-a t)  ( b u i )  - ( b l )
jSl )Sui "  P i

s ince b i  -  a t > 0 and P i  > ai+% > ai+g > . . .  > ak

_ q (b l)c .(b U i)  q (b i - a i )
-  ^/3t ^|9U.i • • •  %  °

Hence

. / -U * q'\ _  c ( ^ )  q  ( ^ -  1 )  q  ( a i ) .  q  ( b l )  q  ( b  (— 1 )  q ( b l " * a i ) ^
+ I t  -  a) -  S „ , . ,  S«1 Spi °

_  q ( b l ) q ( b l i - i )  q ( b i - a t )  . ( a k )  q ( a k ^ i )  q ( a i ) .

■  y u i  ®aK V i  °
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_ q(b ) . ( b - i )  . ( b i - a i )  (a i )  (a u i  
-  ^ P - i  a i  ^ a u i  " - a i  °

by axiom A s in ce  «k <. «k-i < . . • <  a i  = p t

_ s ( b i ) „ ( V i )  g (b t)  o(1=i ) a

s ince  a i  = P i ,« 2  = p a ,  a ^ - i  = PL.%, %L = P l

a 1 = b 1 , 8g — bj3 f • • •, ai«» i — b i«. i •

= b

Case (iv) Pi = oi , P2 = Osj . Pi - i  = & L -i, Pu< ai

b l = a i ,bs = sa > • • •> b u i  = s -U i •

b -  a = P ^ ^ l .ttk ai Pi PL

=  . . .  p (* i )o
ttk a i

s ince  a i  > P i  >  Pl+i > . . . >  P^

=  0

Hence a + (b -  a) = a .

Case (v) Pi = a;i , Pa = ag , . . .  P l - i  =? a i_ i  , Pt > at

b l  =  a i  ,  b g  =  %  f  . . .  b t - i  -  a t - . i

= . . .
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s in ce  (3i > a i  > a u i  > • • •  > «k

-  s ( b l ) n
\ - i  - ' l 3 l  °

Hence

a + (b -  a) = k . .«k ttk-i «1 P i, Pç-1 P i

-  g ( b i ) c ( b i - i )  q ( b l ) „ ( a k ) g ( % . i )  o (a i ) „
~ ^ P l % . i  - '-^P l  2«k V i  " - ^ a i  °

-  q(^ ) g ( t - i )  „ (b t)  „ ( a u i  ( a u a )  « ( % ) .
~  PU  " "  S p t  ^ a u i  ^«t-a °

by axiom A s in ce  P t  > a t  > %t+i > • • • > a k
_ (b l)  (b(^.,i) (b t)  . ( b u - i )  q ( b i ) .
= ^PL ^ P c - i  • • •  P t  P t - i  ’ " P i

s in ce  a i  = Pi , ag = ^2 » . . . ,  a t - i  = P t - i

Si — bl f Sg — bs f * * * t ^t— 1 — b t-* 1

= b .

Since che re p re s e n ta t io n s  o f a and b as  s t r i n g s  of su cc e sso r  functions  

as g iven a re  unique th e se  f iv e  cases e±haust a l l  p o s s i b i l i t i e s ^  The value 

of b + (a -  b) w i l l  now be considered  f o r  each  o f  these  c a s e s .

Case ( i )  a = b 

a - b  = 0 

b + (a —b) = b 

= a
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Case ( i i )

Since the  co n d it io n s  i n  t h i s  case  a re  th e  same as  th e  c o n d i t io n s  in

case ( i i i )  i f  a and h a re  in te rchanged  th e  v a lue  of b + (a  — b)

w i l l  be th e  same as th e  v a lu e  of a + (b — a) in  case  ( i i i )  in te rchanged

X #G # 3, #

Case ( i i i )

Since the c o n d i t io n s  in  t h i s  case  a re  the  same a s  the co n d it io n s  in  

case ( i i )  i f  a and b a re  in te rchanged  the  va lue  of b + (a  — b)

w i l l  be th e  seune as  the  value o f  a + (b — a) in  case ( i i )  in te rchanged

i . e .  b .

Case (iv)

Since th e  c o n d i t io n s  in  t h i s  case  a re  the  same as the cond itions  in  case (v) 

i f  a and b are in te rch an g ed  the v a lu e  o f  b + (a  i- b) w i l l  be

the  same as the  va lue  o f  a + (b -  a) i n  case (v) in te rchanged  i . e .  a .

Case (v)

Since th e  c o n d i t io n s  i n  t h i s  case are th e  same a s  the c o n d i t io n s  in  case 

( iv )  i f  a and b a r e  in te rchanged  the value cf b + (a -  b) w i l l  be 

same as  the value o f  a + (b -  a) i n  case ( iv )  in te rchanged  i . e .  b .

Hence a + (b — a) and b + (a — b) a re  equal i n  a l l  cases .

In  f a c t  they  a r e  alv/ays equal t o  e i t h e r  a o r  b .  Tliis f a c t  w i l l  be 

made use o f  l a t e r  i n  th e  d e f i n i t i o n  o f  o rd e r in g  r e l a t i o n s .
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l 6 • The D iffe ren ce  F u n c t io n .

This i s  d e f in ed  by 

' | a ,b |  = (a -  b) + (b -  a ) .  

The fo l lo w in g  schema i s  proved.

| a , b | = 0

A = B

PROOF. B -  A = [(A — B) + (B -  A)] -  (a -  B)

= I a ,b | — (a — b)

= 0 -  (a i— B) i f  the h y p o th es is  holds

=  0

Hence A — B = (A — B) + 0

= (a — b) + (b — a)

= | a , b |

= 0

Therefore  A + (B — A) = A + 0

= A

B + (a — B) = B + 0 

= B

A + (B -  a) = B + (a -  B) by the key equation

Hence A = B

The im p l ic a t io n  i n  t h i s  schema d e a r l y  ho lds  the o th e r  way round f o r  

i f  A = B, (a -  B) + (b — a) = 0 + 0 = 0 .  Therefore  any equation

F = G- i s  provable  i n  t h i s  system i f  and on ly  i f  th e  equation
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|F,&| = 0  i s  a lso  p ro v a b le .  In  t h i s  sense  th ese  two equations  may 

be s a id  to  be e q u iv a l e n t .  Any eq u a t io n  in  t h i s  system may th e re fo re  

be re p laced  by an e q u iv a le n t  equa tion  where th e  r i g h t  hand s id e  is  z e r o .  

1 7 . In d u c tio n  Schemata

I f  the p r o p o s i t io n  P i s  re p re se n te d  in  t h i s  eq u a tio n  ca lcu lu s  

by the  eq uation  p(x) = 0 and the  p ro p o s i t io n  Q by th e  equation  

q(x) = 0 th en  th e  p ro p o s i t io n  P -» Q w i l l  be de fined  by th e  eq u a tio n  

(1 -  p (x ) )q (x )  = 0 .  T his  d e f in i t i o n  i s  j u s t i f i e d  s ince  i f  p(x) = 0 

th en  th e  eq u a tio n  g iv es  q(x) = 0 .

The fo llow ing  in d u c t io n  schema

p(0 )  , P(x) P(S^x) fo r  a l l  /i 

P(x)

i s  re p re se n te d  in  t h i s  system by th e  schema

, p(0) = 0 , (1 -  p (x))p(S^x) = 0 f o r  a l l  ii

P(x) = 0 .

This i s  a v a l id  schema i n  t h i s  system .

PROOF. Define q(x) by 

q(o) = 1 

q(S^a) = q ( a ) ( l  -  p (a ))

This d e f i n i t i o n  i s  c o n s i s t e n t  f o r

q(S^S^a) = q (S ^a)(l  :  p(S^a))

= <l(a)(l -  p ( a ) ) ( l  -  p(S^a))
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= q ( a ) l ( l  -  p ( a ) )  -  (1 -  p ( a ) ) p ( s ^ a ) î

= q ( a ) ( l  -  p (a ) )  by t i e  h ypo thes is  o f  the schema. 

This holds w hether v < fi o r  n o t .  Hence q(S^a) = 1 by Ug ta k in g  

f ( a )  = q(S^a) , g(a) = 1 , I  = # ,  J = Z  and as the i d e n t i t y  f u n c t io n .

Therefore

q (a ) ( l  -  p (a ) )  = 1 

q ( a ) ( l  -  p (a ) )p (a )  = p(a) by I 3 .IO

Hence p(a) = 0 ,

There i s  an analocoOS'schema to  Ij^ us ing  the l e f t  su cc e sso r  fu n c tio n s

I P(0) = 0, (1 -  p (x ))p (T  x) = 0 f o r  a l l  ji

p(x) = 0 

PROOF. Define q(o) = 1

q(T^a) = q ( a ) ( l  -  p (a ))

This d e f i n i t i o n  i s  c o n s i s te n t  f o r

q(T^T^a) = q (T ^a)(l -  p(T^a))

= q ( a ) ( l  -  p ( a ) ) ( l  -  p(T^a))

= q(a) (1 -  p (a ))  -  q ( a ) ( l  -  p (a ))p (T ^a)

= q ( a ) ( l  -  p (a ))  by th e  hypo thesis  of the schema.

