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SUMMARY

This th e s is  re p o r ts  on the numerical ev a lu a tio n  of waveguide 

v ecto r f i e ld  d is t r ib u t io n s  and on the d isp la y  of v ec to r r e s u l t s  

by means of computer g raph ics. The waveguide s c a la r  fu n c tio n a l i s  

derived from the l e a s t  a c tio n  p r in c ip le  and a u n if ie d  theory  

d ire c te d  towards the numerical de term ina tion  of waveguide propaga

tio n  c h a ra c te r is t ic s  i s  p resen ted . The a p p lic a tio n  of the f in i t e  

element method to  the m inim ization of the waveguide s c a la r  func

tio n a l i s  a lso  d iscu ssed . Numerical comparative r e s u l t s  between 

the f i r s t - o r d e r  f i n i t e  element nodal equation  and the f iv e -p o in t  

f in i t e  d iffe re n c e  o p era to r are produced to  i l l u s t r a t e  the  depend

ence of these  a lg eb ra ic  d is t r ib u t io n s  on mesh len g th  and mode 

com plexity. The graphic techniques commonly employed to  d isp la y  

waveguide mode p a tte rn s  are analysed and a method of d isp lay in g  

general v ec to r f ie ld s  using  an assembly of 3-dim ensional o rie n te d  

arrows i s  developed and described  in  d e t a i l .  Examples of a p p lic a 

tio n  of the  proposed computerized graphic technique to  a ty p ic a l 

re c ta n g u la r  waveguide and to  numerical r e s u l t s  d e sc rib in g  the  

electrom agnetic  f i e ld  in s id e  one-port re c ta n g u la r  waveguide 

ju n c tio n s  con ta in ing  simple d is c o n tin u it ie s  are given.
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GENERATION OF FIELD PATTERNS USING COMPUTER GRAPHICS

T his th e s i s  r e p o r ts  on th e  num erical e v a lu a tio n  o f waveguide 
v ec to r f i e l d  d is t r ib u t io n s  and on th e  d isp la y  of v e c to r  r e s u l t s  
by means of computer g rap h ics . The waveguide s c a la r  fu n c tio n a l i s  
derived  from th e  l e a s t  a c tio n  p r in c ip le  and a u n if ie d  th eo ry  
d ire c te d  tow ards th e  num erical d e te rm in a tio n  of waveguide propaga
t io n  c h a r a c te r is t ic s  i s  p re sen ted . The a p p lic a tio n  of th e  f i n i t e  
element method to  th e  m inim ization of th e  waveguide s c a la r  fu n c
t io n a l  i s  a lso  d isc u sse d . Numerical , com parative r e s u l t s  between 
the  f i r s t - o r d e r  f i n i t e  elem ent nodal eq u a tio n  and th e  f iv e -p o in t  
f in i te ^ d i f f e r e n c e  o p e ra to r  a re  produced to  i l l u s t r a t e  th e  depend- 
ence of th e se  a lg e b ra ic  d is t r ib u t io n s  on mesh le n g th  and mode 
com plexity. The g raph ic  techn iques commonly employed to  d isp la y  
waveguide mode p a t te rn s  are  analysed  and a  method of d isp la y in g  
general v e c to r  f i e ld s  u s in g  an assembly o f 3-d im ensional o r ie n te d  
arrows i s  developed and d esc rib ed  in  d e t a i l .  Examples o f a p p lic a 
t io n  of th e  proposed com puterized g rap h ic  technique to  a  ty p ic a l  
re c ta n g u la r  waveguide and to  num erical r e s u l t s  d e sc rib in g  th e  
e lec tro m ag n e tic  f i e l d  in s id e  o n e-p o rt re c ta n g u la r  waveguide 
ju n c tio n s  c o n ta in in g  sim ple d i s c o n t in u i t ie s  a re  g iven .
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CHAPTER 1

INTRODUCTION

1.1 PURPOSE

The o b jec t of th is  chapter i s  to  provide a b r ie f  o u tlin e  of the 

th e s is  and the context in  which i t  was developed. The main to p ics  

are p resen ted  in  summarized form to  give a g lobal p ersp ec tiv e  of i t s  

co n ten ts. The main o r ig in a l co n trib u tio n s  are h ig h lig h ted .

1.2 THE NUMERICAL APPROACH TO WAVEGUIDES

The techno log ica l improvement, in  d ig i t a l  computation over the 

l a s t  few years has been accompanied by renewed in te r e s t  in  the nu

m erical so lu tio n  of microwave problems. Among th ese , the determ ina

tio n  of b as ic  mode c h a ra c te r is t ic s  of a r b i t r a r i l y  shaped waveguides, 

such as c u t-o ff  wave-number and f ie ld  co n fig u ra tio n , has been exten

s iv e ly  t r e a t e d ^ U s i n g  the f a s t  improving computer f a c i l i t i e s ,  i t  

i s  p o ssib le  to  apply the f i n i t e  d iffe re n c e  method very e f f ic ie n t ly .
( 2 )The method was no novelty  and had a lready  been applied  by MOTẐ   ̂ in

1946 to  analyse k ly stro n  c a v it ie s .

The s c a la r  Helmholtz equation  was solved f o r  a v a r ie ty  of cross-

sec tio n  shapes as, fo r  example, the conventional re c tan g u la r  and
( '3 ')

ridged waveguides tre a te d  by COLLINS and DALY and the lu n a r  and
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T-Septate c irc u la r  waveguides s tud ied  by BEAUBIEN and WEXLER^^\ The 

f i r s t  general purpose program using  f i n i t e  d iffe ren ce  m e t h o d s ^ w a s  

rep o rted  by DAVIES and MUILWYK̂ ^ .̂ The a p p lic a tio n s , however , d is 

played some shortcomings of the f i n i t e  d iffe re n c e  technique, namely;

a) -  equispaced d is t r ib u t io n  of nodal values over the c ro ss-

sec tio n ;

b) -  d i f f i c u l ty  of approximating com plicated curved boundaries;

c) -  need to  in troduce "image p o in ts"  to  e s ta b lis h  the  boundary

conditions fo r  TE modes.

The foregoing d i f f i c u l t i e s  would not occur i f  the  f i n i t e  element
( ? )method, used fo r  example by COURANT̂  ' in  1943 to  solve problems of

equ ilib rium  and v ib ra tio n s , were employed. In  th i s  re sp e c t the e a r ly

works of ZIENKIEWICZ^^\ DALY^^  ̂ and S I LVES TER^ we r e  s ig n if ic a n t .

These works were then followed by successive re le v a n t co n trib u tio n s

by SILVESTER culm inating with the p u b lic a tio n , to g e th e r w ith KONRAD,

of an extrem ely u se fu l and v e r s a t i le  program package f o r  two-dimen-
( 11)s io n a l f i e ld  problems^ \  Many o th e r re le v a n t p u b lic a tio n s  appear

ed and the a p p lic a tio n  of numerical techniques fo r  modeling passive 

microwave devices expanded qu ick ly . SILVESTER and CSENDEŜ -̂  ̂ reckon 

th a t  i t  produced, up to  the beginning of 1974, approxim ately 10 000 

papers covering various mathematical fo rm ula tions in c lu d in g  the f i 

n i te  d iffe ren ce  and f in i t e  element a n a ly s is . Half of these  papers 

could, then , be regarded as re c e n t. Nowadays, the a p p lic a tio n  of 

the f i n i t e  element method occupies a prominent p lace in  waveguide 

a n a ly s is  and can be regarded as a well e s ta b lish e d  technique. Chap

t e r  3 i s  devoted to  th is  technique.
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1.3 UNIFIED MATHEMATICAL TREATMENT

The v a r ia tio n a l method used to  form ulate the f i n i t e  element ap

proach to  waveguide problems s h i f t s  the emphasis from the f i e ld  cur

vature  in sid e  the  s tru c tu re  to  the ex trem iza tion  of a fu n c tio n a l. 

Here, con trary  to  what happens with the f i n i t e  d iffe re n c e  method, 

which d is c re t iz e s  the d i f f e r e n t i a l  equation  governing the f i e ld  d is 

t r ib u t io n s ,  the f i n i t e  element method b rings a t te n t io n  to  the energy 

re la tio n s h ip s  p re v a ilin g  in  the  propagation . The s c a la r  Helmholtz 

equation  comes up being the Euler-Lagrange equation  of the  fu n c tio n 

a l .  In  o rder to  understand the  so lu tio n  of the waveguide problem by 

the f i n i t e  element method, i t  i s  necessary  to  r e la te  the fu n c tio n a l 

to  a physica l p r in c ip le  from which i t  can be ob tained .

In  g en era l, the l i t e r a t u r e  takes e x p l ic i t ly  the waveguide func

t io n a l  as re la te d  to  the e lectrom agnetic  energy but does not p re 

c ise ly  e s ta b lis h  the  physica l grounds of the fo rm ulation . I t  i s  on 

those grounds, however, th a t  th i s  energy re la t io n s h ip  and the func

t io n a l  i t s e l f  can be understood.

A p rec ise  in te rp r e ta t io n  of the waveguide fu n c tio n a l and i t s  

fo rm ulation  based on a p h y sica l p r in c ip le  governing the waveguide 

f i e ld  i s  presen ted  in  th is  work. The development of the theory  le a d 

ing  to  the  expression of the  fu n c tio n a l has been based on the work 

of MORISHITA and KUMAGAI^^^\ They have shown th a t  the v a r ia tio n a l 

expressions fo r  guided p ropagation  can rig o ro u s ly  be obtained  from 

the l e a s t  ac tio n  p r in c ip le .  Extensive use of the  works of 

KUROKAWA^^^)^^^)^^^) enabled the p re se n ta tio n , in  Chapter 2, of a 

u n ifie d  mathematical trea tm en t d ire c te d  towards the numerical de

te rm ination  of the waveguide propagation c h a r a c te r is t ic s .
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1 .4  COMPARATIVE RESULTS

A th e o re t ic a l  comparison between the f i n i t e  d iffe re n ce  and the 

f i r s t - o r d e r  f i n i t e  element opera to rs  i s  p resen ted . The m ateria l i s  

la rg e ly  in fluenced  by the e x c e lle n t paper by KINSNER and TORRE^^^^. 

I t  goes fu r th e r ,  however, to  provide computed r e s u l t s  f o r  both 

opera to rs  compared with the exact values o f the p o te n tia l  fu n c tio n  

of a ty p ic a l re c tan g u la r  waveguide. The exact values are to  be 

understood here as the values computed through the a n a ly tic a l ex

p ress io n  fo r  the p o te n tia l fu n c tio n .

Numerical evidence in  the form of percen tu a l e r ro r  maps i s  

produced. They show th a t ,  f o r  low o rder modes, a good accuracy can 

be expected from both o p era to rs . Also, the accuracy of the nodal 

value d is t r ib u t io n  obtained by using  the  f i n i t e  element opera to r 

(and of the f i n i t e  d iffe ren ce  o p e ra to r) is  shown to  d e te r io ra te  when 

h igher modes are considered. The need to  in crease  the order of the 

f in i t e  element polynomial in te rp o la tio n  of the p o te n tia l  fu n c tio n  

i s ,  th e re fo re , num erically  dem onstrated.

F in a lly , a b r ie f  d e sc rip tio n  of the program p a c k a g e ^ u s e d  

to  generate f i n i t e  element r e s u l ts  fo r  the f i r s t  modes in s id e  a 

ty p ic a l re c tan g u la r  waveguide i s  p resen ted . P ercen tual e r ro r  maps 

fo r  those modes are produced. The examples obtained are used l a t e r  

in  o rder to  i l l u s t r a t e  the generation  of f ie ld  p a tte rn s  from nume

r ic a l ly  evaluated  nodal value d is t r ib u t io n s .

1.5 FIELD PATTERNS

A se t  of numbers i s  only meaningful when in te rp re te d  in  terms 

of the q u a n ti t ie s  i t  r e la te s  to .  In  the case of waveguides, the s e t
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of numbers appearing on the p r in t-o u t  gives the value of the lo n g i

tu d in a l component o f the non-transverse propagating f i e ld  on p re 

sc rib ed  p o in ts  over the c ro ss -se c tio n . The d i r e c t  ob ta inab le  in 

form ation about the f i e ld  d is t r ib u t io n  in s id e  the s tru c tu re  i s ,  

th e re fo re , q u ite  r e s t r i c t e d .  In  o rder to  ap p rec ia te  the r e s u l t s ,  

fu r th e r  o pera tions need to  be performed on the output v a lu es. These 

o p era tions must le a d  to  the c h a ra c te r iz a tio n  of the electrom agnetic  

behaviour of the s tru c tu re  in  a convenient form. Because th e re  i s  

no a n a ly tic a l  expression  to  c h a rac te rize  the space dependence of 

the f i e ld  d is t r ib u t io n ,  a graphic image or diagram ought to  be pro

duced to  convey th i s  in form ation .

U sually  the g raphic image of the f ie ld  d is t r ib u t io n  over the

waveguide c ro ss -se c tio n  i s  obtained by contouring the nodal value 
( 17)d is t r ib u t io n s ' \  I t  i s  shown in  th is  th e s is  th a t  contour maps are 

not, however,always convenient f o r  d escrib in g  the e lectrom agnetic  

f i e ld  d is t r ib u t io n .  The d i f f i c u l t i e s  in  the generation  and in t e r 

p re ta tio n  of such f i e ld  maps are d iscussed . Also, the conventional 

f i e ld  l in e  diagrams used in  microwave engineering  fo r  the purpose 

of d esc rib in g  waveguide f ie ld s  are  questioned. The inadequacy of 

such diagrams f o r  electrodynam ical s i tu a tio n s  i s  f u l ly  c h a rac te r

ized .

An a l te rn a t iv e  method f o r  rep re sen tin g  waveguide f ie ld s  in  

p a r t ic u la r  and v ec to r f ie ld s  in  general, u sing  computer g ra p h ic s ,is  

proposed. I t  c o n s is ts  of genera ting  f ie ld  p a tte rn s  fo r  which the 

vec to r q u an tity  i s  p re c ise ly  and uniquely rep resen ted  by o rien ted  

3-dim ensional arrows a t  re p re se n ta tiv e  p o in ts  of the space. I t  i s  

shown th a t  the r e s u l t in g  diagrams c o n s titu te  a complete re p ré se n ta -
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t io n  of the v ec to r q u an tity . Inform ation about in te n s i ty ,  d ire c tio n , 

p o la r iz a tio n  and phase can be d isp layed  by using  these diagram s. 

Examples of f i e ld  p a tte rn s  obtained from the a n a ly tic a l  expressions 

fo r  the e l e c t r i c  and magnetic f ie ld s  of low order modes in  a ty p ic a l 

rec ta n g u la r  waveguide are p resen ted . Dynamical computerized film  

d isp lay s  of re c tan g u la r  waveguide f ie ld s  are being experim entally  

generated and p e r tin e n t comments are a lso  made.

The g enera tion  of the proposed f i e ld  p a tte rn s  from the s c a la r  

nodal value d is t r ib u t io n s  obtained by the f i n i t e  element method i s  

d iscussed  and an example provided. This involves the numerical d i f 

f e r e n t ia t io n  of the nodal value d is t r ib u t io n  , and the  s t a b i l i t y  of 

the process i s  d iscussed .

F in a lly , the d i f f i c u l ty  of in te rp re t in g  3-dim ensional v ecto r 

f i n i t e  element r e s u l ts  i s  d e a l t  w ith. Examples of the  a p p lic a tio n  

of the f ie ld  p a t te rn  technique to  3-dim ensional num erically  evalu

ated  waveguide d isc o n tin u ity  f ie ld s  are presen ted  to  show the ad

equacy and s im p lic ity  of the method. This m ateria l appears in  Chap

t e r  4.

1 .6  ORIGINAL CONTRIBUTIONS

The main o r ig in a l co n trib u tio n s  to  the  knowledge of the com

p u ta tio n  and d isp la y  of waveguide f ie ld s  p resen ted  in  th is  th e s is  

can be summarized as fo llow s;

-  P re sen ta tio n  of a u n if ie d  m athem atical trea tm en t of wave

guides, d ire c te d  towards numerical com putation.
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-  Proposal of a computer graphic technique fo r  d isp lay in g  vec

to r  f ie ld s  in  general and waveguide f ie ld s  in  p a r t ic u la r .

Other o r ig in a l co n trib u tio n s  appear in  the t e x t .  They are r e 

garded as consequential to  the development of the to p ic s  l i s t e d  

above.

1.7 NOMENCLATURE. TERMINOLOGY AMD SYMBOLS

Wherever p o ss ib le , the term inology and nomenclature in  th is  

th e s is  have been used in  accordance w ith the commom p ra c tic e  in  the 

l i t e r a t u r e .  However, when attachm ent to  the usual term inology would 

c o n f l ic t  with well e s ta b lish ed  concepts, the author used h is  p e r

sonal judgement to  rep lace names. This i s  c le a r ly  in d ica ted  in  the 

te x t .  A l i s t  of symbols i s  in co rp o ra ted .

1.8 CONCLUSIONS AND FUTURE DEVELOPMENTS

The conclusions a rriv ed  a t  during the development of the r e 

search work rep o rted  in  th is  th e s is  and suggestions f o r  po ssib le  fu 

tu re  developments on the su b jec ts  t re a te d  are p resen ted  in  Chapter 5'



CHAPTER 2

FUNDAMENTAL THEORY OF WAVEGUIDES

2.1 INTRODUCTION

The f ie ld  co n fig u ra tio n  in s id e  id e a l waveguides can be obtained 

num erically  through the m inim ization of a functional^^^^^^^^^^ asso 

c ia te d  with the  electrom agnetic  energy. The fu n c tio n a l i s  developed 

by using  v a r ia tio n a l methods, e i th e r :

a) by perform ing opera tions in to  a known s a t i s f ie d  d i f f e r e n t ia l  

equation  fo r  a su ita b le  s c a la r  p o te n tia l  function^

or.

b) by producing by t r i a l  and e r ro r  the re lev an t s ta tio n a ry  ex-

p r e s s i o n ( l ^ ) ( 2 l )

or,

c) by re so r tin g  to  a fundamental physica l p r in c ip le  enabling  

i t s  system atic  deriva tion^

The f i r s t  approach i s  fo rm ally  c o n sis ten t but lead s to  comple

mentary o r transpose q u a n ti t ie s  which are d i f f i c u l t  to  in te rp rè te  

while the second depends on in g en u ity  and labour and w ill not be 

considered h e re . The th ird  a l te rn a t iv e  w ill be adopted in  the p re

sen t work as a proposal f o r  the  p re se n ta tio n  of the fundajnental 

theory  of waveguides.
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The o b jec tiv e  of the chapter i s  to  p resen t a theory  where the 

numerical so lu tio n  of the  f i e ld  equations appears n a tu ra lly  from a 

physica l p r in c ip le  governing the e lectrom agnetic  f i e ld  r a th e r  than 

as a mathematical d iv e rs io n  avoiding the so lu tio n  of d i f f e r e n t ia l  

equations. The v a l id i ty  and s im p lic ity  of the usual p ra c tic e  of 

s ta r t in g  by s ta t in g  the id ea l waveguide problem as a fu n c tio n a l mi

n im ization  problem i s  not being questioned . However, i t  seems to  

the author th a t  in  Microwave Engineering considerable enlightm ent 

of the formalism i s  gained by p lac in g  the emphasis on physica l 

p r in c ip le s .

This chapter has been w ritte n  to  dem onstrate th a t  such t r e a t 

ment can be presen ted  mostly by adapting  and b ring ing  to g e th e r  de

r iv a tio n s  av a ilab le  in  the l i t e r a tu r e  (see re fe ren ces) in to  a lo g i 

cal o rd er. Furthermore, i t  w ill be shown in  the chapter th a t ,  as 

the s c a la r  fu n c tio n a l expression fo r  the waveguide i s  derived  from 

the le a s t  ac tio n  p r in c ip le  fo r  electrom agnetic  q u a n ti t ie s ,  i t s  a s 

so c ia tio n  to  the electrom agnetic energy i s  not d i r e c t ,b u t  e s ta b lis h 

ed through the ac tio n  in te g ra l .  Also, i t  w ill be dem onstrated th a t  

an in te rp re ta t io n  of the fu n c tio n a l in  terms of the e r ro r  in  e s t i 

mating the f i e ld  con figu ra tion  i s  co n s is ten t w ith the physica l 

p r in c ip le  governing the f ie ld s .

F in a lly , some well known waveguide normal mode p ro p e rtie s  are 

in troduced in to  the chapter fo r  the purpose of achieving a g lobal 

comprehension of the m atte r.

2 .2  CONDITIONS FOR THE ELECTROMAGNETIC POTENTIALS

Consider the Lagrange fu n c tio n  fo r  e lectrom agnetic  quan- 

tities(24).
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Lg = -| S f f  [  E ( r , t )  . D ( r , t )  -  H ( r , t )  . B ( r , t )  ]  dV

+ Sff  [  A ( r , t )  . J ( r , t )  -  Q ( r ,t)  F ( r , t )  ]  dV (2 .1 )

where

E ( r , t )  = -  [  ^  A ( r , t )  + grad F ( r , t )  ]  (2 .2 )

B ( r , t )  = cu rl A ( r , t )  (2 .3 )

V i s  a volume enclosed hy the su rface  S, t  the  time and r  the p o s i

tio n  v ec to r of a p o in t in  V as i l l u s t r a t e d  in  F ig . (2 .1 ) . The e le c 

t r i c  charge d en s ity  and the e le c t r i c  cu rren t d en s ity  are denoted 

re sp e c tiv e ly  by Q (r ,t )  and J ( r , t ) .  The fu n c tio n s  F ( r , t )  and A (r ,t)

are the s c a la r  and v ec to r e lectrom agnetic p o te n tia ls  s a tis fy in g  the
(2S)p e r tin e n t gauge condition^ :

d iv  A( r , t )  = ( F ( r , t ) )  (2 .4 )

where Ĝ  i s  a fu n c tio n  of time to  be sp e c if ie d  l a t e r .

The e l e c t r i c  and magnetic f ie ld  in te n s i t i e s  are E ( r , t )  and 

H( r , t ) ,  r e la te d  to  the e le c t r i c  and magnetic f lu x  d e n s it ie s  D( r , t )  

and B( r , t )  by the c o n s ti tu tiv e  r e la t io n s

D( r , t )  = £  E ( r , t )  (2 .5 )

B (r, t )  = yX .H (r, t )  (2 .6 )

where £  andyU. are the p e rm itt iv ity  and the p erm eab ility  of the
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-0

FIG.2.1 FINITE VOLUME AND THE ELECTROMAGNETIC POTENTIALS

The electrom agnetic p o te n tia ls  involved in  ca lcu la tin g  the 

Lagrange function  fo r  the electrom agnetic f ie ld .
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medium enclosed by S of V, assumed to  be p e rfe c t, i . e . ,  lo s s le s s  , 

l in e a r ,  is o tro p ic  and homogeneous.

The le a s t  a c tio n  p r in c ip le  fo r  electrom agnetic  q u a n ti t ie s  s t a 

te s  th a t  the e lectrom agnetic  f ie ld s  which may e x is t  in  V during  the 

time in te rv a l  ( t ^ , t ^ )  are those re la te d  to  the p o te n tia ls  A ( r , t )  

and F ( r , t )  f o r  which the a c tio n

I, = /  Lg d t  (2 .7 )
h

i s  s ta t io n a ry .

Extending the time in te rv a l  from ( -  ^) to  (+ ^ ) and in tro d u c 

ing  the F o u rier transform s (FT [  ]  ) of the  e lectrom agnetic  q u a n ti

t i e s  in  e q . ( 2 . l ) ,  denoted by

FT [  s ( r , t )  ]  = s ( r ,c o )  (2 .8 )

FT [  v ( r , t )  ]  = v(r,u5 ) (2 .9 )

the ac tio n  given by e q .(2 .? )  can be w ritte n  in  the form:

oo
= - ^  J* 2 • D*(r,u>) -  H(r,w) . B * (r ,^ )]  dV dw

+ S fSf [A (r,« ) . J*(r,«*>) - Q(r,«?) F *(r,t^)] dV dw  (2 .10)
—  OO
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whereto i s  the angular frequency, D * (r ,t)  and B * (r ,t)  are the

complex conjugates of D ( r , t )  and B ( r , t )  e tc .  The frequency do

main coun terparts  of e q . ( 2 .2 ) , ( 2 .3 ) »(2 .5 ) and (2 .6 ) are given by:

E(r,u>) = -  [  i o  A(r,co) + grad F(r,w ) ]  (2 .1 l)

B(r,co) = curl A(r,co) (2 .12)

D(r,u)) = 6E (r,u3) (2 .13)

B (r,0 ) = y t  g r ,w )  (2.14)

Denoting the f i r s t  o rder v a r ia tio n  of due to  a small va

r ia t io n  in  F(r,cÂ>) by 6^1^ and s im ila r ly  denoting by 0^1^ the

f i r s t - o r d e r  v a r ia tio n  of due to  a small v a r ia t io n  in  A(r,w) 

the  use of the le a s t  a c tio n  p r in c ip le  and the  frequency domain 

coun terpart of eq .(2 .4 )  y ie ld s  :

d iv  A(r,<o) = (F (r,uJ )) (2 .15)

= 0 ( 2 . 16)

° (2 .17)
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2 .3  MAXWELL’S EQUATIONS AND BOUNDARY CONDITIONS

The electrom agnetic q u a n ti t ie s  in  V must be r e a l  fu n c tio n s  of

time and so e q .(2 .8 )  and e q .(2 .9 )  can be w ritte n  in  the form:

FT C s ( r , t )  ]  = s * (r ,-c û )  (2 .18)

FT [  v ( r , t )  ]  = v ^ (r ,-ü 3 )  (2 .19)

S u b s titu tin g  eq .(2 .1 3 ) and e q .(2 .l4 )  in to  eq .(2 .1 0 ) and tak in g  in to

account eq .(2 .1 8 ) and eq .(2 .1 9 ) i t  can be shown th a t  the u n i la te ra l
( 12)expression  fo r  the frequency domain a c tio n  i s  given by :

30
I  = ^  f  J’J’J’ [  I  (E* . E + E . E*) (H* . H + H . H*)] dV dco

OO

+ ^  f  I f f  [(A* . J  + A . J*) -  (OF* + (Jf ) ]  dV dw  (2 .20)
^  0

w ith E, H, A, F, e t c . ,  denoting h e re a f te r ,  u n less  otherw ise s p e c i f i 

ed im p lic it  dependence of the  q u a n titie s  upon space and angular f r e 

quency.

The f i r s t - o r d e r  v a r ia tio n s  of the a c tio n  in  eq .(2 .2 0 ) due to  a 

small change 6F in  F and due to  a small change 6A in  A are given by

I  = f  m  6F* (d iv  £  E -  ft) dV dtO

1+ S  SSS àF (d iv  e.E -  Q)* dV dcO (2 .2 l)
2TT Q
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ô Iü)=  S f f f  ÔA* . (ico  e E -  cu rl H + J) dV d
A ^ 0

1
+ ^  f  m  6A . (lu ) 6 E -  cu rl H + j )*  dV doû (2 .22)T̂T Q

Applying the l e a s t  a c tio n  cond itions f o r  the e lectrom agnetic  

p o te n tia ls  given by e q .(2 .l6 )  and e q .(2 .1 ? )  to  e q .(2 .2 l)  and (2 .22) 

re sp e c tiv e ly , c a lc u la tin g  the cu rl of e q .( 2 .1 l ) ,  the divergence of 

eq .(2 .1 2 ) and using  the c o n s ti tu tiv e  r e la t io n s .  Maxwell's equations 

fo r  time harmonic f ie ld s  are ob tained:

d iv  D = Q (2 .23)

curl H = J + ic o e E  (2 .24)

cu rl E = -  iü y cH  (2 .25)

d iv  B = 0 (2 .26)

The boundary conditions f o r  the e lectrom agnetic  v ec to rs  are 

e s ta b lish e d  by applying M axwell's equations on the in te r fa c e  between 

two p e rfe c t media M̂ ( and ^ 2 ^ ^ 2 '/^ 2 ^ ’ ch a rac te rized  by

p e r m it t iv i t ie s  6   ̂ and sund p e r m e a b i l i t i e s a n d  , as

i l lu s t r a t e d  in  F ig . (2 .2 ) ,  in  the  form:

n X (Eg -  = 0 (2.27)
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FIG.2.2 BOUNDARY CONDITIONS FOR PERFECT DIELECTRICS

Schematic re p re se n ta tio n  of the co n tinu ity  of the normal 

components of the f lu x  d e n s itie s  and tan g en tia l components 

of the f ie ld  in te n s i t ie s  on the in te rfa c e  between two media.
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n X (H -  H^) = 0 (2 .28)

n . (Dg -  D p  = 0 (2 .29)

n . (Bg -  B p  = 0 ( 2 .30)

When the  in te r fa c e  between M (£yU.) and a  p e rfe c t conducting medium 

i s  considered the boundary conditions fo r  the e lectrom agnetic  

vec to rs  become

n X E = 0 ( 2 .31)

n X H = J ( 2 . 32)

n . D = ( 2 .33)

n . B = 0 ( 2 .34)

where and are  the  surface  cu rren t and su rface  charge den

s i t i e s .  The s i tu a t io n  i s  d ep ic ted  in  F ig . (2.3)*

2 .4  NORMAL MODE FIELD EQUATIONS

Consider a general lo s s - f r e e  c y lin d r ic a l reg ion  confined by a 

f i n i t e  number of closed p e rfe c t conducting su rfaces S^, S^, . . .  

extending in d e f in i te ly  along the  a x ia l d ire c tio n  (u^) having a 

constan t c ro ss -se c tio n  defined  by the closed curves C^, C^, . . .  C  ̂

generated  by i t s  in te rs e c t io n  with the plane z = constan t as
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FIG.2.3 BOUNDARY CONDITIONS ON A PERFECT CONDUCTING SURFACE

Schematic representation  of the charge and current d en si

t i e s  on the in ter fa ce  between a p erfect conducting surface  

and a p erfect d ie le c tr ic .
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i l l u s t r a t e d  in  F ig . (2 .4 ) .

The e le c t r i c  and magnetic f i e ld  in te n s i t i e s  of a normal mode 

wave propagating along the p o s itiv e  lo n g itu d in a l d ire c tio n  in  the 

cu rren t and charge fre e  medium w ith in  the reg ion  can be described  

re sp e c tiv e ly  by the equations:

E = ^  exp ( ic o t  -  yz) (2-35)

H = ^  exp ( i w t  -  yz) (2 . 36)

where y i s  the propagation function*  of the  s tru c tu re  and and

are  v e c to r ia l fu n c tio n s of the tran sv e rse  co -o rd ina tes  x and 

y only.

As the reg ion  extends in d e f in i te ly  in  the lo n g itu d in a l d ire c 

t io n  i t  i s  convenient to  decompose the f i e ld  vec to rs  in  e q .( 2 .35) 

and e q .( 2 .36) in to  tran sv erse  and lo n g itu d in a l components in  the 

form:

E = (E^ + Ug E^) exp ( ic o t  -  yz) (2 .38)

* The propagation fu n c tio n  y i s  u su a lly  c a lled  "propagation cons

ta n t"  ("phase constant" fo r  id ea l waveguides), but th i s  nomencla

tu re  in  the a u th o r 's  opinion i s  somewhat equivocal since i t  depends 

in  general on the wave frequency, on the e l e c t r i c  and magnetic pro

p e r t ie s  of the medium and on the waveguide geometry.



-  20 -

FIG.2 .4  WAVEGUIDE GROSS-SECTION

The waveguide i s  the confined d ie le c tr ic  space between the 

surfaces S^, S^, . . .  S^. The cut of the region by a plane 

z = constant generates the cro ss-sec tio n  shown.
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H = (H^ + exp ( ic o t  -  yz) (2 .39)

S u b s titu tio n  of eq .(2 .3 8 ) and eq .(2 .3 9 ) in to  eq .(2 .2 6 ) and eq .(2 .2 5 ) 

r e s u l t s  :

cu rl [(E^ + u^E^) exp(- y z )] = -  io ^ L  ( ^  + exp(- yz)(2 .40)

cu rl [(H^ + u^H^) exp(- y z )] = ic o £  ( ^  + ^ E ^ )  exp(- yz) (2 .4 l)

S eparation  of the tra n sv erse  and the lo n g itu d in a l p a r ts  of eq .(2 .4 0 ) 

and e q .(2 .4 l)  lead s  to^^^^:

cu rl ^  = - iioyL^H ^ (2.42)

u^ X grad E  ̂ + y u^ x ^  = iuycH ^ (2.43)

cu rl = i  Ü3 6 t̂ E ^ ( 2.44)

u —z X grad H ^ + y ^ x H ^  = -  i to  &E^ (2.45)

S u b s titu tio n  of eq .(2 .3 8 ) in to  eq .(2 .2 4 ) and eq .(2 .3 9 ) in to  e q .(2 .2 ? )  

y ie ld s

d iv  E^ = y E^ (2 .46)
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d i v  = y 'K ^  ( 2 . 4 7 )

C alcu la tion  of the cu rl of eq .(2 .4 2 ) and the use of eq .(2 .4 5 ) give:

The su b tra c tio n  of the g rad ien t of eq .(2 .4 6 ) from both s id es  of 

eq .(2 .4 8 ) y ie ld s :

2cu rl cu rl ^  -  grad d iv  ^  -  cO

= -  (icO yityu^ ^ E^) (2 .49)

C ro ss-m u ltip lica tio n  of eq .(2 .4 3 ) by u^y and the expansion of the 

t r i p l e  vecto r products show th a t :

Ug X Sp = -  y ( y S j. + grad Ej. ) ( 2 .50)

S u b s titu tio n  of eq .(2 .5 0 ) in to  eq .(2 .4 9 ) gives the v ec to r d if f e re n 

t i a l  equation fo r  the tra n sv e rse  e l e c t r i c  f i e ld  in te n s i ty  in  the 

waveguide, in  the form:

Sr + ( Y ^  + c û ^ e ) § r  = o ( 2 .51)

S im ila rly  the e lim in a tio n  of a l l  f ie ld  v a r ia b le s  except ^  shows 

th a t  the tra n sv e rse  magnetic f i e ld  in te n s i ty  s a t i s f i e s
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+ (  + c o V e )  St, = 0 ( 2 .5 2 )

Comparison of those r e s u l t s  shows th a t  the  waveguide tra n s 

verse f i e ld  in te n s i ty  v ec to rs  fo r  normal mode propagation are  so lu 

tio n s  of the homogeneous vec to r Helmholtz equation

( V ^  + 4 )  i n  = ° ( 2 .53)

sub jected  to  the p e r t in e n t boundary co n d itio n s.

2.5 ORTHOGONALITY AND COMPLETENESS OF THE TRANSVERSE NORMAL MODE 

ELECTRIC FIELD INTENSITIES

According to  e q .(2 .3 l)  and eq .(2 .4 6 ) the  boundary cond itions 

to  be app lied  to  eq .(2 .5 3 ) fo r  the e l e c t r i c  f i e ld  in te n s i ty  are

n X Ej = 0

d iv  = 0
( 2 .34)

The o rth o g o n a lity  and completeness p ro p e r tie s  of the tra n sv e r

se e l e c t r i c  f i e ld  in t e n s i t i e s  are  developed by considering  two inde

pendent so lu tio n s  of eq .(2 .5 3 )f  and E^^, to g e th e r  w ith the boun

dary conditions given by e q .(2 .5 4 ) .

Let e q .(2 .3 3 ) be id e n t ic a l ly  s a t i s f ie d  by the transverse vec

to r  fu n ction  th a t i s
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curl curl -  grad d iv  -  4  Spm = ° (2 -53)

Dot-m u lt ip lic a t io n  of e q .(2 .5 5 )  the complex conjugate of 

and in teg ra tin g  over the waveguide c r o ss -se c t io n  g ives:

'TJ' %  • Sim - Srad d iv  gp^ dS

= 4  Sgm ' Srm as (2 .36)

S u b s titu tio n  of the vec to r id e n t i t i e s  

f f  A . grad d iv  B dS = f f  d iv  A d iv  B dS + J' (n . A) d iv  B dL(2.57) 

f f  A . cu rl cu rl B dS = J'J’ cu rl A . cu rl B dS -  f  A x cu rl B . n dL

( 2 .58)

in to  e q .(2 .5 6 ) , tak ing  in to  account e q .(2 .5 4 ) , y ie ld s

^2 ^ J J (o u r l  S p P "  dS + J I ( d lv  g p j ^  dS

f f (  Ep̂ )Z ds

Therefore a l l  the  eigenvalues asso c ia ted  w ith normal mode pro

pagation  along the s tru c tu re  are re a l  and non-negative.

On the o ther hand , i f  i s  ano ther f i e ld  so lu tio n  of 

eq .(2 .5 3 ) sub jected  to  eq .(2 .5 4 ) then

curl curl Ep  ̂ -  grad d iv  gp^ " 4  Spn ° (2 .6 0 )
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D o t-m u ltip lica tio n  of eq .(2 .5 5 ) by and eq .(2 .6 0 ) by E^^, 

su b tra c tin g  the r e s u l ts  and in te g ra tin g  across the c ro ss -se c tio n  

g iv .s (2 6 )

( 4  -  4 )  Sim . S in  as = 0 ( 2 . 61)

showing th a t  the  o rth o g o n a lity  r e la t io n

Srm - Srn  as = o ( 2 . 62)

(m /  n)

holds fo r  non-degenerate modes.

The so lu tio n s  of e q .(2 .5 l)  c o n s titu te  a complete s e t  when i t

i s  p o ssib le  to  rep re sen t any a rb i tr a ry  v ec to r fu n c tio n  s a tis fy in g

the boundary conditions by means of a s e r ie s  of those s o lu tio n s . In

th a t  case, the, tru n ca ted  s e r ie s  produces an e r ro r  which tends to

zero when the number of terms i s  increased  in d e f in i te ly .
2I t  can be shown th a t  the e r ro r  e^ when approxim ating an a r b i 

t r a ry  tran sv erse  f i e ld  co n figu ra tion  s a tis fy in g  the boundary condi

tio n s  on the waveguide p e rfe c t conducting w alls, by a f i n i t e

s e r ie s  of tran sv e rse  e le c t r i c  f ie ld s ,  corresponding to  the

normal mode waves of e q .(2 .3 8 ), in  the form

EpA » .2  OpSp. (2 .63)
1—1

where
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f f  ( I t i  a s  = 1 ( 2 . 6 4 )

=1 = I f  SiA - 5 r i  as (2 .65)

s a t i s f i e s  (2^)

N
lim  e2 = lim  1 7 /(1 , .) ^  dS -  E o2 ]  = 0 (2.66)
N-roo N-» 30 i= i

Consequently, the s e t  of tra n sv erse  normal mode e le c t r i c  f i e ld  in 

te n s i t i e s  i s  an orthogonal complete s e t ,

2 .6  VARIATIONAL EXPRESSION FOR THE PROPAGATION FUNCTION 

Considering the gauge condition  in  eq .(2 .1 5 ) given by

div  A(r,cO) = 0 (2 .6?)

and using  e q .(2 .1 l)  the  s c a la r  p o te n tia l  and the e l e c t r i c  f ie ld  in 

te n s i ty  w ith in  the waveguide reg ion  can be w ritte n  as:

F(r,cO ) = 0 (2.68)

E (r ) = -  icOA(r) (2 .69)

S u b s titu tio n  of eq .(2 .6 9 ) in to  e q .(2 .2 0 ) , tak in g  in to  account 

Maxwell's equations and c o n s titu tiv e  r e la t io n s ,  gives the Lagrange 

fu n c tio n  in  the form:
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Lg (e) = f f f  (5 E * ( r )  . E (r) (c u r l E (r))*  . curl E (r))  dV

(2 .70)

Decomposing the volume in te g ra l  in  eq .(2 .7 0 ) in to  a su rface  

in te g ra l  over the c ro ss -se c tio n  and an in te g ra l  along the symmetry 

ax is  r e s u l ts :

30
Lg (E) = f  [ff(e B»(r) . E (r) (o u rl E (r ))* . cu rl E (r))dS]dz

(2 .71)

Using F o u rie r transfo rm ation , e q .(2 .7 l)  can be w ritte n  in  the

form:

Lg (Eg) = f f (  6 E | . E g - ^  ourl E* . cu rl Eg) dS d f (2 .72)

where ^  i s  the Fourier transform of E(r) with transverse com

ponent s a t is fy in g  the Helmholtz equation on the cro ss-sec tio n :

( ) Bgp = 0 (2 .73)

with the subscrip t T to the operator denoting transverse d e r iv a t i

v es. The lon g itu d in a l component Ê y o f ^  i s  given bypL —p

^3L ^ 3  ^ T  * %T ( 2 .74)
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S u b s t i t u t i o n  o f  e q . ( 2 . ? 3 )  and  e q . ( 2 . ? 4 )  i n t o  e q . ( 2 . ? 2 )  g i v e s i

00

2
L g (^ )  2TT { ^   ̂ g2 (

(2 .73)

Because the normal mode tra n sv e rse  e l e c t r i c  f i e ld  in te n s i t ie s  

form a complete s e t ,  and Ep^ s a t i s f i e s  eq .(2 .7 3 ) i t  i s  p o ssib le  

to  w rite , assuming propagation in  the z d ire c tio n ^

Egp = E 6 ( e + g j)  E p j(x ,y ) (2 .76)

where E p .(x ,y ) rep re se n ts  the tra n v e rse  e l e c t r i c  f i e ld  in te n s i ty  of 

the mode with propagation fu n c tio n  = i3 j  and Ô i s  the  D irac 

fu n c tio n .

S u b s titu tio n  of e q .(2 .7 6 ) in to  eq .(2 .7 5 ) and the in te g ra tio n  
( 12 ) ’with re sp ec t to  3 gives the v a r ia t io n a l  expression  f o r  the p ro

pagation  function^^^), in  the form*:

P //(V m xV m X  E ^ (x ,y ) -  ( 0 / l E ^ ( x , y ) )  dS- ud>^£/ / ( ^
Y ( ^ ) =  --------------------    p----------------   p ^ --------

J'J’C V t X E (x ,y))^dS  -  L0 /£6 l I (& (x ,y ) )^ d S

= -  gZ (E_) (2 .77)

*The expressions in  re fe ren ces  (12) and ( l4 )  coincide with eq .(2 .7 7 ) 

when id ea l waveguides are considered.
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Once the  v a r ia t io n a l  expression  has been obtained i t  i s  pos

s ib le  to  d eriv e  the  i n f in i t e  s e t  of normal mode tran sv e rse  e l e c t r i c  

f ie ld  in t e n s i t i e s .  Assuming th a t  th e re  has been found a fu n c tio n  

s a tis fy in g  the  boundary cond itions and fo r  which e q .(2 .? 7 )  i s  

s ta tio n a ry , ano ther e igen function  s a tis fy in g  the boundary con

d itio n s  and making e q .(2 .7 7 )  s ta t io n a ry  can be found by using  the 

o rth o g o n a lity  r e la t io n s h ip .  A ll the eigenvalues can be obtained  

since the procedure holds fo r  any p /  q and th e re fo re , concep- 

t io n a lly ,  the problem of normal mode propagation  in  waveguides i s  

solved.

