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SOME EFFECTS. OF LANGUIR CIRCULATION ON SUSPENDED PARTICLES IN LAKES 
AND RESERVOIRS
By T. BURANATHANITT

ABSTRACT

The quantitative extent to which the large-scale organised water 
motion in the surface waters of lakes and reservoirs, known as Langmuir 
circulation, affects the distribution and settling of suspended particles, 
especially the algae, is not known and has been ignored in the conventional 
modelling of water quality. Since the settling of these oarticles is 
an important process in determining water quality, the present study 
investigates the Langmuir circulation effect by means of a mathematical 
model, based on the two-dimensional advection-diffusion mass transport 
equation describing the temporal and spatial distribution of suspended 
particles in a typical Langmuir cell. The Langmuir circulation flow 
field and turbulent diffusion coefficients are empirically modelled by 
relating these variables to the environmental parameters.

It has been shown that Langmuir circulation does affect particle 
distribution and settling. For particles with small sinking speeds, the 
circulation causes intense mixing, resulting in essentially uniform 
distribution of particles over the Langmuir cell. For particles with 
high sinking velocities, aggregation of particles can occur, giving 
rise to considerable reduction in sinking losses.

Two preliminary laboratory experiments have been performed. The 
wind-wave tank experiment suggests that the Langmuir circulation scale 
of motion is dependent on the significant height of the surface waves, 
thus providing an empirical means of determining the size of Langmuir 
cells from environmental variables. The particle-settling tank experiment 
holds promise as a means of studying the effect of circulating flows on 
the distribution and settling of particles.
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NOMENCLATURE

AA^, AAj Coefficients of linear simultaneous equations; elements

of tridiagonal matrix

BB., BB. " "1 3

CC., CC. " ”1 3

C Concentration (e.g. mass per unit volume) of material
* '

C Dimensionléss concentration = C/C^

Cg Average concentration at time tg

Cĵ j Concentration at centre of grid volume ij

C^ Reference concentration; initial concentration

CE, CW Concentrations on the right and left faces of grid volume,

res pectively

CN, CS Concentrations of the upper and lower faces of grid volume,

respectively

c specific heat of water

D Depth of Langmuir cell; depth of water; depth of the mixed

layer; depth to the therraocline

DD^, DDj Terms in the linear simultaneous equations

d Particle diameter

f A function of

F Time-rate of change due to net growth; fetch length

2F^ Dimensionless fetch length =

g Acceleration due to gravity

H Wave height

Significant wave height 
ii



i Index for mesh point in y-direction, y = (i-l).Ay

j Index for mesh point in z-direction, z = (j-l).Az

k Net growth coefficient or net production rate; thermal

conductivity of water 

L Characteristic length

1 Length scale of eddies

N^ Number of Langmuir cells in wind-wave tank

n Index for time plane, t = (n-l).At, used as a subscript

n Number of clear lanes in wind-wave tankc
n^ Number of dye bands in wind-wave tank

SE,SW Coefficients for interpolation

SN, SS "

SNZ "

T Time interval over which Langmuir circulation phenomena vary

significantly; total time of simulation
*

T Dimensionless time of simulation = TW^/D

T^ Local temperature of water

t Time
*

t Dimensionless time = t W^/D

At Time step length

tg Time at which relative concentration distribution in Langmuir

cell reaches equilibrium 

U, X-components of velocity for fluid and solid particles

respectively
s

Characteristic velocity

su*, u ’ Fluctuating velocities in x-direction for fluid and solid

particles respectively

V, y-components of velocity for fluid and solid particles

respectively
*

V Dimensionless lateral velocity = V/W^

iii



Characteristic velocity of fluid 

y*,Vg Fluctuating velocities in y-direction for fluid and solid,

respectively

VE, VW Average horizontal components of velocity on the right and

left faces of grid volume, respectively 

W, z-componets of velocity for fluid and solid particle,

respectively
*

W Dimensionless velocity = W/W^

Local velocity of water 

w^, Maximum downwelling velocity in Langmuir cell

Effective sinking speed 

^effl'^effZ Effective sinking speeds at t=tg and t >tg,respectively 

Wind speed

W.J, Terminal fall velocity of particle
*

Wrp Dimensionless sinking velocity of particle

W^ " Maximum upwelling speed in Langmuir cell

W^ Wind speed at anemometer height y

W^Q Wind speed at height 10 m above the ground

WN, WS Average vertical velocities on the upper and lower faces of

grid volume, respectively

w' , w^ Fluctuating velocities in z-direction for fluid and solid

particle, respectively

X (Longitudinal) cartesian coordinate
*

X Dimensionless coordinates = x/D

y (Lateral) cartesian coordinate
*

y Dimensionless coordinate = y/D

Ay Grid size in y-direction

z (Vertical) cartesian coordinate
*

z Dimensionless coordinate = z/D

Az Grid size in z-direction

IV



B Coefficient of proportionality

E Rate of turbulent energy tranfer

Ey Horizontal eddy diffusion coefficient

E Coefficient of diffusion for momentumin
E^ Eddy viscosity

E^ Coefficient of diffusion for solid particles

E ,E ,E Coefficients of eddy diffusion for fluid in x-,y-, and z-X y z ■' '
directions , ' respectively

E ,E ,E Coefficients of eddy diffusion for solid particles in x-, sx sy sz  ̂ .

y-, and z-directions, respectively 

EyE^Oyw Horizontal coefficients of diffusion on the right and left 

faces of grid volume, respectively 

^zN’^zS Vertical coefficients of diffusion on the upper and lower

faces of grid volume, respectively 

<!> A function of

X Characterislic length of Langmuir cell

X^ Convergence line spacing; cell spacing; row spacing;

twice Langmuir circulation cell width 

X^ Dominant wave length of surface wind waves

U , p Water viscosity ; v = y/ p

Air viscosity 

p Water density

Ap^ Local air density variation

(Grain) density of solid particle 

a Surface tension force

Principal Superscripts

—  the average or mean quantity

* non-dimensional quantity
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1.

SOME EFFECTS OF LANGMUIR CIRCULATION ON 

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 1 INTRODUCTION

The large-scale organised flow structure in the surface waters of 

lakes and reservoirs, known as Langmuir circulation, is described. 

Attention is then drawn to the need for understanding the probable rôle 

and extent of this circulation on the suspension and settling of 

phytoplankton and sediment particles, particularly in relation to modelling 

of water quality in lakes and reservoirs.



CHAPTER 1 INTRODUCTION

1.1 Langmuir Circulation - an organised large scale flow structure.

In open waters such as lakes and oceans, when the wind speed is 

in excess of a critical value (about 3 m/s), a banded structure appears 

on the water surface, with the bands or stripes lying more or less in 

the direction of the wind. The stripes may be composed of algae or 

organic foam, or accumulation of surface debris, all of which are 

indicative of the convergence of the surface waters. In the absence of 

natural surface tracers such as these, scattering cards, pieces of paper 

or dye onto the water surface, has also shown that convergence stripes 

exist (Assaf et al., 1971; Harris and Lott, 1973). Surface water in the 

stripes seems to move downwind faster than water in between the stripes. 

Measurements of vertical velocities beneath the surface indicate 

downwellings beneath the stripes (or convergence lines) and upwellings 

between them. A picture emerges of an organised circulation, composed of 

pairs of counter-rotating longitudinal helical roll vortices, axes parallel 

to the wind direction (see Fig.11). This wind-induced circulation in lakes 

and oceans was first recognised by Langmuir (1938), and has subsequently 

become known as Langmuir circulation.

Published literature indicates that the most variable feature of 

Langmuir circulation is the convergence line spacing (row spacing), ranging 

from 2 to 25 m in lakes and from 2 to 300 m in the ocean (Pollard, 1977) .

At any one time circulation cells of different sizes may co-exist 

together, smaller and less well-defined stripes occuring between the 

larger, well-defined and more persistent ones (Scott et al., 1969;

Walther, 1967; Assaf et al., 1971). However, many investigators, noting 

only the well-defined stripes, have reported a somewhat regular spacing of 

the stripes (Langmuir, 1938; Myer, 1968; George and Edwards, 1973).

(Scott e t oL., 1969)
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Precise circulation depth is difficult to measure, but, in stratified 

water bodies, the vertical dimension of the largest circulation cells 

is generally believed to correspond to the surface mixed layer depth 

in lakes (the epilimnion) and oceans. Alternatively, the cell depth 

may extend to the bed in shallow waters. The circulating motion in 

Langmuir cells is relatively strong and appears to be related to the 

wind speed. The maximum downwelling speed is approximately 1% of the 

wind speed and nearly one quarter of the surface wind drift (Scott et al., 

1969). The maximum upwelling speed is about one-third or so of the 

maximum downwelling (Langmuir, 1938).

Mechanisms proposed for the generation of Langmuir circulation prior 

to 1971 were reviewed by Faller (1971). Six mechanisms were discussed, 

namely, shearing instability of the Ekman Layer; coupling of atmospheric 

vortices to water; thermal convection process; cross-wind stress 

variation caused by a surface film; transfer of energy of surface ripples 

to the Langmuir cells by action of the surface films; and interaction 

of surface wave trains. Most of these have been discounted either because 

they do not agree with field observation or they fail to provide enough 

energy to create circulation of observed strengths. Wind and surface wave 

interaction has received most attention. More recently, sophisticated 

theoretical models have been developed based on the physics of either 

wind and waves, or waves alone (Leibovich and Ulrich, 1972; Craik and 

Leibovich, 1976; Leibovich, 1977a; Leibovich and Radhakrishnan, 1977; 

Garrett, 1976; Gamelsr^d, 1975; Leibovich, 1977b; Craik, 1977; Mobley 

and Faller, 1977). Because of the complexity of the phenomena and the 

extreme difficulty of performing tests, all the plausible theories suffer 

from lack of verification data, while some models have been discarded 

because of their unjustified assumptions or because their predictions 

contradict available observations. At the present time there is no 

universally accepted rational theory of Langmuir circulation and much work
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remains to be done in the theoretical development. This should proceed 

hand in hand with verification processes.

Despite these difficulties and lack of precise knowledge concerning 

physics of the circulation, limited information on the general features 

of the circulation, in combination with empirical correlations of some 

of the observed variables, will be shown to provide useful data for study 

of some Langnuir-circulation related problems. The Langmuir circulation 

concept is developed in greater detail in Chapters 4 and 5.

1.2 Significance of Langmuir Circulation to the Water Resources Field.

One of the most important parameters in determining water quality 

and ecological state of water resources systems such as lakes and reservoirs, 

is the production and distribution of microscopic plant life (i.e. 

phytoplankton). Since phytoplankton is the dominant producer of organic 

materials in water impoundments, significant changes in population because 

of the changes in the aquatic environment can affect many water quality 

parameters and lake ecology. Accurate understanding of the processes which 

influence the changes in phytoplankton population is vitally important in 

water quality management.

In stratified lakes, active production is usually confined to the 

epilimnion or the mixed layer. The net production of phytoplankton depends 

on, among other factors, their vertical distribution in relation to the 

photic depth, that is the depth of light penetration where photosynthesis 

can take place (Fig.1.2). The distribution of phytoplankton population 

remaining in suspension and its motion in and out of the photic zone may 

be expected to affect the phytoplankton production in the mixed layer.

The above motion may be induced by a large-scale advection in the mixed 

layer such as Langmuir circulation.
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Another important factor which depends on and, in turn, affects the 

total amount of phytoplankton in the mixed layer, is the sinking loss, i.e. 

the quantity of phytoplankton that sinks out of this layer. Determination 

of this is important since it is a major process by which particulate 

matters and raw organic materials are removed from the epilimnion to 

supplement the nutrient pool and sedimentation in the impoundment. If 

recycled back into the epilimnion, these nutrients can enhance further 

phytoplankton growth.

Distribution and sinking of other suspended particles, such as 

sediment particles obtained from catchment runoff, may also be similarly 

affected by Langmuir circulation. Suspended sediments are inçortant to 

lake water quality because they are the principal cause of water turbidity 

which can alter the photic depth and hence affects phytoplankton production 

in the mixed layer. Furthermore, some types of sediments are capable of 

forming floe blankets in the presence of weak agitating water currents.

These can sink at a higher velocity than individual particles and can take 

some algae down with them. This gives rise to further sinking loss of 

phytoplankton (Smith, 1975).

In view of the critical importance to water quality of phytoplankton 

and sediment distributions in the mixed layer, any investigation to 

determine the nature and extent of the effects of Langmuir circulation on 

these particles would be a valuable step to a better understanding and hence 

more accurate modelling of primary productivity in lakes and reservoirs.
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SOME EFFECTS OF LANGMUIR CIRCULATION ON 

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 2 EFFECTS OF LANGMUIR CIRCULATION ON 

PARTICLE SUSPENSION - A review of

existing models and an outline of

the present study.

A review is made of previous investigations concerning the

effects of Langmuir circulation on the distribution of particulate

matters in the mixed layer of large water bodies and the 

associated sinking loss from this layer. The present study is 

then introduced. This offers an alternative approach, by 

accounting explicitly for the advection and turbulent transfer 

of particles within a Langmuir cell, to determine the relative 

significance of the circulation phenomena in modelling the 

distribution of suspended particles (e.g. phytoplankton).



CHAPTER 2 EFFECTS OF LANGMUIR CIRCULATION ON 

PARTICLE SUSPENSION - A review of 

existing models and an outline of 

the present study.

2.1 A Brief Review of Previous Field Investigations.

Few field observations concerning the distribution of 

particles in Langmuir cells have been published. Those reported 

are qualitative in nature and inadequate to illustrate how particles 

are aggregated in the cells. For instance, Stommel (1949) reported 

an observation in a lake that Langmuir circulations concentrate 

phytoplankton into linear arrays in the direction of the wind. 

Similar phenomena have also been observed in a shallow reservoir 

by George and Edwards (1973). Because the observed plankton 

include phytoplankton as well as zooplankton, the motility of 

the latter makes it impossible to separate how phytoplankton alone 

are affected by the circulation. Observations by Sutcliffe et al. 

(1971) that surface film and organic phosphate were concentrated 

in the convergences may perhaps indicate the ability of the 

circulation to aggregate buoyant particles, but its effects on the 

non-buoyant particles are not known. Therefore the rôle of Langmuir 

circulation in forming concentrations of particles and dictating 

both their distribution and sinking loss rates is not adequately 

described by the existing field observations.

2.2 Review of Existing Models.

Analytical models also have subsequently been used to give 

a more complete picture of how particles might be affected by
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Langmuir circulation. Complex phenomena are being described, 

consequently few models exist which are worthy of close study. 

Two of these are reviewed below.

2.2.1 The Model of Stommel.

Following Langmuir’s early observations and his speculation 

as to the existence of wind-driven circulation (Langmuir, 1938), the 

first analytical model designed to investigate the suspension and 

settling of solid particles in a series of steady helical cells 

(analogous to those proposed by Langmuir) was made by Stommel (1949) .

His study was initiated by an observation in a lake that a greater 

variability in plankton counts was obtained when net tows were taken 

up or down wind compared with those made across wind. Stommel 

considered whether Laigimdr circulation was responsible for concentrating 

plankton in lines. Evaluating the trajectories of small particles 

sinking passively through steady regular convection cells of the 

Langmuir form (Fig. 2.1), his model showed that different types of 

trajectories were obtained depending on the ratio of the particle 

sinking velocity to the maximum upward velocity. Fig. 2.2 

illustrates the trajectories of solid particles settling through a 

Langmuir cell under various conditions.

The case most relevant to the phytoplankton suspension 

problem is when particles fall (or ascend) at a lesser speed than 

the maximum vertical speed in the cells (Fig. 2.2B). His model showed 

that closed trajectories in the form of oval shaped "retention region" 

are developed in the upward currents, in which particles, once 

trapped, are retained, whilst particles outside the retention region 

sink out of the cells. The size of this retention region decreases
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with increasing particle sinking speed.

Although with laminar flow a "retention region" (i.e. a 

region that particles neither leave nor enter) exists, with 

turbulent flow a loss of particles occurs. The simplicity of 

Stommel’s model is such that it is impossible to assess the likely 

distribution of particles in the circulation zone and the particle 

sinking loss from it. Nevertheless the idea of a retention region 

trapping some particles to re-circulate within the cell, leads to 

the general belief that the circulation is retaining particles 

which might otherwise sink out of the mixed layer.

Hutchinson (1967) extended Stommel’s concepts to consider the 

means, by which phototaxic organisms maintained a given depth despite 

moderate vertical movement (Fig. 2.2D). Later Smayda (1970) used these 

concepts to show that for marine diatoms with a relatively high 

sinking speed of 500 m/day in a weak circulation field, the ratio 

of the sinking speed to the maximum upwelling speed was within the 

range in which the circulation can be expected to influence the 

phytoplankton suspension. For typical sinking rates of most diatoms 

(typical sinking speeds ranging from 0.003 to 0.03 cm/s), his model 

showed that water current velocities of only 0.01 to 0.001 of those 

observed in the circulation cells would keep the bulk of phytoplankton 

species in suspension in the euphotic zone.

2.2.2 The Model of Titman and Kilham.

Since Stommel's work appeared in 1949, little further 

development occurred until 1976, when Titman and Kilham attempted to 

estimate the effect of Langmuir circulation pattern on the sinking 

loss rates of phytoplankton from the mixed layer. They modified Stommel’s 

model of circulation to include the observation that the maximum
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upwelling speed is generally half of that of the maximum downwelling 

speed (Fig. 2.3A). A typical calculation assumed Langmuir circulation 

of 10 m depth, a particle sinking speed of 85 m/day, and a maximum 

rate of downwelling of 1 cm/s. This model used Stommel's particle 

trajectory method to separate Langmuir circulation into a retention 

region and an outside region from which particles could migrate from 

the cells (Fig. 2.3B).

Although Titman and Kilham's results indicate that particles 

may be kept in prolonged suspension within Langmuir circulation with 

a large reduction in sinking loss, certain aspects of their model 

are questionable, and this casts doubt on the results obtained.

For example, their model is unclear in considering the partitioning 

of particles between the retention region and that outside. Similarly, 

the mechanism for transferring particles from the retention region and 

the subsequent sinking of these particles from the mixed layer lack 

credibility. The assumption of a constant exchange rate of 2.0 /day 

appears unrealistic and has no physical foundation. Such a turbulent 

transfer process should be dependent upon the turbulent intensity in 

the mixed layer, which may somehow be related, among other parameters, 

to wind speed and water stability. Their method of estimating 

particle loss rates is unsubstantiated and their approximation of 

the circulation shape to a square form is an oversimplification. It 

is evident that the physical representations of the circulation, its 

turbulent transfer processes, and the method of calculating loss rates 

from it , as used in Titman and Kilham's model, are unsatisfactory, and 

these will not be considered further.
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2.3 The Present Study.

The ability of Langmuir circulation in keeping a 

significant volume of suspended particles to continually re-circulate 

within the mixed layer appears to be demonstrated. But the 

relationship between this re-circulâtion of particles to the particle 

aggregation and sinking loss cannot be adequately described by the 

available models and field investigations to date.

The problem could be investigated by making direct measurements 

of the variables concerned in a lake or reservior. For example, 

Rutherford (1976) suggested field measurements on certain labelled 

particles or organisms. Such measurements must be made across the 

circulation cells and over a wide range of prevailing winds, thermal 

conditions and turbulence structures. For complete understanding, 

the prevailing temperature profiles, turbulence distribution, velocity 

field, and particle concentrations, must be measured simultaneously.

Such an experimental undertaking is, however, beyond the limit of 

the present technical capability (Fasham, 1978). In view of this 

limitation, a mathematical model study is a necessary step to justify 

the large-scale costly experimental project, and, in addition, provides 

a theoretical framework for such a field sampling programme.

The present study, with the following main objectives, is 

proposed:

1. To develop a mathematical model based on an advection-diffusion 

mass transport equation, in which particle transfers by water motion 

and turbulence are explicitly described, for investigating the 

influence of Langmuir circulation on particle distribution and 

sinking loss (Chapter 3);

2. To determine the significance of Langmuir circulation effects in 

the modelling of particle distribution and sinking loss in the
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mixed layer, by comparing the results of the present two-dimensional 

model with those predicted by the conventional zero - (i.e. one- 

layer mixed compartment) and the one-dimensional models (Chapter 7);

3. To enhance understanding of the circulation phenomena by carrying 

out preliminary laboratory experiments, obtaining experimental 

evidence, and thereby exploring the possibility of physical 

modelling, within the laboratory, of the circulation phenomena 

(Chapter 8).
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Fig. 2-1 The streamlines of an ideaiised vertical section across q  

pair of convection ceils. The arrows show the direction of 
water flow.

Downwelling Upwelling
(Convergence) (Divergence)
Downwelling Upwelling

Fig. 2-2 The trajectories of phytoplankton cells settliiv; through a Langmuir 
convection cell under various conditions. The streamlines represent direction of 
movement of phytoplankton with depth. To right of upwelling(convergence) area,convection 
cell rotates clockwise, and counter-clockwise to left. A, Trajectories of phytoplanktonÎ articles whose sinking speed is just sufficient to settle out of the convection cell R = l). B, Trajectories of phytoplankton particles whose sinking speed is one half 
R = 0.5) of those in panel A. The shaded area represents a zone of closed trajectories, 

or the rerion of retention where phytoplankton cells swirl around; outside of this 
region they sink through the convection cell. C, Solid lines represent the streamlines 
of Langmuir convective motion. Dashed lines are the boundaries of the "regions of 
retention" for phytoplankton particles sinking at various speeds relative to that of 
current velocity (R values). D, Trajectories of mobile organisms seeking to maintain 
themselves below and near surface in convection cells leading to their accumulation in 
the convergences located approximately at the areas in D where the trajectories collect 
at the extreme left and right. A,B,C modified from Stommel(l949); D from Eutehinson(l967).
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Fig 2*3 A, Vertical cross-section view of Langmuir circulation as produced by 
a model modified from Stommel (l949). Tangential vectors are velocity vectors. The 
solid closed curves are streamlines, paths followed by small parcels of water. The 
vertical scale is depth below the surface; horizontal scale is horizontal distance.
3, Streamlines of grapgh A on which are superimposed the trajectories followed by particles 
with a sinking rate of 85 m/day (broken line curves). The region within the outermost 
trajectory is the region of retention for particles of this sinking rate. (After Titman 
and kilham (1976).
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(curve B), ( After Titman and kilham, 1976 )
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SOME EFFECTS OF LANGMUIR CIRCULATION ON 

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 3 THE MATHEMATICAL MODEL

The development of a model describing the distribution of 

suspended matter in a typical Langmuir cell is outlined, based on 

the simplified two-dimensional time dependent advection-diffusion 

mass transport equation for particles in turbulent flow. A 

general method of solution is briefly described.
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CHAPTER 3 THE MATHEMATICAL MODEL

3.1 Basic Principles.

The dispersion of particles, such as phytoplankton and 

sediments, within the main body of turbulent flow may be represented 

by an advection-diffusion process. In this process, particle 

distribution results from combined action by local time-mean 

velocities and diffusion caused by both molecular and turbulent 

transfer. Such a representation has been found to explain adequately 

many particle-suspension problems, notably those associated with 

sediment transport and sedimentation.