Since t h i s  i s  t r u e  whether v < [i o r  n o t  q(T^a) = 1  by U'g

ta k in g  f ( a )  = q (T ^a),  g (a) = 1,  1 = p ,  J  = 2 and as th e  i d e n t i t y

f u n c t io n .
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Therefore

q(a)(1  -  p(a) = 1

q ( a ) ( l  -  p ( a ) )p ( a )  = p(a) by 13.10

Hence p (a) = 0

I  f ( a ,0 )  = 0 , f(O.T^b) = O j f ( a . b )  = Oj -» [f(T^,a.T^,b) = Oj fo r  a l l  u
f ( a ,b )  = 0

Before proving t h i s  schema two l e s s  genera l schemata w i l l  be p roved .

f ( a , 0 )  = 0 ,{ f ( a ,b )  = o! ^ [ f ( ï  a.T^b) = O} fo r  a l l  fi

f ( o  + a ,  o) = 0 

PROOF. Take p (c )  = f ( c  + a ,  c ) . Then 

p(0) = f ( a ,0 )

= 0  by the  hypotheses of ihe  schema

P(T^o) = f(T^o + a.T^'o)

= f(T ^(o  + a),T^o)

Hence (1 -  p (c))p (T ^c) = 0 by th e  hypotheses of the  schema.

Therefore  p (c) = 0  by I i

Hence f ( c  + a ,c )  = 0

f ( a ,0 )  = 0 ,  f(0,Ty^b) = 0, g f(a ,b )  = Oj ^  [f(T^a,l^^b) = O] fo r  a l l  n

f ( c ,  c + b) = 0
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PROOF Take p(o) = f ( c ,  c + b) . Since f ( a ,0 )  = 0, f ( 0 ,0 )  = 0 .

Also f ( 0 ,  = 0 .  Therefore f ( 0 ,b )  = 0

i . e .  p(0) = 0

p(T^o) = f(T^o, T^o + b)

= f(T ^o , T^(o + b))

Hence (1 -  p (c ))p (T ^c) = 0 by the  hypotheses of the  schema

Therefore  p(c) = 0  by I^'

Hence f ( c ,c + b )  = 0

PROOF. o f  schema I g .

As in  the p roo f  o f  th e  key equ a tio n  suppose

a = ) . . .  0
«k Kk-i oci

■u _ q ( t i )  . ( b l )  .
* -  b . . .  0

In  cases ( i ) , ( i i )  and ( iv )  b + (a -  b) = a .

Therefore  f ( a ,b )  = f (b  + (a  -  b) ,b).

I f  the hypotheses o f  I^  a r e  s a t i s f i e d  so a re  th e  hypotheses of the f i r s t

o f  th e  above two schem ata.

Hence f(b  + (a -  b ) ,  b) = 0 

Therefore  f ( a ,b )  = 0

In  cases ( i i i )  and (v) a + (b -  a) = b

Therefore  f ( a ,b )  = f ( a , a  + (b -  a))

I f  the  hypotheses of Ig a re  s a t i s f i e d  so a re  Hie hypotheses of the

second o f Hie above two schem ata.
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Hence f ( a ,  a + (b -  a)) = 0 

Therefore f ( a ,b )  = 0

The doubly r e c u r s iv e  uniqueness r u le  i s  now s ta t e d  and proved.

Vi f(a ,0 )  = g (a ,0 )

f(0 ,T ^b) = g(0,T^b)

f(T^a.T^b) = H ^ (a ,b , f ( a ,b ) )

«(T^a.T^b) = H ^ (a ,b ,g (a ,b ) )

f ( a ,b )  = g (a ,b )

PROOF. Define f/r(a,b) = | f ( a , b ) ,  g ( a ,b ) J .  From the  hypotheses o f  

Vi th e  fo l lo w in g  equations r e s u l t .

^ ( a ,b )  = 0 

i*(0,T^b) = 0

!V-(a,b) = Ci •* |ÿ (T ^a , T^b) = 0|

Therefore  ÿ ( a ,b )  = 0  by l a .

Hence f ( a , b )  = g (a ,b )

18 A number of p roo fs  which re q u ire  t t e  doubly re c u rs iv e  uniqueness r u l e  

a re  now given

18.1 a . ( b  -  c) = a .b  -  a .c

i . e .  s u b t r a c t i o n  i s  d i s t r i b u t i v e  with r e s p e c t  to  m u l t ip l i c a t io n  on. the  

l e f t

PROOF a . ( b  -  O) = a .b

a .b  — a.O = a .b  — 0
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= a .b

a ,(0 -  T^o) = a.O 

=  0

a . O - a . T  c = 0 — a.T c 
^ ii

=  0

a .(T  b -  T c) = a , ( b  -  c)

a.T^b -  3..T^c = a.(w^+ b) -  a.(w^+ c)

= (a.w^ + a .b )  -  (a.w^ + a .c )

= a .b — a *c

The r e s u l t  follows from Vi tak ing  f ( b ,c )  = a . (b  -  c ) ,  g (b ,c )  = a .b  -  ac 

and H^(x,y,z) = z . S u b trac t io n  i s  n o t ,  however, d i s t r i b u t i v e  w i th  r e s p e c t

to m u l t ip l i c a t io n  on the  r i g h t  as i s  shown by th e  fo 11 (w ing example.

(2 1  1) .w = (To To 0 -  % 0 ) .O

= Ib lb To 0  ̂ W 

= % 0 .u  

= So 0 .Ù 

= U>

2 . ( j — 1 .W = So So 0 .w — So 0 .(J 

= w -  w 

=  0

18.2 (a — b) #(b — a) = 0

PROOF ( a , -  O) .(O -  a) = a.O

= 0
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(o 1 T b ) . ( T  b -  0) = O.T b
Il il ^

=  0

:  T^b) .(T^b :  T^a) = (a 1 b) .(b :  a)

The r e s u l t  fo llow s from Vi tak in g  f ( a ,b )  = (a  -  b) .(b -  a ) ,  

g (a ,b )  = 0 and H^(x, y ,  z) = z .

18.3 (a  -  b) = (a  -  b) -  (b -  a)

PROOF (a -  0) 1 (o -  a) = (a  -  0) -  0

= a — 0

0 -  T b = 0  
h

(o 1 T b )-(T  bX o)=  0 -  T bil '   ̂ il >
=  0

T a  — T b  = a — b 
Il il

(T^a :  T^b) :  (T b:T^a)= (a  :  b) :  (b :  a)

The r e s u l t  fo llow s by Vi tak ing  f  (a ,b )  = a -  b ,

g (a ,b )  = (a -  b) -  (b -  a) and H ^(x ,y ,z) = z .

18 X (a + b) -  c = [ (a  -  c) + b] -  (o -  a)

PROOF . (a + b) -  0 = a + b

[(a -0 )+  b] -  (o -  a) = (a  + b) -  0

= a + b

(o + b) -  T c = b -  T o il ^

[(0  -  T^c)+b]-(T^o:0) = b -  T^c

( T a + b ) - T c = T ( a + b ) - T c  
il il il il
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= (a  + b) -  c

[(T^a ^  T^c)+b] -  (T^c-T^a) = [ ( a  -  c) + b] -  (c -  a)

The r e s u l t  fo llow s by tak ing  f ( a , c )  = (a + b) -  c ,

g (a ,c )  = [ (a  -  c) + b] -  (o -  a) and H ^(x ,y ,z )  = z

19 • The A bsorption Laws .

19.1 b + a = a i f  d(b) < d(a)

PROOF i.. I f  a = 0 d(a) = 0 and the  r e s u l t  holds  vacuously ,

b S^a = S^(a + b)

The r e s u l t  holds by Ug ta k in g  f ( a )  = b + a ,  g (a )  = a ,  I  = # ,

J  = % and I«i/i as S/i.

19 .2  a -  b = a i f  d(b) < d(a)

PROOF. a -  0 = a

a — T b  = P a  — b
11 11

I f  /J ^  d (a) th e  r e s u l t  holds vacuous ly . I f  /i < d(a) P^a = a .  Hence

a - T b  = a - b  
11

The r e s u l t  follows by Ug ta k in g  f  (a) = a -  b ,  g(a) = a ,  1 = 0 ,

J  = 2  and as th e  i d e n t i t y  f u n c t io n .

20 . The Order R e la t io n s

The r e l a t i o n  a ^  b w i l l  be de fined  by th e  equation a + (b -  a) = b 

This r e l a t i o n  is  r e f l e x i v e ,  antisym m etric  and t r a n s i t i v e  as  i s  shovm 

by th e  fo llow ing  r e s u l t s .

20 J. a <  a
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PROOF

20.2

PROOF

But

Hence

20.3

PROOF

a + (a -  a) = a + 0 

= a

a ^  b , b a 
a = b

a + (b -  a) = b by the hypotheses o f  the schema

b + (a -  b) = a by the  hypotheses of the  schema

a + (b — a) = b + (a — b)

a = b

a .
a ^  c

a + (b — a) = b by th e  hypotheses o f  the schema

b + (c -  b) = c by the  hypotheses of the schema

a + (c -  a) = a + [(b + (c -  b ))  -  a]

= a + [ (a  + (b — a) + (c — b ))  — a]

= a + (b -  a) + (c — b)

= b + (c -  b)

= c

I t  must be v e r i f i e d  t h a t  t h i s  d e f in i t i o n  o f  the  r e l a t i o n  ^  

corresponds to the  u su a l n o tio n  o f  o rdering  among th e  o r d i n a l s .  Suppose 

a and b a r e  re p re sen ted  i n  C an to r’s Normal Form by
%1 . %2 . «ka = w ,a i  + w .ag + . . .  + w .ak

b =  ̂.b 1 + w^^.bg + . . .  +
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a and "b may then  a l s o  he r e p re se n te d  as the  s t r i n g s  o f  su cc e sso r  

fu n c t io n s  g iven  in  th e  p roof o f  th e  key e q u a t io n .  In  t h i s  p ro o f  th e  

c o n d i t io n s  in  cases  ^ i ) ,  ( i i i j  and (v) c l e a r l y  correspond to  th e

u su a l  n o t io n  a ^  h . In  each o f  th e se  cases  i t  has heen proved

a  + (h -  a j  = h .  Conversely i f  a  + (h -  a )  /  h , a  + (h -  a )  = a

ag a in  by the  p roo f  o f  th e  key e q u a tio n .  Hence b + (a  -  b) = a .