2.7  NORMAL MODE CLASSIFICATION

The complete normal mode tra n sv e rse  e l e c t r i c  f i e ld  in te n s i ty  

se t can be decomposed in to  th ree  prim ary su b se ts ;

1) c = 4 4  4 4  . . .  4 4  4 4  ( 2 .? 8 )

fo r  which the  general v ec to r fu n c tio n  , ( j  = 1 , 2 , . . .n,n+1)has:

cu rl = 0 (2 .79)

div  E ^ 9  = 0 (2 .8 0 )
J- J

11) [  ]  = 44  44  •••44 4 4 * ( ^ . s d

( 2 )fo r  which the  general v ec to r fu n c tio n  , ( j  = 1 ,2 , . .n ,n + l . . ,  )has;



— 30 “

cu rl /  0 (2 .82)

d iv  = ° (2 .83)

and

i l l )  [  ]  = 4 4  4 4  ••• 4 n ^ '  4 4  - •••  (2 .84)

(3)fo r  which the general v ecto r fu n c tio n  has;

ourl = 0 (2 .85)

d iv  /  0 (2 .86)

C onsideration of a v ec to r fu n c tio n  in  a s e t [  E^^^] with 

n e ith e r  cu rl nor divergence equal to  zero im plies the p o s s ib i l i ty  

of d e fin in g  the non-vanishing fu n c tio n s

^ a )  _ ^(a) cu rl ^ 4 ^  (2 .8?)

w ith in  s e t  [  E^^^] or s e t  [  E^^^] and

grad d iv  E^^^ (2 .88)

w ith in  the  s e t  [  o r s e t  [  E^^^] .
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S u b s t i t u t i o n  o f  e q . ( 2 . 8 ? )  and  e q . ( 2 . 8 8 )  i n t o  e q . ( 2 . 5 l ) r e s u l t s :

( k )As Epj i s  assumed to  be a normal mode tran sv erse  e le c t r i c  

f ie ld  in te n s i ty  i t  s a t i s f i e s  eq .(2 .5 l)»  then

cu rl cu rl (c^^^ -  c^^^

-  grad d iv  (c^^) -  c^^^ /  c^^^c^^^k^j

-  k^j (c ( t )  E^^)) /  c(a)c(t)kZj = 0 (2.90)

M anipulation of eq .(2 .9 0 ) y ie ld s :

j i T ^  4 f  -  4 f  -  4 j  4 Ÿ
CJ

-  T U X  4 ?  -  4 j  4 ?  ) = ° ( 2 .91)
= kcj

From eq .(2 .8 8 ) and eq .(2 .8 9 ) we get

grad d iv  4 9  = 4 b )  4 j ^  (2-92)

d iv  4 j ^  = -  4 j  d iv  4 9  (2 .93)
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S u b s t i t u t i o n  o f  e q . ( 2 . 9 2 )  and  e q . ( 2 . 9 3 )  i n t o  e q . ( 2 . 9 l )  g i v e s

cu rl cu rl -  grad div  -  k^. = 0 (2.94)i J 1J C J i J

and th e re fo re  the fu n c tio n  E^t^ i s  a so lu tio n  of e q .(2 .5 1 )«Taking

the cross-p roduct of eq .(2 .9 4 ) by the u n it  v ec to r normal to  the
(a)c ro ss -se c tio n  boundary, n , and no ting  th a t  i s  d ivergenceless

i t  can be shown th a t ;

n X n X (c u rl [  cu rl E^^^ ]  ) (2 .95)
^ c j c k^j

As E^j^ i s  a so lu tio n  of e q .(2 .5 l)  sub jec ted  to  the boundary 

conditions of eq .(2 .5 4 ) i t  fo llow s from eq .(2 .9 5 ) ^nd e q .(2 .8 ? )  

th a t  :

d iv  E^j) = 0

( 2 . 96)

However, from eq .(2 .9 4 ) and eq .(2 .9 6 )  and are

so lu tio n s  of the  same equation  sub jec ted  to  the same boundary con

d it io n s  and so, from eq .(2 .8 9 ) , i s  a lso  a so lu tio n  under the
_ (4)nsame co nd itions. Therefore any fu n c tio n  w ith in  subset L Sp J 

can be described  by the su p erp o sitio n  of the previous prim ary sub

s e ts  and the fo llow ing mode c la s s i f ic a t io n  a p p lie s .
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2 .7 .1  TEM MODES

For normal modes belonging to  the f i r s t  subset [  E^^^] , 

eq .(2 .4 6 ) and eq .(2 .4 ? ) show th a t

^  = 0

(2 .97)
Hl  =  0

and the propagating electrom agnetic  f i e ld  l i e s  e n t i r e ly  on the 

tran sv erse  p lane. The modes are denominated TEN modes from the 

i n i t i a l s  of Transverse E le c tr ic  and Magnetic f i e ld s .  The tra n sv e r

se e le c t r i c  f i e ld  in te n s i t ie s  f o r  th i s  group of so lu tio n s  can be 

obtained through the g rad ien t of a genera ting  s c a la r  fu n c tio n  

G ^ ^ \x ,y )  s a tis fy in g

d iv  grad G^^^(x,y) = 0 (2 .98)

n X grad G^^^(x,y) = 0 (2.99)

(on 3^ ,82» . . .  8^)

in  the form

= grad G ^ ^ \x ,y ) (2 .100)

From eq .(2 .9 9 ) i t  fo llow s th a t  on any closed curve on the 

boundary su rfaces
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c c (^ )(x ,y )  ]  = 0 (2.101)

and th e re fo re  (x ,y )  i s  s in g le -v a lu ed  over any closed conduct-

ing su rface  of the reg ion .

For a s ing le-connected  boundary G ^ ^ \x ,y )  i s  a constan t, Gq , 

and so

f f  d iv  c (^ )(x ,y )  grad G ^ ^ \x ,y )  dS =

= Gq f f  d iv  grad G ^ ^ \x ,y )  dS (2.102)

Using G reen 's f i r s t  id e n t i ty  and eq .(2 .1 0 2 ) i t  fo llow s th a t

ITCgrad c ( l ) ( x , y ) ) 2  dS = 0 (2.103)

and th e re fo re  no TEM propagation may occur in s id e  sing le-connected  

waveguides. For N-connected waveguides, however, th e re  are (N -  l )  

p o s s ib i l i t i e s  of assign ing  constan t values f o r  G ^ ^ \x ,y )  and (N -  l )  

TEM modes may p ropagate . In  th is  case the genera ting  function  i s  

obtained by so lv ing  L ap lace 's  equation over the  waveguide c ro ss -sec 

tio n :

V t G (l)(x ,y )  = 0 (2.104)

sub jec ted  to  the boundary cond ition

G^^)(x,y) = constant ( 2 .IO5 )
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over the N closed curves.

The s in g le  eigenvalue r e s u l t in g  from eq .(2 .5 9 ) shows th a t  the 

propagation i s  non-d ispersive with a propagation  fu n c tio n  given by

Y = ICO (M -£ )^  ( 2 . 106)

In  Microwave Engineering, guiding s tru c tu re s  supporting  TEM 

waves are , in  general, c a lled  transm ission  l in e s  r a th e r  than  wave

guides and have a p p lic a tio n s , u su a lly , in  cab ling  and low-power

techniques. Conventional methods can be app lied  to  analyse the
( 9 7 )p ro p e rtie s  of transm ission  lin e s^  ' and only non-TEM propagating 

s tru c tu re s  w ill remain under the denomination "waveguides" and w ill 

hereupon be tre a te d * .

2 .7 .2  TE MODES

The tran sv erse  e l e c t r i c  f i e ld  in te n s i t i e s  belonging to  the 
(  ’2. )second s e t  [  E^ '~\ are d iv ergenceless  and according to  e q .(2 .4 2 ) 

and eq .(2 .4 6 ) the normal modes are c la s s i f ie d  as Transverse E le c tr ic .  

On the o th er hand, as

u^ X cu rl E^^) = 0 ( 2 . 107)

i t  i s  po ssib le  to  w rite  :

H igher-order modes in  m ulti-connected  guiding s tru c tu re s  included .
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c u r l = u ^  G ^ ^ \ x , y )  ( 2 . 1 0 8 )

( 2)where G  ̂ '( x ,y )  i s  a s c a la r  fu n c tio n  of the tra n sv e rse  co -o rd in a tes  

S u b s titu tio n  of eq .(2 .1 0 8 ) in to  e q .(2 .5 l)  shows th a t  the func-
( 2 )t io n  G  ̂ (x ,y ) i s  a so lu tio n  of:

( ) G (Z)(x,y) = 0 (2 .109)

The boundary condition  fo r  the divergence on the conducting 

w alls i s  au tom atica lly  s a t i s f ie d  by th i s  group of fun c tio n s  and, as

n X = u - 4  (n . grad G ^^^(x,y)) (2.110)1 —z rC n
on

the boundary conditions f o r  TE modes reduce to  e i th e r

n . grad G ^ ^ \x ,y )  = 0 (2.111)

(on S^, Sg» . . .  S^)

or

J -  -

( on , Gg, . . .  C^)

^  E G^ZJ(x,y) ]  = 0 (2.112)

where ^  ]  in d ic a te s  a d e r iv a tiv e  c a lcu la ted  in  the d ire c tio n

normal to  the boundary.



37  -

I f  G ^ ^ \x ,y )  and G j^)(x ,y ) are so lu tio n s  of e q .(2.109) s u b je c t

ed to  the condition  in  e q .(2 .112), then

G j^)(x ,y ) d iv  grad G ^ ^ \x ,y )  -  o j^ ) (x ,y )  d iv  grad G^^^(x,y) =

= (k^^ -  kZ\ ) G(Z)(x,y) G(Z)(x,y) (2 . 113)

In te g ra tio n  over the c ro ss -se c tio n  and the use of G reen's se 

cond id e n ti ty  g ives;

I  ( G ^ ^ x .y )  [G ^^)(x ,y)] -  G ^^^x .y ) [ G ^ ^ x .y )  ]  ) dL =

= (k̂ i  ̂ -  ) f f  G p )(x ,y )  G(2)(x,y) dS (2.114)

S u b s titu tio n  of eq .(2 .112) in to  e q .(2.114) lead s  to  the o rth o 

g o n a lity  r e la t io n :

f f  G^2\x,y)  G^^)(x,y) dS = 0 (2.115)

(m /  n)

When degenerate modes occur, th a t  i s ,  in  the occurrence of two

d i s t in c t  s c a la r  fu n c tio n s  G ^ ^ \x ,y )  and G ^^^(x,y), having the same
/ 2 \

eigenvalue k = k , the subset [  1 can be modified by r e -cp cq —T
p lac in g  G^^)(x,y) by the fu n c tio n
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G p ^ ^ ( x , y )  = A G ^ ^ \ x , y )  + G ^ ^ \ x , y )  ( 2 . 1 1 6 )

where

f f  G ^ ^ \x ,y )  c (2 )(x ,y )  dS
A  ---------- : --------- r f r ^ — =--------  ( 2 . 117)

f f  ( G (2 )(x ,y ))2  dS

( 26 )in  order to  preserve the o rth o g o n a lity  w ith in  the s e t.^  '

The lo n g itu d in a l magnetic f i e ld  in te n s i ty  components are de

termined using  eq .(2 .4 2 ) and e q .(2 .108). This g ives:

Â n  = c (2 )(x ,y )  (2 .118)

The tran sv erse  magnetic f ie ld  in te n s i ty  components are o b ta in 

ed by combining e q .(2 .4 4 ); e q .( 2 .52) and e q .(2.118) in  the  form:

-Tn^ " " ^ ( ^n ~ T  Srad G ^ ^ \x ,y )  (2.119)
^cn

C ro ss-m u ltip lica tio n  of eq .(2 .4 3 ) by and the expansion of 

the t r i p l e  vecto r product g ives:

^  ^  ÜTn (2.120)

S u b s titu tio n  of e q .(2.119) in to  e q .(2.120) lead s to  the d e te r -
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m ination of the tran sv e rse  e le c t r i c  f i e ld  in te n s i t i e s  in  terms of

X grad G ^ ^ \x ,y )  (2.121)& n  - z  ^ 2
on

2 . 7.3 TM MODES

The magnetic f i e ld  in te n s i t i e s  corresponding to  the fu n c tio n s
( 3)w ith in  the i r r o ta t io n a l  subse t ]  are tra n sv e rse  (e q .(2 .4 2 ) ) .

f 3)The vecto rs can be obtained from the s c a la r  fu n c tio n
C 3 ̂*̂ n th r o u ^  the expression :

-Tn^ = grad G ^ \ x ,y )  (2.122)

w ith G^^^(x,y) s a tis fy in g

( 's r ?  + = 0 (2 . 123)

sub jected  to  the boundary cond ition

G (3)(x ,y) = 0 (2.124)n
(on , Cg, . . .  G^)

( 3)The boundary cond ition  n x E^^^ i s  au to m atica lly  s a t i s f ie d  

by the su b se t. Following a procedure s im ila r  to  th a t  employed fo r
( 3)TE modes i t  can be shown th a t  ithe.fu n c tio n s  0% (x ,y ) are orthogo-
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n a l , th a t  i s  ;

S !  G p \ x , y )  G p \ x , y )  dS = 0 (2 .125)in ' n

(m n)

In  case of degeneracy between fu n c tio n s  G ^ ^ \x ,y )  and G^^^(x,y) 

the  l a t t e r  can be rep laced  by

( 26^to  keep orthogonality^  ^ .

Once the so lu tio n s  to  eq. (2.123) a.nd eq. (2.122) have been ob

ta in ed , the remainder of the  e lectrom agnetic  v ec to rs  are developed 

analogously to  TE modes, in  the form;

^  : ; ^ G p ) ( x , y )  (2.127)

= -  1 ( & ) e /  Y„ ) «2  X grad G ^ ^ x . y )  (2.128)

2.8 CUT-OFF, WAVE IMPEDANCE AND MODE DUALITY

The propagation fu n c tio n s  can be w ritte n  in  terms of the

eigenvalues k in  the form: on
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where k i s  the space wave-number:

 ̂ 1
k = <o '(M-6.)^ (2.130)

The eigenvalue k i s  ca lled  the c u t-o ff  wave-number since i t  cn
determ ines the wavelength fo r  which becomes r e a l  and the f ie ld s

are exponen tia lly  a tten u a ted  in stead  of propagating  along the s tru c 

tu re  .

The space wavelength fo r  which c u t-o ff  occurs i s  ca lled  cu t

o ff  wavelength, being given by:

kon = ^  (2-131)cn

The guided wavelength i s  defined  as the d is tan ce  the wave must 

propagate to  undergo a phase s h i f t  of 2tt ra d ian s , th a t  i s :

Ag = | 2  (2.132)

( Yn = IP )

Combination of eq .(2 .1 3 0 ), e q . (2.131) and. e q .(2.132) g ives:

= 2it -------------- 5-------------  ( 2 . 133)
k [  1 -  (-§% )Z ]  2
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F ie ld s  f o r  which k < k^^ have r e a l  propagation fu n c tio n  and 

are re fe r re d  to  as evanescent modes.

The phase and group v e lo c i t ie s ,  v^ and v ^ ,a re  given by

= c
[  1 -  (O n  )2] i

( 2 . 134)

( 2 . 135)

where

c =
( / .& )

(2.136)

On the o ther hand, by considering  the  p ro je c tio n  of a general 

v ecto r q u an tity  v onto a tra n sv e rse  plane v^ and the v ec to r r e s u l t 

ing from ro ta tin g  v^ through tt / 2  r a d . , v° , i t  can be shown^^^^ 

th a t  the wave impedance can be w ritte n  fo rm ally  as:

( 1) =
n

E,

H,

( i )

8 )
Tj

^ Y n ^ T ^ n  ~

Yn V r  V j, E^n
( 2 . 137)

S u b s titu tio n  of 0 fo r  TE modes and E^^= 0 fo r  TM modes in 

to  e q .(2 . 13?) and the use of eq .(2 .1 1 8 ), eq .(2 .119)»  e q .(2.121) ,
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e q .(2 .122), eq .(2 .12?) and e q .(2.129) show t h a t , except fo r  a sca lin g  

fa c to r ,  the  f i e ld  con figu ra tion  in s id e  waveguides can be w ritte n  as:

Ug X 4 2 ) (2.138)

= 0 (2 . 139)

=~Yn V t s (2 ) (x ,y )  (2.140)

^  ken G(Z)(x,y) (2.141)

'  Yn V x  Gp^(x.y) (2.142)

4 n ^  = ^  k l  G p ) ( x , y )  (2.143)

4 n ^  = - - Ü T  ^  ^ 4 n ^  (2.144)
2n

= 0 (2.145)

where

z(2^ = i  ^  (2.146)
n
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1  A :  ( 2 . 1 4 7 )

The dual c h a r a c te r is t ic  of the p ropagation  in  id e a l waveguides 

i s  e s ta b lish ed  from e q .(2.142) to  e q .(2 .l4 ? )  and the space orthogo

n a l i ty  of the electrom agnetic  f ie ld s  f o r  a given mode reduces to  the 

tra n sv e rse  r e la t io n

°  (2 .148)

2.9  ORTHOGONALITY AND COMPLETENESS OF THE NORMAL MODE FIELD INTEN

SITIES

I t  can be shown, fo r  in stan ce  by fo llow ing  a d e r iv a tio n  s im ila r  

to  th a t  adopted p rev iously  fo r  the e l e c t r i c  f i e ld  in t e n s i t i e s , t h a t  

the  r e la t io n

/J ’ a rm -  %rn = 0 (2 .149)

(ra /  n)

holds f o r  any two non-degenerate waveguide normal modes.

I t  can a lso  be shown th a t  the normal mode tra n sv e rse  magnetic

f i e ld  in te n s i t i e s  c o n s titu te  a complete s e t .  T herefore , the normal

mode f i e ld  in te n s i t i e s  form complete orthogonal s e ts  and can be used
i 29)fo r  the expansion of a r b i t r a r y  waveguide f i e ld  co n fig u ra tio n s ' \

2.10 POWER FLOW AND POWER ORTHOGONALITY

The time average power flow  in  the s tru c tu re  i s  given by the
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in te g ra l  of the complex Poynting vec to r over the c ro ss -se c tio n , in  

the form;

P = i  Re [  / /  (E X  H*) . dS ]  ( 2 . I 5O)

For a s in g le  propagating  TE mode, s u b s t i tu t io n  of e q . (2 .132), 

to  e q .(2.141) in to  eq .(2 .130) and the use of G reen 's f i r s t  id e n t i ty  

give:

= G(Z)(x,y) s ( ^ ) ( x ,y )  dS

+ §  z (2 )  p2 f  c ( ^ ) ( x ,y )  [G ^^^x.y )]  d l  ( 2 . I 5I)

(y = ip )

The l in e  in te g ra l  in  e q .(2 .1 5 l)  vanishes ( e q .(2 .112 ), th e re 

fo re , considering  e q .(2.109) the  power fo r  a s in g le  p ropagating  TE 

mode i s  given by:

p(2) = I  z(2 ) p2 ( c (^ ) (x ,y ))2  dS (2.152)

When a s in g le  propagating TM mode i s  considered, s im ila r  d e r i 

v a tio n  lead s  to :

= I ^  Pn 4  ( G p \ x ,y ) ) 2  dS (2 .153)
n
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A pplication of eq .(2 .2 5 ) fo r  two independent propagating modes 

with f ie ld s  given re sp e c tiv e ly  by and g ives:

curl (2.154)

curl ( 2 . 155)
-q  /  -q

D o t-m u ltip lica tio n  of eq. (2.154) by and eq. (2.155) by 

and the su b tra c tio n  of the r e s u l ts  give:

. cu rl E^^) -  . cu rl E^^^ = 0 (2 . I 56)-q  -T -T -q

Following a s im ila r  procedure but using  e q .(2 .2 4 ) , i t  can be 

shown equally  th a t :

E^j) . cu rl -  E^^) . cu rl = 0 (2 . 157)-q  ~P “ P - 9.

Addition of eq .(2 .156) and eq .(2 .157) and subsequent s im p lif i

ca tio n  give:

d iv  [  E^^) X -  E^j) X  ]  = 0 (2.158)
- p  -q . -q . - p

The q u a n titie s  in  eq .(2 .158) are f ie ld s  of waves propagating

along the waveguide depending on the lo n g itu d in a l co-ord inate  as 
- ig  z -i|3 z

e ^ and e ^ . A fter some m anipulation , e q .(2.158) can be
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w ritte n  as;

= i  (3 + 3 ) u . (E^^) X -  E^j) X ) (2.159)p q - z  -q_ - q  —p ^

A pplication  of G auss's theorem and s u b s t i tu t io n  of the bounda

ry  condition  f o r  the ta n g e n tia l e l e c t r i c  f i e ld  in te n s i t ie s  gives 

the r e s u l t ;

i  (3 + 3 ) u . (s (^ )  X -  E^j) X ) dS = 0 (2 .l6 0 )P q —z p -q  —q "-p

The r e s u l t  in  e q .(2 .l6 0 )  i s  general and can be app lied  when 

the q^^ mode has propagation d ire c t io n  reversed , then:

i  (3 -  3 ) u . (-E^^) X -  E^j) X ) dS = 0 (2.161)P q —z ' -p  —q -q  —p '

Addition and su b tra c tio n  of e q .(2 .l6 0 )  and e q .(2 . l6 l)  give;

S f  X dS = 0 (2.162)

f f  ( 4p^ * ) . 3i, dS = 0 (2.163)%

On the o ther hand, fo r  id ea l waveguides, the  eigenvalues
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are re a l  ( e q .( 2 .59)) and th e re fo re  the so lu tio n s  to  e q .(2 .53) can

be chosen to  be r e a l .  Consequently e q .(2 .l6 2 )  and e q .(2 .l6 3 )  may

now be w ritte n  in  the form:

f f  X . u dS = 0 (2.164)p -q  —z

(Pp ^  V

Combination of eq .(2 .150) and e q .(2.164) g ives:

p ( i ) ( j )  = i- Re [  J’J' (E^^) X . u dS ]  = 0 ( 2 . I 65)pq —p -q  -z

(p q)

where rep re sen ts  the time average power flow due to  the

in te ra c t io n  of two non-degenerate propagating modes.

From e q .( 2 . 165) the to t a l  time average power flow , P^, in s id e  

id e a l waveguides, in  the absence of degeneracy, can be w ritte n  as:

where i s  the time average power flow due to  each propagating mode. 

The power c a rrie d  by any mode i s ,  th e re fo re , independent of the p re

sence of o th e r modes.

2.11 FIELD EXPAKDIBILITY

The normal mode so lu tio n s  to  the waveguide problem are o b ta in 

ed by assuming exponential dependence of the f i e ld  v a r ia b le s , in  the
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form given by eq .(2 .3 5 ) a.nd e q .(2 .3 6 ) . Such a p r io r i  assumption on 

the fu n c tio n a l dependence of the f i e ld  co n fig u ra tio n  i s ,  in  p r in c i 

p le , very r e s t r i c t iv e .

However, using  the o rth o g o n a lity  and completeness p ro p e rtie s  

of the normal modes, a general expression  involv ing  no a p r io r i  

assumption on the f i e ld  v ec to rs  (o th e r  than  meeting the requirem ents 

on the boundary) can be obtained^

The technique used f o r  developing the  general so lu tio n  co n s is ts  

of rep re sen tin g  an a rb i tr a ry  propagating  f ie ld  by a l in e a r  combina

t io n  of normal modes. The expansion c o e f f ic ie n ts  are  determ ined 

making use of Maxwell's equations, as fo llo w s.

Consider an a rb i tr a ry  e lectrom agnetic  f i e ld  s a tis fy in g  the  

boundary conditions on the waveguide w a lls , w ith e le c t r i c  and mag

n e tic  f ie ld  in te n s i t ie s  E and H. Using e q .( 2 . 63)1 eq .(2 .6 4 ) and 

e q .( 2 . 65) the a rb i tr a ry  f i e ld  can be expanded in  terms of the  normal 

mode f ie ld s  in  the form:

I  = Z [ EL E . E as ]
n=l

+ [  2s Stn (Es . E) dS ]  ( 2 . 16?)
n—1

oo
H = 2 [  H . as ]

n=l

+ 2 [  5s « in  f f  (u^ . H) as ]  (2 .168)
n=l
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where the normal mode base vec to rs  are orthonorm al, th a t  i s ,  o rth o 

gonal and normalized such th a t ;

/ / I ^  dS = 1 : / / dS = 1 (2.169)

I Srnl “ks = 1 : / /  h£^ ds = 1 (2.170)

Noting th a t  in  Maxwell's equation cu rl E behaves as a magnetic 

, i t s  expansion can be 

t i t u t e  fo r  H in  e q .(2 .168):

f i e ld ,  i t s  expansion can be c a rrie d  out in  terms of H^, i . e . ,  subs-

curl E = Z C }L / /  cu rl E . IL ]  dS 
n=l

+ 2 [u^ / /  ( u^ . cu rl E) dS ]  (2 .171)
n=l

On the o th e r hand, the in teg rand  in  the f i r s t  term of e q .(2.171) 

can be w ritte n  in  the form:

cu rl E . ( u^ X g j)  . -  ( u^ X grad Ej_). (2 .172)

Because , f o r  the normal mode, the fu n c tio n  u^ x behaves

as , the fu n c tio n  d iv  E_, behaves l ik e  E_ and the previous com- -Tn -Tn Ln
ment about cu rl E can be extended to  cu rl E^^ , e q . (2.167) to  

e q .(2 . 172) can be w ritte n  in  terms of the  normal mode tran sv erse  

e l e c t r i c  f ie ld  in te n s i t ie s  alone :
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E = 2 C / /  E . dS ]  
n—1

^  d iv  d iv  E„^
+ ^ ^ J ^ d s ]  (2.173)

n=l

H = 2 [  ( X g j^ )  / /  H . ( X g^^) dS ]
n—1

»  cu rl cu rl ^
+ 1  [  Mn S  • —  Mn ^ ^^.174)

n— 1

cu rl E = E C ( u^ X E^^) f f  cu rl E . ( u^ x dS ]
n— 1

=o curl cu rl
+ 2 C  / /  ourl g  .  r r ^  dS ]  (2 .175)

n=l

curl g  . ( X gj.^) = c X g j)  -  X grad Ej_] . ( X g j^ )

(2 . 176)

where Nn and Mn are norm alizing f a c to rs  in troduced to  keep the base 

fu n c tio n s  orthonormal as befo re .

O peration of the do t-p ro d u c t, in te g ra tio n  and a p p lic a tio n  of 

the  G auss's theorem in to  eq .(2 .1 ?6 ) and tak ing  in to  account th a t  E 

s a t i s f i e s  the boundary cond itions give;
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f f  curl E . ( X E^^) dS = f f  dS

+ Ug . E d iv  E^^ dS (2.177)

S im ila rly , a f t e r  some m anipulation, we get:

E E
/ /  cu rl E . cu rl = | |  dS = / /  E . = |S  dS (2.178)

S u b s titu tio n  of e q .(2.177) and e q .(2.178) in to  e q .(2.175) gives 

the expansion of cu rl E in  the form:

cu rl E = Z [ (  u^ X g j^ )  ( 1 ^  / /  Ej . dS + ^  . E d iv  gp^dS )  ]
n—1

^  cu rl E , E
+ E, [  — 3 - ]  (2.179)

n—1

S im ila r procedure allow s cu rl H to  be w ritte n  as:

cu rl H = Z [  XX H . (u^ X g^^)dS + / /  H . cu rl gj.^ dS )  ]
n—1

n—1

S u b s titu tio n  of eq .(2 .179) and e q .(2.174) in to  eq .(2 .2 5 ) and 

e q .(2.180) and e q .(2.173) in to  eq .(2 .2 4 ) equating  the c o e ff ic ie n ts
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y ie ld s

i  co£ XX E . dS = -  XX H . (u^ X g j J  dS + XX H . cu rl g j^  dS

(2.181)

i  CO £  XX (u^ . 1) div g j„  dS = XX H . (Ug X g j^ )  dS (2.182)

( d l v g j ^ 7  0)

i  CO/£XX H . (u^ X gj^) dS = XX E . gj^ dS + XX(û  . E)dlv g^^ dS

(2.183)

IcO ^X X  H . curl g^^ dS = XX E . gj,^ dS (2.184)

( c u r l E ^ ^ /  0)

For TE propagation, d iv  E^^ = 0 and the combination of 

e q .( 2 . 179) to  e q .(2.184) r e s u l t s :

2
c XX E . gj,^ dS ]  + ( o l ^ £  -  ) [  XX E . gj,^ dS>0 (2.185)

ÔZ /

The general so lu tio n  of e q .(2.185) i s  given by:

XX E . gp^ dS = e e " (2.186)

(y„ ^  0)
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XX E . dS = (2.187)

(Yn = 0)

S u b s titu tio n  of e q .(2.186) and eq .(2 .1 8 ?) in to  the o r ig in a l 

equations tak in g  in to  account e q . (2.146) r e s u l ts :

X X  H . (u^ X g j ,J  dS = - ^  [  e e ]  (2.188)

(Yn ^ 0)

k2  ̂ ^ ^
XX H . cu rl gpjj dS = e "  + e "  ]  (2.189)

Yn 

(Yn ^ 0)

XX H.( X E^^) dS = 1 (2.190)

(Yn = 0)

fc2
XX H . cu rl E j^ dS = 1 ^  + D^z) (2.191)

(Yn = 0)

S im ila rly , co n sid e ra tio n  th a t ,  f o r  TM modes cu rl = 0 to 

gether w ith the use of eq .(2 .1 4 ?) leads to :
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XX E . dS = e (2.192)

(y„ f- 0)

X X  H . (Ug X E^^) dS= [A^ e ]  (2.193)

(Yn ^ 0)

. 2
X X  (u^ . E) d iv  Ej.^ dS = - ^  [  A  ̂ e -  B^ ]  (2.194)

(Yn 0)

X X  E . dS = 1 ^  (2.195)

(Yn = 0)

X X  H . (u^ X E j n )  + D^z (2.196)

(Yn = 0)

X X  (u^ . E) d iv  S f n  as = -  i  (c^ + D^z) (2.197)

(Yn = 0)

Considering th a t  none of the  i s  zero , e q .(2.173) and

e q .( 2 . 174) can now be w ritte n  re sp e c tiv e ly  as:
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5  = ?  CSrn ( e + Bn ) ]
n—1

2
k “Y z Y z

^ Spn ( A  ̂ a "  -  B^ e "  ) ]  (2.198)

00 “Y z Y z
H = 2 [  (U , X Srn) - 5 -  ( An e “ -  e “ ) ]

n—1 n

2
00 k “Y z Y z
?, [  r h ^  Srn ( An 9 " + e “ ) ]  (2.199)

n— 1 n n

Noting th at

1 k
K  XX <xirl . curl g ,^  dS = r :^  XX g .„  . g ,„  dS ( 2 . 2 0 0 )k k —Tn ’ —Tm k —Tn * —Tmcn cm cn

r \ -  J’J' Spn 5rm as = ^  ; ;  Srn . Sxm (2.201)
cn cm cn

the norm alizing fa c to r s  are given by

Mn = Nn = k^ (2 .202)cn

S u b stitu tio n  of e q .(2 .2 0 2 ) in to  e q .(2 .198) and e q .(2 .199) g i 

ves the f i e l d  expansion in  the form:
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oo -y z Y z
^  = :  [  S in  ( An e “  + e °  ) ]

n=l

d iv  Em ”Y z Y z
+ u S [  — — ^  ( A e “  - B e "  ) ]  (2.203)

n=l ‘‘n

30 Em “Y Z Y Z
H =  Z [ u ^ x p  ( A^ e  " -  B ^ e "  ) ]  

n=l  n

-  z [  2- V  = ^ 1  Sr„ ( e + B e^"^ ) ]  (2.204)
n=l ^

F in a lly , the in tro d u c tio n  of e q .(2.138) to  e q .(2 .l4 5 )  in to  

e q .(2 . 203) and e q .(2.204) shows th a t  an a r b i t r a r y  f i e ld  configura

t io n  propagating along the  waveguide can be w ritte n  as*:

I  = % [  Srn + 2% Etn] An = ^  B„ e ^ " '
n=l n=l

(Y% /  0) ( 2 . 205)

(2S)* Adopting the usual convention^ f o r  waves t r a v e l l in g  along the 

p o s itiv e  and negative d ire c t io n , e q .( 2 . 205) and e q .( 2 . 206) can be 

w ritte n :

- ig  z ip  z
E = E ( E e + E ” e )

n

H = E ( H ' ^ e ' ^  + H " e ' ^ )
— —n  —nn

( Y = Î3 )

- i p z ip z
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_ Y  z oo Y z
H = s [  Srn + %Ln  ̂  ̂  ̂ -  %Tn + %Ln  ̂ e "n-1 n- i

(y^ /  0) (2.206)

I f  some of the propagating fu n c tio n s  are zero the c o e f f ic ie n ts

in  e q .(2 . 205) and e q .( 2 . 206) are rep laced  by usin g  e q .(2 .187),

e q .(2 . 190) and e q .(2 .191); o r e q .(2 .195), e q .(2.196) and e q .(2.197) 

depending on the normal modes concerned.

2.12 COMPLETE SOLUTION FOR IDEAL WAVEGUIDES

Once the tra n sv e rse  e lectrom agnetic  f ie ld  co n fig u ra tio n  on the 

c ro ss -sec tio n  z = 0 of the waveguide i s  known, the constan ts  in  

e q .( 2 .205) and e q .(2 .206) are uniquely  determ ined by the r e la t io n s :

A„ = i  [  JT gp ( 0 ) . Spn dS + S f (0) . (u^ X Sj,^) dS ]  (2 .20?)

= 2 C / /  Ip  (0) . dS -  / /  Sp (0) . (u^ X I p J  dS ]  (2.208)

As the  normal mode tra n sv e rse  e le c t r i c  f i e ld  in te n s i t ie s  can be 

obtained by using  eq .(2 .7 7 ) and s ince  the o th e r f i e ld  components can 

be derived  from the  waveguide so lu tio n  i s  concep tionally  com -

p le te * . The completeness of the  so lu tio n  s t i l l  holds when e i th e r  E  ̂

o r are sp e c ifie d  on two d i f f e r e n t  c ro ss -se c tio n s  z = z^, z^ 

provided th a t  none of the exponents ^^(zg-z^) equals IKtt (K = 0 ,1 ,2 ..) ,

* Analogous treatm ent can be presen ted  fo r  the tra n sv e rse  magnetic 

f i e ld  in te n s i ty .
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2.13 SCALAR WAVEGUIDE FUNCTIONAL

As the waveguide so lu tio n s  can be expanded in to  normal mode 

so lu tio n s , a s c a la r  v a r ia tio n a l expression  invo lv ing  the normal mode 

generating  fu n c tio n s  i s  d e s ira b le . Once th i s  s c a la r  fu n c tio n a l

i s  obtained i t s  m inim ization w ill produce the c o rre c t generating  

fu n c tio n s  from which the e lectrom agnetic  f i e ld  can be ca lcu la ted . 

Furtherm ore, as the t r i a l  fu n ctio n s become s c a la r  functions the nu

m erical m inim ization process i s  s im p lif ie d .

To develop the s c a la r  fu n c tio n a l from the l e a s t  ac tio n  p r in c i 

p le  consider the v a r ia tio n  of the v a r ia tio n a l expression  fo r  the 

p ropagation fu n c tio n  in  eq .(2 .? 7 )  due to  a small change in  the t r a n s 

verse e le c t r i c  f ie ld ,  6 E^, in  the form:

Ô (E^) (  J fS [ (c u r l  E ^(x ,y))^  -  u :^ & E ^ ( x ,y ) ]  d s )  

= / /  (  [  cu rl cu rl E^(x,y) -  grad d iv  E^(x,y)

-  ( Y^(E^)) E^(x,y) ]

dS. [  cu rl cu rl 6 E  ̂ -  oOytL &6 E^

+ /  (  n d iv  E^ . [  cu rl cu rl 5 -  v}JJJc, 6 E^ ]  )  dL

- Y  ̂ (E%) I  [  ( n X E^(x,y) . cu rl Ô ]  dL (2.209)

As the v a r ia tio n  Ô Y ^ (^ )  must vanish , the tra n sv erse  e le c t r i c  

f i e ld  s a t i s f i e s  sim ultaneously the waveguide f i e ld  equation and the 

boundary conditions o r, in  o th er words, any t r i a l  vecto r fu n c tio n
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extrem izing eq .(2 .?7 ) can be ob tained , as shown befo re , through so

me sc a la r  generating  fu n c tio n  G ^^^(x,y), so lu tio n  of the homogeneous 

s c a la r  Helmholtz equation

On the o th e r hand, f o r  any tra n sv e rse  e l e c t r i c  f ie ld  the r e l a 

t io n

/ /  C ( ourl g p (x ,y ))2  -  u l ^ e . ^ ( x , y )  ]  dS /  0 (2.210)

h o ld s .

A pplication  of e q .(2 .? 7 )  re sp e c tiv e ly  f o r  TE and TM modes gives:

/ /  [  cu rl cu rl E ^ ^ \x ,y )  -  t o ^ 8 ^ ^ ^ ( x , y )  dS
Y (Em)= --------------------------  P--------- P--------7 ^ ----------P-------- (2.211)

f f  [  (c u rl ^  / (x ,y ) )  -  { o y o c e  ^  '( x ,y ) )  ]  dS

2 -  c o ^ e .  f f  [  (d iv  E ^ ^ \x ,y ) ) ^  + ( ) ^ ( ^ ^ \ x ,y ) ) ^ ]  dS

^ -  i j y U - S f f  (g (3 )(x ,y ))2

( 2 . 212)

S im p lifica tio n  of e q .(2.211) by in troducing  e q .(2 .5 l)  y ie ld s :

f f  ( ourl g (2 )(x ,y ))2  dS = f f  ( ^ ^ \ x , y ) ) ^  dS (2.213)

while the in tro d u c tio n  of e q .(2 .5 l )  in to  e q .(2.212) r e s u l ts :

f f  ( d iv  g (3 )(x ,y ))2  dS = f f  ( E p \ x , y ) f  dS (2.214)
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S u b s t i t u t i o n  o f  e q . ( 2 .1 0 8 )  and  e q . ( 2 .1 2 1 )  i n t o  e q . ( 2 .2 1 3 )

g iv e s  :

^In (G (2 )(x ,y ))2  dS = / /  (grad G ^^^(x,y))^ dS (2.215)

S im ila rly , s u b s t i tu t io n  of e q . (2.122) and e q .(2.123) in to  

e q .(2.214) gives ;

^cn (G p ^ (x ,y ))^  dS = f f  (grad G ^ ^ \x ,y ) )^  dS (2.216)

When the g en era tin g  fu n c tio n s  are not the exact so lu tio n s  but 

t r i a l  fu n c tio n s , G ^^)(x ,y), s a tis fy in g  the boundary conditions a s

soc ia ted  with i t s  mode type, reference  to  e q . ( 2 .215) &nd e q .(2.216) 

suggests the d e f in i t io n  of an e r ro r  fu n c tio n a l f o r  the approxim ation 

in  the form :

F (G (t)) = (grad G (t)(x ,y ))Z  dS -  (G (t)(x ,y ))Z  dS (2 .21?)

The v a r ia tio n  of F(G^^^) due to  a small v a r ia tio n  Ô G ^ ^ \x ,y )  

in  G^^)(x,y) i s  given by:

Ô F(G^^)) = f f  ( grad (G^^^\x,y) + Ô G ^ ^ \x ,y ) )^  dS

-  f f  ( grad G ^ ^ \x ,y ) )^  dS

-  2 k%̂  ̂ I f  6 G (l)(x ,y )  G (l)(x ,y )  dS

-  k%n I f  ( 6 c (^ ) (x ,y ) )2  dS (2.218)
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A p p l i c a t i o n  o f  G re e n 's  f i r s t  i d e n t i t y  t o  e q . ( 2 .2 1 6 )  g iv e s ;

F (a (t) )=  -  J’J’[(G ^^)(x ,y)+  5G^^^(x,y)) V p  (G^^^(x,y)+ 5G ^^^(x,y))] dS

-  / /  (grad G ^ ^\x ,y))^  -  2 fS 6G ^^\x,y) G ^ ^\x ,y) dS

-  SS (6 c(^)(x ,y))Z  dS

+ I  [ (c (^ ) (x ,y )+  5G^^^(x,y)) V .^(G ^^\x ,y)+  0G ^^^(x ,y))].n  dL

(2.219)

Under e i th e r  TE or TM boundary cond itions, the l in e  in te g ra l  in  

e q . ( 2 .219) van ishes. Therefore, neg lec tin g  second order terms we have

ô F (c (t))  = -  / /  G (^)(x ,y ) V p  6 G ^ ^ \x ,y ) dS

- / /  Ô G ^ ^ \x ,y )  T?p G (^)(x ,y) dS

-  2 k^^ f f  G (i)(x ,y )  Ô G ^ ^ \x ,y )  dS (2.220)

A pplication of G reen's second id e n t i ty  to  e q .(2.220) g ives:

6F(G (t)) = _ 2 I f  6 G (^)(x ,y) ]  G ^ ^ \x ,y )  dS

+ f  Ô G (^)(x ,y) G ^ ^ \x ,y )  . n dL

+ f  G^^)(x,y) Ô c (^ )(x ,y )  . n dL (2.221)
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On the boundary, the t r i a l  fu n c tio n  s a t i s f i e s  the  boundary con

d it io n s ,  and the l in e  in te g ra l  in  e q .(2.221) van ishes. Therefore 

the fu n c tio n a l i s  s ta tio n a ry  fo r  any small v a r ia t io n  when the t r i a l  

fu n c tio n  equals the exact so lu tio n .

Furtherm ore, from eq .(2 .2 1 ?) the Rayleigh quotient^^^

2 I I  ) (x ,y )  Vm G  ̂ ) (x ,y )  dS
^    ^   (2.222)cn p

I I  ( G  ̂ /(x ,y ) )  dS

i s  obtained fo r  any G ^ ^ \x ,y )  s a tis fy in g  the boundary cond ition

G ^ ^ \x ,y )  grad G^^^(x,y) . n = 0 ( 2 . 223)

Consequently, under TE or TM boundary cond itions any t r i a l  

fu n c tio n  G w ill produce a p o s itiv e  F (G )^^^^^^^\ th a t  i s ;

F ( G^t) ) > 0 (2.224)

I t  can be concluded from the previous r e s u l t s  th a t ;

a) The m inim ization of the s c a la r  fu n c tio n a l

F(G) = f f  [(g rad  G)^ -  G  ̂ ]  dS

where G i s  a fu n c tio n  of the tran sv erse  co -o rd in a tes  s a tis fy in g  

the boundary cond itions, determ ines the normal mode f i e ld  con

f ig u ra tio n .
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b) The fu n c tio n a l F(g) has a minimum zero value when the exact 

so lu tio n  i s  obtained and could be in te rp re te d  as a measure of 

the e r ro r  f o r  a given estim ate of the f i e ld  d is t r ib u t io n .

c) The e lectrom agnetic  energy of the  exact f ie ld  co n fig u ra tio n  

corresponds to  a s ta t io n a ry  value of the ac tio n  in te g ra l .

2.14 NON-IDEAL WAVEGUIDES

In p ra c t ic a l  waveguides the a tte n u a tio n  and coupling due to  

the wall impedance a sso c ia ted  w ith the non-perfect c h a ra c te r is t ic s  

of the medium may give r i s e  to  s i tu a t io n s  where the id e a l trea tm en t 

presented  in  th is  chap ter does not apply. These a re , however, p a r

t i c u la r  s itu a t io n s ,  o u tsid e  the scope of th i s  work. In  g e n e ra l,th e  

f i e ld  con figu ra tion  w ith in  waveguides of p ra c t ic a l  in te r e s t  can be 

in v e s tig a te d  assuming i d e a l i s t i c  c o n d i t i o n s a n d  c o n s is te n t r e 

s u l ts  can be expected.
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CHAPTER 3

THE FINITE ELEMENT METHOD FOR WAVEGUIDES

3.1 INTRODUCTION

Chapter 3 d escrib es  the a p p lic a tio n  of a sp ec ia liz ed  version
( 31 )

of the Ritz-Ga^l^&in method' ' to  the m inim ization of the wavegui

de s c a la r  fu n c tio n a l

F(g) = f f  (grad G ^(x,y))^ -  f f  (G ^(x ,y))^  dS (3 .1)

known as the F in ite  Element Method^

The ce n tra l idea  of the method co n s is ts  of approximating the 

waveguide c ro ss -se c tio n  by an assembly of small tr ia n g u la r  areas in  

which a s u ita b le  dependence of the s c a la r  fu n c tio n  G^(x,y) i s  assum

ed. This allows the determ ination  of the nodal values of the func

tio n s  G^(x,y) fo r  which F(G) is  s t a t i o n a r y ^ A  d e ta ile d  develop

ment of the method from the f i r s t  to  h ig h er-o rd er f in i t e  element 

approximation i s  p resen ted .

A simple numerical experiment involving some of the f i r s t  pro

pagating  modes in  a rec ta n g u la r  waveguide and the f iv e -p o in t f in i t e  

d iffe ren ce  opera to r i s  used in  the chapter to  show the l im ita tio n s  

of the f i r s t - o r d e r  f i n i t e  element approxim ation. H igher-order f i n i -



- 66 -

te  element models are then constructed  by re so r tin g  to  t r ia n g le  area  

co -o rd ina tes  which provide a n a tu ra l ex tension  of the method to  p ro

blems in  3-D spaces.

A b r ie f  d e sc rip tio n  of a computer p r o g r a m ^ w h i c h  became 

av a ila b le  in  L e ic e s te r  and has been used during  th is  research  work 

i s  p resen ted . Examples of generating  fu n c tio n  nodal values obtained 

using  the program are given. The use of a f i n i t e  element technique 

to  solve 3-D v ec to r f i e ld  problems in  w a v e g u i d e s i s  a lso  b r ie f ly  

described  in  th is  chapter.

3 .2  THE FINITE ELEMENT MODEL OF THE CROSS-SECTION

The process of d is c re t iz in g  the continuum waveguide c ro ss- 

se c tio n  by the f i n i t e  element method in  o rder to  proceed to  the mi

n im ization  of the s c a la r  fu n c tio n a l can be summarized as fo llow s.

Let S be e i th e r  a simply or m ultip ly  connected bounded reg ion  

of the c a r te s ia n  plane w ith boundary C. Let the boundary C c o n s is t 

of a f i n i t e  number of closed n o n -in te rsec tin g  curves 0^,0^» • • • • 

included in  the reg ion  S. F in a lly  d efine  a general s e t  of fu n c tio n s  

[  G^(x,y) ]  fo r  which e q .(3 . l )  has a unique value on S.

In stead  of f in d in g  the  tru e  fu n c tio n s  G^(x,y) w ith in  the s e t  

[  G^(x,y) ]  fo r  which the s c a la r  fu n c tio n a l has i t s  minimum value , 

the  f i n i t e  element form ulation  employs f i n i t e  subdomains defined  

in  S to  construc t a model reg ion  where an approxim ation to  the 

tru e  fu n c tio n s , G^^^(x,y) , can be obtained .

Any proper assembly of subdomains o r elem ents in to  a connected 

model reg ion  gives an approximate g lobal so lu tio n  over the p r im i t i 

ve reg ion . Because i t  i s  p o ssib le  to  use and arrange d if f e r e n t  sub- 

domains f o r  the same model reg ion  i t  i s  p o ssib le  to  develop
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d if f e r e n t  f i n i t e  element models fo r  the p rim itiv e  reg ion  S.

The process of d iv id in g  S in to  subdomains i s  known as

" f in i te  element mesh generation" and although p lay ing  a very im port

an t p a r t  when accuracy and the in te rp re ta t io n  of r e s u l ts  are con

cerned, w ill not be considered in  d e ta i l  he re . I t  c o n s titu te s  a r e 

search  to p ic  ou tside the scope of the p resen t th e s is .  Rather , fo r  

the purpose of th is  work and w ithout lo s s  of g e n e ra lity  the model 

reg ion  i s  assumed to  be constructed  by fo llow ing  the s tep s  given 

in  tab le  T (3*1)^^^^. An example of a p p lic a tio n  of the procedure 

described  by ta b le  T (3 * l) to  a general waveguide c ro ss -se c tio n  to  

o b ta in  i t s  f i n i t e  element model i s  dep ic ted  in  F ig (3 .l)  and Fig(3*2).

