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SUMMARY

In this thesis the variation of a functional defined on a variable
domain has been studied and applied to the problem of finding the
optimum shape of the domain in which some performance criterion

has an extremum. The method most frequently used is one due to
Gelfand and Fomin. It is applied to problems governed by first and
second order partial differential equations, unsteady one
dimensionsal gas movements and the problem of minimum drag on a

body with axial symmetry in Stokes' flow.
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INTRODUCTION



.

INTRODUCT ION

'Distributed parameter system theory refers to those systems whose
governing equations are partial differential equations, defined over
a domain S, and whose controls are either distributed over S or on
parts of the boundary of S. The study of distributed parameter
systems was initiated by Butkovskii and Lernmer! *. 1In this thesis
the definition of distributed parameter systems has been extended

to include continuum problems where the shape of the boundary is
control since there are problems in which the shape of the domain

is unknown and needs to be determined in order to minimise or
maximise some performance criterion. For example the problem of
designing the most efficient body for extracting the energy from
incident sea waves has recently been discussed by Salter®. - This
problem may be interpreted as the problem of finding the optimum shape
of a floating body which minimises the reflection and transmission
of the incident wave. Soﬁe‘pfobiémé héﬁe fhé Boﬁn&afyléf thé |
domain depending on time. Such a problem in which the system is
governed by a parabolic equation of the héat conduction type has

6

been considered by Degtyarev ° and its necessary conditions for

opimality obtained.

The earliest reference to variable domain problems appears to be in
Forsyth's "Calculus of Variations,"’ (Chapters ix, x and xi). 1In
their text book "Calculus of Variations"® (Chapter 7) Gelfand and
Fomin discuss the theory of the first variation of a functional,

J [u] = .éo F(xl, ceey Xn,u,uxl,..., an) Xm,..., dxn’ Where the

independent variables X1,..., X and hence the domain, vary as well

as the function u and its derivatives. Neither Forsyth nor Gelfand-



Fomin gives examples of their theory.

In Chapter One the Gelfand - Fomin theorem is extended to m unknown
functions and at the end of the chapter two simple examples are given
to illustrate the Gelfand — Fomin theorem. In Chapters Two and Three
first and second order hyperbolic partial differential equation

examples of the extension of the Gelfand - Fomin theorem are discussed.

In Chapter Four a‘boundary control problém from unsteady one-
dimensional gas movements, in which a semi - infinite gas domain is
bounded at one end by a moving piston, ié discussed using standard
characteristic theory. Various problemé arise in which the piston
movement may be regarded as a control and the one considered is that

of determining the piston curve in order to minimise a given functional.
In Chapter Five the same problem is resolved using the Gelfand -

Fomin theorem, with identical results.

In Chapter Six the Gelfand - Fomin theorem is applied to the problem

of minimum drag on a body with axial symmetry in Stokes' flow.

Three papers by Pironneau? 11 haﬁe‘airéady.aﬁpeafed on this ﬁrébieﬁ

but Pironneau's method is not the same as that considered.in this thesis.
In Chapters Seven and Eight the equations determined in Chapter Six for
finding the body of minimum drag in Stokes' flow are discussed firstly
by considering the shaﬁe near the end point and secondly by a |

singularity solution.



CHAPTER ONE



CHAPTER ONE

Variation of a Functional Defined on a Variable Domain.

In Section 37 of their book "Calculus of Variations" Gelfand and
Fomin derive the first variation of an r-tuple integral where not
only the dependent variable and its derivatives vary but also the
independent variables, and hence the region of integration, vary.
In this chapter this method is extended to m dependent variables,

since the theorem is required later in this extended form.

Consider the system

J(z’z’....,Z)SJDCQJ‘F(X’X’...’x’z’z ..’z ’z ’...z
1° %2 L 1’ T2 LU R mlxl’ Ly

™ ,..-.,Zm ) dxi,...dxn (1-1)
X, p 4 :
I n

-

where R is the simply connected domain of the independent variables

xl,xz,...xn, and zl,zz,...,zm

defined and continuous, with continuous first and second derivatives,

are functions of X _,X ,eecesX_ ,
1" 2 n

in R. The integral F is assumed to have continuous first and

second derivatives with respect to all its arguments in R,

For simplicity vector notation is used with

?S,a (xl’x'2’°"’xn) _ H _Z_" (2.1’22’...’zm) ’

we

Vz = (azi,..,le,..,azm,..,azmj) .

dx = (dx ,d eeeyd:
- xl,’ ) ’ xn) z 3_ oz . i
X. 9X ax.1 axn

1 n

So equation (l.1) can conveniently be written in the form

J [i(i):' = f F(x,z, V_Z_) dx . (1.2)
R

Consider the family of continuous transformations



x*= & (X,2,VZ4€ ,€ ,e065,E.) o 8= 1,2,...,n3

s g\ e 'L ‘19 2" *“nm ’ (1.3)
25" ¥ (X,2,92,61 56500 008p) 5 k= 1,2,000,m

depending on m parameters €19€) seees€y where ¢ and ¥, are

differentiable with respect to el,ez,..,em and the values

EI = 0, 82 = 0,000y €, - O gorrespond to the identity transformations

8o that
xg = @8(5,3,\75_,0,....,0) sy 8 = 1,2,..,n;
(1.4)
z = ‘l"k(}_,i,v_z_,o,..o.,O) ) k - 1,2,..,!!1;

k

Now zk(xl,xz,...,xh)- Ck--= constant, k = 1,2,...,m,

may be thought of as a surfaceo, in the n+l space E 41 with respect

k

to the coordinates X ,X ,..e¢,X_,2,, and the transformations (1.3)
) n*>“k
o G L ] d i - * * LN ] * i * i
map A » 9, 1nto o‘1 s 02 ses 50 * 1n the new space En+1 with
the coordinates x¥*,x*,...,x*,z¥, Similarly the functional
1 2 '“n*"k y

J[_£(§)] in (1.2) transforms into

I[z*@] - J F(xk,z%,Thzh)dxr (1.5)
R*
where Wz* = (az*,..., azt,...,azg,...,ax;.) and R* is the new
* * * *
Bxl an Bxl an

transformed domain.

The object now is to célculate the terms of order € = (el,ez,...,em)
(that is the principal linear part, 6J, relative to g) of the
difference

83 =3[ z%G))] = I 2] I (1.6)
el, e_z,...,em being regarded as infinitesimal quantities. Because
of the identity relations (1.4) coupled with the continuity of the

transformations (1.3) it follows by Taylor's theorem that when

€ e are sufficiently small
1’5 2: ’Em y



x* = x + el ag (x,2,92, €) +oote 20%(x,2,Vz,e )| + 0(e?)

9¢e e=0 o€ e=0
1 - . m -

8 = 1,2....,“

zx =z ¢+ aﬂ{; x,2,9z,¢€ )

5 teesst € 3‘}’1’:(5,5,\73,‘5) + 0(e?)

de =0 : 9€ =0
1 - m -

k - 1,2’...m.

These transformations can be written more simply in the form

m @)
x: - xs "'ZZIEZ ¢B (_’E;E_’VE_) + o(_e_z) » 8= 1,2,000yn ,
(1.7
Zk = z +1§e wézzszz)+0(ez) k=1,2,...,m"
i k z Subak Pt Bl — 4 t Bt | 9 "
1=1
a
where ¢s (x,2,Vz) =3 Qs(zc_,_z_,v_z_,g) 3 2 =1,2,...,m;
3 ez E_éo
(1) .
;j, (%, z,Vz) = ¥ (x 2,9z, e), ;3 1=1,2,..,m,
9 ez _lE_BO
For a given surface o'k, (k = 1,2,...,m),
with equation C. = Zk (x) , (1.7) leads to the increments
m
Ax=x*-x=2e: (x) + 0(e?)
s 8 s : -
Gx + 0(52) s 8 = 1,2,ooo,n H (108>
8

@)
bz, = 2% (x%) =z () Zzlez‘p ) + 0(e?)



= sz + 0(52) , k=12 ...,m ;(1.9)

where the arguments z and Vz have been replaced by z(x) and

Vz(x). Thus (1.9) gives the change in value of z in going

k

from a point[g_c_,zl(_:g_),...., zk_l(zc_), zk(gg),zkﬂ(lc_),...,zm(gt_)]

to a point [x*,2; (x%),...,2 '(z*%zi’i(z*)’Zk+§£*>’---’zm<£*)] ’

k-1

s =1,2,...,n. The variations st and szcorresponding to (1.7)

are defined as the principal linear parts (relative to g) of the

increments in the right hand sides of equations (1.8) and (1.9), that

is
m )
§x = z e@d (x) , 8 =1,2,000,n H (1.10)
8 701 18 =
m )
2. 121 W @ 5 k=1,2,...,m . (1.11)

Consider the increment
'A'z'k- zl’: x - zk(_:i) , k=1,2,,..,m ,

that is the change in zk

[35_,21 (5),--”21(_1(3_!_), Zk(lt_),zk_'_l(lﬁ_),-‘-'-,zm(_?_(_)] on the surface g to the point

in going from the point

[:_:, 2, (X)se0es zk_.l(_}_:.) R z; (x), zk+.1(x) yeses Z (5)] on the surface o‘lt

with the same i—coordinate.

The notation

o= o2k @ -z )

k k
m Q)
- z € v ot 0(e?)
=1
= 8§z, + 0(c?) s k=1,2, oo, m ,  (1.12)

is used to find the relationship between S?Rand sz. Now

Azk = z’l': (x*) - z, (x)

= 2* (x*) - z; @] + [z*'(.’i) - Zk(.’f.)]
E az*(x* - x ) + 0(62)§ +[<§7’zk + 0(e?2) ]
s=1 B

X



n
= 7 8z 6x + 57 + 0(?), k=1,2, ..., m.
=] 8x 8
s ]
. % . . .
Since EEk and gfkdszer only by a quantity of order € this
9Xg 9xg
equation may be written as
n .
62k - z éfkéxs + Tzgk sy k=1, 2,,.., m, (1.13)
s=1 0Xg

where sz is the principal linear part of Az (relative to €).

An alternative form of (1.13) is, using (1.10), (1.11) and (1.12) ,

Pl - 1Y ¢(Z)<> +7 e 3 (1.14)
X = Y X + Y X), .
=1 "2 g=17=1 oxs ° =1 e

s =1,2,,.,n; k=1,2,,.m,

Consider the expression for the increment,3 (Az),of the gradient

13
39X
Vz, that is,3(Az,) = azﬁﬂzﬁ) - azi(z), or mgre precisely its
Axg 3xX% Axg
principal linear part (relative to £) 3(521) , 8 =1,2,...n 3
9K
8

k=1, 2,,,.m, It can be derived from (1.7) that

(1) ) '
X% = 8gi + X € . () + OQEZ) y i,8=1,2,...n 3 (1.15)
Bxs Z=1 BX
where GSiis the Kroneckér delta, It now follows from the chain rule
that
o =y a3 |
%
axs i=1 ox axl
n m
= 735 .+ J € a¢(z,}x)+0(ez) 2
i=1 81 7a1 X ax%
n m »(1) 8 , 1
o o] Tepd@ 5 voEd,
9xX i=17=1 ” 3x X%
) 8 i
hence,
n n (D
. *a_ = 1 T epd; @ 3 +0@A. (1.16)
dxg  3xXE  i=1l=1 Ixg ax¥
The increment in g_kls g1ven by
Bx
0(3zy) = dzf(xx) - 3z, (%)
dxXg IX%E Ixg

N zf (x*) - z, (x*) *_ 7, &0 -z )
ax’s‘ 3xg



(2 - 2 )z G, k=1,2,.,m (1IN

» :
Xy 3Xg

Analysing the three terms on the right hand side of equation (1.17)

separately gives (a) from (1.12).

z* (x) - 2, (x) = z € ¢(ka)+ 0(52) k=1,2,...m
l=1
hence, using (1.16)
@)
| x*) -z (x*) ) = € 99, (x) 3+ 0(e?)
R I g M0 2, o

{ € w (X*) + O(ez)g

= Z EZB¢(k(x*) + 0(52), k =1,2,...m,(1.18)
1=1 dxg

(b) Lizk(y) - zk(gt_)g- ) (xk = x) + o<_e_2)§
-] ax

3X i=1 R ]

and using (1.8) this equatlon becomes

(
%zk(X*) - zk(X)g & gk(x) 9. )() +0(e2) , (1.19)

Z=11=1
k = 1 %,..., m;

(C) for‘the‘final term on the right hand side of equation (1.17)
(=% )z @) =(2_-2 )z 40 +0E2), k=1,2, ...m,
ax: axs ax: ax

and applying (1.16)

m n
3 z (x*) = .- ea¢ (z) 2z (X + 0(e?)
e L oty

z Z aLa(b (x)azk(_) , k = 1,2,...m,(1.20)

l=1i=1 Bxs 9% ¢

since 3 and N differ by a term of order €. Adding together
3x, ax*
equations (1. 18), (1.19) and (1.20) and using (1.17) gives
m 8 n @)
baz) = 3 aL*F__*.a_[X 2 2, G 0 @]
3¥g  I=1 13 3 XJi=1 39X

n 8
-7 38 () 3z () ) +0(?)
i=1 9 xs 9 xi




m ) n )
- Ze%@&d*X ﬁﬁu>qi@g+0@% . (1.21)
=1 9% i=1 3Xs 9Xi

k=1,2,...m.
Finally using the defininition of Pyfx) in (1.12) and ¢iin (1.8) gives

n
9%g S T o
and the principal linear part, sz » of A8z ) is given by

xs 6x8

n

szxsn 'S'Ekx + Z »azzl x) 6x; , k=1,2,...,m « €1.23)
8 i=1 9xgaxj

Consider now the increment AJ defined in (1.6). The following result

will be established:

SR B R A0 PR Y

1=l I121:<1=1 § R o Xg €A ¢(Z)}d .26

+ € 3_ ¥, + F@g dx, 1.
=11 is*l ax [k=1 yg K s

(1) : @

where ¢y is given in terms of ¢y in (1.14) .
The proof of equation (1.24) is as follows: by definition (1.6)

AJ =J F(x*, z* s VExk) dx* = jF(x z Vz) dx

JEF(_;(_* , 2%, Vkzk) a(xI Xi . )-F(x 2, VZ)E (1.25)
R d (xl ’ x2 3 » X )
From the definition of a Jacobian, and (1.8),
m (1) m () n

dx*,x*, ..., x8) =| 1+ ] e,001, ) Y e
m:_’_x':,_“—.% Z=1 Z%;]_ Z=1 Z-—2 ’.o.oolo-oo.o-ooooogzm

n 7 e T . éz) T e 088 ieeeeenn, 3

l=1 “3Xz l=1 sz =1 3x2 l=
. m :(2) ' : o m (L)
, L A ....,2 € 8¢ 1,1+
hence ' Z=1 9%y Z==1 T
(1 (Z)
d(xA,xk,...,x%) = (1 + e 3¢ 1+ a¢2 eondl +) € 230
3(X1,%2y 00 05X ) ( Z-l ax1 ))( 1=1 Zax ) ( Z=1 ) '5§n )
+ 0(e?)
m n
), 0(s2)

D1+ ) 1 eand
Zaxs

1
1 € 8é )
ax
1 %2
:m (Z)
T e
=1 1 322




Thus from (1.25)

‘ m
AT = JgF(i*,i*,Vg*) [1 £ 77 e aglt o(ez)]
R =1 s=1 I 3x, 9Xg

- F(%,2,z) g dx . (1.26)
Taylor's theorem is now used to expand the first term in the

integrand of (1.26) remembering the notation

Xk = x *6x_ ,zk=zk+5zks§_z_fé=_§_7:k + _a_(ézk) ;

ox* X 9x
AJ Jg[F(szz)+zF6x+SZGSsz +s§nf 6z Fz ]x
k
s k=1 K gmkm1 Texg k%
S [ 1+ z z £ ¢(Z)] = F(-}_{.,_Z_,VE_) dx
l=1g=1 } o, .
aJ I tf F 8 2 8z F, rf 'f 8 F
= Xg + z,k +
rLs=1 k=1 m %k s=1k=1 sz Yo Fixs
IS z z F(x,2,9z) .a_¢é ) dx', (1.27)
Z=1s=1 9x

m s

Y e ¢(Z))y 6x in the final
121 L's ]

term of the integrand of (1.27) and using (1.13) and (1.22) this

Equation (1.8) is used to replace

gives, correct to the first order‘ €y

53 = iz--as-sxs-»z- z“ﬁkcxsn
R S='1 aXS k

+ X (T F
S=1 k‘l ka 1=1 3 ) zkxg
n -
+ F(lc_,_Z_,V'_Z_) ] 36 x) dx (1.28)
s=1 8xs

where 8J-is the prinicpal linear part of AJ,relative to ¢. This

is now expressed in the form G(x)8z + div(...)