T here fo re  b ^  a  and u n le s s  a  = b a  ^  b by th e  u su a l  n o t io n  o f  o rd in a l  

i n e q u a l i t y .  Hence th e  d e f i n i t i o n  o f  ^  h e re  d e f in ed  f a i t h f u l l y  r e p re se n ts  

th e  u s u a l ly  unders tood  n o t io n .

I t  fo llow s from th e  d e f i n i t i o n  o f  ^  and th e  k ey -eq u a tio n  t h a t  -the 

e x p re ss io n  a  + (b * a )  r e p r e s e n ts  the  maximum o f  a  and b .  This i s

a l s o  the  case in  Goodstein*s system f o r  th e  n a tu r a l  numbers. In  Vuqkovic 's  

system the  r e l a t i o n  a + (b -  a )  = b p a r t i a l l y  o rd e rs  the  s t r u c t u r e  and 

th e  ex p ress io n  a  + (b -  a )  r e p re s e n ts  th e  l e a s t  upper bound o f  a  and

b when the  s t r u c tu r e  i s  conside red  as a l a t t i c e .  In  both  th e se  systems

th e  equation  a  -  (a  -  b) = b -  ( b - a )  h o ld s .  This i s  analogous to  the  

k e y -eq u a tio n .  In  Goodstein*s system th e  e x p re ss io n  a  -  (a  -  b) r e p re s e n ts

th e  minimum o f  a  and b and th e  r e l a t i o n  a  -  (a  i  b) = a  p ro v id es

a n o th e r  d e f i n i t i o n  o f  a  b . In  Vuckovic’s system t h i s  r e l a t i o n  i s  th e  

sgme as the  p a r t i a l  o rd e r  r e f e r r e d  to  above ahd th e  e x p re ss io n  a  -  (a  -  b ) 

r e p r e s e n t s  the  g r e a t e s t  lower bound when th e  s t r u c tu r e  i s  co n s id e red  as a  

l a t t i c e .  R ather c u r io u s ly  in  th e  system p re sen te d  h e re  th e r e  i s  no such 

obvious i n t e r p r e t a t i o n  f o r  th e  ex p re ss io n  a -  (a  -  b ) and th e  r e l a t i o n  

a  -  (a  -  b) = a .
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The equation  a -  (a -  b) = b -  (b -  a) does not h o ld  as i s  shown by 

the  fo l lo w in g  example,

(w +  l )  — [ (w +  1 )  — w ]  =  (w +  1 ) — P i T i T q O

= (cü + 1 ) — TqO

= PoT i TqO -  0

= TiToO 

= (Ü + 1 

— [w —(ùj +  1 )  ] =  w — [w — S q S i O ]

= w — PqP i Ti O 

= cj — PqO 

= w — 0 

= U)

This example a lso  shows t h a t  a -  (a  -  b) = a cannot r e p r e s e n t  th e

r e l a t i o n  a b s ince  (w + 1 ) 1 [ (w + 1 ) — w ] = w + 1  and  w + 1 ^  w .

The r e l a t i o n  a < b i s  de f ined  by the equation  f o r  S^a b .

This r e l a t i o n  is  i t re f lex iv e ,  asymmetric and t r a n s i t i v e  as i s  shovm by the

fo llo w in g  r e s u l t s

20Ji- a<y a

PROOF ♦ Suppose a  < a « Then a .  Hence

Sp a + (a — Squ) — Sq£l + Po(a — a)

— SqQ- + Pq g

= Sga

I f  ^  a = a So a -  a = 0 . Hence 0 = SqO which i s  n o t  t ru e  by axiom 3 ,
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Therefore  a a •

20.5
b /  a

PROOF Soa + (b -  Sga) = b by the  hyp o th es is  

Sob + (a — Sob) = a + (Sob — a)

= a + [So(Soa + (b — boa)) — a]

= a + [ ( a  + 1 + So(b — Soa)) — a]

= a + 1 + So(b -  Soa)

= a + So(l + (b — Soa))

I f  a + bo(*t + (b — Soa)) = a

So(l + (b — Soa)) = 0

Hence SoO = 0 which is  no t t ru e  by axiom B. T herefore  b a

20.6 ° 
a< c

PROOF Soa + (b — Soa) = b by the  hypotheses

Sob + (c — Sqb) = 0  by the  hypotheses

Soa + (c — Soa) = So a + [(Sob + (c — Sob)) — Soa]

= Soa + [(So(Soa + (b Soa)) + (c — Sob)) — Soa]

= So a + [(Soa + So(b — S^a) + (c — Sob)) — SoaJ

= Soa + So(b — Soa) + (c  — S^b)

= So(Soa + (b — Soa)) + (c t— Sob)

= Sob + (c — Sob)

= c

Hence a < c .
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I t  i s  n o t  y e t  possib le  to show t h a t  th e  r e l a t i o n  a ^  b i s  e q u iv a len t  

to  th e  r e l a t i o n  (a< b o r  a = b) s ince  the l o g i c a l  connec tive  'Or" 

has n o t been defined  in  t h i s  system . I t  C£n , however, be shown th a t  

both  a = b and a < b imply the r e l a t i o n  a ^  b . The f i r s t  im p lica t io n  

fo llow s from th e  r e f l e x i v i t y  of The second im p l ic a t io n  i s  fo rm ally

s ta t e d  as

2 0 - 7  I t r

PROOF. SqU + (b -  Soa) = b by "the h y p o th es is

a + (b — a) = a + [(s@a + (b — Soa)) — a]

= a + [ (a  + 1 + (b h Soa)) -  a]

= a + 1 + (b — S©a)

= Soa + (b 1 Soa)

= b

21 . A number of r e s u l t s  and schemata invo lv ing  th e  e q u a l i ty  and inequ^iliiy  

r e l a t i o n s  w i l l  now be proved. For convenience th e  n o ta t io n  A H B w i l l

be used f o r  schemata in s te a d  o f  t i e  p re v io u s ly  used n o ta t i o n .

21 .1 b ^  c I—I a + b ^  a + c

PROOF I f  b + (c -  b) = c

(a  + b) + ( ( a  + c) -  (a + b ) )  = a + c

I f  (a + b)  + ( ( a  + c) -  (a + b ) )  = a + c

[ (a  + b) + ( ( a  + c) -  (a  + b ) ) ] - a  = (a  + c) -  a

Hence b + ( c  — b ) = c
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The fo llo w in g  r e s u l t  i s  a p a r t i c u l a r  in s ta n ce  o f  t h i s  schema

21 .2 a ^  a + b

a + b = a +  c | —I b = 0 

PROOF I f  a + b = a + c

(a + b ) - a  = (a + c)jL  a

Hence b = o

The im p l ic a t io n  the o th e r  way is  obvious

The fo l lo w in g  schema i s  a p a r t i c u l a r  in s ta n ce  o f  t h i s  schema

21 ,3 a = a + b |— | b = 0

21 Jf a + b < a + c j —| b < c

PROOF I f  So(a + b) + [ (a  + c) — So(a + b )J  = a + c

[ ( a  + b 4r 1 ) + ( ( a  + c) — (a + b + 1 )) ] — a = (a + c) — 

Hence (b + 1) + ( c -  (b + 1 ) ] = c

That i s  Sob + (c 1 Sgb) = c

I f  Sob + (c -  Sob) = 0

(a + Sob) + ( ( a  + c) -  (a + Sob)) = a + c

Therefore  Sq (a + b) + ( ( a  + c) -  So(a + b ) )  = a + c

The fo llo w in g  i s  a p a r t i c u l a r  in s tan ce  o f  t h i s  schema

21 .5 0< b H a< a + b

21 ,6 b 5̂  c t— ab ^  ac

PROOF I f  b + (o- b) = c

a[b + (c -  b ) ]  = ac
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ab + a(o -  b) = ac

ab + (ac -  ab)= ac

The fo llow ing  r e s u l t  i s  a p a r t i c u l a r  in s tan ce  o f  t h i s  schema

2 1 .7  0< b I -  a ^ab

21 .8  a ^ = 0  I— a = 0

PROOF I f  aS = 0 ^ a -  a^ = a

a . ( l -  a)= a

a = 0

21.9  0 < - b ,  ab = Oj — a = 0

PROOF I f  1 + (b -  1) = b

a [ 1 + (b — 1 ) ] — ab 

=  0

Hence a + (ab -  a) = 0

a + (ab -  a) = a + (O -  a) by the  hypothesis

= a

Therefore  a = 0

21.10 0< a ,  ab = 0 1—  b = 0

PROOF I f  ab = 0 , baba = 0

Therefore (ba)^ = 0

Hence ba = 0

Therefore b = 0 by 21 .9
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21.11 0 < a ,  ab ^  ac f-" b ^  c

PROOF I f  ab + (ac -  ab) = ac

[ab + (ac -  a b ) ] -  ac = 0

a [ (b  + (c — b) ) — c i = 0

Hence (b +(c -  b ))  -  c = 0

ac -  [ab + (ac -  a b ) ] = 0

a[c  -  (b + (c -  b)3 -  0

Hence c -  (b + (c -  b) )  = 0

Therefore | b  + (c — b ) ,  c | = 0

by 21 .10

Hence 

21 . 12  

PROOF

Hence

b + (c -  b)

0 < a , ab = ac b

= c

= c

ab — ac = 0 

a(b -  c)= 0

by th e  hypotheses

by 21 .10 

by th e  hypotheses

b — c = 0 

ac -  ab = 0 

a (c  -  b)= 0 

Hence c ~ b = 0 by 21 ,10

Therefore | b , c  | = 0

Hence b = c

22 . The P re p o s i t io n a l  Calculus

In  the  system p resen ted  here no appeal has been made t o  the  r u le s  of 

l o g i c .  As v/ith  t h e  p r im i t iv e  re c u rs iv e  a r i th m e t ic  o f  th e  n a tu ra l  numbers

-  75 -



c e r t a in  r u le s  of lo g ic  m y  be deduced from th e  a r i th m e t ic  of the system ,

This i s  now dem onstra ted .