3 .3  FORMALISM OF THE FIRST-ORDER FINITE ELEMENT MODEL

The transfo rm ation  of the waveguide in te g ro -d if f e r e n t ia l  pro

blem in to  an a lg eb ra ic  problem by the d is c r e t iz a t io n  of the cross- 

sec tio n  using  f i r s t - o r d e r  elements w ill now be d iscussed .

Consider, in  the model reg ion , the subdomain defined by the no

dal p o in ts  N.,N. and N, . Assume th a t  the fu n c tio n  G„ (x ,y ) which mi-  ̂ 1 J k Mn
nimizes e q .( 3 . l )  when the in te g ra tio n  i s  c a rrie d  over the model r e 

gion has a t  those nodal p o in ts  the values G^,Gj and Gĵ .

F u rth e r, assume th a t  the fu n c tio n  G^^(x,y) can be described  

over the element by the fo llow ing equation:

^ (x*y) (3-2)

where i s  a complete f i r s t - o r d e r  polynomial e x p r e s s i o n ^ u n i q u e 

l y  defined fo r  each elem ent. The polynomial ch a rac te rize s  the
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STEP 1 A f in i t e  number N of p o in ts  of S are id e n t

i f i e d  as nodal p o in ts  and la b e lle d  

N J g  = 1 ,2  N)

STEP 2 A f i n i t e  number M of t r ia n g u la r  elem ents T^ 

are defined  on the nodal p o in ts . This s tep  

a c tu a lly  c rea te s  the M closed d is jo in t  e l 

ements

T (g = 1 , 2 , . . .,M)

STEP 3 The nodal p o in ts  asso c ia ted  with a given e l 

ement are ca lled  lo c a l nodes and la b e lle d

N^(4 = 1 ,2 ,3 )

STEP 4 The elements are assembled, c re a tin g  the 

model S^ of the p rim itiv e  reg ion  S. The a s 

sembly i s  done by grouping the  m elem ents 

ad jacen t to  a s p e c if ic  node.

TABLE T 2.1 : Method f o r  co n stru c tin g  the f i n i t e  element model S

of a p rim itiv e  reg ion  S.
M
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O X

FIG.3.1 WAVEGUIDE CROSS-SECTION AND NODAL POINTS

Nodal po in ts  are defined and la b e lle d  on the waveguide 

c ro ss-sec tio n .
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FIG. 3 .2  FINITE ELEMENT CROSS-SECTION MODEL

The c ro ss -se c tio n  model i s  formed by grouping the tr ia n g le  

e lem ents.
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order of the approxim ation of the genera ting  function*  in s id e  the 

element and i s  made to  vanish a t  any p o in t ou tside  the element 

boundaries. The domain of the generating  fu n c tio n  when the v a r i 

ab les  X and y assume values which are  enclosed by the element bound

a r ie s  i s  rep resen ted  in  e q .(3 .2 )  by G^.^(x,y).

S u b s titu tio n  of eq .(3*2) in to  eq .(3 « l)  transform s the s c a la r  

v a r ia t io n a l  expression  fo r  normal mode propagation  in  waveguides 

w ith in  each element in to  a fu n c tio n  of the nodal values G^. Because 

N nodes have been defined  over the model reg ion  and the in te g ra tio n  

over the c ro ss -sec tio n  corresponds to  the summation of the in te g ra ls  

over each in d iv id u a l elem ent, the fu n c tio n a l F (g) can be w ritte n  as 

a fu n c tio n  H of the nodal values :

F(G) = H (G^.Gg, . . .  G^) ( 3 .3)

* The nomenclature here d i f f e r s  from the u s u a l . This has been done 

d e lib e ra te ly  by the a u th o r ,fe a rin g  th a t  the usual term inology would 

p o ss ib ly  obscure the way in  which the m atter i s  being t re a te d . For 

in s ta n c e , i t  i s  usual to  c a l l  the fu n c tio n s  "p o te n tia l func

t io n s " .  This has not been done here as the term " p o te n tia l"  has 

been used in  Chapter 2 w ith a s p e c if ic  meaning which would not be 

ap p licab le  to  G ^^(x,y). I t  was decided to  c a l l  those fu n c tio n s
^ (26)"genera ting  functions"  because the f i e ld  d is t r ib u t io n  is  derived  

from them. In  f a c t ,  t h i s  term inology has a lread y  been used in  

Chapter 2 ,b u t, th e re ,th e  usual p ra c tic e  in  the l i t e r a r u r e  i s  to  use 

the lo n g itu d in a l components of the f i e ld  in  p lace of G^^(x,y) and 

the question  on what to  c a l l  the fu n c tio n  d id  not appear p e r t in e n t.
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F in a lly , the optimum s e t  of values i s  obtained by so lv ing  the

N-equations system given by;

ÔH
ÔG (3.4)

3 .3.1 FINITE ELEMENT MATRICES

The a lg eb ra ic  problem rep resen ted  by e q .(3 .4 )  can be described  

in  a compact form by re s o r t in g  to  m atrix  n o ta tio n . To do so, the 

dependence of the  genera ting  fu n c tio n  on the element nodal values 

i s  w ritte n  in  the fozmi:

(x ,y ) = C N® ]  C G® ] ( 3 .5 )

where

[  N® ]  = [  N®(x,y) N®(x,y) N®(x,y) ] ( 3 . 6 )

i s  a fu n c tio n  of the element geometry, called"shape" fu n c tio n  and

C G® ] ( 3 . 7)

On the o th e r hand, w ith in  an elem ent, the  g rad ien t of the g en era t

ing fu n c tio n  i s  expressed by^^^^
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Srad (x .y ) = C B® ]  c G® ] (3 .8 )

where

C B® ]  =

|^ N ® (x ,y )

|jN ® (x .y ) I?

(3 .9 )

S u b s titu tio n  of e q .(3 .8 )  and e q .(3 .5 )  in to  e q .(3 .1 )  w ith the 

in te g ra tio n  performed over the element area and comparison with 

e q .(3 '3 )  g ives;

H(G ,G.,G ) = / /  ([B®] [G®])^dS -  / /  ([N®] [G®])^dS (3 .10)
 ̂ element element

A pplication  of e q .(3 .4 )  to  eq .(3 .1 0 ) lead s  to ;

[  s® ]  C G® ]  = k i  [  T® ]  [  G® ]cn (3 .11)

where [S ]  and [T ]  are square (3x3) m atrices w ith generic  compo-

(8 ) .nents given re sp e c tiv e ly  hy^ ' :

s ? .  = f S (  N®(x,y) N®(x,y) + N®(x,y) N%(x,y))dS (3.11)i j  ÔX 1/ 6x j
element

ôy i^ 6y j
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T®j = f f  N®(x,y) N®(x,y) dS (3.13)
element

As the perm utation of the su b sc rip ts  i  and in  eq .(3 .1 2 ) and 

e q .(3 ' 13) does not change the in teg rands, the m atrices [  ]  and

[  ]  are symmetric. T herefore, the m inim ization of the fu n c tio n 

a l F(G) over the c ro ss -sec tio n  i s  equ iva len t to  so lv ing  the a lg e 

b ra ic  eigenvalue p r o b l e m ^ e x p r e s s e d  by:

[  s ]  [  G ]  = T ]  [  G ]  (3.14)

where the m atrices [  S ]  and [  T ]  are obtained by adding the con

tr ib u tio n s  of a l l  elem ents in  the c ro ss -se c tio n .

Each element con tains th ree  values of Ĝ  and each Ĝ  i s  common 

to  those elements having the v ertex  Z in  common. The m atrices [ s ]  

and [  T ]  are then sparse since the number of elements having v er

t ic e s  in  common i s  much le s s  than the to ta l  number of elem ents.

3 .3.2  COMPARISON WITH THE FINITE DIFFERENCE METHOD

The f in i t e  element method shows, when compared with the f in i t e  

d iffe ren ce  method (which again  lead s  to  the same a lg eb ra ic  f o r 

malism) the  advantages of being able to  tack le  the boundaries 

d i r e c t ly  (the  nodes are defined  over the boundary w ith in  the model

ing process) and of being e a s i ly  extendable to  h igher order appro

xim ations .
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3 .4  HIGHER ORDER APPROXIMATIONS AND OTHER APPLICATIONS

The ex tension  of the method to  h igher o rder approximation can

be done w ithout considerable expense in  computing time^^^^ and i s

accomplished by re so r tin g  to  t r ia n g le  a rea  c o - o r d i n a t e s ^ a s  w ill

be shown l a t e r .  The method can be app lied  to  d is s ip a tiv e  propaga- 
f A3) ft io n / , Also, the f i n i t e  element technique can be transposed

to  3-D s c a la r  p r o b l e m s b y  rep lac in g  the tr ia n g le  a rea  co

o rd in a te s  by te trah ed ro n  volume co -o rd ina tes  (under s t r i c t l y  the sa 

me form alism ). F u rth e r, the method can be adapted to  problems de-
( A?)fin e d  using  p o la r co-ord inates^   ̂ o r even general orthogonal c u rv i

l in e a r  c o -o rd in a te s ^ T h re e -d im e n s io n a l  vec to r f i n i t e  element f o r 

m ulations have a lso  been app lied  to  waveguide propagation problems

and as long as a la rg e  computer i s  a v a ilab le  , r e s u l t s  can be

p ro duced (36)(49 )(50 )(5 l)(52 ).

3.5 CALCULATION OF THE FIRST-ORDER FINITE ELEMENT MATRIX COMPONENTS

The c a lcu la tio n  of the f i r s t - o r d e r  f i n i t e  element m atrix  compo

nents i s  p resented  here to  i l l u s t r a t e  the a p p lic a tio n  of the general 

equation  f o r  the system given by e q .(3 .3 ) .

Consider one among the  m elements ad jacen t to  the node Nq hav

ing v e r t ic e s  and a sso c ia ted  angles as shown in  F ig . (3 .3 ) .  When G^j 

i s  pertu rbed  and a l l  the o th e r nodal values of the fu n c tio n  G^^(x,y) 

are kept constan t, the fu n c tio n a l given by eq.(3*3) changes only in  

the m tr ia n g le s  ad jo in ing  the node N^.

Denote the p a r t  of the funcional a sso c ia ted  with the m t r i 

angles ad jo in ing  the node N̂  by H  ̂ and make, according to  eq .(3* l)»
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O X

FIG. 3.3  THE ELEMENT J ADJOINING NODE N̂

The lo c a l numbering system, angles, nodal values and node 

co-ord inates of a ty p ica l f i r s t - o r d e r  element are shown.
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«0 = «01 -  «02 (3 .15)

where

ni o "î p
Hf,. = 2 / /  (grad (G®^(x,y))^ dS (3 .16)

j= l e j

O ni . p
«0 2 =  « 1  .1  J’J’ . (G ün(x.y)) as (3 .17)

J=1 e j

and e j  denotes the  j^^  element ad jo in in g  Nq .

F u rth er, assume th a t  th e  fu n c tio n  i-s described  w ith in

the element by the f i r s t  o rder complete polynomial:

where a^ , a^ and a^ are c o e f f ic ie n ts  to  be determ ined and x and y 

the  c a r te s ia n  co -o rd in a tes .

The g rad ien t of y) i s  then w ritte n  in  the form

grad G^^(x.y) = (3 .19)

Therefore, in  e q .(3 . l6 )  reduces to

ni O ^ o n ?
H = E f S  ( a ;  + aOdxdy = 2 A .(grad G® ^(x,y))^(3.20)

j= l e j  ^ 3 j= l J “
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where A. i s  the area  of the element e ..
J J

Define and re sp e c tiv e ly  as the p a r ts  of and 

depending on the nodal value D if fe re n tia t in g  F(G) (e q .(3 .1 5 ))

with re sp ec t to  G^j and equating  the  r e s u l t  to  zero (eq .(3 * 3 )) we 

g e t;

S«01 6H0
02

SGoj ÔGOj

To c a lcu la te the d e r iv a tiv e s in  e

of eq . ( 3 . 18)1

~  1 ""oj ^Oj

= 1

1 ^2j

(3 .21)

a..

( 3 . 22)

Solving eq,.(3.22) f o r  ag and a ,  we get

1̂ = 2i:(°0j(̂ljy2j - =2jyij) + Glj(=2jyoj - +
G 2j(=0jy ij -  X ljT o j)) (3 .23)

^2 = 2 Ï T ( S j ( y i j  -  y2j)  ̂ G ij(y zj -  y o j) + <̂2 3 ( ^ 0 0  " ^ I j ) )  (3 .2 4 )
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a  = A

where (53)

2A

■  = l j ) " Glj(=Oj -  =2j) + GgjO

1 ""oj ^ o j ]

1
"'ij

1 ’'2J ^20

( 3 .26)

In order to calculate the derivative on the l e f t  hand side of 

e q .(3 .2 l)  we f i r s t  consider the expression:

ÔGOj
(grad G®J(x,y))2 = 2 (grad G®^(x,y)). (grad G®^(x,y))]

ÔGgj ( ôy ôy (3 .2?)

Taking into account e q .(3 .2 3 ) to e q .(3 .2 3 ) , the terms of 

e q .(3 .2 ? )  are calculated;

?—  ( &  G Î^(x ,y))«  = C(y. i -  y , + ( y , y n  J ( y .  r  y , J gÔ G g j   ̂ ÔX Mn . . 2  LVJij J2 j/ -Oj \ '2 j  'O j / ^ ' l j  ' 2 j / " l j  
 ̂ J

+ (yoj -  -  r2 j)G 2j ] (3 .28 )
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ÔGqj ( ôy GMi(X'y)) ^^2 *2j) % j  (^2 j ^ 2 j)^ l j

+ (x g j-  X ij)(% ij-  %oj)G2j] (3 .29)

A ddition of eq .(3 .2 8 ) and eq.(3»29) and the use of eq .(3 .2 0 ) 

and e q .(3 .l6 )  gives the  d e r iv a tiv e  on th e  l e f t  hand side of e q .(3 .2 l)  

in  the form;

m 2
Z Z k, , G, , (3 .30)

j= l i=0

with the c o e f f ic ie n ts  k^^ given by;

«Oj 2Aj ^ (^ I j  ■ ^2 j)  ̂ (*2j " * l j )  ]  (3-31)

« I j  = 2%  [(^Z j -  y o j ) ( r i j  -  ^2 j) ^ (=2j -  = lj)(=O j -  = 2 j)] (3 '3 2 )

«2j = -à: [(̂ oj - yij)(yij - 2̂j)  ̂ (̂ 2j - =ij)(=ij - = o j)](3 -3 3 )

The r ig h t  hand side  of eq .(3 .1 9 ) w ill  now be ca lcu la te d . The 

s u b s t i tu t io n  of the r e s u l t  ( to g e th e r  w ith eq .(3*20)) back in to

eq .(3 .1 9 ) gives an equation r e la t in g  the nodal value Gq  ̂ to  the no

dal values of a l l  the m tr ia n g le s  ad jo in in g  node Nq, c a lled  the  no

d a l equation .
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D i f f e r e n t i a t i o n  o f  th e  s e c o n d  te rm  i n  e q . ( 3 . 1 5 )  w i t h  r e s p e c t

to  Gqj gives;

6H02
ÔGOj

Q in, « Ç #

^cn  ̂ SS  ̂ 6G_.
0=1 e j  Oj

(3 . 34)

S u b s titu tio n  of eq .(3 .2 3 )  to  eq .(3 .2 5 ) in to  eq.(3*18) gives;

°Mn = 217 * 2 jy i j)  + ( y i j -  r z j )*  + (%2j- '^Oj

+ [(%2jyoj- %ojy2j) + (̂ sj- yoj)= + %2j)r] Sj

+ =ijyoj) + (yoj- yij)x + (=ij- 22̂ (3.35)

D efining the c o e f f ic ie n ts ( 41)

«10

*1+1 ^i+1

*1+2 y 1+2 ( i  = 0 ,1 .2 )

( 3 .36)

«11 ^1+1 " y1+2 (1 = 0 , 1 , 2) (3 .37 )

«12 *1+2 ■ *1+1 (1 = 0 , 1 , 2) ( 3 .38)

where the su b sc rip ts  ( i+ l)  and (i+2) are  cy c lic  with modulo 3»
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th e  in t e g r a n d  i n  e q . ( 3 . 3 ^ )  can  be w r i t t e n  i n  th e  fo r m :

6G ~ G^g(x.y) = A  (doo+ '^01^ +
0 j  4-Aj 1-Ü

(3 .39)

In te g ra tio n  over the element a rea  (see Appendix l )  g ives:

(3 .40)

D efining the c o e ff ic ie n ts :

^3j 3 (3 .41)

h 2 j =  i  (3 .42)

and combining e q .(3 .4 0 ); e q .(3 . 30) and e q .(3 .2 l)  the nodal equation  is  

f in a l ly  obtained  in  the form:

Once the nodal equation  has been ob tained , the  m atrices [  S ]  and 

[  T ]  in  e q .(3 . l4 )  are assembled by considering  each of the N nodes 

defined  over the model reg ion .
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3 .6  ALGEBRAIC FORM OF THE COEFFICIENTS k. .  i j

In  the l i t e r a tu r e ,  the c o e ff ic ie n ts  are u su a lly  taken  as 

one h a lf  of the c o e ff ic ie n ts  given by e q .(3 .3 l ) ,  eq.* (3 *32) , eq (3 .33) 

e q .(3 .^ l)  and e q .(3 .4 2 ) . This occurs because the fu n c tio n a l F(G)1s

u su a lly  defined  as one h a lf  of the fu n c tio n a l p resen ted  h e re . I t

has been shown in  Chapter 2, however, th a t  the constan t m u lt ip l ie r  

(%) does not appear n a tu ra lly  from the p r in c ip le  of l e a s t  a c tio n  

governing the electrom agnetic  f ie ld s  in s id e  the  waveguide. The in 

tro d u c tio n  of any constan t m u ltip lie r ,  although n e ith e r  changing 

the minimum requirem ents over the fu n c tio n a l F(G) nor a l te r a t in g  

the r e s u l t  expressed by e q .(3 .4 3 ) , would lack  consistency  in  the

context of th i s  th e s is .

3 .7  TEM PROPAGATION AND THE ANGULAR FORM OF THE COEFFICIENTS k^^

0 2In  the case of TEM propagation, H^^ = 0 since  k^^ = 0. There

fo re , the nodal equation s im p lif ie s , being given (e q .(3 .^ 3 ))  by:

The c o e f f ic ie n ts  in  eq .(3 .4 4 ) are those given by e q .(3 .3 l)  to  

eq .(3>33). They can a l te rn a t iv e ly  be ca lcu la ted  through the fo llow 

ing  re la tio n s h ip s  (Appendix l )  :

2
k . = E c o tg e .  . ( 3 .45)
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= c o tg  ( 3 . 4 6 )

where i s  the angle subscribed by the tr ia n g le  s id es  jo in in g  a t  

vertex  N^j as shown in  F ig . (3 .3 ) .

When a re g u la r  mesh i s  being used, a l l  0^^ are equal. In  th i s  

p a r t ic u la r  case, the nodal value Gq becomes , by using  e q .(3 .4 4 ) , 

equal to  the a r ith m e tic  average of the neighbouring nodal v a lu e s ,in  

the form;

The r e s u l t  expressed in  eq .(3 .4 ? )  i s  id e n tic a l  to  the f i n i t e  

d iffe ren ce  form ula used to  solve L ap lace 's  equation  with an e q u ila 

te r a l  polygonal mesh^^^^^^^). The averaging p roperty  of th is  type 

of so lu tio n  may be employed to  generate the mesh^^^^ where to  solve 

the general equation  with /  ôG^j) f  0 .

F u rth e r i l l u s t r a t i v e  comparisons between the f i r s - o r d e r  f i n i 

te  element approximation and the f i n i t e  d iffe ren ce  o p era to r f o r  

Helmholtz equation  w ill be considered l a t e r .

3 .8  COMPACT FORM OF THE NODAL EQUATION 

D efin ing  the co e ffic ien ts^

m
k = E k ( 3 * ^ )

j= l  ^
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m
%0 = 2 k . .  (3 .49)

j= l

m
kg = (k l jC l j  + kzjCgj) (3 .50)

m
'̂ 3 ^12j(Glj G2j) (3 .51)

i t  i s  po ssib le  to  w rite  eq.(3*43) in  the compact form:

k l k -  -  k ,
Gq. =  2 " ^  (3 .52 )

The compact form of the f i r s t - o r d e r  f i n i t e  element nodal equa

tio n  i s  p a r t ic u la r ly  u se fu l f o r  e s ta b lish in g  comparisons with the 

r e s u l t  ob tainab le  by the f i n i t e  d iffe ren ce  method.

3.9 APPROXIMATIONS TO THE FIRST-ORDER FINITE ELEMENT NODAL EQUATION 

AND THE FIVE POINT DIFFERENCE OPERATOR

Consider the re g u la r  mesh of F ig . (3 .4 ) and the elements ad jo in 

ing node Nq . The elem ents and th e i r  nodes are  la b e lle d  as shown.Ap

p ly in g  eq .(3 .4 8 ) to  e q .(3 .5 l ) ;  tak ing  in to  account e q .(3 .3 l)  to  

e q .(3 .3 3 ) and e q .(3 .4 l)  and e q .(3 .4 2 ), the c o e f f ic ie n ts  in  eq .(3 .5 2 ) 

are ca lcu la ted ;



FIG.3-4 FINITE ELEMENT DIVISION OF A REGULAR MESH

The tr ia n g u la tio n  of a re g u la rly  spaced mesh fo r  the a p p li

cation  of the f i n i t e  element nodal equation to node Gq .
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kg -  (3'53)

kl = 8 ( 3 . 54)

kg = - 2 (Gi + Gg + G_ + ) (3 . 55)

yZ
‘"3 = Î2  (<̂ 1 ■" °2 + S  *^4 * S  + ) (3.56)

Once the c o e ff ic ie n ts  f o r  the re g u la r  mesh have been c a lc u la t

ed, e q .(3 .52) can be w ritte n  in  the form:

g ^ f  (Gl+ Gg+ G,+ Gg) + 2 (Gi+ Gg+ G^)

 ̂ 2 2
8 -  %cn h"

I f  we assume th a t  the nodal values are d is tr ib u te d  in  such way 

th a t  eq .(3 .4 7 ) can be regarded as a v a lid  approxim ation to  the cen

t r a l  node value ; th a t  i s ,  i f  we assume th a t  the so lu tio n s  of 

Helmholtz equation a lso  have the averaging p roperty  ex h ib ited  by 

the so lu tio n  of L ap lace 's  eq u a tio n ,th en  eq.(3»57) can be w ritte n  in  

the form:

% = 4  _ %2 1 ^ 2  [  Gi + Gg + + Ĝ  ]  (3.58)
cn

where
1 8
Z E G. « G (3 .59)
° j= l J "
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Because eq .(3 .5 8 ) i s  id e n tic a l  to  the f iv e -p o in t  f i n i t e  d i f 

ference opera to r fo r  Helmholtz equation, i t  appears from the fo re 

going an a ly s is  th a t  the f iv e -p o in t f in i t e  d iffe re n ce  opera to r cor

responds to  an approximation of the f i r s t - o r d e r  f i n i t e  element no

dal equation implying th a t  the  nodal value a t  any p o in t can be c a l

cu la ted , as in  the TEM case, by a r i th m e tic a lly  averaging the neigh

bouring values.

On the o th e r hand, assuming the v a l id i ty  of eq.(3'59),eq.(3.56) 
can be w ritte n  in  the form;

^3 ■ 1“  °o (3 -60)

S u b s titu tio n  of eq .(3 .6 0 ) in to  e q .(3 .5 ? ) i  tak in g  in to  account 

e q .(3 .5 3 ) , eq .(3 .5 4 ) and eq .(3 .5 5 ) g ives:

Gq -  -  “̂2 (3»6l)
-  2 ken ko

Because the assumption of v a l id i ty  of eq .(3 .5 9 ) when approxi

mating the ce n tra l node value gives the f iv e -p o in t  f i n i t e  d if fe re n 

ce o p era to r fo r  Helmholtz equation , e q .(3 .6 l)  can be in te rp re te d  as 

the expression  of th a t  o p e ra to r in  terms of the f i r s t - o r d e r  f i n i t e  

element c o e ff ic ie n ts  kQ, k^ and k^.

R eferring  to  the f i r s t - o r d e r  f i n i t e  element nodal equation 

(e q .(3 .4 3 ))  we w rite ;
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"̂ 0 ’'o j ''en  S  ’'3J Ggj)k gj
J-1 J-J-

-  ^ (G i - k ; .  + Gg.kg.)  (3 .6 2 )
j= l

Now making,

(Gij + Ggj) ■' 2j " ''3J % (3 .63)

we have

2 (G ijk^ j Ggjkgj)
G„ = -    ( 3 .6 4 )
° 6 „ 6

j= l ‘'Oj ■ Z^cn j^ i  ‘'J3

Taking account eq .(3 .4 8 ) to  e q .(3 .5 l)  we get

Gq -  -  ----------- ^2--------  (3 *65)
-  <  ''o

Comparison of eq .(3 .6 5 ) and e q .(3 .6 l)  shows th a t  the approxi

mation given re sp e c tiv e ly  by eq .(3 .5 9 ) and eq.(3*63) are eq u iv a len t. 

In  f a c t  i t  can be shown by s u b s t i tu t in g  f o r  k^gj and k^^ in  eq .(3 .6 3 ) 

th a t  i t s  use im plies e q .(3 .5 9 ) .

F in a lly , by considering  F ig . (3 .4 ) , i t  appears th a t  e q .(3 .5 ? )  

i s  not a symmetric equation s ince i t  involves a l l  the f i r s t  but only
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two of the second neighbours of the node Nq . A symmetric f i n i t e  e l 

ement nodal equation can be obtained, however, by considering  the 

o th e r p o s s ib i l i ty  of d iv id in g  the reg u la r  mesh around Nq in to  t r i 

angles includ ing  the generating  fu n c tio n  values Gy and Gg in stead  of 

Ĝ  and Gg.

Adding the nodal equations fo r  both p o s s ib i l i t i e s  and so lv ing  

fo r  G q , we get

=0 ■ K" * - 7 ^  > <“1 '  ♦ =3 '  = . )
on

+ ----- —  (Gg + Gg + Gy + Gg ) ]  (3.66)

which i s  the symmetric f i r s t - o r d e r  f i n i t e  element nodal equation .

3.10 A SIMPLE NUMERICAL EXPERIMENT IN RECTANGULAR WAVEGUIDE

A simple numerical experiment using  the  f i n i t e  d iffe ren c e  five- 

p o in t o p era to r, the f i r s t - o r d e r  f i n i t e  element nodal equation  and 

the  symmetric f i r s t - o r d e r  f i n i t e  element nodal equation  to  approxi

mate the generating  fu n ctio n s in  a re c ta n g u la r  waveguide has been 

performed in  o rder to  e s ta b lis h  a comparison between those ex

p ress io n s  .

The rec tan g u la r waveguide has been chosen since i t s  geometry 

i s  e a s i ly  d iv ided  in to  a re g u la r  square mesh and the a n a ly tic a l  ex

p ress io n  fo r  the generating  fu n c tio n s  are well known.

The experiment i s  p resen ted  here to  i l l u s t r a t e  the in h eren t l i -
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m ita tio n s  of the  f i r s t - o r d e r  f i n i t e  element model and the dependen

ce of the f i n i t e  d iffe re n c e  r e s u l ts  on the mesh le n g th .

3 . 10.1 METHOD

In  the experiment a rec tan g u la r waveguide c ro ss -se c tio n  having 

r a t io  of the narrower to  the  broader s id es  equal to  i s  f i r s t l y  d i 

vided in to  a re g u la r  square mesh as shown in  F ig . (3 . 5 )• The values

of the generating  fu n c tio n  fo r  TE modes and TM modes are c a l-m,n m,n
C ^7 )

cu la ted  a t  each nodal p o in t using  the a n a ly tic a l  so lu tio n s^^  '.T hey  

are given re sp e c tiv e ly  by;

( r  y) (3-67)

x) ( r  y) (3.68)

where are amplitude co n stan ts , assumed by convenience to  bem,n
u n ity  and A and B the c ro ss -se c tio n  s id es  as shown in  F ig . (3.5)*

The r e s u l t s  of the c a lc u la tio n  are p r in te d  out and stored .E ach 

in te rn a l  node i s  then c a lcu la ted  based on the a n a ly tic a l  values of 

the  neighbourhood by

i )  F iv e -p o in t f i n i t e  d iffe ren ce  o p era to r 

i i )  F i r s t -o rd e r  f i n i t e  element nodal equation 

i i i )  Symmetric f i r s t - o r d e r  f i n i t e  element nodal equation .

A map of the  fo rego ing  c a lc u la tio n  i s  p r in te d  o u t. Also a nod-
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a l  p ercen tual e r ro r  map, r e s u l t in g  from the comparison between the 

a n a ly tic a l  value a t  a node and i t s  approxim ation, given by

% = 100     —  ( 3 . 69)
S  (Gq ^  0)

i s  generated .

In  e q .(3 .6 9 ) Gq i s  the a n a ly tic a l nodal value and G^^^ re p re 

se n ts  one of the  th ree  approximated r e s u l t s  obtained  by s u b s t i tu t 

ing  the a n a ly tic a l  values f o r  the neighbouring p o in ts  fo r  G^,G^.........

e t c . ,  in to  the p e r tin e n t expression  (see paragraph 3 . 10 .3 ) .

C alcu la tio n s using  mesh len g th  corresponding to  a to ta l  of 36, 

and 78 in te rn a l  nodes (9 and 14 d iv is io n s  on the c ro ss -se c tio n  s id es) 

have been ca rrie d  ou t. Only in te rn a l  node approximated values are 

compared with the a n a ly tic a l  values and a t  boundary the nodal values 

are  assumed to  be ca lcu la ted  ex ac tly . The reasons f o r  assuming exact 

values on the  waveguide boundary during  the experim ent are p resen ted  

in  the next paragraph.

3 . 10.2 BOUmARY VALUES AKD NATURAL BOUNDARY CONDITIONS

In  the experiment the c e n tra l node values are  ca lcu la ted  by sub

s t i t u t i n g  the a n a ly tic a l values of the  neighbouring nodes in to  the 

p e r t in e n t a lg eb ra ic  exp ression . This can be p re c is e ly  done f o r  a l l  

in te rn a l nodes but cannot f o r  nodes ly in g  on the boundary s in ce , in  

th i s  case, the neighbourhood i s  not complete.

To overcome th is  d i f f i c u l ty ,  the boundary values are , in  the ex

perim ent, s e t  equal to  t h e i r  a n a ly tic a l  values. In  f a c t ,  f o r  a l l
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TM nodes the boundary values are known to  be zero through the m,n ^
boundary conditions and the s e t t in g  of the boundary nodes to  th e i r  

a n a ly tic a l  values would be accurate  even when they are num erically  

determ ined by e i th e r  f i n i t e  d iffe ren ce  or f i n i t e  element methods.

On the o th e r  hand , considering  th a t  , in  the fu n c tio n a l of

ised 1 

( 20)
e q . ( 3 . l ) ,  a TE g enera ting  fu n c tio n , Gg  ̂ , composed by a sso c ia tin g

to  the  exact so lu tio n  an e r ro r  a E , in  the form

+ a  E (3-70)

where a  i s  an e r ro r  d is t r ib u t io n  v a riab le  and E i s  a given e r ro r  

defined  over the c ro ss -se c tio n  , rep laces  the exact so lu tio n  , we 

have :

F(G ^^b = f f  (grad dS -  f f  (G ^^^^ dS '

= S f  [grad(G^^^ + a  E)] ^dS -  k^^ f f  [G ^^4  a  E] ^dS

( 3 .71)

D if fe re n tia t io n  of eq .(3 « 7 l) with re sp ec t to  a  , g ives:

F(Gg^)) = 2 f f  (grad E . grad a E + grad G ^ ^ \ grad E) dS

-  2 f f  E G^Z) dS ( 3 .72)

The fu n c tio n a l has a minimum fo r  a  = 0, th e re fo re ,making a = 0 

in  eq.(3*72) and equating  the  r e s u l t  to  zero, we have:
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SS grad . grad E dS -  SS E Ĝ )̂ dS = 0 (3.73)

A pplication  of G reen 's f i r s t  id e n t i ty  to  e q .(3 .? 3 )  g ives;

SS ( G^Z) + c ( 2 ) )  E dS = J  E ^  G^Z) dL (3-74)

As E i s  an a rb i tr a ry  fu n c tio n , eq .(3 .? 4 )  can hold only i f  the

exact so lu tio n  i s  obtained and a lso  i f  the d e r iv a tiv e  ca lcu la ted
c / 2 \

along the normal d ire c tio n  to  the boundary curve G  ̂ '  van ishes.
Ô f 2 ̂T herefore, the boundary cond ition  ^  G  ̂ '( x ,y )  = 0 c o n s titu te s  . a 

n a tu ra l boundary condition  of the fu n c tio n a l F(G).

Considering th a t ,  f o r  TM modes, G^^^(x,y) i s  made equal to  ze

ro on the boundary p o in ts  when the problem i s  sp e c ifie d , the func

t io n a l  F(G) s a t i s f i e s  the general n a tu ra l boundary conditions given 

by;

G [  G ]  = 0 (3 .75)

(on the boundary)

In  o th e r words, the so lu tio n  obtained by the m inim ization of 

the waveguide s c a la r  fu n c tio n a l ( f i n i t e  element method) s a t i s f y  the 

waveguide boundary co n d itio n s.

When the f i n i t e  d iffe re n c e  method i s  used to  o b ta in  the nodal 

values corresponding to  a TE mode in  the waveguide, the boundary 

conditions are met by in tro d u c in g  image p o in ts  ou tside  the boundary 

having the same value of the f i r s t  in te rn a l  nodes such th a t ,  f o r  

the boundary p o in ts , the f iv e -p o in ts  o p era to r becomes^



-  96 -

Gn =  K ---- 2 ((̂ 1 + G + 2G ) (3 .76)
en

where Gq , and Ĝ  are nodes on the  boundary curve and Ĝ  i s  the 

f i r s t  in te rn a l node.

Having the boundary cond itions s a t i s f i e d  fo r  a l l  cases and 

knowing th a t  fo r  TM modes the boundary percen tua l e r ro r  i s  z e ro ,fo r  

the sake of homogeneity and s im p lic ity  of the p re sen ta tio n , the p e r

cen tual e r ro r  over the waveguide boundary i s  assumed to  be zero a lso  

fo r  TE modes.

I t  should be s tre s se d , however, th a t  the assumption of no e r ro r  

on the boundary f o r  nodal values corresponding to  a TE generating  

fu n c tio n  i s  only a m atter of convenience in  th is  experiment and may 

not always be ju s t i f i e d .

3 . 10.3 RESULTS

The r e s u l ts  are presen ted  in  m atrix  form. Each element 

a ^ j)  ( r  = 1 , 2 , 3 ) of a m atrix  of r e s u l t s  corresponds to  the numerical 

value ca lcu la ted  a t  the node (x _ ,y j)  and i t s  neighbourhood as shown

in  F ig . ( 3 .5 ) .

i )  F in i te  D ifference Formula;

.  1̂ 2 ,2  + + G ,_ ._ ,)  (3 .77)
on

In  eq .(3 .?7 ) h and k^^ are re sp e c tiv e ly  the mesh leng th
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( F ig .(3 .5 )) the c u t-o ff  wavenumber of the mode considered. The

value G. . in  eq .(3 .7 7 ) i s  the value of the generating  fu n c tio n  ca l-  1 » J
cu la ted  by s u b s t i tu t in g  in to  eq .(3 .7 7 ) o r eq .(3 .6 8 ) (depending on 

the mode concerned) fo r  x and y the co -o rd ina tes  of the po in t 

(X i.Y j)

i i )  F in ite  Element Formula;

/ \ 'c?
4 j  = ^ ^  " i . j - i )

on

h^
+ ~  (*^i+ l»j-l ^ i - l , j+ l^ ^  (3 .78)

The form ula given by eq.(3«78) i s  obtained from eq.(3*77) by 

a lg eb ra ic  m anipulation. The q u a n ti t ie s  k^^, h and G^j in  eq.(3»78) 

are the same defined  f o r  the  f i n i t e  d iffe ren ce  form ula.

i i i )  Symmetric F in ite  Element Formula

k^
4 j ^  = 7 : ^ 2 7  C(2 + - f - )

cn

( 3 .79)
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The q u a n tit ie s  h and are defined  as in  the previous

ca ses .

iv )  Percentual Errors and A nalytical Values;

Once the  m atrices corresponding to  the f i n i t e  d iffe re n c e , f i 

n ite  element and symmetric f i n i t e  element formulae have been gen

e ra te d , a percen tual e r ro r  a t  each p o in t i s  ca lcu la ted  and p rin ted , 

The percen tual e r ro r  p r in t-o u ts  are in  m atrix  form and f o l 

low the arrangement mentioned in  the previous cases. The percen

tu a l e r ro rs  are ca lcu la ted  by e q .(3 .6 9 ) . The a n a ly tic a l  values 

used in  these ca lc u la tio n s  are a lso  p rin ted  in  m atrix  form. A de

s c r ip t io n  of the program used i s  p resen ted  in  Appendix 2.

v) Matrices

The follow ing matrices are the ones which have been consider

ed to represent w ell the c o lle c t io n  of r e su lts  obtained during the 

experiment.

Each matrix i s  id en tif ie d  by a map number. Matrices with co

incident elements are not repeated. Instead , the superposition  

of re su lts  i s ,  where applicable, indicated in  the caption.
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3 .1 0 .4  CONCLUSIONS

The m atrix  in  M ap(3.l) shows th a t  the r e s u l t s  of ca lcu la tio n s  

by any of the th ree  expressions (eq .(3 .7 7 ) to  e q .(3 .7 9 ))  agree a t  

l e a s t  up to  the th ird  decimal place with the a n a ly tic a l  (c o rre c t)  

va lues. So, f o r  the dominant mode, the a lg eb ra ic  d is t r ib u tio n s  of 

values given by the nodal equations and the f iv e -p o in t f i n i t e  d i f 

ference o p era to r and the ac tu a l nodal value d is t r ib u t io n  are very 

close when a reg u la r  mesh having (10x5) d iv is io n s  i s  used.

In  f a c t ,  Map(3*2) and Map(3*3) show th a t  the percen tual e r ro r  

i s  approxim ately equal to  0,02% (no attem pt was made to  estim ate  

the in fluence  of round-off e r ro rs )  and a lso  th a t  the f i n i t e  d i f f e r 

ence form ula corresponds to  an o v er-estim ation  while the f i n i t e  e l 

ement formulae correspond to  an under-estim ation  by almost the same 

amount. In  th is  p a r t ic u la r  case, the exact value appears to  be 

very close to  the a rith m e tic  average of the two a lg eb ra ic  d is t r ib u 

tio n s  .

For the TE^q mode e i th e r  the symmetric or non-symmetric f in i t e  

element formulae show the same percen tual e r ro rs  due to  the c o s i-  

noidal d is t r ib u t io n  w ith in  the re g u la r  mesh.

The s i tu a t io n  i s  d i f f e r e n t  when the f i r s t  TM mode i s  consider

ed. In  th is  case, the c e n tra l node values do not agree but to  the 

second decimal place as shown in  Map(3*4) to  Map(3.7). In  th i s  case 

the b es t r e s u l t s  are obtained  by using  the f i n i t e  d iffe ren ce  f o r 

mula which gives an e r ro r  le s s  than 0.4% (M ap(3.8)). The f i n i t e  

element form ula shows e r ro rs  g re a te r  than  2.0% (Map(3»9)) while the 

symmetric f i n i t e  element form ula, in  th is  case, gives r e s u l t s  with 

e r ro rs  around 0.7% (M ap(3.10)).
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The s i tu a t io n  fo r  the  dominant mode i s  improved in  general by 

shorten ing  the mesh len g th  as shown in  Map(3.1l) to  Map(3.13)* With 

a sh o rte r  mesh len g th  g iv ing  78 in te rn a l  p o in ts , the percen tua l e r 

ro r  f o r  the dominant mode appeared reduced to  of i t s  o r ig in a l 

v a lu e .

The mode ca lc u la tio n s  (M ap(3.l4) to  Map(3 .20)) a lso  show

an improvement with the sh o r te r  mesh len g th . Here, again the e r ro r  

of the f iv e -p o in t  f i n i t e  d iffe ren ce  form ula reduces to  r  of i t s  p re

vious value. I t  i s  seen, however, th a t  the f i n i t e  element expres

sions are poorer than the f i n i t e  d iffe ren ce  ex p ressio n s. This hap

pens because, when the generating  fu n c tio n  v a rie s  more qu ick ly  over 

the su rface , the l in e a r  dependence imposed to  o b ta in  the f i n i t e  e l 

ement expressions becomes i r r e a l i s t i c .  In  f a c t ,  even fo r  a mesh 

having 119 in te rn a l  p o in ts  (not included here) the f i r s t  order f i 

n i te  element formulae have shown poorer agreement with the a n a ly t i

cal nodal d is t r ib u t io n  than  the f i n i t e  d iffe ren ce  form ula.

F in a lly , i t  i s  reasonable to  expect g re a te r  d isc rep an c ies  be

tween the a n a ly tic a l  and the computed nodal values when those values 

are  determ ined num erically . Here, no e r ro r  was assumed to  e x is t  in  

the ce n tra l node neighbourhood and th e re fo re  the only cumulative e r 

ro r  process which has in te r fe re d  w ith the experiment was the round

ing  of r e s u l t s .

3.11 INTERPRETATION OF THE FIRST-ORDER FINITE ELEMENT APPROXIMATION

IN TERMS OF TRIANGLE AREA CO-ORDINATES

Before extending the f i n i t e  element model to  h ig h er-o rd e r ap

proxim ations, i t  i s  convenient to  in te rp r e t  eq .(3 .4 3 ) in  terms of
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t r ia n g le  area  co -o rd in a tes . This in te rp r e ta t io n  i s  used l a t e r  to 

g en era lize  the f i n i t e  element modeling p rocess; b ring ing  h igh-order 

and 3-dim ensional models to g e th e r under the same form alism .

Consider the t r ia n g le  having v e r t ic e s  on p o in ts  P^(x^,y^)

^2^^2’^2^ and P^(x^,y^) as shown in  F ig . (3 .2 6 ). The area  of the t r i 

angle P^PgP^, denoted by A can be ca lcu la ted  by e q .(3 .2 6 ); th a t  is ;

X
3

(3.80)

Any in te r io r  p o in t ( in c lu d in g  those on the s id e s ) , P (x ,y ), can 

be uniquely defined by 3 l in e a r ly  dependent homogeneous area  co-or

d in a te s , s^, Sg and s^ which are the r a t io  of the areas A ^(i= l,2 ,3 ) 

defined  by the tr ia n g le s  formed by jo in in g  P to  the v e r tic e s  P^, 

Pg and P^ (as shown in  F ig . (3 .6 ))  and the to ta l  a rea  A, in  the form;

P (s^ , Sg , s ,  ) (3 .81)

where

=1
Al (3 .82)

C alcu la tion  of the a reas Â  in  eq .(3 .8 2 ) making use of the ex

panded form of eq .(3 .8 0 ) g ives:
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y

y.

K
0

FIG. 3.6 AREA CO-ORDINATES

The in te r io r  poin t P(x,y) can be described  by the area

co -o rd inates  s^ , s^ and s^ .
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^  [  x^y^- x^y^ + (yg- y^)x + (x^- x^)y ]  (3 .83)

®2 2A~  C X^y^- X^y^ + ( y y  y^)x + (x^- x^)y ]  (3-84)

^3 " 2 l"  ^ ^1^2" *2^1 (? !"  ^2^^ (xg- %i)y ]  (3 .85)

Comparison of eq .(3 .8 3 ) to  eq .(3 .8 5 ) with eq.(3.3& ) to  eq .(3 .3 8 ) 

shows th a t  a general equation  r e la t in g  c a r te s ia n  co-o rd ina tes  to  t r i 

angle a rea  co -o rd ina tes  can be w ritte n  as:

= 2 F  (^10 + <^11  ̂ + (3 .86)

Also considering  eq .(3 .3 5 ) i t  i s  p o ssib le  to  show th a t  the gen

e ra tin g  fu n c tio n  in s id e  an element of the f i r s t - o r d e r  model can be 

w ritte n  in  terms of t r i a n t e  a rea  co -o rd ina tes  in  the form:

= j  SlG. (3 .87)
1-1

Consequently, i t  i s  p o ssib le  to  in te rp r e t  eq .(3 .4 3 ) as being the 

nodal equation  obtained when the  sim plest approximation to  the depen

dence of the generating  fu n c tio n  on the area  co -o rd in a tes  ( f i r s t - o r 

der) and i t s  values a t  s p e c if ic  tr ia n g le  p o in ts  (v e r t ic e s )  i s  assumed, 

H igher-order f i n i t e  elem ent models of the waveguide c ro ss -se c 

tio n  can be developed by assuming a h ig h er-o rd er dependence of the 

genera ting  fu n c tio n  on the a rea  co -o rd ina tes  and values a t  s p e c if ic
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t r ia n g le  p o in ts . This corresponds to  g en era liz in g  e q .(3 .2 )  in  o r 

d e r to  accomodate a N-order complete polynomial d e sc r ip tio n  of the 

genera ting  fu n c tio n  in s id e  the elem ent.