The differential equation describing the time-distribution 

of conservative suspended material in a turbulent flow field is 

derived from the statement of the material mass conservation principle 

(Sayre, 1968), to give

■ è X 9x ry 9yJ + JL e sc
3z z 3z (3.1)

in which t = time;

X, y, z = cartesian coordinates;

C = turbulent-average concentration of material,

expressed in mass per unit volume of suspension;

U, V, W = X, y, z components of water velocity, respectively;

e^, Cy., = corresponding turbulent diffusion coefficients

which include molecular diffusivity.

For non-conservative materials such as phytoplankton, additional terms 

representing the rate of change of concentration caused by sources 

and sinks of the material, such as those produced by biological and 

chemical reactions, need to be added to the right-hand side of
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equation (3.1).

Considering equation (3.1), the first term on the left-hand 

side denotes the local change of concentration of material with 

time. The 2nd, 3rd and 4th terms are the advective fluxes of 

material. The terms on the right-hand side represent the diffusive 

fluxes of the material. Sayre (1968) discusses in detail the 

assumptions implicit in the derivation and application of this 

equation and notes that it describes the diffusion process 

satisfactorily if the substance is in solution form or if the solid 

particles to which it is applied are of low concentration, so that 

the volume occupied by the solids is negligible.

For small volume concentrations, equation (3.1) applied to 

the diffusion of suspended particles becomes

+  _ L 3C
 ̂ sx 3x 3y S y  9y_ 3z { sz 9z

(3.2)

in which U^, and are the velocity components of the suspended

particles rather than the water velocity, and e , e and e  ̂ denote ^  ̂ * sx sy sz
the coefficients of diffusion for the suspended particles in the x, y, z 

directions, respectively. The solution of equation (3.2) yields the 

concentration distribution of particles, provided that the velocities 

and diffusion coefficients for the particles are known at all points 

and times throughout the flow system, together with the specifications 

of appropriate boundary conditions. Such provisions cannot be 

realised in practice and hence to achieve practical solutions various 

simplifications must be made to the equation.
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3.2 Simplifications to the Basic Equation.

If the particles are smaller than the size of the smallest 

scale of turbulent eddies, they will tend to follow the turbulent 

components of the fluid. This situation is closely approximated 

by most suspended particles in lakes (e.g. for phytoplankton, the 

typical size range is about 5 um to 1500 ym; its density is 

roughly 1.01 to 1.03 times that of water; and the smallest scale 

of turbulence in lakes is in the order of 1 cm or so). Such 

particles may be regarded as being passively carried by the water 

motion, and at the same time, sink slowly at their 

sinking speeds with respect to the surrounding water. Hence

u' ^s '
v' =

w ' ^s '

"s = U

= V

«S = W + W,

(3.3)

are assumed to hold, in which U, V and W are the fluid velocity 

components and U^, and are the solid particle velocities; is 

the fall velocity or sinking speed in turbulent water; z - direction 

is taken to be positively downward; and the primed quantities are 

the velocity fluctuations. After combining the above equation with 

equation (3.2), the governing equation becomes

3z
3
3x iÇ' 3C'

SX 3x̂ 3y [ sy 3ŷ

3 i e  ^3z I sz 3ẑ ' (3.4)
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Experiments have shown that for small particles within the Stokes' 

range, a condition satisfied by most phytoplankton and sediment 

particles in a lake, the mean fall velocity is approximately that 

in still water (Rouse, 1938; Brush et al., 1962; Murray, 1970).

With this assumption the sinking speed can be measured directly or 

estimated analytically.

It is assumed that the mechanisms that control the mass and 

momentum transfer of fluid are identical (Reynolds' anology), i.e.

where is the eddy viscosity or coefficient of diffusion for 

momentum, and is that for fluid mass. The validity of the Reynolds 

analogy may be criticized since it can be argued, for instance, that 

the pressure fluctuations in turbulent fluid can transport momentum 

but not mass. However, Jobson and Sayre (1970) were among others who 

found experimentally that the turbulent diffusion coefficient for 

fluid mass, e^, is,at least as a first approximation, equal to

the turbulent diffusion coefficient for momentum, 6^. Now, if the 

solid particles follow the motion of the fluid, as explicitly assumed 

in equation (3.3), then an equality such as = £^, i = x, y, z

exists. Experimental evidence by Brush et al. (1962) shows that this 

assumption is valid for small particles within the Stokes' range. 

Therefore, in the present model it will be assumed that

For a more rigorous approach, a general relationship

S  " G Em . (3.7)
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could be used, in which 3 is a proportionality coefficient, which 

decreases from unity with increasing particle size, implying that 

large suspended particles have higher inertia and so do not respond 

to all the velocity fluctuations within flow.

With the above simplifications, equation (3.4) can now be

written

i e  ^ ( e  ^
I y ay. 3z I z 3z,

(3.8)

that is, the flow and diffusion parameters of the suspended particles, 

such as phytoplankton, in turbulent flow can be approximated by those 

of the flow, as well as by the particle sinking speed in still water.

So far the governing equation applies to the conservative 

or inert particles and may not be strictly satisfied by phytoplankton 

cells which are characterised by growth. In these circumstances an 

additional term representing the time-rate of change of concentration 

due to net growth, F (that is, the net balance between production by 

photosynthesis and loss rate by respiration, mortality, grazing, etc.), 

must be added to the mass balance equation. In its simplest form, this 

term can be expressed as

F = kC , (3.9)

in which k is the net growth coefficient or net production rate, and 

C is the concentration of phytoplankton. Since the phytoplankton 

growth rate depends on several factors, such as nutrient conditions, 

light intensity, temperature, respiration rate of the cells, grazing 

rate, etc. (Rutherford, 1976), it cannot be reliably determined
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without complete knowledge of the influencing variables. For 

simplicity and to enable the phytoplankton suspension in Langmuir 

cells to be studied in isolation from other phenomena, growth rates 

are ignored, i.e. phytoplankton cells are assumed to behave 

similarly to inert particles.

3.3 The Simplified Governing Equation and General Method of

Solution.

If the Langmuir circulation is essentially steady for a given 

environmental condition, and the time taken for it to become fully 

established is short compared with the time of interest, it can be 

considered that a fully-developed steady circulation flow field 

occurs simultaneously at the onset of the appropriate wind. Langmuir 

circulation is assumed to be orientated with its longitudinal axis 

parallel to the wind direction and extending across the lake and 

a typical Langmuir cell can be used to study effects on particle 

suspension. Since steady uniform motion of the water in the direction 

of the wind has no effect, other than to move particles uniformly in 

the direction of the wind, the problem may be considered to be two- 

dimensional and equation (3.8) reduced to

f  - V . (W . W^) II = A y ay
a
az ez 3ẑ (3.10)

The x-axis is directed downwind, the z-axis positively downward from 

the origin at the lake surface, and the y-axis transversely along 

the water surface.

Equation (3.10) can be solved numerically, by integrating its 

finite difference approximation, for the spatial and temporal



24

distribution of particle concentration within the Langmuir cell. To 

obtain the solution the following quantities must be specified:

(i) the extent of flow field, i.e. the width and depth of 

a Langmuir circulation;

(ii) the flow field and diffusion field, i.e. V, W, and 

of Langmuir circulation at all points and time;

(iii) the sinking speed of particles,

and (iv) appropriate initial and boundary conditions.

Since for a given condition, similar Langmuir cells are 

assumed to be formed, each being a mirror image of its adjacent cells, 

then a typical cell may be studied in isolation. The boundary 

conditions appropriate to this situation are:

(i) There will be no particles leaving the cell through the 

top and side boundaries;

(ii) Turbulent exchange of particles across the bottom 

boundary of the cell is neglected because of the 

suppression of turbulence there by very stable layers 

of underlying water. Only advective flux of material 

occurs across this boundary.

With such boundary conditions, a solution of the finite difference 

equation is marched forwards in time to give particle distribution 

in the cell at future successive time intervals. Other quantities, 

such as sinking loss through the bottom boundary of the circulation 

cell at various times are thereby estimated.

3.4 Non-dimensionalisation of the Governing Equation.

To obtain generalised data, equation (3.10) is non-dimensional- 

ised using the following variables:-
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c* — c/c.

y* = y/Lo
z* = z/L^

V* = V/Uo

W* = W V o

w; = «T/Uo
£* = e/(L^Uo)

and t* = t/CLo/Uo)

in which L is the chara

(3.11)

and C the characteristic reference concentration. The non-dimensional o
equation written in conservation form is then

(W* + W')C* 3 ' * 3C*' 3 L* -Ç*'
_ " 3y* ^y 3y . 3z* z 3z*,

The limits of integration become

(3.12)

and

y *  from 0 to X^/(2 L^) 

z* from 0 to D/L ;

from 0 to T*( = T/(L^/U^)) ;

in which is the convergence line spacing (twice the Langmuir 

circulation cell width) and T is the total time of simulation 

corresponding to a time interval over which the Langmuir circulation 

characteristics vary significantly.

The specification of Langmuir circulation variables, i.e. 

the cell geometry, velocity and turbulent diffusion fields will be 

discussed in Chapters 4 and 5. Finite differencing solution 

techniques, the handling of the boundary conditions, and values of the 

variables of the problem are deferred until Chapter 6. Further
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analyses of the basic numerical results, including the comparison of 

these with those from some typical zero- and one-dimensional models 

usually employed in water quality studies, follows in Chapter 7.
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SOME EFFECTS OF LANGMUIR CIRCULATION ON 

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 4 LANGMUIR CIRCULATION OBSERVATIONS 

AND PARAMETER CORRELATION

Because of the present lack of a satisfactory Langmuir 

circulation theoretical model, published data on basic structures of 

the circulation, e.g. the shape, scale of motion, and associated 

velocities, are examined in some detail. The purpose of this is to 

obtain relevant information to aid the construction of an empirical 

model of the circulation for the present study, to be developed in 

Chapter 5, and to establish typical ranges of the circulation 

variables in lake and reservoir environment. Correlation 

relationships, which attempt to relate the circulation variables to the 

environmental parameters, such as wind/wave parameters, and the mixed 

layer depth, are also discussed.



28.

CHAPTER 4 LANGMUIR CIRCULATION OBSERVATIONS

AND PARAMETER CORRELATION

4.1 Introduction

Since Langmuir (1938) first produced evidence of the existence 

of roll vortices in the surface layers of lakes and oceans, which are 

now named after him, a number of theoretical explanations have been 

advanced for their generating mechanisms. As yet, no theory has received 

unanimous acceptance. Many have been shown to be inadequate (Scott 

et al., 1969; Palier, 1971; Pollard, 1977). The more recent and 

plausible ones tend to employ complex parameterisation and are often 

based on questionable assumptions that need justification. Because 

of the complexities, these models are not thoroughly tested. The 

theories of Langmuir circulation up to 1971 have been reviewed by 

Scott et al. (1969), Craik (19/0) and Faller (1971). A review of the 

more recent developments is made by Pollard (1977). Although important, 

the theoretical explanation of the cause of Langmuir circulation is not 

directly relevant to the present study, which is concerned with the 

consequences of the circulation on suspended matter. However, a 

brief summary of these theories with references is tabulated in Table 

4.1.

Despite the lack of an established and well-proven theory, the 

circulation’s pattern and magnitude of flow, the scale of motion (e.g. 

the width and depth of the ci rculation), and the variations of these 

features with the changes in the prevailing conditions, may be 

established from field and laboratory observations. The empirical 

model derived by this prodedure can be useful, at least as a first
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approximation, in studying the consequences of the circulation on 

some processes in lakes. Because the literature often contains 

conflicting observations on Langmuir circulation variables, it is 

therefore necessary to examine observations in some detail.

4.2 General Features of the Circulation.

Observations made by Langmuir (1938) and by numerous other 

investigators (see Table 4.2) show clearly that when a sufficiently 

strong wind (above 3 m/s on the average) blows over lakes and oceans, 

a parallel system of organised roll-type vortices is rapidly 

formed below the water surface (Fig. 4.1), which may extend down to 

the bottom of the mixed layer. Velocity measurements indicate that 

the shape of the circulation takes the form of alternate left- and 

right-hand vorticesj aligned more or less along wind, with the speed 

of downwelling water greater than that of the upwelling flow. The 

surface velocities are found to be strongest in the convergence zones 

(regions of downwelling), varying approximately sinusoidally across 

the cell width (Gordon, 1970; Langmuir, 1938). The difference between 

the downwelling and upwelling velocities (Langmuir, 1938; Myer, 1971; 

Maratos, 1971; Harris and Lott, 1973) suggests that the circulation 

cell is asymmetric, with the downwelling flow concentrated in a zone 

under the convergence line occupying a third or less of the cell width. 

Myer (1971) found that the onset of the circulation was characterised 

by downwelling under a newly formed streak, in a jet up to 1 m wide, 

which could penetrate through stable stratification (Fig. 4.2), and 

the width of the jet tended to increase with water stability. The 

observation by Welander (1963) also confirmed that the downwelling is 

in a form of concentrated jet.
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4.3 Response to the Wind.

Langmuir circulation does not normally exist when the wind speed 

is less than about 3 m/s (Faller and Woodcock, 1964; Harris and Lott, 

1973; Ichiye, 1967; Langmuir, 1938; Myer, 1971; Scott et al., 1969; 

Welander, 1963), though Katz et al. (1965) plotted the rib spacings in 

dye patches down to zero wind speed, and Ichiye remarked that 

striations in dye patches could exist even in calm seas if there was 

a pronounced swell. When the wind speed was less than 3 m/s, Myer 

observed the circulation to form in Lake George, New York, but this 

almost always occurred under surface cooling (unstable) conditions.

The response of the circulation to the wind appears to be 

relatively rapid. After the onset of winds larger than 3 m/s, Langmuir 

circulation develops within a few tens of minutes. Katz et al. recorded 

that, when the 5 m/s wind shifted through 70 degrees, the initial rib 

patterns consisting of three large ribs were broken up in 30 minutes, and 

a number of small ribs developed, aligning with the new wind direction. 

Langmuir noted lines of seaweed realigning themselves within 20 minutes 

when the wind direction shifted by 90 degrees. Scott et al. observed 

that streaks formed almost instantaneously in a lake when wind rose 

rapidly to speeds greater than 3 m/s. On the other hand, Maratos 

(1971) estimated that streak orientation responded within minutes to 

major wind shifts. Welander, however, suggested that the reorientation 

was initially confined to a relatively thin surface layer. He found 

that 10 minutes after a shift in 9 m/s wind, surface streaks had arranged 

themselves in the new wind direction and surface floats converged into 

these streaks, but the floats at 1 and 2 m depths continued to move in 

the original direction. The length of the response time was not 

measured by Welander.



31

It appears therefore that when the depth of the circulation 

is relatively shallow, such as in a lake situation, the response 

time is more rapid than with the much deeper circulation cells in 

the ocean. The response may begin at the surface, as described by 

Welander, and works its way down but, in all cases, the total response 

time is within a few tens of minutes or less.

4.4 Scale of Motion

The spacing between streaks or convergence lines is considered 

to be an indication of the lateral sizes of the Langmuir cells.

Most investigators have reported that streak spacing is somewhat regular, 

implying that the cells are relatively uniform in size for a given set 

of meteorological conditions (Scott et al., 1969). Table 4.2 shows 

that the most frequently observed feature of Langmuir circulation is 

the row spacing, ranging from 2 to 25 m in lakes and from 2 to 300 m in 

the ocean. In many cases, cells of several different scales are 

reported to exist together at any one time. Langmuir (1938) reported 

100 to 200 m streak spacing on the sea surface with smaller streaks in 

between, and in Lake George, New York, he noted that between well- 

defined, persistent streaks there were numerous smaller and less well- 

defined ones. When the mixed layer is very deep, Assaf et al. (1971) 

reported a hierarchy of two or three cell sizes coexisting in the ocean 

off Bermuda, and Harris and Lott (1973) stated that, in Lake Ontario, 

the distance between streaks (3-4 m) increased with time, new streaks 

forming between streaks already observed. Scott et al. (1969) said that 

one to three poorly-defined streaks frequently appeared between long, 

well-defined ones, and that the poorly-defined streaks disappeared 

quickly when the wind died. Faller and Woodcock (1964) may have
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observed the same phenomenon, though they assumed that the larger 

spacings they saw were actually two or three cell widths apart.

The reason for the occurrence of these poorly defined transient 

streaks is i not clear. The streaks might be caused by the natural 

variability of the wind/wave field which tends to produce circulation 

cells of various sizes apart from the dominant ones, or it might 

be related to the dynamic features of Langmuir circulation during a 

transient period. Harris and Lott (1973) offered one explanation 

based on their observation of row spacings in Lake Ontario. They 

usually observed oil, fat, and other pollutants collecting in streaks, 

which made them visible. When such oil and fat streaks were carried 

down into the water column (as were leaves and flotsam in Langmuir's 

observation), their appearance between the existing streaks in the 

upwellings could account for the generation of new streaks between the 

existing ones, and this would explain the disappearance of the 

existing streaks. Harris and Lott often observed that every second 

streak is heavily marked by its surface film. Another explanation 

of the existence of small vortices (small scale streaks on the water 

surface) was given by Faller (1978). He had observed in a laboratory 

test that a light wind blowing over a regular pattern of relatively small 

amplitude waves could produce vigorous circulation. This, he believed, 

is the primary generating mechanism of Languir circulation. With 

irregular wind-generated waves the primary mechanism will generate 

transient circulation cells of many scales. Larger, secondary scales 

of circulation may form by non-linear interactions of the primary 

circulation cells, which may grow to dominate the entire pattern of 

flow throughout the fluid layer. However, it is often noted that the 

occurrences of many scales of circulation are more frequent under 

certain circumstances. In lakes, Myer (1971) reported that secondary
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streaks were often observed in cases of surface cooling (unstable).

In larger bodies of water, such as the ocean or the Great Lakes,

Assaf et al. (1971) had observed two coexistent sets of streaks 

under moderate winds (5 to 15 m/s wind speeds), with the spacing of the 

larger streaks equal to the depth of the mixed layer.

Observations that record all streak spacings, regardless of their 

appearance, may not be a good measure of the dominant scales deeper 

in the water. Katz et al.’s results supported this viewpoint, showing 

that, for the same wind, smaller convergence line spacings were 

measured at the surface than below. Myer’s observations, based on the 

shapes of the isotherms and the motion of drouges, indicate the 

shallow existence of the small scale circulation and the increase of 

the circulation scale with depth (Myer, 1971).

The only explicit observations of the depth of Langmuir 

circulation (of the dominant scale), and hence the cell width to depth 

ratio, were made by Myer (1971). Taking the depth of the circulation 

to be the depth at which isotherm displacement was no longer 

observable, he found the penetration depths of 2 to 7 m in Lake George, 

New York, under stable (surface heating) conditions for 2 to 6 m/s 

winds. Following the interpretation made by Pollard (1976), Fig. 16 

in Myer (1971) seems to indicate that the ratio of streak spacing to 

the penetration depth is about 1 to 3 under stable conditions and 

0.2 to 0.3 for unstable conditions. Elsewhere in Myer (1968), typical 

values of this ratio for Lake George were also given, being about 1.4 

for stable conditions and 0.3 if unstable. In the absence of any more 

relevant information, it is consicfered that these values be used, as a 

first approximation, to estimate the relative size of Langmuir circula

tion cells in inland lakes of moderate sizes.

The factors which control the circulation scales have not been
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unambiguously determined. Langmuir (1938) found, in Lake George, 

larger streak spacings (15 to 25 m) in October and November than in 

May and June (5 to 10 m), suggesting a correlation with depths of the 

seasonal thermocline. Scott et al. (1969) supported this observation, 

finding significant correlation between the streak separation and the 

depth to the first stable layer. Apparently in this case, Langmuir 

circulation, in Lake George did not usually mix the diurnal heat input 

right down to the seasonal thermocline (at about 10 m depth) but 

formed a secondary thermocline a few metres above it. Other authors, 

for example Faller and Woodcock (1964), did not find this correlation 

with the depth of the thermocline, in the oceanic situations, to be 

significant. On the other hand, Faller and Woodcock (1964) and Maratos 

(1971) obtained significant correlation between wind speed and streak 

spacing, an observation not supported by Scott et al. (1969). However, 

with data obtained from Lake George, Myer (1971) noted a small increase 

in the mean streak spacing with increasing wind speed.

For oceanic cases, several correlated relationships have been 

reported for Langmuir circulation scale of motion (see Table 4.2). No 

unified relationship is evident. The general difficulty arises from 

lack of adequately comprehensive field data on Langmuir circulation 

(e.g. streak spacing, depth of the circulation or the depth of the 

induced mixed layer, upwelling and downwelling speeds), and those 

of prevailing environmental conditions (e.g. wind speed, and parameters 

associated with the state of surface waves, such as wavelength, wave 

height, fetch, wind duration, etc.). However, in lake and reservoir 

situations, there appears to be no relationship for the scale of 

Langmuir circulation in the literature. Although the data obtained in 

Lake George studies (e.g. Scott et al. (1969), and Myer (1971)) seem 

to be the most comprehensive to date, their nature prevents comparison 

with those from oceanic observations. For example, Scott et al. (1969)
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measured all streaks regardless of their appearance, while Faller and 

Woodcock (1964) and Maratos (1971) apparently measured only the large- 

scale well-defined streaks. Faller (1971) attributed this observational 

difference to the effects of different heights of the observer’s viewing, 

for the scale of the observed spacings often appears to be related to 

the size of the boat being used. Maratos (1971), on the other hand, 

measured row spacings from aerial photographs taken from a helicopter 

at some height (about 366 to 91 m) above the ocean.

4.5 Some Empirical Correlations between the Langmuir Circulation

Scale of Motion and Wind/Wave Parameters.

The correlated relationships, referred to in the preceding 

section and summarised in Table 4.2, are based on statistical analyses 

of the observed data in order to relate the circulation scale of motion 

(the convergence line spacing and/or the circulation deptl^ to the wind 

speed (Faller and Woodcock, 1964; Katz et al., 1965; Maratos, 1971) 

or to the depth of the mixed layer (Faller and Woodcock, 1964; Maratos, 

1971). Such simple relationships cannot be expected to portray 

adequately the response of the circulation scale of motion to the 

complex changes in the environmental state of the water body. However, 

in such a complex phenomenon involving several variables, the method 

of dimensional analysis may be applied to group the significant 

variables affecting the quantities under consideration. The resulting 

relationship can then be used to determine whether or not there is some 

form of generalised relationship between the non-dimensional variables.
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4.5.1 Basic Rationale

To identify the significant variables affecting the 

circulation scale of motion, the following view of the phenomena is 

adopted.

Langmuir circulation is considered to be fundamentally 

generated by wind/wave interactions, and the resulting downwelling 

motion brings warm water downwards against density stratification to 

a depth where stability is strong enough to resist further penetration. 

This depth, where the balance between Langmuir circulation mixing and 

the stability of the water column occurs, corresponds to the depth of 

the mixed layer. Being inhibited at this depth, the downwelling water 

accumulates and spreads laterally forming some natural equilibrium 

scale of circulation ̂ r opriate to this depth and to the strength of 

the supplied downward energy. If this depth of penetration is shallow 

and the wind is strong, more water will be accumulated and consequently 

the width of the circulation cells increases. If the erosion of the 

stable interface is slow,then a quasi-equilibrium may be assumed to 

exist between the cell spacing, the depth of the cell, and the wind/ 

wave actions which provide the energy to carry water downwards.