§z F = 3 3z, F -%z, 9 F

and thus equation (1.28) can be rearranged into the form

6] = 3z - 3_F dx
k=1 x g s-1 Bx kxsE -

i
IE;Z x_ 8xg + ng(c‘ix ) +k§1 FZk %i:k 6xs +
R -]



3 )
8J -I z %F - 9 F E dx
k zk — zkx ‘ i
R k=1 J‘ f 'f s=1 3xs -;_
+ ) Féx + 8z, F dx -, (1.29)
5 571 k=1 ES{ 8 k kasz B

This expreséion is the same as that quoted in (1.24) since

'S'Ekﬁz Zq;k{x) k=1, 2, ..., m and

ar
Sxg= Zzl ) ¢§Zl§_) , s =1,2,...,n.

Two simple examples will now be discussed to illustrate the Gelfand-

Fo min theorem.

Case 1. m=1,n=1

0 a’ - b x
Figure 1.1

The problem is to find the shape of the curve connecting the fixed
point A and the curve z = c(x) which minimises
J(z) = F(x, z(x),z'(x)) dx

a

where the point (a, z(a)) is fixed but the value of b may vary.

From equation (1.29)



10

b

IT%FZ—_Q__ | L§F6x+Esz dx,
dxg X a dx ' b
6J = 'r{Fz—a gdx+[F6x+8?Fz] .
A x
st x a
From equation (1.13)
Gz =8z - dz 6x
dx
At the end B since z = c¢(x), and §z = c¢'(x) 6x, 8z = c'(x) - dz, at x=b.

dx
At x = a, 8x and 8§z are zero since A is a fixed point so,
b

83 = [20F -3 F dx+6xE '(x) - 2' (%)) g
~£ %:z % zxg [ x=b

For a minimum 6J is zero, so as 8§z and 6x are arbitary variations

F,-3. F, =0 , (x,2) & z = c(x) , (1.30}
ox X .
F+[c'x) - z'(x)] F, =0 atx=b . (1.31)

Equations (1.30) and (1.31) are the same as those that are derived
when this problem is solved by the Euler Variational method. (1.31)

is the well-known transversality condition.

Case IT . n = 2.

In this example the performance index

J = J j F(x,y,z,zx,zy) dxdy (1.32)

is minimised over the domain S as the position of ~the curve C which
bounds S varies. z is required to take prescribed values on C so

that on C there is the condition

z = g(x,y) , x,y)eC

¥y _ L
$/
C

Figure 1.2



11

From equation (1.29)

83 -JJ rg o B.Fyg dx dy

x oy

+fjga [F5x+'5_1? ] + 2 [F6y+6zey]gdxdy

)
S X By

Applying Stokes' theorem in two dimensions to the second integrand,

6J becomes

5.1-ij?$‘£ Fpm 3 F, - 3 F, dx dy
% 3y Y

S
+ é;%[l“dx +'6'E_8_F.] dy - [Féy +'3'Z_3_I:;]dx:§, (1.33)
9z 9z
c y
From the equation (1.31)

8z = 8z - 3z 6x - 3z S8y .

90X y
As z = g(x,y) » 6z = 3g 6x + 3g Oy s0
Ix dy _
Tz=6x(2g-2z)  +68y(3g -2z)
9x 9% Joy dy

and (1.33) may be written as

QSJ-JJZ F -3 F -9 F gdxdy
zZ 3% 2« 3y 2y

§%6x Fcly-l-(gx zx)a de—(gx zx)BFdx

Zx
+ Gy (gy zy ) aF dy - F dx - (gy zy)BF dx]
%y

For a minimum of J in (1.32) 8J must be zero. Since 3z,6x and Sy

are arbitary variations

2 " 3T T g_y Fay = 0 , (1.34)
Fy'(x) + (g - zx)ﬁg y'(x) - (g - 2,)3F =0 son C (1.35)
32y 9z
y
(gy zy)aF y'(x) - F - (gy - z )BF =0 . ,on C (1.36)
92y

The conditions (1.35) and (1.36) are not independent since if

(1.36) is multiplied by y'(x) and added to (1.35) then

y' (x)3F 3(g, = z,.) + (gy = z,)y"'(x){ - 3F \ (g, - z,)+(g, - z )y' (x)0
g el e

0zy
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The term

ggx ozt (gy - zy ) Y'(x)\g

is the differential along the curve C of the function g - z,
therefore since z = g on C this vanishes. Hence one and only one

transversality condition remains.



CHAPTER TWO



Iz

CHAPTER TWO
A First Order Hyperbolic Partial Differential Equation Example of the

of the Use of the Gelfand Fomin Theorem.

In order to acquire experience in the handling of the Gelfand-Fomin
Theorem the following simple hyperbolic partial differential equation

problem is considered.

Let S be the domain in the (x,t) plane .indicated in the diagram? S
is bounded by the closed curve OARL and the various parts of the

boundary need to be discussed.

thT

S = 8i 1IJ s2

Figure 2.1

In the first place OA is a portion of t = 0, 0 being the origin of

coordinates and A a given fixed point? LR is a portion of the line
t = T. It is convenient to label the four portions of the boundary
as as shown in figure 2.1, In particltilar it is assumed

that the equation of the curve OL 1is expressed in the form

T being a time parameter, with a(0) =0.

It is assumed that a function 0(x,t) 1is defined for all (x,t)e S
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and @ satisfies in S the quasi-linear partial differential equation

22 = g(x’t’¢’¢x ) = "A(x’t’¢)¢x+ B(x’t’¢)’ (x,t)eS, (2-2)
ot

where A and B are functions of x,t and §. The ordinary differential
equation of the family of characteristics for equation (2.2) is

dx = A(x,t,0) , | (2.3)
dt

and certain restrictions will be placed on A as follows. In the

first place it is postulated that
A(x,t,0) > O for all (x,t) €5 , (2.4)

further, it is aséumed that the funtion A is such that, travelling
along the characteristics with x increasiﬁg, each characteristic
commencing at any point of OA or OL will travel into the domain S
and will eventually meet either LR or AR in a single point., This
implies that the slope of OL at the point T must be greater than the

slope of the characteristic at T, that is

A {a(‘r), T, ¢|Tg> a'(T) , | | 0 < 'r<‘."I“.. | ‘(2‘.‘5)

It is assumed that the particular characteristic of the family (2.3)
which commences at O ultimately intersects the line t =T at the
point R, thus all the characteristics commencing along OL will meet

LR and the characteristics commencing along OA will meet AR, The

characteristic OR divides S into two parts S,and S,.

Also it is assumed that the boundary conditions upon @ on the portions

'y and Tjpare as follows:

M(x,t,#) =0 , (x,t) e Ty, (2.6)

N(x,9)

0 , (x,t) ez, (2.7)

The control problem can now be stated. It is postulated that the

position of the curve OL has to be found, subject to (2.5) being



IS

satisfied, in order to minimise the performance criterion I defined

by
™.T
P(x, t, 0, 0 )dx dt + Q(x,T,0) dx + £f(T,a a’,a”)dT ,(2.8)
1 LR T=0
the functions P, Q and f being prescribed; in other words the
function a(r) which was introduced in (2.1) must be determined. It

is clear from characteristic theory that any variations in the position
of the curve OL, such that a(0) = 0, will influence the value of
0 in only, the value of 0 in being unaffected by such variations.
It is for this reason that the double integral in (2.8) is taken

over the domain Si only and not over the whole domain S.
Consider now in place of I a new functional J given by

g 0 + X(g - 0~~ dx dt Qdx + f dx ; (2.9)
si LR T=0

where X'is a Lagrange multiplier depending on x and t. By introducing

a Hamiltonian H defined by
H = P(x,t,0,0~ ) + Xg(x,t,0,0~ ) , ¢ .10)
J in (2.9) can be written in the form

H - X0~) dx dt + Q dx + f dr € .11)

Si arcLR T =0

The value of the increment, 6J, in J when a variation occurs in the
location of OL is now investigated. The variation in the position of

OL can be done by adding to a (k) and increment 6a (x) at the same time x .

t=x

Figure 2.2
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The curve OL i.e. x = a(1), t=1 , (2.12)
will be regarded as the curve which provides the minimum of I in,

(2.8) and the varied curve is OL', namely

x=qa(t) +6a(r) ,t=1, 0<T<T (2.13)
a(t) and Sa(r) are assumed to be continuous functions satisfying
«(0) = 0, 8a(0) =0 . (2.14)

The postulate (2.14) implies that no variation occurs at ;he

origin so that the characteristic OR is unaltered in position. The
new value of @ on OL' will follow from the boundary condition (2.6)
but the value of @ on T, , see (2.7), remains unchanged in the

variation and likewise on the characteristic OR
g =0, (x,t) e characteristic OR . (2.15)

Specialising the Gelfand - Fomin result to the two dimensional space

S1 in the (x,t) piane this result can be stated as follows : with
X1(0) -U Flx,t,0,0, ,0, ) dxdt  , (216

1
Fx,t,0,0, .8, ) = (H - 28, ) : (2.17)

the increment Gﬁ.is given, from (1.29), by
sxl-J J%‘@'%% - 2_F, -_3__F¢§dxdt
) 3% X 3t 't

+f f 2 (Féx+ 8P F, )+3 (Fét + 80 Fy )¢ dx dt (2.18)
i X X 3t t

where 6@, from (1.13), the increment in the function @, is related to

Ea'by

.

8¢ = §F + 3¢ ox + 3¢ St (2.19)
ox ot

and 8x, 8t are the increments in x and t arising from the variation

in the domain S .
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Using Stokes' Theorem in [2] , (2.18) can be written in the form

3% %% 3¢
- (F6t+8@F, ) dx . (2.20)
Pt g

-] Jw _ -
§Xq J 50 EF -3 F 8__F¢t3dx dt + J {(Féx + WF%{ ) dt
OR+RL+LO

The variation of the line integral

j Q(x, T, @) dx R (2.21)
LR

can also be discussed using the Gelfand - Formin result. Thus

using (1.29) gives

§%, ’JRW{% -g; Q¢xg dx +JR _g?{q §x + quxgdx.

Qb is zero since Q is independent of ¢4 , hence
x

6:3(2:—=J:R6¢ Q¢ dx +£R g_x (Q8x) dx
-JWQ¢dx+ [Q Gx]xng
LR x==xL

At x = xR » 6x = 0, so finally

6X2 “J WQ dx - Q(xg, T, Op) ‘fo (2.22)
Txmx o
6J in (2 11) can now be calculated using (2 20) and (2 22). Thus

8J = |SPIF -3 F -3 _ dx dt + (Féx + 8¢ F, ) dt -
J‘Sl‘[ g P = ¢x at ¢g ) OR+JL{+LO xl' $x
- (F6t+WF¢)dxg
t

+ f WQ¢ dx - Q (xL, T, ¢L) 6x| + I{faéa +fo18at+£f 0 Sa"{dT

LR X =0
L (2.23)

At any point on OR x, t and @ remain unaltered by a variation of the
position of the curve OL and so 6x, 6t and 6@ are zero at such a
point, which means, from (2.19), that 6@ is zero on OR. Therefore
there is no contribution to &J from the integral along OR. On RL

t = T therefore dt and &t are zero. T 1is unchanged by the variation

of QL so on OL §t = 6t = 0. So
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j jﬁ'g o 2 F¢£dx dt + Rj;c‘d Fd’t dx +L£6¢ q, dx
jo{ (F &x + WFqu)dt - TF 6, x‘g - Q(xy, T, Q) &x \._xng
1} £ 00 + £ s’ + f Ga"} dr . (2.24)

T O ,
e R R S
{(Fax + m F, )dt - @’F dx} - Q(x,,T,8 )6x\
arc OL x=xL
Tf £, Sa + £, Sa' + £ ca"g dr . (2.25)
=0

On OL the boundary condition must be satisfied, and so

M(a(t),t, @) = O , (x,t) € OL ;

and in the varied state the boundary condition to be satisfied is
M(a(t) + Sa(t), T , B +88) =0 , (x,£) e OL' . (2.26)
Expanding (2.27) by Taylor's theorem

M@ (t),T, @) + 3M S0 + 3M 6@ + ..veue =0, (x,t)e OL' ,

sa W

where _§21_ = }_3& .

‘ 3a 93X o
X=q

OL is the curve that minimises 3 and so for a minimum

M b +M @g=0 |, (x,t) € oL, (2.27)
Ja FT)
and so .
8¢ = - SaMg , and
My
§ =- M, +38 6o , (x,t) € DL (2.28)
M X
()
thus
8J = |FCF, -3 F, -3 F dxdt+j<ﬁ(¢ +F, ) dx
JI{“’S}‘%E‘“& LR A
S1
-JﬁazF-F¢(y_g_+¢x)dt+F¢ My + @) dxg
X M¢ tM¢
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T
-Q (x, T, Q ) 6x| o+ Igfaﬁa +E , Su + £ 0" 2 dr(2.29)
X=X =0 .
J‘J‘G@T §_F¢ -_3_F¢E dxdt+f 8¢ (Q¢+F¢)dx
S1 T 9x X ot t : IR t
- J‘ GagF-F (.}.I.m +¢‘x) +F¢t :44 +¢)da(-l-)
=0 (]
- "
QG , T, 8)) 6x|. T %f Sa + £ 6a +f ,8a ng(Z 30)
, Xx= =0
since on the arc OL x = a(t), t = 1, and dx has been replaced by

a'(r)dr.