The p re p o s i t io n a l  c a lcu lu s  can be developed from the p r im i t iv e  connectives 

~  (n e g a t io n ) , -* ( im p lica t io n )  and ihe fo l lo w in g  axiom' achemas

(1) P -*• (Q -» P)

(2) (P -» (Q -I- R)) ( (P  Q) -* (P H))

( 3 ) (~  Q ~  P) -► ((~  Q •* P) Q)

The only ru le  o f  in fe re n c e  is  Modus ponens.

P

P Q

Q

In  t h i s  eq u a tio n  ca lcu lu s  a l l  p ro p o s i t io n s  tak e  the  form of e q u a t io n s .  

The p ro p o s i t io n s ,  the  lo g ic  o f  which w i l l  be co n s id e red , w i l l  be 

p re p o s i t io n a l  fu n c t io n s  f (x )  = g(x) . Using the d i f fe re n c e  fu n c t io n  

such p re p o s i t io n a l  fu n c t io n s  may be considered  in  th e  form p(x) = 0 .  

Im p l ica t io n  between two p ro p o s i t io n s  p(x) = 0 and  g^(x) = 0 has 

a lre ad y  been defined  by th e  eq uation

(1 -  p (x ))  .q(x) = 0 .

Tlie negation of a p ro p o s i t io n  p(x) = 0  i s  defined  by the e q u a t io n .

1 -  p(x) = 0

To show t h a t  th e  r u l e s  o f  1he p re p o s i t io n a l  c a lcu lu s  opera te  among 

p re p o s i t io n a l  fu n c t io n s  i t  v / i l l  be s u f f i c i e n t  t o  show t h a t  t h e  equations
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correspond ing  to  th e  above axioms hold and th a t  modus ponens i s  a v a l i d  

schema i n  t h i s  system . The axioms w i l l  be proved w i th  v a r ia b le s  f o r  the  

p r e p o s i t io n a l  f u n c t io n s .  The s u b s t i t u t i o n  schema Sbi allows th e se  

v a r i a b le s  to  be re p la ce d  by th e  p re d ic a te s  o f  p re p o s i t io n a l  f u n c t io n s .

22 J. (1 -  a) .(1 -  b) . a = 0

PROOF (1 -  0) .(1 -  b) . 0 = 0

(1 -  T a) .(1 :  b ) .T  a = (P T 0 -  a) .(1 -  b) .T a
jLi P  ^ O ^ jU

— (O — a ) . ( l  — b) .T^a 

=  0

22.2 [1 -  ((1 -  a) .(1 1 b) .c ) ]  .(1 -  (1 4  a) .b ) ( l  -  a) .c = 0

PROOF [1 -  ((1 4  0) .(1 1  b) .c) ] .(1 -  (1 1  0) .b) (1 -  0) .c

= (l — (1 — b) #c) , ( l  — b) .0 

= 0 by 13.10 

[1 1 ((1 1 T^a) .(1 1 b) . c ) ] . ( l  :  (1 :  T^a) .b) . ( l  -  T^a) .c

= [1 1  ((P T 0 -  a) . ( l  -  b) .c) ] . ( 1  1  (P T 0 :  a) .b) .(P T 0 :  a) .o/i 0 12 0  12 0

= 0

22.3  [1 1 (1 1 (1 1 b ) ) . ( l  :  a ) ] . [ l  1 (1 1 (1 1 b ) ) . a ] . b  = 0

PROOF [1 -  (1 -  (1 -  0))  . ( l  :  a ) ]  .[1 1  (1 I  (1 1  0)) .a] .0 = 0

[1 1  (i 1  (1 1  T^b) .(1 -  a ) ] . [ l  1 (1 1  (1 1  T^b)) .aJ.T^b

= (l  — ( 1 — a ) ) . ( l  — a) .T^b

= 0 by  13.10
Modus ponens fo llow s from the  shcema

X = 0

(l  -  x ) .  y = 0 
y  = 0
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th e  v a l i d i t y  of which fo llow s by s u b s t i t u t i n g  0 f o r  % in  the second 

hypothesis  g iv ing  y = 0 ,

As exp lained  befo re  i t  is  no t p o s s ib le  to  give a r e a l i s t i c  d e f in i t i o n  

of i n f i n i t e  sums in  "this system . Nor i s  i t  p o ss ib le  to give a r e a l i s t i c  

d é f in i t i o n  of i n f i n i t e  p ro d u c ts .  I t  i s  n o t  th e re fo re  p o ss ib le  to d e f in e  

the  bounded q u a n t i f i e r s  A^ and which are  de fined  i n  G oodstein 'sX X
system. The lo g ic  o f  p re p o s i t io n a l  fu n c tio n s  which can be derived  w i th in  

t h i s  system is  th e re fo re  l im i te d  to p ro p o s i t io n a l  fu n c t io n s  w ith  f ree  

v a r i a b l e s .

23 . E xtensions of “the fo r m a l i s a t io n  to o rd in a ls  g r e a te r  than

The o rd in a ls  l e s s  th a n  c a n  be re p re se n te d  using  successo r fu n c tio n s

indexed by the  n a tu r a l  numbers. In  the development o f  th e  a r i th m e t ic  

i t  i s  n ecessa ry  to use some of the  a r i th m e t ic  of ihe n a tu ra l  numbers used in  

the  in d ex in g .  By tak ing  more successo r fu n c t io n s  and us ing  in d ic e s  extending 

in to  t r a n s f i n i t e  o rd in a ls  i t  i s  p o ss ib le  to ex tend  t h i s  f o r m a liâa t io n  to 

o rd in a ls  g re a te r  than  • I t  i s  n e ce ssa ry ,  however, to  use some o f  the  

a r i th m e tic  of th e  indexing t r a n s f i n i t e  o r d i n a l s .  I f  the  prededing 

fo rm a l i s a t io n  of o rd in a ls  l e s s  th a n  i s  accep ted  i t  i s  then  possib le

to  co n s id e r  su ccesso r  f in o t io n s  indexed by such o rd in a ls  and to  fo rm alise  

o rd in a l  a r i th e m tic  f o r  o rd in a ls  l e s s  th a n  w . This procedure can o f 

course be repea ted  and fo rm a l is a t io n s  up to any o rd in a l  l e s s  th a n  th e  f i r s t  

ep s i lo n  number produced.
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CHAPTER I I

A REDUCTION OF THE PRIMITIVE RECURSIVE ARITHMETIC OF TÎB ORDINALS LESS 

THIN TO THE IRBIITEVE RECURSIVE ARITHMETIC OF UHE NATURAL NUMBERS.

Ü37/hen an o rd in a l  l e s s  th a n  w i s  expressed i n  C an to r ’s Normal Form 

the  c o e f f i c i e n t s  of th e  powers o f  w a re  n a tu r a l  numbers. Every such 

o rd in a l  may th e re fo re  be re p re se n te d  un ique ly  as a sequence o f  n a tu ra l  

numbers and converse ly  any sequence of n a tu ra l  numbers re p re se n ts  some 

such o rd in a l  in  t h i s  cod ing . As i s  w e l l  known in  the  p r im i t iv e  re c u rs iv e  

a r i th m e t ic  of th e  n a tu r a l  numbers th e re  e x i s t  (1 ,1) mappings o f  the  c la s s  

o f  sequences of n a tu ra l  numbers onto th e  c la s s  of n a tu r a l  numbers. I t  i s
(j) / \th e re fo re  p o ss ib le  to  map th e  c la s s  o f  o rd in a ls  le s s  than  w (1 ,1) onto 

the  c l a s s  of n a tu ra l  numbers by co n s id e r in g  the sequences which r e p r e s e n t  

them. This correspondence between th e  o rd in a ls  in  the  system and the n a tu r a l  

numbers de f ines  a correspondence between fu n c tio n s  on those  o rd in a ls  and 

fu n c tio n s  on the  n a tu ra l  numbers. The q u es t io n  n a tu r a l ly  a r i s e s  as to what 

i s  th e  c la s s  of fu n c t io n s  on the  n a tu ra l  numbers v/hich corresponds to th e  c la s s  

o f  p r im it iv e  re c u rs iv e  fu n c tio n s  i n  the m u lt isu ccesso r  system f o r  th e  o r d i n a l s .  

I t  i s  shown here  th a t  th i s  c la s s  i s  the c l a s s  of p r im i t iv e  r e c u rs iv e  fu n c t io n s  

on the n a tu ra l  numbers . Therefore  th e  a r i th m e t ic  d esc ribed  in  the  p rev ious  

chap te r  &ould be derived  from th e  p r im i t iv e  re c u rs iv e  a r i th m e t ic  of the  n a tu r a l  

numbers us ing  a s u i ta b le  c o d in g .  Before t h i s  r e s u l t  i s  ob ta ined  a number 

o f  su b s id a ry  r e s u l t s  and d e f in i t i o n s  a r e  r e q u i r e d .  Some o f  th e se  r e s u l t s  

r e l a t e  to the  p r im it iv e  re c u rs iv e  a r i th m e t ic  o f  th e  n a tu ra l  numbers and are
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derived  in  Goo d s te in  and P e te r  .