Therefore, the row spacing (an indication of the lateral dimensions 

of Langmuir cells) is expected to be dependent, at least, upon the 

depth of the circulation (the mixed layer depth) and the parameters 

expressing the wind/wave action, i.e.

= (j) (D, wind/wave parameters) , (4.1)

in which X^ is the cell spacing, and D is the cell depth.

Generally, the most basic parameters which govern the wind/ 

wave actions are wind speed, fetch length and wind duration. However, 

if the combined effects of wind speed, fetch length and wind duration
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can be approximately described by a single characteristic parameter

of the surface waves, such as the significant wave height or the
3

dominant wave length (X^), equation (4.1) may then be written in a 

non-dimensional form as

X X
(4.2)3 W

D D-

The functional relationship given by equation (4.2) forms a basis to

test an approximate generalised relationship for Langmuir circulation

scales. The choice of Hi is deliberate so that the number of wind/
3

wave variables can be reduced to a single parameter for easy

comparison between data obtained from different places with varying

wind speed, fetch length, and wind duration. When Hj is not directly
3

measured, some empirical relationships are available to relate it to

wind speed, fetch length, and wind duration. For example, Wu (1973)

proposed an empirical formula to predict wave growth with fetch under
on

a steady wind, based^extensive correlated data of Wiegel (1964) from 

both natural situations and wind-wave tanks.

g Hi  ̂ 0.466
(4.3)-  - 0.0031 ' ^

applicable for gF/W^^ less than 10^, in which Hi is the significant 

wave height (defined as the average height of the largest one-third 

waves); W^ is the wind speed at the anemometer height y (usually 

taken to be 10 m); g is the gravitational acceleration; and F is 

the fetch length.

Similarly, Bretschneider (1966) gave two empirical formulae, 

in which, for intermediate fetches, i.e. F^ ( = gF/W^^ ) < 1.4 x 10^,
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Hi
3

2.4 X 10"^ F 2 o
W 10 (4.4)

and, for fully-developed seas, i.e. F^ ^ 1.4 x 10^,

Hi = 0.28
3

W
10
g J

(4.5)

Equations (4.3), (4.4) and (4.5) are superimposed in the

diagram taken from Wiegel (1964) (see Fig.4.3).

Unfortunately, since most published data on Langmuir

circulations do not contain sufficient information to determine Hi ,
3

the more general correlations such as equation (4.2) cannot be tested.

However, by the following reasoning, an approximate correlation test

of oceanic data may be made.

Usually wave fields in open seas are not fetch-limited, and

wave heights depend on wind speed and, to some extent, on the wind

duration. For low wind speed blowing for some time, the wave field is

very close to being fully developed (Bretschneider, 1966). In such

a case, the significant wave height (H^) depends on the wind speed alone
3

(see equation 4.5). Hence

(4.6)

in a non-dimensional form.

(4.7)

which may then be used to correlate the observed oceanic data.
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4.5.2 Correlation of Oceanic Data

Available oceanic data of Maratos (1971) (W^= 3 to 8 m/s;

D = 9 to 11 m) and those of Faller and Woodcock (1964) (W^= 4 to 

11 m/s; D = 17 to 62 m), which cover a wide range of conditions, 

have been plotted in Fig. 4.4. The plotted results clearly suggest 

some form of correlation according to equation (4.7). There is one 

data point of Faller and Woodcock that deviates from this trend.

This deviation may be caused by the uncertainty of row spacing 

measurements in the open sea. Because of lack of surface tracer, 

convergence zones can exist without being visible, so it is quite 

possible that this reading was taken for two, rather than one 

spacing. If this row spacing were reduced by half, then the plotted 

point would fall on the correlated trend. A curve has been drawn 

tentatively through the plotted points to indicate this trend.

Bearing in mind the assumption made of a fully-developed sea, which 

may not be strictly valid, and the unsteady features of the row 

spacing. Fig. 4.4 is encouraging. Without any better correlations, it 

is suggested that it may be used to estimate the scale of Langmuir 

circulation at sea.

However, the results reported by Assaf et a l . (1971) do not 

support this correlation. Assaf et al.’s results (W^= 10 to 15 m, 

and D = 30 to 87 m) give the ratio of cell spacing to the mixed 

layer depth (X^/D) consistently about 1.0. No explanation can be 

given though it is possible that the reported cell spacings and wind 

speeds could have been subjected to some kind of averaging, thus 

affecting the results. Faller and Woodcock’s results give the 

cell spacing to the mixed layer depth ratio of approximately 1.1 

on the average, and so do those of Maratos. Thus it seems that, as
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a good first approximation, either the cell spacing of the Langmuir 

circulation that extend down to the mixed layer depth could be 

assumed to be equal to the mixed layer depth, or better still Fig.

4.4 could be used.

As far as lakes and reservoirs are concerned, there is no 

generalised relationship published for the scale of Langmuir 

circulation. Lake George data are perhaps the most comprehensive to 

date, but the reported data cannot be used to substantiate a 

relationship such as equation (4.2). To do this, characteristic 

variables pertinent to surface wind waves, in addition to those of 

Langmuir circulation, must be known. If the wave heights are not 

measured directly, at least fetch lengths with the corresponding 

wind speeds must be recorded, so that information concerning 

surface waves may be predicted by some empirical formulae such as 

equations (4.3) to (4.6).

4.5.3 Correlation with Wind/Wave Parameters 

In the absence of better data, attention has reverted to 

laboratory tests on Langmuir circulation in order to obtain 

additional data to correlate the parameters.

Recent laboratory experiments on Langmuir circulations by 

Faller and Caponi (1978) show that the scale of Langmuir circulation 

may be related to the characteristic scale of the wind-generated 

surface waves. In these experiments, Langmuir circulation was 

generated by blowing air over the water surface. By introducing dye 

(KMnOj^) on to the bottom of the tank, the spacing of the cells which 

extended down the water depth was observed from the regular spacing of
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the longitudinal dye bands formed across the tank (Fig. 4.5).

Faller and Caponi found that these row spacings were related to the 

scale of surface waves, represented by the average dominant wave 

length in their experiments. The results for various combinations 

of water depths (from 2 to 15 cm), fetch lengths (1.27 to 4.77 m), 

and winds (which produced wave lengths between 6 to 13 cm) were 

plotted in the non-dimensional form according to the relationship

(4.8)

in Fig. 4.6, in which D is the water depth, taken to be the mixed 

layer depth in natural situations. It should be noted that equation

(4.8) is basically the same as equation (4.2) discussed earlier.

The use of a non-dimensional representation makes possible direct 

comparison with field observational data. Several field observations 

including those of Faller and Woodcock (1964) had also been plotted 

in Fig. 4.6, but these consistently fell at the lower end of the 

points plotted from laboratory data.

In the absence of specific records about surface waves, 

these oceanic data had been assumed to represent fully-developed seas 

and wave lengths were computed from an empirical formula given by 

Neumannand Pierson (1966). In view of uncertainties in laboratory and 

field measurements of wavelengths and row spacings, as well as other 

experimental errors, it is quite plausible that a universal relationship 

in the form of equation (4.8) may exist. A smooth curve drawn 

through the cluster of experimental points, passing generally to the 

left of the oecanic data to account for the possibility that the 

sea might not be fully-developed, demonstrates the relationship
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(4.9)

in which D is the water depth in the wind-wave tank or the mixed 

layer depth for natural cases; is the dominant wave length of

the surface waves. The scattering of the oceanic data was attributed 

to the influences of such factors as the surface heat flux, internal 

waves, the strength of the thermocline, etc., which may not be 

significant in the laboratory tank. Faller and Caponi (1978) 

also discussed in detail some other lines of reasoning that equation

(4.9) might not be applicable as a universal relationship.

In order to corroborate Faller and Caponi's results, an essenti

ally similar experiment was conducted by the author (Chapter 8).

Results obtained, also plotted in Fig. 4.6, follow those of Faller and

Caponi. In this experiment the significant wave height (Hj) was also
3

measured and used as the principal variable rather than the wave

length. Results according to equation (4.2), i.e. X /D = 4^Hj/D),
^ 3

are given in Fig. 4.7. The figure shows that the scale of Langmuir 

circulation can also be correlated by equation (4.2), and a smooth 

curve has tentatively been fitted through the plotted points. It should 

be noted that these results are no more accurate than those used to 

establish equation (4.9).

To test the prediction of Langmuir cell scale of motion for 

fetch-limited situations such as those in lakes and reservoirs, a 

typical state of water surface leading to streaking in Lake George 

as given in Liebovich and Ulrich (1972) may be used: values for

wavelengths varying from 2 to 4 m, the average amplitude of the 

order of 4 cm when the wind speed is 4 to 5 m/s. For this wind 

speed, the typical depth of Langmuir circulation (or mixed layer)
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estimated from Myer’s (1971) data is about 3 m. Taking Hi to be 1.61
3

times the average wave height, as suggested by Wiegel (1964), H%
3

is estimated to be 12.3 cm, which leads to H^/D = 0.0234 and
3

X^/D = 0.545. Curves in Fig. 4.6 and 4.7 predict the ratio of

row spacing to cell depth of 1.3, which lies in the range of value

1 to 3 reported in Myer (1968, 1971). Myer also quotes a

typical value as 1.4. Another condition given by George and Edwards

(1973, 1976) for a shallow reservoir has been considered. In Eglwys

Nynydd in Wales, Langmuir circulations with row spacings of 4 to 6 m

were observed to extend to the bottom of the reservoir, whose depth

is 3.5 m on the average. Taking a typical wind speed to be 4 to6 m/s

and the fetch length of 800 m for the mid-lake conditions, H^/D
3

is estimated to be 0.029 and this, by Fig. 4.7,gives a predicted value 

of X^/D = 1.5. Comparing this predicted value with the observed cell

spacing to depth ratios of 1.14 to 1.70, with an average of 1.43, the 

prediction by Fig. 4.7 is considered satisfactory.

Since no better methods exist for the prediction of Langmuir 

circulation scale, the correlation given by Fig. 4.7 in terms of 

the significant wave height is used to give an estimate of the 

relative size of Langmuir circulation cells in lakes.

More accurate and extensive observations in laboratories and 

natural situations and a significant overlap of the data are desirable 

in order to substantiate equations (4.2) and (4.9). In laboratory 

experiments conducted so far, the relative scale of wave height to 

the depth of mixed layer is large and probably not realised in the 

natural situation. In real situations, however, the scale of the 

waves is relatively small especially in the fetch-limited situations. 

Therefore most prototype data fall on the lower end of the scale.

But while one can rationalise the difference between the two types of
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observations so that a single curve appears to fit all data, it 

may be argued that the two classes of data arise from different 

physical situations and thus may not fall on the same curve.

4.6 Velocity Observations and Correlations

There is unanimous agreement that the surface velocity in 

the direction of the wind is larger in convergence or streak zones than 

out of them. Langmuir laid a cord on the surface perpendicular to 

the streak lines and noted that it developed well-defined waves, 

forwards (in the direction of the wind) in the streaks and backwards 

out of them (see Fig. 4.1). Gordon (1970), Harris and Lott (1973), 

Ichiye (1967), and Katz et al. (1965) using computer cards and dye 

have all noted the same effects and have variously estimated the 

shear velocity between the flow in the convergence and divergence zones 

as 1 to 3, 5 to 10, 6 and 17 cm/s.

There have been several attempts to measure the downwelling 

velocity in the convergence zone, and the corresponding upwelling 

between them. Langmuir, Scott et al., Sutcliffe et al. (1963) and 

Harris and Lott used drag plate current meters. Langmuir also watched 

the downward motion of dye in a convergence zone, while Gordon 

estimated the upwelling velocity from the rate of divergence of 

coloured dye. Myer (1971), in addition to dye studies, estimated 

vertical velocities from the displacement of isotherms (Fig. 4.2). He 

found the downward motion to be concentrated in the form of narrow 

jets under.streaks (i.e. 0.2 to 1 m; c/f the observed row spacings of 

2 to 10 m) with the downwelling velocity increased from the surface 

and maximum at about half the depth of the circulation ( the depth
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at which isotherm displacement was no longer observable). Myer 

observed that the downwelling speed appeared to decrease below this 

maximum to zero at some lower depth. From repeated crossing of the 

same streak, maximum downwelling speeds in the jet were estimated 

to be 2 to3 cm/s in stable conditions, and 5 cm/s or more in 

unstable conditions. Woodcock (1950) measured the vertical velocity 

necessary to submerge the pelagic Sargassum that accumulate in the 

streaks. Maratos (1971) compared the sinking rate of fine sand in and 

between the streak zones with the sinking rates in still water to 

estimate the vertical velocities in Langmuir circulation.

Faller (1971) reviewed data on downwelling (prior to 1971) 

and correlated the vertical downward velocity (w^) with the wind 

speed (W^) by

w^ = 0.85 X  10 ^W^, for W^> 3 m/s, (4.10)

which gives the downwelling speed roughly 1 cm/s per 1 m/s wind.

The plot of w^ v.s. W^as published by Scott et al. (1969), which 

includes data of Sutcliffe et al. (1963), Woodcock (1944), as well as 

data collected from Lake George, is shown in Fig. 4.8, on which 

equation (4.10) is represented. Harris and Lott's (1973) data from 

Lake Ontario have also been plotted and these can be fitted approximately 

on the same straight line, though some scatter of points about the 

line is observed. The scatter of Lake Ontario data may probably 

indicate that w^ is not dependent solely on W^. Recalling the previous 

discussion that Langmuir circulation may be related to wind/wave 

action, a speculated correlation therefore is.

. f "I (4.11)
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For oceanic situation, where can be described by wind speed,
3

this relation becomes

. f S 'gD I gD J (4.12)

Whether or not these correlations are valid cannot easily be tested 

from the existing published data, because not all relevant parameters 

required in equations (4.11) and (4.12) were measured in the field 

test programmes. For the present, therefore, equation (4.10) will 

be used to compute the maximum downwelling velocity.

So far as is known, complete measurements of the velocity fields 

associated with Langmuir circulation have never been attempted, for 

example, very few observers have measured upwelling velocities.

Langmuir (1938) estimated the upwelling rate between dye streaks as 

1 to 1.5 cm/s, about one-half of the downwelling velocity, which he 

observed. Gordon's (1970) estimate, made from dye observations, was 

similar.

A few references to horizontal velocity measurement 

perpendicular to the wind can be found (Langmuir, 1938 ; Woodcock,

1944 ; Harris and Lott, 1973 ). Although these velocities can be 

inferred from the convergence of floating materials into streaks, 

only Langmuir has estimated their magnitude. By tracking surface 

debris he estimated a transverse velocity to be 2 to 3 cm/s.
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TABLE 4.. 1

Theories of Langmuir Circulation (mainly after Pollard (1976))

Theory Origin Present status

Convective instability, 
rolls aligned by wind.

Analogy with atmospheric 
boundary layer, see 
review by Kuettner 
(1971).

Not a primary mechanism, as cells often observed to 
grow in stable conditions and break down stable 
stratification.

Coupling with atmospheric 
rolls.

Unknown, mentioned by 
Stomrael (1951).

Discontinued, atmospheric vortices move too fast 
over ocean surface.

Modification of wind 
ever surface slicks.

Welander (1953). Discontinued, atmospheric vortices move too fast 
! over ocean s’urface; energy supply 100 times too 
small (Myer, 1971).

Instability of Ekman 
spiral.

Faller (1964). Not a primary mechanism, cannot account for the 
observed growth rates.

Damping of capillary 
waves in slicks provides 
radiational stress to 
drive rolls.

Kraus (1967); a 
forerunner of Garret's 
(1976 ) theory/ below.

Discontinued, as cells may exist in the absence of 
surface contaminants. Also energy supplied too 
small to explain the observed rates.

Interaction of two 
linear wave-trains.

Stewart and Schmitt 
(1968)

Discontinued, cannot provide vorticity.

"Eddy pressure" of 
surface waves.

Faller (1969). Discontinued, cannot provide vorticity.

Interaction of pairs of 
inviscid wave trains in 
in a shear flow.

Craik (1970). Discontinued by Leibovich and Ulrich (1972), 
inviscid theory creates vorticity of wrong sign.

Instability of shear 
flow in a rotating 
system.

Gammelsrdd (1975). Appears unlikely, basic state doubtful, predict cell 
structure in conflict with observations (Pollard, 
1976); cells cannot grow to detectable level 
(Leibovich and Radhakrisnan, 1977).

Interaction of pairs of 
viscous wave trains in a 
shear flow.

Craik and Leibovich 
(1976).

Appears unlikely, predicts maximum wave amplitudes 
in divergence zones in conflict with observations.

Interaction of waves and 
surface current, with 
wave dissipation (a 
"feed-back loop"

Garrett (1976) Qualitatively, can explain all observed features of 
circulations; requires quantitative testing 
(Pollard, 1976); model deviates from the understood 
usage of wave-mean-flow interaction analysis, 
several assumptions need justification (Leibovich 
and Radhakrisnan, 1977; Mobley and Faller, 1977).

Interaction of wave 
trains with shear flow.

Leibovich (1977), 
Leibovich and 
Radhakrisman (1977).

Time-independent version of basically the same model 
of Craik and Leibovich (1975); under conditions 
appropriate for the action of the model mechanism, 
numerical solution of primitive Navier-Stokes 
equations shows no Langmuir circulations (Mobley and 
Faller, 1977); wave height highest in upwelling 
regions in conflict with observations, but authors 
raise doubt about field observations; untested.

Interaction of wind and 
pairs of wave trains, an 
integration of Navier- 
Stokes equations.

Mobley and Faller (1977) Early yet in development, still some doubt as the 
rate of growth of vortices heavily depends on the 
grid size used in numerical integration; untested.

Instability of random 
wave field with an 
average uniform Stokes' 
drift, likened to 
thermal convective 
instability.

Craik (1977), Leibovich 
(1977b).

General physical processes similar to Craik and 
Leibovich (1976) and Leibovich (1977a), probably 
would fail (Mobley and Faller, 1977); untested.
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Fig. 4.2 Downwelling velocities under streaks breaking 
through stable stratification (from Scott,et al.,1369)
(a) Thermal structure near the surface layer for a case in 
which streaking was just beginning. First streaks were observed 
at 3 minutes after time zero, (b) Streaking had been observed 
at 1 minute past time zero, (c) Streakir^ had been observed 
for more than 10 minutes. (After Myer, 19d8)
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SOME EFFECTS OF LANGMUIR CIRCULATION ON

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 5 A MODEL OF LANGMUIR CIRCULATION AND THE TURBULENT 

DIFFUSION COEFFICIENT RELATIONSHIP

A model of flow pattern and the eddy diffusion coefficients 

within a Langmuir cell are described. These relationships are 

empirical, with the flow model containing several of the observed 

features discussed in the preceding chapter and the turbulent 

diffusion coefficient being connected to the wind speed. In 

combination, these provide an adequate representation, for the 

present study, of the turbulent flow in a typical Langmuir cell in 

the mixed layer.
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CHAPTER 5 A MODEL OF LANGMUIR CIRCULATION AND THE TURBULENT 

DIFFUSION COEFFICIENT RELATIONSHIP

5.1 The Langmuir Circulation Model

An empirical model of the circulation within Langmuir vortices 

will be developed for the present study, using the information on the 

observed characteristic features of the circulation and how these 

features vary with the environmental conditions, which were 

established in Chapter 4. Since it is based on few observed parameters 

and on limited knowledge of the magnitude of the downwelling and 

upwelling velocities, it is not possible for the model to be 

sophisticated. However, it contains several essential characteristic 

features which are observed in the real situation. The following 

assumptions are made:-

The two-dimensional circulation cells should have an 

asymmetrical shape because of the difference in the downwelling and 

upwelling velocities. The water motion is intensified in the form of 

a jet under the convergence zone, with the width of the downwelling 

jet assumed to be 0.1 of the convergence line spacing (row spacing), 

approximately corresponding to the observation reported by Myer (1971) . 

The depth of the circulation is taken to be the mixed layer depth. 

Small-scale or transient circulations, when existing, will extend only 

a short distance down from the water surface in comparison with the 

circulation scale of interest (the mixed layer depth) and, hence, 

will be ignored. Wave motions will not be considered, the lake 

surface being assumed to be a rigid lid. Myer (1971) observed that the 

downwelling. velocity appears to increase from the water surface to a 

maximum value somewhere around the mid-depth and decreases again to
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zero at the bottom of the cell. Therefore, at depth z = 0.5 D, 

where D is the total depth of the cell, as shown in Fig. 5.1, the 

flow is assumed to be non-divergent and the vertical velocities 

approach their maximum values. At this depth the downwelling and 

upwelling are assumed to vary sinusoidally in the y-direction 

across the cell width, in which for 0 ^ y  ^ 0 .4

5 TryW(y,z = 0.5D) = -W^ cos

V(y,z = 0.5D) = 0 ;

and for 0.4X ^ y  ̂ 0.5A ,c c

W(y,z = 0.5D) = cos

V(y,z = 0.5D) = 0,

5tt 5Try 
2 ■

where W(y,z) and V(y,z) are mean vertical and horizontal velocities 

at point (y,z), respectively; is the maximum upwelling mean 

velocity; is the maximum downwelling mean velocity; and is the 

row spacing. The coordinate system is shown in Fig. 5.1. The 

variations of the vertical velocities are also assumed to vary 

sinusoidally with depth z. The appropriate expression for the vertical 

velocity components are given by

- Wu cos I P sin TTZ , for 0 ^ y $ 0.4A^ ;

W(y,z) = -

sin TTZ , for 0.4A^ $ y $ 0.5X^.

(5.1a)

(5.1b)
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From continuity, ^  + —  = 0, from which

V =
■  H .

Hence the corresponding horizontal velocity components are given by

X
I  ”u si" K X

5 Try cos TTZ , for 0 S y $ 0.4X ; (5.2a)

V(y,z) = ^

&  "d sin
5 tt 5 Try 

2 " X_ cos Trz , for 0.4X $ y $ 0.5X (5.2b)

Also from the flow continuity consideration.

"u = 4 ”d • (5.3)

The mean flow pattern may be obtained from these velocities by 

defining V = ~  and W = , in which ip is the stream function:

* = T T  si" |l7 Sin Trz , for 0 2 y 2 0.4X- ; (5.4a)

and.

5 rry sin Trz , for 0.4X $ y $ 0.5X

(5.4b)

The flow pattern according to the above equations is plotted in Fig. 5.1.

Equations (5.1a) and (5.1b) result in an upwelling velocity 

smaller than that deduced from Langmuir's observation (1938), the 

latter being about y  to y  of the downwelling. With the assumption of 

sinusoidal variations, larger value of W^ could be obtained by 

increasing the width of the downwelling jet, for example, if the jet width



63.

were 0.167X^ , equals y  . However, such a large size of

downwelling jet is in conflict with Myer's observation. In view

of the uncertainties in the field measurements of the upwelling and

downwelling velocities, it will be assumed that the model equations

(5.1), (5.2) and (5.3) are representative. This is a crucial

assumption since the particle distribution in a Langmuir cell may be

expected to depend on Wy as well as on the general flow pattern. It
1

is noted that Assaf et al. (1971) have also used in their

analysis.