Now integrating f ,8a' and fanﬁa" by parts gives

T ‘
f ,8a'dt = 68a | £, —T o of vdr , (2.31)
Tio Tlo =0 5?0
T £ 6o" dr = 6o’ I } Sa' 3F mdr
=0 =0 oT
'1‘ T 2¢ -
= ' - Ga af u+t 50. ] f " d‘[ . (2.32)
l TLO 31 T=0 3;2a

Since there is no variation in the curve OL at the origin 8a is

zero at T = 0, and so 8J may now be written as

aJ-f §gGF d -3 F dxdt+I876(Q +F ) dx
Sf[r E¢ 9% ¢x -3_ ¢t3 arcLR ¢ O
- - - d
+TL06a%f‘ g_g £~ F + [F F¢ta-r(:;] 1_4:+¢]§ 'r
+ [Ga(F - - QGx,T,9) :] + [ca' En] . (2.33)
81{ =0

T=T.
As &7 and Sa are arbitary variations it follows that for I to be a

minimum 8J is zero so

F, -3 F, =3 F. =0 , (x,t) e S (2,34)
¢ g; ¢x _3? ¢t 1 ’

Q +F, =0 R (x,t) € LR , (2.35)
) ¢,

f-093f,+ 326, =-F+[F =-F a'() +@)1 =0
A R e
(x,t)e OL ; (2.36)

Since d&a(¥ 0) and Sa' (¥ 0) are independent variations at t = T
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fy -3, -Q&x,T,0) =0, at ¢t =T (2.37)

9T
£,m= 0 (2.37 a)
o
At T = 0 either a'(0) is given or fan =0, (2.37 b)

From (2.17) F(x,t,0,4 ,0. ) = H(x,t,¢,¢x ) - Mbt
and from (2.10) H(x,t,¢,¢x ) - P(x,t’¢’¢x ) + Ag(x’t’¢i¢x )

and so

F = + .
o "Bt P8 ‘

F =P + Ag

Using the above (2.34), (2.35) and (2.37) can be rewritten as:

P -xg -3 [B +3g ] +3 =0 , (x,t)eq , (2.38)
¢ ¢ xJ ot

Q -A= 0 , (x,t) e LR , (2.39)

£ - 32 - P = X(g = + et =
£, =3, +3%,,~P =) ¢t)+ Py -!-J\gqs + da'(1) lﬁa+¢x o,
9T ot X x 9
(x,t)e OL . ‘ (2.40)
Equation (2.40) is the transversality condition and from it the value

of a(T) which minimises J may be found. Equation (2.38) is the co-

state equation.

A simple example of the above theory will now be discussed. 1In

this example the state equation is given by

@ + ad =0, a>0 , (2.41)
at 9x

i.e. g(x,t,¢,¢x ) =-a . (2.42)

2
9x

The performance criterion is defined as
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I -J J 192 dx dt + JI (fo? + fo'2 ) dr (2.43)
§ =0

ie. P(x,t,8,8) = 192 s (2.44)

Q(x,T,8) =0 ’ (2.45)

fla,a',0",7) = ja? + ja'2 . (2.46)

J =J J§£¢2 - Aad, + ¢t ) dxfdt + } (a2 + }a'2 )dr.(2.47)
S 1=0

The boundary condition on OL is

M{x,d,t) = d(x,t) - ¢°(x,t)=° x=a(t), t=r. (2.48)

The ordinary differential equations of the family of characteristics

of equation (2,41) are

dx = a and d@ =0
dt dt

which imply
X - a t = constant and @ = constant,on the characteristics and so

P(x,t) = x(x - a t) ' (2.49)
‘where x is an arbitary function.

At x = a(T), t =1 , d(x,t) = ¢° (x,t) so

x(a(t) = ar) = ¢ (a(r),T) . (2.50)
From equations (2.38), (2.41) and.(2.44)

@(x,t) =3 (-ar) +3r =0
9x ot

and using (2.49),

ad\l +3\ =-x(x=-at) . (2.51)
9x ot .

To solve equation (2.51) put

E=x=-at , n=t N
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then

3 =3g 3 =3

9x 9x 9 oF

2 =2E 2+ =-ad_+3_

ot ot 9g Ot OoH oF 9n
and so (2.51) becomes

ad) - ad + 3% = ~x(£ )

oF 9t 9on .

A = -x(&) - (2.52)
n

so A B-nx(g)+)s(n) ’ (2.53)

where Xi is an arbitary function. Therefore
A==t yx(x - at) + xl(x - at).
From (2.39) A is zero at t = T since Q is zero so

T x(x - aT) = ﬁ.(x - aT)

and
A= (T -t) x(x - at). _ (2.54)
Ma and.M¢ can be found from (2.48)
M =3 | s and
@ 9x X=0
M --28, s
9x 9x
M = - 325
o X .
X=0
M¢ =1,

and so in this problem equation (2.40) becomes:

a(t) = o"(1) = § 82 (x,t) + Ag_‘c& - ?_p_ogg'(r) - ag =0, x=a(r), t=r.

9x 9x

x=a (1) (2.55)
t=T

From (2.49) ¢(x,t) =y (x - at)

therefore 30 = X'(x - at)
ox
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L = x'(a(x) - a1). (2.56)
o0x ¥=g

Put a(t) - at = w(T), then
xfw(®i =0  (a(v),T ) from (2.50) ,
so differentiating with respect to T,

Yw(t)! dw = 3¢ a'(t) + 3¢ ,
xque dat 320%:%(1) 3T

or

[a'() -a] x"(a(D) - at) = 3¢, a'(M) + 38, . (2.57)

Using (2.57), (2.56) can be written as

W) = 28 a0+ 28,
ox yza(t)  axgza(r) T
a'(t) - a
so
3¢ - 3¢ = 3¢ a'(t) + 3@, - 3¢, .
3% 3;92%:%(1) 3}4%:%(1) 3T 3xJ§:%(T)
a'(t) - a
= 30, + a 28,| . (2.58)
T ox  g=a(r)
a'(t) - a

From (2.54) A = (T = t)X (*(7) - at) on OL and as

Bo@(1),T) = x(a(T) - aT)

A= (T=-1) 8, (e47),T), onOL. (2.59)
162 (x,t) becomes §¢%(a(r),r) on OL‘and so using this, (2.59) and

(2.58), (2.57) can be written as

a(t) = a"(1) = § 92 (a(D),r) + (T -1) B _(a(D),T)C WP+ addo| X
‘ gvar ax. gaa(r)

a' (1) - a
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% (a'(t) —a) =0

ax

a(r) - a"(r) - {62 Ga(r), )+ (T =) g, (a(r),t ¢ + adg, ‘
:Eﬂa(r)
(2.60)

The solution for a(t) which minimises I may be found from equation
(2.60), together with the boundary conditions (2.14) and (2.37).

%

Take the particular case where ¢° (x,t) = x*, Here
Gola(t)yr ) = ogf('r), so (2.60) becomes
a(t) = a"(t) = falr) + (T =13 %('r). } a &Jf('r) = 0

a"(t) - $3alr) + a(T v)§ =0 . (2.61) .
Putting p (t) = a(t) + a(T —-1) (2.62)

then ¢"(t) = a" (1)

and (2.61) becomes
PVWGE) -byk) =0 . (2.63)

The boundary conditions on (2.63) are:
- from (2.16),
a(0) =0, i.e. py = aT , T =0}
from (2.37),
a'(T) =0, i.e. p'(T) = - a T = T,
Using these conditions (2.63) may be solved for (1) and hence the

value of a(r) which minimises I may be found from (2.61).



CHAPTER THREE
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CHAPTER THREE

A Second Order Hyperbolic Partial Differential Equation Example of

the Use of the Gelfand-Fomin Theorem.

Let S be the domain in the (x,t) plane indicated in figure (3.1);
S is bounded by the closed curve OARL with AR being a portion of the
line X = Z and LR a portion of the line t = T. It is assumed that the

equation of OL may be expressed in the form

X = a(T) ,t*=T ,o0T<T , (3.1)
T being a time parameter, with a(0) = 0.
t
=T
0
X

Figure 3.1

The shape of the curve OL is unknown initially, that is a(x) is an
unknown function of T, and later it is attempted to find the curve OL
in order to minimise a particular performance criterion. With a(0) =0

the curve OL always passes through the origin.

A function 0(x,t) is defined for all (x,t)eS and 0(x,t) satisfies in S

the second order partial differential equation

370 = c”3%0
foil ey

’ (3.2)

where ¢ is a constant.
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Putting 99 = cdy T, (3.3)
ot 9x

then cd¢ = 3y . (3.4)
9xX ot

The boundary conditions on OA are

?(x,0) = @,(x) » y(x,0) = Y, (x) 3 (3.5)
on AR,

gZ,t) =0 ; (3.6)
and on OL,

M@, alt), a'(t),t) =0 . 3.7

The ordinary differential equations for the families of characteristics

for equation (3.2) are:

C+: dx~-cdt=0 i.e. x - ct = constant = ¢ s (3.8)

C~-: dx+cdt =0 i.e. x + ct = constant = . 3.9)

It is assumed that a moving point on a C+ characteristic commencing
at any point on OL or OA will travel witﬁ increasing time into thé
-domain S and will eventually meet either LR or AR in a single point.,
This implies that the slope of OL at the point t =7 must be greater

than the slope of the characteristic at that point, that is,

It is also assumed that each C- characteristic commencing at any
point on OA or AR will travel (with dt> 0) into the domain S and will

eventually meet either OL or LR in a single point.
From (3.8) and (3.9)

=3 +3 , 3
ot

IR = =c3d +cd
9x ot on

%

and equations (3.3) and (3.4) become
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cf ™9 + 90 \

9C 9n
and
c/ + 9~ - c/“94 + 9> »
A oC 9n A 9n 4

giving on addition and subtraction

2 90 =2~ 2 90 -29~
9n i

It follows from the above equations that

(0O -3ip =0 , 9 O+ ip =0
~ 3%
hence
(a) 0 - ~ is constant along the ¢ = constant characteristic ;
(b) 0 + I is constant along the g = constant characteristic.
t=
c_
P (x)

Figure 312

Accordingly if FQ is a C- characteristic then

where 0 iog9 0~ and denote the values of 0 and at the points P

and Qr (see Figure (3.2) and this equation can be written in the form

O(a(x),T ) + ip(a(T),T) = 0~ (x) + 47(x) (3.11)

where (x,0) are the coordinates of the point P. Since x + ct is constant

along the C- characteristics this becomes



0 (a(x),T) + %i(a(T),T) W 00 (a(r) + cr ) + po (a(x) + ct )

hence
N E O(a(x),T) + ~(a(T),x) - 00 (a(x) + cx) - \l;o (a(x) + cT) “ 0 (3.12)

is true for all x in the range 0<x<T and is valid on OL. Accordingly
there are two conditions to be satisfied on OL, namely (3.7) and

(3.12).

The controllable area of the domain S must now be determined when the
curve OL varies in position. Consider first the case where the C+
characteristic through the origin meets the line AR in a point H.
The C+ characteristic through any point Q in the triangle OAH will
originate on the line OA and the C- characteristic through this point
will originate on either OA or AR and so the values of 0 and * at Q

will not be affected by any variation of the position of the curve OL.

t
0
Figure 3.3
Hence the domain OAH is uncontrollable. At any point, B, in the

domain OKRL the C+ characterisitic will originate on OL and so the
values of 0 and * at B will alter with a variation of OL. Hence

the domain OHRL will be regarded as controllable.



Consider next the case where the C+ characteristic through the origin

meets the line LR in a point K. It can be shown by a similar

Figure 3.4
argument that the domain OARK is uncontrollable and that the domain

OKL is controllable.

The latter case will now be discussed more fully. The position of the
line AR will be taken to be such that the C- characteristic through K
originates on OA and not AR. The control problem is to minimise a

performance index I given by

F(O; dx dt + Jr Q(0, *,x,T)dx + E f (a,a*,a",T)dT,
LK T=0
(3.13)

where Sj is the domain OKL, as the position of the curve OL varies.

t=

C+

Figure 3,5
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In physical terms this can be interpreted as a string of length

I being fixed at one end, A, The string is moved, with the free
end O describing the curve OL after time T. The control problem
will determine the optimum path for O to follow to minimise a given
performance criterion. If @(x,t) represents the position of the

string at a point x at time t, then, if the string is to be as

NP = ¢(x,t)
N A

Figure 3.6
close -as possible to some prescribed shape ®(x) at time T, the

performance index will be P= 0, Q Ei¢(x,T) - @(x)g 2, ¥ is related
to the velocity by c3¢ = 9y and so for the velocity also to be as

X ot
near as possible to a prescribed velocity W(x) at time T»>Q becomes

QBGE) 8§24 SV - ¥}

Consider now instead of I given in (3.13) the new functional J

given by

szpn(q) - oV )+ -c¢x)gdxdt

+ J\Q(¢ V,x,T) dx + f(a a'ya",1)dr , (3.14)
K

where A and yu are Lagrange multipliers depending on x and t. The
increment, 8J, in J as the position of the curve OL varies must now be
found. The variation of position may be achieved by adding to a(t)
the increment Sa(t) at the same time 7. The curve OL i.e.

x =a(q), t = ¢, (0<TT), will be regarded as the curve which provides

the minimum for I in (3.13) and the varied curve will be OL', namely
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Figure 3.7

X = a(r) + (aCr), t=7T, (0<T<T),
The functions aCx) and 6a (%) are assumed continuous and satisfying
a(0) =0 , 6a(0) =0 . (3.15)
The extension of the Gelfand-Fomin result may now be used to find 6J e

Let

~A : = - i -
F (0,0 & ,0  ,xt) =P+X(O -dp )+yN -c0) (3.16

F dx dt
+ 6gpF, - a F, - a F, /dx dt
8x 'x at 't / a; at \J3
r
Féx + “F = + GIF, +a F6t +*F + §5; F ,dx dt.
X % at at e
(3.17)

where 60 and 6ip, the increments in 0 and ip, are related to 60 and

Gjj by
60 = 6°+ 20 6x + a”~ 61 (3.18)
ax at
dl, = » 6x + 2" 6t (3.19)
ax at

Applying Stoke's theorem in [2 ] to the second integral in (3.17) gives

6Xi Y«0 'F - a F - a F “+ 66GpF - a F-a F *x dt
I / a3r \ dT t "'g'f
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+ J{[st +8F, + 8y F ] de -[For + 3F + SYF 1ax o
OK+KL+LO Oy Vx PN
(3.20)

Q is independent of ¢x and Y, 80

XEXK .

8Xp = JK{G(D Q¢ + G—wazdx + Q6x lxz’&‘

and since 6x is zero at the point K
= J‘ P q + &Q 7dx + QGx‘ . (3.21)
sz ¢ V3 X=Xy,
6J may now be written down from equations (3.20),(3.21) and the variation
in f(a,a',a",1).

GJ-JI{W -2F, ap¢}+[§,} F,=2_F, -LFwt:[gdxdt

X x X x 9

+ {[st+WF + 8y F ]dt-[Fat+c—¢'F +5¢F ] dx ¢
CK+KL+L0 x 1px t

+ + +
+ [ {Bo +&Hq pax Qx|
LK x=x,

Tj{f sa + £ ,6a'+ £ fu "7 dr. (3.22)

ot a a
At any point on OK x,t,# and y remain unaltered by a variation of the
position of curve OL and so 6x,6t,8¢ and 8y are zero at such a point,
which means, from (3.18) and (3.19), that 8@ and Sy are zero on OK,
Therefore there is no contribution to 6J from the integral along OK.