3.12 HIGHER-ORDER ELEMENTS

Consider th a t ,  in s tead  of approximating the genera ting  func

t io n  in s id e  an element of the c ro ss -se c tio n  model through e q .(3 .2 ) , 

a general N-order complete polynomial in  tr ia n g le  a rea  co -o rd in a tes , 

^N ^^l'^2 '^3^ used, in  the form:

^Mn ^N ^®1’ ®2' ®3̂  (3 .88)

Since G^^ i s  a complete polynomial of o rder N, the number of 

terms of the expression  f o r  P ^(s^ ,S 2 ,s^ ) i s  given by

n = I  (N + 1) (N + 2) (3 .89)

Consequently n nodal values Ĝ  must be sp e c ified  fo r  each e l 

ement. Furthermore, to  assure  co n tin u ity  of G^^ between ad jacen t 

elem ents, N+1 c o e ff ic ie n ts  of P®(s^,S2 ,s^ )  must depend only on nodal 

values along each t r i a n t e  s id e . This means th a t  the nodes to  be 

considered along each tr ia n g le  edge include not only the v e r tic e s  

but N-1 p o in ts  on each t r ia n g le  s id e . The rem aining nodal values 

must be defined  elsewhere over the  element.

A convenient system atic  way of chosing a s e t  of nodal values

f o r  the h ig h er-o rd er elem ents s a tis fy in g  the foregoing  requirem ents

i s  to  p lace  the nodes on the re g u la r ly  spaced s e t  of p o in ts  P. . ,1 , J , X
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defined  over an element by the a rea  co-ordlnates^^^

( |  , §  , | ) î O <  i , j , k «  N (3.90)

where i ,  j  and k are  in te g e rs  which add up to  N; th a t  i s

i  + j  + k = N (3 . 91)

The p o in ts  P. . . are on the in te rs e c tio n s  of the l in e s  

s^ = constant ; w ith s^ being defined  by eq .(3 .9 0 ) and e q .(3 .9 l ) .  

I t  can be shown^^^^ th a t  the  number of in te rs e c tio n s  i s  equal to  

the number of polynomial terms and, th a t ,  among those, N+1 equ i- 

spaced p o in ts  are on each t r ia n g le  side ( in c lu d in g  the v e rtic es) .A n  

i l l u s t r a t i o n  of a 4^^-order element w ith node d is t r ib u t io n  obtained 

by the method above i s  shown in  F ig . (3 .7 )•

3.13 FORMALISM OF THE HIGHER-ORDER FINITE ELEMENT MODELS

In  o rder to  develop the formalism of the h ig h er-o rd er f i n i t e  

elem ents models, i t  i s  convenient to  adopt a numbering system fo r  

the id e n t i f ic a t io n  of the nodal values Ĝ  sim pler than the one used 

to  id e n tify  the equispaced nodal p o in ts  P\ j

A s in g le  su b sc rip t numbering system avoids the m anipulation of 

3 su b sc r ip ts  during the c a lc u la tio n s  and can be accomplished by num

bering  the element nodal values in  descending order of the numbers 

formed by the su b sc rip ts  i , j , k  a t  each point^^^^; as shown in  

F ig . (3 . 8 ) .
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4 ,0 ,0

2

0,0,4

FIG. 3.7 4^^ ORDER ELEMENT

The equispaced nodal d is tr ib u tio n  in  a order element 

obtained by ap p lica tio n  of e q .(3 .90) .

th
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2

.th
FIG. 3.8 SINGLE SUBSCRIPT NUMBERING SYSTEM

Numbering of the nodal values of a 4"̂ “ order element in  

descending order of the numbers formed by the su b scrip ts  

i ,  j  and k.
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The g e n e ra liz a tio n  of eq .(3 .B 7) to  rep re sen t a n -o rder polyno

mial approximation to  the generating  fu n c tio n  in s id e  the element can 

be w ritte n  in  the form;

\  (=1' "2- Gq (3.92)

where c^ (s^ , s^, s^) are now polynomials of the n^^-order in  area  

co -o rd in a tes  and G are nodal values defined  over the n"^^-order
q

elem ent.

Within an element, the m inim ization of the fu n c tio n a l given by 

e q .( 3 . l )  corresponds to  s a tis fy in g

F (G) = 0 (3.93)

(Z = 1 , 2 , . . . ,n)

where G i s  now a fu n c tio n  of the a rea  co -o rd ina tes  in  the form given 

by eq .(3 .9 2 ) and the in te g ra ls  in  F are c a rrie d  out in  the  area  co- 

o rd in a te s  s p a c e ^ .

S im ila rly  to the c a lc u la tio n s  performed f o r  the f i r s t - o r d e r  f i 

n ite  element model the d e r iv a tiv e s  involved in  eq .(3 .9 3 ) w ill be c a l

cu la ted  sep a ra te ly . The d e r iv a tiv e s  in  the f i r s t  term of the func

t io n a l  F(G) are ca lcu la ted  by s u b s t i tu t in g  eq .(3 .9 2 ) in to  e q .(3 .2 7 ) . 

This g ives:
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Æ  = 2 i -  C( G g ) ]  | _  , e j

[  6% ( °q (S l 'S 2 '=3 )G^)] ^  c ^ (s^ ,82. 33)0^

+ 5#- I ?  ( g ! l = q(si'S 2 'S3)G q)] I ?  \

(3 .94)

Carrying out the operations in  e q .(3 .9 4 )  we get:

. . ^ n 6c .  6c 6c. 6c_
5%  C(srad G„G)2] = 2 ^2^ ( ^  t  ^  ) G  ̂ (3 .95)

where, f o r  conciseness, the p a ren th esis  showing the dependence of the

polynomials c . and c on the area  co -o rd ina tes  have been supressed .
t  , q

A pplication  of the chain ru le  f o r  d e r iv a tiv e s  in to  e q .(3 .9 5 )  

g ives;

g . o II 3 3 5 s 6s. 6 s .  6c . 6c
6G  ̂ [(grad  Gĵ G) ]  = 2 ^E (̂ ^  * s f  ôy  ̂ ôiT ô i^  \

(3 .96 )

The d e r iv a tiv e s  of the a rea  co -o rd ina tes  s^ , Sj , e t c . ,  are c a l

cu la ted  making use of e q .(3 .8 6 )  and then  s u b s titu te d  in to  eq .(3 .9 6 ) , 

lead in g  f in a l ly  to ;
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5Ĝ  [(grad Ĝ )̂ ]  [  Ê̂  Ê̂ (dĵ d̂̂  ̂ + d^ ĝdjg) ^  ] ĝ

(3-97)

The d e r iv a tiv e  of the second term of the fu n c tio n a l i s  much 

sim pler to  ev a lu a te . S u b s titu tin g  eq .(3 .9 2 ) in to  the in te g ra l  and 

c a lc u la tin g  the d e r iv a tiv e  we have;

^  C 1 = 2 =,c^G^ (3.98)

Now d efin in g  the element m atrices [  S^ ]  and [  T  ̂ ]  f o r  which 

ty p ic a l components are given re sp e c tiv e ly  by^^^^;

'^ 9  = i  " ik  U k  ô i j  (3-99)

T 'q  = \  (3.100)

the waveguide fu n c tio n a l m inim ization problem becomes the a lg eb ra ic  

eigenvalue problem, in  the form:

[ s ]  [G] = [T] [G] (3.101)

where the global m atrices [ s ] ,  [ c ]  and [ l ]  are obtained by consider

ing a l l  the in d iv id u a l co n trib u tio n s  of a l l  elements in  the cross- 

s e c tio n  as in  the f i r s t - o r d e r  model.
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3.14 CALCULATION OF THE MATRICES [S®] ^  [T®] 

D efining the polynomials

= O ljk  = P l ( s i )  P jfsz )  (3-102)

where

1 + j  + k = N (3 . 103)

(z) = Î T  ( ^%-T ) (3.104)

(m > 1)

P
^ i= l

F ( z )  = 1 (3 . 105)m
(m = 0 )

and making use of the geom etric p ro p e rtie s  of a tr ia n g le ,f ro m  which 

^ l A j  ^2 i^2 j = " 2A cotg 9^ . (3.106)

( i / ^  j )

= 2A (co tg  9 + cotg 8^) (3.107)

(0^ = angle a t  v e rtex  i )

S ilvester^^^^has shown th a t  the m atrix  [S®] can be w ritte n  in  the form

3
[  S® ]  = E C Q® ]  cotg 0. (3.108)

i= l  ̂ ^
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The m atrices [Q^] in  eq .(3 .108 ) do not depend on tr ia n g le  

shape and moreover i t  i s  v e r if ie d  th a t  the th ree  m atrices [Q^] are 

perm utations of each o th e r in  such way th a t  the m atrix  fo r  a

given element can be constructed  i f  one of the m atrices, say ,

i s  known.

In  order to  evaluate  the components of m atrices and

the polynomials in  e q .(3*102) must be d if f e r e n t ia te d  and the in t e 

g ra tio n  in  the a rea  co -o rd ina tes  space performed.

The polynomials in  e q .(3*102) may be d if f e r e n t ia te d  and m u lti

p lie d  in  a s tra ig h tfo rw ard  manner. For the in te g ra tio n , the number 

of independent v a ria b le s  are reduced to  two using  the re la tio n sh ip

Z s . = 1 (3.109)
1=1

( 59)and a form ula fo r  the in te g ra tio n  of the ty p ic a l term^ '

^mn " 4  4 . (3.110)

may be used.

The ca lc u la tio n  of the h ig h er-o rd e r element m atrices i s , th e r e -
( ^1 )fo re , uncom plicated. However, as poin ted  out by S ilv e s te r^  , "the 

m anipulative labour involved in  f in d in g  any but the  low est o rder e l 

ements i s  form idable ."

To overcome th is  d i f f i c u l ty ,  S i lv e s te r  and a s so c ia te s  devised 

in d iv id u a l sub-programs which produce the m atrices and [T^] up

to  the 6^^-order and generate  au to m atica lly  the m atrix  [S^] f o r  a
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given elem ent. These numerical a rray s  became a v a ila b le  in  L e ic e s te r  

during  th is  research  work as p a r t  of a more general package to  solve

L ap lace 's  , P o isso n 's and H elm holtz 's equations, to  be considered
, _ * below .

3.15 PROGRAM PACKAGE FOR 2-D FIELD PROBLEMS

A program package f o r  so lv ing  two dim ensional f i e ld  problems 

involv ing  e i th e r  L a p lace 's , P o isso n 's o r Helmholtz equations was de

veloped a t  McGill U n iversity , M ontreal, by P .S ilv e s te r  and A.Konrad.

The source i s  w ritte n  in  F o rtran  IV having a deck len g th  of ap

proxim ately 3*000 cards inc lud ing  comment cards and general documen

ta t io n .  The program deck a lso  inc ludes in s tru c t io n s  on how to  use 

the program , to  se t-u p  the inpu t d a ta , d e ta i l s  of the d e fa u lts  used 

by the program and sample d a ta  s e ts  and r e s u l t s .

The complete program l i s t i n g  and documentation i s  av a ilab le  

from ASIS NATIONAL AUXILIARY PUBLICATIONS SERVICES, New York, docu

ment No. NAPS 01604 (see re ference  ( l l ) ) .

3 . 15.1 DESCRIPTION

The program provides elements up to  6^^-order and c o n s is ts  of 

ro u tin e s  fo r  read ing  in  the  d a ta , assem bling the f i n i t e  element ma

t r i c e s ,  m atrix  m anipulation, d a ta  handling  and so lv ing  l in e a r  equa

t io n s .

* See re fe ren ces  ( l l ) ,  (35) and (41) fo r  the d e ta i l s  of the ca lcu la 

t io n s .



-  1 3 4  -

All the inpu t and generated d a ta  are  p r in te d  out to g e th e r with 

a s e t  of program s t a t i s t i c s  and a node assem bling map to  allow  a 

quick check of the ou tpu t.

A fter read ing  the inpu t d a ta  the  program assembles the f i n i t e  

element m atrices according to  the sp e c ifie d  element o rder. These 

are solved by Gaussian e lim in a tio n  o r by an eigenvalue problem pack

age, depending on the f i e ld  equation  under co n sid e ra tio n .

The so lu tio n s  to  the f ie ld  problem are then p rin ted  out in  the 

form of numbered nodal values which correspond to  numbered p o in ts  on 

a map generated in  the  l in e - p r in te r .  In  the case of so lv ing  

H elm holtz 's equation, the nodal values p r in t  out i s  proceeded by the 

p r in t  out of the c u t-o ff  wave-number.

Several problems may be d e a lt  w ith a s in g le  run of the program 

and any d a ta  s e t  con ta in ing  e r ro rs  i s  skiped w ithout provoking abor

t iv e  stoppage. For a d e ta i le d  d e sc r ip tio n  in c lud ing  s tru c tu ra l  and 

o p era tio n a l c h a ra c te r is t ic s  of the program, see re fe ren ces  ( l l )  and 

(3 5 ) ' For access and use of the program from L e ic e s te r  see 

a lso  Appendix 3*

3 . 15.2 IMPLEMENTATION

The im plem entation of the  program package as o r ig in a l ly  develop

ed by S i lv e s te r  and Konrad re q u ire s  about 200K bytes of main sto rage 

and i s  able to  deal w ith f i n i t e  element m atrices up to  an o rder of 

100. Cambridge U n iversity  Engineering Department has produced a 

m odified version  of the same package reducing the  m atrix  handling 

c a p a b ili ty  to  an order of 55 and consequently reducing the main
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sto rage requirem ents to  approxim ately 120K b y tes . The reduced core 

version  a lso  includes a d a ta  form ating procedure which enables the 

u se r to  feed  in  d a ta  v ia  term inal o r card read er by means of concise 

a r ra y s .

U nfortunately , no im plem entation of e i th e r  v ersio n  could take 

p lace a t  L e ic e s te r  U n iversity  Computer Laboratory since the core r e 

quirements could not be met by the p resen t computer. The ca lcu la 

tio n s  using  the package during  th is  research  were c a rrie d  out 

through a telephone l in k  with Cambridge and only the 120K bytes v er

sion  has been used.

3 . 15.3 EXAMPLES OF NODAL VALUE DISTRIBUTIONS

The generating  fu n c tio n  nodal value d is t r ib u t io n s  presen ted  in  

M ap(3'2l) to  Map(3-23) are in  m atrix  form, fo llow ing  the method of 

p resen ta tio n "d esc rib ed  in  paragraph (3*10.3)• These m atrices have 

been constructed  from the program outputs (Appendix 3)* Nodal value 

d is t r ib u t io n s  corresponding to  the f i r s t  propagating  TE mode (domi

nant) — TE^q — and f i r s t  TM mode — TM̂  ̂ — are p resen ted . Also 

the nodal value d is t r ib u t io n  corresponding to  the TE^^ mode which 

has the same c u t-o ff  wave-number of the TM̂  ̂ (d e g e n e ra te )  i s  shown. 

A d e ta ile d  d e sc rip tio n  of the d a ta  generation , job  submission and 

output samples are p resen ted  in  Appendix 3*

In  a l l  maps, the re c ta n g u la r  waveguide considered has a n ar

rower to  broader c ro ss -se c tio n  s id es  r a t io  equal to  j ,  r e la t iv e  d i 

e le c t r i c  constant equal to  1.0 and has been s p l i t  d iagonally  in to  

two 6^^-order elements during  the f i n i t e  element c a lc u la tio n s . 

(Appendix 3)*
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3 . 1 5 . 4  COMPARATIVE RESULTS

I t  i s  in s tru c t iv e  to  compare the  TE^^ and TM̂  ̂ r e s u l t s  o b ta in 

ed by u sing  6^^-order f i n i t e  elem ents — Map(3-2l) and Map(3.22) — 

with the corresponding a n a ly tic a l  nodal values — Map(3.24) and 

Map(3.25) — obtained through e q .(3 .6 ? )  and e q .(3 .6 8 ) . For c la r 

i ty ,  the a r b i tr a ry  am plitude constan ts  used in  the  l a t t e r  c a lc u la 

tio n s  are taken as + 7*000. Comparison between Map(3*2l) and 

Map(3*24) and Map(3*22) and Map(3*25) re sp e c tiv e ly , shows th a t  the  

6^^-order f i n i t e  element r e s u l ts  are very ac cu ra te . The percen tua l 

e r ro rs  ca lcu la ted  by using  eq.(3»69) are shown in  Map(3.26) and 

Map(3.2?) re sp e c tiv e ly . I t  i s  noted th a t  the  corresponding abso lu te  

percen tual e r ro rs  in  the nodal value d is t r ib u t io n s  are le s s  than 

0 . 15% and 1 .16^.

The r e s u l t s  fo r  the TE^^ mode are shown in  Map(3*28) and 

Map(3*29). The a rb i tr a ry  constan t in  th i s  case has been assumed to  

be 10.000. I t  must be po in ted  out th a t  when the  f i n i t e  element nod

a l value d is t r ib u t io n  i s  normalized with re sp e c t to  i t s  maximum valu 

ed component, the percen tua l e r ro rs  are d i f f e r e n t  from the ones 

shown. The value chosen f o r  the a r b i tr a r y  co n stan t in  the a n a ly t i 

cal d is t r ib u t io n  has c e r ta in ly  in fluenced  the  p ercen tual e r ro r  map. 

The comment ap p lies  to  the o th e r nodal value d is t r ib u t io n s  as w e ll .
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3.16 EXTENSION OF THE HIGHER-ORDER FINITE ELEMENT MODEL TO SOLVE 

d-DIMENSIONAL HELMHOLTZ'S EQUATIONS

The h ig h er-o rd e r f i n i t e  element method can be extended to  solve 

the  d-dim ensional H elm holtz 's equation^

where G i s  a s c a la r  fu n c tio n  of d v a r ia b le s , th a t  i s

G = G ( x ( l ) ,  x (2 ), . . .  (3 . 112)

2
with the d-dim ensional L aplacian  o p era to r being defined in  the 

form

and the asso c ia ted  fu n c tio n a l given by:

F(G) = f f  . . .  f  (grad G)^ dx^^^ dx^^^ . . .  dx^^^

-  f S . . .  f  d x ( l)  dx(2) . . .  dx(^) (3.114)

The extension  of the method i s  accomplished by g en era liz in g  the 

equations developed f o r  so lv in g  the 2D-Helmholtz equation . Follow

ing procedure s im ila r  to  the  two-dimensional an a ly s is  a system of 

(d+ l) l in e a r ly  dependent g eneralized  volume co-o rd ina tes  

v ^ ( i= l , 2 , . . . ,d+ l) such th a t
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d+l
=  1 (3 . 115)

defined  in  the form:

where

L A
+ . . . ( 3 . 116)

1 k U ) . p ) . . .  x(a)

A  = 1 x(a) . . .  %2 ( 3 . 117)

1 4 + 1
%(d)

••• %d+l 1

the c o e f f ic ie n ts  a 

the r^^ row of

( r ) ( i = l , . . .  d+l ; r = l , . . .  d) a re  the minors of

and X.( 1) „ (2 ) ( 1) (2 )I Xg f ••• ©"bc«j 3JT0 the1 ’ ^  ^
d-dim ensional co -o rd inate  of the (d+l) v e r t ic e s  of the element in

the  d-dim ensional space.

D efining the generating  fu n c tio n  in s id e  the element as a com

p le te  N-order polynomial in  the genera lized  volume co -o rd in a tes , in  

the  form

= _ E ( . o '  G . . .

(3.118)
J i . . . .  Ja+i
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where

i l  + jg  + Ja+i = N , (3.119)

n i s  the to ta l  number of nodal p o in ts  defined  in s id e  the  element , 

given by

n = ( N + d) Î /  n! d! (3.120)

and

(3 .121)

_m j Nv. -  i  + 1
P_(v.) = T r  (  ) (3.122)111 1 J.

(m ^ 1)

p j v i )  = 1 (3.123)

(m = O)

the in te g ro -d if f e r e n t ia l  problem of minimizing the fu n c tio n a l in  

e q .(3.114) i s  transform ed in to  the a lg e b ra ic  eigenvalue problem

[  S ]  [  G ]  = [  T ]  [  G ]  (3.124)

where the ^ o h a l  m atrices [S ] , [T] and [G] are obtained  by consider- 

ing  the co n trib u tio n s  of a l l  elem ents in  the  reg ion  of d e f in it io n  of
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e q .(3 .114 ). The in d iv id u a l components of the m atrices [ s ]  and [T] 

are ca lcu la ted  re sp e c tiv e ly  by

# I  % I  -/S i ^  “
element

(3.125)

= f f  . . .  /  dn (3.126)
element

where dH i s  the genera lized  volume d i f f e r e n t ia l .

In  the three-d im ensional case the elements are  te tra h e d ra  and 

the generalized  volume co -o rd in a tes  become the te tra h e d ra l  volume 

co -o rd in a tes

Vi = v ^ /  Vg (3.127)

4
E V. = 1 (3 .128)

1=1 V-

d esc rib in g  any in te r io r  p o in t P (x ,y ,z )  of the element in  the form

^(Vi.Vg.V^.V^).

In  e q .( 3 . 127) i s  the volume of one amongst the fo u r t e t r a 

hedra d iv id in g  the element and having v ertex  on p o in t P and i s  

the element volume. As in  the  two-dimensional case, element m a tri

ces [T^] and [Q^^] (the m atrix  [S^] i s  again decomposed and m atrices 

which do not depend on the element geom etric p ro p e rtie s  and
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are row and column perm utations of each o th e r are defined)have been 

ca lcu la ted  (up to  the 3 ^ - o r d e r ) ( ,

3.17 APPLICATION OF THE FINITE ELEMENT MINIMIZATION TECHNIQUE TO

3-D VECTOR WAVE PROBLEMS

Research e f fo r t  i s  being made f o r  c a lc u la tin g  the s c a t te r in g  

param eters of an a rb i tr a ry  shaped waveguide d is c o n tin u ity  a t  

Cambridge Engineering Department by means of te tra h e d ra l  e l -
/ g X \

ements^ . Because no s c a la r  fu n c tio n a l has been found to  d escrib e  

the  problem, v ec to r fu n c tio n a ls  invo lv ing  the e l e c t r i c  f i e ld  in te n 

s i t y  or the magnetic f i e ld  in te n s i ty  v ec to r components a t  each one 

of the te tra h e d ra l  element v e r t ic e s  are used in  conjunction  w ith the 

f i n i t e  element m inim ization technique.

The computer so lu tio n  of a waveguide d is c o n tin u ity  problem i s  

then obtained as a rray s  of numbers corresponding to  the th re e  vec

to r  components a t  each element v e rtex  s ince num erical c a lc u la tio n s  

are performed in  an e s s e n t ia l ly  v ec to r described  problem.

I f  the nodal p o in ts  in s id e  the  microwave ju n c tio n  are  p laced 

on planes c u ttin g  the ju n c tio n  in to  se c tio n s , the  s c a la r  fu n c tio n s  

d esc rib in g  the so lu tio n  through t h e i r  nodal values are  in  a number 

of th ree  (one fo r  each v ec to r component) per c u ttin g  p lane. Conse

quently  the sto rage requirem ents f o r  v ecto r problems are necessary - 

ly  high (approxim ately ÔOK by tes have been used in  Cambridge) and 

the in te rp re ta t io n  of the r e s u l t s  from standard  computer p r in t-o u ts  

very d i f f i c u l t .
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CHAPTER 4

WAVEGUIDE FIELD PATTERNS

4.1 INTRODUCTION

I t  has been shown in  the previous chap ter th a t  d is c re te  values of 

the generating  fu n c tio n  of propagating modes in s id e  general c ro ss -sec 

t io n  waveguides can be obtained by the f i n i t e  element method. Because 

the f i n i t e  element method i s  a d is c r e t iz in g  procedure i t  does not lead  

to  the generating  fu n c tio n s  them selves but to  a s e t  of approximate 

s c a la r  values d is tr ib u te d  over the waveguide c ro ss -se c tio n . A se t of 

s c a la r  values i s  not, however , a convenient form of p resen tin g  the 

answer to  a microwave f ie ld  problem. What i s  req u ired  i s  a method of 

v isu a liz in g  the f ie ld  con figu ra tion  in  the waveguide. Consequently , 

once the f i n i t e  element so lu tio n  has been ob ta ined , an adequate i n t e r 

p o la tio n  method must be app lied  to  the nodal value d is t r ib u tio n s  in  

o rder to  generate in te rp re ta b le  f i e ld  in fo rm ation . The in te rp o la tio n  

process should produce f i e ld  r e s u l ts  w ith in  a given to le ran ce  depend

ing  on the problem in  hand. No in te rp o la tio n  i s  necessary  when vecto r 

f i n i t e  element techniques are being considered. In  th is  ca se ,th e  f i e ld  

inform ation  i s  re a d ily  a v a ila b le . Only the v isu a liz a t io n  of the  f ie ld  

behaviour remains to  be cared f o r .  I t  involves the  man-machine i n t e r 

face  fo r  adequate p re se n ta tio n  of the  r e s u l t s .  This i s  p a r t ic u la r ly
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im portant s ince  a n a ly tic a l  d e sc rip tio n s  of the f i e ld  fu n c tio n s  are 

not a v a ila b le . In  a d d itio n , i t  must be kept in  mind th a t  computer 

so lu tio n s  may con ta in  spurious results^^^^^^^^^^^^. The use of an 

inadequate in te r fa c e  not allow ing quick id e n t i f ic a t io n  of undesired 

outputs may correspond to  wasting a considerable amount of time and 

e f f o r t .

This chap ter proposes an o r ig in a l  graphic method, capable of 

d esc rib in g  num erically  obtained v ec to r f ie ld  d is t r ib u t io n s ,  very ac

cu ra te ly . The technique to  be d iscussed  here gives a complete r e 

p re se n ta tio n  of the e lectrom agnetic  v ec to rs  in  the waveguide. All 

the  c h a ra c te r is t ic s  of a p ropagating  v ecto r f i e ld  a t  a p o in t (d ire c 

tio n , r e la t iv e  magnitude and phase) are e x p l ic i t ly  p resen t in  the 

ou tpu t. P a r t ic u la r  a t te n t io n  has been given to  the user-machine in 

te r fa c e  such th a t  a minimum of conventions has to  be a ss im ila ted  to  

in te rp rè te  the r e s u l t s .  The geom etric image of a v ecto r f i e ld  has 

been chosen to  co n s is t of a re p re se n ta tiv e  assembly of arrow s. The 

uniqueness of v ec to r re p re se n ta tio n  i s  obtained by imposing on th is  

c la s s ic a l  image s p e c if ic  geom etric ru le s  and fix e d  p ro p o rtio n s.T h is  

speeds up the in te rp re ta t io n  of the output making i t  easy to  d e te c t 

spurious r e s u l t s .  The in h eren t a b i l i t y  of the method to  generate 

re a d ily  in te rp re ta b le  ou tpu ts con tain ing  a l l  the  f i e ld  inform ation  

a lso  makes i t  a t t r a c t iv e  to  in te ra c t iv e  a p p lic a tio n s . The method 

i s  general, and so, i t s  ex tension  to  o th er s i tu a t io n s  in  eng ineer

in g  can probably be c a rrie d  out w ithout d i f f i c u l ty .  In  th is  sense, 

the  graphic technique developed during  th is  re search  work comple

ments the e x is t in g  graphic softw are devoted to  s c a la r  rep re sen ta tio n , 

I t  opens the p o s s ib i l i ty  of rep re sen tin g  3-dim ensional and o th e r
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f ie ld s  f o r  which conventional f i e ld  l in e  diagrams and contour maps 

are not adequate.

The chap ter s t a r t s  by d esc rib in g  the usual f i e ld  l in e  rep resen 

ta t io n  of waveguide modes and i t s  l im ita t io n s .  This i s  follow ed by 

a d iscu ss io n  of the contour map technique. Then i t  proceeds to  ex

p la in  the general concepts used in  the development of the graphic 

image fo r  v ec to r q u a n t i t ie s .  Examples of a p p lic a tio n  to  waveguide 

propagation are given. The c a lc u la tio n  and d isp la y  of waveguide vec

to r  f ie ld s  from the  nodal value d is t r ib u t io n s  i s  exem plified . Appli

ca tio n s of the proposed v ec to r imaging process to  e s s e n t ia l ly  3 -d i

mensional waveguide d isc o n tin u ity  problems are a lso  shown in  the 

chap ter.

4 .2  BASIC LIMITATION OF WAVEGUIDE MODE PATTERNS

The use of mode p a tte rn s  d esc rib in g  the normal mode f i e ld  con

f ig u ra tio n s  of conventional w aveguides,that is,w aveguides f o r  which 

a closed a n a ly tic a l  form of the f i e ld  d is t r ib u t io n s  can be obtained, 

i s  a well e s ta b lish e d  p ra c tic e  in  microwave engineering . The wave

guide mode p a tte rn s  are  u su a lly  constructed  from the a n a ly tic a l  ex

p ress io n s  f o r  the  e lectrom agnetic  f ie ld s  using  f i e ld  lines^^^^ also  

c a lle d  l in e s  of f o r c e a s  f o r  s t a t i c  f ie ld s  and appear in  most 

books d ea lin g  w ith the  fundam entals of microwave t e c h n i q u e s ^ ^ .

In  genera l, however, the  e lectrom agnetic  f i e ld  V (V = E or H ) 

on the  d isp lay in g  or p lo t t in g  p lane, th a t  i s ,  on a plane of constant 

phase along the d ire c t io n  of power flow  in  the waveguide fo r  which 

the diagrams are co n stru c ted , does not s a t i s fy
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d i v .  V = 0 ( 4 . 1 )

and th e re fo re  the  r e s u l t in g  p a tte rn s  cannot be in te rp re te d  in  the 

same way.

This d i f f i c u l ty  in  the in te rp re ta t io n  of the c la s s ic a l  mode 

p a tte rn s  has been r e a liz e d  by Marcuvitz^-^ '  n ea rly  30 years ago, 

p o in tin g  out th a t  h is  diagrams are  not tru e  f lu x  p lo ts  and th e re fo re  

do not in d ic a te  the f i e l d  in te n s i ty  everywhere. The reason of inad

equacy of the f i e ld  l in e  diagrams in  electrodynam ical s i tu a t io n s  

presen ted  by M arcuvitz, i s  e s s e n t ia l .  I t  produces some in te rp r e ta 

tio n  d i f f i c u l t i e s  which have been analysed by the  au thor and are 

d iscussed  in  the fo llow ing  paragraphs.

4 .3  DIFFICULTIES IN THE INTERPRETATION OF FIELD INTENSITY VARI

ATIONS BY MEANS OF FIELD LINES

4 . 3.1 CONVENTIONAL DIAGRAMS

Before analysing  th e  d i f f i c u l t i e s  of in te rp re ta t io n  of the be

haviour over the c ro ss -se c tio n  f o r  f ie ld s  which cannot be g rap h ica l

ly  rep resen ted  through an accurate  f i e ld  l in e  diagram, l e t  us con

s id e r  the p ic to r ia l  arrangement by which the f i e ld  inform ation  i s  

conveyed to  the observer by means of those diagram s.

Consider the s im p lest of the waveguide mode p a tte rn s , namely 

the mode p a tte rn  of the  TE^^ mode of a ty p ic a l rec tan g u la r wavegui

de. According to  th e  f i e ld  l in e  diagrams graphic technique, the 

tra n sv e rse  e l e c t r i c  f i e ld  i s  rep resen ted , in  th i s  case, by a c e r ta in  

number of s tr a ig h t  l in e s  which are  p a r a l le l  to  the narrower c ro ss 
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se c tio n  s id e s . This in d ic a te s  th a t  the  f i e ld  has th a t  d ire c tio n  

everywhere on the c ro ss -sec tio n . The s t r a ig h t  l in e s  are d i s t r i b u t 

ed over the c ro ss -se c tio n  in  such way th a t  the number of l in e s  per 

u n ity  leng th  along the  broader c ro ss -se c tio n  s id es  in d ic a te s  the  s i 

nusoidal v a r ia t io n  of the r e la t iv e  magnitude of the  f i e ld  along th a t  

d ire c tio n  in  the waveguide. The magnetic f i e ld  i s  a lso  rep resen ted  

by s tr a ig h t  l in e s  which a re , now, p a r a l le l  to  the  broader c ro ss -se c 

t io n  s id es  and equispaced. Because, f o r  th i s  p a r t ic u la r  mode(and a l l  

TE modes) the magnetic f i e ld  has, in  g en era l, non-vanishing lo n g itu 

d in a l components a t  c ro ss -se c tio n  p o in ts , i t  i s  im possible to  give 

an accurate  d e sc rip tio n  of i t s  r e la t iv e  magnitude v a r ia tio n s  o r d i 

r e c tio n . The f i e ld  l in e  diagrams a c tu a lly  co llap se  f o r  such v ec to r 

f i e ld s .  Therefore, the magnetic f i e ld  re p re se n ta tio n  can only be 

in te rp re te d  as a vague in d ic a tio n  of the magnetic f i e ld  behaviour 

fo r  th is  mode.

Two conventional TE^^ mode p a tte rn s  are p resen ted  in  F ig . (4 .1 ) 

and F ig . (4 .2 ) .  The diagram depicted  in  F ig . (4 .1 ) shows a t o ta l  of 5 

f i e ld  l in e s  per d isp layed  f i e ld  while F ig . (4 .2 ) shows a to t a l  of 19 

f i e ld  l in e s  per d isp layed  f i e ld .  Both p ic tu re s  w ill  be referenced  

a t  a l a t e r  paragraph in  the  chap ter. For c la r i ty ,  the  magnetic f i e ld  

l in e s  have been ommitted in  the diagram s. I t  appears , from the 

observation  of both diagrams th a t ,  i f  they  are used w ithout the  p re 

vious knowledge of the  fu n c tio n a l form of the f i e l d  expressions 

(which i s  a n a tu ra l cond ition  f o r  num erically  evaluated  f ie ld s )  the 

comprehension of the s in u so id a l v a r ia t io n  of the r e la t iv e  magnitude 

of the  tran sv e rse  e le c t r i c  f i e ld  along the  b roader c ro ss -se c tio n  

s id e s  d ire c tio n .
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E = Eg s in  ( p  ) (4 .2 )

where Eq i s  an a rb i tr a ry  amplitude constant and A i s  the broader 

c ro ss -se c tio n  side le n g th , cannot be e a s ily  accomplished.

In  o th e r words, the  in form ation  about the f i e ld  in te n s i ty  v a r i 

a tio n s  over the waveguide c ro ss -se c tio n , although p re c ise ly  p resen t 

in  both p ic tu re s  (w ith obvious emphasis in  the second p ic tu re )  i s  

hard to  a s s im ila te ,

4 . 3.2  AUTOMATICALLY GENERATED CONTOUR DIAGRAMS

The d i f f i c u l ty  of in te rp re t in g  the f i e ld  d is t r ib u t io n  i s  in 

creased when contour diagrams are used f o r  re p re sen tin g  the f i e ld  

behaviour in  the guiding s tru c tu re .  I t  can be shown th a t  the  f i e ld  

l in e s  of tran sv e rse  f ie ld s  in  a general c ro ss -se c tio n  waveguide f o l 

low the contour maps of the genera ting  fu n c tio n  nodal value d i s t r i 

b u tio n s. For th is  purpose, consider the general equation f o r  the 

tra n sv e rse  electrom agnetic  f i e ld  v ec to r, of a propagating mode

in  a general c ro ss -se c tio n  waveguide, obtained by combining the mode 

f i e ld  equations, e q .(2.138) to  e q .(2 .l4 ? ) ;

where p i s  a p ro p o rtio n a lity  f a c to r  and i s  the  generating  func

t io n  fo r  the  mode under co n s id e ra tio n .

As the v ec to r (grad G^) has a d ire c tio n  which i s  perpend icu lar 

to  the  curves obtained by jo in in g  the p o in ts  f o r  which
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G = constant (4 .4 )n

in  a contouring sense, and because the cross-p roduct of the u n ity  

vec to r ^  tim es (grad G^) a c tu a lly  ro ta te s  the l a t t e r  through an 

angle equal to  (tt/2) rad ian s ; i t  i s  concluded th a t  the  d ire c t io n  of 

—Tn p o in t of the curve described  by e q .(4 .4 )  i s  the d ire c tio n

of the tangent to  the curve a t  th a t  p o in t. Comsequently, f i e ld  l i 

nes of the tran sv erse  f ie ld s  can be obtained by applying contouring 

ro u tin es  to  the generating  fu n c tio n  nodal value d is t r ib u t io n s .

I t  must be sa id  here, however, th a t  although standard  contour

ing  ro u tin e s  are av a ilab le  in  most computer la b o ra to r ie s ,  the s tru c 

tu re  of the f i n i t e  element evaluated  nodal p o in t d is t r ib u t io n  i s  

such th a t ,  very r a re ly , they  are lo ca ted  on a re g u la r ly  spaced mesh 

req u ired  fo r  the vast m ajo rity  of contouring algorithm s. In  general, 

the generating  fu n c tio n  nodal values d is t r ib u t io n s  can be regarded 

as " sc a tte re d  data" fo r  contouring purposes.

I f  the nodal values are arranged in  such way th a t  th e i r  d is 

placement from an h y p o th e tica l re g u la r  mesh d iv id in g  the c ro ss -sec 

tio n  i s  reasonably  sm all, in te rp o la tio n  techniques can be used to  

evaluated  the nodal values on the mesh p o in ts  based on the a c tu a lly  

known nodal p o i n t s ^ T h i s  procedure i s  in  g eneral, however , 

incovenien t since i t  not only l im its  the in h eren t a b i l i t y  of the f i 

n i te  element method which i s  to  allow  an a r b i tr a r y  d e f in it io n  of the 

nodal p o in ts , but a lso  in troduces an in te rp o la tio n  process before 

any f ie ld  inform ation can be ob tained . This m agnifies the cumula

t iv e  e r ro r  of the o v e ra ll p rocess. Even in  a p a r t ic u la r  s i tu a t io n  

where no s u b s ta n tia l e r ro r  would be in troduced  by r e - in te rp o la t in g
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the nodal values d is t r ib u t io n ,th e  a c tu a l p rocess of contouring over 

a re g u la r ly  spaced mesh may p resen t d i f f i c u l t i e s ^

The d i f f i c u l t i e s  of au tom atica lly  generated f ie ld  l in e s  are not 

confined,how ever,to  a lgorithm  d i f f i c u l t i e s .  In  f a c t ,  by using  such 

technique the observation  of r e la t iv e  f i e ld  in te n s i ty  v a r ia tio n s  may 

become p a r t ic u la r ly  d i f f i c u l t .  The d i f f i c u l ty  in  the in te rp re ta t io n  

of those diagrams occurs because the  f i e ld  l in e s  are to  be drawn over 

nodal p o in ts  which have been lo ca ted  over the  c ro ss -se c tio n , w ithout, 

in  genera l, bearing  a geom etric d is t r ib u t io n  tay lo re d  f o r  r e la t iv e  

f i e ld  in te n s i ty  d e sc r ip tio n  by the f i e ld  l in e  diagrams technique . 

Evidence of the  above comment can be obtained  by comparing F ig . (4 .1 ) 

w ith the a p p lic a tio n  of a contouring technique to  the  TE^^ nodal 

value d is t r ib u t io n  given in  M ap(3.2l)in  o rd er to  o b ta in  the c o rre s 

ponding f i e ld  l in e s ,  shown in  F ig . (4 .3 ) .

The diagrams dep icted  in  F ig . (4 .4 ) and F ig . (4 .5 ) show the con

to u r  obtained f o r  the  TM̂  ̂ and the TE^^ modes from the nodal value 

d is t r ib u t io n s  in  Map(3-22) and Map(3.23), re sp e c tiv e ly . The numbers 

which appear in  the disgrams rep re sen t the constan t nodal value 

along the f i e ld  l in e s  and are shown f o r  i l l u s t r a t i v e  purpose only. 

They are not u su a lly  shown in  p ic tu re s  drawn according to  th is  

g raph ic  technique. Also the f i e ld  l in e s  of the non -transverse  f ie ld s  

(which are d ep ic ted  in  the c la s s ic a l  f i e ld  l in e  diagrams f o r  wave

guide modes) are not produced by th is  method.

F i n a l ly , i t  must be po in ted  out t h a t , i n  the  category of autom atic 

g en era tio n  of f i e ld  l in e s ,a  computer program f o r  contouring over a

t r ia n g u la r  g rid  based on 2-dim ensional Newton-Cotes in te rp o la tio n

and app lied  to  f i n i t e  € 
(71 )(72 )(7 3 )(7 4 )(7 5 )(7 6 )(7 7 )

polynom lals(^^)(^^)has been developed^^'^^and ap p lied  to  f i n i t e  e l -

ement r e s u l t s  of e lectrom agnetic  problems
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4 .4  REGIONS OF PSEUDO INTENSE FIELD

Another kind of in te rp re ta t io n  d i f f i c u l ty  which does not in 

volve the tra n sv e rse  f ie ld  but a f fe c ts  the consistency  of the f i e ld  

l in e  diagrams, regarded as a whole, i s  roiisedLby observing fo r  in 

stan ce , the curvature of the f i e ld  l in e s  d isp layed  in  F ig . (4 .4 ) and 

^ ig .(4 .5 )«  I t  i s  n o ticeab le  in  F ig .(4 .4 ) th a t  the magnetic f i e ld  

l in e s  are concave when observed from the  waveguide cen tre  reg ion . 

This means th a t ,  when the e l e c t r i c  f i e ld  l in e s  are drawn to  approxi

m ately rep re sen t the e l e c t r i c  f ie ld  behaviour on the d isp lay in g  

plane, they w ill converge in  the cen tre  reg io n  and d iverge in  the 

corner regions s in ce , according to  e q . (2 .148 ), they must in te rc e p t 

the  magnetic f i e ld  l in e s  a t  r ig h t  ang les.

The convergence of the e le c t r i c  f i e ld  l in e s  in  the  centre r e 

gion suggests the  ex istence  of a h igh ly  in ten se  f i e ld  a t  the wave

guide ax is  while th e i r  divergence a t  the corners suggests a weak 

f i e ld  th e re . The f ie ld  l in e  d en s ity  i s  high in  the cen tre  reg ion  

and low in  the co rners. In  f a c t ,  although the  e l e c t r i c  f i e ld  i s  r e 

la t iv e ly  weak a t  the waveguide corners, the  in crease  in  the f i e ld  

l in e  d e n s ity  in  the centre reg ion  c rea tes  pseudo in ten se  f ie ld s  

because the in crease  in  the f i e ld  l in e  d e n s ity  i s  not m otivated by 

h ig h er non-transverse  f ie ld s  in  the reg ion  but happens as an unavoid

ab le  graphic consequence of the curvature of the  tran sv e rse  f i e ld  

l in e s .  This reg ion  of pseudo in ten se  f i e ld  may wrongly suggest the 

ex is ten ce  of an e l e c t r i c  f i e ld  showing an unaccountable high r e l a t i 

ve in te n s i ty  a t  the  waveguide ax is  f o r  every phase along the wave

len g th  because the same diagram tru e ly  suggests weak f ie ld s  a t  cor

ners f o r  every phase in  the p ropagation . A sketch  showing the f o r -
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mation of the pseudo in ten se  f i e ld  reg ion  f o r  the  mode i s  p re 

sented in  F ig . (4 .6 ) .

S im ila rly , the convexity of the e l e c t r i c  f i e ld  l in e s  of the 

mode (F ig .(4 .5 ))  with re sp e c t to  the  waveguide cen tre  could 

m isleadingly  suggest a magnetic f i e ld  showing low in te n s i ty  on the 

waveguide ax is  and high in te n s i ty  a t  the c ro ss -se c tio n  corners f o r  

every phase in  the  propagation . Here, the pseudo in ten se  f i e ld  r e 

gions are the waveguide corners and the  e f f e c t  f o r  th i s  p a r t ic u la r  

mode i s  dep icted  in  F ig . (4 .? ) .

The form ation of those pseudo in ten se  f i e ld  reg ions occurs fo r  

every tran sv e rse  d isp lay in g  plane and cannot he co rrec ted  by observ

ing  f i e ld  l in e  diagrams obtained a t  d i f f e r e n t  phases along the  p ro 

pagation  d ire c t io n .

4.5 PERSPECTIVE VIEW OF WAVEGUIDE FIELDS

The d i f f i c u l ty  of in te rp re t in g  the f i e ld  d is t r ib u t io n  described  

in  the previous paragraph a r is e s  more from the  in h eren t p ro p e rtie s  

of the waveguide f ie ld s  and from the graphic technique of v ec to r r e 

p re se n ta tio n  used in  the  f i e ld  diagrams than  from the  2-dim ensional 

s tru c tu re  of the  f i e ld  p lo ts .

In  f a c t ,  an attem pt, made by G laz ier and Lament^  ̂ to  show a 

p e rsp ec tiv e  re p re se n ta tio n  of the electrom agnetic  f ie ld s  in s id e  a 

square waveguide s t i l l  carry  the e f fe c t  of pseudo in crease  in  f i e ld  

in te n s i ty  in  c e r ta in  reg ions of the c ro ss -s e c tio n . However,in those 

diagram s, a technique of reducing the drawing in te n s ity *  (ev en tu a lly  

no l in e s  are drawn a t  weak f i e ld  reg ions) in  a darkness co n tro l

* Colour i s  used to  id e n tify  the f ie ld s  in  the  o r ig in a l  diagram s.
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fa sh io n  has been used to  avoid the  m isleading in te rp r e ta t io n  in  the 

r e la t iv e  magnitude of the f i e ld  due to  the pseudo in c rease  in  the 

f i e ld  l in e  d e n s ity . The diagrams are reproduced in  F ig . (4 .8 ) .

Because the r e la t iv e  f i e ld  in te n s i ty  of the non -transverse  

e lectrom agnetic  f i e ld  i s  not always high nor always low but depends 

in  a somewhat more com plicated way upon the phase plane along the 

w avelength,3”diinensional diagrams as shown in  F ig . (4 .8 ) are  yet not 

ab le  to  re p re se n t the non-transverse  f ie ld s ,  a c cu ra te ly .