To relate the circulation flow field to the environmental 

parameters, the downwelling velocity is expressed in terms of the 

wind speed by the empirical equation described in Chapter 4,

Wj = 0.85 X  l O ' Z  Wjj . (4.10)

Expressing the velocity components in non-dimensional form, 

using the non-dimensional variables described in Chapter 3, the 

equations become

W (y*,z*) = '

T  “ ■ fj?C sin (t t z* ) ,  for 0 3  y* 3 0.4X^ ; (5.1a')

Wj c o s
5ir 5ny^ 
2 ■ A* sin (t t z* ) ,  for 0.4Ac 2 y* 3 0.5A^*;

and.

V (y*,z*) = ^

W 5Try:
4A * c

cos (ttz* ) ,  for 0 3 y* 3 0.4A^*;

(5.1b’)

(5.2a')

W
5 V  1 -

5-iïŷ
C O S  (t t z* ) ,  f o r  0.4A^* s y* 2 0.5X^*;

(5.2b')
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W,* = 0.85 X  10’  ̂ , (4.10')

and,

"d

in which,

W* = W/W^ ; V* = V/W^ ; W^* = ;

y* = y/D ; z* = z/D ; X^* = X^/D

Since W^* is a constant, the only variable required to specify the 

non-dimensional mean velocity field is X̂ ,* (= X^/D).

5.2 Estimation of the Turbulent Eddy Coefficients (c^ and

In the present mathematical model, the mass transfer coefficients 

for suspended matter in the lake environment have been assumed to be 

equal to the turbulent coefficients for momentum transfer (eddy viscosity) 

which are related to the Reynolds stresses, generated by the wind.

These eddy coefficients are not only a function of spatial location 

but also depend on wind speed, current structures, and the thermal 

stability of the water. The latter factor is known to suppress 

turbulence and hence to reduce vertical turbulent mixing. In the 

mixed layer, however, the temperature distribution is essentially 

uniform and the effects of density stratification may be ignored.

Hence the eddy coefficients may be assumed to be described by their 

neutral values.

Little is known about the form of these eddy coefficients.

Direct determinations from the statistical properties of turbulence 

fluctuations, or from the concept of turbulent energy cascade processes 

through eddies of various sizes, are not sufficiently well-developed 

for practical applications. In practice therefore, eddy coefficients 

are specified by some form of empirical or semi-empirical relationships
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with little support from fundamental studies. Sometimes, indeed, 

they are regarded as being constant. Despite this difficulty, an 

empirical model of vertical eddy coefficient is adopted for this
IS

study. This model^proposed by Bengston (1973), in which the eddy 

viscosity in the vertical (e^) is related to wind speed and the 

depth of the thermocline (the size of the largest eddy scale) by

= 2.0 X  10’  ̂ D (5.5)

and is taken to be constant through the depth of the mixed layer. 

This model is simple and satisfactorily predicts a greater rate of 

turbulent mixing with wind speed and with increasing thermocline 

depth. The latter implies enhanced mixing due to turbulence and 

hence a greater diffusion coefficient. However, the model is based 

on field data derived from small to moderate-sized lakes, where the 

thermocline depth was not greater than 15 m.

Defining (W^ D), equation (5.5) is rewritten

s /  = = 2.0 X  IQ-S . (5.5')

Field measurements show that the horizontal coefficients of 

diffusion are larger than those in the vertical direction by about one 

to two orders of magnitude. This difference arises from the 

different scales of horizontal and vertical turbulence. The horizontal 

diffusion coefficients are found to be strongly dependent on the

spatial scale and follow the 4/3-power law (Murthy, 1972), in which
1 I*

« const. , where is the horizontal eddy coefficient of

diffusion; e is the rate of turbulent energy dissipation; and I  is the 

length scale. Density stratification in the water column affects the 

vertical diffusion and this reinforces the difference between the two 

diffusivities. Hence, when dealing with the local scales of the order
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of few metres or less (as is the approximate size of the computational 

grid used in the present numerical study) one cannot be certain 

of their relative magnitudes. However, it is generally admitted 

(e.g. Bowden, 1970) that, for a scale of the order of metres or less, 

Kolmogorov's laws of locally isotropic turbulence apply fairly well 

in all three-dimensions. Therefore it could by assumed that, if the 

computational grids are small enough and density stratification is 

negligible, then the eddy coefficients of diffusivity may be regarded 

as isotropic, i.e.

Ey = . (5.6)
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SOME EFFECTS OF LANGMUIR CIRCULATION ON

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 6 THE FINITE DIFFERENCE APPROXIMATION

A finite difference numerical method is used to approximate 

the partial differential equation governing the advection and 

diffusion transport of suspended particles. This chapter gives the 

summary of the governing equations established in the preceding 

chapters, followed by a description of the finite difference 

representation, the treatment of initial and boundary conditions, 

the input variables, and some practical tests on stability and 

accuracy of the finite difference scheme.

The computer program listing and corresponding flow chart 

are given in Appendix I.
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CHAPTER 6 THE FINITE DIFFERENCE APPROXIMATION

6.1 Summary of Equations

The basic equation is the dimensionless mass balance 

equation for the suspended particles in two-dimensional flow, 

written in conservation form:

3y 3y
* 3C*' , 3 *9C*

r y  3y*; 3z* 3z*J

(3.12)

in which the starred quantities are the non-dimensional variables

given in equation (3.11). denotes the mean concentration of

particles; t* is time; y* and z* are the cartesian coordinate 

system; V* and W* are the mean horizontal and vertical velocity 

components of the flow; is the sinking speed of the particles;

and £
y

and £^ are the eddy diffusion coefficients. In non-

dimensionalising these variables, the characteristic length CL^) 

is the depth of Langmuir cell D , the characteristic velocity CU^) 

is the wind speed , and the reference concentration (C^) is 

the initial concentration.

The velocity distribution in a Langmuir cell is given by 

the non-dimensionalised velocity profiles:

W
sin(7TZ ) , for 0 $ y ^ 0.4X (5.1a')

W*(y ,z*) = <

cos f ^  sin(nz*), for 0.4X*$ y* $ 0.5X* ,I z x^ j c c

(5.lb')



70

and,

V*Cy*,z*) = ^

5 c
5ïïy 
4X *

*'i
cos(iTz*), for 0 2 y* 2 0 .4xJ" ,

^d * .-p— X sin 5 c
5tt
2

5 Try
X * c •'

(5.2a')

c o s Cttz ) , for 0.4X^ $ y ^ 0.5X^,

(5.2b')

in which the maximum downwelling velocity W^* (= is given by

the empirical equation.

W* = 0.85 X 10'^ (4.10')

The eddy diffusion coefficients are assumed to be constant over 

the Langmuir cell region and given by the empirical relationship.

(■ V) ■ = 2 X 10 - 5 (5.5')

In the subsequent discussion, for convenience, the superscript 

(*) will be dropped from the non-dimensional variables.

Basically, for a given spatial distribution of velocities and 

diffusion coefficients and specified initial and boundary conditions, 

equation (3.12) can be solved by integrating the finite difference 

equation which approximates to it. The solution is advanced in time 

to yield distribution of particles in a Langmuir cell at various 

time intervals.

6.2. Finite Difference Representation

The flow region corresponding to a single Langmuir cell is 

divided into a finite number of grid volumes by a rectangular mesh 

as shown in Fig,6.1. The variables are defined at the intermediate
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locations given in Fig.6.2, in which the concentration is specified 

at the centre of the grid volume, and the velocity components and 

diffusion coefficients are located at the interfaces of the grid 

volume. This grid structure allows the finite difference approxi

mations to equation (3.12) to be derived directly from the integral 

form of the mass conservation law for each volume element. The 

procedure has several advantages over other grid arrangements, 

including better physical interpretation of each term in the finite 

difference equation and ease of handling of the boundary conditions, 

and the resulting finite difference schemes conserve mass of particles 

over the flow region.

Because the explicit finite difference schemes have been shown 

to impose severe restrictions on the integration time step to be 

prohibitively small for stable solutions of equation (3.12), an implicit 

method of solution is adopted. The altemating-direction implicit 

(ADI) method proposed by Peaceman and Rachford (1955) has been used.

This method makes use of a splitting of the time step for multi

dimensional problems to obtain an implicit formulation, which requires 

only the inversion of a tridiagonal matrix in the solution. It 

possesses several good properties, first, for linearised problems, its 

accuracy is to the second order in time and space. Then, when used 

with centred-space derivatives, the scheme is free of numerical 

diffusion (Roache, 1972; Peaceman, 1977), a desirable property in the 

present context. Further, the anticipated unconditional stability of 

the method allows larger time steps than could be obtained by explicit 

methods. The scheme is efficient and well suited to problems with 

rectangular boundaries.
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Applied to the particle mass transport equation (3.12), the 

Peaceman-Rachford altemating-direction implicit (ADI) method advances 

the solution from time level n to n + 1 in the following two 

steps:-

Step 1 : (Row sweeping, i.e. explicit in z- , implicit in y-)

r ** r*
-i -i "  i T (S * *  ^

A t /2  ■ 6 7  (VC) -  CW^C) + gy
n Ô «C

**
6 6C

.^ y 6y. ^ 6z ^z  5z
n
. (6 . 1)

Step 2 : (Column sweeping, i.e. explicit in y- , implicit in z-)

\ ** 6 6C n+T
6z 6z *, (6.2)

in which, are the concentrations at the centres of grid volumes;

6y , etc. are the finite difference analogues of the space derivatives.

The intermediate values have no physical meaning. stands for

the vertical component of velocity for solid particles, and is equal to 

W + . At is the time interval between time levels n + 1 and n ,

Centred differencing is used for space derivatives. Referring 

to the grid structure and variable locations in Fig.6.1 and 6.2, the 

space derivatives are approximated by

3(VC) _ 5(VC) _ VE.CE - VW.CW 
3y 5y “ Ay, C6.3)

1]

Advection across 
J - the right face

Advection across 
the left face

Ayij
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a(WgC) WS.CS - WNoCN
3z 6z Az. .ij

(6.4)

Advection across Advection across ] 
the bottom face ~ thé top face

AZ. .
1 ]

where VE, VW,, WSj, WN and CE, CW, CS, CN are the velocities and 

concentrations at the right, left, bottom and top of the grid volume, 

respectively. The concentrations at the interfaces are inter

polated from the values at the centres of the two bordering volumes. 

That is.

CE = (1 - SE).C.. + SE.C. .
11 1 + 1,]

CW = (1 - SW).C. . + SW.C..
1 - 1,1  11

(6.3)

where SE = + ̂

and SW = (y. - y^_^)/(y.^^ -

Similarly,

CS = (1 - SS).C.. + SS.C..
11 ij + 1

CN = (1 - SN).C. . + SN.C...
1,1-1 11

(6.4)

where SS = (z_ + ̂ - z^)/(z^^^ - z^) ,
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For uniform grid spacings, SW, SE, SS and SN: are all

equal to 0.5.

The diffusion terms are differenced as follows

and.

9 z

9 cl ( 9C
,"y 3yJc ' r y  ay

3C]_
r y  Ay..

Ay^j-Ayg '■''i+lj ' '  Ay^j'AXw ■''ij ' ’
---------- V----------------  V--------

Diffusion through Diffusion through

the right face the left face.
C6.5)

3 L  ici ^zs - . ^zN r r  .  r  1
3l [ z 3 zJ ■ Az^j.AZg i.j + 1 ij ' Az^j.AZ^ ij i,j-l

Diffusion through Diffusion through

the bottom face the top face.

(6.6)
It can be shown that the above finite differencing is capable of 

physical interpretation and obeys the integral conservations of mass 

over the grid volume (ij).

Substituting equations (6.3), (6.4), (6.5), (6 .6 ) into 

equations (6 .1) and (6 .2) and re-arranging terms, the following 

equations are obtained:
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AA. C. . + + CC..C., . = DD; ,1 1-1,3 1 13 1 1+1,3 (6.7)

in which the coefficients are given by

AA^ VW.Ç1 - SW).At
2A/ij

At.c yW
ZAy.j.Ay^ j

BB.1
At.VE.Çl - SE) At.VW.SW At.c

2Ayi- 2Ayi-
z i

2Ay...Ayg 2Ay...Ay^,

cc.1
At.cyEAt.VE.SE 

ZAyjj ■ 2 Ay...Aygj

DD^ At.WN.d - SN)
2Az . .

1 ]

At.c zN
2Az. .. Az., 1 ] N-1 • < , 3 - 1

, At.WS.Cl - SS) At.WN.SN 1 .   . ■ . - +
At. ezs

2Az . . 
ij

2Az
ij

2Az...Az 2Az 
1 ] s 1]

At-CzN 1  
■Az, . -AZjjJ < 3

At.WS.SS
2Az. . ij

At. ezs
2Az...Az ij s-J • < , 3  + .

For the second one-half time step (z-sweep),

AA..C?'"}  ̂ + BB..C?t^+ CC..C?'"? = DD ,
2 i,]-l 2 1] 3 1,3+1 J

in which

(6.8)

AA. = 
2

At.WN.d -SN) _ ^ ^ z N
2Az. . 

1 ] 2Az. ..Az., n  N-i

BBj = 1 + At.WS.(1 - SS) At.WN.SN ^ ^^*^zs ^^*^zN
2Az. . 

ij 2Az.
1 ] 2Az. . . Az 2Az. .. Az., 

13 s 13 NJ

CC. = 
2

At.WS.SS
2Az.. 2Az...Az13 13 ,s-i
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DD. = at.vw Cl - SW) At.Eyw
2 Ayij-Ay„ j . c* *

' At.VE.Cl - SE) At.VW.SWi . - ----=r—:—  ' ■ + —

1 -1 ,J

At.c
2 Ayi.

At.VE.SE At. e
ZAy^j 2 Ay^..AygJ ' i+l,j

13
. C.

At.c yW
ZAyij 2Ay...Ayg 2Ay...Ay%J

1 ]
. c

1 , 3

Equations (6.7), (6 .8) result in a tridiagonal system of linear 

simultaneous equations which can be efficiently solved by the Thomas 

algorithm (von Rosenberg, 1969) which is a modified Gaussian elimination 

procedure. However, in order to keep the round-off error from building 

up, the tridiagonal matrix is required to be diagonally dominant, i.e.

BB ^ AA + CC (6.9)

for every row of the matrix. Diagonal dominance results if the cell

Reynolds numbers $ 2 . In the case of the cell Reynolds
y z

number ^ 2, limitations on the size of the time step At has to be made

to satisfy the conditions in equation (6.9). 

which the time step

A criterion is used, in

At $ min.< min. 2 Ay 
CjVEl + [VW|)’ m m . Tfws

2 Az I
|WN|)f (6.10)

6.3. Initial and Boundary Conditions

The initial and boundary conditions applicable to the problem 

are as follows:-

(1) Initial condition

The initial distribution of particles in a Langmuir cell is 

assumed to be uniform.
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(2) Top and side impermeable boundaries (boundaries ,

B2 and Bg in Fig.6.1)

The physical condition at these boundaries requires that there 

will be no advective and diffusive fluxes of materials across the 

boundaries. Using the grid structure shown in Fig.6.1, this requirement 

is handled by setting to zero the advective and diffusive flux terms on 

the faces of the grid volumes that coincide with the boundaries.

(3) Bottom permeable boundary (boundary B4)

There is no diffusive flux across this boundary surface.

Only an advective flux can take place. These conditions are satisfied 

by putting the diffusive flux terms for the faces of the grid volumes 

lying along this boundary to zero. The non-zero advective flux which 

gives rise to the sinking loss of material from the Langmuir cell, is 

computed from the values of the concentrations and velocities at the 

boundary. The concentration values are estimated by linear extrapola

tion from the values of the concentrations at the centres of two interior 

grid volumes nearest to the boundary, i.e., referring to Fig. 6.1 and 

6 .2,

CSi,NZ-i ^ " SNZ).C^^^2 _i + SNZ.C^^%2 _ 2 » (6 .1 1 )

in which SNZ = - (Z^^ - " ^ Z - 2  ̂ ' and (NZ-1) is the

number of grid volumes in the z-direction.

6.4. Values of the Input Variables

Values of the independent variables of the problems, representing 

typical conditions found in lakes and reservoirs, are listed in Table 

6.1 in their dimensional magnitudes. When combined, these variables 

yield 4 basic non-dimensional variables which are also tabulated in
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Table 6.1. Hence, given an initial concentration of particles in 

non-dimensional unit at time zero, the particle distribution and

changes in their total mass in a Langmuir cell at various time t up
* * 

to T can be determined for various combinations of cell sizes X andc
sinking (rising) speed

Table 6.1 Values of Variables

A. Dimensional variables Ranges of values

1. Depth of the mixed layer 

= Langmuir cell depth (D) 3 to 10 m

2. Row spacing/cell depth (X^/D) 0.5 to 2.5

3. Wind speed (W^) 3 to 10 m/s

4. Sinking (or rising) speed of 

particles (W^) 1 to 2 0 0 m/day

5. Time of simulation = time that Langmuir

circulation phenomena vary significantly 1 hour, or more

6 . Initial concentration any value

B. Non-dimensional variables

1. Row spacing/cell depth (X^ = X^/D) 0.5 to 2.5

2. Particle sinking (or rising) speed 

(W* = W.j,/Ŵ )

3. Time of simulation (T = TW^/D)

1 0 '^ to 1 0 "^

10^ to 5 X 10^

4. Initial concentration (C^) 100
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6.5. Some Practical Tests on Stability and Accuracy of the

Finite Difference Scheme

Some knowledge of the stability and accuracy of the adopted 

finite difference scheme may be acquired by comparing the computed 

numerical results with the known solutions of the equations of similar 

type. Comparisons of this nature aids "verification of computer 

coding and provides indication of the optimum grid length and time step 

sizes to be used in solving the problem. Sj.nce there is no closed 

form solution available for the two-dimensional advection-diffusion 

equation, a simplified one-dimensional equation (c.f. equation 3.12) 

having a known analytical solution has been used, in the present study, 

for comparison tests. This equation is

(6.12)

in which C is the concentration; U is the constant velocity; 

e is the constant diffusion coefficient; x and t are the distanceX

and time, respectively. These variables are non-dimensional. 

Subjected to the following initial and boundary conditions:-

Cr0,t) = 1.0 

C(x.O) = 0 

C(«,t) = 0

the analytical solution is given by (Ogata and Bonks, 1961

C(x,t) = j  exp Ux erfc
L 2 (e^t)2 j

+ J  erfc X  - Ut
L2 (£xt)

(6.13)
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in which erfc [ ] denotes the complementary error function. The

solution is exact for 0 ^ x 3 1.0 , provided that the concentration
2front has not advanced more than y  from x = 0 . In the calculations,

the diffusion coefficient is set equal to 2 x 10  ̂ and the

velocity U is varied between the values anticipated in a Langmuir

cell, i.e. from 10  ̂ to 9.5 x 10  ̂ , and numerical solutions are

obtained for several combinations of grid sizes and time steps.

In all cases, uniform grids have been employed, ranging from 20 to

100 grid points. The results of some of these comparisons are

shown in Fig. 6.3 to Fig.6.9.

The numerical solution has a general tendency to oscillate

about C = 1.0 in the region behind the front. This overshoot (or

wiggle) is a typical characteristic of the centred-in-distance

differencing of spatial derivatives. The overshoot decreases as

either the diffusion coefficient or the number of grid intervals

increases. Reducing the time step At does not improve the situation.

Roache (1972) has found that, by keeping the grid Reynolds number 
UAx to be less than 2 , these overshoots can be eliminated. This 

condition places a rather severe restriction on grid size to be 

excessively small and, consequently, requiring very small time step 

length, which is impractical. However, for the present grid arrange

ment, the shape of the front is well represented, in general, and no 

large artificial (numerical) diffusion is apparent, indicating that the 

altemating-direction implicit method, with centred space differencing, 

possesses minimal artificial diffusion. For the severest case, when
_ OU = 9.5 X 10 , the comparison shows that satisfactory resolution

and accuracy can be obtained with a 50 uniform grid when the 

dimensionless time step is about 2 , with some oscillation occurring
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over parts of the solution. Fig.6 .9 shows clearly that arbitrarily 

large values of At cannot be used in this scheme even though the 

von Neumann stability analysis indicates unconditional stability. 

Nevertheless, the altemating-direction implicit scheme has been found 

to permit the use of larger time step lengths than would be possible 

with typical explicit methods, thus saving considerable computer time 

in long simulation runs.

A time step length as large as 4 dimensionless units has 

been found to satisfy the condition for diagonal dominance of the 

tridiagonal matrix (equation 6.9). Trial runs have been made to 

solve the two-dimensional advection-diffusion equations for the Langmuir 

circulation problem (equation 3 .1 2), using this time step length and a 

50 X 50 uniform grid. In this case, no overshoot was observed and 

the solution remains stable even when the time step is increased to 

10 dimensionless units. But, using this large time step,(10 units),the 

tridiagonal matrix is no longer diagonally dominant and hence inaccurate 

solution might have been obtained.

The disappearance of overshoots in the two-dimensional cases

when the flow velocity is. variable throughout the flow field is

similarly noted by Roache (1972). He has observed that no overshoot

is experienced if the Reynolds number of the grids in the vicinity of

the flow boundaries are kept below 2 . In the present case, the

maximum velocity at the boundary grids is 10  ̂ , and using with 50

uniform grids, i.e. Ay = Az = 0.02 and with = 2 x 10  ̂ ,
1 X  1 0 X  0.02the maximum grid Reynolds number is -------------- —  = 1.0 , thus

2 X 10"5
confirming Roache*s observation.
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SOME EFFECTS OF LANGMUIR CIRCULATION ON

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 7 NUMERICAL RESULTS AND THEIR ANALYSIS

Computed time-distributions of particle concentration in 

a Langmuir cell were obtained by numerical solution of the finite 

difference equation developed in Chapter 6 , for various conditions 

of cell geometry and sinking (or ascending) speed, starting from an 

initial uniform distribution. Some examples are shown to illus

trate the general distribution patterns of both buoyant and 

settleable particles in the cell. To assess the relative signi

ficance of Langmuir circulation effects in modelling particle 

distribution and sinking loss, predictions of time changes in the 

mass concentration within the mixed layer which have been obtained 

from conventional zero- (well mixed epilimnion) and one-dimensional 

models are compared with those computed by the present two-dimensional 

representation. A method by which the effects of Langmuir 

circulation could be included in these conventional models is outlined, 

Finally, a comparison is made between the Langmuir circulation’s 

effect on loss rate, predicted by the present model, with that of 

Titman and Kilham (1976).
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CHAPTER 7 NUMERICAL RESULTS AND THEIR ANALYSIS

7.1. Basic Information

Most computations of the computer program listed in Appendix I 

were made on the GDC Cyber 73 at the University of Leicester.

A limited number of runs were also made on the much larger and faster

CDC 7600 computer at the University of Manchester Regional Computing 

Centre. In all calculations, a 50 x 50 uniform grid 

(i.e. Ay* = Az* = 0.02) and the time step length At = 4.0 were used. 

This combination represents a compromise between accuracy of solution 

and the available computing time. One typical simulation, from 

t* = 0 to 5 X  10*̂  , takes approximately 6 hours on the Cyber 73 

and about 20 minutes on the CDC 7600.