OnOL x = af(r) , t =1 and as T is unaltered 8§t = &§¢r = O, Since

t =T on LK, dt and 8t are zero on LK. &J can therefore be written as

83 = -3 F =2 C + &HF -3 -3 F 4
jfz’a [F ¢x > F¢t:I + w[Fw LT, ~L w{l?gxdt

1‘.[ §[Foa + _¢'F + ] ['6'_0'1? + TYF J
J{W 5 t} + 3_ + F JE x + Q6x X-XL
+ I 3 f Sa + f a0 + £ ﬁa (3.23)

0]
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On OL the boundary condition M = O must be satisfied so
M( @p,a(r),a'(t),t) = 0 .
On OL', i.e. x = a(t) +Sa(t), t=<1,
M = O must also be satisfied so
M(@ + 88,9 + &y, alr) + Salr), a'() + Sa'(r),T) = O .
Expanding this by Taylor's theorem gives
M( ¢,p,a(t),a' (1),T) + 6¢M¢ * SyM, +6aM_ + Sa'™ . = O
where M = M ( @, ¢,a(r),a'(t),7) .
It follows from the two equations M(@,y,a(t),a'(r),t) =0
and M (@ + &0,V + 6¥sa + Sa,a' + Sa',T) = O that
6¢M¢ + SyM, + GaMa + Ga'Mu,= 0, on OL. (3.24)

4

Equation (3.12) gives a second relationship between @ and ¥ for all
values of T on OL and in a similar way it follows that

§gN, + SN + 6N =0,  omoOL.  (3.25)

v
Eliminating first 6y and then 6@ from (3.24) and (3.25) gives

¢ = GG(MG N‘l’ - NaMlJ)) + 8o’ Ma. N\U 3
o Mg Ny TN M,
Sy = Ga(M(!Ntb - NaM¢)+ Sa’ Md.' N(b N
MNs =N M

For convenience let

MN -NM, =A
a P a’y 1

M¢NW-N¢M¢

M = B

we

a#qw

M~y - N My
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MN -NM = A, : (3.26)
S0 o ¢
Mq)-N - NM

[ v e

MG,N¢ = By :
MNo = NyMy
then

8¢ = 6aAy + Sa'B; Y = SoAz + Sa'Br ;

and from (3.18) and (3.19)

80 = S0A; + 6a'By - 38 &x - 39 Ot , (3.27)
9x ot

Sy = S0A2 + Sa'By - Y &x -3y &t . (3.28)
9x ot

Since x = qa(t) and t = T on OL 6x = 8a and &t = 6T and since T

is unchanged by any variation in OL (i.e. 8T is zero), then

W**Ga%Al-g%z + 6a'B; , on OL;
Y = 8a { Ao - %g g + &8a'B2 , én OL;
where

@ - |, aveav :
Ja 9x x=0 (1) 9a  9x x=a ()

Using integration by parts in the final integral of (3.23) and writing

do as a'(t)dt , §J may now be written as

GJ-ISIEW [p‘¢-‘%_F¢ -LF%] + 8V [Fw-g_iwa—a_FwJded:

T X X 23t at
+ |18 f -df + d%f ~F -F, (A1 -3¢ ) - F - 3+
‘[0{ i I: @ ?i"?a' R x %a \px(Az 3':?
¢ Fy G- %) a'(D +F, Ay -_g_z) a'(r) ] -
- &' [F¢x By *Fy B, - (Fy By + Fy B, a'(p] ¢ dr
+ ga-Q+F]+8Tp’Q +F }dx+qcx|'
irxg [ AL [w it] bl ?
+ 8o [fa - _J?'jr + Sa'fqyn | . (3.29)
dt =0 =0

-9
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Integrating Sa'(F, B +F B - (F. B +F B ) a'(r)
L L o1 b, 2
by parts gives

T
T{(F -F¢ a' (1)) B + @, —F“’ta () Bg l

x =0

Léa{ [(F - F, a(r))B+(F - F a('r))Bj]}d-r,
dt x wt

and from (3.15) 8a(0) = O. Accordmgly

GJJ {6¢ -3 F 3F]~l+‘6?[F—8F-3F cixdt
,f 3% %% 3t ‘¢ V3R ¥ 3t %t

2¢ - - - U - N -
fcai dfa' -:11—2 F (F¢x F%a () (A1 %g)

-(F, -F a'(r)) (A =-3p) +
l1'Jx wt g 2 % ’
' - ] d
%_ [ F ()8 + (wa F’Pt a'(r) ) Bz]f t
+ T(Q +Fy ) +6w(Q¢+F ) 3 dx + Qéx
t t x=xL
+ Gaifa, - %an - (F¢x - F%a'(r).) 131 - (wa --Fwta @) ) B&
+ 8o’ £ TiO . (3.30) =T

Substituting for F from (3.16) gives. . . . . . . . . . . ...

GJ-J ¢ Py +cdu -3 + &P +3_"3E1 dx dt
5x ¢t Vo3 3t
! c

d1; dar? ot ax ot 9%
* (en +2a'@))(A -30 )+ (A +ua'@)) (A -3 ) -
o a0

-d [ (cu +xa'@) )B + (c) + o' @) )BJ g'dr

ey 1 2

th{ B(Q +N) + Q) § dx
+ Ga{fa' '%f_au + (cp + Aa'(r) ) B1 + (e +pa'@@) ) 132 + Q}‘
+ Sa'f o T (3.31)

TE

For a minimum of I in (3.13) &J must be zero. Since 6@ and &

are non zero and unrelated in S, and on LK and gince 8o and Sa'
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are arbitary variations then when 6J is zero

AP + cdp -3\ =0, x,t) e S, (3.32)
G X t
9_11 + Cﬁ = _3_1_1_ - 0’ (x’t) € sl ’ . (3-33)
L1 9x ot

f(! —éfg""-dzfan- P+ (cp +2t(@) ) (Al "%) + () + u(!'(r))(Az -%%_) =

dt dar?
-d [(enm+2"G))B + (A +ua"Gc))B | =0, (x,t)e0L,(3.34)
dr
% +A=0 |, (x,t) eLK, (3.35)
% +u=0 , (x,t) elK, (3.36)

£ =4+ P+ (cu +ha'@) ) B o+ (A +ua'G) ) B, + Q=0, 1 =T (3.37)
&

fuw=0 N T =T, (3.38)
a : .
at Tt = 0 either «'(0) is given or fa" =0, (3.39)

As an example to illustrate the above theory the case, described
earlier, of the string being required to be as close as possible to a

prescribed shape ¢ (x) at time T will now be discussed. Here
P=0 » Q= §0G,T) -0 (x)¢
and £ will be taken to be

£ = 4a2@) + Ja'2(x)

and the initial and boundary conditions are

¢

o o, wOEO s

M

¢ -oa(x) =0, ¢,t) =0 .
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Figure 3.8
It is assumed also that the line AR (see Figure (3.8)) is such that the
C- characteristic through K meets the x - axis in a point E such that

< X

The state equations

30 — ,
3t 9x
c 9 =g
IOx 3t
Equations (3.32) and
c B 3X = (3.40)
3x 3t
c 9X e+ 3y =0 (3.41)
3x 3t
Differentiating (3.4(
gives
c 3%y - 3*X =0,
3x31 3t”
c 37X - 9%y 0
3x” 3t9x
and so
0>~ 3"X - 3"X = 0. (3.42)

3x”

3t”
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The'solution to (3.42) is
A(x,t) = A(x - ct) + B(x + ct) . (3.43)

where A and B are arbitrary functions.

From (3.40)
A e
ot X

s0

cdpy =-=c A (x~-ct) +cPB (x + ct)

u(x,t) = - A(x - ct) + B(x + ct) L (3.44)

From equation (3.26) it can be seen that, since Q is independent of

¥ in this case, u is zero on OK, that is when t = T, so
u(x,T) = - A(x = cT) + B(x + cT) = O

therefore

A(x = c¢T) = B(x + cT) for all x.

A(E = 2¢T) = B() for all ¢ , and so
A(x,t) = A(x = ct) + A(x + ct = 2cT) , , (3.45)
WGx,t) = = A(x - ct) + A(x + ct - 2cT) . (3.46)

Equation (3.35) gives with Q= @(&x.T) - ¢ (x) 2,
A==2700C,T) -0()¢ (x,t)e LK. (3.47)

It has already been seen that @ - ¢ is constant along the C+

characteristics so

@ (x,t) = v(x,t) = @(a(1),T) - ¥v(a(T),T ). (3.48)
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@ + v 1is constant along the C- characteristics, so,from (3.12),
Pla(t),t) + y((r),T) = ¢o (a(r) + et ) + wo(a(r) +cr).  (3.49)

Since the boundary condition on OL is @ - a(f) = 0, (3.49) may

be written as

V(a(r),t) = ¢o (a(t) +c 1) + wo(a(r) +c 1) = alr)

and using this and the boundary condition (3.48) may be written as
Pex,t) - ¥ (x,t) = 2a(7) - ¢o (a(r) + cr) -wo(a(r) + cr)

hence

#(x,t) - ¥(x,t) = 2a(r) |, (3.50)

since ¢o and b, are assumed to vanish identically on OA. Proceeding
along the C - characteristic through (x,t), which characteristic

intersects the x - axis at the point (xc> , 0), then

@(x,t) +y (x,t) = ¢° (xo) "'lllo(xo)

hence

@(x,t) +1p(1‘c,t)‘-0. | N - (3.51)
Adding (3.50) and (3.51) gives

20 (x,t) = 2afr) , (5.52)
for all (x,t) in OKI;, and so u;ing (3.47),

“A(x,T) + 20 (x) = 2a(7), (3.53)
where T-is defined by a(r) = ¢t = x = cT.

From (3.45) A (x,T) = 2A(x - ¢T) , so

- 2A(x = cT) + 2 o (x) = 2a(T), a(t) -~ ct = x - cT,

Afa(t) - ct}= - a(t) + éfa(r) - ct + ch , for all ¢ .(3.54)
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From (3.12) a condition on OL is

N = ¢@(r),) + ¥(a(r),1) - @ _(alr) + ct) = y (a(r) + ct) =0
and since ¢o and "po are assumed to be zero OA

Nz @@(t),r) + pl(t),r) =0 .

The other condition on OL is

M=¢ -a(r) =o0.

Using the defininitions in (3.26)

Al-_l ’
B1-= o 3
A =1 H
2
B = 0 .
2

30 and 3V in equation (3.34) must now be determined. From (3.52)
Ja da

@(x,t) = a(t), and a(r) ~ et = x - cT.

so
3@ = a'(r) 31 , and. [a'(1) - c]‘gl -1,

9X 9x 9x

g = a'(t) .

9x a'(t) - ¢

@ =239 | = _a'(1) .

da x x = a(t) ca'(t) -¢
From (3.51)

v(x,t) = = a(t) and a(t) ~ct = x - cT ,
so

W =-a'(r) 3t and [a'(1) - c] =1,

9x 9x ax

hence 9y = -a' (1) .
3a a'(t) - ¢

Since f = }a2(1) + }a'2(1)

f =a , df v =qa" |, d2f =0,
@ E?a dt?
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The transversality condition (3.34) can now be written as

a' (t) -

+[c)\+ua'('r)]€1+ ot (1) g = 0,
o

T) = C

alr) = a" () + [cu + da'(1)] g -1 - a'(r) 3 +
Z 5 Cc

la() - o"(@)] I:q'(r) ~c] -[en #+#ra'k) =cr = pa'@)] [2a'G) +cJ=0
(3.55)

From (3.45), (3.46) and (3.54)
A(a(r),t) = Afa(t) =ct i+ AJalt) + cr - 2cT ¢

= -a(t) + ¢fa(®) —ct +cT§ +AJalk) +er = 2cTY ;

u(a(r),r) = -Afa(r) - ct? + Afalr) + cr - 2cT¢
=a() - ¢fa() —ct + cT7+A §a(r) +ct - 2T}
Thus replacing A and u in (3.55)- gives
[a(r) = a"][a' @) = el -[a' () -  [-2a(x) + 20§a(r) = et -+ cTf[20'(x) = C]
=0
- 2ctfa(r) = ct + cT§ =0

a"(t) + ba'(t) [®falr) = ct + cT§ - a(r)] + 2calr) - 2c¢{a(-r) - cr + cT}= 0
(3.56)

a(T) may be determined from equation (3.56) together with the boundary

condition at T = T obtained from equation (3.37) .
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CHAPTER FOUR

A Boundary Control Problem in Unsteady One Dimensional Gas Movements.

This chapter is concerned with the one dimensional movementof a gas
in a semi-infinite tube of uniform section, thegas being bounded by a
moving piston. At time t = 0 thepiston is at the originx = 0 and the

gas in x > 0 is in a state of restwith uniform density pand
0

uniform sound speed c (cr = iquA). For t > 0 the piston
0 0
is moved away from the gas so that at the time t =T its displacement is
X = a(x) , a(0) =0 , a(x) >0 , (4.1)
where T 1is a time parameter. A wave of'rarefaction 1is formed at t = 0

and this travels in the direction x > 0 so that the leading edge of the

rarefaction wave is at x > cot at time t.

TT .

X=C

Figure 4.1

For x > ¢t (Region I, see figure 4.1) the gas remains undisturbed.
In Region II the gas moves in the x direction with speed u(x,t), density
p(x,t) and pressure p(x,t) and the governing equations are

0 + u 9J -1 3p (4.2)
3t 9t P 3x
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3p +3(u) =0 . (4.3)
ot X

It is assumed that the adiabatic condition
P = K pY (4.4)

is satisfied with y = cp / c, Equations (4.2) and (4.3) can be

rewritten in the form

3u +uwdu+ 2 c3c=0 ; (4.5)
at ax vy-1 X -
2 38 +2 udc+cdu=0 H (4.6)
y=1 9%t -1 9x 9x

where ¢, the local velocity of sound, is defined by
c2 = ky pY-l . 4.7)

In the problem the piston movement will be looked upon as the control,

and the piston movement must be determined such that, for example,

x=c T
I =} ° B(x) ¢ ulx,T) - u*(x) 72 + y (x) g c(x,T) - c*(x)?2 | dx
oy (809 g ; )
T
+ 4 j‘ gaaz('r) + ba'?@@) + ca"z('r)g de ’ (4.8)

=0

~with @ > 0,9y > 0 V x, is a minimum, in other words the piston control
is found so that u(x,T) is as close as possible to a prescribed

function u*(x) and c(x,T) is as close as possible to a prescribed function
c*(x), with the minimum expenditure of control energy. In general

however the problem is taken to be that of minimising a general function

of the form:

x=c T T
o}
- F ' " . .
I x{_a(T;f{x,u(x,T). c(x,T) § dx +T£o .{a(r).a @),a"e)fdr: , (4.9)

where £ and F are prescribed functions.
The method of handling this problem is as follows: From (4.4) and (4.5)

?t ox

3+ (u-2¢)a_ (u-2c) = 0, (4.11)
3 = YT

3 4+ (u+c)d_ (u+_2_ C) =0, (4.10)
g y-l
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(u + 2 c¢) remains constant along the C+ characteristics given by

Y-1
dx = u +c , (4.12)
dt
(u - 2 c¢) remains constant along the C- characteristics given by
y-1
dx = u- c . (4,13)
dt

The different regions in the (x,t) space will be distinguished as
follows. In Region I, namely x > c*t , t > 0 the gas 1is at rest with

u=0, p="Pg c=Cg , thus in Region I the C+ and the C- characteristics

are families of straight lines x * c”t constant and Region I will be

C+

v IT

bounded by x = cot

C_
Piston A u=0
displacement-* c=c
X = -a(x)
0 X
Figure 4.2.
The Region II is on the other side of the line x = c”t from Region I.