THEOREM Any p r im it iv e  re c u rs iv e  fu n c t io n  in  th e  s in g le  su ccesso r  system 

f o r  the  n a tu ra l  numbers can be extended to  a p r im it iv e  r e c u rs iv e  fu n c t io n  

in  the m u lt isu ccesso r  system . The ex tens ion  o f  f  w i l l  be denoted by f ^ . 

PROOF . The theorem is t ru e  f o r  the i n i t i a l  fu n c t io n s  I ,  N and S 

by de fin in g

I* (0 )  = 0 

I- (S oa)  = S I» (a )

P^(s^a) = 0 f o r  (2 > 0 

N-(a) = 0

S»(o) = 1

S»(8oa) = 8o8*(a)

S* (S a) = 0 f  or (2 > 0/J
These d e f in i t io n s  a re  c l e a r ly  c o n s i s te n t  and when and SŸ a re

r e s t r i c t e d  to  the n a tu ra l  numbers they  are  the  fu n c tio n s  I ,  K and S .

I t  w i l l  now be shown th a t  d e f in in g  nev/ fu n c tio n s  by p r im it iv e  re c u rs io n  

and s u b s t i t u t i o n  p re se rv e s  t h i s  p r o p e r ty .

Suppose t h a t  f  (x ,y ) i s  de f ined  by p r im i t iv e  rec u rs io n  from the 

fu n c tio n s  a(x) and b ( x ,y ,z )  so t h a t

f ( x ,0 )  = a(x) 

f (x ,8 y )  = b ( x , y , f ( x ,y ) )  

and t h a t  ihe  theorem holds  f o r  a(x) and b (x ,y ,z )  . f* (x ,y )  can be

defined  by th e  fo llow ing re c u r s io n
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f* (x ,0 )  = a*(x)

f*(x,Soy) = b*(x,y,f*(x,y))
f* (x ,8^y )  = 0  f o r   ̂ > 0

This d e f in i t i o n  i s  d e a r l y  c o n s i s t e n t .

Suppose t h a t  f ( x i ,  Xg, . Xp) i s  defined  by s u b s t i t u t i o n  from the  

fu n c t io n s  a ( x i ,  Xg, x^) and b t ( x i ,  Xg, . Xp) f o r  i  = 1, 2, m

so t h a t

f ( x i ,  Xg f •••> 3[p) = a (b 1 (x i  ,Xg , • • • f Xp);^2(%i f Xg , **.,Xp),

• ••» Lm(xipxg, •••> Xp))

and t h a t  the theorem holds  fo r  a (x i ,X g , Xm) and b t ( x i ,X a ,  Xp) .

f ^ ( x i ,X 2 , Xp) can be de f ined  by

f * ( x i , x a , . . . , x n )  = a * ( b * i ( x i , X 3 , . . . , X n ) , b ^ ( x i , X 2 , . . . , X p ) ,

• • •> (^1 fXgf • • • ,x p ))

The theorem th e re fo re  holds fo r  a l l  p r im i t iv e  re c u rs iv e  fu n c t io n s ,

DEFINITION. A p r im it iv e  r e c u r s iv e  (1 ,1 )  mapping from the c la s s  of 

sequences of n a tu ra l  numbers onto the  c la s s  o f  n a tu ra l  numbers vd.ll be 

defined  hy th e  fo llow ing  p r im it iv e  r e c u r s iv e  func tions  i f  t h e y  s a t i s f y  

the  fo llow ing cond itions

[ j k ( a o , a i ,  a k ) ] i = a t  fo r  0=^ isg  k ,  k = 0 ,1 ,2  e tc

= 0 f o r  k > i .

(a )n (a ) )  = ^

jk + i(& o ,a i ,  • • • f  t ^) ~ •••> ^k)

The fu n c t io n  jk  maps a sequence o f k+inumbers to  a s in g le  number and th e
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fu n c t io n  ( ) t p icks  out th e  ( i  + l ) s t  member of the  sequence

corresponding to a number. The t h i r d  c o n d it io n  means t h a t  any sequence 

can be regarded as  a sequence of numbers followed by an u n lim ited  sequence 

o f  z e r o s .  D(a) i s  a p r im i t iv e  re c u rs iv e  fu n c t io n  such t h a t  D(a) + 1 

g ives  the number o f  terms in  th e  sequence correspond ing  to a up to  the 

l a s t  non-zero te rm .

I t  i s  w e l l  known t h a t  p r im it iv e  re c u rs iv e  fu n c tio n s  s a t i s f y in g  th e se  

c o n d it io n s  e x i s t .  For example i f  po , P i ,  . . .  a re  th e  success ive  prime 

numbers the  p r im it iv e  r e c u rs iv e  fu n c tio n s  d e f in in g  the fo llow ing  

correspondence s a t i s f y  the  c o n d i t io n s .

( a o , a i , a a ,  . . ak) < > Pa° ••• -  1

A ( 1 , 1) mapping from the o rd in a ls  to  the  n a tu r a l  numbers is  d e f in ed  

by th e  fo llow ing  fu n c t io n .

This fu n c t io n  i s  c l e a r ly  a p r im it iv e  re c u rs iv e  func tion  in  the  m u ltisuccesso r  

system .

The inverse  mapping from the n a tu ra l  numbers to  th e  o r d in a ls  i s  defined  

by th e  fo llowing fu n c t io n

H(x) =]&^*(D(x),z) where h (x ,y )  = w ^ .(y )^

This fu n c t io n  i s  p r im it iv e  re c u rs iv e  in  th e  m u lt isu c ce sso r  system ,

DEFINITION. A fu n c t io n  on th e  o r d in a l s ,  which when r e s t r i c t e d  to  the 

n a tu ra l  numbers, always takes  values among ihe n a tu ra l  numbers w i l l  be s a id  

to  be r e g u l a r .
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THEOREM. The r e s t r i c t i o n  o f  a p r im it iv e  re c u rs iv e  r e g u la r  fu n c t io n  to

the  n a tu r a l  numbers i s  a p r im i t iv e  re c u rs iv e  fu n c t io n  in  the  s in g le  su c c e sso r

system . The r e s t r i c t i o n  of a fu n c t io n  f  w i l l  be denoted by f * .

1-ROOF . Suppose f ( x ,y )  i s  a r e g u la r  fu n c t io n  and i s  de f ined  by p r im it iv e  

r e c u rs io n  from the  p r im i t iv e  re c u rs iv e  fu n c t io n s  a(x) and b ^ (x ,y ,z )  by

f (x ,0 )  = a(x) 

f(x ,S ^y )  = b ^ (x ,  y ,  f ( x ,y ) )

b o (x ,y ,z )  i s  n o t  n e c e s s a r i ly  a r e g u la r  func tion  b u t  b o ( x , y , f ( x , y ) ) tak es

va lues  among the n a tu r a l  numbers when X  and y do s ince  f ( x ,y )  is

r e g u l a r .  Therefore  bg may be rep laced  by Ggbo and th e  d e f in i t i o n s

w i l l  remain unchanged for f i n i t e  x and y . Although a(x) i s

r e g u la r  i t  w i l l  be rep laced  by Coa(x) . For convenience bg and a w i l l

now denote th e se  new T egu lar  f u n c t io n s .  The r e s t r i c t i o n  of f (x ,y )  c a n

novf be defined  in  the  s in g le  su ccesso r  system by the  fo llowing r e c u r s io n .

f» (x ,0 )  = a '( x )

f» (x ,S y) = b'o ( x ,y , f  »(x ,y))

I t  i s  n ecessa ry  to v e r i f y  t h a t  i f  F i s  an  i n i t i a l  fu n c t io n  in  the

m u lt isu c ce sso r  system the r e s t r i c t i o n  of CgF is  p r im it iv e  r e c u r s iv e  in

the s in g le  successo r system . 1^^^ and w i l l  denote the  i d e n t i t y

and zero fu n c tio n s  i n  the  m u lt isu c ce sso r  system and , and , th eHat Nat

same fu n c tio n s  i n  the  s in g le  su ccesso r  system .
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■ ^Nat 

” % a t  

(CoSo) ' = S

P

Suppose f ( x i ,  Xg, . . . ,  Xp) i s  defined by su b s t itu t io n  fidm  

a ( x i ,  X2, . . . ,  Xfn) and b i ( x i ,  Xg, Xp) for i  = 1, 2 , . m by

f ( x i , X g ,  • • • 9  ^n) “ • • • 9  Xp) ,b g (x i , Xg , • • • 9  %p),

• • • 9  • • • 9  ^n))

and th a t f ( x i ,  Xg, . Xp) i s  regu lar . Define new functions  

c and e i  by

c ( x j ,  X g , • • • 9  Q̂n) “  a ( H x i ,  H x g , • • • 9  HXfn)

® l ( x i  ,  Xg ,  • • • 9  xp ) = Gb i,(xi ,Xg  ,  • • • 9  xp)

Since G and H are inverse fu n ction s

f ( x i ,  Xg, • • • 9  ^n) “ c ( e i ( x i , X g ,  • • • 9  ^n)5 ®2(^i^^2# • • • 9  Xn)f

•••9 ^2> •••> ^n))

I f  a and bt a re prim itive recu rsive  fu nctions so are C and e t .  