A large number of solutions were obtained by varying the row 

spacing to depth ratio X* between 2.5 and 0.5,and the sinking (or

ascending) speed W* between 1 x 10  ̂ to 1 x 10 ̂  at conveniently

selected increments. Results are in the form of spatial distribution 

of particles over a Langmuir cell, the calculated sinking flux and 

total sinking loss at various selected times between t* = 0 and 

5 X 10^ . Computation terminates when either the end of simulation 

is reached or the mass of particles remaining in the Langmuir cell 

falls to a negligible amount (i.e. about 0 .1% of the original mass). 

Only selected examples are given in this chapter, further solutions 

are available from the author.
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7.2. Particle Distribution Patterns

7.2.1. Non-buoyant particles

Figure 7.1 illustrates the evolution with time, from an

initially uniform distribution, of the particle distribution pattern,

for a large row spacing-to-depth ratio X* = 2.0 and a large
* - 3dimensionless particle sinking speed = 1 x 10 . Initially,

transient patterns develop with the downwelling motion advecting low 

concentrations from the surface downwards, pushing high concentrations 

at the lower boundary of the cell upwards. During this time period 

concentration gradients are greatest. These are subsequently smoothed 

out by mixing which is developed in the circulation, resulting in the 

general aggregation of particles within the central portion and the 

upwelling side of the cell, while particle concentration in the surface 

layer and in the downwelling zone remains very low. Maximum concen

tration occurs at about mid-depth and at y* about 0.55. At time t* 

about 2000 to 3000, an equilibrium pattern of distribution develops,

after which the relative distribution of particles in the cell is

invarient, implying an equilibrium between the mixing and the sinking 

loss out of the cell. Concentration contours have been plotted to 

show the particle relative distribution pattern, contour 6 representing 

the mean concentration at that time. The position of contour 6 in 

relation to the lower boundary of the cell is significant in that it

indicates whether the sinking flux of material out of the cell occurs at

a concentration greater or less than the mean value. In Fig.7.1 

material flux from the cell occurs at a concentration value which is 

much less than the mean. In this example, as t* reaches about 

2 X 1 0^ , a negligible quantity of particles is left in the cell.
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In Fig.7.2, the particles in the same circulation cell 

(X* = 2.0) have a smaller sinking speed (W* = 1 x 10”^) . The 

development of the distribution pattern is generally similar to that 

in the earlier example, except that concentration gradients throughout 

the cell are very small. Essentially uniform concentration occurs 

over most parts of the cell with the exception of somewhat lower values 

near the surface and immediately under the convergence line. The time 

taken to develop the equilibrium pattern of concentration distribution 

is longer than for the previous case, t* being about 4000 to 5000 . 

If the sinking speed W* were lower than 1 x 10  ̂ (not illustrated), 

the concentration distribution is essentially uniform over the cell, 

indicating that if particles have low sinking speeds (say, less

than 1 X 10 ^), Langmuir circulation becomes a stirring mechanism 

which rapidly smoothes out any concentration gradients created by the 

sinking loss.

Figures 7.3 and 7.4 depict the particle distribution patterns 

when X* = 0.5 , i.e. in cells of small width-to-depth ratio. The 

sinking speeds, , are 1 x 10  ̂ and 1 x 10"^ respectively. At 

the higher sinking speed,, the aggregation of particles into a local 

maximum is stil] pronounced in the upwelling zone (at z* approximately

0.3), but more lateral mixing occurs in this case. Although the 

general particle distribution is non-uniform, the concentration at the 

lower boundary of the cell is equal to the mean concentration in the 

cell, hence the sinking loss may be expected to be similar to that in a 

well-mixed situation. Equilibrium distribution develops at

t* = 1000 to 2000 . At the smaller sinking speed (Fig.7.4), particle

distribution is essentially uniform throughout the cell except for the 

shallow layer immediately below the surface (to z* some 0.5 units) 

and under the convergence line.
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It can therefore be seen that the higher the sinking speed and 

the larger the cell width-to-depth ratio are,the more readily particles 

can be aggregated by Langmuir circulation into local regions of high 

concentration and low concentration. High concentrations generally 

extend from the central part of the cell, where the maximum occurs, to 

the upper part of the upwelling region. The concentrations 

immediately below the surface and in the convergence region represent 

minimum values. In the vicinity of the cell lower boundary, values 

are generally below the mean concentration.
*  - 5With small particle sinking speeds Qsay W.̂  less than 1 x 10 ),

the enhanced circulation and mixing gives rise to an essentially uniform 

distribution of particles, where concentration differences are difficult 

to detect. As the cell width-to-depth ratio decreases, lateral mixing 

is enhanced, giving rise to lesser concentration gradients in that 

direction. However, with high particle sinking speed (say, when W* 

greater than 1 x 10 , aggregation of particles occurs in the form of

an elongated zone occupying the central part of the cell and the upper 

portion of the upwelling region. The maximum concentration centre 

moves towards the upwelling zone as the cell width decreases.

Since it is generally observed that essentially uniform concen

tration occurs when the particle sinking speed W* ^ 1 x 1Ô  ̂ regardless 

of cell width-to-depth ratio, therefore W* = 1 x 10”  ̂ may be regarded 

as the limit conditions for non-buoyant particles, below which Langmuir 

circulation cannot cause particle aggregation.

7.2.2. Buoyant Particles

For buoyant particles, the general patterns of concentration 

distribution with time are illustrated in Figs. 7.5 and 7.6 for a row
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spacing-to-depth ratio X* = 2.0 and ascending speeds W* o f -1 x 10  ̂

and • -1x10  ̂ , respectively. The early transient evolution is 

basically similar to those of settleable particles inverted. Upward 

motion enhances the buoyant effect in rapidly bringing more particles 

to the surface, though some are swept back to lower depths by the 

downwelling. Figure 7.5 shows that very high particle concentration 

occurs under the convergence line. At the centre of the cell, the 

concentration is generally higher than those in the upwelling zone and 

near the cell lower boundary. In this case, equilibrium distribution 

is reached between time t* = 2000 to 3000 .

In Fig.7.6 (X* = 2.0 and W* = - 1 x 10 ^) , a concentration

difference of about 4% is still observed between the maximum and the 

minimum. With buoyant particles, it has been found that uniform 

distribution occurs over the cell at W* * -1 x 10  ̂ , an order of 

magnitude smaller than the case shown in Fig.7.6. Also with buoyant 

particles, no local maxima in the form of central cores are established.

7.3. Effect of Cell Width-to-Depth Ratio on the Retention of

Non-Buoyant Particles

The effects of Langmuir cell width on the distribution pattern 

of settleable particles have been illustrated in Section 7.2.1.

Here, the influence of the cell width on the retention of particles 

within the cell and hence on the sinking loss rate is shown by plotting, 

for a fixed value of sinking speed, the mean concentration C * at 

various times against the row spacing-to-depth ratio X* . Figure 7.7 

represents the case when W* = 1 x 10  ̂ and X* varies between 2.5 

and 0.5 . It can be seen that cells with larger width-to-depth 

ratios retain more particles in suspension thus reducing sinking loss. 

Superimposed on Fig.7.7 is a curve showing the variation in the mean
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concentration with time for the well-mixed Langmuir cell. The graph 

clearly demonstrates that as the cell width-to-depth ratio decreases 

the well-mixed situation is approached.

7.4. The Extent of Langmuir Circulation Effects in the Modelling 

of Particle Distribution and Sinking Loss 

The extent of the circulation effects in the modelling of 

particle distribution within the mixed layer and the sinking loss from 

it can be investigated by comparing the particle distribution profiles 

and sinking loss obtained from the present two-dimensional model with 

those predicted by some conventional models employed in practical 

water quality study, which ignore Langmuir circulation effects.

Typical representations of these conventional models are the zero

dimensional well-mixed compartment model and the one-dimensional model. 

The well-mixed compartment model assumes a uniformly mixed epilimnion 

at all times. Ignoring the diffusive transfer of material through the 

lower boundary, the change in the mean concentration Ü  with time t 

for particles of sinking speed in the epilimnion of depth D is

given by the governing equations

whose solution is

4 *CCt) = e C7.2)

where C is the initial concentration at t = 0 . Written non- 0
dimensionally, equation (7 .2) becomes

C * (t*) = e * ” Tt  .
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The one-dimensional model is based on the advection-diffusion 

formulation describing only the variation with depth of quantities of 

interest; lateral uniformity is assumed. The governing equation is

(7.3)

in which W* is the dimensionless sinking speed of the particle; and

e* is the vertical eddy diffusion coefficient. Equation (7.3) is

subjected to the same boundary conditions in the vertical direction as

the present model (equation 3.12). The solution to it can be obtained

from the present two-dimensional model simply by making lateral velocity 
*component V zero. A review of the physical concepts of these two

conventional models may be found in Rutherford (1976).

Figures 7.8 and 7.9 show variations of the mean concentration

at various times from t* = 0 , for X* = 2.0 and 0.5 , respectively,
“3 “5with different values of sinking speeds from 1 x 10 to 1 x 10 

In the two-dimensional model (equation 3.12), the mean concentration is 

obtained by averaging over the Langmuir cell, and in the one-dimensional 

model, by averaging over the mixed layer depth. The figures show 

clearly that, at any time, the one-dimensional model predicts a smaller 

quantity of particles remaining in the mixed layer (and hence a larger 

sinking loss) than those predicted by the zero-dimensional well-mixed 

compartment and the two-dimensional models. For the case considered,

i.e. X*; = 2 . 0 , when the particle sinking speeds are high, the two- 

dimensional model predicts a lower sinking loss from the mixed layer 

than do the two conventional models, and predictions from the former 

approach those from the zero-dimensional (well-mixed) model as the 

sinking speed decreases. When X* = 0.5 (Fig.7.9), the predictions 

by the two-dimensional and the well-mixed models are in closer agreement
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at all sinking speeds, being comparable for low sinking speeds but less 

comparable with somewhat higher sinking loss at high sinking speeds. 

These figures demonstrate the significant effect in lakes and reservoirs 

of Langmuir circulation in considerably reducing sinking loss, at least 

for particles with the dimensionless sinking speed W* greater than

1 X 1 0 "^ .

7.5 . Effective Sinking Speeds

Langmuir circulation effects may be incorporated in the zero- 

dimehsional (well-mixed) model and in the one-dimensional model by 

using effective sinking speeds in place of the particle terminal fall 

speeds. These effective sinking speeds are those speeds at which 

particles would have to sink, to give equivalent concentration profiles 

and sinking losses observed in Langmuir circulation. Because a 

direct determination of these effective sinking speeds is beyond 

present technical capability (discussed in page 13), the current 

numerical study can be useful in providing simulated data on concentra

tion profiles and sinking losses, from which effective sinking speeds 

may be determined.

7.5.1. The Well-Mixed Compartment Model (zero-dimensional)

The effective sinking speed for this model may be determined 

by computing the value of W* in equation (7.2’)which gives the same 

prediction of the mean concentration €* as that from the two- 

dimensional model at the corresponding time. Figures 7.7, 7.8 and 

7.9 indicate that the concentration-time curve plotted semi- 

logarithmically consist of two portions, a non-linear portion in the 

early time and a straight line portion after an equilibrium particle
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distribution pattern has been established. If the time step At* 

used in the zero-dimensional model were larger than the time to reach 

equilibrium distribution t* , then the simulation for one time step 

can be divided into two parts, from t = 0 to t* and from 

t* = tg to At* . Using these two sub-steps, two values of 

effective sinking speeds are entailed, the first to obtain, from the 

initial concentration, the mean concentration at t* , and the second 

to compute the mean concentration at the end of the time step At* . 

That is.

p  r p' ' O A a )
tg ■ 0 •

^  ”  ^ e f f 2 *and . e t (7.4b)

in which the non-dimensionalised parameters are implied without

specifying them by means of superscripts * ; C; is the mean
E

concentration at t- : is the mean concentration at the end ofE • At
any time step At ; and &re the effective sinking

speeds applicable for times between 0 and t^ and t > t^ , 

respectively.

Using results from the present two-dimensional model with

Langmuir circulation, and ^̂ g£ £ 2 can be found as follows.

By inspection, in most cases, t^ is found to be ^ 6000 . Taking

t- = 6000, C = 100 , and C- to be C at t = 6000 from the E o E
two-dimensional results, then equation (7.4a)gives for ^g££^ >

InCC /C )
"effl° t g ' - (7-5)



101

Similarly, from (7.4b),

InCC /Cat)

"eff2 = -fAt-V-t-)- • (7.6)

In equations (7.6), and At can be any corresponding values on

the linear portion of the C v.s. t curve. Figures 7.10 and 7.11

illustrate the variation of the effective sinking speeds ^g££j and 

^eff2 * respectively, for various values of sinking speed and

row spacing-to-depth ratio . Expressing these effective sinking

speeds as a fraction of the terminal fall speed of the particle, the 

ratio of the effective sinking speed to particle fall speed as a 

function of and X^ can be prepared. A representative example

for ''̂ eff2 ^^T shown in Fig.7.12.

If the time step At in the ?ero-dimensional model is less than

6000 , the effective sinking speed is a function of At as well as of 

W.p and X^ . Figure 7.12a illustrates the variation of the ratio

Weff/W? with At (<6000) and for X^ = 2.5. Similar curves

can be prepared for other values of X^ .

7.5.2. The One-Dimensional Model

It is proposed that the effective sinking speed for the one

dimensional model be determined as follows. Using the vertical concen

tration profiles at various times simulated by the two-dimensional 

model, the one-dimensional equation is solved, yielding appropriate 

values of sinking speeds at various depths and times.

In the present derivation, the following definite-difference 

structure has been adopted, in which, referring to the grid structure 

in Fig.7.13, for the grid volume j ,
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at
3

a(wc)
5z

= -J 2-
At

n+g
(WS.CS) * * 2 _ (wN.CN) " + 2

Az.
3

(7.7)

(7.8)

where

WS = Wj

WN = W. ,j -1

CN = C. 1 3-2

n+5 n +2
^ C .  )

n +2 n+5

(7.9)

that is, the spatial derivatives are centred in distance and in time 

plane at n + i . All the symbols have their own usual meanings as 

already established in Chapter 6 . The concentration at time level

n + 2  is the average of the values at times n + 1 and n , i.e.

,n+ 2 C7.10)

The diffusion term is approximated by

n +2
9
9z z 9z

n+ 2 n+i n+5
Az 7  (Cj+i Az 2 (Cj

n+i
Cj-i) (7.11)

Substituting equations (7.7), (7.8), (7.9), (7.10) and (7.11) 

into equations (7.3) and rearranging, the general equations for grid 

volume j is
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^.AAj + = CCj , (7 .1 2 )

At"here M .  = ^  (C. + C._i ) ,

A4. I'+i n +2
BB. ='j " 2 A z -  (*̂ j ^ S  + 1 ) '

n +1 n £ .At n +2 n +2 s .At n +2 n +2
and CCj = (Cj - Cj) - (Cj + i - Cj ) + (Ĉ - - C^.j) ,

n +2 n+1 n
with C = i(C + C ) .

■Equation (7.12) is subjected to the same boundary conditions at the lower 

permeable boundary as described for two dimensional case (See Chapter 6 ). 

This results in NZ - 1 simultaneous equations, where NZ is the number 

of mesh points,

W^.BB^ = CC^ (7 .1 2 a)

W 1 .AA2 + W 2 .BB2 = CC2 (7.12b)

W 2 .AA3 + W 3 .BB3 = CC3 (7.12c)

I t
Wj_^AAj+V^_BBj = CCj (7.12d)

f 1
I I

^NZ-2'^Z-i*" & Z - 1'^^NZ-1 ^ ^ S z -1 * (7.12e)

At At time-increments, the coefficients AA , BB , and CC
J j j

may be readily computed from the known values of concentration profiles 

Then equation (7.12a) gives
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Substituting this in equation (7.12b), can be obtained, i.e.

^ 2 BB^ ” ^1* BB^ ' (7.13b)

Thus, in general,

CC,. AA.
^ BB^ " * BB^ * (7.13c)

3 3

Hence all Wj values, from j = 1 to NZ - 1 , can be determined. 

Figures 7.14 and 7.15 illustrate the computed effective sinking speeds 

for the one-dimensional model adopted in this section, with At given 

by the usual criterion At ^ min. (Az/W,^, Az^/e^) , and Az = 0.1 , 

for the sinking speeds of 1 x 1 0 "^ and 1 x 1 0 "^ , respectively, 

and equals 2 . 0 .

7.6. Comparison of the Effective Sinking Loss Rates with Titman

and Kilham*s Results

A comparison of the predicted effective sinking loss rates has 

been made in Fig.7.16, with Titman and Kilham*s example (Titman 

and Kilham, 1976) for the case of the downwelling speed equals 

1.0 cm/s and the row spacing-to-depth ratio of 2.0 . The present 

calculations predict effective loss rates to be generally smaller 

than the conventionally used loss rates in zero-dimensional well 

mixed models, when particle sinking speeds are high. The effective 

loss rates converge to the conventional values for low particle 

sinking speeds. In all cases, the present estimates are larger than 

those of Titman and Kilham.
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Fig, 7.1 Particle distribution in a Langmuir cell
# 4>

at various times t , for dimensionless sinking speed Wip 

1x10 and cell spacing-to-depth ratio ^ = 2.0 .
Values of contours are shown adjacent to the plots.
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Fig. 7.2 Particle distribution in a Langmuir cell
* «

at various times t , for dimensionless sinking speed =
-5 *1x10 and cell spacing-to-depth ratioo X = 2.0 .
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Fig. 7.3 Particle distribution in a Langmuir sell
* *

at various times t , for dimensionless sinking speed =

1x10 ^ and cell spacing-to-depth ratio =0.5 •
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Fig. 7.4 Particle distribution in a Langmuir cell
♦ ♦

at various times t , for dimensionless sinking speed =
-5 *1x10 and cell spacing-to-depth ratio = 0.5 •
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Fig. 7*5 Particle distribution in a Langmuir cell
* *

at various times t , for dimensionless sinking speed =
*

•1x10 and cell spacing-to-depth ratio X = 2.0 .
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Fig. 7.6 Particle distribution in a Langmuir cell
♦ ♦at various times t , for dimensionless sinking speed =

-5 *-1x10 and cell spacing-to-depth ratio = 2.0 .
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For W * = 1x10o

2 1 0 -

•o

& c *

10-
0 5000 10000

dimension less time t * ( = t W n
D
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Fig. 7. 7. Effects of variation of cell size (Xc*) on the mean concentration 
of particles ( c*) in a Langmuir cell at various time t *
Curve (a ) represents the situation where the maximum 
upwelling velocity is a half of the maximum downwelling 
velocity and X *̂- = 2 *0
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SOME EFFECTS OF LANGMUIR CIRCULATION ON

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 8 PRELIMINARY LABORATORY EXPERIMENTS ON LAÎ4GMUIR CIRCULATIONS

Two preliminary laboratory experiments are described, the purposes 

of which are understanding basic mechanisms involved in Langmuir circula

tion phenomena. The first experiment was devised to investigate the 

dependence of the Langmuir circulation scale of motion on wind-wave para

meters, in order to find some approximate criteria for estimating Langmuir 

cell size from environmental data. The second experiment is concerned 

with the effects of a circulating motion, analogous to that in a Langmuir 

cell, on the distribution and settling of suspended particles. Although 

natural conditions cannot be precisely modelled because of laboratory 

limitations ^ d  little appreciation of the relative significance of the 

similitude criteria, many fundamental features of the circulation and the 

general behaviour of suspended particles in the circulating motion are 

exhibited.
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CHAPTER 8 PRELIMINARY LABORATORY EXPERIMENTS ON LANGMUIR CIRCULATION

8.1. A Wind-Wave Tank Experiment

Recent laboratory experiments on Langmuir circulation performed 

by Faller and Caponi (1978) have shown that the scale of the circula

tion can be related to the dominant wave length of the surface wind

generated waves. In order to corroborate their results and hence to 

test a relationship of the form

X
D

% (8.1)

in which X^ is the row spacing (twice the Langmuir cell width), D 

is the cell depth, and Hy is the significant wave height, an 

essentially similar experiment in a wind-wave tank was conducted.

This relationship (equation (8.1)) is considered to be more convenient 

than that of Faller and Caponi in that, it has been shown elsewhere 

(Chapter 4), the significant wave height Hy is a function of wind 

speed and fetch length.

8.1.1. Experimental Apparatus and Procedure 

Langmuir cells were generated in a wind-wave tank which had 

been modified from a wave channel of dimensions 10 m (length) x 0.9 m 

(width) X 0.30m (height), by installing a wooden roof over the channel 

(see Fig.8.1). An air stream was drawn over the channel by an axial 

fan mounted at its end. The test section, located at the middle 

part of the channel, was covered by a removable perspex roof. The 

channel floor at the test section was painted white to provide a good 

contrast for photographs. During the experiment, water depth was
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varied between 3 to 5 cm with the roof fixed at 23 cm above the 

channel bed. A sloping beach was provided at the outlet end of the 

channel to minimise wave reflection. Although air speed was varied, 

it was not precisely measured in this experiment; only rough 

indications were obtained from a hand - held anemometer in the inlet 

section.

The average dominant wavelength of wind-generated waves

was measured from photographs of the wave profiles visible through 

the glass side of the tank. Treating these photographs as represen

ting a continuous record of a wave train for a given water depth and 

wind speed, the lengths of successive waves were obtained by measuring 

the distance between the wave crests by means of a linear scale 

located in the photograph. Approximately 10 to 20 waves were 

considered adequate for averaging since, from visual observation, 

wave lengths did not differ appreciably.

A conductivity probe. Fig.8.2, fitted near the side of the tank, 

was used to measure water surface displacement at the test section as a 

function of time, from which data on the significant wave height, H y , 

were determined. The probe consists of two 1 mm diameter heating 

wires, separated by a distance of 2 mm , and stretched vertically, 

perpendicular to the water surface, between two fixed supports. Water 

between these two wires forms a conducting medium and the displacement 

of its surface alters the resistance between the wires. This 

resistance was measured by an a.c. excited bridge arrangement. The

output signal representative of the wave pattern was traced by a pen

chart recorder. No attempt was made to linearise the response. The

probe was calibrated before each series of experiments.



147

Observations of the cell spacing were made by sprinkling

potassium permanganate CKMnO^^) dye crystals across the tank 

immediately before the commencement of the experiment. Once formed, 

the spacings of the cells that extend down the water depth were 

evident from the somewhat regular spacing of the longitudinal dye 

bands which formed ncross, the: tank. Figure 8.3 shows, in a schematic 

diagram, the position of these dye bands at the bottom of the tank in 

relation to the Langmuir cells. Photographs were taken at intervals 

of the dye pattern development for subsequent determination of average 

cell spacing. Figure 8.4 illustrates some examples of the dye bands 

as viewed from above the test section.

8.1.2. Determination of Average Cell Spacing

The experiment is similar to those conducted hy Faller and 

Caponi (1977, 19 78) who described the evolution of the dye bands. 

Current observations, which accord with their description, were as 

follows :

Soon after the arrivals of waves at the test section, intense 

downward motion becomes apparent in the dye pattern at the tank bed. 