Region II called a Simple Wave Region (Courant and Friedrichs””) and
in this Region it can be proved that the C+ characteristics are straight
lines. For if P and Q are any two points in II lying on the same C+

curve which starts at A thus from (4.12)

u -2 c =- 2c . (4.15)
A y_l A y_l o
u - 2 ¢ = - 2 ¢ (4.106)
From (4.15) and (4.16) it is deduced that u® = u* , c¢” c” ; hence the

slope of the C+ characteristics at P, namely 1 is the same as
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the slope of the C+ characteristic at Q, namely 1 ’

+ Cg)
hence the C+ characteristic is a straight line. The C- characteristics
in Region II remain as general curves satisfying (4.13). Continuing
with the theory it is deduced that if A [ -aCr),? | lies on the

piston displacement curve then from the above theory

u =u (4.17)

Travelling on the C- characteristic through A back to Region I

- <0 +1:1"A (4.18)
Thus the slope of the C+ characteristics through A will be
(4.19)
c + Y+1 u. c - Y+la’ (x)
"A + 0 -y— A o
2
where a’ (r) = da . The equation of the straight line C+ characteristic
dx
through A will be
t-T (X + a(x) ) . (4.20)
c - y+l a*(x)
° 2

B(X,T)

(-a(T),x) A

Figure 4.3
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Suppose the C+ characteristic (4.20) meets t = T at the point B

whose co-ordinates are (X,T), then from (4.20), X will be given

by
X==oqa(t) + (T -1) [co - x%i o'()] . (4.21)
Furthermore, using (4.17), the values of up and c, are as follows:
u,T) =u =u = -a'(1), (4.22)
B A
c(X,T) = Cg ™ Cy =y~ x%l,a'(r) s (4.23)

using (4.18). The above theory relating to Region II is valid
providing the speed of the piston does not become excessive and this
limitation is discussed as follows. Eqﬁation (4.18) can be written

in the form

c, =& - 1l o'(0),

0

2
noting that cy = 0 if a'(r) = ZC% ; the vanishing of ¢ implies the
Y-

vanishing of the density p , thus if the piston speed becomes equal

to 2c, , the density of the gas in contact with the piston will be zero.
If Z;i biétbhvspéé& ﬁéﬁ ékéeédé 224 ﬁhé ﬁiétbﬁ‘wiii iéée‘ééﬁtéég Qifh
the gas and a vacuum will form bzzéeen the piston and the gas. In this
event clearly no control of the gas movement is possible. Thus in the

above problem it will be assumed that 0 < a'(1) < 2¢_.

-1

The substitution (4.21)13 is now used to change from the variable X into

the new variable t. Now from (4.21)
dX = § - a'(1) - c_+ l;_l_u'(r) + (T -1) (- j_';ia"(-r)) $dr
== c, - y=l a'(r) + y+l (T -t) o' () § dr. (4.24)
2 2

It is deduced from (4.21) that X = c,T will correspond to T = O provided
that a'(0) = 0 and X = -a(T) will correspond to T = T. Hence (4.9)

can be written in the form
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=T
I= f £3 - a(t) + (T -1) [co -ytla'(n], -a'(0), <, - y-1 a'(0)§x
T=0 . 2 2
x { ¢, =y=la'(r) +y+l (T -1) o" (1) $ dr +
2 2 ‘
T
s ] Fle@, '@, '@} ar . (4.25)
=0
or
T
I = I g{r, a(t),a'(1),a" (1) } dt . (4.26)
=0
where

2
x £§ - a() + @ =Dfc -@Da'() ], - e'(1), ¢, ~Q@=Da' ()}
2 : 2

g(t,a(r),a'(1),a"(r) ) =fc = y=1 a'(r) + y+1(T -T)a" (1) § X
2

+Ffal),a'(®,a" M ] . (4.27)

Thus the original problem has been transformed into one of finding
the function o(T) which will provide the minimum of the funcitonal I
in (4.26) which is the classical Euler problem in the calculus of
variations In order to study the boundary conditions the problem is
tackled as follows:

Consider the function

T
3E) = [ gft.a@ +en@,a'@ + en'(),a"k) +en"@) 3 dr
(o}

where y = a(t) is the function which gives the minimum of I in (4.26)

y and where y = a(t) + en(r) is
S a neighbouring function. J(0) =1
{N s
44 and the necessary condition for a
-a(r)
minimum is J'(0) = O.
1=T T

Figure 4.4
T

3'(0) = 1[{"(?)% +n1(Egyr +N"@hgn | &

fo[n(r)g * ') Seg - g g ] dt +[n' (g ]0_"

- f @) g, - a & fegr = & BT *[n" Wagn * 1~ L ,.}]

T

Thus the necessary conditions for J'(0) = O with arbitrary n(r) are
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g, - g_T_ gy * g_f_z gnm =0 , (4.28)
and
T .
[n'(r)ga" + n@) ¢ Byt ~ %;-ga"zjo =0 e (4.29)

Consider first the differential equation (4.28).
Writing
X(na(),0' () = £{-u@) + @ - O [c - @De'®] ., -a'@,
c, - (_y_;l) a'(t) § ,(4.30)
then (4.27) can be written in the form
g(t,a,0',a") =fc - (15_1_)01'(-:) * QT -1)a" (1) 3 x (r,a(r),a" ()
+ Fa(r),a'(1),a" (1) ) . (4.31)
Prom (4.31) it is deduced that
gyt~ -(Y-Tl)x +fe, - (_g_l_)a'(r) + (ﬁz_l_)(T -0a" (1) § xgr *+ Fyi,(4.32)
8™ (D@ = ) x(r,a(),a' (@) )+ Fon , (4.33)
By "{C T D@ ¢ @D - D" F x5 (6.30)

thus equation (4.28) can be written as follows:

a2 (+1) (T - 1) x(r,a(r),a'(x)) + F ,,
a7 g 2 @ }

dt

+d (;;_1) x = [e - 3;_1)a'(r> * @@ - " (] X1 - F“'}
+ { c, - (_Y_;l)a'('.r)+ (1;_1_)(”1‘ - 1)a" (1) g Xq * Fo = 0. (4.35)

Consider now the boundary conditions for the problem. Two of the
boundary conditions upon a(t) have already been noted and these are

as follows:
a(0) =0 , a'(0) =0 . (4.36)

The conditions (4.36) imply that n(0) = 0 and n'(0) = O and thus

(4.29) can now be written in the form
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n' (1) gyu LET PAMGe, md gy 0 . (4.37)

Since n(t) is an arbitary variation it follows that the coefficients of

n(t) and n'(zr) in (4.37) must both be zero, hence

0
]
(o
.
2}
]
-3

(4.38)
g n= 0 ’ Tt =T . (4.39)

These conditions allied with the two conditions upon a(t) in (4.36)

provide the appropriate conditions for the unique solution of a(T)

in the problem.
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CHAPTER FIVE

The Application of the Gelfand - Fomin Theorem in the Unsteady One

Dimensional Gas Problem.

The unsteady one dimensional gas problem is now discussed using the
Gelfand - Fomin theorem. The notation is the same as that used in

Chapter Four.

The governing equations of the gas are

9u +u9u+ 2 c 9%¢ *O0 (5.1)
"ot 9x 9x
2 9% + 2 u 22. c AW=0 (5.2)
9t Y-1 Jx 9x
X =c¢c t
(o]
0 X

Figure 5.1

As before the performance index I to be minimised is given by

T

I = £'x,u(x,T) ,c(x,T) 7dx + E£F £a(t),a’(T)a" (t) ,T?dT . (5.3)
LR ~ J T=0 L J

Consider instead of I the new functional J where

J .J Jre(x,t) Tu® + uu” + _2 ccx + n(x,t) _2c + 2uc + cuI9dxdt
si A T Y-1 ,Y-1 Y-1 =
+ ~f [x,u,cj dx + J F~a(T) ,a'(t),a"(T) ,T 5 dr , (5.4)

C and n being Lagrange multipliers depending on x and t. Let
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¢ = E(x,t) u +uu + 2 ce ] + n(x,t) [ 2 c, * 2 uc_ + cu , (5.5)
-1 1t ¥1

and
J = f I<1> dx dt. (5.6)
1 s
1

Applying the Gelfand - Fomin theorem to J; the variation in J;, that is

8J;, is given by

- r [\ - [} - o - -
831 Js‘[%“[“ o a_out]+ cB-2_o g_QFJ}dx dt

9%
1 —_— — —
+jf 3 [ ®6x+6ud + &cbo +93 [o6t+ 8uo + &co JUx dt
S — u (o} — u C
1 9x X X

and using Stokes' theorem on the second integral this becomes

83, =JI5€[0-3¢ -3 ¢ +t§-c-¢-_§__¢ -3 ¢ |(dx dt
54 U= u, c c c

X ot 9x x ot

X
d6x + Sud. + éc o :]dt-l:@Gt*- fSuo + é?qs}dxj
u C u c
x t t

+
OR+RL+LO %: [ x

O
o

(5.7)

It is known from the characteristic theory that x5 ¢, t and u remain
unaltered on OR and so there is no contribution to 6J from the integral
along OR. On LR, that is t = T, §t and dt are zero so the integration

along RL becomes

I Su ¢ + 8co dx. (5.8)
LR 5 U ct:f '

On L0 x = - a(t), t =T and the value of 1 at a point on LO is

unaltered by the variation of position of LO so &t =0 and

§x = =6a(r).

8u and §c are defined by

§u = 6u - Bu 6x - du St ;
oxX ot
é—c-ﬂéc-g_c_ 6x - 3c 6t .

ox ot

On LO these become

§u = Su + 3u da , §c = &c + dc Sa
da da
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where 3u = 3u | , ac 9c
900 93x x = =a(r) da 9x 'x==-a (1)

From equation (4.24) the boundary condition on OL is
ulx,t) + a'(r) =0, x = -a(r) ;

and the varied conditions are

St =0, 6x=-8a , O6u=-8a'

and on OL
cl,t) = ¢, = @-Da'()
2
so 6c = -(y=1) éa'(r).
2

Therefore on OL &u and &c may be written as

§u = - sa' + Bu Sa

. a

§c = -(y_-i)Ga' + 3c Sa
2 30

and the integration along LO may be written as

X X

LO da de
| B - LI,
4[(60; usade, + ( (=1)6a' - 3c Sade, } N .dqz.
, ‘ .o . .t .2 . - 94 t
or j g ¢$8a + (8o ' - 3u Ga)Qu + (=18’ = 3c Sa)o +
oL da x 2 3 Cx
' o ] -— | 1
+ ( ba '_2360)% a'@) + ( @-1)éa’ - 3c Sado @ DRE
a t 2 Ja t
= f Sa { O - ﬂx_ @ + 9 a'(t))- dc (@ + 9 a' (1))
oL { [ 3% ux ut -a—a- Cx Ct ]
+ &a' {@u +0, a'() + (-1 (@, + 0, a'(r)jj} dt .(5.9)
b4 t 2 X t
Integrating Iéa' [Q’u +0, a'(t) + (-, +9¢ a'(1))] dr
OL X t 2 .4 t
by parts gives
=T
sale  +0 a'(x) + (-1)(®. + 0 a'(‘r))]
[ Ux Ye 2 Cx ct =0
- ‘[ 8ad €O+, a'(t) + (y=1) (oc + o, a'(r) ) ¢dr,
oL 9T X t 2 X t

and ¢5.9) may be written as
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[safo -2u @, +o a'@)-2cC,  +o a'@)

oL a X t @ x t
-3 [¢ +0 a'()+ (=D, +¢ a'(r))]{dr
'5'-?[ Y Yt z % ¢ :\3
+ a0, +o  a'()+ G, +o, a'm)} (5.10)
Yx Ye 2 x t =T

since 6a = 0 at T = O,

(5.7) may now be written as

GJI-IJ{E[Q -3¢ -3 ¢ +6'E{° -a°c-a°cJdedt
S v Ye ¢ =% 3t

ga_'

JR Egbut
+‘jo ca§¢ T vl M) -2e (6, + 9%, a'(M)-
"_g_r_[@ux + %t a’(r) + (y;_l)(t»cx + @ct a'(t) )}g dt
+ Ga[epux - a'@) + @D, + o ot )]T_T. (5.11)

Let j f Ex u c} be J , then by the Gelfand -~ Fomin theorem
fgcu[fu—a fu]+ﬁ[fc'-g_xfcx]gdx
+J” 3 (f6x + §ue,  + Scf ) ax
LR x x cx

and since f is independent of u and L

83, = f}‘éﬁfu + é?fc}d:uf L(fcsx)dx

LR LR
ifR{GU £+ & fc} dx - £6x ]x:l:LR (5.12)

and at x = xR 8x is zero.

T
If J, = J” F§a(n,a'(n),a"(D, } dt , then
=0 '

- T ] "
83,4 i iFu §o +TF ,6a' +F ,6a }dr

and integrating Fa,Ga' and Fa,,ﬁa" by parts this becomes, as in previous

examples,
] iz,
83 .=| 6a G F -dF v+ d ..}dt + Sa ' -dFai-an o' .
3 % i @ [ 3T =T =T

(5.13)
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8J, the total variation of J, is the sum of (5.11), (5.12) and (5.13), so

53=II§6?[¢-3¢ —a¢]+6?[q>- ) -a¢dedt
u - U u Cc 3_C [

3
S X X ot 't x x 9t t
+£R§aucout+ £)+ &co, +£) 7 ax

t

T
+ GagF - dF ,+ d?F v+ ¢ = 3u (& + ¢ a'(1) ) -

{) ¢ 'c-i-'-r-m dt oo ux ut
- 22_(0(: +0 a'(t) ) - 3_ [% + o, a'(r) + (=), (Oc + o, a'(r))}zdr

o x t 91 X t 2 x t .
+ 8alF = dFyn + @&  + 0 a'(t) + (y=1)(¢  + ¢ a'(r))-;f]

[a dt Uy Ye 2 cx ct =T
+F 5a'L _ . . ‘ (5.14)
=T

For a minimum of I in (5.3) &8J must be zero an;i since éu, 8c, 6o and

Sa' are independent arbitary variations this implies that

¢ -390 =386 =0, (x,t) ¢ S (5.15)
u X ux ot ut
¢ =306 -306 =0, (x,t) ¢ S (5.16)
Cc 3 Cx 3t Ct
¢ut + fu =0 . (x,t) e LR. , (5.17)
¢ +f =0 . (x,t) ¢ LR , (5.18)
C.t (o]
Fo-dr,' + 428+ 0 -2u (o, +0 a'(x)) - 2c(e, + 8 al())
* It dr e Ux Yt da ‘cx o ct; ‘ _
-3 o +0 a'(r) + (y-1)(@ + ¢ a'(1) ) } =0,
9T { ux ut 2 Cx ct
(x,t)e OL , (5.19)

Fo-—dFgn*+f+o +0o o) + (1D, +0, a'()) =0, 1=T,(520)
dt X t 2 X t

F o' =0 , T=T. (5.21)

Substituting the value for ¢ from (5.5) into (5.15) and (5.16) gives

37y nd -udf -cdn-3 =0 ’
v1 9x 9x 9x 9ot

and:EBn_B_t_J_-Zc_B_g_-Zuan- an
1 9x y1 93x y-1 x vy-1l ot

and these may be written as

- Goy)mdc +udE+cn+ Ik =0 s (5.22)
Y1 23x 9x 3 It
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3-y r|3u + c 9E +u 3n+ 9n " 0 (5 .23)
2 9x 9x 9x 9t

Adding (5.22) and (5.23) gives

u+ce)9 (*“+n +2(C +n) = (y-3)n A" 2e¢1l1, (5.24)
9x ot 2 9% c y-1 3

and subtracting (5.23) from (5.22) gives

u-¢) 9 (€C -n + 9 (C - n) 322 n2_ fu + _2 c9 . (5.25)
9x ot 2 9x [ y-1 3j

It is known from the characteristic theory of equations (5.1) and

(5.2), [(4.13)] , that

u- 2 e¢“Y- 2 ¢ for all (x,t) e Si
Y-1 Y-1 ~

hence (5.24) becomes

C (u+c) 9 + 9 (C + n) =0 (5.26)
c 9x 91
and this can be interpreted as + n) is constant along 4 =u + c,
dt

the C+ characteristic.