C learly  e t is  regu lar, c i s  not n e c e ssa r ily  regu lar but when i t  takes  

f in i t e  values i t  v i 11 be the same as the fu nction  CqC. The fu n ctio n  c 

w il l  therefore be nov/ token to stand for CgC and the d e f in it io n  w i l l  be 

unchanged. The r e s tr ic t io n  of f  may th erefore be defined by

f ’( x 1,Xg, • • •  9 “ G’( e i ’(x i , Xg , • • •  9 xp) ,  6g ’(x i , Xg , . . . , X p ) ,

• • • 9  ®m’(xi ,Xg,  Xp))
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Hence i f  c ’ and ej, * are  p r im it iv e  r e c u r s iv e  in  the  s ing le  su c c e sso r  

system  so i s  f ’ • I t  remains to  show t h a t  i f  F i s  an  i n i t i a l  fu n c t io n  

i n  the  m u lt isu c ce sso r  system th e  r e s t r i c t i o n s  of CgFH and GF a re  

p r im i t iv e  re c u rs iv e  in  the s in g le  su cc e sso r  system,

(CoIo^^H)'(x) = (x)o

(CoNor^H) =

(Co£6H) '(x) = S [ (x )# ]

(Q,S^H) '(x ) =

( M o r T 'W = jo(x)

^™Ord.^ = jo (0 )

(&So) '(x) = jo(2'x)

(OS^) ’(x)

f o r  Id > 0

2HE0ÎH#. Given a p r im it iv e  re c u rs iv e  (1 ,1 ) mapping from the c la s s  of 

sequences o f  n a tu ra l  numbers onto the  c l a s s  of n a tu r a l  numbers a (1 ,1 )
(t}correspondence can be defined between th e  o rd in a ls  l e s s  than  w and 

the  n a tu ra l  numbers, A (1 ,1 ) ma,pping can be defined  from th e  c la s s  of 

p r im it iv e  re c u rs iv e  fu n c tio n s  in  th e  m u lt isu ccesso r  system fo r  those  

o rd in a ls  onto th e  c la s s  of p r im i t iv e  re c u rs iv e  fu n c tio n s  i n  the s in g le  

successo r  system for the n a tu ra l  numbers vh ich  p rese rv es  t h i s  correspondence. 

PROOF. Suppose F(x) is  a p r im i t iv e  re c u rs iv e  f u n c t io n  in  the  

m u lt isu ccesso r  system f o r  ihe o r d i n a l s .  Consider the fu n c tio n  GFH(x) .
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This i s  c l e a r ly  r e g u la r  and p r im i t iv e  r e c u r s i v e .  Define f(x) to be

the  r e s t r i c t i o n  of t h i s  fu n c t io n  to  th e  n a tu r a l  numbers . f (x )  is

th e re fo re  p r im it iv e  re c u rs iv e  i n  th e  s in g le  su cc e sso r  system and
62'p rese rves  the  correspondence between the  o rd in a l s  l e s s  th a n  w and 

the  n a tu ra l  numbers.

Suppose f  (x) i s  a p r im it iv e  r e c u r s iv e  fu n c t io n  in  the s in g le  

su ccesso r  system f o r  the n a tu ra l  numbers. Then f ( x )  c a n  be extended 

to a p r im i t iv e  re c u rs iv e  fu n c t io n  f*(x) in  the  m u lt isu ccesso r  system 

f o r  the  o rd in a ls  . Define

F ( x )  = Hf-G(x)

F(x) i s  c le a r ly  prim itive recursive in  th e  m u ltisuecessor system and 

preserves the correspondence between the ord in a ls  le s s  than and the

natural numbers .

The g e n e r a l i s a t io n  of these  r e s u l t s  to fu n c t io n s  of more th an  one 

v a r ia b le  is obvious .
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CHaP'JSR I I I

THE CONSISTENCY OF THE FORMALISATION Œ THE PRIMITIVE RECURSIVE
(j)ARmU'ETIC OF THE (R DINALS LESS THAN u) .

I n  t h i s  chap te r  a læ ta-argum ent w i l l  he used to  shov th a t  t h i s  

system is  c o n s is te n t  i n  the fo llow ing  s e n s e .  I f  p = q i s  a provable  

equa tion  i n  t h i s  fo r m a l i s a t io n  where p and q are o rd in a ls  then  th ey  

a re  th e  same o r d in a l .

DEFIn rn O N . An eq uation  F = G i s  s a id  to be v e r i f i a b l e  only  i f  F 

and G a re  the  same o rd in a l  o r  th e  s u b s t i t u t i o n  o f  o rd in a ls  f o r  the 

v a r i a b le s  in  F and G alv/ays reduces  F and G to  the same o r d in a l .

I t  i s  th e re fo re  s u f f i c i e n t  t o  show th a t  only v e r i f i a b l e  equations  a r e  

p r o v a b le •

I t  w i l l  f i r s t  be shown t h a t ,  when the  v a r i a b le s  a re  re p la c e d  by 

o r d in a l s ,  th e  s ig n  of any p r im it iv e  r e c u rs iv e  fu n c tio n  i s  e lim in ab le  •

This i s  obv iously  t ru e  f o r  th e  i n i t i a l  fu n c tio n s  l ( x )  and N(x) •

I t  i s  a lso  t ru e  f o r  the  i n i t i a l  fu n c t io n s  8^(x) s ince  the  appearance 

o f  " + ” i n  th e  name o f  o rd in a ls  such as w + 1 need on ly  be regarded

as c o n s t i tu t in g  p a r t  of the name f o r  w + 1 . A new symbolism could  be 

found in  which such a s ig n  did not a p p e a r .  This p ro p e r ty  of t h e  s igns 

be ing  e lim inab le  i s  p re se rv ed  under s u b s t i t u t i o n .  I f  f ( x , y ) ,  g (x ,y ) 

and h (x ,y )  are e lim inab le  th en  fo r  any g iven  s e t  o f  o rd in a ls  M,N 

th e re  are  unique o rd in a ls  U, V, such th a t  the equations  

g(M,N) = U, h(M,N) = V and f  (U,V) = V/
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a re  provable . For th e  fu n c tio n  <f>{x,j) defined  by 

(f>{x,y) = f ( g ( x ,y ) ,  h (x ,y ) )  

th e  eq u a tio n

0(M,N) = W

i s  provable for one, and only  one, W corresponding to th e  -given p a i r

M,N. Hence 0 (x ,y )  i s  e l im in a b le .  This r e s u l t  c l e a r l y  g e n e ra l is e s

to  s u b s t i t u t i o n s  in v o lv ing  fu n c tio n s  o f  more "khan "two v a r i a b l e s .

The p ro p e r ty  i s  a lso  p reserved  under p r im it iv e  r e c u r s i o n s .  Suppose

f ( x ,y )  i s  defined  by th e  fo llow ing  equations

f ( x ,0 )  = a(x)

f(x ,S ^y )  = b ^ ( x ,y , f ( x ,y ) )

where the  fu n c tio n s  b ^ (x ,y ,z )  obey th e  co n s is ten cy  c o n d it io n  C.

Consider -two o rd in a ls  A and B, B can be expressed  a t  . . .  0
0-0 K1 (%m

where ccg < a i <  . . . <  and a t  a re  non-zero n a tu r a l  numbers.

I f  a (x) and b ^ (x ,y ,z )  a re  e lim inable  t h e r e  a re  o r d i n a l s ,  Vt , j  such

t h a t  i t  can be proved in  tu rn  t h a t

a(A) = Vm,o; (A,0,Vm^o) = V#, i ,  b 0, g , .Ufji w,(ii

% ) = V m -l . i ,

(̂%o -  ^o ,ao*

Hence i t  can be proved t h a t  f(A,B) = Vo,&^. I t  must be shown t h a t

Vo,a i s  u n iq u e .  Suppose t h a t  t h i s  i s  not so and t h a t  i t  can a lso  be 
0
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proved t h a t  f  (A,B) = 7/  ̂ ^ • f  (A,B) can be e v a lu a te d  in  a number of 

ways s in c e

• • •  °  = ^oioYo ^(3  ̂  ̂ ĉto ĉcp °

f o r  any /3t< a© by axiom A. Suppose V i s  de r ived  from
o,&o

T h en n ek in g  f ( A , s J ° s J ^ . .  s jn s ^ o - '

V = b (A,8&0"1s*i . . .  S^m Q, V , )  and
o,no tto ao (%i o,ao-1

7/ = b (A,S^o . . .  . . .  8 ^ 0 ,  Y ^
o,no «0 /3g /3i /3n olq « i  «m o,ao-1)

Yo
-  t e T ' C -

where ,0 ,bo-1 ^3n^%o

Applying the c o n d i t io n  C vhich holds between the fu n c t io n s  b^ s in ce

/5 0 < 0 •

This c o n d i t io n  can be a p p l ie d  re p e a te d ly  s in c e  (3 i< a©, 

g iv ing
W = b (A,S^o"1 8^^ . . .  0, Y ,o,no ao ao a i  am o ,% - 1 ,n ,o

7o,a„-1,n,o= C  •••  C
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D efin ing  as Y o ,ao -1 ,n ,o  i t  becomes n ecessa ry  t o  prove t h a t

Vo,ao-1 ^'^oao-i n o t  e q u a l .  Proceeding as  b e fo re  i t  becomes

n ecessa ry  t o  successively prove Vo,aQ-2> •••» ^0,0 , ai> • • •  Vm,o 

n o t  equal to  Wo,ao“ 2, » , '̂ '̂0, 0  ̂ % f a i ,  . .  * 0 •

But Vm, 0 = a (A) and 7̂  ̂0 = a(A) and s ince  a(x) i s  e l im inab le

Vm, 0 = Wm̂ o. Therefore  Vo,ao i s  unique and so f (x ,y )  i s  e l im in a b le .