This downward motion quickly aligns dye layers into regular bands and 

the width of the bands increases with time. The confluence of dye 

into bands indicates the presence of Langmuir circulation Csee Fig.8.3) 

After about 2 to 3 minutes, the number of bands appears to be 

relatively constant though the position of the bands may change with 

time, which makes determination of their number difficult. The 

appropriate time interval was selected as the bands reached a somewhat 

steady state and the average cell spacing X^ was determined at this 

time, taking two cells per wavelength, by
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= 2 W/N , (8.2)

in which W is the width of the tank; is the number of cells

inferred from the dye system, which is equal to Cn^ + n^ - 1); 

n̂  ̂ is the number of dye bands, and n^ is the number of clear lanes 

across the width of the tank.

8.1.3. Determination of Wave Height, H%

From the water displacements recorded on the pen chart recorder, 

a sample of 100 or more waves were used to determine the significant 

wave height Hy . For each wave length, the wave height was deter

mined by subtracting the height of the intervening trough from the 

average height of successive wave crests, or in the case of successive 

troughs, it is found by subtracting the average height of the two 

bordering troughs from the height of the two intervening wave crest.

A calibration curve was used to convert- the heights of the crests and 

troughs into water depths. The significant wave height H was then 

determined by averaging the largest one-third of the wave heights.

8.1.4. Results

A summary of results obtained is given in Table 8.1. The dimen- 

sionless cell spacings X^/D are shown as a function of dimensionless 

average dominant wave length X^/D in Fig.8.5, and are seen to confirm 

the results of Faller and Caponi. The experimental data X^/D are 

plotted against Hy/D in Fig.8.6, together with some data from natural 

situations, in which a fully developed sea is assumed. From both 

sets of data, the trend of these data points indicates some correlation
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between Langmuir cell spacing (X̂ /D) and the significant wave height 

(Hy/D) of wind waves, suggesting that they are essentially the same 

phenomena. A dash-line is tentatively drawn to show this trend.

This curve is drawn towards the left of field data to account for the 

possibility of overestimating the significant wave height H .
4

8.2. A Particle Settling Experiment

The primary objects of this experiment are to illustrate the 

mechanism by which settling of particles is affected by Langmuir 

circulation and to obtain quantitative data.

8.2.1. Experimental System

The experiment was carried out in an open-top clear perspex tank 

of the outer dimensions 0.5m (length) x 0.5m (height) x 0.18m (width}, 

filled with tap water of the temperature about 20°C . The tank 

(illustrated in Fig.8.7) consists of two compartments separated by means 

of a withdrawable steel plate. The upper chamber represents the 

circulation cell of approximately square section (0.4m x 0.38m) with 

the width of 0.15m , in which motion is induced by two belt systems 

situated in the chamber and driven at variable speeds from outside by 

two electric motors. Only parts of the belts are exposed to water.

The right belt is driven faster than the left one which runs at a fixed 

slow speed. The lower compartment represents the quiescent region 

below the Langmuir circulation cell and contains three particle collection 

boxes. Above and inside these boxes, horizontal motions are eliminated 

by honeycomb sections.
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8.2.2. Flow Measurements

Flow measurements and quantitative data on the speed and direction
$of the circulation were obtained by stroboscopic photography. Expandable 

translucent polystyrene particles, of the diameter between 420 to 

500 pm , were used as tracers. These particles have a specific gravity 

between 1.03 and 1.05 . They were immersed in water at 95°C for 

5 seconds and then cooled quickly to below 60®C . This resulted in 

a white appearance with the specific gravity reduced to about 1.0 .

A 1 kW (14” troush) light source was enclosed in a box with a double 

slit arrangement to give a light beam some 12 mm wide over the central 

length of the chamber. A strip mirror was installed below the honeycomb 

to augment illumination in the lower part of the chamber. The camera 

used is the Hasselblad 500 ELM (80 mm lens) with Kodak Tri-X 120 films.

The reflected light entering the camera was mechanically interrupted 

by a 400 mm diameter aluminium disc having 6 equally spaced slots 

cut from its edge; the solid portions between the slots being of the 

same length as the slots. This disc was mounted on the spindle of a 

variable speed electric motor. For a certain predetermined exposure 

time, dependent on the speed of the circulation system, a series of dashes 

on the photographic plate was thus produced, from which flow measurements 

and velocities could be deduced. Some photographs of the flow patterns 

obtained by this technique are shown in Fig.8.8.

8.2.3. Velocity Measurements

From a series of dashed streaks on the photographs, which were 

traced over a known interruption frequency, the magnitudes of the velocity 

vectors, and hence horizontal and vertical components of velocity, were 

determined. This was done by comparing the length between the centres

(Noib, 1966
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of adjacent dashes with a linear scale included in the photograph. By- 

repeating measurements on several photographs taken under identical 

conditions, mean values are obtained by an averaging procedure. Since 

these velocities are obtained at random points over the flow, an inter

polation procedure can be used to estimate the velocities at regular 

grid points for easy presentation and averaging. In these experiments, 

the distances between the distances between centres of selected dashes 

covering most parts of the photograph were derived on a digitisation 

table, relative to the known dimensions of the reference axes in the 

picture, which were the left and lower boundaries of the illuminated 

plane. A computer program, written to compute the length of any 

line from a pair of digitised coordinates, gave local orientations and 

velocity vectors. Finally, the program interpolated these velocities 

at regular grid points and plotted the vectors. Four different circu

lation patterns were produced by varying the belt speeds, and shown in 

Figs. 8.9 to 8.12.

8.2.4. Particle Sinking Loss Measurements

From the measurements of sinking loss of particles at the end of 

an elapsed time, the mean rate of sinking of the particles in the circu

lation cell can be determined. Untreated polystyrene particles, 

having a specific gravity between 1.03 and 1.05 , diameter between 

420 and 500 ym , and an average terminal fall speed in still tapwater 

(18°C to 20°C) of 0.5 cm/s , were used. At the beginning of the 

experiment, 5.0 grams of the particles were introduced in a circulation 

of known profile, the water being stirred gently to obtain as uniform a 

concentration as possible, with the plate separating the upper and lower 

chambers closed. At time zero, the plate was pulled out and the 

particles began to settle. When a very small amount of particles remained
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in the circulation (some 9 to 10 minutes), the separation plate was 

closed. Water and particles in the upper chamber were drained off and 

no attempt was made to recover them. The particles in the collecting 

boxes were dried and weighed. During the circulation, it was generally-

observed that a small number of particles escaped through the gaps at 

the belt openings and were lost from the system.

8.2.5 Results

From the photographs of the flow patterns and velocity vectors 

shown in Figs. 8.9 to 8.12, it is seen that intense water motion in the 

downward direction was induced by the belt in the form of a narrow jet, 

accelerating along the solid boundary and deflecting at the bottom right 

hand corner into the main flow. In general, circulating flows were

created though they are not symmetrical. It is impossible to control 

the shape of the circulation. Secondary flow was observed near the 

left boundary, giving rise to some mixing there. The centre of 

circulation is, in all cases, at about the cell centre.

Using nigrosine dye as an indicator it was apparent that the flow 

in the laboratory apparatus is laminar but unsteady, the latter arising 

from both belt movement and the oscillation of the water surface. In 

effect, this introduces some degree of mixing in the circulation but at 

a lower level than a turbulent mixing action. The jet on the right 

side of the figures and the flow close to the lower boundary cause some 

transfer of particles by entrainment out of the central core. Particles 

were seen to be circulated around the cell by the motion imposed by the 

rotating belts. The unsteadiness of the flow results in particles 

coming into contact with the right side of the cell, being entrained into 

the downward jet, subsequently moving to the lower boundary and sinking.
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Similar settling could well occur with turbulent diffusion processes 

but with a greater particle transfer to the outer zone resulting from 

the strong turbulent mixing.
ofAt the end of an elapsed time^approximately 9.50 minutes a 

small quantity of particles were observed to be left in suspension.

The losses by sinking were measured and these are summarised together 

with other circulation variables in Table 8.2. The distribution of 

these sinking losses across the cell width are shown in Fig.8.13, and 

are generally the same in all four cases. These curves show there is 

an increase in sinking towards the upwelling zone. The measurements 

indicate that the total sinking losses also are approximately the same 

in these four cases, being about 4.0 grams out of the initial particle 

mass of 5.0 grams. This equality of the total sinking losses and 

essentially similar distribution of sinking losses across the cell width 

suggest that the increase in belt speed has had little effect on the 

degree of mixing and particle transfer. Such a consequence is antici

pated from the flow conditions obtained. Since the flow is laminar, 

increasing unsteadiness, brought about by higher belt speeds, does not 

have a significant effect on particle transfer.

If the experimental results are compared with calculations made

when turbulent diffusivity is present and which result in complete
- 3mixing,the latter condition leads to only 2.52 x 10 grams of particles 

remaining in circulation after 9.5 minutes, that is practically all 

particles settle out. The comparison suggests that circulation 

currents do affect the particle settling rate. If the laboratory experi

ment and this calculation are considered to represent lower and upper 

bounds to the particle sinking problem, in a practical situation the 

amount of particles remaining in suspension will lie between these two
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extreme cases, sinking losses depending on the intensity of turbulence 

present. For the laboratory experiment, the ratio of the effective 

sinking speed to particle fall speed is estimated to be 0.2 . Using 

the computer prediction model described in Chapter 6 to be representa

tive of settling in a Langmuir cell, then, for the conditions of cell 

spacing-to-depth ratio (X^/D) = 2.0 and (range of) particle fall 

speed to maximum upwelling speed ratios used in the experiment, the 

computer model predicts the ratio of effective sinking speed to fall 

speed to lie between 0.4 and 1.0 , these values being higher than 

that determined experimentally under unsteady laminar flow conditions.

It is thus apparent that Langmuir circulation does reduce the particle 

sinking loss, the degree of such reduction apparently decreasing as 

turbulence intensity increases. With high turbulent intensity, the 

fully mixed situation is approached.

An indication of particle aggregation in the circulation region 

may be obtained by photographing particles in the model cell at an 

instant of time after the circulation has commenced. By dividing the 

cell region into several equal grid volumes, the number of particles 

in each indicates the relative particle concentration distribution over 

the cell. An example is shown in Fig.8.14 at time 3.0 minutes 

after zero for the experimental condition number 3 . Particle 

aggregation is present, and the concentration contours generally resemble 

those obtained by the computer model described in Chapter 6, i.e. a high 

concentration core is present in the upwelling zone and small particle 

concentrations may be seen under the convergence region and in the 

downwelling zone.
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8.3. Significance of Experiments

8 .3 .1 . The Wind-Wave Tank Experiment

Natural conditions cannot be modelled in this experiment because 

of laboratory limitations and the difficulty of appreciating the 

relative significance of similitude criteria. These demand that 

both geometric and dynamic similarity are attained.

Since Langmuir circulation is generated by interactions of wind 

and waves and is affected by a number of environmental factors, the 

characteristic length X of the circulation is anticipated to be a 

function of the variables listed below.

shape,

depth of water, D

wave height, H

local velocity of wind, W^

local velocity of water, W^

gravitational acceleration, g

water density, p

local air density variation,

water viscosity, y

air viscosity, y^

surface tension force in water, a

thermal conductivity of water, k

specific heat of water, c

local temperature of water, T^ .

Thus

f (X, shape, D, H, W^, W^, g, p, Ap^, y, y^, a, k, c, T^) = 0. (8.3) 

Dimensional analysis of these variables yields 11 dimensionless groups.
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X  P a "i.e. —  ; shape ; —  (Reynolds number of wind) ;

KW —  - (Reynolds number of water) ; - CFroude number) ; Ap /p ;W y grl a
pW^H ■'
— —  - (Weber number) ; ^  - (Prandtl number) ; - (Ekert number) ;

<y k c'w

p / P a  : P / b a  •

In any experiment it is impossible to satisfy all these conditions 

simultaneously. A number of gross assumptions must be made.

(i) Effects of Reynolds number are neglected, assuming that 

the characteristics examined do not vary appreciably with Reynolds 

number. This is a necessary assumption if Froude number dependency 

dominates the problem for Froude number and Reynolds number cannot be 

satisfied simultaneously. However, if Langmuir circulation is

turbulence-driven, it is, at least, necessary for the test to be con

ducted at such a Reynolds number that the water flow under experimental 

conditions is turbulent. This places a restriction on the size of 

acceptable test apparatus.

(ii) Weber number effects are neglected, assuming that the tests 

are not going to be conducted at such a small scale that surface tension

forcés become significant.

(iii) Ekert number effects are neglected, assuming in the first 

instance that the Langmuir circulation phenomenon is not significantly 

temperature driven.

(iv) The air-water interface is modelled with a laboratory air- 

water interface so that P/P^ and y/y^ are the same for the model 

and the full scale.
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(v) The Prandtl number conditions is assumed to be satisfied. 

Under these restricted conditions,

(8.4)\  H <  shape, -  ,

and
Since the water velocity can be related to the wind speed,^if geometric 

similarity is achieved, the wave height is a function of wind speed, 

thus ignoring the effect of Ap^/p , equation (8.4) can be reduced to

■ 2 2W Wn n ,
■gH iD : shape (8.5)

where D is the water depth which influences Langmuir circulation, 

being the total water depth if the lake is shallow or the thermocline 

depth if the lake is deep. Shape in the above equation implies 

correct geometrical scaling of the surrounds. It is anticipated that 

the modelled waves will be distorted to some minimal extent, but the 

gross features of the circulation phenomenon are produced.

Equation (8.5) has been used in Chapter 4 to correlate oceanic 

data on the size of Langmuir cells with wind speeds, assuming open 

sea situations in which shape is not an important parameter. The 

correlating curve (see Fig.4.4) suggests a form

.2
' (8.6)

gDj

where X^ is the row spacing and D is the thermocline depth.

Natural conditions which resemble those in the laboratory are 

those in shallow lakes and mud flats, where regular Langmuir circulation 

has often been observed to extend down to the bed. Because of depth 

limitation in the laboratory apparatus and the necessity to raise the 

wind speed high enough (usually greater than 3 m/s) to produce
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gravity waves, the range of Froude number in the prototype cannot be 

reproduced in the model apparatus. Taking typical values of wind speed 

in lakes to be 10 m/s and water depth (or thermocline depth) of 10 m, 

then the Froude number for this condition is about 1.0 . Using 

laboratory wind speed = 3 m/s and water depth of 6 cm , the Froude 

number achieved is about 15.0. Because of this lack of similitude, 

laboratory results must be viewed with caution,

Following Faller and Caponi's (1977, 1978) presentation, the 

present experimental data have been plotted in Fig.8.15 according to 

the equation

H,
-|fl . (8.1)

in which Froude number effects have been ignored. The plotted points 

show a correlating trend, suggesting that the results may not be parti

cularly sensitive to changes in the Froude number. It could be that 

the effects of wind speed have been largely absorbed by the surface 

wave height, and the Langmuir circulation scale is more dependent on 

the available energy Stored in the waves. Published data, predomin

antly those of Faller and Woodcock (T^64),.have been superimposed in Fig.

8/15c, assuming fully-developed oceans in which the significant wave 

height can be estimated from wind speed. Although there is some 

scattering of data, an apparent trend can be observed, implying that the 

relationship suggested by equation (8.1) is applicable.

These field data fall on the lower end of the plot, iiaving small 

values of Hy/D , and the data were obtained under different values of 

Froude number from those in the laboratory. From the plotted points, 

it is apparent that these two sets of points follow a similar correla

ting curve or at least are close members of a family of curves.
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suggesting that they are subjected to essentially the same phenomena.

A smooth curve has been tentatively drawn slightly to the left of the 

oceanic data to account for an overestimate of the significant wave 

height Hy , through both sets of data, to indicate the correlating 

trend. It may be argued that since there is a difference in the lower 

boundary of Langmuir cells (the thermocline for the oceanic cases, 

whereas this boundary is rigid in the laboratory), a single curve 

should not be drawn through both sets of data. If this were the case, 

the erodible boundary curve should lie somewhat below the laboratory 

points, indicating a slightly smaller cell width because some energy 

has been spent in eroding the thermocline. However there is not 

enough overlap of data to indicate where such a curve should lie.

Also the oceanic data are too scattered to position this curve accurately. 

More data in the intermediate values are required to justify this argu

ment. For the present, the experimental data may well represent an 

extreme case of the Langmuir cell extending to the bottom and the 

oceanic data represent an extreme condition of deep Langmuir cells with 

erodible boundaries. An empirical prediction such as this is required 

so that an estimate.may be made of Langmuir circulation effects on 

sinking loss of particles (Chapter 7), which is dependent upon the cell 

spacing-to-depth ratio X^/D .

More accurate and extensive measurements on Langmuir circulation 

in laboratory and natural conditions are certainly required if a signi

ficant overlap of data is to be obtained, and to further substantiate 

the correlation equation (8.1), in which it is assumed that Froude 

number effects have little influence compared with the Hy/D ratio.

In the field investigation, additional measurements of the surface wave 

variables, including wind speeds, wind direction and fetch lengths are
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needed. The effects of difference in the lower boundary could well be 

investigated in the laboratory by using erodible fluid boundaries, 

through the use of two immiscible fluids [a diagrammatic sketch of such 

an arrangement is illustrated in Fig.8.16). This would provide data 

on an extreme condition for the Langmuir cell with an erodible lower 

boundary, through which an improved empirical curve could well be drawn. 

In future laboratory experiments, efforts should be made to minimise 

the surface tension effects by generating waves with large enough 

heights, say, greater than 20 mm . In the present experiment, the 

generated waves could have been influenced, to some extent, by surface 

tension forces because of the smallness of their heights.

8.3.2. The Particle Settling Experiment

Just as in the wind-tank experiment, complete dynamic similarity 

of the circulation flow and of the particle motion cannot be achieved 

in the laboratory apparatus described above. The similarity in the 

distribution of particles in a circulation cell and the sinking loss from 

it demands that similarity is achieved in modelling both the circulation 

flow and the particle motion.

8.3.2.1. The Circulating Flow

Similarity in both the mean flow and the turbulent eddies is 

necessary if advective and turbulent (diffusive) transport of particles 

in the cell is to reproduce the natural situation. Because of Reynolds 

number limitations the turbulent condition cannot be achieved in the 

present apparatus. Treating the water motion induced by the belt to 

be analogous to that over a flat plate of characteristic length D which 

travels in still water of kinematic viscosity v at a uniform speed U , 

the critical Reynolds number required for transition to turbulence is
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about 2 X 10^ (Francis, 1975). The maximum value presently obtained 

is about 1.2 x 10^ , resulting in an unsteady laminar flow in the cell. 

Because of this limitation, the results obtained are not quantitatively 

significant but give a pictorial representation of the circulating flow 

in a cell and the behaviour of particle settling through it. Qualita

tively, the model has demonstrated the circulation effects in causing 

reduction in sinking losses.

It is apparent that the most important criterion of similarity 

for the circulating flow is the Reynolds number. To achieve a 

sufficiently high Reynolds number, a larger model and probably a faster 

belt speed would be required. Assuming the critical Reynolds number, 

based on the downwelling velocity at the belt and the depth of water,

to be 2 X 10^ , the depth of water (i.e. the size of the tank), D ,

may be related to the downwelling velocity, U „ by D(m) %yu(m/s) .

For instance, if the tank size is 2 m  x 2 m ,  then the belt must induce

a water speed of at least 1 m/s .

Although turbulent circulating flow in the laboratory apparatus 

can be produced by increasing the tank size and perhaps running at 

higher belt speed, the resulting circulation may not be strictly similar 

to that within Langmuir cells for at least two reasons:-

(a) Generating Mechanisms. Because of differences in the 

generating mechanism, i.e. mechanically generated in the laboratory 

apparatus while the real Langmuir circulation is caused by a highly 

complex interaction of surface wave and wind effects, it is unlikely the 

flow pattern and the velocity profile will be reiproduced exactly.

There is little data available about the circulation shape and velocity 

profile within the cell. Thus it is probable that only the gross 

features of the circulation will have been adequately reproduced.
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(b) Turbulent Intensity. The flow in the epilimnion of a lake 

can become turbulent at a Reynolds number which is much less than the 

criterion R^ = 2 x 10^ based on the moving flat plate (î i the vertical 

direction) analogy. For example, taking the downwelling speed in a 

lake under, say, 4.0 m/s wind to be 0.04 m/s and the mixed layer 

depth of 5.0m , the Reynolds number for this condition is 2 x 10^ . 

There are reasons to believe that the flow in the mixed layer is turbulent 

under this condition (Hutchinson, 1957; Mortimer, 1974; Smith, 1975). 

However, it must be appreciated that the natural phenomenon is much 

more complex than the laboratory situation and the model of a boundary 

layer generated on a moving surface is unlikely to be directly applicable 

to full scale. In the full scale situation the flow is strongly three- 

dimensional in character and the transition and may well be affected by 

dimensions in the plane normal to the Langmuir cells.

Having established turbulent flow in a laboratory model of a 

Langmuir cell, the model would serve a valuable role in quantitatively 

assessing the effect of such a cell on particle distribution and sinking 

rates. Under laboratory conditions, experiments of this sort are much 

more readily performed than in the natural environment.

8.3.2.2, Particle Motion

Similarity of concentration distribution of suspended particles 

will result if the bulk transport of these particles in similar flow 

systems are in similitude. This requires, in addition, the satisfaction 

of non-dimensionalnumbers governing the motion of discrete particles 

within a turbulently flowing fluid. Exact similarity of both the flow 

patterns and the resulting particle transport cannot be achieved in the 

current experiment because all the requisite similitude criteria have 

not been satisfied.
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In a turbulent flow system, particle distribution and hence 

sinking loss will significantly depend upon the following variables

y , p , d , -, L ,. gfPg - p) ; Pg

in which y = the fluid dynamic viscosity ; p = the fluid density ;

d = the particle diameter (size) ; = the characteristic fluid

velocity ; L = the characteristic length for a fluid ; p^ = the particle 

(grain) mass density ; g(p^ - p) = the specific weight of particle in 

fluid. Dimensional analysis of the above variables yields the 

following dimensionless products, which represent a possible form of 

similitude criteria:-

[g(s - l)d]

in which, s = P^/p = the density ratio; and v = y/p the fluid 

kinematic viscosity. Study of these parameters indicates that the 

dynamical reproduction of particle transport using the same prototype 

fluid in a small scale model is not possible, hence a number of gross 

approximations have to be made.

(i) The effects of changes in the Reynolds number (V^d/v) 

is not significant if the Reynolds number is sufficiently high for 

turbulent flow to be established (.Yalin, 1971) .

(ii) The effect of the density ratio s (= P^/p) , apart from 

its inclusion in the specific weight in the term V^y[g(s - l)d]^

(or alternatively in the terminal settling velocity), will be neglected 

Yalin (1971) argues that this approximation is plausible if the 

properties to be simulated are related to the totality of the moving
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grains (i.e. to the transport of granular materials en masse), not 

to the motion of the individual grain. Adequate prediction of the 

sediment transport rates in open channels shown by many sediment 

transport models which neglect the ratio s , provides some evidence 

that the influence of s on the transport rate is minimal.

(iii) The ratio L/d cannot be satisfied identically in a small 

scale model. This ratio must be neglected and its significant is 

conjectural.

Hence the only remaining criterion to be satisfied is that the 

effective Froude number ,

[g(s - l)d]2

should be the same for the model as for the prototype. An alternative 

form of the Froude number has been used by Rouse (1940) by replacing 

[g(s - l)d]2 by W.J, , the terminal fall velocity of particles, and 

the similarity criterion becomes

w; •

This form of the similarity criterion, in which the particles are 

characterised by , has been used in section 8.2.5 to compare

qualitatively the sinking loss rates from the present experiment with 

the computer predictions.