Substituting for $ in (5.17) and (5.18) gives

fy + C=0 , (x,t) € LR ; (5.27)

£ + 2 O =0
Y-1

’ (x,t) e LR (5.28)

Since (C + n) is constant along the C+ characteristic

C+

<X,T)
(x,t)

(-a(x) ,T

Figure 5.2
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E(x,t) + n(x,t) = g(-a(r),1) + n(al),1)
= £ (X,T) + nX,T),
and from (5.27) and (5.28)
EX,T) + n(X,T) = - Efu + 1;_1_ fcg
so E(x,t) + n(x,t) = g(alr),1) ig n(alr),t) = - ifu + %1_ fcz . (5.29)

ts
Substituting for ¢ from (5.5) in (5.19) gives x=

Fo = dEy' __.QSZF"-% (Bu+ nc+ga'(r) ) -3c(2 ge+ _2pu+ _2na'(r))

dt T da o vy=-1 v-1 y-1
-3 is‘:u + ne+ (-1)C2 gc+_2 nu) +a’'(r) € + (y-1). 2 n)g“ 0
T 2 y-1 y-1 2 (v-1)
(x,t) e OL, (5.30)

and u + a'(t) = 0 on OL so (5.30) becomes

F = dF v + d%F u- 3u nc - 3c. Ec - a (h +&)e 7 =0. (5.31)
@ -d?a- dt a 0 Y- 1 { }

%u and 3c must now be determined.
oa da

Since u(x,t) = - a'(t) and , from (4.18),

c(x,t) = c, - @Q=Da'(t) then

2
du =-o0o"(r) 3r and 3¢ = c, - I"’l a'"(r) 3t.
9x 9x 9x 3%

From (4.20) T is related to x by the equation
x= - a4 (8- ¢y = (Dot (T) ]
2

S0 3x = - ol - feq - (! @i - WDa" M e = )

3T
and since t = T on OL, 3x on OL becomes
3T
x = - a' (1) - c, + (Y+1) o' (7) , (x,t) € OL
3T 2
and 3T = 1 on OL.

x  Q=Da"(0) - ¢,
2
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2u = u u = du |
% 9x XTo% (1) 3c 3x 2T
-1

so du = - a" (1) y d¢ = = 2 a"(r) . on OL

da G-Do'(x) - ¢ da (y-1a' (1) = ¢

2 ° 2 °

(5.31) may now be written as
F, = dFy: + d?F,"+ nca" (1) +  Eca"(t) - 2__§c &€ + n)} = 0

d dt¢ G-l)a'(t) - ¢ (v=1)a'(1) = ¢
R e T

and since ¢ = ¢ -~ y_:_];)a'(r) and (£ +n) = —{f + (3'—1”2

F - dFg'+ sz "o gu + y—_l)f} + a {(c - y-_l)a'(‘r) )(f + (ﬂ)fc)%o

¢ F @2 2 Tr=f
F - ng? ug_ganm" f + (Y-l)f% - 1—_1 a"('r){ £+ (:%1_)fc12.=
+ (e, - (Y;l)a (t) ) 8 {f s (\rzl)fc - =0
F, %?L, + %;ga.m (Y-3)a"{f + 1;_1)f }Xz -{co - (ﬂ)a'(r) }

£ + (y-1)f 0. (5.32)
31% L }x=§
where X = - a(t) + (T - 1) ico = (y+Do' (T)}
2

When the value for ¢ from (5.5) is substituted in the boundary
condition (5.20) that becomes
F t- dFgn + £ - (c - (y=L)a' (1) )(fu + (y-l)fc) =0 =T .(5.33)

d'r 2 2 :E':ﬁ

Equation (5.32) is the transversality condition corresponding to
equation (4.35) in the previous chapter. It will now be shown that

these two equations are identical.
Equation (4.35) is given by

{ G+ (T - 1) x(r,a(r),a'(r) ) + Fa,,g

2
+d_ é’ G=Dx = [e, = @=Da'(t) + @)@ = 1)o"@)] x4 - Fa,}
dt 2 2 2

+ { c, - I%_l_)a'('r) + (y%l_)(T - 'r)cr."(r)} X, * Fa =0 . (5.34)

From (4.30)

=f{-a) + @T-1)[c - @La'@] , -a'@)e - y-Da'@) 7 .
2 2
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80
- - 1 - - ] - 1 ]
_g? e T)xg Gx + @ o{[ @@ - e+ (ha' @)
- @ - a"@)] £ - " [£ + @D £
and

a_ g (z_;_l_m -nxg - (Y"‘l)%[(y_;_l)a'(r) —e - (T -T><Y_;_1_ a"«)] £

dr
- a"G) [fu + (L-Zi)ch
+ (111_><T -T>§ [ (Do) + ('z__‘f_l_ «"@) - (T -1) <y;_1>a""'(¢>] £
- m«)[u <1_;_1_>f] [(I%l_)u @-c - (T—1>(L+2_1_)a'<1>]%g,,,
-
-a"G) 3 + G-1)f (5.35)
RS R ]}
d ClDx? = (1) §[GeDa'() =c = (T = 1)@a"@) ] £
4§ agx x‘z—{[*rat % M gDe" @ | £,
- o) [fg + QoD g ] } : (5.36)
2
Xa.' = - X_;l)(T - 'r)fx- fu - ('_y_-_z-l)fC . (5.37)
80
g %F - et ¢ (y+1)a"‘<f§x‘.>} =
d - (Do’ () + D" | [ () @ - DE - £ - (r-1)f
Sl @ e ] - T G

g (CLa"() = (D" + D - r>a‘v=-(1)}{-<11_> T-Df -f - (15-9%]
"%

T e+ D r)a“(r)} %(ymf D@ -0

31
-3 [f + (-1)f .(5.38)
LT °l§
X, = - £ (5.39)

Using (5.35), (5.36), (5.37), (5.38) and (5.59), (5.34) may be written as

D fGeDal - e - @ - D @be ] £ - @ [E ¢ @D fc]}

2 2
¢ Q@ - D [Ezba" + @Da" = @ - D @rDat e - o'+ qzDE ]+
LR - g aDe + gD T - e ¢ g

+ (v=-Da' - - (T - 1)E+)a" | 3fx-a" 3 [f + (-1)f
[ 4G - D" ot ot 26+ L ]}
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[ G, - 0 -1 ¢ ]

-%co - (=o' + (ﬂ)(’r-r)a"}g(xj_l_)f " (D (1) 2, 2 + y"_l_)fc]}

2 2 31 T 2
- - CY-I)a + (Y+1)(T-T)a" f + d2r w~dF,, +F =0
{ 7 -g T T o

which simplifies to

-a' - ¢, - (I- "1 [-vy=-1+ -1 1) +1
£ [(_Y_z_l)a c, = (T T)(%l_)a] (- * D+ D) ]

£ [(Y-l)a" + (y+l)a" = (T-1) (y+1)a" ] [(y*-_l) (T-) = (+1) (T"r):]
i "7 ) ) 2
3x [ (=Da’ - ¢ = (T=1) (+Da"] [ G+1) (T=r) = G+1) (T - 1)
tie [ z ° "z } [ 2 2 }
+ [f + (-1f jl [- (y=Da" = +Da" + G+1)(T-t)a"' + (y+l)a"
R T ) )
- (D) (T-1)o"' - (-1 o jl
Z 2
+ 9 + Q-Df, J [- G+D) (T-r)a" + c = I-_l)a + (y__)(T-‘r)a":l
a_r[ Z
2 e ] =
or
£+ Q-D)E "yl - G- 1) - o] 43 [£ o+ oD ] x
[“ Y_z")c} a[ 2 2 2J ar[“ (Lz_c]

xlec = HF-Da'
-dF ++ F =0 [ ° ITT- }
d a" a
f + (y-1)f (3-y)a" + |c = (y=Da" | 9 [£_ + (yv-1)Ff
[ o I—C}[T } [° = ]’a?[“ Tc]

+ d%F m—dFgr +F =0,
dzz dr

Finally this becomes.

42 EFqr dFgy + Fq = (y23) o" [f + (y-1f ]-[:c - (V—l)a":l 3 [f + (=D)f ]
i dt 7 R ° WL 3¢
which is identical to (5.32)

The boundary conditions in Chapter Four are

gy" = 0] s T=T , (5.40)

8y' ~ d By = 0 s T=T . (5.41)
dT
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From equation (4.31)

gt ,a(t),a'(x) a" (1) ) '{Co - Da' () + (¢+1) (T"'r)ﬁ"('r)}X(‘r,a('r),a'(‘r) )
2 2

+ F@(t),a"(t),a "(1)) ,

and, from (4.30),

= - - - ] - ] - - ]
x = £{-al) + @-0) [e Wha'], -a'@), e (-De (1)}
b T DI e, T G0 RO ey D)
fa' = {- X_;l) (T-1) fx - fu - y;_l)fc} (5.43)
3an - X%l_) (T-1) £ + Fan
d g, =-Gf + G+){T-1) £, +d F, . (5.44)
i o 5 ) o o a

The left hand side of (5.41) may be written down from (5.42), (5.43)

and (5.44)

g, -d g, =0c = (=Da'+ G+ (T-a" D §- G+ (T1E - £ (y=1£7
@ ar ¢ g" LZ— ' 2 ' g % 2 x u 5 ot

+F v+ f - (y+1) (T-1) x

?‘%[‘Co + {y=1o' - (T-1) (ﬂ)a'.':l fx'-‘ a“ful_.(ﬂ)anfcg Lo

2 2 2
"ﬂ‘n ’ v T =T
ac ¢ ' '

=F y-d F ,-(c. - -Doa'"(0)Yy(f + G-1f y+ £f,t =T
a a7 o ( o - )( u 5 c) 4
which is the same as the boundary condition (5.33).
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CHAPTER SIX

The Problem of Minimum Drag on a Body with Axial Symmetry in Stokes’ Flow.

Figure 6.1
Consider an axially symmetric body with its axis of symmetry in the =z
direction immersed in a stream of viscous 1liquid in which the flow at
infinity is of magnitude W and in the direction Oz. The liquid is
assumed to be moving sufficiently slowly at infinity so that Stokes'

approximation is valid and the equations of motion are

- 22. + =0 , (6 .1)
p 3x

- 19 +vvAvVv=0 |, (6 .2)
PW

- 22. \' w0 ; (6.3)
p 3z

and the equation of continuity is

3U + 3Vv + 3w =0 . (6.4)
3x 3y 3z

The problem posed is that of finding the shape of the axially symmetric
body of either given internal volume or given surface area which provides

the minimum resistance or drag. It is convenient to use cylindrical
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polar coordinates, writing x = r cos ® , y = r sin © with u(r,z) as
the radial velocity. The equations of motion can then be written

in the form,

~13p +v,3%u +3%u +1% -u =0 |, (6.4)
p or ( 9z or? r or T2 )

-13p +v 32w +82w+_1__§3) =0 R (6.5)
P 3z 9272 927 r 9r

and the equation of continuity as

3 _(rw) +3 (ru) =0 . (6.6)

9z or

The vorticity vector n is givenbyn =7V xV , where ¥V 1is the

velocity vector.

n = £ ] 2
3 a_ 3_
or e 9z
u (o] w
= 8 -awy . (6.7)
9z or

Using (6.7) in (6.4) gives

+
<

ar Z or

Q
N

{_’cg__'(n +§_v1)‘ +23%u +3 (u)) =0
)
o

l3p

p dr or
-.1__32"\’{@1_”_2_ +3 (du+u))=

p dr 9z dzaor oar Oor r

-12p +v (o +2 (3w +13 (ur))) =0

p 9r 9z dr 23z r 3r

"lip v +d (136w +la ()] -0
p or 9z or r 92 r 9r

and using the equation of continuity this becomes

-13p +vdn =0, (6.8)
p or 9z

Similarly using (6.7) in (6.5), and the equation of continuity, gives

1 3p + vn +vn =0 . (6.9)
p 9z or r

To minimise the drag on the body consider the minimisation of the rate

of dissipation of energy, I, within the liquid, where
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{ 2u2 + 2V~ + 2w| + (Wy + )2+ (VA + w*)2+ (VA + Uy) 2jdxdydz

Subtracting from this the expression 2vJ* dxdydz ,

which is zero when there is no variation in density, gives

1 j k
9 9 9
9x 9y 9z
U v w

and after partial integration the second term becomes

- 4v cC 9 (Ww,) - 9 (VW) + 9 (Uw ) - 9 (Uw )
1 3y 37 Yy 9x 9z

+ 9 (W) - 9 (UV ) 9 dx dy dz
ax y 9y * j

which when the divergence theorem is applied is zero as U and V are
zero on the body and at infinity. I may therefore be written as

v n*r dz dr. (6.10)

where S is the domain in the (z,r) plane exterior to the body and the
problem is then the determination of C% so that I is minimised, where C

is the curve of the body in the (r,z) plane.

Figure 6.2.



64

I' is the boundary at infinity and C, is the line, exterior to the

body,r = O.

It is assumed that the end point at -a and a are fixed. To ensure
that the problem is not trivial an additional constraint is postulated.
This constraint is that either the internal volume of the axially
symmetric body or the ,arc.iehgth. of the body is prescribed. If the

shape of the body is given by
z= o , ¥ =al) (6.11)

then the volume of the body is
a

W‘Iaz(o) do

- a
and the arc length is

%
]él +a'2(0) ¢ do .
-a -
The following performance criterion is now set up:

- 2 -
J stjg vrn< + Al%} P, vnz) +2 QO p, + v *+V n .

) r

+ Xa(n —‘u‘z+wr)+)‘4(uf +‘;__l+wz) } dz dr
a

+ J £ (x,0',0)do . | (6.12)
-

where Ay, X», A3 and A; are Lagrange multipliers depending on r and z

and contain the r contribution to the volume element rdzdr. Put

- 2 : -
X ven® + M (L p, vnz)+7\2(lpz+vnr+v_n_)

) ) r
+ A3l - u, + W, ) + Aq(ur + ¥.+ v, ) . (6.13)
then,
. a
J = J I x(z,r,u,w,n,p) dz dr +f f(a,0',0)do . (6.14)
S —-a

The minimisation of J is now considered. The Gelfand ~ Fomin theorem
is used to find 8J, that is the variation in J caused by a variation

in the position of the curve C; .
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6J = 611
I * mé". MW IT*-,

+ 6p X -9X -3 X + 66n X - 9X -9 X dz dr
P 91 Pz 97 Pr_ L~ 97\ 97 %r.