4 .6  PHASE AND POLARIZATION

I t  i s  not p o ss ib le  to  d isp la y  phase re la tio n s h ip s  between the 

e lectrom agnetic  vec to rs  by u t i l i z in g  graphic techniques based on 

f i e ld  l in e s .  The amount of inform ation which can be conveyed by th a t  

technique i s  r e s t r i c te d  to  the  p re se n ta tio n  of d ire c t io n  and in te n 

s i t y  of 2-dim ensional f ie ld s .

Also, the im portant aspect of p o la r iz a tio n  of th e  electrom ag

n e tic  f i e ld  v ec to rs , as fo r  instance  the c irc u la r  p o la r iz a tio n  of 

the magnetic f i e ld  vecto r of the TE^^ mode on p lanes p a ra l le l  and 

near to  the narrower waveguide w alls in  a ty p ic a l re c tan g u la r  wave- 

g u id e (^ ^ )(^ ^ )(th e  e f fe c t  i s  used in  f e r r i t e  devices) cannot be made 

p ic to r ia l ly  ev iden t in  diagrams based on f ie ld  l in e  techniques.

4 .7  ALTERNATIVE GRAPHIC TECHNIQUES FOR VECTOR FIELD REPRESENTATION

In  s p ite  of the c le a r  v e c to r ia l  nature of the waveguide propa

g a tio n  problem, the inadequacy of the c la s s ic a l  f i e ld  l in e  diagram s, 

the  l im ita tio n s  of the contour diagrams and although v ec to r v a r ia 

t io n a l  techniques enabling  the  d ire c t  c a lc u la tio n  of the v ec to r com-



/

FIG. 4.8 PERSPECTIVE FIELD PLOTTING ( a f te r  G lazier and Lament)
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ponents in s id e  waveguides have been published  (2 l) (4 9 )(5 0 )(5 l) (5 2 )  

(8 1 )(82)^^^ a l te rn a t iv e  graphic technique f o r  vec to r f i e ld  re p re 

se n ta tio n  i s  a v a ila b le . The s ta te  of the a r t  i s  such th a t  3-dimen

s io n a l f ie ld s  are rep resen ted  by contouring (independently) the 3

s c a la r  components to  produce a s e t  of 3 p ic tu re s  which must be in --
/ 81 )

te rp re te d  concomitantly^ ' and 2-dim ensional f ie ld s  are e i th e r  r e -
( 10 )

presen ted  by au to m atica lly  generated contour diagrams^ o r by 

means of assem bling c la s s ic a l  1-dim ensional arrows having the len g th  

p ro p o rtio n a l to  the  v ec to r in te n s i ty  a t  a point^^^^^^^^.

A lso ,th ere  are  no p ro v is io n s  in  the commercial computer graphic 

packages to  enable the re p re se n ta tio n  of v ec to r f i e ld s .  Those pack

ages are powerful to o ls  f o r  d ea lin g  with g raphic rep re se n ta tio n  of 

s c a la r  q u a n ti t ie s  and f o r  a s s is t in g  s c a la r  eng ineering  problems but 

o f fe r  very l i t t l e  help  fo r  the  e s s e n t ia l ly  v ec to r microwave problems. 

The b u i l t - in  graphic f a c i l i t i e s  of commercial packages can, however, 

be app lied  to  generate diagrams f o r  v ec to r re p re s e n ta tio n ,a s  f o r  in 

stance to  produce a s e t  of component contour p ic tu re s .  An ingeneous 

example of such a p p lic a tio n s  can be found in  the  re c e n tly  av a ila b le  

program^^^^ where 3-8.i:iensional f i e ld  l in e s  are constructed  fo r  the 

low est modes of a ty p ic a l rec tan g u la r  waveguide. The program u t i l 

ize s  the 3 components of the e lectrom agnetic  v ec to rs  a t  a s p e c if ic  

p o in t on a s e t  of p lanes along the wavelength (o r  h a lf  wavelength ) 

to  in te g ra te  the f i e ld  l in e  in  space by means of a p re d ic to r-c o r

r e c to r  method. The r e s u l t in g  curves are then  output v ia  d isp lay  t e r 

m inal. U nfortunately , because the  f i e ld  l in e  technique has been 

employed in  the  program, i t  i s  not p o ssib le  to  avoid the  pseudo in 

crease in  f i e ld  in te n s i ty  e f f e c t  fo r  the  non-transverse  f i e ld  and po-
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la x iz a tio n  and phase re la tio n s h ip s  cannot be shown. Moreover, even 

when only the non-transverse  f i e ld  i s  rep resen ted  by 3-dim ensional 

continuous f i e ld  l in e s  (the  tran sv e rse  e l e c t r i c  f ie ld  cannot be r e 

p resen ted  by continuous 3-d.imensional l in e s )  the expected incompre

h e n s ib i l i ty  of the r e s u l t in g  d i a g r a m s d o e s  not recommend any 

attem pt to  d isp lay  general c ro ss -se c tio n  waveguide f i e ld  d is t r ib u 

tio n s  by th a t  technique. Two ty p ic a l f i e ld  d is t r ib u t io n  d isp lay s  

generated by the program are shown in  F ig .(4 .9 ) and F ig . (4 .1 0 ) .

4.8 3-DIMENSIONAL REPRESENTATION OF VECTORS

I t  has been shown in  the fo regoing  paragraphs th a t  the  a v a i l 

able techniques of f i e ld  l in e  diagrams, contouring and 3-dim ension

a l f i e ld  l in e  re p re se n ta tio n  do not c o n s titu te  an adequate graphic 

approach f o r  the d isp la y  of the e lectrom agnetic  f ie ld s  in  general 

c ro ss -se c tio n  waveguides. A ll those techniques have the common 

p roperty  of u t i l i z in g  a s e t  of continuous curves in  o rder to  convey 

the f i e ld  inform ation .

Although the method i s  shown to  be adequate f o r  s t a t i c  2- 

dim ensional f ie ld s  where f lu x  fu n c tio n s  can be defined^ , i t  co l

lap ses  fo r  3-dim ensional and electrodynam ic f ie ld s ,  in  g en era l. The 

f a i lu r e  of the conventional techniques in  3-dim ensional problems may 

be regarded as a consequence of the use of an o v ersim p lified  g raph i

cal image (continuous l in e s  and th e i r  r e la t iv e  p o s itio n )  which i s  

incapable of accommodating the necessary  f i e ld  inform ation p resen t 

in  a 3-dim ensional s i tu a t io n .

I t  w ill be shown in  the next sec tio n s  th a t  by adopting a con

venient 3-dim ensional image fo r  the vec to r q u an tity  a t  a p o in t in
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TE m o d e  10  w a v e s  s h o w n ,  f r e q u e n c y ^  2 0 . 0  GHz

ORI ENTATI ON

FIG. 4.9 TE^q 3-D FIELD LINE DISPLAY

F ie l d  l i n e s  of th e  e l e c t r i c  and m agnetic  f i e l d  i n t e n s i t i e s  

of th e  TE^q mode in  a t y p i c a l  r e c t a n g u la r  waveguide.

( Program NAVGDS).
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DEVICES- ---- -E 4 E E  1 4 1 8 8  J- L 3 9 0  J_____________/

TM m o d e  11 w a v e s  s h o w n ,  f r e q u e n c y ^  2 0 . 0  GHz

S i z e  o f  w a v e g u i d e :  2 . 0 0  cm w i d e

ORI ENTAT ION

FIG. 4 .10 3-D FIELD LINE DISPLAY

F ie l d  l i n e s  of th e  e l e c t r i c  and m agnetic  f i e l d  i n t e n s i t i e s  

of th e  mode in  a t y p i c a l  r e c t a n g u la r  waveguide.

( Program WAVGDS).
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the 3-dim ensional space, i t  i s  po ssib le  to  accommodate a l l  the p e r

t in e n t  f i e l d  in form ation  accu ra te ly  and produce a s a t is f a c to ry  f i e ld  

p a tte rn  to  rep re sen t the general c ro ss -se c tio n  waveguide f i e ld  d i s 

t r ib u t io n .  Because the p lo ts  generated by th i s  technique are phase 

dependent, p o la r iz a tio n  and phase re la t io n s h ip s  of the electrom ag

n e tic  v ec to rs  can be shown and the pseudo in c rease  in  f i e ld  in te n 

s i ty  e f f e c t  overcome.

4 .8 .1  PLANE SAMPLE OF A VECTOR FIELD

Consider e i th e r  a simply o r m ultip ly-connected  bounded reg ion  

R in  the 3-dim ensional c a r te s ia n  space with boundary su rface  S as 

i l l u s t r a t e d  in  F ig . (4 .1 1 ) . The boundary su rface  S may c o n s is t of a 

f i n i t e  number N of closed non s e l f - in te r s e c t in g  su rfaces

S j ( j  = 1 , 2 , . ..N) which are assumed to  be included in  R. Assume th a t  

a sso c ia ted  w ith every p o in t on R th e re  e x is ts  a v ec to r q u a n tity  V 

which can be d escribed  by means of a well behaved v ec to r fu n c tio n  

of the 3 co -o rd in a te s , f ( x ,y ,z ) ,  in  the form;

V = f (x ,y ,z )  = M (x,y,z) / \  A (x ,y ,z) (4 .5 )

where M and A are s c a la r  fu n c tio n s  which give the magnitude o r i n 

te n s i ty  o f V and the d ire c t io n  of V , a t  every p o in t o f R, r e s p e c t

iv e ly . F u rth e r , assume th a t  M (x,y,z) i s  bounded in  R, th a t  i s

M (x,y,z) ^  Q (4 .6 )
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FIG. 4.11 BOUNDED REGION AND PLANE SAMPLE

The re g io n  R where a v e c to r  f i e l d  V i s  d e f in e d  and 

sam pling p lane  t t .

the
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where Q i s  a f in i t e  number. The function A(x,y,z)  i s  bounded by- 

d e fin it io n .

Let the function f ( x , y , z )  although in  general unknown, have a 

behaviour which makes i t  possib le  to obtain a good approximation to 

i t s  form and values in  the en tire  region by performing a se t  of d is 

crete measurements inside R. The measurements are carried out by 

sampling R into representative plane s l ic e s  and measuring the v i s i 

ble projection of a su itab le 3-D representation of the vector  

associated  with each point P^(x,y,z)  of a f in i t e  se t  chosen on the 

surface of each s l i c e .

The s i tu a t io n  i s  i l lu s t r a t e d  in  F ig . (4.12) where to  each chosen 

p o in t P^ of the s l ic e  th ere  corresponds the measured values and

A which determine the value of f  at that point. Those values are c —
assumed to be obtained by measuring the projection of an image (not

shown in  the figu re) of V at P .' —c c

4 .8 .2  GEOMETRIC DEFINITIONS

The geometry used in  the development of the method by which the 

vector quantity at a sampling point on the s l ic e  surface can be 

graphically displayed i s  defined as fo llo w s. Consider a s l ic e  of R 

con sistin g  of a l l  the points enclosed by a closed curve C (includ

ing a l l  points on C), obtained by cutting R with an arbitrary plane 

IT . Associate with the s l ic e  an orthogonal right-hand system (x^, 

y^,z^) such that a projection or image plane (x^,y^) i s  defined on 

the s l ic e  surface (z^ perpendicular to the s l ic e )  and the p osition  

of every point of a f in i t e  representative se t  chosen on the s l ic e  

surface becomes defined with respect to the system (x^jy^).  Also
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consider one of the re p re se n ta tiv e  p o in ts  on th e  s l ic e  su rface , P^, 

and the v ec to r q u an tity  a sso c ia ted  with th a t  p o in t.

Let the decom position of according to  a lo c a l  co -o rd ina te  

system (x ^ ,y ^ ,z ^ ) , w ith o r ig in  on and p a r a l l e l  to  the s l ic e  sys

tem (Xp,yp,Zp) be given by

2= = V s ^ i s  (4 .7 )
1—1

where, according to  e q .(4 .6 ) ,  i t  i s  always p o ss ib le  to  chose a sca le  

f a c to r  such th a t :

Vois ^   ̂ ( 4 -8 )

The co-ord inate  systems are shown in  F ig . (4 .1 3 ) . D efine, as i l l u s 

tra te d  in  F ig . (4 .1 4 ), th e  advancing angle a  and the e lev a tin g  angle 

g , through the expressions:

a  = ta n '^  /  '^ols^ (4 -9)

g = tan-̂  [ + 4 s ) '  ] (4-10)

A ssociate with the v ec to r q u a n tity  ano ther lo c a l co -o rd inate  

system (x ^ ,y ^ ,z^) such th a t  the y^ ax is  i s  made co inciden t w ith the

l in e  jo in in g  the p o in ts  P^(0 ,0 ,0 ) and Q c^^cls '^c2s*^c3s^* the

o rig in  of th i s  lo c a l co -o rd ina te  system be p laced  on the p o in t 0^ ,
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Zs

Ys /

C 3 S

/ /

Xs1 . 0
CI S

FIG. 4 .1 4  ADVANCING AND ELEVATING ANGLES.

The an g les  a  and g as  d e f in e d  in  e q . ( 4 .9 )  and e q . ( 4 .1 0 ) ,  

r e s p e c t i v e l y .
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between the  p o in ts  P and Q , a t  a d is tan ce  Z from P ,c c c
F in a lly  sp ec ify  the o r ie n ta tio n  of th i s  system in  the space, 

th a t  i s ,  f i x  the p o s itio n s  of the and axes, by d e fin in g  the 

ro ta tio n  angle y » measured between the x^ a x is  and i t s  p ro je c tio n  

on the face  of the s l i c e .  The geom etric arrangement i s  d ep ic ted  in  

F ig . ( 4 .15) .

4 .8.3 IMAGE OF A POINT ON THE SLICE SURFACE

The p ro p e rtie s  of the image obtained by orthogonal p ro je c tio n  

of a 3-dim ensional re p re se n ta tio n  of the v ec to r q u an tity  onto the 

s l ic e  su rface  can be e s ta b lish e d  by considering  the orthogonal pro

je c tio n  of the a r b i t r a r y  po in t W(x^,y^,z^) onto the image plane (x^, 

y^). The method by which the a r b i tr a ry  p o in t W i s  p ro jec ted  on the 

s l ic e  su rface  in  order to  generate i t s  orthogonal image i s  s t r a ig h t 

forward but ted io u s . A d e ta ile d  d e sc rip tio n  of the process used by 

the au thor appears in  Appendix 4.

The re s u l t in g  equations which e s ta b lis h  the co -o rd in a tes  of the 

orthogonal image, x^ and y^ , of an a r b i tr a r y  p o in t W in  space with 

co -o rd in a tes  x^, y^ and z^, are given by:

X (W) = X + X (W) (4.11)p ^ ' ^ c s

(w) = + Yg (w) (4.12)

where x and y are the  co -o rd ina tes  of the p o in t P and c c c
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Xg (W) = (s in a  cosy -  cosa sing siny)

+ ( -2 + y^) cosa cosg

-  (s in a  siny  + cosa sing cosy) (4 .13)

Yg (w) = -x^ (cosa cosy + s in a  sing siny)

+ ( -2 + y ) s in a  cosg
V

+ z^ (cosa siny -  s in a  sing cosy) (4 .14)

The a p p lic a tio n  of e q .(4 .1 l)  to  e q .(4 .1 4 ) to  p o in ts  W of the 

3-D re p re se n ta tio n  of the  vec to r , a t  a chosen p o in t on the 

su rface  of the sampling s l i c e ,  generates the orthogonal image o f the 

v ec to r q u an tity  under co n sid e ra tio n .

4 .8 .4  3-DIMENSIONAL REPRESENTATION AND FRONTAL IMAGE OF A VECTOR

Consider the so lid  f ig u re  generated by the l in e  £ to g e th e r  w ith 

the rec tan g u la r pyramid with v e r tic e s  on the p o in ts  ( re la te d  to  the

system:

Q c(0,h,0)

A ^(a /2 ,0 , -b /2 )

B ^(a /2 ,0 ,b /2 )

C j - a / 2 , 0 , b / 2 )

D ^ ( -a /2 ,0 , - b /2 )
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as i l lu s t r a t e d  in  F ig .(4 .1 6 ) . The l in e  £ goes from the p o in t to  

the o r ig in  of the  lo c a l system 0^. The to ta l  len g th  of tŶ e s o lid  i s

L = £ + h (4.15)

where h i s  th e  pyramid h e ig h t.

When the pyramid r o ta te s  about the  ax is  in  a s i tu a t io n  as 

shown in  F ig . (4 .1 ? ) , the p o in t ( a /2 ,0 ,0 ) d escrib es  a c i r c le  given by 

the param etric  equations;

Xy = ^ a COS0 ( 4 . 1 6 )

Zy = i  a sin0 (4 .1?)

where 0 i s  the angle between the x^ ax is  and the  l in e  jo in in g  the 

p o in t 0^ to  the p o in t ( a /2 ,0 ,0 ) .

The orthogonal image of the described  c ir c le  on the plane (x^, 

y^) (F ig .(4 .1 ? ))  i s  an e l l ip s e  with param etric  equations given by

x^ = Y a (sifhEa cosk -  cosa sing sinX) (4.18)

y^ = -  i  a ( cosa cosX + s in a  sing sinX) (4.19)

where

X = Y + 0 (4.20)
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FIG. 4.17 ORTHOGONAL IMAGE OF THE 3-D ARROW ONTO THE SAMPLING PLANE
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The d is tan ce  d from the image of the p o in t ( a /2 ,0 ,0 ) to  the 

o r ig in  of the system (x^,y^) i s  given, fo r  any angle X , by the ex

p ression :

= i  a (1 -  s in fx  cos^3 (4 .21)

Define fo r  the purposes of th is  work th a t  a f ro n ta l  image of

the so lid  arrow (P ,0 , A ,G ,D ,Q ) i s  obtained when the d is tan ce   ̂ c v ' c c c c c
d i s  equal to  a /2 . From e q .(4 .2 l ) ,  i t  i s  seen th a t  th i s  f ro n ta l  im

age occurs when

1 = 2n TT (4 .22)

(n = 0 , 1 ,2 , . . . )

th a t  i s ,  tak in g  in to  account eq .(4 .2 0 ) when

9 = 2n TT -  Y (4 .23)

In  th is  case the pyramid base len g th  a w ill p ro je c t in  tru e

value and the pyramid base width b w ill have an image len g th  b^

equal to

b^ = b sing (4 .24)

while the len g th  of the images of the l in e  Z and the pyramid he ig th
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h  w i l l  be g iv e n  r e s p e c t i v e l y  b y

= Z cosg (4 .25)

= h cosg (4 .26)

and the  to ta l  len g th  of the image, th e re fo re , given by

= L cosg (4 .27)

The segments bu ,#^,h^ , and are shown in  F ig . (4 .1 8 ) .

P o stu la te  now th a t  a sso c ia ted  with every p o in t in  a reg ion  R in  

which a v ecto r f i e l d  s a tis fy in g  e q .(4 .3 )  and e q .(4 .6 )  e x is ts ,  th e re  

i s  a so lid  arrow (as  dep icted  in  F ig . (4 .1 6 )) , o rien ted  by the v ec to r 

f i e ld ,  s a tis fy in g  the follow ing p ro p e rtie s ;

i )  The segments which c o n s titu te  the arrow ( t a i l  and head

edges) have fix ed  p roportions throughout R, determ ined by 

the v ec to r magnitude M (x,y,z);

i i )  The s o lid  arrow always ro ta te s  i t s e l f  to  reach  an e q u i l i 

brium p o s it io n  which produces a f ro n ta l  image on the image 

plane ;

i i i )  The s o lid  arrow i s  not tra n sp a re n t.

The f i r s t  p o s tu la ted  p roperty  guarantees the homogeneity of the 

re p re se n ta tio n . The second e s ta b lis h e s  the  p o s s ib i l i ty  of measuring
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a:

FIG. 4.18 IMAGE SEGMENTS

Segments of the orthogonal p ro je c tio n  of the so lid  arrow 

onto the sampling plane.
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accu ra te ly  the v ec to r in te n s i ty  a t  a p o in t when 3-dim ensional f ie ld s  

are being d isp layed . The th i rd  ensures th a t  the angle of e lev a tio n  

with re sp e c t to  the sampling plane can be measured from the f ro n ta l  

image w ithout am biguity.

4 .8 .5  GENERAL IMAGE CO-ORDINATES

The a p p lic a tio n  of the  f i r s t  two p o stu la ted  p ro p e rtie s  to

e q .(4 .1 l)  to  e q .(4 .l4 )  when the a rb i tr a ry  p o in t W take the p o s itio n

of the p o in ts  P ,0 ,A ,B ,C ,D and Q lead s  to  the fo llow ing  gen-  ̂ C V c c c c c
e ra l  p o in t f ro n ta l  image co -o rd ina tes:

P : c
Xp (p^) = (4 .28)

Yp (Pq) = Yg (4.29)

°v :
Xp (Oy) = + z cosa cosg (4.30)

7p (Oy) = y^ + 4 s ina  cosg (4.31)

(A^) = X + [2-g cosa cosg (1 + ^  tang) + a s in a ]  (4 .32)

yp (A^) = y^ + i  [2-6 s in a  cosg ( l  + tang) -  a cosa] (4 .33)



“ 191 ”

^ 0  '

Xp (B^) = j  [2>0 cosa cosg (1 “ tang) + a cosa] (4 .34)

7p (B^) = + i  [2X s in a  cosg (1 -  tang) -  a cosa] (4 .35)

^c :

Xp (C^) = + j  [ 2 i  cosa cosg (1 -  tang) -  a  s in a ]  (4 .36)

Yp (G^) = yp + i  [2X s in a  cosg (1 -  tang) + a cosa] (4 .3 ? )

^c :
Xp (D^) = x^ + [2X cosa cosg ( l  + tang) -  a s in a ]  (4 .38)

Yp (D^) = Y  ̂ + 2 [2/6 s in a  cosg ( l  + tang) + a cosa] (4 .39)

^c :
Xp (Q^) = x  ̂ + L cosa cosg (4 .40 )

Yp (Q^) = Y  ̂ + B s in a  cosg (4 .4 l )

In  e q .(4 .2 8 )  to  e q .(4 .4 l)  according to  the  f i r s t  p o s tu la te d  

p ro p erty , the  q u a n ti t ie s  ^ , a , b and L are a l l  in terdependen t and 

p ro p o rtio n a l to  the  v ec to r magnitude a t  the  p o in t where the  image 

i s  co n s tru c ted . This p ro p o r tio n a li ty  rem ains constan t (second prop

e r ty )  over the e n t i r e  reg io n  R.
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4 . 8 . 6  PICTURE GENERATION

The p ic tu re  i s  generated  by using  e q .(4 .2 8 )  to  e q .(4 .4 l )  f o r  

c a lc u la tin g  the necessary  increm ent in  and y^ d ire c t io n s  in  o rder 

to  move the  pen* from one p o in t to  ano ther. Assuming th a t  the  pen 

i n i t i a l l y  r e s t s  on p o in t P^ and denoting  the increm ent from the gen

e ra l  p ic tu re  p o in t I^  to  any o th e r  convenient p ic tu re  p o in t by

D(I J ) we have;— c c

( I / , )  + Uyp Dy (4 .42 )

The d ire c t io n a l  increm ents D ( l  J ) and D ( l  J ) in  e q .(4 .4 2 )X c c y c c ^
are given by

- lex (4.43)

= Jcy -  I , y  (4 .44)

where J ,J  ,1 and I  are the  x and y co -o rd in a te s  of the ex' cy cx cy p *̂ p
p o in ts  and I^  re sp e c tiv e ly .

Applying eq .(4 .4 3 )  and e q .(4 .4 4 )  to  the  sequence of movements 

shown in  F ig . (4 .19) and usin g  e q .(4 .2 8 )  to  e q . ( 4 .4 l ) ;  the  fo llow ing  

general d ire c t io n  increm ents are ob ta ined :

* In  the con tex t of t h i s  work , pen i s  used to  denote the autom atic 

drawing mechanism.
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FIG. 4.19 DRAWING SEQUENCE

Sequence of movements used to  draw the f ro n ta l  image of 

the 3-D arrow.



D(P„0,J :

D (0„A J :

D(B C ) :
C C'
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C V '

^  ̂ cosa cosg (4 .45)

Dy(PgO^) = X s in a  cosg (4 .46)

V  C'

D^(O^A^) = i  (a  s in a  + b cosa s ing ) (4 .4 ?)

Dy(O^A^) = -  i  (a  cosa -  b s in a  s ing ) (4 .48)

D^(A^B^) = -  b cosa sing  (4 .49 )

Dy(A^B^) = -  b s in a  sing ( 4 .5O)

^x(^c^c) = -  a s in a  (4 .51)

D (B G ) = a cosa ( 4 .52)y c c \  ̂ /

D^(GJD^) = b cosa sing (4 .5 3 )

D (G D ) = b s in a  sing (4 .5 4 )y\ c c  ̂ ^
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D(D A ) :c c

B^(DcAc) = a s in a  (4 .55)

D (D A ) = -  a cosa ( 4 .56)y c c \  ̂ /

B(AcQo) :

D^(A^Q^) = i  [2 h cosa cosg (1 -  tang) -  a s in a ]  (4 .5 ?)

Dy(A^Q^) = i  [2 h s in a  cosg ( l  -  tang) + a cosa] (4 .58)

D(%cBc) :

D^(Q^Bc) = -  i  [2 h cosa cosg (1 + ^  tang) -  a s in a ]  (4 .59)

D^(Q^B^) -  -  i  [2 h s in a  cosg ( 1 + ^  tang) + a cosa] (4 .60)

0 ( 3 cPc) :
D^(BJD^ = -  (a  s in a  -  b cosa s ing ) (4 .6 l)

Dy(BJ)^) = a cosa + b s in a  sing (4 .62)

0(0c%c) :
D^(DcQc) = i  [2  h cosa cosg ( l  -  ^  tang) + a s in a ]  (4 .63 )

Dy(D^Q^) = i  [2  h s in a  cosg ( l  -  ^  tang) -  a cosa] (4 .64)
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Dx(Qc*̂ c) = -  i  [2  h cosa cosg ( l  + tang) + a s in a ]  (4 .6 5 )

Dy(Q^G^) = -  i  [ 2  h s in a  cosg ( l  + ^  tang) -  a cosa] (4 .6 6 )

4 .8 .7  SEGMENT VISIBILITY AND IMAGE DEGENERATION

According to  the th ird  postu la ted  property some drawing move

ments have to  be hidden. Let us consider fo r  t h is  e f f e c t  th at the  

angular fu n ctio n  A (x ,y ,z )  in  e q .(4 .5 )  d efin ed  fo r  a l l  a and g such 

that

0  ^  a ^  2tt (4 .6 7 )

(4 .6 8 )

The v i s i b i l i t y  of the drawing movements depends on the angle  

of e le v a t io n  g , on ly . For images obtained when the angle of e le v 

a tio n  i s  p o s it iv e ,  the segment becomes com pletely in v is ib le  when 

g reaches a c r i t i c a l  angle ĝ _̂  , g iven by;

-1 2X

(b /  0 )

= tan" (4 .6 9 )

The segment w i l l  be p a r t ia l ly  v is ib le  fo r  every p o s it iv e  e l 

eva tin g  angle g , such th at
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0 <  g <  ( 4 . 7 0 )

and v is ib le  fo r  a l l  negative  e le v a tin g  angles ( F ig .(4 .2 0 ) ) .

On th e  o th e r hand, as the pyramid has i t s  h e ig h t equal to  h, 

f o r  e le v a tin g  angles g, such th a t

e >  (4 .71 )

where

= -  4an  ̂ ^  (4 .72 )

(b ^ 0)

the segments Q B and Q C are  v i s ib le .  When the negative  e le v a tio n  c c c c
reaches the  c r i t i c a l  angle g^_ the  p o in t w ill  s t a r t  having i t s

image in s id e  the  base image and the  segments Q B and Q C , o th e r-c c c c
wise v is ib le  as in  F ig . (4 .20) w ill  become in v is ib le .  The range of

v i s i b i l i t y  of the p o in ts  P and Q i s ,  th e re fo re  dependent on thec c
r a t io  between the param eters X and h .

For th e  purposes of the p re sen t work, images f o r  which

0 <  8 < P (4 .73)
C +

w ill be c a lle d  p o s it iv e  images, and those f o r  which the  rev e rse  con

d i t io n

0 )  g > (4 .74)
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( a ) (b)

(d)

( c )

FIG. 4.20 EXAMPLES OF POSITIVE AMD NEGATIVE FRONTAL IMAGES.
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a p p lie s , w ill  be c a lle d  negative images. P o s itiv e  and negative  im

ages have both p o in ts  P^ and , the base len g th  a and the  base 

width b, d isp lay ed . When the corresponding c r i t i c a l  angle i s  reach 

ed, however, e i th e r  p o in t P^ o r p o in t i s  not d isp lay ed . In  each 

case, the images w ill be c a lle d  re sp e c tiv e ly , p o s it iv e  and negative  

degenerated  images.

A th i rd  p o s s ib i l i ty  of image d egeneration  occurs f o r  small 

ang les of e le v a tio n . In  th i s  case, both p o in ts  P^ and Q,̂  a re  d i s 

played but th e  base width b i s  not d is p la y e d .I f  the e le v a tin g  angle 

3 i s  comprehended in s id e  a sm all angle 2 p  such th a t

-  r  «  @ $  r  (4.75)

the segments of the  arrow tend to  p re sen t superimposed images on the 

image p la n e .

When the  len g th  of the  image of the  segment b i s  equal to  the 

minimum d e te c ta b le  d is tan ce  between two p a r a l le l  l in e s  on the d i s 

p lay ing  system, d^, i t  becomes im possible to  know wether g i s  a po

s i t i v e  o r negative sm all ang le . In  th i s  case the  images w il l  look 

l ik e  2-dim ensional images and w ill be c a lle d , in  the  con tex t of th i s  

work, n u ll degenerated images. The angles p  between which a n u ll 

degenerated  image i s  produced are given in  terms of d^ and b, appro

xim ately  by

r  = 1 (4.76)

(4 »  d„)
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I t  must be pointed out th a t th is  i s  the on ly  degenerated image 

which lea d s to  an indeterm ination  in  the measurement of the e le v 

a tio n  a n g le . P o s it iv e  degenerated images and negative degenerated  

images although not d isp la y in g  the p o in ts  P  ̂ or Q,̂ , r e s p e c t iv e ly ,  

are s t i l l  capable of producing an estim ate o f the e le v a t in g  an g le . 

The magnitude of the vecto r  q u antity  i s  always represented  accu rate

l y  by the imaging p rocess .

F in a lly , l e t  us con sid er, fo r  p o s it iv e  an gles o f e le v a t io n ,th e  

p oin t where the segment s ta r ts  being hidden. For g < th is

p o in t i s  shown in  F ig . (4 .1 9 )  as p o in t which co in c id es w ith the 

middle p o in t o f the segment The po in t i s  a mobile one,w ith

(X y,yy,Zy) co-ord tn ates g iven  by

( 0 ,- b /2  I tang | ,0 )

A pp lication  o f e q .(4 .1 3 )  and e q .( 4 . l4 )  to  le a d s  to:

Xp(Mc) = f  ^ cosa cosg jtangl (4 .7 7 )

yp(M^) ~  ̂ " 2  cosg Itangl (4 .7 8 )

Now, to  reach from the p o in t C ,̂ the necessary  d ir e c t io n a l  

increm ents are:

D(C M ) :—̂ c c

D (̂C^M )̂ = i  [b  cosa (s in g  -  cosg |tan g | ) + a s in a  ]  (4 .7 9 )
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D^(C^M^) = -  -J [b s in a  (cosg I ta n g l -  sing ) + a cosa] (4 .80)

Assuming th a t  the  computer only g ives p o s it iv e  values of square 

ro o ts , the  moduli can be taken  as the  square ro o t o f a square .T here

fo re ,  e q .(4 .? 9 )  and e q .(4 .8 0 )  become:

p -i.
D^(CcMc) = i  ( b cosa [sin g  -  ( ta n  g)^ cosg] + a s in a )  (4 .81)

? JL
Dy(C^M^) = i  ( b s in a  [sing  -  ( ta n  g)^ cosg] -  a cosa) (4 .82)

The l a s t  increm ent which w ill mode the pen back to  th e  p o in t 

P^, i s  given by:

D(M P ) :— c c
2 1

Dx(McPc) = -  i  [   ̂ -  b ( ta n  e)^ ]  cosa cosg (4 .83)

o A.
Dy(M^P^) = -  i  [  .2 -  b ( ta n  g)^ ] s in a  cosg (4 .84)

The segments and t h e i r  v i s i b i l i t y  f o r  each type of image are 

summarized in  Table T ( 4 . l ) .

4 .8 .8  TRANSVERSE FIELDS AND NULL DEGENERATED IMAGES

When a l l  the  e le v a tin g  angles are  in  the range ( -  P  , + P ) th e  

f i e ld  i s  tra n sv e rse , th a t  i s ,  th e re  i s  no m easurable f ie ld  component 

p erp en d icu la r to  the image p lane . In  t h i s  case a p lane arrow, as 

shown in  F ig . (4 .21) i s  generated  to  re p re se n t the  v ec to r q u a n tity  a t
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SEGMENT POSITIVE POS.DEG. NEGATIVE NEG.DEG. NULL DEG.

INVIS. INVIS. VISIBLE VISIBLE VISIBLE

OyAc INVIS. INVIS. INVIS. INVIS. INVIS.

VISIBLE VISIBLE VISIBLE VISIBLE VISIBLE

VISIBLE VISIBLE VISIBLE VISIBLE VISIBLE

V c VISIBLE VISIBLE VISIBLE VISIBLE VISIBLE

INVIS. VISIBLE VISIBLE VISIBLE VISIBLE

Ao%c VISIBLE VISIBLE INVIS. INVIS. VISIBLE

ScBc VISIBLE VISIBLE VISIBLE INVIS. VISIBLE

B P c INVIS. INVIS. INVIS. INVIS. INVIS.

%cCc VISIBLE VISIBLE VISIBLE INVIS. VISIBLE

°c«c INVIS. INVIS. INVIS. INVIS. INVIS.

VISIBLE INVIS. INVIS. INVIS. VISIBLE

TABLE T 4.1 Image segment v i s i b i l i t y .
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FIG. 4.21 PLANE ARROW

Sequence of movements used to  draw a n u ll degenerated 

f ro n ta l  image. The co -o rd ina tes  , x ^ , . . . , , 72»••••

e t c . ,  correspond to  the co -o rd inates  X p (l) ,x ^ (2 ) .........

y p (l)» y p (2 ), . . .  e t c . ,  in  eq.(A .85) to  e q .(4 .9 4 ) .



— 2 0 4  —

P^. R efe rrin g  to  the  geometry of F ig . (4 .21) th e  general image co

o rd in a te s  of the numbered p o in ts  may be w r i tte n  as;

0 ;

Xp(0) = X ^ (4 .85)

yp(0) = y^ (4.86)

1 :

X (1) = X + £ cosa (4 .87)P G

y (1) = y + 4 s in a  (4 .88)
P ^

2 :

X (2) = X (1) + f  s in a  (4 .89)
P P ^

yp(2) = y ^ (l)  -  I  cosa (4 .90)

3 :

X (3) = X + L cosa ( 4 .91)P c

yp(3) = y^ + L s in a  (4 .92)
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4  :

Xp(4) = X p ( l )  -  I  S i m  ( 4 . 9 3 )

yp(4) = y p (l)  + §  cosa (4 .94)

The drawing movements necessary  to  generate  the  p ic tu re  may now 

be w ritte n , u sing  the  n o ta tio n  of eq .(4 .4 2 )  to  e q .(4 .4 4 ) in  the form

5.(01 ) ;

D^(Ol) = Z cosa (4 .95)

D (01) = Z s in a  (4 .96)

r^ l2 )  :

D^(12) = I  s in a  (4 .97)

D (12) = -  -% cosa (4 .98)
J  ^

1^23) :

D^(23) = h cosa ( 1 ) (4 .99)

Dy(23) = h S im  ( 1 + ^  co ta  ) (4 .100)
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D(34) ;

0^X34) = -  h cosa ( 1 + ^  tan a  ) (4.101)

Dy(34) = -  h s in a  ( 1 -  co ta ) (4.102)

D(41) ;

D^(41) = I  s in a  (4 .103)

D (41) = -  f  cosa (4.104)y ^

D(10) :

D^(IO) = -  D (01) = -  Z cosa (4.105)

D (10) = -  D (01) = -  £ s in a  (4.106)

The use of eq .(4 .9 5 )  to  e q . (4.106) to  co n s tru c t the v ec to r im

age f o r  the tra n sv e rse  f ie ld s  r e s u l t s  in  th e  same image which would 

be generated  by the  general equations (e q .(4 .4 5 )  to  e q .(4 .6 6 ))  . 

However, i f  the l a t t e r  are  used, the  number of drawing movements 

would double and the  p lo t t in g  d e n s ity  of th e  image segments may ap

pear in te n s i f ie d .
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4 . 8 . 9  SPEC IA LIZE D  IMAGE

During the  fo rego ing  a n a ly s is  a g eneral re p re s e n ta tio n  of the  

v e c to r  q u a n tity  has been developed in  d e ta i l  and g eneral image co

o rd in a te  exp ressions o b ta in ed . As a consequence of th e  th i rd  pos

tu la te d  p ro p erty  a c o n f l ic tin g  s i tu a t io n  has a r is e n  in  the  range of 

v i s i b i l i t y  of the  p o in ts  and . Any attem pt to  extend the  

range of v i s i b i l i t y  of one of those p o in ts  corresponds to  an equal 

red u c tio n  on the range of v i s i b i l i t y  of the  o th e r . However,because 

i t  i s  not reasonab le  to  expect in  a general reg io n  R to  f in d  a domi

nance of p o s itiv e  o r negative e le v a tin g  ang les when an a r b i t r a r y  

plane sample of the f i e ld  i s  taken , the  s p e c ia l iz in g  cond ition

i  = h (4 .107)

may be imposed as a n a tu ra l co n d itio n  fo r  the  3-dim ensional arrow . 

Also, because the  magnitude fu n c tio n  in  R has a bound value Q, i t  

i s  p o ss ib le  to  sp e c ify  fo r  the image a second s p e c ia l iz in g  co n d itio n  

namely:

L = I M (x^,y^,z^) I (4 .108)

Using e q .(4 . 1 5 ) , e q .(4 . 6 9 ) , e q .(4 . 7 2 ) and e q .( 4 . 7 3 ) the moduli 

of the c r it ic a l  a n ^ es  become equal when the condition stated  in  

e q .(4 .107) p rev a ils . Therefore, fo r  the sp ec ia lized  image we have:

= I Bc-I = (4-109)
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D efin ing  an image shape param eter f o r  the sp e c ia liz e d  arrow 

assembly diagram, q , in  the form

q = ( tang^ ) “  ̂ (4 .110)

and usin g  e q .(4 .1 0 8 ), the base width b i s  now determ ined through 

the  expression ;

b = q |M (x ,y ,z ) | = qM (4 .111)

F u rth e r , the a p p lic a tio n  of the  con d itio n s  in  e q .(4 .1 0 ? )  and 

e q .(4 .108) makes i t  p o ss ib le  to  in troduce  u se fu l s im p lif ic a tio n s  

in  the  general image co -o rd in a te  ex p ress io n s. Considering th a t  , 

under the s p e c ia liz in g  co n d itio n s .

V . = 2 - 0  CO sa cosge ls

= 2 h COsa cosg

= L CO sa cosg

= M COsa cosg (4 .112)

Vc2s = 2-0 s in a  cosg

= 2 h s in a  cosp

= L s in a  cosg

= M s in a  co sg  ( 4 . 1 1 3 )
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and d e fin in g  ano ther image shape param eter f o r  th e  arrow assembly 

diagram , p , which r e la te s  the segment a to  the  v ec to r magnitude 

M (x,y,z) a t  every  p o in t, in  the  form

a = p I M (x,y,z) I = pM (4.114)

th e  d ire c t io n a l  increm ents f o r  the  sp e c ia liz e d  image become exp res

sed in  terms of the tra n sv e rse  f i e ld  components, the  v ec to r magni

tude and the diagram shape param eters by the fo llo w in g  re la t io n s h ip s

P o s itiv e  and Negative Images;

D(PcO^) =

V ^ c ° v )  = t  (4 .115)

Dy(P^O^) = i  (4 .116)

Ç ( V c )  :
D^(O^A^) = i  M (p s in a  + q cosa sing ) (4 .11?)

Dy(OyA^) = -  i  M (p cosa -  q s in a  sing ) (4 .118)

D ^ (A ^ B ^ )  = -  q  M c o s a  s in g  ( 4 . 1 1 9 )
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"  ■  4  M s i n a  s i n g  ( 4 . 1 2 0 )

D(B G ) :— c c

-  p ^ s in a  (4 .121)

= P M cosa (4 .122)

" q. ^ cosa sing  (4 .123)

Dy(C^D^) = q M s in a  sing  (4 .124)

OXOcAc) :

^x(^cAc) = P ^ s in a  (4 .125)

Dy(D^A^) = -  p M cosa ( 4 . 126)

Dx(AcQc) = -  i  ÜP M s in a  -  ( 1 -  q ta n g )]  (4 .12?)

D y (A ^ Q ^ ) -  i  [ p  M c o s a  +  ^ c 2 s ^  ^ “  <1 ta n g  ) ]  ( 4 . 1 2 8 )
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V c )  -  t  [p M s in a  -  (1 + q tang ) ]  (4 .129)

P y ( Q ^ B ^ )  i  [p M cosa + V^2s (1 + 1 tang ) ]  (4 .130)

O(ScPc) :

^x^^c^c^ = -  M (p s in a  -  q cosa s ing  ) (4.131)

Py(B^D^) = M (p cosa + q s in a  s ing  ) (4 .132)

V^c^c) = t  [P M sina + Vcls(l “  ̂ )] (4.133)

Dy(D^Q^) = -  i  [p M cosa -  V^2s ( l  '  S tang ) ]  (4 .134)

D%(QcCc) = -  i  &  M s in a  + ( l  + q tang ) ]  (4 .1 3 5 )

Dy(QcCc) = i  [P M cosa -  V^2s ( l  + % tang ) ]  (4 .136)

D(C M ) ;— c c
P i

Dx(C^Mc) = i  M ( p s in a  + q cosa[s ing  -  ( ta n  g)^ c o s g ] ) (4 .13?)
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? —D ( c m  ) = -  % M ( p cosa + q s in a  [s in g  -  ( ta n  g )^co sg ]) y c c
(4 .138)

D(MoPc) :

?  ^ c ls  ]  . (4 .139)

Dy(M^P^) = -  i  V^Zs [  ^  -  4 ]  (4 .140)

Null Images ;

D(01) I

D%(01) = i  (4 .141)

Dy(Ol) = i  V^2g (4 .142)

D(12) :

D^(12) = i  P V^2s (4 .143)

Dy(l2) = -  i  p V^is (4 .144)

D(23) !

D^(23) = i V^ls (  ̂ -  P tana)  (4.145)
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Dy(23) = 2 ( 1 P =°ta ) (4 .146)

D(34) :

D%(34) = -  i  ( 1 + p t a m  ) (4 .1 4 7 )

Dy(34) = -  i  V̂ 2s ( 1 -  P cota ) (4 .1 4 8 )

D(41) :

D^(4l) = i  P v^2g (4 .1 4 9 )

Dy(4l) = -  i  P ( 4 . 150 )

D(10) !

D^(IO) = - i  ( 4 . 151)

Dy(lO) = -  i  V^2s ( 4 . 152)

A s p e c ia liz e d  image having shape param eters p = l / 2 ,  q = I / 8 , 

e le v a tio n  angle equal to  tt/ 6 and advancing angle equal to  tt/ 4  ,

i s  shown in  F i g . (4 .2 2 ) .
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FIG. 4.22 SPECIALIZED IMAGE

The p ic tu re  shows a sp ec ia liz ed  image with shape param eters 

p = 1/2  and q = I / 8 . The advancing angle i s  a = tan  ^(V 

= rr/^ . The angle of e lev a tio n  i s  3 = s in  ^(h^/qL^) = tt/6 .
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4 . 8 . 1 0  F IR S T  EXAMPLES

Two s im p lif ie d  experim ental v ersio n s  of ro u tin e s  coded in  

F o rtra n  — VEGT2 and VECT3 ~  using  the proposed v e c to r  re p re s e n ta tio n  

f o r  2-dim ensional and 3-dim ensional f i e ld s  re sp e c t iv e ly  , have been 

employed to  produce arrow assembly diagrams based on the  f i r s t  p ro 

p ag a tin g  modes of a ty p ic a l  re c ta n g u la r  waveguide*. Those f i r s t  ex

amples of arrow assembly diagrams have been generated  in  o rd er to  ac

cess and d iscu ss  the u se fu ln ess  of the proposed re p re s e n ta tio n . Al

though some m o d ifica tio n s  in  the coding have been in troduced  l a t e r  

to  give to  the  u se r  an extended co n tro l over the  v e c to r  images , the 

b a s ic  s tru c tu re  of the experim ental ro u tin e s  has been kept in  th e  f i 

n a l v e rs io n .