The s u b s t i t u t i o n  o f  an o rd in a l  fo r  x in  th e  equ a tio n  x = x y ie ld s  

a v e r i f i a b l e  e q u a t io n .  I t  i s  now shown t h a t  the  r u le s  o f  in fe re n c e  y i e ld  

v e r i f i a b l e  equations  from v e r i f i a b l e  e q u a t io n s .  8b 1 and T obv ious ly  

do s o .  For 8b2 two cases must be c o n s id e red .  F i r s t l y  i f  A and B 

a re  tv/o o rd in a ls  and A = B i s  v e r i f i a b l e  then  A and B are  th e  same 

o rd in a l  and F ( a ) = F ( b ) i s  v e r i f i a b l e .  Secondly i f  A and B a re  

fu n c t io n s  then  s ince  A = B by h ypo thes is  the  r e s u l t  of s u b s t i t u t i n g  

the  same o rd in a l  f o r  the  f r e e  v a r ia b le s  in  A and B y ie ld s  th e  same 

o rd in a l  and so s u b s t i t u t i n g  o r d in a l s  fo r  the f r e e  v a r i a b le s  i n  F ( a ) 

and F ( b ) th e  same o rd in a l  i s  o b ta in e d .  Hence F ( a ) = F ( b )  i s  v e r i f i a b l e .

F in a l ly  i t  must be shown t h a t  i f  th e  eq ua tion  F = G i s  proved by

the  p r im it iv e  re c u rs iv e  uniqueness r u le  i t  must be a v e r i f i a b l e  e q u a t io n .  

Suppose
F(qp,o) = a ( x ) ,  F(x ,S ^  y) = b ^ (x ,y jF (x ,y ) )

G ( x , o )  = a ( x ) ,  G(x,S^y) = b^ (x ,y ,G (x ,y )  )

a re  a l l  v e r i f i a b le  e q u a t io n s . Consider two o rd in a ls  A anfl B such 

t h a t
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B = 8^: . . .  8 ^  0
ccq cc I

vfhere Oq < ai < • • • < am ai?d a t  a re  n a tu r a l  numbers. L e t th e  

va lues  o f

F (A ,0 ) ,  P(A,S 0 ) ,  f (A,S2 0 ) ,  . . . .  f (A, Ŝ "> o) ,
«•m a m

F(A,S„ 0 ) ,  . . F(A,B) and'  am-i am

G(A,0), G(A,3 0 ) ,  G(A,8= O),  . . . .  G(A,s3" 0 ) ,
am am

G(A,S . 3 ^ ” 0 ) ,  . . . ,  g(a ,B) be 
a m" • a m

^ m , o ,  ^ , 1 ,  V m ^2 ,  • • • >  m ,  V m - 1 ,  i  , • • •  o

and Wm,, 0 , %, i , %,.2 , . am' %r Q-o* can be su c c e ss iv e ly

proved t h a t  Vm, o = %, o s in c e  b o th  a re  equal to a(A) and

Vm,.! = b ( A , S  0 ,  \ \ t o )  = b (4,8 0 ,  v/m,o) = ^ ,  i“ m 0̂  am am

V 2 = b  (A,S= 0 , V„,.i)= b„ (A,S= 0 , 1) =
Om am Om ocm

Vb^o “  ^ 0 ( 4 ,B ,V q  , a o - 1  ) -  ^oq, (-A-,B,Wo ,a o - 1  ) ~  ;a o

T here fo re  the eq u a t io n  F = G i s  v e r i f i a b l e .
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The synthesis of logical nets consisting of NOR units

By H. P. Williams*

This paper describes an algorithm for synthesising a logical net consisting of NOR units. 
Starting with a logical function presented as a truth table the function is converted into a suc­
cession of NOR statements. A simplifying procedure is used which, while not always resulting 
in the minimum number of NOR units, produces an economical solution. Details are given of 
how this algorithm can be programmed for automatic computation.

(First received November 1967)

In the construction of electronic and fluidic circuits it 
is often necessary to construct a logical net to perform 
some given logical function. These nets are often syn­
thesised from NOR units. The N O R unit acting on 
two inputs, A  and B, performs the function A \j B 
written in Boolean algebra. This is a ‘universal function’ 
in the sense that any function in Boolean algebra can be 
constructed by using successive apphcations of this 
function only. Hence the advantage of using NOR 
units in a logical net is that no other type of logical unit 
is needed.

A logical net to perform some prescribed logical 
function can usually be constructed in many different 
ways. Clearly it will usually be desirable to construct. 
such a net using as small a number of components as 
possible, in this case NOR units. An algorithm is 
described which, starting with a logical function pre­
sented as a truth table, converts the function to an 
expression composed only of NOR statements. Simpli­
fications are performed which result in the use of an 
economical number of N O R units. This algorithm has 
been programmed for automatic computation.

Description of the algorithm
The method is based on successive applications of 

operations described by Quine (1955). First the function 
under consideration is presented as a truth table. The 
truth table is always written in the way shown below 
using 0 to signify ‘false’ and 1 to signify ‘true’. The 
rows represent successive numbers written in binary 
form. Table 1 gives an example of a function F  of three 
arguments A, B, C.

Table 1
A B C  F
0 0 0 1 
0 0 1 0  
0 1 0  0 
0 1 1 0  
1 0  0 0 
10  1 0  
1 1 0  1 
1 1 1 1

* Department o f  Mathematics, The University, Leicester.

Stage 1, Delete the rows of the truth table which 
correspond to the function having value 1. In the 
example these are rows 1, 7 and 8.
Stage 2. Simplify the remaining portion of the truth 
table using the following three operations based on 
those of Quine.

(i) If any two rows differ only in one column, in one 
row the entry being 0 and in the other 1, delete 
one of the rows and delete the entry in the other 
row. In the example after performing this opera­
tion on rows 2 and 4 the result would be the single 
row 0 - 1 .

This operation is based on the logical equivalence,

X . (f> V X . (j) =  cf)
(ii) If one row completely contains another row except 

for a difference in one column, where one entry 
is 0 and the other entry is 1, delete this entry in 
the longer row. For example in the following two 
rows the first entry in the second row would be 
deleted.

0 -  1 
1 0 1

This operation is based on the logical equivalence 

X  y  X  ^  =  X  y  (f)
(iii) If  one row completely contains another delete the 

longer row. For example in the following two 
rows the second row would be deleted.

0 -  1 
0 0 1

This operation is based on the logical equivalence
x y  x.(f> =  x

Each pair of rows is examined in turn and operations (i),
(ii) or (iii) performed if possible. If  one of the opera­
tions is performed the comparison o f all the rows is 
repeated. After completion of this stage the function 
can be represented as a negation of a disjunction of the 
complete sum of prime implicants. In the example in 
Table 1 the result is

Â . c y Â . B y A . S y B . c
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Logical nets o f  NOR units

Stage 3. Examine the resulting rows of the simplified 
truth table for a row containing only a 1.

Case (i). If  such a row exists the input represented 
by the column of this single entry is an input to the last 
NOR unit in the net. The logical function can now be 
considered in the form

V
where ^  is the input which has just been considered and 
(f) is the rest of the function under the negation. The 
function can also be written in the form

N OR {X, <f>)

showing more clearly that X  is an input to the last NOR 
unit. The other input to this NO R unit must be a net 
performing the logical function <f>. After deleting the 
row of the simplified truth table containing the single 
entry 1, if no rows of the truth table remain then this 
NO R unit has no other inputs. If  only one row remains 
and this consists of only an entry 1, the column of this 
entry gives the other input to the NOR unit. Other­
wise the remainder of the truth table is expanded into 
the standard form. This can be done by comparing the 
entries in each row of the remainder of the truth table 
with the corresponding entries in each possible row of 
the standard truth table. Where these corresponding 
entries are equal the row of the standard truth table is 
retained. For example if the remainder of the truth 
table consisted of the single row -  0 - ,  on comparison 
with the standard truth table shown in Table 1 it can be 
seen that the second column in rows 1 , 2 , 5  and 6 is 0. 
Hence these rows are retained and the row -  0 -  has 
been expanded into the four rows :

0 0 0 
0 0 1 
1 0 0 
1 0 1

These rows are now deleted from the standard truth 
table such as Table 1. The remaining truth table is 
now simplified as in stage 2 and the whole procedure 
repeated producing a logical net for the function <{> 
which connects onto the last N OR unit.

Case («). If no row containing only a 1 exists then 
none of the external inputs goes to the last NOR unit. 
This is the case in the example where the function has 
been expressed in the form

A . C \J A M A .B M B . C
In this case the rows of the simplified truth table are 
split up into two sections if possible so the function can 
be considered in the form

0 V *A
or alternatively in the form

NOR (0, 0).

N O G .
u n i t

NOR.
u n it

NO R,
unit

N O R
u n i t

N O R
u n i t

Fig. 1

The inputs to the last NOR unit must therefore be 
logical nets representing the functions 0 and 0. These 
functions are considered separately. Each section is 
therefore considered one at a time. The rows of the 
first section are expanded as in case (i) above. These 
rows are then deleted from the standard truth table 
which is then simplified as in stage 2, and the whole 
procedure is repeated producing a logical net for the 
function 0 which is connected to the last NOR unit. 
The function 0 is considered in a similar manner. If it 
is not possible to spht the rows of the simplified truth 
table into two sections, i.e. we have only one row left, 
one of the inputs to the last N OR unit is left blank and 
this single row considered as the other section and 
treated as before.

After repeating these procedures a sufficient number 
of times the whole function is represented as a net of 
NOR units.