\ 9 r X 6z + oux + owx +
u W

S' "%z z z Z
+ 9 r x"r + 6ux +  6wx +  6px +  onX dz dr
32 | “r "r Pr
f 6a + £ ,6a’ ? da , (6.15)
a a J

> (X

where 6u, 6w, 6p and 6n , the increments in u, w, p and g are

related to 6u, 6w, 6p and ©6p Dby

ou * 6u + 9u 6z + 2" or , 6w B 6w + 9" 6z + or , (6.16)
9z 9r 9z 9r

bp = 6p + 22 AE ) i = 6p + 22 21L .
9z Or 9z 9r

Using Stokes' theorem in two dimensions on the second term of the right

hand side of (6.15) gives

6J » Cobu - 9 X I+ ow X - 9 X -9 1
. W w
s' c ~ /‘rj 9z Or
+ 6p X —-—3X — 9X + @ X - 9X -9 X dz dr
P 3?Pz 37 Pr ~ 9772 97
t 0 ([x6z + 6ux  + - + 6pXx  + 6pX ] dr  +
PUC1UC2 'z ~z ~z Z
+ FX6r + 6uX + "~wX + 67" + 67" dz
Pr "r
f 6a + £ , o6a’ do. (6.17)
a a
PQ = 6a (o)

Figure 6.3
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On C §r = Sa(o) , Sz = 80 and §o = 0. u and w are zero

on the body at all times and so &u and 6w are also zero.

~ Hence, using (6.16)

§u = - 3u éa , &w=-23w sa . (6.18)
oa aa

Integrating fa' Sa' by parts gives
a a
£, 8a ‘ - j Sad £ _,do (6.19)
o — "a
-a -a do

and the first term disappears since 8a is zero at -a and a. So

the total integral over C; may be written as

a
J‘ % [-‘uaéaxu - waGan + SSXP + ann } da
-a z 4 4 z

-0
do T r pr

- [—'fGGa + Sadfy, + XSa - u daX - w SaX, + X+ éﬁknr doz
(6.20)

On C;, which is the line r = 0, dr and 6r are zero and the condition.
u = 0 must be satisfied so Su is zero. The contribution to §J from
the integration along C, becomes
J - g&'&x‘ o+ &ux. T+ Spx. + &nX :{dz . (6.21)
u W P n
Co r r T r
On T, which lies at infinity, the conditions are u = 0, w = W, hence

6u and 6w are zero and at infinity 8r and 6z may be taken to be zero

so the integration along I becomes

j - SpX_  + &nX dr = | épX_  + &n X dz . (6.22)
r g [ P, nJ [ Py nr]%

Using (6.19) to (6.22) 6J may be written as

<al z
*(-Ef +dige - Xru X W X ) do]



- jgm &K+ &pX
u w
CZ r

r

- ap[x dr - X dz]«»an[x d
i%, P, Pr Nz
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r

+m } dz
Np

r-X dz:l } . (6.23)

r

The performance criterion J is minimised when 8J is zero and so for

a minimum:

X - X - 3_} = 0
u 3z Yz or ur
X = g_x - Q_X = 0
w z "z T wr
X =23 X -2 X =0

X da - X_ do=0
pz pr

da = X doe =0
an Ny

Xu = 0
r
X =0
W
r
X = 0
‘Pr‘ ‘
X =0
e
X dr =X dz =0
pr P

X X =
" dr dz 0

g +
9z

2vn + A3 + V(3N - 3 + X2 )

9z or r

(z,x) e 8 , (6.24)
(z,r) e s , (6.25)
(z,r) e 5 , (6.26)
(z,r) € § , (6.27)
- waxwr: +£ - g_gfav]dol- 0,(z,r) € C; (6.28)
(z,r) e C,, (6.29)
(z,x) e C1, (6.30)
(z,r) € Ca, (6.31)
(z,r) € Cy, (6.32)
| (z,r) e Cy, (6.33) .
(z,r) e Cy, (6.34)
(z,r) e T , (6.35)
(z,x) e T . (6.36)
become:
(z,r) e S, (6.37)
(z,r) e S, (6.38)
(z,x)e S, (6.39)
=0, (2,) € S , (6.40)

[-Asu, + Mw, ] a'(o) + vmn? - Mu, -A3w +f -df.=0, (z,v) Q ,

do
(6.41)
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where da has been replaced by dado and the equation has been divided

do

through by do ;

Azdr - Al dz = 0 , (z,r) €‘C1 s, T (6.42)

A dr - Az dz =0 . (z,x)eCy , T , (6.43)
A, = O , (z,r) 3 02 , (6.44)
A3 = 0 , (z,r) € 02 , (6‘45),
A\ =0 , (z,r) € 02 , (6.46)
A, =0 , (z,x) € C2 , (6.47)

One method of resolving the above problem is as follows. The known

stream function , where ¢y is defined, from (6.6), by

W o=-wr 3 =ur
or oz

and vorticity function n for the flow past a sphere can.be used to
calculate U,s Voo Xa and A“. (The methods for these calculations are

the same as those used in Chapter 7 for different values of y and g
(7.21) to (7.31) .) When these are substituted into the‘tfahsversality
condition (6.41) the resulting differential equation a(o) could be
solved numerically and the subsequent value for a(o) used as the initial

value in the next step on an iteration method. This has not been

successfully pursued.
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CHAPTER SEVEN

A Study near the Leading Point of the Shape of the Axially Symmetric

Body of Minimum Drag in Stokes* Flow.

The equations of the system are:

122 ” = 0 , (7.1)

p 9r 9z

19 +v9g +wm =0 |, (7.2)

P 9z Or r

h- %u + 9w = 0 , (7.3)
9z 9r

9u + u + 9w = 0 . (7.4)

O9r r 9z

The elimination of p from (7.1) and (7.2) leads to

Pri + 9%n + 9 \ =0 (7.5)
9z 9r *r /
It can be seen from (7.4) that the Stokes' stream function, can

be defined by

wr - A ur (7.6)
9r 9z

and so equation (7.3) can be written as

(7.7)
r 9z*» r Or” r*9r
Consider first the leading point of the body, z = -a, r = 0.
A(-a,0)

Figure 7.1



70

It will be assumed that in the neighbourhood of =z
the body has a conical shape with a semi-angle 0%

are transformed with

z + a=R cos 6 , r =R sin 0

so equation (7.7) becomes

=]
I

1 c + 1 d1b - cot O 9 ,
Rsin 0 ~ SR* R*90% r 30 g

and equation (7.5) becomes

9n + 1 3n + 1 Jd7] +"sin 0 9 + cos 0 9%p =
9F" R 9R R 90~ 9R R 90 Rsin 0

The flow in the conical region must satisfy

=0 for 0 = T ;

ip=0, 97=0, 0=0
90 (

Figure 7.2

and in addition since the radial and transverse components of velocity are

AR A\Y 1 9 P 0
R*sin O 90 Rsin 0 90

it follows that the viscous conditions

=0 , Wo = 0 on 0 = 0Q

The coordinates

(7.8)

(7.9)

.(7.10)

(7.11)

(7.12)
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where 6 = eo is the angle of the conical body near A. Solutions for
(7.9) and (7.10) must now be determined, satisfying conditions (7.11)

and (7.12) for sufficiently small R.

A solution for n of (7.10) is sought which depends on & only, and

for small R the function n = n(B) will satisfy

d?n + cot © dn - ncosec 2 6 = o,

de? de

d dn + n cot © = 0,

de de

dn + ncoté=-C,

de

d {nsin®¢=-Csin® ,

Bt =

n@®) = Ccos® +D , (7.13)
sin ©

where C and D are arbitrary constants. It is clear from (7.9) and (7.13)

that ¢ will be of the form
v = R3£(0)
and £(©) will satisfy
d?f -~cotodf + 6f = Ccos®+D .  (7.14)

ae” de

A particular integral for £ is {C cos ® + {D. To find the

complementary function put £(8) = sin © F' (8), then (7.14) becomes

F"(0) + cot 8 F' (8) + F (e)ge- 1 z- 0.
- sin¢ ©

This is the differential equation satisfied by the Associated Legendre

polynomial P;' (cos 6), hence
F(®) = 3 8in 6 cos ©
£(0) = 3 sirf® cos ©

the second solution possessing a log singularity at € =q . The

complete solution for (7.14) is thus
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£(©) = ¢ { Ccos®+D E + A sin? @ cos © R

where A is an arbitrary constant. y therefore may be written as
w-Rait[Ccose*-D]+Asin26coseg.

To satisfy Yy = Oon© =7 D must equal C so
v=R3F { C(1+cos®) +Asin?0cos® ¢ .

For V¥ to satisfy conditions (7.12)

o=

C(l+cos®)+Asin2 6 cos® =0
) 0 0

o=

C (1 - sin 90) + A(-sin3 90 + 2 cos? Oo sin 90) =0
and these conditions imply that

(L + cos 90)(- sin3 60 + 2 cos? 60 sin 60) + cos 90 sin3 90- 0

sin 90(1 + cos eo){- sin? 60 + 2 cos? 90 + cos 60 (1 - cos 90 ) } = 0,
sin 60(1 + cos 90) { 2cos? 60 + cos 90 -1 3 =0,

sin 90 (1 + cos 90)(2008 60 - 1) (cos Go +1) =0 .

The solutions sin Go - =0 and cos 90 = =] are clearly not acceptable

and the required solution is
coseo-i , or 8 = /3 .

Thus the cone at A has a semi-vertical angle of 60°. This agrees with

a result of Sir James Lighthill ' quoted, without reference, by Pironneau?.

Using this value for eoin-conditions (7.12) gives a value for A of - %C,

hence
= $CR3 § (1+cose)—4sin29cosez,'
= +CRr3 (1+cose)§:1-4cose(1-cose)}
= 4CR3 (1 + cos ©) (1 - 2cos 8)2 , M/3s 08T, (7.15)

As C is equal to D from (7.13) n may be written as
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n = C 1+ cos® s n/3<0<T., (7.16)
=2t =
sin ©

and it is noted that n - 0 as 6 » 7 .
A similar study will now be made of the Lagrange multipliers near the

leading point. The equations governing the Lagrange multipliers are

(6.37) to (6.40), namely,

A3 = Ay +Xy =0 , (7.17)

9z or r

9z ar

3y + 3y = 0 ’ (7.19)

9z or

2vrn + A3 + v(3X1 - 3y +A2) =0 . (7.20)
9z or Tr

It will now be established that for the present problem A; = O,

A, = 0. In the first place it is noted that when A; and A, vanish

equation (7.20) gives
A3 = -2 vrn . - (7.21)

Eliminating A, between equations (7.17) and (7.18) gives

3223+ 323- 1023 = O (7.22)

9z% arc r or

and when -2vrn is substituted for A3 in (7.22) the resulting equation

18

8211'4- 32n +
9z 9t

an -n =0

r
which is exactly the same equation in n as that found from the state
equations [(7.5)] . This proves (7.21) coupled with A; = O,
Ao = 0 is a consistent solution. Since A; and A, are zero on the
boundaries, [equations (6.42), (6.43), (6.46), (6.47)] , this solution

is also consistent with the boundary conditions. When A3 = - 2vrn ,

equation (7.20) becomes

A=y +2x= 0 .
9z or r
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In order to establish the uniqueness of the solution for X3 consider

9X2 + 2~ . 0 ,
3z 3r

3X% — 3X2+ Xg= 0
3z 3r r

From the first may be written

3m — 3m (7.23)
3z 37

and substituting these into the second gives

9m + 3*m - * * = 0 (7.24)
3z» 3 r 3r

Since Xj and X2 are zero on the boundaries, m is a constant on the
boundaries and this constant may be taken to be zero without any loss

of generality to the value of m.

~ ~ D is the domain
exterior to the body S.

E is the boundary of D.

m=0
Figure 7.3
If R, ~ and 2 continuous functions defined in Eg with
R =0V Y , then
gll div R dx dy dz = ~[Rdz
D E
so Il owvez2 + wov2)ldcdydz =110 ai
D 3n
0 942 + 0%Y* + 0%Y” + 07Y" J dx dy dz = 0 22 4aJ:.

D 3n
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Putting @ = ¥ this becomes
[ cprgegeg g ]
) J§ gv2g + 92 + 92 + g2 Pax dy 2 I‘}f:g__g_%dz.
Since this is true for any functions, § ', in E; m satisfies

f}J;I{mv2m+m§+m§+m§3dxdydz-f£mg_:d2. (7.25)

The right hand side of (7.25) is zero since m is zero on the boundaries.
When the left hand side is transformed to cylindrical polar coordinates

(7.25) may be written as
I — ]
S %m(mrr + %_mr +n ) +m 4wl zr dz dr = 0
and using (7.24) this becomes

J‘ng}z_mr +m§+m§v?(rdzdr=0

J‘Sj‘gl (mz)r + mf + mg gr dz dr = 0.

which means that m is a constant and since m is zero on the boundaries.
m = 0 everywhere. From (7.23)); and A, are zero everywhere and so

A3 = =2vm 1is the unique solution for A;.