The g en era tio n  of the diagrams i s  accomplished by f i r s t  read in g  

in  th e  d a ta  sp ec ify in g  the re c ta n g u la r  waveguide geometry ( r a t io  be

tween the  narrow er and the b roader c ro s s -s e c tio n  s id e s )  , the  p lane 

s e c tio n  where the f ie ld s  are to  be c a lc u la te d  over an u se r  sp e c if ie d  

re g u la r  d i s t r ib u t io n  of nodal p o in ts  ( th re e  c u t t in g  p o s s ib i l i t i e s  

a re  a v a ila b le  corresponding to  sampling the waveguide f i e l d  by 

p lanes which are p a r a l le l  to  one of the xy, xz and yz co -o rd in a te

p lan es) and then  proceeding to  c a lc u la te  th e  waveguide f i e ld  a t  every
( 2S)nodal p o in t through the a n a ly t ic a l  expressions^ ;

TE MODES :

* O ther re c ta n g u la r  waveguide geom etries have a lso  been in v e s tig a te d .
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^  = -  Zh.mn (4-154)

= 0 (4.155)

( p uiTT m-TTX riTTy ^
i   ̂ -̂----  s i n ( ------ )c o s ( -------) e x p . i  ( l o t  -  3 z ) l

T 2  , mn ya k c,mn
(4.156)

( 3 n IT m TTx n iry ^
1 - ~ 5 ----- cos(------ ) s in ( ------)e x p .i  (co t  -  3 z)J

b k ^  a b ^c,mn
( 4 . 1 5 7 )

= Re (  c o s c o s e x p . i  ( t o t  -  g^^z)^ (4 .158)

TM MODES

( 3 m TT mrrx n Try ^
-  i  — -----  cos(-------) s i n ( ------ ) e x p . i ( c o t  -3 z ) j

a k^ a bc,mn
(4.159)

( 3 m TT m TTX nrry ^
-  1 ^ r)  s i n (  ) c o s (  ) e x p . i ( c o t  -P_„z)J

b k  ̂ a bc,mn
(4 .160)

E  ̂ = Re ^  s i n ( - J ^ ) s i n ( ) exp. i  ( c o t  -  ( 4 . l 6 l )
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E
= -  2 (4 .162)

e,mn

H„ = 2 " ^  (4 .163)
e,mn

Hg = 0 (4 .164)

In  e q . ( 4 . 153) to  e q . (4 .164) E^, E^ and E^ are  the  e l e c t r i c  

f i e ld  components, and the  m agnetic f i e ld  components and

a and b the  broader and the narrow er c ro ss -s e c tio n  s id e s  len g th  r e 

s p e c tiv e ly .

The q u a n t i t ie s  Z, and Z are  the  wave impedance f o r^ h,mn e,mn
TE and TM modes re sp e c tiv e ly  whereas k i s  the c u t-o f fmn mn  ̂ c,mn
wave-number and 3 ^  the p ropagation  fu n c tio n  f o r  the  mode being 

considered . They are given by;

%h,mn = - r  "0 (4 .165)
mn

^  ^0 (4-166)

= ( %o -  ko.mn (4-168)
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The q u a n t i t ie s  and Zq are the  fre e -sp a c e  wave-number and the  

fre e -sp a c e  impedance, given by

k^ = CO ( /X ( 4 . 169)

Zq = (y M ./e  ( 4 . 170)

where 00 i s  the  angu lar frequency of the  p ropagating  wave,yU. the  p e r

m eab ility  and S  the p e rm it t iv i ty  of the lo s s le s s  i s o tro p ic  homogene

ous medium which com pletely f i l l s  the  waveguide. Also, in  o rd e r  to  

perform  the c a lc u la tio n s , the phase in  which the f i e ld  i s  fro z en  in  

tim e has been s e t  to

M t = ( 4 . 171)

Once the  f i e ld s  have been ob tained  a t  every mesh p o in t th e  pro

gram d iv id es  each f i e ld  component by the  corresponding maximum com

ponent found in  the plane sample, and so, f o r  each f i e ld ,  the  maxi

mum component equals the u n ity . F in a lly , the f i e ld  values a t  each 

p o in t are  used to  generate  the  arrow assembly diagrajns. The f r e 

quency of the  p ropagating  wave f o r  which the diagram s are c o n s tru c t

ed has been chosen by convenience to  be ^5 tim es the  c u t-o f f  f r e 

quency of the  mode under co n s id e ra tio n .

A d e ta i le d  d e s c r ip tio n  of the program developed to  generate  the 

examples below i s  given in  Appendix 3« The diagram param eters in  a l l  

waveguide f i e l d  d isp la y  examples a re :
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P = 0 .5 0 0  ( 4 . 172 )

q = 0.125  ( 4 . 173)

4 .8 .1 0 .1  TRANSVERSE FIELD DIAGRAMS

Diagrams d isp lay in g  the  tra n sv e rse  e lec trom agnetic  f i e ld s  f o r  

TE^q, and modes in  a ty p ic a l  re c ta n g u la r  waveguide are

p resen ted  in  F ig . (4 .2 3 ) , F ig . (4 .24) and F ig . (4 .2 5 ) .

Comparison of F ig . (4 .1 )  and F ig . (4 .2 )  w ith F ig . (4 .23) shows 

th a t  the f i e ld  in te n s i ty  v a r ia tio n s  along the c ro ss -s e c tio n  a re  p ic -  

t o r i a l l y  b e t t e r  d escribed  by the  arrow assembly diagram than  by the 

conventional f i e ld  l in e  diagram . Also, comparison between F i g . (4 .4 ) 

and F ig . ( 4 .23) and F ig . ( 4 . 5 ) and F i g . (4 .24) shows th a t ,  f o r  th ese  

two types of autom atic generated  (com puterized) p ic tu re s ,  the  arrow 

assembly diagram s can be advantageously used to  d esc rib e  the  f i e ld  

behaviour.

F in a lly , i t  was found th a t  by moving the arrows in  such way 

th a t  the c a lc u la tio n  p o in t i s  made co inc iden t w ith  the p o in t 

where the t a i l  in te rc e p ts  the arrow head and by superim posing the 

waveguide boundary, as shown, the diagram p re se n ta tio n  form at i s  im

proved .

4 .8 .1 0 .2  NON-TRANSVERSE FIELDS

The n o n -tran sv erse  f i e ld s  corresponding to  F i g . (4 .23) to  

F ig . ( 4 .25) are  p resen ted  in  F ig . (4 .26 ) to  F ig . (4 .2 8 ) , re sp e c tiv e ly . 

Because those f ie ld s  are  3-d im ensional, they  cannot be d isp lay ed  by 

means of th e  conventional f i e ld  l in e  diagrams nor by a s in g le  au to -
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m atic generated  contour diagram .

The examples p resen ted  here are the  f i r s t  accu ra te  graphic de

s c r ip t io n  of n o n -tran sv erse  waveguide f i e ld s  on a plane tra n sv e rse  

to  th e  d ire c t io n  of power flow , by means of s i n ^ e  diagram s.

The in te n s i ty  of the  n o n -tran sv erse  f i e ld  a t  every mesh p o in t 

( in te r s e c t io n  of t a i l  and arrow head) i s  given by the  len g th  of the  

pyramid base, a . I t  i s  measured in  term s of the  maximum f ie ld  com

ponent on the  plane sample w ith a sc a le  f a c to r  equal to  the  f i r s t  

diagram param eter, p , in  the  form;

M = p a^ (4 .174)

The angle of e le v a tio n  can be measured a t  each mesh p o in t 

through the  expression ;

-1 ^4
g = tan  ( q - r   ) (4 .175)

^ i

where b^ and are  the base w idth and t o t a l  image le n g th  on the  

image plane re sp e c tiv e ly , and q the second diagram param eter , (see 

F i g . (4 .2 2 ) ) .  The angle of e le v a tio n  g i s  p o s itiv e  when the  p o in t of 

co n tac t ta i l -h e a d  i s  hidden and negative  o th e rw ise .

4 .8 .1 0 .3  ELECTRIC AND MAGNETIC FIELDS

The diagrams p resen ted  in  F ig . (4 .23 ) to  F ig . (4 .28 ) can be super

imposed to  produce an arrow assembly d isp la y in g  both  the e l e c t r i c  

and the  m agnetic f ie ld s .
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Although the  number of arrows become doubled and the complex

i t y  of the p ic tu re  i s  in c reased , such diagrams have the advantage 

of showing th e  b a s ic  c h a r a c te r is t ic s  of the e lec trom agnetic  v e c to rs , 

as f o r  in s ta n c e , th e i r  p e rp e n d ic u la rity  a t  each p o in t and the  en

c i r c l in g  of the  e l e c t r i c  f i e ld  by th e  magnetic f i e l d .  Each f i e ld  

can be id e n t i f ie d  in  the diagrams by i t s  behaviour a t  the c ro ss -s e c 

t io n  boundary. Mode type and mode numbers can be obtained  from the 

diagrams by observ ing  the  f i e ld  in te n s i ty  v a r ia tio n s  along the  

c ro s s -s e c tio n  s id e s . Also, co lour has been used to  f a c i l i t a t e  the 

id e n t i f ic a t io n  of the f i e ld s .  Red i s  used to  d isp la y  n o n -tran sv erse  

f i e ld s  while b lack  has been se le c te d  f o r  tra n sv e rse  f i e ld s .

Examples of superimposed f i e ld  p a tte rn s  are  p resen ted  in  F ig . 

( 4 .29) and F i g . ( 4 .30) .  In  those p ic tu re s  the  nodal p o in t where the 

f i e ld s  have been c a lc u la te d  , P^, co inc ides w ith th e  t a i l  end.

4 .8 .1 0 .4  POLARIZATION

The diagram in  F ig . (4 .31 ) re p re se n ts  the m agnetic f i e ld  of the 

TE^q mode on a plane sample, one wavelength long , which has been 

taken  p a r a l le l  to  the b roader c ro s s -s e c tio n  w a lls . The c ir c u la r  po

l a r iz a t io n  of the  magnetic f i e ld  can be observed along the columns 

in d ic a te d  in  the  p ic tu re .

4 .8 . 10.5  PHASE RELATIONSHIPS. LONGITUDINAL VARIATIONS AND THE 

PSEUDO INCREASE IN FIELD INTENSITY EFFECT

Phase r e la t io n s h ip s  between th e  e lec trom agnetic  v ec to rs  in  the 

waveguide can be d isp lay ed  by changing the  angle in  e q . (4.171) o r , in  

the case of tra n sv e rse  p lane samples, by tak in g  successive  plane
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TE^q mode i s  n o ticeab le  in  the in d ic a te d  reg io n s.
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samples along the p ropagation  d i r e c t io n .  An example of the  l a t t e r  

procedure inv o lv in g  the and the  f i e ld  d is t r ib u t io n  f o r

the  waveguide in  F ig . (4 .32 )  are shown in  F ig . (4 .33 )  to  F ig . (4 .3 8 ) .

O bservation of th ese  p ic tu re s  shows th a t  the tra n sv e rse  f ie ld s  

are  l in e a r ly  p o la r iz ed  s in ce  th e i r  d ire c t io n  i s  constan t along t h e • 

p ropagation . The s iz e  of the  re p re s e n ta tiv e  arrows i s  constan t in  

t h i s  case because the no rm aliza tion  w ith re sp e c t to  the g re a te s t  

v e c to r  component on the  p lane sample has been accomplished f o r  each 

diagram . I t  need not be n e c e s sa r ily  so .

The n o n -tran sv erse  f ie ld s ,h o w ev er, show over the  c ro ss -s e c tio n  

an a l te rn a te  phase behaviour along the wavelength. Note th a t  the 

pseudo in c rease  in  f i e ld  in te n s i ty  e f f e c t  does not p e r s i s t  s in ce  the 

f i e l d  v a r ie s  from diagram to  diagram . The s in u so id a l v a r ia t io n  of 

the  f i e ld  in te n s i ty  along the  wavelength can be observed by tak in g  

lo n g itu d in a l plane samples ( p a r a l le l  to  the narrow er c ro ss -s e c tio n  

s id e s )  of the  f i e ld  d i s t r ib u t io n .  The diagram in  F ig . (4 .39)  exemp

l i f i e s  t h i s  procedure w ith a lo n g itu d in a l plane sample in  the middle 

of the guide f o r  the e l e c t r i c  f i e ld  of the  TE^^ mode.

4 .9  VISUAL APPROXIMATION TO FIELD LINES

I t  can be seen from the  diagrams p resen ted  in  th i s  work th a t  

one of the  advantages of the arrow assembly diagrams in  f i e ld  p lo t 

t in g  i s  th a t  they  always give an immediate v isu a l approxim ation of 

the  f i e ld  l in e  diagram of the v ec to r f i e ld  under c o n s id e ra tio n .

I t  i s  not p o ss ib le , however , to  g e t a v isu a l approxim ation of 

th e  arrow assembly diagrams by contem plating the  corresponding f ie ld  

l in e  diagram s.
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4 .1 0  DYNAMIC DIAGRAMS

The f ie ld s  d isp layed  on the image plane are c a lc u la te d  f o r  a 

g iven value of the product w t . By re c a lc u la t in g  the f ie ld s  f o r  

s e v e ra l values of the v a r ia b le  t  , a s e t  of diagrams showing the 

f i e ld s  dependence on time can be g en era ted . I f  those diagrams are  

copied onto a f ilm , a dynamical d e s c r ip tio n  of the  f i e ld  behaviour 

on th e  sampling plane can be ob ta ined . Experiences w ith dynamic d ia 

grams based on the  f i e ld  p a tte rn s  shown du ring  th i s  chap ter are  now 

under development a t  L e ic e s te r  U n iv e rsity  E ngineering Department.

In  th i s  case, a ca re fu l choice of the  frequency f o r  which the  

diagram s are  produced f a c i l i t a t e s  the. in te rp r e ta t io n  of the  non- 

tra n sv e rse  f i e ld s .  This i s  so because, i f  a balance between the  

tra n sv e rse  and the lo n g itu d in a l components of the  f i e ld  i s  not e s 

ta b lish e d , the diagrams may produce com paratively sm all images of 

v e c to rs  f o r  which the magnitude of the  angle of e le v a tio n  i s  h igh . 

In  o rd e r to  e s ta b lis h  a convenient diagram g en era tio n  frequency con

s id e r  the general exp ressions fo r  the  tra n sv e rse  and lo n g itu d in a l 

components of the  general waveguide f i e ld s  (ob ta ined  from e q .(2 .138) 

to  e q . ( 2 . 145))  given re sp e c tiv e ly  by:

Â n  " ^ ( 4 . 176)

( 4 . 177 )

( j  = 1,2)

where th e  general p ropagation  fu n c tio n  has been rep laced  by i  

to  in d ic a te  th a t  only p ropagating  waves are being considered .
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The moduli of the maximum f i e ld  components and V can be 

w r itte n , considering  eq .(4 .1 ?6 ) and e q .(4 .177), in  the form:

max (4 .178)

=  k ;n
i(j) max (4 .179)

A convenient p ic to r i a l  balance i s  obtained  when p o in ts  d isp la y 

ing  v ec to r components w ith maximum in te n s i ty  in  any d ire c t io n  have 

the  same image s iz e  a s so c ia ted  to  them. In  th i s  case, Y and V be

come equal and the p ropagation  fu n c tio n  3^ i s  given by

on I max n I (4 .180)
max

D efin ing  the  norm alized p ropagating  frequency, f ^  by

n (4 .181)
cn

and considering  th a t

Pn = ken (fn 1)2 (4 .182)

th e  convenient norm alized frequency f o r  dynamical diagrams i s  w ritte n
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i n  th e  fo r m :

2 , ,2  n i
V f  max

For a re c ta n g u la r  waveguide the  balance between the  tra n sv e rse  

and lo n g itu d in a l components of. th e  f i e l d  i s  obtained  when

B cn
(4 .184)

where B i s  the  narrower c ro ss -s e c tio n  s id e  le n g th . T herefore , f o r  

th a t  p a r t ic u la r  geometry, the norm alized frequency f o r  the genera

t io n  of dynamic diagrams can be chosen to  be

[  1 + ken ( ;  '  (4 .185)

An i l l u s t r a t i v e  example of a sequence of p ic tu re s  which can be 

used to  produce a dynamical d isp la y  of the  f i e ld  behaviour of the 

TM^̂  mode in  accordance w ith e q .(4 .185) i s  shown in  F ig .(4 .4 0 )  to  

F ig . ( 4 .52) .  Note th a t  th e  n o rm aliza tion  i s  not accomplished a t  each 

plane sample in  o rder to  show the dynamic v a r ia t io n  of the f i e ld  

in te n s i ty .  The diagrams p resen ted  cover one wavelength and have a 

3O- d iffe re n c e  in  phase.
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Cŝ  <12̂ <ŝ  â
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4.11 REPRESENTATION OF GENERAL VOLUME FIELDS

The arrow assembly diagram s p resen ted  in  the  p rev ious examples 

d ep ic ted  f i e ld s  which are c a lc u la te d  on given re fe re n c e  p lan es . In  

o rd e r  to  produce diagrams of f ie ld s  which are defin ed  over a volume, 

th e  same technique i s  ap p lied . F i r s t  , plane samples are  taken  in  

th e  volume and then  arrow assembly diagram s are generated  as before  

f o r  each plane sample.

The only d iffe re n c e  between the  technique used in  the  p rev ious 

examples and the  one corresponding to  f i e ld s  defin ed  over an e n t i r e  

3-dim ensional reg io n  occurs in  the f i e l d  n o rm a liza tio n . Now,instead 

of norm alizing the  f i e ld  components w ith re sp e c t to  th e  maximum 

f i e l d  component on the plane sample , as in  the p rev ious cases, the  

maximum e x is t in g  f i e ld  component in  the  volume i s  used to  norm alize 

each plane sample. The number of diagram s i t  may become necessary  

to  produce in  o rder to  o b ta in  a reasonab le  d e s c r ip tio n  of the f i e l d  

behaviour in s id e  a volume, by means of plane samples , depends on 

th e  way in  which the nodal p o in ts  are  d is t r ib u te d  in  the reg io n  and 

on th e  com plexity of the  v ec to r f i e ld  i t s e l f .  For in s ta n c e , reg io n s  

showing geom etric symmetry and supporting  r e l a t iv e ly  simple f i e l d  

d is t r ib u t io n s  can, in  some cases, be w ell d escrib ed  by usin g  only 

3 p lane samples, taken  in  p a r a l le l  to  the  xy, yz and xz p lan es , r e s 

p e c tiv e ly . More com plicated f ie ld s  may re q u ire  a g re a te r  number of 

p lane s e c tio n s  to  become p i c to r i a l ly  ev id en t.

Examples of the l a t t e r  type of f i e ld  are  shown in  F ig .(4 .5 4 ) to  

F ig . (4 .64) and in  F ig . (4 .66) to  F ig . ( 4 .? l ) .  The f i r s t  s e t  of d ia 

grams re p re se n ts  the e l e c t r i c  f i e ld  in s id e  the o n e-p o rt microwave 

ju n c tio n , shown in  F ig . (4 .5 3 ) , when the  re fe ren ce  plane i s  ex c ite d  

by th e  main guide dominant TE^q mode. In  o rder to  o b ta in  the f i e l d
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FIG. 4.62 PLANE SAMPLE

Sample No. 9 of the e l e c t r i c  f i e ld  ( in s id e  the 

narrower guide) of the microwave ju n c tio n  of

F ig . (4 .5 3 ) .

10

FIG. 4.63 PLANE SAMPLE

Sample No. 10 of the  e l e c t r i c  f i e ld  in s id e  the 

microwave ju n c tio n  of F ig . (4 .5 3 ) .
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11

FIG. 4 .64  PLANE SAMPLE

Sample No. 11 of the e l e c t r i c  f i e ld  on the  sh o rt 

c i r c u i t  p la te  te rm in a tin g  the  microwave ju n c tio n  

of F ig . (4 .5 3 ) .
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values, the volume of the ju n c tio n  has been d iv ided  in to  elem entary 

hexahedra and the  v ec to r f i e ld  components a t  each element v ertex  

(nodal p o in ts )  ca lcu la ted  through a v ec to r v a r ia t io n a l  f i n i t e  e l 

ement technique. The f ie ld  c a lc u la tio n  has been performed by Maile 

and F e r ra r i  a t  Cambridge U n iversity  Engineering Department and the 

arrow assembly diagrams produced by the au thor a t  L e ic e s te r  Univer

s i t y .  The s tand ing  wave p a tte rn  in s id e  the  ju n c tio n  i s  no ticeab le  

through the diagram s.

The second s e t  of p ic tu re s  corresponds to  the  e l e c t r i c  f ie ld  

d is t r ib u t io n  in s id e  the  one-port microwave ju n c tio n  shown in  

F ig . ( 4 .65) obtained under cond itions s im ila r  to  those used f o r  the 

f i r s t  ju n c tio n . In  both s e ts  of diagrams, only tra n sv e rse  plane 

samples have been used to  produce the graphic image of the f i e ld  

d is t r ib u t io n  although o th e r plane samples could have been chosen.

4.12 FIELD INFORMATION FROM THE SCALAR NODAL VALUE DISTRIBUTION

As shown in  Chapter 2, the  e lectrom agnetic  f ie ld  d is t r ib u t io n  

in s id e  a general c ro ss -se c tio n  waveguide can be obtained through the 

genera ting  fu n c tio n  of the mode under co n sid e ra tio n  and i t s  gradient.. 

When the waveguide has been num erically  analysed by the  f i n i t e  e l 

ement m ethod,instead of having a closed form of the genera ting  func

t io n  in  which to  perform the d if f e r e n t ia t io n ,  the c a lc u la tio n  of the 

g rad ien t must be ca rried  out over a s e t  of s c a la r  values d is tr ib u te d  

over the c ro ss -se c tio n .

While the a n a ly tic a l  process of d i f f e r e n t ia t in g  fu n c tio n s  which 

are  given in  closed form i s  a well ru led  process in  which a closed 

form of r e s u l t  i s  always obtained, the process of d i f f e r e n t ia t in g
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over a s e t  of numerical values may not give s a t is fa c to ry  r e s u l t s .  

This happens because the  numerical d i f f e r e n t ia t io n  i s  , in  g eneral, 

unstab le  u n less  fo r  nodal d is t r ib u tio n s  d esc rib in g  an a n a ly tic  com

plex  v a riab le  function^^^^^^^^. Here, the s ta te  of the a r t  i s  such 

th a t  one should not look fo r  the b es t technique to  apply in  a l l  

cases but adopt the r e a l i s t i c  view po in t th a t  any process which 

gives s u f f ic ie n t ly  accu ra te  r e s u l ts  w ith a reasonable e f f ic ie n c y  i s  

good enough f o r  the problem in  hand.

There are in  the l i t e r a t u r e ,  sev era l p ro p o sitio n s  which can be

used fo r  d i f f e r e n t ia t in g  a fu n c tio n  through a s e t  of re p re se n ta tiv e

nodal v a lu e s (^ ^ )(^ ^ )(^ ^ )(^ ^ )(^ ^ ) . In  general , those p ro p o sitio n s

in te rp o la te  the numeric d is t r ib u t io n  w ithout tak in g  in to  account the

nature of the technique by which the re p re se n ta tiv e  nodal values

have been obtained . There are a lso  e x c e lle n t published works which

u t i l i z e  the ac tu a l c h a ra c te r is t ic s  of the h ig h -o rd er f i n i t e  element 
( 92)(93)method' '  in  o rder to  perform the num erical d i f f e r e n t ia t io n

c o n s is te n tly .

I t  i s  beyond the scope of th i s  work to  describe  and experim ent 

w ith the known methods of ob ta in ing  numerical d e r iv a tiv e s  in  o rder 

to  produce some en lig h ten in g  evidence o r to  search fo r  a more gen

e ra l  p rocess. This c e r ta in ly  i s  a to p ic  f o r  fu tu re  development in  

connection with the technique of generating  arrow assembly diagram s.

Because the  problem being considered in  th i s  th e s is  co n s is ts  

of ob ta in in g  a v isu a l approximation f o r  the  e lectrom agnetic  f i e ld  

d is t r ib u t io n  in sid e  waveguides such th a t  a c le a r  understanding  of 

the physica l behaviour of the guiding s tru c tu re  becomes p o ss ib le , 

simple d i f f e r e n t ia t io n  techniques can be used.
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To i l l u s t r a t e  th is  p o in t , consider the a p p lic a tio n  of the 

centred d iffe ren ce  formula^

f  ) (4.186)
ÔX 2h

where 2h^ i s  the  d is tan ce  in  the x^ d ire c t io n  between the nodal 

values f^  and f^  which are immediately to  the r ig h t  and to  the l e f t  

(o r  above and below) of the ce n tra l p o in t f^  fo r  which the d e r iv a t i 

ve i s  ca lcu la ted ; to  the nodal d is t r ib u t io n  in  Map.(3 .21) (TE^^ mode; 

ty p ic a l  rec ta n g u la r  waveguide) . The r e s u l t s  are p resen ted  in  Map.(4 .1 ) 

ajid Map.(4 .2 ) where the  d e r iv a tiv e s  on the c ro ss -se c tio n  narrower 

s id e s  have been obtained by applying the s p e c if ic  boundary condi

t io n s  .

To ob ta in  the expressions f o r  the f i e ld  d is t r ib u t io n  we re c a s t  

e q .( 2 . 138) to  e q . (2 .141), in  the modified form:

k  ̂ H = u Re on —zn —z e x p . ( i  [ w t  -  [ f ^  -  l ]   ̂ z’) )  (4.187)

Srn = ( l  [ f ^  -  1]  ̂ e x p .(  1 [ w t  -  [ f^  -  1] 2 z ) )

(4.188)

( - i  j-^2 ^  x ’7 ^ c (2 )e x p .(  i  [ w t  -  [ f^  _ l ]  % %))

(4 .189)
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where Zq = (y t / c 5  % 120 tt Ohms.

Taking the r e a l  p a r t  in  eq .(4 .1 8 ?) to  e q .(4.189) we get , ex

p l i c i t l y ;

‘'on Szn = ‘'on (4.190)

"on Srn = - (fn '  slnCwt - (f^ - 1 )̂  z'] ĜZ) (4 . 1 9 1 )

n̂̂  ^ n  = ( ^) i  -  (fn-  ̂ V^g(2)(4.192)

Using e q .( 4 . 190) to  e q .(4.192) the vec to r components a t  each 

node of a plane sample can be ca lcu la ted  a t  a given frequency (f^^ 

fo r  the s p e c if ic  TE^q mode (k^) a t  a frozen  phase ( to t ) .

For the p resen t example l e t  tran sv erse  plane samples be con

s idered  and a lso , make

cot -  ^ ( 4 . 193)

= / 3  ( 4 . 194)

The p a r t ic u la r  broader c ro ss -se c tio n  side  len g th  chosen (Ap

pendix 3 ) i s  such th a t  the c u t-o ff  wave-number f o r  the  TE^^ mode is i

kon = i  (4-195)
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S u b s t i t u t i n g  e q . ( 4 .1 9 3 )  t o  e q . ( 4 .1 9 5 )  i n t o  e q . ( 4 .1 9 0 )  t o

e q . ( 4 . 192) we g e t  :

2
2zn = ^  (4 .196)

= -  TT oos(2 zOVp (4 .197)

-Tn ■ TTgjj cos(2 z ) ^  X (4 .198)

The maximum abso lu te  valued component of the tra n sv e rse  e le c 

t r i c  f i e ld  occurs fo r

z ’ = - j n  TT ( 4 . 199)

(n = 0 , 1 , 2 , . . . )

and i s  given by;

K n  L a x  = ^  4^^ I max (4-2°0)

S im ila rly  f o r  the magnetic f ie ld ,  according to  Map.(3*21) and 

Map.(4 .1 ) , we have

- r  I I max > I I max (4 -2 ° l)n
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Therefore, the  maximum abso lu te  valued magnetic f ie ld  component 

can be w ritte n  in  the form:

The normalized f ie ld  components h , ^  and e ,̂ , can now be ̂ —zn' -^n  -^n
w ritte n  according to  eq .(4 .196 ) to  eq ,(4 .198 ) and e q .(4.200) and 

e q .(4.202) in  the form:

g(2)

^  r r l n —  ^ ^ ( 4 -203 )I G.n max

. V 0( 2 )
îrn = -  [ —  I g(2)" j  ]  2 (4.204)

I n I max

T
2%  = [  I ^  J Z )  I  ^ ^  ]  cos 2 z ’ ( 4 . 205)

g'T n I max

Knowing the  nodal value d is t r ib u t io n  of Map.(3*21) and the 

tra n sv e rse  g rad ien t d is t r ib u t io n s  of Map.(4 .1 ) and Map.(4 .2 ) , the 

normalized v ec to r component d is t r ib u t io n s  in  Map.(4 .3 ) to  Map.(4 .? ) ,  

which correspond to  the terms between b rackets  in  e q .(4.203) to  

e q . (4 .204), are  ob tained .
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Once the normalized v ec to r component d is t r ib u t io n s  have been 

c a lcu la ted , the d isp lay in g  plane along the propagation d ire c tio n  i s  

determ ined by s e t t in g  the value of the z’ co -o rd in a te . The vec to r 

imaging ro u tin e  can now be used to  generate the arrow assembly d ia 

gram. Diagrams f o r  z’= tt/ 8 are presen ted  in  F ig .(4 .? 2 -a ,b  and c ) . 

The diagrams param eters a re , in  th i s  case,

p = 1.00 (4.206)

(E le c tr ic  F ie ld )

and

p = 0.250 ; q = 0.125 ( 4 . 207)

(Magnetic F ie ld )

F ie ld  p a tte rn s  corresponding to  o th e r waveguide modes can be 

obtained by fo llow ing  a procedure s im ila r  to  the one o u tlin ed  in  the 

above example.

4.13 DIRECT CALCULATION OF THE VECTOR COMPONENT DISTRIBUTIONS OF 

GENERAL CROSS-SECTION WAVEGUIDES

The process of d i f f e r e n t ia t in g  over a s e t  of nodal values be

comes unnecessary when a v ec to r f in i t e  element fo rm ulation  i s  used 

in  o rder to  c a lc u la te  the v ec to r components on the c ro ss -se c tio n  of 

a rb i tr a ry  shaped waveguides. In  th is  case, the v ec to r components to  

be used in  the imaging ro u tin e  are d i r e c t ly  a v a ila b le  and the arrow 

diagrams can be generated in  a s tra ig h tfo rw ard  manner.
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A f in i t e  element technique capable of producing vec to r compo

nents on the c ro ss -se c tio n  of a r b i tr a r y  shaped waveguides has been

n h is  Ph.]

(51) (52)

rep o rted  a t  McGill U n iversity  -  Canada -  by Konrad'^®' in  h is  Ph.D.

th e s is  and re la te d  a r t i c le s  have been re c e n tly  published 

Also, a computer program has been w ritten^^^^ in  order to  perform 

the proposed v ecto r f i n i t e  element an a ly s is  and r e s u l ts  of s p e c if ic  

waveguide propagation problems ob ta ined .

During th is  research  work in  L e ic e s te r , we d id  not have the op

p o rtu n ity  of using  e i th e r  Konrad's program o r i t s  r e s u l ts  in  order 

to  generate arrow assembly diagram s. In  f a c t ,  the  program i f  a v a i l

ab le , would be excessiv e ly  b ig  to  run in  the L e ic e s te r  U n iversity  

Computer. However, i t  appeared from the study of Konrad's work th a t  

the  use of the imaging ro u tin e  proposed here, in  o rder to  generate 

arrow assembly diagrams from h is  program output, could be done with 

the same s im p lic ity  as f o r  the v ec to r component r e s u l t s  obtained by 

Maile and F e r ra r i  a t  Cambridge U n iv ersity .
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CHAPTER 5

CONCLUSION

5.1 CRITIQUE

The research  p ro je c t rep o rted  in  th i s  th e s is  consis ted  of the 

a u th o r 's  in v e s tig a tio n  in to  the computation of e lectrom agnetic  f i e ld  

d is t r ib u t io n s  in  waveguides and th e i r  d isp la y  by computer g raph ics. 

I t  involved the study of the v a r ia tio n a l approach to  waveguide pro

pagation  to g e th e r with the a p p lic a tio n  of the f i n i t e  element method 

to  the ex trem ization  of the waveguide fu n c tio n a l. These su b jec ts  

have of course received  ex tensive treatm ent elsew here, and re fe ren ces  

are supplied  in  the b ib liography .

Our research  a lso  involved the study of graphic techniques com

monly used fo r  the re p re se n ta tio n  of waveguide f i e ld s .  This, in  i t s  

tu rn , involved the d iscu ss io n  of th e i r  a p p l ic a b i l i ty  to  num erically  

evaluated  r e s u l t s .  The inadequacy of the conventional f i e ld  l in e  

diagrams to  electrodynam ical s itu a t io n s  such as guided wave propaga

tio n  i s  f u l ly  ch a rac te rized . The d i f f i c u l t i e s  w ith the contour-map 

technique are d iscussed . A method fo r  d isp lay in g  computer evaluated  

v ec to r f ie ld s  v ia  graphic te rm in als  and p lo t te r s  has been developed 

and i s  presented  in  d e ta i l .  Examples of i t s  a p p lic a tio n  to  wave

guide propagation problems inc lud ing  3-D waveguide d isc o n tin u ity
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f ie ld s  are given. As f a r  as one knows , th i s  su b jec t has not been 

p rev iously  d e a l t  w ith. In  e f fe c t ,  very few re fe ren ces  on the m atter 

of computerized d isp lay  of v ecto r f ie ld s  could be c o lle c ted , and no 

p a ra l le l  development found, in  the re le v a n t l i t e r a t u r e .

5.2  RESULTS

The r e s u l ts  p resented  in  th is  th e s is  are of both a th e o re t ic a l  

and a p ra c t ic a l  n a tu re . The th e o re t ic a l  r e s u l t s  have been obtained 

by studying the v a r ia t io n a l approach to  waveguide propagation and 

the f i n i t e  element method f o r  the ex trem iza tion  of the waveguide 

fu n c tio n a l . They are the d e r iv a tio n  of the waveguide s c a la r  func

t io n a l from the le a s t  a c tio n  p r in c ip le  presented  in  Chapter 2 and 

the comparative r e s u l ts  between the f i r s t - o r d e r  f i n i t e  element nodal 

equation  and the f iv e -p o in t  f i n i t e  d iffe re n c e  o p era to r shown in  

Chapter 3* The f i r s t  enabled the au thor to  form ulate a u n if ie d  pre

sen ta tio n  of the waveguide propagation theory  d ire c te d  towards the 

numerical an a ly s is  of waveguides. This i s  re le v a n t f o r  the system

a t i c  understanding of the f in i t e  element a n a ly s is  of waveguides 

w ith in  the f i e ld  theory  context of microwave engineering.The second 

i l l u s t r a t e s  the a lg eb ra ic  d is t r ib u t io n s  of nodal values obtained 

with the f i n i t e  element and f i n i t e  d iffe re n ce  fo rm ulations and th e i r  

resemblance to  the exact nodal value d is t r ib u t io n s  in  re c tan g u la r  

waveguides. In  f a c t ,  the f i n i t e  d iffe ren ce  and f i n i t e  element tech 

niques are nowadays w ell known, and the re fe ren ces  d esc rib in g  the 

a p p lica tio n s  of e i th e r  technique to  waveguide propagations copious. 

I t  now appears u n lik e ly  th a t  an aspect of the su b jec t w ill be 

found where new and d ec is iv e  r e s u l t s  are req u ired .
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The p ra c t ic a l  r e s u l t s  co n s is t of the rec tan g u la r  waveguide 

f i e ld  p a tte rn s  p resen t in  Chapter k to g e th e r w ith the dynamical 

rec ta n g u la r  waveguide f i e ld  d isp lay s  being experim entally  produced 

a t  the Department of Engineering of the U n iv ersity  of L e ic e s te r . 

Here, i t  might be thought d e s ira b le  to  have diagrams f o r  o th er 

waveguide c ro ss -sec tio n s  produced.This could have been done through 

the a n a ly tic a l  expressions of the f i e ld  co n fig u ra tio n  f o r  the com

monly used c ir c u la r  and e l l i p t i c a l  c ro ss -se c tio n  waveguides. The 

ridged and o th e r c ro ss -se c tio n  geom etries could have been analysed 

through the s c a la r  program package, and diagrams could have been 

produced. I t  was decided , however , th a t  a comprehensive s e t  of 

diagrams invo lv ing  a p a r t ic u la r ly  s u ita b le  waveguide geometry would 

be p re fe rab le  to  the r e p e t i t io n  of the same technique to  sev era l 

c ro ss -se c tio n  geom etries. In  the l a t t e r  case , the examples would 

have to  be p resented  parsim oniously i f  the number of diagrams in  

th is  th e s is  were to  be kept w ith in  reasonable bounds. Furtherm ore, 

th e i r  g en era tio n  would .consume, in  s tra ig h tfo rw ard  but long program

ming, p a r t  of the in h e re n tly  l im ite d  time av a ila b le  f o r  th i s  r e 

search p ro je c t .

5.3 FUTURE DEVELOPMENTS

F ie ld  p a tte rn s  and dynamic f i e ld  d isp lay s  f o r  waveguide geo

m etries  o th e r than rec ta n g u la r  could c e r ta in ly  be produced, and 

th e i r  u se fu ln ess  in  microwave engineering  investiga ted .O n  the o th er 

hand, re sea rch  on 3-D vecto r f i n i t e  element techniques f o r  in v e s t i 

ga ting  the so lu tio n  of e s s e n t ia l ly  3-&imensional microwave problems 

w ill probably produce numerical r e s u l t s  su ita b le  to  the ap p lic a tio n
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of the proposed f ie ld  p a tte rn  d isp la y s . The numerical so lu tio n  of 

th is  kind of problem can only be c a rrie d  out on la rg e  computers but, 

once the r e s u l ts  are made a v a ila b le , the v ecto r f i e ld  imaging tech 

nique can be employed, presumably w ithout d i f f i c u l t i e s .  Works d ea l

ing  w ith v ec to r f i n i t e  element methods f o r  3-D waveguide problems 

are referenced  in  the te x t .

The generation  of f i e ld  p a tte rn s  and dynamic d isp lay s  from f i -  

n ite  element r e s u l ts  of hybrid  propagation  in  m ic ro s trip  l in e s  ' 

appears to  be another promising a rea  fo r  fu tu re  a p p lic a tio n .In  th is  

case, both the e le c t r i c  and the magnetic f i e ld  in te n s i t ie s  are , in  

general, non-transverse and the computer p r in t-o u ts  d i f f i c u l t  to  

in te rp re t(^ ^ ) (^ ^ ) .  The generation  of accurate  f i e ld  p a tte rn s  fo r  

hybrid propagation w ill depend on the a b i l i ty  to  d i f f e r e n t ia te  the 

generating  fu n c tio n  nodal value d is t r ib u t io n s .  Several techniques 

fo r  numerical d i f f e r e n t ia t io n  appear in  the l i t e r a tu r e  , and a f u l l  

in v e s tig a tio n  of the ap p lic a tio n  of those techniques in  connection 

w ith the generation  of f i e ld  p a tte rn s  could be c a rr ie d  o u t.In  f a c t ,  

the problem of fin d in g  a s ta b le  general process f o r  numerical d i f 

f e re n t ia t io n  of the nodal value d is t r ib u t io n s  obtained  as computer 

so lu tio n s  f o r  Helmholtz equation  remains unsolved. A so lu tio n  fo r  

th is  problem would be h igh ly  d e s ira b le  not only in  connection with 

the generation  of f i e ld  p a tte rn s  but a lso  in  o th e r areas of applied  

elec trom agnetics. F in a lly , because the v ec to r imaging method de

veloped during  th is  work i s  general and only microwave f ie ld s  have 

been considered, one can assume th a t  i t  w ill ev en tu a lly  be app lied  

to  o ther branches of eng ineering .
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APPENDIX 1

INTEGRATION OF EQ.(3.39) AND THE ANGULAR FORM OF 

THE COEFFICIENTS AND k^^

A l.l INTEGRATION OF EQ.(3 .3 9 )

The in te g ra tio n  of eq .(3 .3 9 ) over the element area  using  the 

geometry of F ig . (3 .3 ) i s  long and ted io u s . However, by re s o r t in g  to  

a lo c a l co -o rd in a te  system ,as shown in  F ig .(A l.l) ,m u ch  of the a lg e

b ra ic  work during  the in te g ra tio n  can be avoided. In  order to  i l l u s 

t r a te  t h i s  p o in t and to  p resen t a proof of the somewhat su rp r is in g  

r e s u l t  given by eq .(3 -40 ) the in te g ra tio n  w ill be ca rrie d  out here .

C onsidering the geometry of F ig .( A l . l ) ,  we have:

%0j = 0 (A l.l)

Ygj -  0 (A I.2)

^ I j  ^2j (A1.3)

ygj -  y i j  = b . (A IA )

A. 2 ty  (A1.5)
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FIG. A l . l  LOCAL CO-ORDINATE SYSTEM FOR INTEGRATION OF EQ.(3.39)
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Expanding eq .(3 .3 9 ) and s u b s t i tu t in g  e q .(A l.l )  to  eq.(A 1.2) , 

we get;

-  G gjtyijX  -  %ijy) (2Aj -  bjX) (a i .6)

D efining

= (2A. -  b .x )^  = 4 A? + b?x -  4 A .b.x (A l.?)
u J J J J J J

= (yzjX -  =2jy) (2Aj  -  b .x ) = 2 ygjAjX -  bjygjxZ

-  2 X2jA jy + b_ .X 2_ .x y  (A1.8)

Kg = -  (y^jX - x^.y) (2A. -  b .x ) = -  2 y^.A .x -  b.y^^x^

-  2 x^jAjY + b jX ^ jX y (A 1 .9 )

i t  i s  noted th a t  the  fo llow ing in te g ra ls  are to  be evaluated  over 

the a rea  defined by Aj :

I .  =  J ’J ’ X dS (A l.lO )

" j



- 298 -

I ,  = f f  y d s  ( A l . l l )
" j

I ,  = f f  xy dS (A1.12)

" j

For the p a r t ic u la r  geometry chosen the l im itin g  curves 1^ and

1^ are given by:

Ig ) y = ^  X (A1.15)

th e re fo re , the in te g ra ls  are of the form

h 1^
I  = I  ( J' f (x ,y )  dy ) dx (A1.16)

0 1^

d i  = y = (ygj /  h j)x  )

(^2 " y = ( r i j  /  )

For I^ , f (x ,y )  = x , so :
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I l  = §  bj hj (A1.17)

Ig  = 3  t j  Cj h j (A1.18)

where,

For , f (x ,y )  = xy , thus

= §  bj Cj h j (A1.20)

2
F in a lly , f o r  f (x ,y )  = x we have

= i  b j h] (A1.21)

Once the fo regoing  r e s u l t s  have been obtained , s u b s t i tu t io n  

in to  the corresponding fu n c tio n s  and some m anipulation g ives:

f f  dS = I  A  ̂ (A1.22)
A. J J
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/ /  dS = i  ( A 1 .2 3 )

Aj

I f  Kg dS = 5  A  ̂ (A1.24)
Aj

Theref o re , we have ;

G%n â l : :  G^n = 2 f f  K  ̂ dS
Aj Oj

= 3  Aj [Goj + &(Gij + G g.)] (A1.25)

Comparison of eq.(A 1.25) with eq .(3 .3 4 ) g ives eq .(3 .4 0 ) which 

can be w ritten  in  the form;

m c . * ni
A  '^A. GGgj '̂ Mn ' 'l 2 j^ ^ l j  * ^ g j) ]  (A1.26)

where

k^j = 5  Aj (A1.27)

^12j 2 ''3 j  ^  Aj (A1.28)

as defined in  e q .(3 .4 l)  and eq .(3 .4 2 )
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A l.2 ANGULAR FORM OF THE COEFFICIENTS

Considering the co -o rd ina tes  of the  element v e r t ic e s  in  F ig . 

(A I.2) the c o e f f ic ie n ts  k^^ are c a lcu la ted  by applying e q .( 3 .3 0  to

e q .(3 .33)1 in  the form:

(A1.29)

k . = _ ~ = .  ü g j  (A l.30)
J 2Aj (%2j -  % lj)yoj ^Oj

R efering to  F ig .(A 1 .2 ) and applying the geom etric p ro p e rtie s  

of a t r ia n g le ,  the angu lar form of the c o e f f ic ie n ts  k^j of eq .(3 .4 5 )

and eq .(3 .4 6 ) are f in a l l y  obtained:

k . = E cotgG . (A I.3I)

k^j = cotgO^j (A I.32)
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FIG. A l.2 VERTICES AM) ANGLES OF AN ELEMENT

Geometry used f o r  the  d e r i v a t i o n  o f  th e  a n g u la r  form of

c o e f f i c i e n t s  and j  .
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APPENDIX 2

PROGRAM DESCRIPTION ; MXSNEX

A2.1 PURPOSE

MXSNEX c a lcu la te s  the c e n tra l node values of the generating  

fu n c tio n s  f o r  TE and TM modes of propagation  in s id e  a ty p ic a l re c 

tan g u la r  waveguide using  the f iv e  p o in t f i n i t e  d iffe ren ce  form ula 

(e q .(3 .7 7 )) i  the f i n i t e  element form ula ( e q .(3 .7 8 ))and the  symmetric 

f i n i t e  element formula ( e q .(3*79))over an equispaced mesh. The pro

gram does not solve the waveguide by f i n i t e  d iffe ren ce  nor by f i n i t e  

element techniques. In s tead , i t  uses the a n a ly tic a l  values of the 

generating  fu n c tio n  ca lcu la ted  a t  each node in  the  neighbourhood of 

a given node to  estim ate  the value of the genera ting  fu n c tio n  a t 

th a t  node. The cen tra l node value es tim atio n  i s  performed sep a ra te 

ly ,  using  each one of the above formulae a t  a tim e, p er complete 

c ro ss -se c tio n . The program generates maps of the estim ated  ce n tra l 

node value d is t r ib u t io n  fo r  each form ula and a lso  p r in ts  the  percen- 

tu a l  e r ro r  of each estim ated  value when compared with i t s  a n a ly tic a l 

coun terpart .