The example given above is now considered in detail. 
After stage 1 and stage 2 have been performed for the 
first time the resulting truth table is

0 -  1 
0 1 -  

1 0  -  

-  0 1

This shows that the function can be represented in the 
form

A . C  y  A. B y  A. B B. C

Since no rows have only a 1 as entry NOR unit 1 as 
shown in Fig. 1 has no external inputs. The inputs are
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logical nets representing the functions 0 and 0  where

0 =  / f . C V Â  . B

ifj =  A . B V B , C

The function 0 is represented by the first section of the 
truth table which is

0 -  1
0 1 -

These rows are expanded to give the following rows

0 0 1
0 1 1
0 1 0

When these rows are deleted from the standard truth 
table and the resulting truth table simplified the result is

-  0 0
1 -  -

This shows that NOR unit 2 has A as an input. The 
first row of this truth table is expanded and the rows 
deleted from the standard truth table. After simphfi- 
cation the result is

-  -  1 
-  1 -

This shows that NOR unit 4 has two external inputs, 
B  and C, and that no more NOR units connect into 
NOR unit 4.

The function 0  is now considered. This is represented 
by the second section of the first truth table which is

1 0 -  

-  0 1

When these rows are expanded and deleted from the 
standard truth table, after simplification the following 
truth table results :

0 - 0
-  1 -

This shows that NOR unit 3 has B  as an input. The 
first row of the truth table is expanded and deleted from 
the standard truth table. After simplification the 
following truth table results :

-  -  1 
1 -  -

This shows that NOR unit 5 has two external inputs A 
and C, and that no more NOR units connect into NOR 
unit 5. The net is therefore completed.

It is clearly not often practical to synthesise logical 
nets by performing these procedures manually. Using a 
computer, however, the synthesis can be performed very 
rapidly. The initial data for such a computation need 
only be a number specifying the number of inputs being 
considered (in the example this number is 3) and the 
numbers of the rows of the standard truth table corre­

sponding to the function being considered having value 1. 
This algorithm has been programmed and details of this 
are now given.

Programming the algorithm for computation
In order to compute a net it was found convenient to 

consider a maximum net in which two NOR units 
connect to each NOR unit in the net. This net is made 
sufficiently large that any possible net would be a proper 
part of it. Each NOR unit in the maximum net is 
numbered in a standard way. This serves as a useful 
framework. A cycle of the algorithm is performed for 
each NOR unit in the final net. After the completion 
of each cycle the computation moves on to consider a 
NOR unit with a higher number, or if this particular 
branch of the network has been completed it goes back 
to a lower number on the branch and then ascends to a 
higher number on another branch.

It is necessary to store certain numerical arrays. The 
main arrays are now described.

(i) An array consisting of Os and Is such as Table 1 
where each row represents a successive number in 
binary form. For a computation of a net with n external 
inputs this array would have dimensions n X 2". At 
each cycle in the algorithm certain rows of this table 
are ‘deleted’ by overwriting with other figures and the 
remainder of the table simplified using the three 
operations described.

(ii) Each NOR unit in the net can be regarded as the 
last NOR unit in some subnet performing a certain 
logical function. Therefore, associated with each NOR 
unit there must be a representation for this logical 
function. This is done by means of an array listing the 
numbers of the rows of the standard truth table which 
correspond to the function having value 1. Since the 
rows of the standard truth table are successive binary 
numbers the numbers of the rows can easily be com­
puted. As there is a one-dimensional array associated 
with the number of each N OR unit the total array is 
two-dimensional.

(iii) There can be up to two external inputs to each 
N OR unit. These external inputs are numbered. Asso­
ciating these two numbers with the number of each 
NOR unit gives a two-dimensional array.

(iv) One of the dimensions of the array (ii) will vary 
with the number of each N O R unit considered. Asso­
ciating this dimension with the number of each NOR 
unit gives a one-dimensional array.

The program was written in FORTRAN IV and run 
on an IBM 360 computer with a core storage of 64K. 
It was found convenient to limit the program to syn­
thesising nets with up to 8 external inputs, i.e. dealing 
with logical functions of up to 8 variables. Large 
amounts of core storage would have been used if all the 
arrays had been stored in core. Array (ii) was therefore 
stored by writing each row of it as a record on a magnetic 
disc. Since it was only necessary to read a record for 
each NOR unit and to write up to two records for each
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NOR unit the extra time taken was small. To deal with very much shorter for nets with a lesser number of
functions of many more than 8 variables would probably external inputs,
have necessitated also writing array (i) on disc.

After compilation the amount of time taken for exe- Acknowledgement
cution of the program was quite short, not being more The author would like to thank M r.,Brian Foster of
than ten minutes for a net with 8 external inputs, and IBM for help in writing the program.

Reference

Q u in e , W. V. (1955). ‘A way to simplify truth functions’, American Math. Monthly, Vol. 62, No. 9, pp. 627-31.

U NW IN BROTHERS LIMITED, W OKING AND LONDON



ABSTRACT

A TT nrm alisation  o f  th e  A r i th m e t i c  o f  IB r a n s f in i t e  O r d in a l s  i n  a - ;

E q u a t io n  C a l c i a u s .

T h is  t h e s i s  p r e s e n t s  a s y n t a c t i c  dev e lo p m en t o f  th e  a r i t h m e t i c  

o f  o r d i n a l  numbers l e s s  t h a n  T h is  i s  done by means o f  an  E q u a t io n  

c a l c u l u s  w h e r e . a l l  s t a t e m e n t s  a r e  g iv e n  i n  th e  form  o f  e q u a t i o n s .  T here  

a r e  r u l e s  o f  i n f e r e n c e  f o r  d e r iv in g ;  one e q u a t i o n  from  a n o t h e r .  C e r t a i n  

f u n c t i o n s ,  i n c lu d in g  a  c o u n ta b ly  i n f i n i t e  number o f  s u c c e s s o r  f u n c t io n s  

, a r e  t a k e n  a s  p r i m i t i v e .  New f u n c t i o n s  a r e  d e f in e d  by  s u b s t i t u t i o n  

and  p r i m i t i v e  r e c u r s i o n  s t a r t i n g  w i th  th e  p r i m i t i v e  f u n c t i o n s .  Such 

d e f i n i t i o n s  c o n s t i t u t e  some o f  t h e  axioms o f  t h e  s y s te m .  The o n ly  o th e r  

axiom s a r e  two r u l e s  c o n c e rn in g  th e  c o m b in a t io n  o f  s u c c e s s o r  f u n c t i o n s .  

F u n d am en ta l  f o r  t h i s  deve lopm ent i s  t h e  axiom S ,̂S  ̂ = 8^  f o r jL > ^ .

i n  t h i s  sy stem  a  m u l t i s u c c e s s o r  a r i t h m e t i c  i s  d e v e lo p e d  i n  v/hich 

i t  i s  p o s s i b l e  t o  p rove  many o f  th e  f a m i l i a r  r e s u l t s  c o n c e rn in g  t r a n s -  

f i n i t e  o r d i n a l  num bers. J n p p a r t i c u l a r  t h e  a s s o c i a t i v i t y  o f  a d d i t i o n  and

a s  w e l l  a s  m u l t i p l i c a t io n  b e in g  l e f t  d l s t r i b u t i v e _ v / i t h ___

r e s p e c t  t o  a d d i t i o n  a r e  p ro v e d .  I t  i s  shown t h a t  each  o r d i n a l  i n  th e  

sy s tem  can  be r e p r e s e n t e d  i n  C a n t o r ' s  Normal Form. An o r d i n a l  s u b t r a c t i o n  

i s  d e f in e d  and a  number o f  r e s u l t s  in v o lv in g  t h i s  a r e  p ro v e d .  I t  i s  shown ' 

t h a t  t h i s  s u b t r a c t i o n  i s ,  i n  a  number o f  r e s p e c t s ,  an  i n v e r s e  t o  a d d i t i o n .  

I n  p a r t i c u l a r  th e  k e y - e q u a t io n  a - V( b  — a ) =  b 4- (a  b)  i s  p ro v e d .  As i n  

P r o f e s s o r  G o o d s t e i n 's  f o r m a l i s a t i o n  o f  th e  .p r i m i t i v e  r e c u r s i v e  a r i t h m e t i c  

o f  th e  n a t u r a l  numbers t h i s  e q u a t i o n  i s  im p o r ta n t  a s  i t  a l lo w s  a d i f f e r e n c e  

f u n c t i o n  laj"bl t o  be d e f in e d  f o r  which a  z e r o  v a lu e  i s  e q u i v a l e n t  t o  

e q u a l i t y  o f  th e  a rg u m e n ts .  I n e q u a l i t y  r e l a t i o n s  a r e  d e f in e d  and some 

r e s u l t s  c o n c e rn in g  them p ro v e d .

i n  C h a p te r  I I  i t  i s  shown, u s in g  a s u i t a b l e  c o d in g ,  t h a t  t h i s  

a r i t h m e t i c  can  be red u ced  t o  t h e  p r i m i t i v e  r e c u r s i v e  a r i t h m e t i c  o f  th e  

n a t u r a l  num bers .

C h a p te r  I I I  g iv e s  a meta-^proof o f  th e  c o n s i s t e n c y  o f  th e  sy s te m .

A lso  s u b m it te d  w i th  t h i s  t h e s i s  i s  a  p a p e r  "The S y n t h e s i s  o f  

L o g i c a l  N e ts  c o n s i s t i n g  o f  NOR u n i t s "  v/hich i s  t h e  r e s u l t  o f  work on a 

l o g i c a l  p rob lem  w hich  was done a t  t h e  same t im e  a s  work f o r  th e  t h e s i s .