8.3.3. General Conclusions

It is concluded that laboratory experiments do have a potential 

role to play in studying certain aspects of Langmuir circulation
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phenomenon and its effects, such as the dependence of the geometry of 

the circulation cells on the wind/wave parameters, and the distribution 

and settling characteristics of particles in the turbulent circulating 

flow analogous to a Langmuir cell. The wind/wave tank experiment 

illustrates the mechanism by which the circulations are developed and 

the particle settling experiment, by isolating the circulating 

phenomenon, is capable of being conducted under the necessary similitude 

conditions. The difficulties experienced with the present laboratory 

equipment, which are common to all types of experimentation on scale 

models, arise from the inability to satisfy all the similitude require

ments because of the laboratory limitations. However, by keeping 

only those similarity criteria that are significant', adequate 

similarity may be claimed for practical purposes, as shown by the wind/ 

wave tank experiment. Although the results of the present experi

ments are necessarily illustrative, several methods of measurements 

have been established, which could well be used in future investigations. 

Reduction of the similitude criteria in section 8.3.2.2 of this study 

must be regarded as conjectural, requiring further experimentation and 

field data for verification.
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/V\Y-.
A.C. BRIDGE 

AND
CARRIER AMPLI

FIER CATHODE-RAY
OSCILLOSCOPE

X-AXIS

’ -electrodes 
probe TIME-BASE

UNIT

PEN-CHART RECORDER

(a) Schematic diagram of the conductivity probe unit

W" # J #" mouokow  _

#

(b) Photograph showing the conductivity probe and recoding 
devices used in the wind-wave tank experiment

Fig. 8.2 Illustrations of the conductivity probe 
arrangement for measuring wave heights
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Fig. 8.4 Photographs showing dye bands in the wind-wave tank
for various conditions as viewed from above the test- 
section. (a) Run No. 5; (b) Run No. 7; (c) Run No. 8; 
(d) Run No. 10. (see Table 8.1 for details)
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Fig. 8-7 (a) Schematic diagram of the basic apparatus for 
studying particle settling in circulating flows.
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Fig. 8.7(b) Photograph of the particle settling tank and the 
light strobing device.



175

(a)

I f S l

' m m

(b)

Fig. 8.8 Examples of photographs of the flow patterns obtained by 
stroboscopic photography, (a) the exposure time is short;
(b) exposure time is long.
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(a)

e q u a l s 16 CM/S

w i d t h

• • i

I ‘ i (b)

V

V
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Fig. 8.9 Circulation flow pattern for experimental condition number 1;
(a) the photgraph of flow pattern; (b) velocity vectors
deduced from photograph in (a)
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Fig. 8.10 Circulation flow pattern for experimental condition number 2
(a) the photograph of flow pattern; (b) velocity vectors
deciuced from photograph in (a)
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w i d t h

Fig. 8.11 Circulation flow pattern for experimental condition number 3,
(a) the photograph of flow pattern; (b) velocity vectors
deduced from photograph in (a)
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(a)

\

I I
\7

(b)

WIDTH equals 60 CM/S

Fig. 8.12 Circulation flow pattern for experimental condition number 4,
(a) the photograph of flow pattern; (b) velocity vectors
deduced from photograph in (a)
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Table 8.2
Summary of Results of Particle Settling Experiment

Experimental condition No. 1
...—

2
t.

3 4

Belt speed (Variac setting. 
Right 
Left

105
102

115
105

120
105

125
104

Av. max. upwelling: 
velocity (W^) cm/s 4.0 7.0 8.3 13.0

Av. max. downwelling 
velocity (W^) cm/s 11.5 16.7 40.0 32.0

Flow pattern and velocity Fig.8.9 Fig.8.10 Fig.8.11 Fig.8.12

Particles: diameter ym - 
fall speed (W^) cm/s

500
0.5

500
0.5

500
0.5

500
0.5

Centre of rotation: x*
y

0.55
0.45

0.55
0.45

0.55
0.45

0.55
0.55

"u/"d 0.34 0.42 0.21 0.40

Wt/Wu 0.12 0.07 0.06 0.04

Original mass of particle 
at t = o) (grams) 5.0 5.0 5.0 5.0

Total sinking loss at 
t = 9.5 min. (grams) 3.993 

_  . .
3.971 3.971 4.111

Note Dimensions of experimental cell:

0.38 m (height) x 0.41m (length) x 0.15m [width)

- r  = 2.0



1 8 1

Legend 

Condition 1 downwellingupwelling 

0 8 4

^  0*6-

cn

0*6 0'80 4
Distance from the le ft/ce ll width

1 *00*20

Fig. 8-13 Distribution of particle sinking losses across the cell
width in various experimental conditions at time 9-50min 
from beginning, original weight = 5 0 grams.
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(a)

(b)

Fig. 8.14 An example of the relative distribution of particles in the
particle settling tank deduced from photographs for experiment
al condition No. 3- (a) and (b) are photographs taken at about
3.0 minutes after the start of the experiment, at 4 seconds 
apart; (c) the average particle counts for 10x10 uniform grid 
after being corrected for unequal light beam width; and (d) the 
contour of relative particle distribution obtained from (c), 
units on the contours are arbitrary.



PARTICLE CI ST FJ BIT ION

Values averaged from particle counts in 
Photograph Nunbeis J5(l)-8 a-x3 J6(l)-7  ̂ and 
being corrected for unequal widths of illir-drntlcn 
between top and fcotiu;i of cho i.nJc.
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i  -  1 2 8 10

9.5 14.5 9.0 13.5 7.5 12.0 2.58.5 5.5 1.0

22.0 15.0 19.3 13.2 13.2 19.3

15.0 18.5 15.4 18.0 11.9 11.0 7.514.1 19.4 13.6

20.7 19.5 20.0 21.2 23.2 13.720.3 14.5 ,4.1 11.6

24.2 19.5 23.0 29.0 23.0 23.0 17.9 I 18.7 13.2 8.6

24.4 18.1 20.3 20.7 13.7 14.1 19.6 18.5 15.2

16.3 18.1 10.2 16.0 15.3 16.3 7.4

13.4 17.1 17.7 17.1 17.716.4 16.4 .6.4

14.4 12.2 15.4 12.8 18.2 13.1 13.4

16.7 15.5 15.5 16.7 11.2 12.7 I 13.3 I 12.4 11.810

8.14(c)

3.75
to

3.25-

2.75-

2.25-

1 .75 IS.00
10

1 .25-

75

00 .50 4

8.14(d)

X AXIS xl0
Y AXIS *10 CONTOUR STFP 5.00
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(A)
laboratory conditions 

wind
real situation

(B)

Tb

velocity distribution 
(large bottom shear)

// /f // // // //I/':/
bottom of the tank taken 
to be equivalent to the 
bottom of the mixed layer

wind

r ~

bottom of lakes

wind

(C)

water layer

some suitable /  
tracer which will 
stgy-erTthe interface 
t5etween layer 
(preferably in 
powder form 1

interface

dense fluid

bottom of tank

Fig . 8.16 (a) and (b) Waves and v e rtic a l ve loc ity  p ro file s  in  a
wind wave tank and in  a lake, (c) Schematic diagram o f 
a recommended wind-wave tank, using two layers o f flu id s  
o f d iffe re n t densities with tracer or dye introduced at 
at the in terface to represent closer to rea l situations.
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SOME EFFECTS OF LANGMUIR CIRCULATION ON

SUSPENDED PARTICLES IN LAKES AND RESERVOIRS

CHAPTER 9 • RELEVANCE OF LANGMUIR CIRCULATION TO WATER QUALITY 

PROBLEMS

The relevance of the basic findings of the present study to 

water quality problems, especially in the modelling of algal 

population in the mixed layer of lakes and reservoirs, is discussed, 

Suggestions for further work are outlined.



18:

CHAPTER 9 RELEVANCE OF LANGMUIR CIRCULATION TO WATER QUALITY PROBLEMS

9.1. Water Quality Models

Accurate prediction of changes of algal population and suspended 

matter in the mixed layer is important in the management of water 

quality in lakes and reservoirs. Two types of mathematical model 

have been commonly used for quantitative predictions. These are the 

one-dimensional model in which the variations of the quantity in the 

vertical direction are described, and the zero-dimensional well-mixed 

compartment model, in which the constituents in the epilimnion are 

regarded as being uniformly distributed at all times. In these models 

the changes in suspended matter are considered to result from sinking 

and turbulence, and, if the constituent is algae, the changes due to 

biological processes such as photosynthesis, respiration, etc., are also 

included. The effect of large-scale water currents, such as the 

Langmuir circulation, which could carry suspended particles throughout 

the mixed layer depth in a circulating motion and thus alter the net 

settling of particles from a given location, are not accounted for in 

these models. Baca et al. (1974) have shown that their one-dimensional water 

quality model is particularly sensitive to the value of sinking speed of 

algae. Thus there is a need to specify more accurately the settling 

rates of algae in the mixed layer if reliable and realistic predictions 

of the algal population are to be obtained. In view of the manner

in which Langmuir circulation readily forms in lakes when the wind 

speed exceeds 3 m/s , a common occurrence, the significance, or otherwise, 

of the effect of this circulation on the settling rates of algae and 

other suspended particles are required to be ascertained quantitatively. 

This constitutes the principal aim of the present study.
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9.2. Significance of Langmuir Circulation to the Settling of Algae 

and other Particles

9.2.1. Summary of Relevant Results

Langmuir circulation has been shown (Chapter 7) to affect particle 

distribution within it and the extent of the effect is dependent upon 

the dimensionless sinking (fall) speed of the particle W* , cell 

spacing-to-depth ratio X* , and dimensionless time t* . As a rough 

rule, it has been found that for the dimensionless sinking speed 

W* 3 1 X 10'^ , i.e. particles with small settling velocity in a strong* X

circulating current, Langmuir circulation produces essentially uniform 

particle distribution over the cell, regardless of the cell size (Xp 

and time (t*) . For > 1 x 10"^ up to Ix 10  ̂ (the maximum value 

used), a varying degree of particle aggregation occurs in the Langmuir 

cell, depending on the dimensionless cell size X^ and dimensionless 

time t . Comparisons between the predictions by the two-dimensional 

(Langmuir cell) model, the one-dimensional model, and the zero-dimen

sional model, of the total quantity of particles remaining in the mixed 

layer at the end of various times (see section 7.4), show clearly that 

the one-dimensional model always gives an underestimation while the

zero-dimensional model only underestimates the particle quantity when
* - 5W,j. is greater than 1 x 10 . This indicates that, when Langmuir

circulation is present, the settling speeds in the one-dimensional model 

and the zero-dimensional model (when W* > 1 x 10 ^) must be smaller 

than the conventionally used values.

In order to avoid gross error in the prediction of the suspended 

particles in the mixed layer, effective sinking speeds must be used, 

which are defined as the net sinking speeds in the conventional models
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which give equivalent particle distribution profiles and sinking 

losses as those in the Langmuir cell (see section 7.5). Based on 

the numerically simulated data of the particle distribution in the

Langmuir cell, the variations of the effective sinking speeds with
* * dimensionless cell size , dimensionless sinking speed , and

*
dimensionless time t are illustrated for the zero-dimensional model

in Figs. 7.10, 7.11, 7.12, and 7.12a. A percentage reduction in the

sinking speed as large as 63% is obtained for X* = 2.5 and

W* = 1 X 10  ̂ , whereas for = 1 x lOT^ , the reduction falls to

about 10% (c.f. Fig.7.12).

The effective sinking speeds for the one-dimensional model are
*illustrated as functions of dimensionless time t and dimensionless 

depth z* for the cases of X* = 2.0 and = 1 x 10"^ and

1 X 10  ̂ , respectively, in Figs. 7.14 and 7.15 . In these cases,

the variations of the effective sinking speeds are complicated especially 

during the early transient period (t* ^ 6000) , making them cumbersome 

to apply in practice. To simplify the picture, these effective speeds

are averaged throughout the simulation period and presented as a
* * 

function of for the case of X^ = 2.0 in Fig.9.1. In general, the

effective sinking speed decreases with depth to a short distance below

the water surface and then increases with depth to the still water value

at the lower boundary of the mixed layer, Since essentially uniform

distribution results when W* $ 1 x 10  ̂ , in this case the effective

sinking speed may be equally well defined by the linear increase

from zero at the lake surface to the terminal fall speed (W^) at the

lower boundary, i.e.

WgffCz) = ©  • Wy (9-1)

in which z = depth from the lake surface; D = depth of the mixed layer.
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9.2.2. Langmuir Circulation Effect on Algal Particles

The above discussion applies in general for suspended particles 

with varying sinking speeds approximately in the range of 1 m/day to 

200 m/day under the wind speed of 3 m/s to about 10 m/s , which 

should cover most conditions in lakes, the heavy sinking speeds belonging 

to the coarse sediment particles. Before discussing the implication 

of Langmuir circulation effect on algal particles, it should be noted 

that there are basically two types of simulation models concerning the 

prediction of algal population dynamics and patterns of productivity.

The first type of model, exemplified by those of Chen and Orlob (1972), 

Male (1973), and Tang (1975), treats the phytoplankton as a single 

unit, without regard to differences among species. The other type of 

model, e.g. Rutherford (1976a), attempts to simulate the seasonal 

periodicity in individual species in relation to the succession of 

algal species and the magnitude of algal bloom. In this type, several 

species of algae are considered and each is characterised with species- 

specific sinking speeds and other biological parameters.

Values of sinking rates of some freshwater phytoplankton have 

been published in the literature (Hutchinson, 1967; Titman and Kilham, 

1976; Lund, 1959). From these published data, a range of values may 

be established in which for healthy cells of the phytoplankton, the 

sinking rates lie between 2.1 to 0.0 m/day , and for senescent cells, 

between 7.0 to 0.0 m/day . It is also noted from several simula

tion models of the first type that the maximum value of the sinking rate 

used is about 1.0 m/day . Based on these values and the minimal

wind speed of 3 m/s , the maximum value of the non-dimensional sinking 

speed for the growing cells would be 8.7 x 10  ̂ and, for the senescent 

cells is 2.7 X 10"^ . Therefore it can be concluded that for most
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phytoplankton in freshwater the value of W* is far less than • 1 x 10  ̂

under the wind speed which can create Langmuir circulation. In such 

cases, Langmuir circulation is strong, creating essentially uniform 

distribution of particles throughout the cell regardless of the value 

of Langmuir cell size (X^) . There is therefore no need to correct 

the sinking loss term in the zero-dimensional model. However, in the 

one-dimensional model, effective sinking speeds must be used to give 

uniform distribution and these speeds may be estimated from equation (9.1)

For the water quality models which simulate several algal species, 

some of the algal species may have higher sinking rates, for instance the 

diatoms, whose sinking speeds may be as high as 18.0 m/day for the 

growing cells, and higher for the senescent cells. Using these 

sinking speeds and a wind of 3 m/s , W* is about 7.0 x 10  ̂ , when 

some aggregation of particles occurs in the Langmuir cell and, hence, 

correction to the sinking loss terms in both models will need to be made. 

Reduction to the sinking loss as high as 6% can occur in the zero

dimensional model, while in the one-dimensional model, further reduction 

in the effective sinking speeds is evident from Fig.9.1. Even a small 

percentage of particles, retained in the mixed layer, may be significant 

to the total population since the retained algae will be continually 

swept in and out of the euphotic zone, where growth by photosynthesis 

is active, giving rise to some significant increase in population over 

long time durations.

9.2.3. Effect on Other Particulate Matter

Apart from algal particles, other particulate matter and organisms, 

such as the sediment particles, zooplankton, detritus or dead cells, are 

similarly affected by Langmuir circulation. Because the dead cells 

will settle slower there will be a greater opportunity for them to be
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decomposed by bacteria thereby releasing their nutrient contents to the 

epilimnion and stimulating further growth potential to the algae. The 

reduction in the net settling of sediment particles not only affects 

turbidity in water, which is related to growth of algae, but may have 

relevance to the sedimentation process in the lake or reservoir as well. 

Retained sediment caused by the Langmuir circulation will be carried 

further by the surface current and deposit over larger distance downwind 

from the point of entry. However, the distribution of zooplankton 

is expected to be different from that of the inert particles because of 

their ability to swim and orientate themselves according to light 

intensity and Langmuir circulation currents, hence the effective sinking 

speed concept is not applicable to these organisms.

9.3. Model Limitations

The foregoing discussions are based on the computed particle 

distribution in a Langmuir cell obtained from a two-dimensional 

advection-diffusion equation, in which suspended particles are treated 

as being passive contaminants to turbulent flow. In the present study 

Langmuir circulation is assumed to occur in stratified lakes. In 

shallow lakes where the cells extend to the bed, no re-suspension of 

particles back into the main flow has been assumed to occur (i.e. no 

scouring), The most severe limitation to the model is the necessarily 

empirical nature of the circulation flow field. However, at the

present state of knowledge, in which no well-proven theoretical model 

exists, it represents the best available information. The structure 

of the model is basically sound, being based on the two-dimensional 

advection-diffusion mass transport equation, but it relies on the appro

priate description of advective flow field and turbulent diffusion
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parameters. The subprocess models, e.g. the Langmuir circulating 

flow, turbulent diffusion, and particle sinking, have been separately 

considered and selected on their merit in their individual processes. 

Once inter-related, the combined model has been shown to provide some 

quantitative assessment and insight into the effect of the circulating 

flow in the Langmuir cells on the distribution and settling of 

suspended particles, especially the algal particles, the most important 

constituent affecting lake and reservoir water quality. Although 

field and experimental data are unavailable for verification, this 

analytical study demonstrates that Langmuir circulation effects on the 

settling characteristics of suspended particles and algae, which have 

been ignored by most modellers, demand a more careful evaluation before 

accurate prediction can be anticipated from the conventional water 

quality models.

9.4. Suggestions for Further Work

1. Verification of the model predictions of particle 

distribution is clearly required. This entails 

simultaneous measurement of the concentration of some 

labelled particles of known sinking speed, at sufficient 

points in a Langmuir cell after it has been formed for 

some time in a lake. Wind speeds must be recorded 

as well as the size of the Langmuir cell (i.e. the width 

and depth). A number of these measurements at 

successive time intervals would be required. At the 

present stage of experimental technique this would be 

a sophisticated and demanding study.
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2. The importance of Langmuir circulation in causing algal 

aggregation can also be investigated quantitatively by 

making surface fluorescence profiles perpendicularly and 

in parallel to the wind direction at a time when the 

Langmuir circulation has been clearly observed. Such a 

measurement cannot differentiate between algal species.

3. The model prediction depends on the reliability of the 

input. Attempts should be made to obtain more detailed 

information on both the velocity field and the turbulent 

diffusion field associated with Langmuir circulation.

This requires both the development of a technique and 

suitable instrumentation, such as remotely-controlled 

hot-film anemometer. Having established the velocity 

field, the method of interpretation of results in terms

of turbulent diffusion coefficients is of real significance.

4. In view of extreme difficulties in making field measurements 

to assess the effect of Langmuir circulation on the distri

bution and settling of particles, laboratory experiments 

conducted in a circulating flow tank provide an alternative 

way of gaining useful information. In terms of the 

ability to regulate the parameters associated with the 

particles and the circulating flow, such experiments are 

much more readily performed in the laboratory than in the 

natural environment. In order to produce turbulent flow, 

it would be necessary to increase the tank size, say, to 

about 3.0 m depth and the belt speed to about 1 m/s .
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5. More accurate and extensive measurements on the scale 

of motion of Langmuir circulation in both laboratory 

and natural environment are certainly required in order 

to further substantiate the empirical relationship 

between the cell spacing-to-depth ratio (X^/D) and 

the dimensionless significant wave height , given/3
in Fig.8.6.
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CONCLUSIONS

1. Langmuir circulation affects particle distribution and hence

sinking loss from the mixed layer, the extent of this effect depending
*primarily upon the dimensionless sinking speed and the ratio of

*cell spacing-to-depth (Sections 7.2 to 7.5)

*
2. When the dimensionless time is about t = 6000, an equilibrium 

exists between the relative distribution of particles in a Langmuir cell, 

in which there is a balance between the sinking loss and the advective 

and turbulent tranfers of particles. (Section 7.2)

*3. When the dimensionless sinking speed W^ is less than or equal 

1x10 the effect of the circulating flow and turbulence being large 

compared with the settling velocity, the particle distribution is essenti

ally uniform throughout the Langmuir cell and is independent of the
* * * _5dimensionless cell size X and dimensionless time t . When W_ > 1x10c 1

aggregation of particles results, with particles being concentrated in the

central and upwelling regions. This effect becomes more pronounced as 
* *

W^ and X^ increase but approches the uniformly distributed condition
*

as the dimensionless cell size X^ and/or the dimensionless sinking speed 
*

W^ decrease. (Section 7.2)

4. Comparisons of suspended particle prediction by the conventional 

one-dimensional model,and the zero-dimensional model on the one hand with 

the two-dimensional model on the other show that the one-dimensional model

consistently predicts larger sinking losses for all values of W.̂  and X^
*

while the zero-dimensional model gives larger sinking losses when W,̂  is 

greater than 1x10 . If W^ 2 IxlO" , the prediction by the zero-dimens

ional model is identical to that of the two-dimensional model. The

settling speeds used in both the one-dimensional model and the zero-
* -5dimensional model (when W,̂  ^ IxlO" ) must be reduced in order to produce
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the distribution profile and sinking losses observed when Langmuir 

circulation is present. (Section 7.4)

5. The effect of Langmuir circulation on particle suspension may

be incorporated into the conventional models by utilising the effective

sinking speed in place of the terminal fall speed. Generally, the
* * *

effective sinking speed is a function of , and t , and for the
*

one-dimensional model, it is also a function of z . (Section 7.5)

6. In the zero-dimensional model, when the dimensionlesss particle
* -5sinking speed is ^ 1x10 the effective speed equal to the terminal

* -5fall speed of the particle. But when is > 1x10 the effective is

smaller than the terminal fall speed, specific values for a large cell
*spacing-to-depth ratio X^ = 2.5 being some 90^ of the terminal fall speed 

when W,j, = 1x10 ^ and some 37% when i s  as large as 1x10 

(Section 7.5.1)

7. In the one-dimensional model, the effective sinking speed . 

concept must be applied regardless of particle sinking speed. Its value 

is generally smaller near the lake surface, gradually increasing to the
*

terminal fall velocity at the lower boundary of the mixed layer. For 

4 IxlO'^ where uniform distribution of particle occurs, the effective 

sinking speed may be taken as increasing linearly from zero at the lake 

surface to the terminal fall speed at the lower boundary of the mixed 

layer. (Section 9.2.1)

8. Considering the range of sinking speeds for various freshwater
*algal cells, it is found that for phytoplankton is (with some exceptions) 

less than 1x10 ^under n o m a l  wind conditions in lakes and reservoirs, thus 

uniform distribution results in the Langmuir cell. No correction to the 

sinking speed is needed in the zero-dimensional model, but in the one

dimensional model a linear increase of effective sinking speed with depth
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must be incorporated. (Sections 7.5.2 and 9.2.2) '

9. The sinking speed of the diatom cells, which are much 

heavier than the phytoplankton, are reduced by as much as 6% as a 

consequence of the Langmuir circulation. Though small, this could 

cause a significant population increase. (Section 9.2.2)

10. The gross features of Langmuir circulation can be modelled 

in the laboratory provided that adequate similitude criteria are 

observed. In the wind-wave tank, laboratory results and few published 

field data suggest that the Langmuir cell (dimensionless) scale of 

motion (X^/D) is related to the (dimensionless) significant wave height

(F^/D) , and the effect of Froude number on the phenomenon is minimal. 