MXSNEX has been form ulated to  provide a simple numerical ex

perim en ta tion  with the  fo regoing  mentioned formulae in  o rder to  i l 

lu s t r a te  th e i r  dependence on mesh len g th  and on mode p a tte rn  com

p le x ity .
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A 2 .2  DESCRIPTION

A rec ta n g u la r  c ro ss -se c tio n  having the r a t io  of the  narrower 

to  the broader s id es  equal to  % i s  f i r s t l y  d iv ided  by MXSNEX in to  a 

re g u la r  mesh c o n s is tin g  of (IM + l )  v e r t ic a l  l in e s  o r columns and 

(JM + l )  h o riz o n ta l l in e s  o r rows. See F ig . (3*5)i Chapter 3» para

graph (3 . 10 . 1) .  The numbering of rows and columns s t a r t s  w ith the 

number 1 and f in is h e s  re sp e c tiv e ly  with the numbers ICOL and ILIN 

which are program v a riab le s  depending on the number of d iv is io n s  on 

the broader side given by program v a riab le  IDIV. The program v a r i

able IDIV determ ines the mesh len g th  to  be used in  the ca lc u la tio n s  

ajid th e re fo re  e s ta b lis h e s  the  to ta l  number of nodal p o in ts  over the 

c ro ss -se c tio n .

Once the rec ta n g u la r  waveguide c ro ss -se c tio n  has been div ided  

in to  a reg u la r  mesh, the program reads in form ation  about the propa

gating  mode to  be considered and then proceeds to  c a lc u la te  the 

nodal values a t  each mesh node using  the a n a ly tic a l  expression  fo r  

the generating  fu n c tio n  fo r  the mode under co n s id e ra tio n  (Chapter 3 , 

paragraph (3 . IO .I ) ) .  An a rray  con ta in ing  the obtained a n a ly tic a l 

node values i s  generated and s to red  and a map of the a n a ly tic a l  node 

values d is t r ib u t io n  p r in te d  out in  m atrix  form.

Having obtained the a n a ly tic a l  values of the genera ting  func

t io n  a t  each node the  program re -e s tim a te s  the ce n tra l node values 

a t  each of the mesh p o in ts  by s u b s t i tu t in g  fo r  the neighbouring 

nodes th e i r  a n a ly tic a l  values and using  a t  a time , per complete 

c ro ss -se c tio n  , the f i n i t e  d iffe re n c e  form ula , the f i n i t e  element 

form ula and the symmetric f i n i t e  element form ula , re sp e c tiv e ly . 

A fter performing the c a lc u la tio n s  fo r  each form ula , an estim ated
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node value d is t r ib u t io n  a rray  and a p ercen tual e r ro r  d is t r ib u t io n  

a rray  obtained by comparing the estim ated  values w ith th e i r  analy

t i c a l  values are generated and p r in te d  out in  m atrix  form.

A2.3 INPUT VARIABLES

The inpu t f o r  the program co n s is ts  of;

a) a v a riab le  sp ec ify ing  the number of experim ents, th a t  i s  , 

the number of executions to  be performed a f t e r  load ing ;

b) v a riab le s  spec ify ing  the number of d iv is io n s  on the broader 

c ro ss -sec tio n  s ide  and the mode of propagation .

The in p u ts  v a riab le s  are defined , by read ing  o rder, in  tab le  

T (A2.1).

A2.4 TIMING

The average running time of the program i s  around 1.0 sec . per 

experiment and the com pilation time using  the FTN compiler around 

5.0  seconds.

A2.5 STORAGE

The programs u t i l i z e s  3 v a riab le  dimensioned arrays defined  as 

one (40,20) a rray  p lus fo u r (40,20) a rray s ; the l a t t e r  being equ i- 

valenced in to  two lo c a tio n s .

A2.6 EXAMPLE

A TE^q mode sequence of m atrices i s  generated by the follow ing 

card deck:
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JOB CARD.

USER, USERNAME, PASSWORD. 

CHARGE,DEPARTMENT, PROJECT. 

FTN.

LGO.

END OF RECORD CARD.

PROGRAM MXSNEX(INPUT,OUTPUT, 

SUBROUTINE MAPGN(lWAV... 

SUBROUTINE MAPFD(lCOL,. . .  

SUBROUTINE MAPFE(IC0L,. . .  

SUBROUTINE MAPFES(lCOL,. . .  

SUBROUTINE MAPA(XVAL0R,. . .

END OF RECORD CARD.

( i )  01

(11) 10 

(111)110

END OF INFORMATION CARD.

( i )  One experiment

( i i )  10 d iv is io n s  on the broader c ro ss -sec tio n  side

(iii)TE^Q  mode of propagation.

A2.7 OUTPUT FORMAT

The program has been provided w ith WRITE statements(SUBROUTINE 

MAPA) capable of p r in tin g  out m atrices r e s u l t in g  from the d iv is io n
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of the broader c ro ss -sec tio n  side in  10,14 and 18 p a r t s . I f  d if f e re n t  

broader c ro ss -sec tio n  side  d iv is io n s  are used and the v a riab le  IDIV 

i s  le s s  than 39 the FORMAT statem ents in  MAPA must be changed accord

in g ly . For a number of d iv is io n s  g re a te r  than 39 the FORMAT s ta t e 

ments in  MAPA and the DIMENSION sta tem en ts in  MXSNEX must be changed,

A2.8 PROGRAM ORGANIZATION

The program co n sis ts  of a main ro u tin e  c a ll in g  f iv e  subrou tines 

to  perform the operations in d ica ted  in  ta b le  T ( A 2.2).

A2.9 METHOD

A complete d e sc rip tio n  of the method used in  the c a lc u la tio n s  

to g e th e r with the in te rp re ta t io n  of the output m atrices i s  presented  

in  Chapter 3 (paragraph (3 .10) to  paragraph (3 .1 0 .4 )) .

A2.10 PROGRAM AVAILABILITY

The program i s  av a ilab le  a t  L e ic e s te r  U n iv ersity  Engineering 

Department.
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APPENDIX 3

SCALAR FINITE ELEMENT PROGRAM PACKAGE (CAMBRIDGE VERSION) 

EXAMPLES OF ACCESS AND USE FROM LEICESTER

A3.1 PURPOSE

Appendix 3 d esc rib es  the use of a s c a la r  f i n i t e  element pro

gram package (Cambridge version  v ia  telephone l in k  from L e ic e s te r  ) 

to  ob ta in  the nodal values of the genera ting  fu n c tio n  of the f i r s t  

p ropagating TE and TM modes (Map.(2 .21) to  Map.(2 .2 3 )) of a ty p ic a l 

rec tan g u la r waveguide.

A3.2 FINITE ELEMENT MODEL OF THE CROSS-SECTION

The ty p ic a l rec tan g u la r  waveguide c ro ss -se c tio n  having the 

r a t io  of the narrower to  the broader s id es  equal to  % has been d i 

vided in to  two s ix th -o rd e r  elem ents as shown in  F ig ,(A 3 .l) .  The 

numbered p o in ts  in  the f ig u re  are the nodal p o in ts  d e fin in g  the geo

metry of the model, th a t  i s ,  the waveguide c ro ss -se c tio n  and i t s  

d iv is io n  in to  f i n i t e  elem ents. The numbers along the element s id es  

are the c o n s tra in ts  to  be app lied  to  the nodal p o in ts  to  be g en era t

ed by the program pacakage along each s id e . S ides having asso c ia ted  

c o n s tra in t number equal to  zero have f re e  nodes. This means th a t  

the program w ill c a lc u la te  th e i r  nodal values. I f  c o n s tra in t zero
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s id es  are  on the boundary (TE modes) , the nodal values ca lcu la ted  

by the program package w ill s a t i s f y  the boundary condition

(A3.1)

(on th e  boundary)

where i s  the mode generating  fu n c tio n . Sides having asso c ia ted  

c o n s tra in t number equal to  the u n ity  have f ix e d  nodal values and 

any node on c o n s tra in t one s id e s , w ill  be given zero nodal value 

when the Helmholtz equation  i s  so lved . Those nodes are p laced on the 

c ro ss -sec tio n  boundary fo r  TM modes such th a t  the boundary condition

= 0 (A3.2)

where G  ̂ i s  again the  mode generating  fu n c t io n ,is  s a tis f ie d .T h e  con

s t r a in t  conditions on element s id es  of waveguide c ro ss -se c tio n  f i 

n ite  element models are summarized in  ta b le s  T(A3«1) and T(A3-2).

The in d iv id u a l element v ertex  id e n t i f ic a t io n  l e t t e r s  ( A,B and 

C ) are shown in  F ig .(A 3»l) to g e th e r w ith the element id e n t i f ic a t io n  

number and approximation o rder.

A3.3 INPUT TABLES

The program inpu t concerning the f i n i t e  element model of the 

c ro ss -se c tio n  contains in form ation  about:

( i )  Scale f a c to rs  of the x and y axes ;

( i i )  Node id e n t i f ic a t io n  numbers and co -o rd in a tes ;
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( i i i )  Element id e n t i f ic a t io n  numbers , approxim ation order, 

v e r t ic e s  A,B and C, c o n s tra in ts  to  be app lied  on element 

s id es  and the r e la t iv e  p e rm it t iv i ty  of the medium con

ta in ed  by the elem ent.

According to  F ig .(A3.l )  the required inform ation can be organ

ized , in  the present case, as in  tab le  T(A3.3) to  ta b le  T (A 3.6).

A3.4 SOLUTION SPECIFICATION

The l a s t  d a ta  en try  sp e c if ie s  how many eigenvalues in  an in 

creasing  value o rder and re sp e c tiv e  e igenvecto rs are req u ired  in  the 

program ou tpu t. This inform ation i s  given by en te rin g  a p o s itiv e  

r e a l  number with i t s  in te g e r  p a r t  equal to  the  number of eigenvalues 

and eigenvecto rs req u ired . The p o s itiv e  r e a l  number i s  proceeded by 

space (blank) f o r  TE modes and by 0.0 f o r  TM modes which a r e ,in  both 

cases, follow ed by a double s la sh  ( / /  ) .  See examples.

A3.5 OPTION CARD (END OF DATA RECORD)

The "PUNCH" op tion  card i s  intended to  produce the output r e 

s u l ts  on punched cards. This op tion  was not e f fe c tiv e  fo r  jobs sub

m itted  from S a te l i te - l - L e ic e s te r  because only the card read er and 

the l in e  p r in te r  were o p era tio n a l in  the l in k .  However, the "PUNCH" 

card has been used in  the examples presented  here to  in d ica te  to  the 

program the end of the d a ta  reco rd . See re fe ren ce  below*- fo r  o th e r 

p o ssib le  option  cards.

* ASIS-NAPS Document No. NAPS-01604

ASIS NATIONAL AUXILIARY PUBLICATIONS SERVICE, N.Y.
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A 3 .6  COMPUTERIZED MODEL OF THE CROSS-SECTION

Receiving the inform ation  contained in  ta b le  T(A3.1) to  ta b le  

T(A3.6), the program package au to m atica lly  generates the  node d i s 

t r ib u t io n  in s id e  the  elem ents according to  the sp e c if ie d  order of 

polynomial approxim ation. L a te r, a map showing the approximate l o 

ca tio n  of the nodes over the c ro ss -se c tio n  i s  output v ia  l in e  

p r in te r .  The nodes assembled by the program package are numbered 

in  accordance with an o rder depending on processing  convenience 

which may produce node id e n t i f ic a t io n  numbers which do not coincide 

with the o r ig in a l numbering of nodes as given in  the in p u t.

The c ro ss -se c tio n  model of the ty p ic a l  re c ta n g u la r  waveguide 

with complete element mode d is t r ib u t io n s  i s  shown in  F ig . (A3.2) ; 

where i t  i s  assumed th a t  the element v e r t ic e s  have t h e i r  i d e n t i f i 

ca tio n  numbers u n a lte red  when assembled by the program.

A3.7 INPUT ORGANIZATION, FORMAT AND DEFAULTS

The input deck i s  organized in  the Cambridge version sim ilarly  

to the orig inal input data layout presented in  table T(A3.8) with 

the spaces compressed to a slash  ( /  ) .  The d efau lts used by the 

program are shown in  tab le T(A3.8).

A3.8 JOB SUBMISSION FROM LEICESTER

A complete deck fo r  job submission* to the Cambridge computer 

from L eicester con sists  of the follow ing cards:

* The program must be availab le in  compiled form in  the u ser's  d isc  

f i l e  at Cambridge Computer Laboratory.
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( i  ) JOB;6uSERNME;6pRO JECTNUKBER;6 JOBTITLE

route;6leigester 

( i i )  time 6̂mn;6segonds

PHX

file ;6from^ ^ #  /6tO/6&Vfb

DATA IN GOMPRESSED FORM START

ING WITH THE TITLE GARD AND 

FINISHING WITH THE SOLUTION 

SPEGIFIGATION GARD FOLLOWED BY 

THE OPTION GARD.

(See examples).

G;6uSERNAME . PR0GRAM(F0RMAT );6 FROM;6 &A/6 rO/6 uSERNAME .data/ fb 

USERNAME.LINK(GO)(FTO5 FOO1 -USERNAME.DATA,FTC6 F0 0 1 =G, 

FT07F001=£)/*EOF

( i )  USERNAME and PROJEGTNUMBER are assigned to the user when 

registered  with Gambridge Gomputer Laboratory.

JOBTITLE i s  the u ser 's  id e n tif ic a tio n  of the job being 

submitted.

( i i )  MN is  the time parameter in  seconds.

All the cards are punched from column 1 and represents a space. 

A3.9 DISG USAGE

The compiled form of the program package needs approximately 

10 d isc s  tracks to be f i l e d .
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A 3 .1 0  ERROR INDICATOR

Should an e r ro r  occur during  the execu tion , the e r ro r  in d ic a to r  

v a ria b le  MISTAK i s  s e t  accord ing ly . The value of the v a riab le  MISTAK 

i s  p r in te d  out to g e th e r with o th e r program s t a t i s t i c s .

The p o ssib le  values of the v a riab le  MISTAK and re sp ec tiv e  e r ro r  

in d ic a tio n s  are given in  ta b le  T(A3.9).

A3.11 EXAMPLES

The ou tputs of the examples below are a ttached  to  the p resen t 

d e s c r ip tio n .

A3.11.1 CARD DECK FOR THE FIRST 5 TE MODES OF THE TYPICAL RECTANGULAR 

WAVEGUIDE

job;^mlxs;6^643;6te;^)MOdes . 

route^6le ig e s te r

TIME;?f)10;6SEGONDS

PHX

FILE/6FR0I^^)!6 X)T0y6&A/FB 

( i  ) REGTANGULar;6waveguide;6te;i^modes

( i i )  l / l .o /o .o  

2/ - 1 .0/ 0 . 0  

3 /-1 .0 /1 .0  

V i . o / i . o

( i i i )  W ............. .............. /6........../ & . . . . #

( iv )  6/ 1/ 2/3 

/1 /3 /4
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(v) W .................

(v i )  />//5-o

( v i i )  PUNCH

C;̂ MLXS. PROGRAM( FORMAT );6fR0M/)&A/)T0;̂ MLXS .DATA/FB 

MLXS.LINK(GO)(FT05F001=MLXS.DATA,FT06F001=*G,FT07F001=£)

(viii)/*EO F

( i )  T it le  card.

( i i )  Cards o rig in a ted  from ta b le  T(A3.4)

( i i i )  Blank card sep ara tin g  the cards o rig in a ted  from tab le

T(A3.4) from the cards o rig in a te d  from ta b le  T(A3*5)

( iv )  Cards o r ig in a ted  from ta b le  T(A3*5)

(v) Blank card sep ara tin g  the cards o r ig in a ted  from ta b le

T(A3*5) from the cards o r ig in a ted  from ta b le  T(A3»7)

(v i)  S o lu tion  s p e c if ic a tio n  card,

( v i i )  End of the d a ta  reco rd . (Option card)

(v iii)E n d  of f i l e  card.
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A3.11.2 GARD DECK FOR THE FIRST 5 TM MODES OF THE TYPICAL RECTANGULAR 

WAVEGUIDE

job;6mlxs;646^3/'Tî modes . 

route;6leicester

TIMi;̂ lGy6SEC0NDS

PHX

FILE/6fR0M/)^=^/T0/)&a/FB

RECTANGULAR/)WAVEGUIDE%6TM/)M0DES

l/l.O /O .O

2/ - 1 .0/ 0 . 0

3 /-1 .0 /1 .0

V i . o / i . o

W ....................

6 / l / ^ 3 / l / l

/ 1 / 3 / V / l / l

W  /) ...  ./6— /). . . . / /)

0 .0/ / 3.0

PUNCH

C/MLXS . PR0GRAM(F0RMAT)/6fR0M/6&a/T'0/6mLXS .data/ fb

MLXS.LINK(GO)(FT05F001=MLXS.DATA,FT06F001=*C,FT07F001=£)

/*EOF
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SIDES ON BOUNDARY

MODES TE TM

CONSTRAINT 0 1

TABLE T A3.2

SIDES INSIDE CROSS-SECTION

MODES TE TM

CONSTRAINT 0 0

TABLE T A3.3 :

SCALE FACTOR X
HORIZONTAL (x) 1.0

VERTICAL (y) 1.0
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NODE IDENTIFICATION AND POSITIONING

NUMBER X CO-ORD. Y CO-ORD.

1 1 .0 0 .0

2 -1 .0 0 .0

3 -1 .0 1 .0

4 1 .0 1 .0

TABLE T A3.5 :

ELEMENT IDENTIFICATION AND PROPERTIES -  TE MODES

NUMBER ORDER
VERTICES CONSTRAINTS

REL.PERM.
A B c AB BC AC

1 6 1 2 3 0 0 0 1.0

2 6 1 3 4 0 0 0 1.0

TABLE T A3.6 :

ELEMENT IDENTIFICATION AND PROPERTIES -  TM MODES

NUMBER ORDER
VERTICES CONSTRAINTS

REL.PERM.
A B C AB BC AC

1 6 1 2 3 1 1 0 1.0

2 6 1 3 4 0 1 1 1.0
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TABLE T A 3 .7

* * * * * * * * * * * * * * * *

* * * * * * * * * * * * * * *

CAROS
* * * * * * * * * * * * * * *

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
*

d a t a c a r d s ; **
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

*  *  *
DATA * columns  * FORMAT *

*  *  *
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

T*t  (STAR) * \ l  * A1 *

TITLE * \ 8 - \ 4 7 * 40 A 1
CARD \1 HORIZONTAL

s c a l e
*
* \ 5 6 - \ 6 3

*
* F 8 , 2

VERTICAL
SCALE

*
* \ 7 2 - \ 7 9

*
* F 8 . 2

DATA CARDS 
b e l o n g u j g  to 

THE FIRST PART

t  t  (BLANK) * \1 * A 1

POINT NO, * \ 1 3 - \ 1 7 A 15

HORIZONTAL
COORDINATE

*
* \ 3 2 - \ 4 8

A
* F 1 7 . 5

OF DATA SET VERTICAL
COORDINATE

*
* \ 6 3 - \ 7 9

*
* F 1 7 , 5

Blank card * *
Î Î (BLANK) * \1 A A 1
ORDER 1N1 * \ 5 A I 1

DATA CARDS 
BELONGING TO 
THE second 
PART OF

VERTEX A * \ 1 8 - \ 2 2 A 15
VERTEX B 
VERTEX C

* 
- * 

*
\ 2 6 - \ 3 0
\ 3 4 - \ 3 8

*
*

15
15

CONSTRAINT ON 
SIDE A»B

*
* \ 4 9

A
A I 1

DATA SET CONSTRAINT ON 
SIDE BPC

*
* \ 5 5

A
A I 1

CONSTRAINT ON 
SIDE A PC

*
* \ 51

A
A 11

MATERIAL PROP . * \ 7 0 - \ 8 0 A FI 1 , 5
blank card * A

LAST card
POTENTIALS 
1 VOLT( 1 - 9 )  »

*
* \ l - \ 7 2

A
A 9 F 8 , 3

OF A DATA SET TYPE OF 
EQUATION

*
* \  7 3 -  \  8 0

A
* F 8,  3

OPTION
CARD

* * * * * * * * * * * * * * *

OPTION * \ l - \ 6  OR * Al , bX
wORD(S) * \ 7 - \ 1 2  * A 1 , 5 X  ^

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ^ * * * * * * * * * ’
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TABLE T A 3 .8  :

DEFAULT CONDITIONS*

1

I f  the f i r s t  element to  be read  i s  to  be of f i r s t  o rder 

then "N" does not have to  be sp e c if ie d ; i t  i s  taken 

au tom atica lly  as one.

2

I f  more elem ents are of the same order then  i t  i s  su f

f i c ie n t  to  sp ec ify  the  f i r s t  one; the r e s t  are autom ati

c a lly  assigned the value of "N" from the previous one.

3
Free p o in ts  have a c o n s tra in t number of zero assigned to 

them hence they  do not have to  be sp e c if ie d .

4

I f  the p e rm itt iv ity  used i s  th a t  of empty space then i t  

does not have to  be sp e c ifie d ; i t  w ill au to m atica lly  be 

taken as one.

5

I f  th ere  i s  more than one element which has the same r e 

la t iv e  p e rm itt iv ity  then i t  has to  be sp ec ifie d  only 

once ; the r e s t  of the elem ents are au to m atica lly  a ss ig n 

ed the value of p e rm itt iv ity  from the previous elem ents.

6
I f  the h o rizo n ta l and v e r t ic a l  sca le  fa c to rs  are not 

sp ec ified  then  they are au to m atica lly  taken to  be u n ity .

* For a complete d e sc rip tio n  of d e fa u lt  conditions (a lso  applying to  

the so lu tio n  of L ap lace 's  and Poisson*s equations) see:

ASIS-NAPS Document No. NAPS-0l604.
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TABLE T A 3 .9

ERROR INDICATOR : VARIABLE "MISTAK"*

VALUE INDICATION

0 Program su c ce ss ifu l ly  executed.

1 One of the element areas i s  zero .

2 E rro r when read ing  the f i r s t  d a ta  card ( T i t l e ) .

3 E rro r encountered in  the f i r s t  card a f t e r  the t i t l e  card.

4 The d a ta  card on which the p o in t numbers and co-ord ina

te s  are read in  are not in  o rd er o r one i s  m issing or 

the d a ta  card has been mispunched and the wrong number 

was read in .

5 The second p o rtio n  of the d a ta  card s e t  which should 

contain  the element sp e c if ic a tio n s  are m issing and th ere  

axe no more d a ta  s e ts  to  be read  in .

6 The element o rder i s  negative o r g re a te r  than  6.

7 An e r ro r  condition  was encountered in  the d a ta  t r a n s f e r .

8 An e r ro r  condition  was encountered in  the d a ta  t r a n s f e r .

9 The second p o rtio n  of d a ta  card s e t  i s  m issing.

10 An e r ro r  condition  was encountered in  the d a ta  t r a n s f e r .

11 End read ; no more d a ta  cards.

12 The s tr in g  proceeding the so lu tio n  s p e c if ic a tio n  in  the 

so lu tio n  s p e c if ic a tio n  card i s  not O.O// or (b la n k ) / / .

13 "N FREE" equals zero or "N FREE" g re a te r  than  the spec

i f ie d  s iz e  "LNGT". See program s t a t i s t i c s .

14 All nodes are f re e  nodes. I t  i s  not n e c e ssa r ily  an 

e r ro r  in d ic a tio n .
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ERROR INDICATOR : VARIABLE "MISTAK"*

VALUE INDICATION

15 One of the c o n s tra in t numbers has been wiped out due to  

in c o rre c t problem fo rm ulation .

16 There i s  a to ta l  of only two p o in ts  or l e s s .  The program 

cannot be used fo r  problems which do not have a t  le a s t  

one tr ia n g le .

17 Data e r ro r .

18 "LENGTH" i s  g re a te r  than "LONGST".See program s t a t i s t i c s .

19 "INDIC" g re a te r  than "LNVTX". See program s t a t i s t i c s .

20 A blank card i s  m issing in  the d a ta  s e t .

. 21 "NSU" i s  g re a te r  than "LNGT". See program s t a t i s t i c s .

* For a d e ta ile d  d e sc rip tio n  of the e r ro r  in d ic a tio n s  by v a riab le  

"MISTAK" see ; ASIS-NAPS Document No. NAPS-0l604.
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APPENDIX 4

ORTHOGONAL PROJECTION OF A POINT ONTO A PLANE

a4 . i  geometry

The geom etric co n fig u ra tio n  used to  determ ine the expressions 

f o r  the co -o rd ina tes  of the orthogonal p ro je c tio n , , of a general 

p o in t, W, onto the p ro je c tio n  plane (x^,y^) i s  shown in  F ig .(A4.l ) .  

The p ro je c tio n  i s  made along the  d ire c tio n .T h e  system (x.^,y.^,z.^) 

i s  the system where the p o in t W i s  o r ig in a l ly  d efin ed . The p o s itio n  

of th is  system re la te d  to  the p ro je c tio n  system (x ^ ,y ^ ,z^) i s  de

term ined hy the  d is tan ce  X between the o r ig in s  of the two systems 

and by the angles a  , 3 , and y i &s shown in  F ig . (A4.l).T he system 

i s  an a u x il ia ry  system having the x^ ax is  p a ra l le l  to  

the p ro je c tin g  p lane. The angle y » th e re fo re , corresponds to  the 

ro ta tio n  angle as defined in  S ection  ( 4 . 8 . 2 ) .  By co n stru c tio n , the 

a n ^ e s  a  and g correspond re sp e c tiv e ly  to  the  advancing and e lev a 

t io n  angles, a lso  defined  in  S ection  ( 4 . 8 . 2 ) .  The system (x ^ ,y ^ ) is  

another a u x ilia ry  system having i t s  o r ig in  on the orthogonal pro

je c tio n  of the o r ig in  of the systems (x ^ ,y ^ ,z^ ) and (x(^,y^,z^), and 

i t s  axes x^ and y^ , co n s is t of the orthogonal p ro je c tio n  of the 

axes x^ and y^, re sp e c tiv e ly . F in a lly , a th i rd  a u x il ia ry  system 

( x ^ ' , y ^ ' )  i s  defined , a lso  w ith i t s  o r ig in  on the p o in t 0^ , but
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FIG. A4.1 : ORTHOGONAL PROJECTION

Geometry fo r  the determ ination  of the orthogonal pro

je c tio n  of the a rb i tr a ry  p o in t W onto the plane (^giYg)
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having axes p a r a l le l  to  the p ro je c tin g  axes (x^,y^) .

A4.2 CO-ORDINATES OF THE POINT W(x , y , z ) IN THE SYSTEM ( x ’ , y \ z ’ )' y —. — . ' Y V V

The a u x il ia ry  system (x ^ ,y ^ ,z^ ) i s  obtained by ro ta tin g  the 

system (x^,y^,z^)  through an angle y about the y^ a x is . The co

o rd in a te s  of the po in t W (x^,y^,z^) in  the ro ta te d  system are given 

by:

Xy = \  cosy -  z^ s in y  (a4 .1 )

y; = Yy (A4.2)

Zy = Xy siny  + cosy (A4.3)

A4.3 CO-ORDINATES OF THE PROJECTION OF THE POINT W(x' ,y , z ’ ) IN THE .......- - . - ,. , \ Y V V   ' ■

SYSTEM ( x ' , y ' )  s s

S im ila rly , the co -o rd in a tes  of the p ro je c tio n  of the po in t 

W(x^,y^,z^) on the p ro je c tin g  p lane, r e la te d  to  the system (x^,y^) 

w ith i t s  o r ig in  on the orthogonal p ro je c tio n  of the po in t 0^, are 

given by:

X ' =  x '  (A4.4)s V  ̂ ^

Yg = cosp (A4.5)

x' (z ) = 0 (A4.6)s v^
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Yg ( Z y )  = ±  Zy s in g  ( A 4 .7 )

Equations (A4.6) and ( a4 .? ) are necessary  to  rep re sen t e x p l ic i t 

ly  the p ro je c tio n  of a l l  co -o rd ina tes  , because of the e lim in a tio n  

of one v a riab le  th r o u ^  the process of p ro je c tin g .

S u b s titu tio n  of equation  (A4.1), (A4.2) and (A4.3) in to  equations 

(A4.4) to  ( a4 .? )  y ie ld s :

x^ = x^ cosy -  z^ siny  (A4.8)

Yg = Yy cos g (A4.9)

X g  ( Z y )  = 0  (A4.1 0 )

Yg (z^) = -  (x^ s iny  + z^ cosy ) sing  (A4.1 1 )

A4.4 CO-ORDINATES OF THE POINT W(x^,y^) IN THE SYSTEM (x^'  , y^’ )

Applying a transfo rm ation  of co -o rd in a tes , from system (x^ , Yg) 

to  the system ( x ^ ' , y ^ ' ) ,  i t  i s  p o ssib le  to  w rite  equations (A4.8) to  

(A4.11) in  the  form:

x^' = x^ s in a  + y^ cosa (A4.12)

y^' = -  x^ cosa + y^ s in a  (A4.13)

x ' ' (z ) = y' (z^J cosa (A4.14)
g \ y /  •'s V'̂
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Y g ' ( Z y )  = Yg ( z ^ )  s in a  ( A 4 .1 5 )

S u b s titu tio n  of equations (A4.8) to  (A4.11) in to  equations 

(A4.12) to  (A4.13) leads to ;

x^' -  x^ s in a  cosy + Yy cosa cosg -  s in a  siny  (A4.16)

Yg' -  -  x^ cosa cosy + cosa cosg + z^ cosa siny  ( a4.1?)

x^ ' (z^)  = -  x^ cosa sing siny -  z^ cosa sing cosy (A4.18)

yg'(Zy) = -  x^ s ina  sing siny -  z^ s in a  sing cosy (A4.19)

A4.5 ORTHOGONAL PROJECTION CO-ORDINATES

Once equations (a4.16) to  (A4.19) have been ob tained , the ex

p ress io n s  f o r  the co -o rd ina tes  of the orthogonal p ro je c tio n  o r o r

thogonal image of the po in t W can be obtained  by s h if t in g  the system 

( x ^ ' , y ^ ' )  onto the system (x^,y^) .  This g ives:

x^ = .0 cosa cosg + x^ s in a  cosy + y^ cosa cosg -  z^ s in a  siny

(A4.20)

y^ = £ s in a  cosg -  x^ cosa cosy + y^ cosa cosg + z^ cosa siny

( A 4 .2 1 )



-  3 ^ 5  ”

x^(z^) = I cosa cosg -  x^ cosa sing siny  -  z^ cosa sing cosy

(A4.22)

Yg(z^) = I s in a  cosg -  x^ s in a  sing  siny  -  z^ s in a  sing cosy

(A4.23)

Considering th a t ,  according to  equations (A4.18) and (A4.19) 

a l l  z^ co -o rd in a tes  w ill p ro je c t on a s tr a ig h t  l in e  passing  on the 

p ro je c tio n  of the p o in t (x^,y^,0)  w ith an in c l in a t io n  equal to  the 

complement of the  a n ^ e  a  , the expressions fo r  x^(z^) and y^(z^)can

be included in  the expressions fo r  x and ys s Thus , equations 

(A4.20) to  (A4.23) can be f in a l ly  w ritte n  in  the form;

X (W) = x^ (s in a  cosy -  cosa sing sin y )

+ (  ̂ + y^) cosa cosg

-  z^ (sin a  siny + cosa sing cosy) (A4.24)

y (W) = -  x^(cosa cosy + s in a  sing siny)

+ { Z + y^) s in a  cosg

+ z^(cosa siny  -  s in a  sing cosy) (A4.25)
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APPENDIX 5

PROGRAM DESCRIPTION : MXSGUIA

A5.1 PURPOSE

MXSGUIA generates rec ta n g u la r  waveguide f i e ld  diagrams fo r  TE 

and TM propagating modes.

A5.2 VERSIONS

The program i s  av a ilab le  in  4 v e rs io n s . Those versions are 

obtained a t  L e ic e s te r  U n iversity  by c a ll in g  the procedure f i l e s  

MXSI, MXSII, MXSIII and MXSIV. The f i r s t  v ersio n  i s  the b asic  v e r

sion  from which the o th er versions d e riv e . The versions produce the 

fo llow ing  outputs:

MXSI : Separate p lo t t in g  of the e l e c t r i c  and magnetic f ie ld  

in te n s i t i e s  using  cu rren t p lo t t in g  paper.

MXSII : S uperposition  of the e le c t r i c  and magnetic f i e ld  p lo t 

tin g s  using  two colours (red  and black) on cu rren t 

p lo t t in g  paper.

MXSIII: Extended version  of MXSI with halved mesh len g th  and 

wide p lo t t in g  paper.

MXSIV : Extended version  of MXSII w ith halved mesh len g th  and 

wide p lo t t in g  paper.
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A 3 .3  DESCRIPTION

The generation  of a re c ta n g u la r  waveguide f i e ld  diagram by 

means of any of the  previous program v ersio n s  i s  accomplished in  the 

fo llow ing  s tep s:

i )  G eneration of guide geometry: Based on a c ro ss -se c tio n  

se le c tio n  by the u se r, MXSGUIA c rea te s  a sample of the 

re c ta n g u la r  waveguide and d iv id es  th a t  sample, re g u la r ly , 

in to  sev e ra l perpend icu lar s e c tio n s . See F i g . (A3*l)»

i i )  F ie ld  c a lc u la t io n s ; A fter re c e iv in g  inform ation  about the 

p ropagating  mode and the se c tio n  to  be d isp layed , the pro

gram c a lc u la te s  the f i e ld  values a t  the in te rs e c t io n s  of 

the d isp lay in g  se c tio n  with a l l  the o th e r orthogonal sec

t io n s . (P o in t P in  F i g . (A3*l ) )*

i i i )  F ie ld  norm aliza tion  and f i l t e r i n g : The values of the 

e le c t r i c  and magnetic f i e ld  components a t  each p o in t are 

d iv ided  by the maximum abso lu te  valued component in  the 

re sp ec tiv e  f i e ld  a r ra y s . Any r e s u l t in g  component having 

magnitude le s s  than .01 of the magnitude of the la r g e s t  

value of f i e ld  component i s  approximated to  zero.

iv ) F ie ld  p lo t t in g : A 3D arrow i s  a sso c ia ted  with each f i e ld  

value a t  each p o in t and i t s  orthogonal image onto the d i s 

playing  plane p lo tte d . The c ro ss -se c tio n  and a p ic tu re  

id e n t i f ic a t io n  number are a lso  drawn. See F i g . ( A3*2) fo r  

output form at and p lo t t e r  mapping.
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A 5 .4  INPUT VARIABLES

The inpu t d a ta  co n s is ts  of one con tro l v a riab le  (NPLAN) and

V ariables sp ec ify in g  the mode of propagation and the c ro ss -se c tio n  

to  be d isp layed . They are given, by read ing  o rder in  Table T(A5.1)« 

The maximum value of the v a riab le  lORD = lORDM depends on the 

v a riab le s  SHAPE and CUT accoridng to  the v ersio n  being used ,as  shown 

in  Table T(A5.2) .

A3.5 ERROR INDICATOR

Should the v a riab le  lORD a c c id e n ta lly  be chosen such th a t  the

d isp lay in g  sec tio n  i s  placed ou tside  the waveguide sample bound

a r ie s ,  the program stops and p r in ts  :

"DISPLAYING PLANE OF FIG(IDENTIFICATION NUMBER) OUTSIDE WAVEGUIDE"

"EXECUTION DISCONTINUED"

or,

"FIRST DISPLAYING PLANE OUTSIDE WAVEGUIDE"

"EXECUTION DISCONTINUED"

A3.6 TIMING

See d a y f ile s  DFI, DFII, DFIII and DFIV f o r  ty p ic a l running and 

p lo t t in g  tim es (UCPT) fo r  each v ersio n .

A3.7 STORAGE

The program uses 3 a rray s w ith (30»50) dimension. No v a riab le  

dimensioned a rray  i s  used.
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NAME VALUE PURPOSE FORMAT

NPLAN In d ic a te s  the number of c ro ss -se c  11

tio n s  to  be d isp layed  during the

complete running of the program

SHAPE Determines one of the  fo llow ing 11

waveguide c ro ss -s e c tio n s (F ig .(A 5 . I )

1 (b /a )  = i

2 (b/ a) = i

3 (B/A) = i

4 (b/ a) = 1

5 (b /a )  = i

6 (b/ a) = 1

WAVE In d ic a te s  TE or TM propagation 11

1 TE modes

2 TM modes

M,N Mode indexes 211

CUT Type of c ro ss -se c tio n  to  be d i s  11 .

played

1 V ertica l

2 H orizontal

3 L ongitudinal

lORD 0 ......... In d ic a te s  the o rder of the plane to 12

.lORDM be d isp layed , counting from the

o rig in

TABLE T A5.1 : INPUT VARIABLES (MXSGUIA)
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lORDM

MXSI

MXSII

MXSIII

MXSIVSHAPE CUT

1 1 20 40

2 5 10

3 20 40

2 1 20 40

2 6 12

3 20 40

3 1 20 40

2 10 20

3 20 40

4 1 20 40

2 12 24

3 20 40

5 1 20 40

2 15 30

3 20 40

6 1 20 40

2 20 40

3 20 40

TABLE T A5.2 : VARIABLES SHAPE, CUT and lORDM



-  3 5 3  -

FULL
1 4 , 4 5 1 4 ,
1 4 , 4 5 1 5 ,

4 l 4 5 15:
1 4 , 4 5 1 9 ,

4 J45 2 2 :
4 : 4 5 2 2 ,
4 , 4 5 2 2 ,

: 4 : 4 5 2 2 :
1 4 , 4 5 2 2 ,

4:45 2 2 ,
4 : 4 5 2 2 ,

, 4 , 4 5 3 0 ,
1 4 : 4 5 3 0 ,
14:45 3 9 ,

4 : 4 5 4 0 ,
1 4 , 4 5 4 4 ,
1 4 : 4 5 44 ,
1 4 , 4 5 4 4 ,
1 4 , 4 5 4 4 ,
1 4 : 4 5 4 4 ,
1 4 , 4 5 4 4 ,

4 : 4 7 2 4 :
1 4 , 4 7 3 9 ,
1 4 : 4 7 3 9 ,

4 : 4 7 3 9 :
4 . 4 7 4 0 .
4 . 4 7 4 1 ,
4 , 4 7 4 1 ,

1 4 , 4 7 4 3 ,
14:47 4 3 ,

4:47 4 5 :
1 4 , 4 8 3 2 ,
1 4 , 4 8 3 3 ,
1 4 , 4 8 3 3 ,
1 4 , 4 8 3 3 ,
1 4 , 4 8 3 3 ,

4 , 4 8 3 3 :
1 4 , 4 8 3 4 ,

4 , 4 8 3 4 ,

r e c t a n g u l a r  WAVEGUIDE DI AGRAMS  
E AND H F I E L D S

D A Y F I L E ,  7 8 / 0 5 / 1 2 ,  1 4 , 4 8 , 3 4 , * 1 4 , 4 5 , 1 4 *  PAGE 
M X S J 1 7 ,
U S E M . M X S , .
C H A R G E , E N G G , E N E L ,
C A L L , M X S I ,
*
*
*
*
*

GET , MXS BAG,  
g e t , m x s n u m ;
GET, MXSRWG,
g e t , m x s r w h :
A T T A C H , C G H 0 S T / U N = L I B 5 ,
L D S E T , L I B = C G H O S T ,
L D S E T , L I B = M X S 8 A G ,
L D S E T , L I B = m x 5NUM;
L 0 S E T , L I H = M X S R WG ,
L D S E T , L I 0 = M X S R WH ,
MXSGUI A,

CM LWA+1 s  6 1 3 0 2 8 ,
STOP

6 , 6 3 1  CP SECONDS EXECUTI ON TI ME 
E X E C , C C P R Ü C .
C A L L t C C P R O C .
A T T A C H , C G P A 8 S / U N = L I B S ,
F I L E , T A P E 9 8 , R T = F , B T = C ,
C G P A B S ( D R = W I D T H , P A = P A P E R , P E = P E N S , P R = P R I 0  
R )

*CLUL CAI COMP P LOTTER POST PROCESSOR  
* CLUL f r a m e s  u s e d  0 0 0 0 0 0 0 0 Ü 0 0 0 W 0 0 4  

UCPO,  1 0 ,
U C P L ,  , 8 3 1 M E T R ,
UC P T j To p  9 , 8 8 2 M I N S ,

1 9 , 7 2 2  CP SECONDS EXECUTI ON TI ME 
G O T O , 9 9 ,
9 9 , 0 A y f I l E ,

l o a d e r  USED 7 6 6 0 0 0

DFI ; TYPICAL DAYFILE (MXSI)
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F U L L  D A Y F I L E ,  7 8 / 0 5 / 1 2 ,  1 4 , 5 0 , 1 3 , * 1 4 . 4 5 , 1 4 *  PAGE 

5 , 1 4 , M X S J 1 8 ,
1 7  • I KÏ CÜ . MŸQ -

14 4 5 1 4 ,
14 4 5 1 7 ,
14 4 5 1 7 ,
14 4 5 2 1 ,

4 4 5 2 3 ,
4 4 5 2 3 ,
4 4 5 2 3 :
4 4 5 2 3 :

14 4 5 2 3 ,
,4 4 5 2 3 :

14 4 5 2 3 ,
4 4 5 3 2 :
4 4 5 3 3 ,

.4 4 5 3 5 :
4 4 5 3 6 ,

14 4 5 3 6 :
14 4 5 3 6 ,
14 4 5 3 6 :

4 4 5 3 6 ,
14 4 5 3 6 ,
14 4 5 3 6 ,
,4 4 9 21  :

14 4 9 3 6 ,
14 4 9 3 6 ,
14 4 9 3 6 ,

4 4 9 3 7 ,
,4 4 9 3 7 ,
.4 4 9 3 8 ,
4 4 9 3 8 ,

14 4 9 3 8 ,
4 4 9 4 0 ,

. 4 5 0 1 1 ,
14 5 0 1 1 ,
,4 5 0 1 1 ,
4 5 0 1 1 ,

14 5 0 1 2 ,
4 5 0 1 2 :

.4 5 0 1 2 ,
14 5 0 1 3 ,

M X S J 1 8 ,

l^HARdE?ift4G,ENEL,
C A L L , M X S I I ,  .

r e c t a n g u l a r  w a v e g u i d e  d i a g r a m s
EH F I E L D S

GE T i MXS BAG,
G£T#MX5NUM,
GET f Mx S RWG,
GET#MXSRWF
a t t a c h , C G h 6 s T / U N = L I B S ,  
L D S E T , L I B = C G H O S T ,

L D S £ T . L I B = M X S R W F ,
M X S G U I A ,

CM LWA+1 z  6 1 4 4 7 B ,  LOADER USED 7 7 0 0 0 8  
STOP

6 , 6 2 4  CP SECONDS EXECUTI ON TIME

A T T A C H , C G P A 8 S / U N = L I B S ,
F I L E # T A P E 9 ô , R T = F , B T = C ,
C G P A B S ( 0 R = W I D T H , P A = P A P E R # P E = P E N S , P R = P R I 0
R)

*CLUL CALCDMP p l o t t e r  POST PROCESSOR 
*CLUL FRAMES USED 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3  

UCPq, 10,
UC P L ,  . 4 4 9 M E T R ,
UC P T ,  9 , 7 4 7 m I N S ,

STOP
1 9 . 6 1 8  CP SECONDS EXECUTI ON TIME 

G O T O , 9 9 .
9 9 , D A Y F I L E ,

DFII : TYPICAL DAYFILE (MXSII )
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FULL n ; / F Ï L E .  7  : /  ' 3 /  1 1 ,

1 2 . 
1 2 . 
12 . 
1 2 . 
1 2 . 
12 . 
1 2 . 
1 2 . 
1 2 . 
1 2 . 
1 2 . 
12 . 
1 2 . 
1 2 . 
12 . 
1 2 . 
12 . 
1 2 . 
12 . 
12 . 
12 . 
1 2 . 
12 . 
1 2 . 
12 . 
1 2 . 
12 . 
12 . 
12 . 
1 2 . 
12 . 
1 2 . 
1 2 . 
1 2 . 
1 3 .  
1 3 .  
1 3 .  
1 3 .  
1 3 .  
1 3 .  
1 3  .  
1 3 .

57.  
57.  
57 .  
57.  
57.  
57,  
57 .  
57.  
57.  
57.  
57.  
57.  
57 .  
57.  
57 .  
57.  
57.  
57.  
57 .  
57.  
5 7 .  
5 7 .  
57.  
57.  
53 , 
59,  
59.  
59.  
59.  
59.

Il;
59.  
59.  
0 1 . 
0 1 . 
0 1 . 
0 1 . 
0 1 . 
G 1. 
0 1 . 
0 1 .

1^ 
16 
13 
22 
25 
23 
2 3 
2 3 
2 3
2 3 
23 
2^ pq
27
31
33
36
37
3 7 
3 7 
3 7 
37 
3 7 
3 7

.H <3 19(4,1222. 

.USER, '1/S,  . 

.CHARGE,E n; G,£ 

.CALL, MXSII : ,
EL.

^.ECTANCUlA : lA/ESUI 9E
E Arn 4 FIEL9 3
WIDE

IEAG.EaMS

.SET , 1XSVST . 

. CET, 1XSCAC . 

. SET,  IXSNUM. 

.GET , 1XSE9G . 

.SET , IXSE'IJ . 
- A TT »-i. pr-w.A TTACH,CGHJST/ J'I=l :  13 .
. l Os e t , l : i = s s h o s t .
. LOSET, l H =  1XS'/CT. 
.L33ET, ._I  1=M<3J ,S.
.L 03ET , l I1=M/SM'JM.  
. u 0 5 E r , L I 3 =  i/SR.iG. 
. uDSE^, LI  IX G3 I I.
_'X Y p c IT ' _

u 1A9E 67' 'CB
STOP

* : u j L  
. L'Jl  ̂ IL j 
.UCPQ, 15.
.UC^L,  1 . 7 6 6  !ETR.
.UCPT, 25.  j 62 i: 13.

STOP
^6.  0 72 :  ̂ SEC QUI S EXE : 

. SQT0 . 9 9 .