From (7.16) it is known that near the leading péint

n = C(l+cos 8) = C g (z+a)2 + 2] + (z+a)
sin © T

and so writing £ = z + a the value for )3 near the leading point is given
by

A3 ==20C[z+ (22 +12)*] . | (7.26)

The value for X near the leading point may now be found using equations

(7.17) and (7.18). From (7.18) it can be seen that

M= 2C 3 [z + (22 +12)"] ,
oz or
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= 2\)Cr Iy
CHEED
Ay = 2vCr log [z + (22 + r2)* ] + h(r) ,

where h(r) is an arbitrary function of r. From (7.17)

3= 3__§2vCr log [ z + (22 + rz)&] + h(r)i% - 2vC log [z + (22 + rz)”]fhgzl

oz or T
3 = 2vCr? + h'(r) - h(x), (7.27)
ﬁ_z (22 + .rl)'/z [z + (z‘ + 1.4)@] —_'r

and since, from (7.26),

9A3= - 2vC 1+

2
oz Zzz + 1‘2)','l

(7.27) may be written as

h'(r) - h(xr) + 2vC§jr2 + (22+12Y* [ 2 + (22+r2)2 ] + 22+ p(224r2)* } =0

T (z9412)2 [2 + (29419)7%]
h'(r) - h(r) + 20C ¢ 2(z2+r2)% [ 2 + (22+ r2)y%] =0
- g (22+r2)% [ 2+ (,_.4.,.1.;)91]

h'(r) = h(xr) + 4 v =0
T

h(r) = - 4 Cr log r

and so

Ay = 2vCr iog %; z + (22 + rz)”.g . (7.28)
rl
The shape of the body, a(o), near the leading point may be found

from the transversality condition, that is equation (6.41):

a' (o) [ = Azu 4+ de:l - [Mua‘ + XaWaJ + vrnd + £, - gf;“ =0
(z,r) ¢ C1 .
To find the solution for a(o) the values of 13, Ay, ﬂa, v, and N

must be known as functions of r and z. Values for A%,Aq and n
have already been determined in the neighbourhood of the end point
and values for u_ and wa will now be found so that the shape of

o

the body near the end point may be investigated.
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The stream function y in the neighbourhood of the leading point is

known, . [(7.15)] , to be

= {CR3 (1L + cos 8) - 4 sin® © cos ©
Y 6

and u and w are related to ¢ by (7.6)?, that is
or oz

Since Rcos © = z + a = 2 and Rein 6 = r

y=C [22+r2]%' 1+ z - 4rlsz
ry &L+ % 2 + 1D &2 + )=
=C (22 +12) G2+ 12" +2-~_4r2z /. (7.29)
6 zZ + r?
3y = Cr g (22 + t2)* + 2 - 4r22 +c (22 + r?) r - 8rz + 8rls '
or 3 27 + 12 6 (2%+r2)* 27412 (22+4r%)2

sow=-C (22 + r2)* + 2 - 4122 - (z24r2) 1 - 82 + 8r2s
I § Gy ThmR (Tl

--533(224.1-'2)% -62} .

u=-g 3r
or 6 (zZ + )2
and,since v, = w oy
or 'r = a(o)
zZ =g
v, - - _g 3a(6) | | . (7.30)
6 [(o+a)¢ +a“(o)]"

_3_Q = Cz g(z2 +r2) + 2 = 4rls } + g(z2+r2) z +1- 4r2 + 8r2z2
oz 3 zZ + rZ 6 (zZ+r2)4 2441t (2441%)

sous= Cz %(22 + r2) + 2z - 4rlg ;Z + E_ %z(zz + r2)4 + (22 + r?) - 4r2+8r22}

22417 6r 2Z+r2
=C z(zz+r2) + 22 -’rzz .
r
du == C ¢ z(z2+r2)* + 22 - ¥2 9+ C zr -2
or 2 { T4 2 EZ+rdyar
=-C gz(zz+r2) + 22 - r2  gr? + ZrZZ
2r2 z4+T
= - C 22 + r2 + (22 + r2 - r?)
7r< (zz-i-rz )%
2rZ (zZ+r2)%
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u == _C [0+ a)2 +02(0) ] + (g+a)3 . (7.31)
o 202 (0)

[(o+a)“+ a“(0) ]2

The values for A3,A;, and n near the leading point are:
Ag= = 2v C [ (22 + r?)" + 2]

= - 2vC [[(a+a}2+a2(o) ]v’+(0+'a)] ;

Ay = 2vCr logg z + (22 + r2)* 2
rl

2vCa (o) log g (c +a)+ [(0+a)2+a2()]* g :
a“ (o)

n =c(l + cos 8)
sin ©

C +(2+ 2)‘5.
;_[z z r ]

- ' 2 2 Vo
c [Gra)+ [ra)f+a?e]*]

a\o

The postulated constraint on the system will be taken to be that of

constant afc lengH\ -and so f(a(o),a'(c), o) in this caseAis
£ @@©), a'(), o) =u[1+a'2(@ ]* ,
where u is a constant. In this case

f =0 ; £ ,= ma' (o) 3 95@' =  ya" (o)
* [T+a 2@ do [T+ a2 =

The transversality condition may now be written down as

ua(o) + a'(o’)g vC2 I:[(cﬂa)’- +a2(0) |* + (o+a)3 + (o+a) [ (o+a)2+ a?(a)]

+a' < (0)] a< (o
+ (or+a)® +
[(c+a)“ + a%(o)]*
+ vC2a? (o) - logg (o+a) + [(o+a)2 + 02(0)]? }
(o+a)¢ + a<(0)]* as(o) \
- vc2 (c+a)? + a2(0) + (o+a)3 logS (¢+a) + [(o+a)? +02(a)]*
(@) o+a)? + o2 )= aZ(0)

+ vC2a (o) C [(o+ a)2 + o2(0) I* + (o+a)
g [(o+a)® + a“(o)]*%

- vc2 (2:2(o+a)2 + 02(0) + 2 [(0+a)? + a2(0) ]* (o+a)§ =0, (7.32)
a (o)

which simplifies to
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p a" (o) + v2Ca'(0)a3(0) - (o+af - [ (o+a)2 + az(o)]52 x
[1+a'Z (o)]”l a(o) [(o+a)c + a“(o) ]%

x log { (o+a) + [ (o+a)? + a2(o) J* z

a“ (o)
+ vC2 (o+a) + [(o+a)? + a2(0) % 1 a'(0) [ [(o+a)2+ ‘alz(c)]“-
[(o+a)“ +ac(0)]* { [ aZ(0)
+ (a+a)3}
- 2(g+a)_ [(o*a)? + a2(0) * ] + a(0) (c-l-a)g - 0. (7.32)
a(0)

The solution for o(o) from (7.32) gives the shape,near.the leading point,
of the body of minimum drag. It is likely that this equation can "
be resolved numerically but this has not been pursued and instead a
method to obtain an approximate solution for a(oc) has been studied

as follows.

It has already been shown that at the leading point there is a semi-
vertical angle of 60°, that is a'(os) = /3 at the point {-a,0) and so
a(o) = V3 (6+a). The substitution (0+a) = a(c) is made in equation

(7.32) to get an approximate form of the transversality condition, namely:

u a" (o) + {3 sza(c){ [J§ - a'(o)]log[]?d(o)] + 3a'(0) —f3§== o.
1+a'2(0) = 2 3 (
7.33)

An iteration method is now used taking the known value of a'(c) at the
leading point, that is a'(¢) = /3 , as the initial value for a'(o).

Equation (7.33) then becomes;

na() + JEyCza(d) .2J3 =0 ,
T+ 3% )

a (o) + 24 sza(q) = 0. (7 .34)
u

Let 24vC2 = ni2 , then the solution to (7.34) is
u

0(oc) = A cos m (o+a) + Bsin m (o+a) .
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a(c) tends to zero as 0 tends to — a therefore A = O and
a(0) = B sin m (o+a).

a¢'(0) = m B cos (o+a)

a'(o) =3 at o=-2a, 80

V3 =mB

a(o) = /3 sinm (o+a).

m

The symmetry condition a'(0) = O can be satisfied by an appropriate

choice of m as follows:
a'(c) =0 at o =0, so

cosma=0,

ma = 1 .
2 .
a(o) = 23 a sin _7 (o+a). - (7.35)
T 2a

This value for a{c) gives an approximation to the shape of minimum

drag between ¢"= - a and o = O.
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CHAPTER EIGHT

Singularity Solutions of the Stream Function and Lagrange Multipliers.

The governing equations of the system are

13p- van=0 , (8.1)

P dr oz

1l9p+ van+wv=0 , (8.2)

p 9z or T :

N-3u+3w=0 . (8.3)
9z or

du+u+3w=0 . (8.4)

or r 9z

323 = 3w + Ay =0 ’ (8.5)

9z or r

_BA'-L + _813 =0 s (8'6)

9z or ’

A3 = 2vrn =0 . (8.7)

Eliminating p between (8.1) and (8.2) gives

3%n +3% +1m-n_ =0 (8.8)
3z? or? rir

Substituting (8.7) in (8.5) gives

3 (M) =

or r

13 (=-2vm)
r

9z
and using (8.1) this becomes

3 () =-20
dar r p

~ks

Substituting (8.7) in (8.6) gives

Ay =2 v3 (m)
9z or

and using (8.2) this may be written as

My = =3 (2rp) .
9z 9z p

4
Therefore

2 (M +2)=0 , 3 (M +2rp)=0
or T o 0z o
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hence * = A . (8.9)
r |

where A is an arbitrary constant.
If a function X 1is introduced such that

ax (8 .10)
3r

then (8.8) becomes

a’x +a3x + 2 a*x- i ax 0
araP avs r dr* r*ar

that is a ¢ a”x + a*x + ax1l= o

ar I az® 3rc# r arj
therefore a*X + 9*X + A~ = 0. (8.11)
az”® 3r* r ar

This is Laplace’s Equation in cylindrical coordinates and it has a

basic solution
x , 5% = (z-C)2 + r% (8.12)

w

corresponding to a source singularity at (C,0).

(z,r)

OA W Z

Figure 8.1
From (8.12) it follows that a more general solution for X can be

constructed by distributing source singularities along the z-axis
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from the leading point of the body (chosen to be the origin) to the tail

of the body (z = %) this solution being of the form
[
X(z,r) =| a(E)de

bo ~
. Y

= a(g)dg (8.13)
J r< + (z-§

o

where a(f) is an unknown source density and is a function of £ only.
It now follows from (8.10) and (8.13) that the vorticity n 1is

given in terms of a by the equation
A
ja(g) 21y : | (8.14)

(o

The singularities 3 are dipoles  pointing in the r direction.
( )

Next the expression for the pressure p in terms of a is considered.

Equation (8.1) together with solution (8.14) gives

1 A
13p = v [ a@ 22 1y “(8.15)
p or o 9z9dr W

and from (8.2)

1
lap=-v2 fr [ a@® 2 1)a}
P 3z r or 1 0
= -y a() 3_¢r 3
T 10 r Br( )E
- -y a(g)Sr 3 + a
T 1.0 32 }( )
=-v I a(g) ¢ 32 dg
o % '3?2 T ar .’;( ®
and since 1 satisfies Laplace's equation
¢ l
13p = v a(g) 32 dE . (8.16)
p 3z “I; ( ) '

It can be deduced from (8 15) and (8.16) that, apart from an arbitrary
constant, 1

P =v [|a(E) L(_l_) dg . 8.17)
p 0 9z
It now follows from (8.7) and (8.14) that
A

A3 = = 2vr J‘ a(g) a_ (_(}3) dg , (8.18)
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and from (8.9) that

1
Ay = Ar = 2or | a(e) 2Ly (8.19)
| |

It is now necessary to deduce from (8.14) the stream function vy .

It has already been seen that equation (8.4) gives

Tu = 3y y TW= =23y (8.20).
9z or .
so that from (8.3)
m = azg 2 18y . (8.21)
9z dr¢ . r 9r .
Putting ¢ = ¥ R ' (8.22)
then
n=3% +3W+1¥ -1 ¥ | (8.23)
9272 ar? r or 2
and writing
Y = 30 . (8.24)
or
together with (8.10) gives
X = 233 + 33 +la - 130 (8.25)
T 9z¢3r 3r° r dr ©ar
so that
X = 320 + 2320 + 130 =V , (8.26)
9z2 ar? r 9r

where V2is the three dimensional Laplacian. A solution must now be

found for ¢ from

l
V20 = J‘ a(g)de , 32 = (z=£)2 + r2 . 8.27)
(o ® ,
Consider the function
l
¢ = fa(b:)degaﬁ + Blogd + y 2 d&
] [N
where a, B, Y ‘are constants; it is easily shown that
V= 2,
@
v2logh =1,

1
&2
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Thus the particular solution ¢ for & from (8.27) corresponds

a=4,8=0, y=0 and hence

l
¢1 =1} f @ a(g)dg (8.28)
)
and to this particular solution a complementary function of the form
l
¢2 = J b(g) dg . (8.29)
o @

can be added,where b(g) is an arbitrary function of &, since v2¢

vanishes. This gives a solution for ® of the form
l /A
¢ =} J & a(E)de.  + J b(g) d& . (8.30)
(o o
The function Y defined in (8.24) is then

/A _
Y =} La(e:) 3 dg + b() 3 1, d&
J 5;'(5)

Z 0
= Lr a(g) dg + ? b(g) 3_ 1,4 (8.31)
I (o) or 63 ;
and the stream function ¥ in (8.22) becomes
b= r2 Zj a(g)de + rlj b(E)'_'a_c}_)dE . (8.32)
- T T « R 3 ‘

In (8.32) a(g) and b(E) are two arbitrary functions of £, the former

having entered originally in (8.13).

The complete stream function can now be constructed. Corresponding

to the uniform stream at infinity
u=u = o , we=w, o= W
there is a stream function wo such that

W, =0 , W =-rW

9z 5;0
hence
Yo = - ir2w . ® .33)

Thus the total stream function ¥* will be
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Y = -} 2 W o+ p (8.34)

where V¥ is given in (8.32). For large values of r the first integral
in (8.32) gives y= Cor where Co is a constant and thus the conditions
at infinity, namely u tends to zero and w tends to W will be satisfied

by v*.

The boundary conditions on the surface of the body are that the total

velocity is zero, in other words

u=0 , w=0 , on the bady, (8.35)

and in terms of the stream function ¢* this can be written as

Y% = O, 3y* = 0, on the body , (8.36)
on

where fi is the normal derivative. Alternatively the boundary

conditions may be used in the more convenient form

Yk =0, 3Y* =0 , on the body , " (8.37)
or

and using (8.34) it follows that

V=4 W , ‘on the body r=d(),  (8.38)
W = Wr , on the body ' r = a(o) . (8.39)
or

(8.32) may be written in the form

A
b = § r? f a(g) dg - rzj b(£)dE (8.40)
o & o el
hence (8.38) becomes
l A
,j a () dr -] rwe = W .(8.41)
T O B G L o T (@) * @D
Likewise
1 A
W = J a(g)<l-§r2)dg - Jb(g) 2-3r2:52d£
ar 0 ® © () { »3 B>
and thus (8.39) becomes ’
A 7

J {302(0) + (0-£)2} a(g)dg - J §2(0-£)2- 0a2(0)f  b(E) dE = W .(8.42)
X {G‘(O’) + (o..-adng S EG‘(O’) + (o_g)dgslz
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Equations (8.41) and (8.42) provide two coupled integral equations
between the unknowns o(o), a(E) and b(f) and the third relation

between these three functions is the transversality condition, namely,

a"(@) . +a'@[ Aqu = Agw ] +[Ayu  + Aaw - vrn2 =0
[1+ﬂﬂ‘&0fa' ()[ g ™ ] [ Wiy ¥ A% ] " ’

onr = a(s) . (8.43)
A certain degree of simplification can be effected in (8.42) because
when W is eliminated on the right hand side of (8.41) and (8.42)

this gives

A
j }a2(0) + j(o:E)z - 4a2(0) - $(0-E)2 a(£)dt
%
[o]

A
- J (0-E)2 - 3a2(0) = (6=£)% = a2(g) b(E)E = O

&')5
0
hence
A
ZJ- } a2(s) a()dg + I%az(o) b(E)dE = 0 .
A 7 ) ©°
Since a(o) ¥ 0 it follows that
7 . o S ‘ ‘ o
J' a(E)de - 6f b(E)dE = O . (8.44)
o oS o
This equation can replace (8.42) and (8.41) can be written in the form
A A
f a@ds - 2] bag=v , ®.45)
) 0 3

where in (8.44) and (8.45)
$2 = a2(g) + (0-)2 . (8.46)

The resolution of the solution by this method of distributed
singularities has not been completed analytically due to the complexity
of the problem (although it is possible that the methods deseribed by
Landweber'* and Hockingls can - be used in getting approximate solutions)
but it is likely that the problem from this point onwards can be resolved

numerically.
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SUMMARY

In this thesis the variation of a fuﬁctional defined on a variable
demain has.been studied and applied to the problem of finding the
optimum shape of the domain in which some performance criterion

has an extrenum. The method most frequently used is one due to
Gelfand and Fomin. It is applied to problems governed by first and
second order partial differential equations, unsteady one
dimensionsal gas movements and the problem of minimum drag on a

body with axial symmetry in Stokes' flow.