. 9 9 ,  Qa YFILE.

i t e o ' i t : ie

DFIII TYPICAL DAYFILE ( M XSIII)
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FULL GAYFIl F.  7 3 / i r / 2 T .  ^ 3 . 4  6.  5 7 . - 1 3 , ^ 2 , ^ 6 *  °AGZ

1 3 . 4 2 . 4 6 .  1X3 J ' I 6 , T2 2 2 .
1 3 . 4 2 . 4 7 . USER, UXS, .
13 . 42 . 4 7  . JHA- , E, E IGC,E lEL.
1 3 . 4 2 . 5 1 . 3 1 - L,MXSIV .
1 3 . 4 2 . 5  3.+
1 3 . 4 2 . 5  5.+
1 3 .  42.  53 .* EESTA^lGULlE lA/ESUIGE G lA G RAMS
1 3 . 4 2 . 5 3 . +  EH FIELDS,
1 3 . 4 2 . 5 3 . »  WIDE p aPl R
1 3 . 4 2 . 5 3 . +
1 3 . 4 2 . 5 3 . »
1 3 . 4 2 . 5 3 . GET,MX3VDT.
13 . 42.  55 . GET, 1X31AG ,
1 3 .  42,  56 . SET ,.1XSNIJM,
1 3 . 4 2  . 5 7 . G E T , HXSPIG.
1 3 . 4 2 .  5c .GET , lYSR II ,
13 . 4 3 .  00 .1 TTADH,OGHUST/UU= LI I S ,
1 3 . 4 3 . H2.LOS ET , L l l  = C3HUST,
13 . 4 3 .  12 .'-OS ET, LI 3= IXGVCT,
1 3 . 4 7 .  : 2 . L G 3 E T , l IM=MX36 \G,
1 3 . 4 3  '
1 3 . 4 3
1 3 . 4  3 ________ . _ .
1 3 . 4 3 , 0 2 . MXSGJIA.
1 3 . 4 3 . 4 6 ,  S 1 l .-IA»-1 = 6 l 4 ? 7 ^ ,  LL^GE;  US EG 7 7 : 2 ^ 1
1 3 . 4 a . i 7 .  STOP
1 3 . 4 4 . 1 7 .  1 5 . 4 3 4  S^ JES TIGS EXECITIGM I I  IE
1 3 . 4 a , 1 7 . EXEC, G^PROu(r :  IT j=.l:DE)

,  l 2  . l U p l I ,  L _ G =  1X_> A ,
, : 2 . LÙSET, LI 1=  !<-SMU I, 
. / 2 . ^ G S - T , L I  1= IX-SE. IG, 
. : 2 .L GSET,LlG= HXSR II,

_  -  ,   . '^E‘IS,PE=PRI0E
1 3 . 4 4 . 2 5 . )
1 3 .  44.  27 .  -SLUL ' :A_DGl|p ' ^-OTTe E r Ĝ ST PPOl ESSS 
13 . 46,  53 . » : lGl FRA IES USED j OSu ; : OS: Ou : : CO
1 3 . 4 6 , 5 3 . UCPQ, 15.
1 3 . 4 6 .  53.UGPL,  , Si 5  lETR,
1 3 . 4 6 .  53 . UCPT, 22 . 9  29 ! : " S ,
1 3 . 4 6 , 5 6 .  STOP
13 , 46.  55 . 5 1 . 4 : 6  SE: lUUS EXESIT.OU TIME
13 , 46,  55 .GOTO, .
1 3 , 4 6 , 5 7 . 9 9 , GAVPILE.

DFIV : TYPICAL DAYFILE (MXSIV)
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A3 . 8  EXAMPLES

A3.8.1 TE^q mode

This example shows the separated  p lo t t in g  of the e l e c t r i c  and 

magnetic f i e ld  in te n s i t i e s  corresponding to  the dominant TE^^ mode 

in  a rec ta n g u la r  waveguide w ith the r a t io  of the narrower to  the 

broader c ro ss -se c tio n  s ides equal to

JOBC ARD.

USER,USERNAME,PASSWORD.

CHARGE,DEPARTMENT,PROJECT.

CALL.MXSI.

END OF RECORD CARD.

( i )  1 

(11) 3

( 111) 1

( iv)  10

(v) 1

(vi )  01

END OF INFORMATION CARD.

( i )  Number of c ro ss -se c tio n s  to  be d isp layed

( i i )  Choice of waveguide c ro ss -se c tio n  

( i i i )  S e lec tio n  of TE modes

( iv)  Mode indexes

(v) V ertica l c ro ss -se c tio n

(vi )  S e lec tio n  of the f i r s t  c ro ss -se c tio n  a f te r  the o r ig in .
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A 3 .8 .2  MODE

Separated diagrams of the e l e c t r i c  and magnetic in te n s i t i e s  fo r  

the f i r s t  propagating TM mode (TM^^) in  the waveguide of example 1 

are generated by th is  example.

JOBCARD.

USER,USERNAME,PASSWORD.

CHARGE,DEPARTMENT,PROJECT.

CALL.MXSI.

END OF RECORD CARD.

1

3 

2 

11 

1

04

END OF INFORMATION CARD.

A3.8.3 TMgl

This job produces a tw o-colour (b lack  and red) diagram with 

su p erp o sitio n  of the e le c t r i c  and magnetic f i e ld  im te n s itie s  fo r  

the TMĝ  mode, in  the same waveguide.

JOBCARD.

USER, USERNAME,PASSWORD.

CHARGE,DEPARTMENT,PROJECT.

CALL,MXSII.

END OF RECORD CARD.
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1

3 

2 

21 

1

04

END OF INFORMATION CARD.

A3.9 FURTHER COMMENTS

The wide paper versions MXSIII and MXSIV must be used with care 

since they have large running and p lo ttin g  tim es.

The maximum number of cross-section s to be displayed per run 

equals 9 and corresponds to , approximately, 1 hour of p lo tter  dedi

cation using current paper.

When more than one waveguide section  (NFLAN /  l )  are to be d is 

played the data corresponding to each section  must s ta r t from the 

variable SHAPE.

A.3.10 PROGRAM ORGANIZATION

The program con sists  of one main program MXSGUIA, (availab le  

in  four versions) ca llin g  several au xiliary  routines, as shown in  

F ig .(A3.3)' The purpose and the relocatable lib r a r ie s  containing the 

routines are given in  Table T(A3.3)*

A3.11 METHOD

The vector in te n s it ie s  are calculated using the an alytica l s o l

utions fo r  the e le c tr ic  and magnetic f ie ld  in te n s it ie s  at a signal



-  3 ^ 0  —

NAME

MXSGUIA

INICIO 

REWDE 

REWGE 

REWAN 

NORM 2

NORM 3

POP 2

PDF 3

QUADRO

GC935

M0VBY2 

LINBY2 

M0VT02 

LINT02 

VECT 2 

VECT 3

PURPOSE

Main program. I n it ia liz a t io n  and diagram 

control. Basic Version.

Superposition of diagrams. 

Extended MXSRWH version. 

Extended MXSRWF version.

In it ia liz a t io n  of variables CUT and WAVE. 

Read in  program data.

Generation of waveguide sample.

F ield  calcu lations.

Normalization and f i l t e r in g  of transverse 

f ie ld  in te n s it ie s .

Normalization and f i l t e r in g  of non-trans- 

verse f ie ld  in te n s it ie s .

Displaying of transverse f ie ld  in te n s it ie s  

and cross-section  boundaries.

Displaying of non-transverse f ie ld s  inten

s i t i e s  and cross-section  boundaries.

Picture id e n tif ica tio n .

Basic graphic routines in terfacin g  GHOST 

graphic package.These routines are not load

ed when the GINO-F graphic package i s  used .

LIBRARY

MXSRWH

MXSRWF

MXSRWJ

MXSRWI

MXSRWG

MXSRWG

MXSRWG

MXSRWG

MXSNUM

MXSNUM

MXSRWG

MXSRWG

MXSRWG

MXSBAG

Experimental 2D vector imaging routine . 

Experimental JD vector imaging routine •

MXSVCT

MXSVCT

TABLE T A5.3 : PROGRAM ORGANIZATION
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DATA

R ectan gu lar  Waveguide 
F ield  Diagram  
G eneration

REWDE

PDF 2

REWGE

NORM 2

V E C T 2

REWAN

C C 935 INICIO

NORM 3

P D F  3

QUADRO

VECT3

DIAGRAM

MXSGUIA

F IG . A 5 .3  : PROGRAM ORGANIZATION
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frequency 7 ^  times the cu tto ff frequency of the mode being con

sidered as described in  Chapter 4. In the waveguide sample geometry 

used the longitudinal dimension G equals the broader cross-section  

sid e, A .

The point of application of a displayed vector image coincides 

with the point of head and t a i l  in tersectio n  fo r  diagrams with sep

arated transverse and longitud inal f ie ld s .  For diagrams having 

superimposed f ie ld s ,  the application  point coincides with the t a i l  

end.

A3.12 PROGRAM AVAILABILITY

The program is  available at L eicester U niversity Engineering 

Department.
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NOTATION

A Area of a tr ian g le .

A Broader cross-section  side length of a typ ica l rectangu

la r  waveguide.

A C oefficient

a Broader rectangular waveguide cross-section  side length.

a Segment of the 3-dimensional representation of a vector

quantity.

A General vector function .

A Time-harmonic electromagnetic vector p o ten tia l.

A* Complex conjugate of A.

Â  Point of the 3-dimensional representation of a vector

quantity.

Â  Value of A (x,y ,z) at point P^.

Â  Area of a tr iangle used to determine the area co-ordi

nates of a point.

a  ̂ Length of an image segment.

a^^) C oefficient (d-dimensional model).

a^^) C oefficient (d-dimensional model)

a^^) C oefficient (d-dimensional model)
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C oeffic ien t (d-dimensional model).

a^^) C oeffic ien t (d-dimensional model).

a ) j '  Generic component of a matrix of r e su lts .

a [j)  Generic component of the matrix of r e su lts  ( f in i t e  d i f 

ference form ula).

( 2 )a^j/ Generic component of the matrix of r e su lts  ( f in i t e  e l -

i j

ement form ula).

( 3 )a . .  Generic component of the matrix of r e su lts  (symmetric

f in i t e  element form ula).

Aj Area of an element.

aj^) C oeffic ien t (d-dimensional model).

Â  Amplitude of the n^  ̂ propagating normal mode.

A(r) Electromagnetic vector p o ten tia l.

A (r ,t) Electromagnetic vector p oten tia l.

A (x,y ,z) Angular function of the 3 co-ordinates describing the 

d irection  of a general vector f ie ld ,  

â  C oeffic ien t.

a  ̂ C oeffic ien t.

a  ̂ C oefficient

Narrower cross-section  side length of a typ ica l rectangu

la r  waveguide.

Narrower rectangular waveguide cross-section  length .
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b Segment of the 3“dimensional representation of a vector

quantity.

B General vector function.

B Time-harmonic magnetic f lu x  density .

B̂* Complex conjugate of B.

B  ̂ Point of the 3-dimensional representation of a vector

quantity.

b  ̂ Length of an image segment,

bj Triangle base length .

[  B^] Gradient of the f ir st-o rd er  generating function approxi

mation.-

B̂  Amplitude of the n^  ̂ reverse propagating normal mode.

B (r ,t)  Magnetic f lu x  density .

B *(r ,t) Complex conjugate of B (r ,t ) .

B̂  Magnetic flu x  density (medium M^).

B_2 Magnetic flu x  density  (medium Mg).

B. Normal component of B ..—in —1

B„ Normal component of B^.—̂ n —d.

C Boundary of a region S of the cartesian plane.

C Closed curve.

c Light v e lo c ity .

c^^) C oeffic ien t.

c^^) C oeffic ien t.

Ĉ  Point of the 3-dimensional representation of a vector

quantity.
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E x p a n s io n  c o e f f i c i e n t .

c  ̂ Polynomial in  tr ian g le  area co-ordinates.

C Closed curve.n

C Constant.n

c^ Complete polynomial of the N order in  generalized volume

co-ord inates.

c^ Polynomial in  tr ian g le  area co-ordinates.

CUT Program variable (MXSGUIA).

Ĉ  Closed curve.

d Distance from the image of the point ( a /2 ,0 ,0) to the

orig in  of the system (x ^ ,y ^ .

D Time-harmonic e le c tr ic  f lu x  density .

D* Complex conjugate of D.

D(A B ) Increment to move from point A to point B .— CO c c

D(A Q ) Increment to move from point A to point Q .
— c  C C O

D(B^C )̂ Increment to move from point B  ̂ to point Ĉ .

D(B D ) Increment to move from point B to point D .— c C C O

D̂  Point of the 3-dimensional representation of a vector

quantity.

D(C D ) Increment to move from point C to point D .—̂ c c c c

D(C M ) Increment to move from point C to point M .— C C  C O

D(D A ) Increment to move from point D to point A .— c c c c

D(D^Q )̂ Increment to move from point D̂  to point Q .̂



-  36?  -

D(lcJc) Increment to move from the general picture point I^ to  

another picture point J^.

C o effic ien t.

C oeffic ien t.

^i2 C oeffic ien t.

dL

m

D(M P ) — c c

Line d iffe r e n t ia l.

Minimum detectable distance between two p a ra lle l l in e s  

on the d isplaying system.

Increment to move from point M̂  to point P^.

D Constant.

Increment to move from point 0^ to point A .̂

:(PcOy) Increment to move from point P^to point 0^.

Increment to move from point to point B .̂

Increment to move from point Q to point C .

D (r ,t)  E lectr ic  flu x  d en sity .

D *(r ,t) Complex conjugate of D (r ,t)

dS Surface d if fe r e n t ia l.

dV Volume d if fe r e n t ia l.

D x ( C c " c

x^ Component of D(A^B^

x^ Component of D(A^Q^

Xp Component of D(B^C^

X Component of D(B D p  ̂ c c

Xp Component of D(C^D  ̂

Xp Component of D(Ĉ M̂
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X
p

Component of 2(DcAc)'

Dx(Dc%c) Component of

X
p

Component of

Dx(Mc?c) p̂
Component of D(M P ) .  — 0 c

Dx(OyAc) X
p

Component of 2 ( 0^ ) -

^p Component of a (^ o °v )•

Ox(%oB=) X
p

Component of

Dx(S=Cc) ^p
Component of o(QcOc).

D^(Ol)
p̂ Component of D(0 1 ) .

\ { iO)
^p

Component of D(1 0 ) .

V 1 2 ) ^p Component of D(1 2 ) .

\{23) ^p Component of D(23).

Dx(34)
*p Component of D(34).

Dx(4l) *p
Component of D(W)

D ifferen tia l of the d-dimensional

D ifferen tia l of S"tthe 1 d-dimensional

dx(2) D ifferen tia l of the 2^  ̂ d-dimensional

Dy(AcB,) Component of D(AcBc).

Dy(AcQc) P̂
Component of

Dy(BcCc) ^P Component of D(BcCc).

Dy(BcPc) ^P Component of D(Bcfc)'

Oy(Ccf = ) "p Component of D(CcPc)'
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V °o“c) Yp Component of D(Ĉ M̂

Oy(DcAc) y Component of D(D A p — 0 c

Oy(DcQc) y Component of D(D QP — GO

Oy(l=Jc) y Component of D(l J p —̂ 0  0

Dy(McPo) y  ̂ Component of D(M P p —' c c

Oy(OvAc) y  ̂ Component of D(O^A^

Dy(P=Ov) y Component of D(P 0p —̂ C V

Dy(QcPc) y Component of D(Q Bp —' 0 0

Oy(%cCc) y Component of D(Q Cp — 0 0

V o i ) y  ̂ Component of D(01).

By(lO) y  ̂ Component of D(10).

By(l2) y  ̂ Component of D (l2 ).

Dy(23) y  ̂ Component of D(23).

Dy(34) y  ̂ Component of D (34).

Dy(4l) y  ̂ Component of D( 41 ) .

dz 2 d if fe r e n t ia l.

%0 C oefficien t.

D(01) Increment to move from

^01 C oeffic ien t.

" 0̂2 C o effic ien t.

E lectr ic  f lu x  d en sity  (

: ln Normal component of .
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D(10) Increment to move from point 1 to point 0.

D(12) Increment to move from point 1 to point 2.

Dg E lectr ic  f lu x  density  (Medium 2 ).

Dg  ̂ Normal component of Dg.

D(23) Increment to move from point 2 to point 3*

D(34) Increment to move from point 3 to point 4.

D(41) Increment to move from point 4 to point 1.

dp Phase function d if f e r e n t ia l .

dQ Generalized volume d if fe r e n t ia l ,

dco Angular frequency d if f e r e n t ia l .

E error

E General waveguide e le c tr ic  f ie ld  in te n s ity .

E Time-harmonic e le c tr ic  f ie ld  in ten s ity .

E* Complex conjugate of E.

Ê  Longitudinal component of E.

Ê  Longitudinal e le c tr ic  f ie ld  in ten s ity  component (Normal

modes).

Eĵ  ̂ Longitudinal e le c tr ic  f ie ld  in te n s ity  of the n^  ̂ normal

mode.

( 3)Ê '̂̂  Longitudinal e le c tr ic  f ie ld  in ten s ity  component of the

n^  ̂ TM mode.

e"*" E lec tr ic  f ie ld  in ten s ity  of the n^  ̂ propagating normal—n
mode.

E E lec tr ic  f ie ld  in ten s ity  of the n^  ̂ reverse propagating—n
normal mode.
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2 Error.

Ep̂  ̂ E lec tr ic  f ie ld  in ten sity  of a propagating mode.

/ . \
Ê "̂  ̂ E lec tr ic  f ie ld  in ten sity  of a propagating mode.

E(r) E le tr ic  f ie ld  in ten s ity .

E (r ,t)  E le tr ic  f ie ld  in ten s ity .

^ ( r , t )  Complex conjugate of E (r ,t ) .

Ê  Transverse part of E.

[  E^^)] Set of TEM mode e le c tr ic  f ie ld  in te n s it ie s .

L Set of TE mode e le c tr ic  f ie ld  in te n s it ie s .

[  E^^^] Set of TM mode e le c tr ic  f ie ld  in te n s it ie s .

[  E^^^] Set of e le c tr ic  f ie ld  in te n s it ie s .

E^  ̂ Transverse e le c tr ic  f ie ld  in ten s ity  sa tis fy in g  the bound

ary conditions on perfect conducting w alls.

Ê  ̂ General transverse e le c tr ic  f ie ld  in ten s ity  of normal

mode waves.

E^j Transverse e le c tr ic  f ie ld  in ten s ity  of the mode.

(a.)E^j Transverse e le c tr ic  f ie ld  in ten s ity .

E^j  ̂ Transverse e le c tr ic  f ie ld  in ten s ity .

E^j  ̂ General f ie ld  within se t [  E^^ ]̂

E^j  ̂ General f ie ld  within se t  [  E^^^]

E^j^ General f ie ld  within se t [  E^^ ]̂
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Transverse e le c tr ic  f ie ld  in te n s ity  of the mode.

E*  ̂ Complex conjugate of E^ .̂

E^  ̂ Transverse e le c tr ic  f ie ld  in ten s ity  of the n^  ̂ mode.

e^^ Normalized transverse component of the e le c tr ic  f ie ld

in ten s ity  of the n^  ̂ mode.

Ê ^̂  Transverse e le c tr ic  f ie ld  in ten s ity  of the n^  ̂mode.

Ê ^̂  Transverse e le c tr ic  f ie ld  in ten s ity  of the n^  ̂TEM mode

Ê ^̂  Transverse e le c tr ic  f ie ld  in ten s ity  of the n^  ̂TE mode.

Ê ^̂  Transverse e le c tr ic  f ie ld  in ten s ity  of the n^  ̂TM mode.

E^p Transverse e le c tr ic  f ie ld  in ten s ity  of the p^  ̂mode.

E^  ̂ Transverse e le c tr ic  f ie ld  in ten sity  of the mode.

E^(x,y) Trial transverse e le c tr ic  f ie ld  in te n s ity  function s a t

is fy in g  the boundary conditions.

/ 2 )
Ê  '(x ,y )  T rial transverse e le c tr ic  f ie ld  in ten s ity  -  TE modes.

E ^ //(x ,y ) Trial transverse e le c tr ic  f ie ld  in te n s ity  -  TM modes.

E^(0) General transverse e le c tr ic  f ie ld  in te n s ity  sa tis fy in g

the boundary conditions of the cro ss-sectio n  z = 0 .

E  ̂ X Component of the e le c tr ic  f ie ld  in te n s ity  in  a rec

tangular waveguide.

e^ Normalized component of the e le c tr ic  f ie ld  in ten s ity

in  the x -d irection .

Ey y Component of the e le c tr ic  f ie ld  in te n s ity  in  a rec

tangular waveguide.
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Normalized component of the e le c tr ic  f ie ld  in ten s ity  

in  the y-d irection

z Component of the e le c tr ic  f ie ld  in te n s ity  in  a rec

tangular waveguide.

Eq Arbitrary amplitude constant.

^  E lectr ic  f ie ld  in ten s ity  (Normal mode).

Ê  E lectr ic  f ie ld  in ten s ity  (Medium M )̂.

Ê  ̂ Tangential component of E^.

Eg E lec tr ic  f ie ld  in ten s ity  (Medium Mg).

Eg  ̂ Tangential component of Eg.

Ep Fourier Transform of E (r ).

^  Complex conjugate of

Longitudinal component of ^ .

Ep  ̂ Transverse component of E^.

% E Percentual error when estim ating central node values.

F Time-harmonic electrom agnetic scalar p o ten tia l.

F* Complex conjugate of F.

F(g) Waveguide scalar functional.

F(G^^)) Error functional of the approximation of the so lu tion

of Helmholtz equation over the waveguide cross-section , 

f^ Node value.

f^ Normalized frequency.

f  Node value.r
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F(r) Electromagnetic scalar p o ten tia l.

F (r ,t )  Electromagnetic scalar p o ten tia l.

F * (r ,t)  Complex conjugate of F (r ,t ) .

FT [  ]  Fourier Transform.

f ( x ,y ,z )  Well behaved vector function of the co-ordinates x,y,and z,

1 2  1 2  f (x  , X ) Scalar function of the variables x and x

fp Central node value.

G D-dimensional generating function .

G Trial scalar function.

[  G ]  Global node value f in i t e  element matrix.

[  G ]̂ Node value element matrix.

(  z )Gg ' Generic approximate TE generating function .

Ĝ  F ir s t  in terval node value.

Ĝ  Node value.

G^^^(x,y) Solution of the homogeneous scalar Helmholtz equation. 

G^^)(x,y) Generating function of the i^^ TE mode.

Gĵ j Generic node value.

Gj Node value.

G( j. , jo» • • • jj  ) Node values of the d-dimensional element,1 Z CL+1

G^.^\x,y) Generating function of the j^^ TE mode.

Ĝ  Node value.

Ĝ  Node value.



- 375 -

G ^ ^ ) ( x , y )  G e n e ra t in g  f u n c t i o n  f o r  th e  TE m ode.

G^^^(x,y) Generating function for  the m̂  ̂ TM mode.

GMn(Xfy) Approximation to the function G^(x,y).

G®̂  Generating function expressed as a polynomial in  triangle

area co-ordinates.

G^n(xiy) Approximation to the function G^(x,y) in side a f i r s t -

order element.

G^^(x,y) Generating function inside the element.

( 2 )Ĝ  ̂ TE modes generating function fo r  rectangular waveguides.

( 3)G^ '̂ TM modes generating function fo r  rectangular waveguides.

Gn(x,y) Generic generating function.

[  G^(x,y)] Set of functions G^(x,y).

G^^)(x,y) Solution of the homogeneous scalar Helmholtz equation

(n^  ̂ normal mode).

G^^)(x,y) Generating function of the n^  ̂TEM mode.

G^^)(x,y) Generating function of the n^  ̂TE mode.

G^^^(x,y) Generating function of hte n^  ̂TM mode.

Gp^)(x,y) Degenerate generating function of the p^  ̂ TE mode.

Gp^)(x,y) Modified generating function for  the q^  ̂ degenerate 

TE mode.

G ^ ^\x ,y) Modified generating function fo r  the q^  ̂ degenerate 

TM mode.
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G Generic d-dimensional element node va lu e,
q.

Ĝ  Generic higher-order element node va lu e.

G^^)(x,yj Degenerate generating function of the TE mode.

G^^)(x,y) Degenerate generating function of the q^  ̂ TM mode.

G ^(F(r,t)) General function describing the time domain gauge con

d itio n .

G ^ ^\x ,y) Trial function sa tis fy in g  the boundary conditions.

Gq Central node value.

Gq Constant value of G ^ ^ \x ,y ).

Gq^̂  Approximate central node value.

G« . Node value associated  with node N_..Oj Oj

Ĝ  j Node va lu e.

Ggj Node value.

G (F(r,w  ) General function describing the frequency domain gauge 

condition.

h Mesh length.

h Segment of the 3-&imensional representation of a vector

quantity.

H General waveguide magnetic f ie ld  in ten s ity .

H Time-harmonic magnetic f ie ld  in ten s ity .

H* Complex conjugate of H.

H(Gi .Ggi •. *Gn) Function of the nodal values G ,̂ Gg. . • .Ĝ .̂ 

hj Triangle height.
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Longitudinal component of H.

Longitudinal magnetic f ie ld  in ten s ity  of the n^  ̂ normal 

mode.

Longitudinal magnetic f ie ld  in te n s ity  of the n^  ̂ TE mode

Magnetic f ie ld  in ten s ity  of the n^  ̂ propagating normal 

mode.

Magnetic f ie ld  in ten s ity  of the n^  ̂ reverse propagating 

normal mode.

HORZ Program variable (MXSGUIA).

Magnetic f ie ld  in te n s ity  of a propagating mode.

Magnetic f ie ld  in te n s ity  of a propagating mode.

Complex conjugate of .

H (r ,t) Magnetic f ie ld  in te n s ity .

H *(r,t) Complex conjugate of H (r ,t ) .

^  Transverse part of H.

Transverse magnetic f ie ld  in te n s ity  of the m̂  ̂mode.

Transverse magnetic f ie ld  in te n s ity  of the n^  ̂mode.

h^  ̂ Normalized transverse component of the magnetic f ie ld
thin ten s ity  of the n mode.

Transverse magnetic f ie ld  in te n s ity  of the n^  ̂mode.

Transverse magnetic f ie ld  in te n s ity  of the n^  ̂TE mode.

T ra n s v e rs e  m a g n e t ic  f i e l d  i n t e n s i t y  o f  th e  n ^ ^  TM m ode.
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H^(0) General transverse magnetic f ie ld  in te n s ity  sa tis fy in g

the boundary conditions on the cross-section  z=0 

X Component of the magnetic f ie ld  in ten s ity  in  a rec

tangular waveguide. 

h  ̂ Normalized component of the magnetic f ie ld  in te n s ity  in

the x -d irection

y Component of the magnetic f ie ld  in te n s ity  in  a rec

tangular waveguide, 

h^ Normalized component of the magnetic f ie ld  in ten s ity  in

the y -d irection .

z Component of the magnetic f ie ld  in ten s ity  in  a rec

tangular waveguide. 

h  ̂ Normalized component of the magnetic f ie ld  in ten s ity  in

the z-d irection .

h^  ̂ Normalized longitudinal component of the magnetic f ie ld

in ten s ity  of the n^  ̂ mode.

Hq Part of the waveguide scalar functional associated with

the m trian g les  adjoining node N .̂

^  Magnetic f ie ld  in ten s ity  (Normal mode).

Part of Hq.

Part of H .̂

Part of depending on the nodal value Gq̂ .

Hq2 Part of Hq̂  depending on the nodal value Gq .̂

Magnetic f ie ld  in te n s ity  (Medium M )̂.

Tangential component of .
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Hg Magnetic f ie ld  in ten s ity  (Medium M^).

Tangential component of H .̂

i  Imaginary u n ity .

I^ General picture point.

I X Co-ordinate of the point I .cx p  ̂ c

I y Co-ordinate of the point I .cy •'p c

ICOL Program variable (MXSNEX).

IDIV Program variable (MXSNEX).

ILIN Program variable (MXSNEX).

IM Program variable (MXSNEX), (MXSGUIA).

I^^ Integral of a typ ica l term appearing (High-order f in i t e

element approximations). 

lORD Program variable (MXSGUIA).

lORDM Program variable (MXSGUIA).

I^ Time domain action  in te g r a l.

IWAV Program variable (MXSNEX).

I  ̂ Typical term in  the in tegration  of eq.(3*39)«

Ig Typical term in  the in tegration  of eq .(3 .39)*

Typical term in  the in tegration  of e q .(3 .3 9 ).

I. Typical term in  the in tegration  of e q .(3 .3 9 ).

J Time-harmonic e le c tr ic  current density .

J* Complex conjugate of J.

J General picture point.
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J X Co-ordinate of the point J .cx p c

J y Co-ordinate of the point J .cy ^p c

Program variable (MXSNEX), (MXSGUIA).

J ( r ,t )  E lectr ic  current density .

J * (r ,t )  Complex conjugate of J ( r , t ) .

Surface current density .

K Integer constant

k Free-space wave-number*.

k D-dimensional cu t-o ff wave-number.c

k . Cut-off wave-number of the j^^ mode.cj

k Cut-off wave-number of the m̂  ̂ mode.cm

k Cut-off wave-number of the TE or TM in  a rec-c,mn mn mn
tangular waveguide.

k Cut-off wave-number of the n^  ̂ mode.on

k Degenerate cu t-o ff wave-number.cp

k Degenerate cu t-o ff wave-number.cq

k. . F in ite  element c o e ff ic ie n t .

k  ̂ F in ite  element c o e ff ic ie n t .

k  ̂ Free-space wave-number*.

k̂  F in ite  element c o e ff ic ie n t .

* The free-space wave-number i s  denoted e ith er  by k (author's nota

tion) or by k  ̂ (from expressions quoted from reference( 2 5 ))•
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j F in ite  element c o e ffic ie n t .

k^2 j F in ite  element c o e ff ic ie n t .

kg F in ite  element co e ffic ien t,

kgj F in ite  element co e ffic ien t,

k  ̂ F in ite  element co e ffic ien t,

k^j F in ite  element co e ffic ien t,

L Total length of the 3-diniensional representation of a

vector quantity.

Z Segment of the 3-&imensional representation of a vector

quantity.

Lg Lagrange function for  electrom agnetic q u an tities.

Lg(E) Lagrange function (E lectr ic  f ie ld  ) .

Lagrange function (Fourier Transform of the e le c tr ic

f i e l d ) .

L̂  Total length of the fron ta l image of a vector quantity.

Length of an image segment.

1j Triangle side length .

LONG Program variable (MXSGUIA).

M Magnitude or in ten s ity  of a vector quantity.

M Program variable (MXSNEX), (MXSGUIA).

m Mode index.

m Number of elements adjoining node Nq.

M Perfect conducting medium.c
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Value of M(x,y,z) point 

Mobile image point.

Mn Normalizing fa c to r .

M (x,y,z) Scalar function of the 3 co-ordinates describing the

in ten s ity  of a general vector f ie ld .

, 6  ) Perfect d ie le c tr ic  medium characterized b̂ ytC and 6  .

1 ' ̂  1 ̂  Perfect d ie le c tr ic  medium characterized b y y ia n d  <5

Perfect d ie le c tr ic  medium characterized bŷ ùî  2 *

N Number of element of a model region.

N Order of a polynomial.

N Program variable(MXSNEX), (MXSGUIA).

n Mode index.

n Number of nodes of a d-dimensional element,

n Number of terms of a polynomial.

n Unity vector normal to a curve or surface.

[  N®] Shape function.

NEX Program variable (MXSNEX).

N̂  Nodal point.

N?(x,y) Component of the shape function .

Nj Nodal point.

N j(x ,y) Component of the shape function .

N̂  Nodal p o in t.

N^(x,y) Component of the shape function .

Nn Normalizing fa c to r .
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NPLAN Program variable (MXSGUIA).

Nq Central node.

0^ Point of the 3-dimensional representation of a vector

quantity.

P Average power flow in  a waveguide,

p Arrow assembly diagram parameter,

p Mode index,

p Proportionality fa cto r .

P  ̂ Point of the 3-dimensional representation of a vector

quantity.

P̂  Point on the sampling plane tt .

[  P^] Matrix describing the polynomial approximation fo r  the

generating function .

P. . T Generic node of a high-order element.11 J » K

P^(s^) Polynomial of the i^^ order in  the triang le  area co

ordinate s^.

P j(s 2 ) Polynomial of the order in  the triang le  area co

ordinate Sg.

^jd+l^^d+1^ Polynomial in  the generalized volume co-ordinate v̂ _̂ .̂

P^ l(v i) Polynomial in  the generalized volume co-ordinate v^.

Polynomial in  the generalized volume co-ordinate v^.

P (s  ) Polynomial of the order in  the triangle  area co-k 3
ordinate s^.
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P^(v^) Polynomial of the m̂  ̂ order in  the generic volume co

ordinate v^.

P^(z) Polynomial of the m̂  ̂ order in  z.

P  ̂ Average power flow  of each mode propagating in  a wave

guide .

P^(3 1 , 52153 )General N-order polynomial in  triangle area co-ordinates 

( 2 )P  ̂ ' Average power flow  -  TE modes.

( '3 ')
P^^/ Average power flow -  TM modes.

p ( i ) ( j )  Average power flow  due to the in teraction  of two non-
pq.

degenerate propagating modes.

P(5 1 , 52153) Generic point in  a triangle (area co-ordinates)

P̂ . Total average power flow in  a waveguide.

P(vi,V 2 ,V3 ) Generic point in  a 3-dimensional element.

P (x,y) Generic point in  a triangle (cartesian  co-ord inates).

P (x ,y ,z )  Point in  a 3-dimensional region.

Pi Vertex of a tr ia n g le .

P^(x,y) Complete f ir st-o rd er  polynomial defined for each element

over the waveguide cross-section .

P2 Vertex of a tr ia n g le .

P̂  Vertex of a tr ia n g le .

Q F in ite  number

Q, Time-harmonic e le c tr ic  charge density,

q Arrow assembly diagram parameter.
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q  Mode in d e x .

Q* Complex conjugate of Q.

Point of the 3“dimensional representation of a vector  

quantity.

L High-order element matrices used to decompose the matrix

L s®].

[  Q?] One of the matrices [  .

[  Generic element matrix used to decompose the matrix

(3-dimensional elem ent).

Q (r ,t) E lectr ic  charge density .

Surface charge density .

[  One of the matrices [  Q?]

[  ]  One of the matrices [  ] .

R Volume of the 3-dimensional cartesian space,

r P osition  vector.

S Surface.

[  S ]  Global f in i t e  element matrix.

Sĵ  Subdomain of S .

[  S  ̂ ]  Element matrix.

SHAPE Program variable (MXSGUIA).

S?j Generic component of [S^] -  f ir s t-o r d e r  element.

S® Generic component of [S^] -  high-order and d-dimensional*q
elem ents.
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S j  One o f  th e  s u r fa c e s  e n c lo s in g  th e  v o lu m e  R .

sj  Generic tr iangle  area co-ordinate.

Model region.

One of the surfaces S j.

s ( r , t )  Scalar function of r and t  (time domain).

s(r,c*>) Scalar function of r and u> (frequency domain).

s* (r , vO ) Complex conjugate of s (r , u>).

Ŝ  One of the surfaces S j .

s  ̂ Triangle area co-ordinate.

Sg One of the surfaces S^.

Sg Triangle area co-ordinate.

s^ Triangle area co-ordinate.

t  Time.

t^ Time (determined value).

t^ Time (determined value).

[  T ]  Global f in i t e  element matrix.

[  T̂  ]  Element matrix.

T?j Generic component of [  T̂  ]  -  f ir s t-o r d e r  element.

T̂  Generic component of [  T̂  ]  -  high-order and d-dimension
'll

a l elements.

Unity vector along the i^^ d irection  in  the system

(= s'y s '= s)'
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U n i t y  v e c t o r

u Unity vector—xp

u Unity vector
-y

u Unity vector
-yp

Unity vector

X d ir e c t io n ) . 

Xp d irection)  

y d ir e c t io n ) . 

y  ̂ d irection) 

z d ir e c t io n ) .

V Volume

V Electromagnetic f ie ld  (V = E or V = H )

V General vector f ie ld .

V General vector function.

V̂  Vector f ie ld  at point on the sampling plane tt .

V^̂  ̂ Component of V̂  along the i^^ d irection  in  the system

( X s ' ^ s ' S s )

V^ig Component of V̂  in  the system (x^ ,y^ ,z^).

V̂ 2 g Component of V̂  in  the system (Xg,y^,Zg).

V^ ĝ Component of V̂  in  the system (^gjVgjZg)*

V̂  Volume of a 3-dimensional element.

VERT Program variable (MXSGUIA).

v^ Group v e lo c ity .

V̂  Volume of the i^^ tetrahedron.

v  ̂ Generalized volume co-ordinate.

V̂  ̂ Modulus of the maximum longitudinal f ie ld  component,

v ^  G e n e ra l t r a n s v e r s e  f i e l d  i n t e n s i t y  v e c t o r .

Vp Phase v e lo c ity .
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v ( r , t )  General v ec to r fu n c tio n  of r  and t  (tim e domain).

v ( r ,  to ) General v ec to r fu n c tio n  of r  and co (frequency domain).

v*(r,(o  ) Complex conjugate of v ( r , tO ) .

Modulus of the maximum tra n sv e rse  f i e ld  component.

v^ Transverse p a r t  of v.

v° Transverse component of v ro ta te d  through (tt/ 2) rad .

W A rb itra ry  p o in t of space.

W Orthogonal image of W on the sampling plane t t  .

WAVE Program v ariab le  (MXSGUIA).

X C artesian  co -o rd in a te .

X X Co-ordinate of the po in t P .c c

x^^) D-dimensional co -o rd in a te .

i  1 2
X One of the v a ria b le s  x  or x  .

x^+i Node co -o rd in a te .

x_^2 Node co -o rd in a te .

X p Co-ordinate r e la te d  to  the system asso c ia ted  with the

sampling plane n .(P ro je c tio n  system ).

Co-ordinate of the orthogonal image of

Xp(B=) ^P
Co-ordinate of the orthogonal image of

^P
Co-ordinate of the orthogonal image of

=p(Dc) *P
Co-ordinate of the orthogonal image of

Xp(Mo) *P
Co-ordinate of the orthogonal image of
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Co-ordinate of the orthogonal image of the p o in t

^P
Co-ordinate of the orthogonal image of the po in t ^c-

Xp(Gc) ^P
Co-ordinate of the orthogonal image of the p o in t ^c-

X p ( W )
^P

Co-ordinate of the orthogonal image of the p o in t W.

X p ( 0 )
^P

Co-ordinate of the orthogonal image of the p o in t 0.

X p ( l ) ^P
Co-ordinate of the orthogonal image of the p o in t 1.

X p ( 2 ) ^P
Co-ordinate of the orthogonal image of the po in t 2.

X p ( 3 ) ^P Co-ordinate of the orthogonal image of the po in t 3 .

Xp(4) ^P
Co-ordinate of the orthogonal image of the p o in t 4.

X X Co-ordinate re la te d to  the system asso c ia ted  with the

d isp lay in g  p o in t P^.

X Co-ordinate of a generic  p o in t of an e l l ip s e  described  

by the image of the po in t ( a /2 ,0 ,0 ) on the sampling plane t t . 

x^(w) x^ Co-ordinate of the orthogonal image of the p o in t W.

x ^  X  Co-ordinate r e la te d  to  the system asso c ia ted  w ith the

v ec to r q u an tity  V^. 

x^j Node c o -o rd in a te .

x^ T riangle v ertex  c o -o rd in a te .

x^^) D-dimensional co -o rd in a te .

x^j Node co -o rd in a te ,

x^ T riangle v ertex  co-ord inate

( 2 )x^ ' D-dimensional co -o rd in a te .

Xgj Node c o -o rd in a te .

Xj T riangle  vertex  co-ord inate
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y C artes ian  co -o rd in a te .

y^ y Co-ordinate of the p o in t P^.

y^+1 Node co -o rd in a te .

y^+2 Node c o -o rd in a te .

y^ Co-ordinate r e la te d  to  the system asso c ia ted  w ith the

sampling plane TT . (P ro jec tio n  system ).

yp(Ac) Co-ordinate of the orthogonal image of the p o in t ^c-

yp(Bc) Co-ordinate of the orthogonal image of the po in t
® c -

yp(Cc) ^P
Co-ordinate of the orthogonal image of the p o in t °o-

yp(Dc) P̂ Co-ordinate of the orthogonal image of the po in t “ o'

yp("c) P̂
Co-ordinate of the orthogonal image of the p o in t "o '

yp(°v) P̂ Co-ordinate of the orthogonal image of the p o in t ° v '

yp(p=) ^P
Co-ordinate of the orthogonal image of the p o in t “ o'

3p(Qc) ^P Co-ordinate of the orthogonal image of the p o in t

7p(W) ^P Co-ordinate of the orthogonal image of the po in t w.

yp(o) P̂
Co-ordinate of the orthogonal image of the po in t 0.

y p (i) P̂
Co-ordinate of the orthogonal image of the po in t 1 .

yp(2) P̂
Co-ordinate of the orthogonal image of the po in t 2 .

yp(3) ^P Co-ordinate of the orthogonal image of the p o in t 3.

yp(4) ^P
Co-ordinate of the orthogonal image of the p o in t 4.

y Co-ordinate re la te d to  the system asso c ia ted  with the

d isp lay in g  p o in t P^. 

y^ y C o-ordinate of a generic  p o in t of an e l l ip s e  described

by the image of the point ( a / 2 , 0 , 0 )  on the sampling plane tt.
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yg(W) yg Co-ordinate of the orthogonal image of the point W.

y^ y C o-ordinate re la te d  to  the system asso c ia ted  with the

v ec to r q u an tity  V^.

y^j Node c o -o rd in a te .

y  ̂ T r i a n t e  v ertex  co -o rd in a te ,

y^j Node co -o rd in a te ,

y^ T riang le  vertex  c o -o rd in a te .

y^j Node co -o rd in a te ,

y^ T riang le  v ertex  c o -o rd in a te .

z C artes ian  c o -o rd in a te .

z ' Modified z co -o rd inate  (z ' = k z ) . ̂ on '
Z Wave impedance f o r  TM modes*.e,mn  ̂ mn

Z, Wave impedance f o r  TE modes*.h,mn  ̂ mn

Z^ Wave impedance of the n^^ normal mode in  waveguides.

Z^^) General expression  fo r  the wave impedance.

( 2 )Z^  ̂ Wave impedance -  TE modes*.

( 3 )Z^ '  Wave impedance -  TM modes*.

z z C o-ordinate re la te d  to  the system asso c ia ted  w ith the

sampling plane t t  . (P ro jec tio n  system ).

* The wave impedances f o r  TE and TM modes are denoted by e i th e r

Z^^) and Z^^^ (a u th o r 's  n o ta tio n ) o r by Z, and Z . (Seen n  ̂ ' h,mn e,mn
referen ce  (25) ) .
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z Co-ordinate re la te d  to  the system asso c ia ted  with the 

d isp lay in g  p o in t P^. 

z^ z Co-ordinate r e la te d  to  the system asso c ia ted  with the

v ec to r q u an tity  V^.

Zq F ree-space impedance.

z^ Given value of z.

z^ Given value of z.

a  Advancing ang le,

a E rro r d is t r ib u t io n  v a r ia b le .

3 E le v a tin g .a n g le .

3 Phase fu n c tio n .

3^ C r i t ic a l  angle (S pecia lized  im ages).

3^^ C r i t ic a l  angle (General p o s itiv e  im ages).

3^ C r i t ic a l  angle (General negative im ages).

3j Phase fu n c tio n  of the propagating mode.

3 Phase fu n c tio n  (TE o r TM modes),mn  ̂ mn mn

3^ Phase fu n c tio n  of the n^^ propagating  mode.

3 Phase fu n c tio n  of the p^^ propagating  mode.

3 Phase fu n c tio n  of the q^^ propagating mode

Small angle.

Y Propagation fu n c tio n ,

Y R otation  an g le .
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Y. Propagation function of the i^^ mode.
1

y( ^ )  Propagation fu n c tio n  (v a r ia t io n a l) .

Y  ̂ Propagation fu n c tio n  of the  n^^ mode.

A  G eneralized volume of the d-dim ensional elem ent.

Ô D irac fu n c tio n

ÔA Small v a r ia tio n  in  A.

6^1 Small v a r ia tio n  of I  due to  a small v a r ia tio n  in  A(r, )

ÔEj, Small v a r ia tio n  in  E^.

ÔF Small v a r ia tio n  in  F .

ôF(G^"^^) Small v a r ia tio n  of F(G^^^).

ôpl Small v a r ia tio n  of I  due to  a small v a r ia tio n  in  F (r , )

ô G ^^ \x ,y ) Small v a r ia tio n  of G ^ ^ \x ,y ) .

<8 P e rm ittiv ity .

& 1 P e rm ittiv ity  (Medium M^).

^ 2  P e rm ittiv ity  (Medium M2 ) .

0 Angle.

0. Angle a t  a t r ia n g le  v ertex .

0^j Angle a t  a v ertex

0j  Angle a t  a t r ia n g le  v e rtex .

0^ Angle a t  a tr ia n g le  v e rtex .
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k Angle

C u t-o ff wavelength of the n^^ normal mode,

k^ Guided wavelength.

P erm eab ility .

P erm eab ility  (Medium M^).

y/^2  P erm eab ility  (Medium M^).

rP . . . Polynomial c o e f f ic ie n t .
^ i , J , k

(0*1 » ^2» * * • ̂ d+l^ Polynomial c o e f f ic ie n t of the d-dim ensional 

f i n i t e  element model.

^  Angular frequency.
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