In the particle-settling tank, it would appear that significant results 

could be obtained if flow Reynolds number and particle Froude number 

similitude are observed. (Sections 8.3.1 and 8.3.2)
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APPENDIX I

COMPUTER PROGRAM LISTING

The computer program for the computation of the particle 

distribution and settling in a Langmuir cell is included. Although 

the program has been written specifically for a 51 x 51 uniform 

grid system, the extension to include other numbers of grid points, 

non-uniform grid spacings, or variable diffusion coefficients is 

straightforward. The inputs to the program are:-

1. Number of mesh points in y- and z- directions (NY, and NZ) ;

2. Langmuir cell spacing-to-depth ratio (LAMBDA) ;

3. Dimensionless sinking speed of particles (WT) ;

4. Time interval to write vertical profile of particle (TSTEP) ;

5. Time step to be used in the integration by the ADI-CDS finite

difference method (DT) ;

6. Maximum number of time step for the run (DNT) .

The graphical subroutine library GHOST, which is a common 

subroutine library available at many computer installations, is used 

throughout for graphical outputs.

A condensed flow diagram illustrating the major operations of 

the program is given.
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W O I T ‘"( 11 , P n O )  T T - S T  
F O P O C  T ( t v , r s )
S W I T C H  0 0  P L O T T F p  A 0 0  C P ' C I F Y  M A X I M U M  M U M O p R  O F  p p A M ^ S
P A L L  D A P ~ P ( n  
P A L L  3 P 3 T 0 = ( 1 3 )
p p A O  C ^ I O P ,  S T  Z F  O F  L A O r / o J I P  P F L L , S T t K i N O  S P P F Q
F F A O (  1 , 1 ^ 0 : " )  N Y , 0 7 ,  L A M ^ O A  , W T  
F O - ' O A  T ( 7 I T, F P  , T , r 1 n . (, )
W P I T F ( 7 , 1 1 " ! )  O Y , O Z , L A " O P A , W T  

■ F 0 " * O A - ( 1 H I  / 1 ( 0  , F t  Y ,  i s w n  A T  4 A N O  p f  rj, l T S / O F  X , 1 F, ( 1 M » ) / 1 H 0 , 1 Y , 3 H  N  Y  = ,
* T  3 ,  3 Y .  3 0  0  7 % ,  I 7 , T Y , 2  I H W T O T H - T O - O F D T H  " A T I 0  = , F 5 . 3 , 3 X , 1 ' « H S I N K I N 3  S " F E  
» 0 = , r I n . )
P F A O  T I M F  l O T F P V A L  T O  W P J T F  C O O P F N T P A T I O N  P R O F T L F  O N  F I L E  l i
P F A O (1 , 1 7 q r )  t S T ' P  
F q o q A T ( F 1 1 , £, )K = 7 T T E  ( 7 ,  1 7n.fi, T S T F p
F C P M A I  ( I M O , Z h t C T F P  = , F 1 1 . 4 )
n r c i o c  O O N S T f i N T S
P T = W . T ' A T A O ( 1 . 0 )
W O r O .  OF'’ - ?
S P ' " C T ' " Y  C O O P O I O A T F S  O F  S ' M n S  

C A L L  U F C R I O
P O ' - ' P U T F  A V F . T A p . r  V F L O C I  T I F S  V  & N 0  W  
C A L L  A V C V F L
P P T M T  TO'- C O M P U T F O  V f l O C T T I F S
i i  = ( O Y - n  / 1 0 
J J =  I TV J Y % - ' V -  1 
M 0 7 = 0 7 - lW P T  T F  ( ?,
F P - 3 H A T  ( I H O ,  7 q y ,  P Ô H W 0 7 Î 7 0 N T A L  A V 3  F L O W S  ( V  ' S  ) , / 7 I X  , 2 f, (1  H *  ) / / )00Y7%*;y-7
P O  1 1  J = 1 , 0 0 7 , J JU ' P T T F  ( ->, o n n i  > j  ( U (  T , j )  , 1 = 1, O N Y ? ,  I T  ) , V  ( N N Y 2 ,  J)
F 0 7 ' "  IT ( 7 y  , T W  7 = , M  , 3 X ,  1 1 ( 1 P P l  1 . 3 ) )
W n  T T P  (■’ , 2 q n  t>) ( 1 , 1 = 1 ,  N O Y " ,  I T ) ,  ,00 Y g
f o p M A T ( / / 1 1 X , 1 1 ( 3 X , ? H I = , I 3 , 3 X ) )
W P T T F ( 2 , 2 0 " 3 )
f o r m a t  ( I H O ,  7 1  X ,  2 L H V F 2 T T C A L  A V 3  F L O W S  ( W ' S  ) , / 2 I X , ? (, ( I H  » 5 / / )

no 20 J = 1 , N W 7 , J J  
20 K R T T F  (2,21^1) J , (W (T ,J ), I = 1 , O N Y , 11 ) ,W (N N Y ,J ) W P T T F ( 2 , ? o c 2) ( I , 1 = 1 , N O Y , I T ) , ONY

S P F p i c Y  VALUES OF O I F f o S T O O  C O F f c  xr ; i  f o T S  

C AL L  d i f f u s

P F A O  L f o GTH o f  TIMF S T F Pc

c

2 0 04 P P A O ( 1 , 2 0 0 4 )  O T  F O P M A T ( F i 1 . U)
T M A X = 3 . " F + q  nTUTO=nT 
P^L T = 0T/7.NT'-'A v= IMA X/OT * 1'■'PTT'"(7,Snnq, OT«TN,T«AY,nTMAX,OT 5 0 00 Fn-..vATr//lX,FF,r,TvxN=,Fll.4,3X,5HTMAX = ,F11.4,3X,SHNTMAX = ,I6,3X, *3H0r = ,F1 1 . u / n

1 4 0 0

W P T T F -  F T  y F p  O A  T A  I N  f t l ç  3 

W ^ T I F  ' 3) W T  , I A ' t O O  A, N Y  , NZ , O T ,  N T ^ A  X
W P T T F  (T) (Y ( I ) , T = 1 , NY )
W P ' T F  (3) (7( J) , J = 1 , r j 7 )
W P I T ' - ( 3 )  ( F (  ,) , J = 1 , ' | 7 )
W P T T F  ( 7 )  ( ( V ( I , J )  , I = l , N N Y  ^) , J = l  , N N 7 )
W P I T F (7) {(W(T,J1 ,I = ! , 0 N Y ) , J = 1 , N O  7)
W P T T F  I N I T I A I  D A T A  0 0  F t , r  n
W P I T P ( ! 1 , 1 4  0 1 ) W T , L A O n n A , T S T F P  
F 0  P 0  A T ( 1 X , F 1 1 . 4 , I X , F F .  7, I X , F i l . 4)
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GO on

4 0 04
4 n OSc
c
cr.

r.r.
C
4 0 00 

40 01

40 03

T N T T T A L I S F  m N C F N  T p Û T T ON AT T= 0 
CAL L  TNTTl
C O N P U T F  I N I T I A L  M A S S  IN I. .0.
CALL MAS': ('IMASS)
C M A S S n = P " A F S  K P T t -(7) CM A I S O  
W P T T F ( r , F F n o )  r N A S S 0F O P M A T  ( 1 NO , 3 S M C R I G I  NIL MAS S  OF PARTI''LFS IN L.C. - , I P F U . 3 )
INITI ALICE T O T A L  "ASS O f P A P T I C L F  IN L.C. AT T= 0 
T L S I N K - O . 0
P E A O  N A Y  I M U M  N U M O P P  O F  C ^ M P U T A  T I O N  C Y C L E S  f q p  T H I S  R U N

P F A s ( < , q r 0 4 )  O U TFOPMA T ( IF)
k'PTTFC7,i, nns) ONT
F Q o m a t < /1/,SM ONT = , T S / 1 ^ 1 )
i n t t t a l i s f  C o u n t i n g  i N O i ^ E s  f ^ o ? F s m  Ts t o  o f  w r i t t e n  o n  
f i l e s  4 A. NO 11, A NO N U M O F p ING OF C O N T O U R  PLOTS
TC7 )\'T = q |.)ij.,iorc- L 
K C O U N T = 1
00vr»',TF P A 3 T T C L F  FLUX, T OTAL ST NY INC LOSS, AND C O O P P S T  ION 
C O F F F I G I F M T S

F O P P A T  ( t X. 1 p m t t r f  S T F P  ( N t , 4Y , o u t  t Mf ( t ) , (, y , t> L n M A S S F L U Y  OF P A P T I C  
* 1 . F , 3 Y , P P M  T O T A L  A C S  OF o APT I C L F  , 4X , 1 xON )

FO àq A T ( 1 Y S ( L M» ) ,/,y , Q ( L UO ) , e. y , 1 sm p u T  pf L.C. / X T, GX , PP-TSINYI NG 0 * UT OF I ,'f . / WT , ty, 1 iHCnFFFTri P'lT / 7 ny , p « ( i ( » ) , 3X , 2̂  ( 1 ) , 3x,ll (1 ,̂))
WPT T V ( p , L on 3 )
FO P M A T  (1 MO)
F!T 1 = 1N T P ^ N T  1 .mrjT
T F { N T . OF . T M A y ) NT  -»; *1 TM ' y 
SAV/f SOMO'II FO p f s n l T S  IN F[lf U

W PTTF (0) WT , L A MPO A , t|Y , N?
C O ' ‘ P I T F  t . j t t t - . A l  f l . J Y  o f  P A P T I C L F  O ' T L .
F L ' l v = n , p
IF(WT.IF.P.O) SOTO 73 
n o  7 7  I = " , N ‘|Y 
O Y T  | % Y ( T M )  - Y  ( T ,  
nFLMY  = G ( 7, ) *0Y I )

77 FLUX = FL!IX+PFi_fj y
C COMPiJTF PAPTICLF CPNCFNI PAT ION 0 I S T p T O'I T I ON
C 7 3  O P  o n  N = N T 1 , N T ?

N N N = N - 1 
T = N ‘.'‘l » n T

C
C  T F - t  I F  W P T T T N G  O F  V F p T I C A L  C O N ^ f  N T p  A T t O N  d p o f t L F  p r q , , T  J P O
C T T T M t - T N T  ( T )

ITSTrmz TNT(TSTFP)
I F f M O O d T I M r ,  i T S T F 3 ) , r o .  :)) C A L L  p p O F  Î L  ( T , N U M O f 'j )

CC P F F T - i c  T N O P F u r + i T S  T O  p p t n T  p F S U L I S
C IF(T. l f . i. nc,3, N p l o t  1 = 10 

I F ( T . L f , 1 . O F + 3 )  N P L P T ? z ? r  
IF(T.L F. 1. p f ,3) NPLPT 3 = 0P 
T F ( T . F .  T . l  . Q P , 7 )  N  P L O T  3 = 0 "  0
IF (t . G T . 1. A F , T . A N P .  r . l f .  1 . oE + i, ) NPL n i l  = 10 n 
I F ( T , r , T . l . n F * 3 . A N O . T . L r . l . n F T 4 )  n p l o t ? = ? o o
I F  ( T .G T . 1 , 1E + 4 ) NFL O T ; =s on
I F ( T , G T  . 1 . 0 E * - 4  ) N P L O T ?  = 1 0 F q

c
C o O P y - K F r P T N G  T O T A L  MASS OF P A p T I C L E S  S I N K I N G  O U I  O F
C  L . C .  a t  f .jp o f  F L A P S F n  T I M F  j
c IF(N.rp,NTi ) r - O T O  Ç 2

P L O S S l = n L 0 S S 7
DLOSSp=FLUY
T L S I N m  = t l s T N x + n . 0 * O T * ( O L O S C l t n t  0 S S 7 )
r 0 T 0 F 3 

0? D L O S S ? = f l u x
c
C  T F S T  I F  p o i n t i n g  O F  p f g u i . T S  T O  R F  O O N F
C 0 3  T F  ( M O O  ( N N N ,  m d l p T  1 ) , N F  . n ) G O T O  01,

TF(N. f o .I) C C 0 F F = L ,n
I F  ( N .  N F .  1 ) C ' : p ''F= T L C T N K /  ( C M A S S O X T  »
W P T T F ( P , 4 j n P )  N ,  I , F L ' J X ,  T L S I N M  , C C O F F  

4912 F0PMAr(4y,TG,Fy,rii.A,nx,c7.7,Lr:,Y^rtL.4,12X,F7.3)W p  7 T = ( q ) T , f i u v , C C p f  = 
i c O N N r  = r c o u ‘'r +1

c
T E S T  I F  p p I G ' T T N G  C F  C  O N C F  N  T p  A T T O N  T O  R f  O O N F

C
04 T F ( MOO ('.M'S', OT.p ). NT , 0 ) GOTO 7Q 

I F ( W T . F. T . n . ) c a l l  C p d  N T ( N , T )
I F ( W T . L F . 9 ) c a l l  f p o t l j t  (N, T)
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4100
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^ 70

SO55
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T E S T  I F  E N O  O F  S I M U L A T I O N  R E A C H f o  
I F ( N . E 0 . N T 2 )  G O T O  55

C O M P U T E  C O N C F N T P A T Î O N  O I S T P i n U T I O N
C A L L  F P ' - O N l  ( O F L T ,  F L U X )
C O N T I N t l F  
C O N T I N U F

F O R M A T  d H i ? 5 & H N 0 ?'^0 F P f - ^ m l t S  O F T N G  S A ' / f o  I N  F I L E  T O R R E S  F R O M  T H I S  
» P U M = , I f O  

I F (N . F  C . N  T M  A X ) G O T O  6 2
k ' P I T r  ( 5 0) W T ,  L A - ^ O O A  , N Y , N 7  
W R T T f  d  0 ) " ,  T , F L ' J y , T L S I N K , C C 0 E F
W P T T F ( 1 3 )  Y C O U N T
W P T T F ( I O )  ( ( C ( I ,  I ) , 1 = 1 , N N Y )  , J =  1 , N N 7 )

F O P "  A T ( Î d  G ( L H * )  , 6 T H C f M  P U T  A T  T O N S  I N C O M P L E T E ,  P P O G ?  A M  S A V E S  T H F  f q  
# L L P W I N G  O A T  A A T  N = , T 6 , 5  ( 1 M * 1 )W P T T F  ( 7 , 5 3 0 ( 1 )  M , T  , F L  )Y , T L S I M < , C C O F FF 0 P ' l A T ( l M n , ' 7 ' . i N = , I F , 3 Y , ' ' H T  = , F l l . 4 , 3 X , 5 H F L U X = , F 1 1 . 4 , 3 X , 7 H T L S T N K - ,  
• E l i , * . ,  <x , 5 M C C 0 '  F =  . F P .  7)
W P  T T F  ( 7,  5 " 0 5  ) K C O ' I N TF 0 " l  A T ( 1 1- 0 , 1 X , 3w</ C D N N T  = , T 6 )
I F ( X T . 5  T . 3 . )  C  A L L  ~ p p T " T ( N , T )
I F ( W  T . L F . 0 .  I c a l l  E p p ! N T ( N , T )
G O T O  F,f- 
W P I I F < ? , 5  6 0 0 )p o 7 ' ,  A T  ( 5 I d ,  5  ( d ) » )  , ? O H S  T M U L A T  I O N  C O M P L E T E D  , 5  ( I H *  ) )
C O ' ' T  INL'F
C A L L  G P F x n
f t c p
E N D

C-'
c

c
c
c
c
cP - .
c
c

SUOPPUTTNT^ AVCVFL PF 4L L A"p0A
C O M M O N  V,W,C .C SI A P 
rnvvn\,/04o, / c , V, 7 ,\'Y, N 7 , \'T C O " M O N / C P N C  T / N P ,PI,L A"PPA

S T A P T  TO O O M P U T F  V S  POW 'd ROW FpOM J = i  TQ J = NZ-1
nTVTOr=n . 4» LA'(PDA F A r T n P = n . 2 « W "d ; û M f d A / P TAA=1.rc»pt/lamppa
p p % 5 . 0 * P I / L A " O O AhINYl =N Y- 1N N Y 7 % N Y - 7MN7 = 'd-i
0 0  1 J=l,NN7
7 1 = Z ( J * 1 )
7P = Z (  I )F"'Tj=Zl-72a=stm(PI*71)-SIN(PT*72) 
n o  1 1 = 1 , N N Y ?Yi = Y (I + n

TFST IF Y TS IN THE PF^y r)\| PF U P W F l l I N G  OP O O W N W E L L T N G  
TF(YT.IF.niVTOF) r = S T N ( A A * Y 1 )lE(Yi,r,7.nrvrnF) n = siN ( 2. 5*oT-on*Yi )

1 V d , J ) = F A C T 0 P » R * A / n 7 I J

C O M P U T F  W'S C O L U M N  OY C O L U M N  f p q h  1=1 TD T=NY-1
00 ? T=1,NNY1 Y1=Y d  f 1)V 7 = V d )
D Y 7 j= y 1-Y7TF(Yy . L F . n i V I O F )  A = S I N ( A A * Y 1  )-SIN ( A  A * Y 7) 7F(v7.5p,ptvT0F) A = STN(?.5*pI-0 0*Y1)-SIN'(p.57pT-pp*YP) ̂TF ( V j . 5d PI VIPP. A NO. Y7. L r . PTv TPF) A = S I ( 2 . 5 *P I - BO • y y )
0 0 7 j%i,nN7
7 1 = 7 ( J d  )P = SI'lfPT*71)

2 w ( T , J) = - ( p a c t  O P » P » A / O Y I J '  f W T  PPT JPN
E ND
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S U R P O ’J T T n e  n i P r ' J S  
n  T " T  N S  T OM F ( -, 1 ) ,  Y ( F t  ) ,  7 ( r  y )
O M M M O M / p A p A / f  . V , 2 , M V  ,tj7 , H T

C T O 0 0 " P ( ) T F  T H F  VAi i ; f s  p r  V F O T T C A I .  C O E F F T C T F M T C  Q F  O T F F U S T O N  BY A 
C S T M P L F  p m P T P T C A L  p  f  a T 1 0  N O M  r P : -  /

C F = 2 . 0 F - 5 * w T M r )  s p f f o x O F P T H  Q f  T H F  y h f p M O C L I N F

Ç T H F  C O F F r i C T F t ' T S  A R F  A S S U " F r ,  TO Q f  H O M S T A M T  I M  T H F  y  I X E O  L A Y E ? .
n
r,-------------------------------------------------------------------------------------------------------------------------------------------------PO 1 J-i,N7 

F (  J )  = p .  " F - f .
1 r O t l T T M M F

V p T T F ( 7 4  n 0 )
i n o  r O P M A T ( 1 H 1 , p 7 H n i F F U S T n M  C O F F r T C T F M T S / î Y , 2 ? ( I H * ) > 

w D i T F ( 7 , ? o n )  ( ( . ; , F ( j ) ) , j ^ i , M 7 )
? 0 D  r r i P ' l A T  ( 7 y , ? m ) = , I 6 , f , Y , F 1 l , 4 )  

p F T ! I p M 
F MO

O'j7;>0'( r ; MIT tm y T î
HT-4r>JS 7CM P f i.ô . E T  ) , W ( F  n, '..T) , 0 (F T , 5-t) , 0 -tap (F, n, F 0)>T''F'r. t7- VF4 ) ,y ( = 4) , 7 d n  
F OMM )M , M . n , ■'0 1 A P
F-T-V 7-1 / ' M P '  / ‘ , V , 7 V ̂  .,7 JT

c - ~  
c
c O F  C O N P F M T R A T T  I N C  A T  ALL Gp TH P O I N T S  T O  a C O N S T A N T  V A H I F

C - - ---------- ---------------- ------- ----------- --------------- -------)-Mv->jy- y 
M N 7 = M 7 - 1
n o  1 j = t , n n ' 7  
no 1 1 = 1 , MMY  1 c ( T , J ) = 1 0 q . n 
P F T  IJPN F NO
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S i j p o p . j T T M F  F O F O M l  ( O T  , F{.ljx )n i  " F  N E  T O M  V  ( 4 0  , 5 q  ) , W  ( 5  O d .  0 ) , C  (F,q , 5 P  ) , O S T A S ’ ( 5 1 ,  5  0)
H T Y F N E T O M  F ( r; y ) , Y ( 5 t ) , 7  ( F t )  
n T M F ‘I S J O ‘1 P ( 3 l ) , F ( 5 1 )
; ' P " M O M  V , W  , 0 , 0  S T A P 
n O ’d O N / P A P A / F ,  Y ,  7 , M Y ,  M 7 ,  W rC

c '
r. r . l f P P O M T T M F  T O  0 0 " P | J T F  r r i M E F i i T P i  T T O M  H  T S T  ? T "'UT T 0 M  0 ^ p A ^ T T C L f r
C  I M  L . O .  A T  T T M F  T + o r  G T V ' M  I S’T T I A L C 0 M P F M  T P A T I 0 M  A T  T T ' * f  j  b y
C  A H T  P F  T U Q n  'JS T N G  T P Q " A -  A L G O R I T H M  T O  G O L V G  T O Î O U A G D M A L  S Y S T E M  O F
C FOI) A T  T O M S
C

r i Y i = M Y - y  
N  7 1 = N  z - 10

C  P O W  C A L C U L A T î O M S  ( v  - S W E E P )
C
C  C O P P U T F  C O F F r T C T E N T S  A A, n R , C C  , 0 0  A N O  T»-'FM 0 ( 1 ) ,  G ( I )
C

n o  11 , ! = 1 , M 7 1  
0 7 1  J  = 7 ( J d )  - 7  ( J )
F ? = 0 T / o 7 y J  
n o  -'1 1 = 1 , M Y 1 
n  Y  T J = Y ( î 1 1 ) - V ( T )F Y  = . 5 *  ( F ( j +  y ) + r ( J ) )
r y ^ O T / O Y T J  
T F ( T . F O .  1 ) G O T O  1 1 
T F ( T . F n , N Y 1 ) G O T O  1 2  
V F = V ( T , J)
V W = V ( T - 1 , J)S 2 = ( Y ( T d ) - Y ( T ) ) / ( Y ( T » P ) - Y ( T ) )
S M = ( Y ( T I - Y ( T - 1 )) / ( Y ( T + 1 )  - Y ( T - 1 ) )  
n Y F  = . S A < ( v ( T , 7 ) - Y ( T ) )
O y W  = . 5 M  Y ( d  1 ) - Y ( ^ - 1 ) )
A A = F 1 7 ( - V ' d  ( 1 . - S W ) - F V / n Y M )
m = 1 d F d  ( V F *  ( 1 . - F F ) - V W * S W t F Y / 0 Y F + F Y / O Y W )  
p P % P 7 - A * » 0 ( T - l )C C = F  y ' ( '/F * ' : F _ E Y / O Y F )
0 ( 1 ) = 0 0 / 0 0  
G O T O  1 3  

11 V F = V ( T , J)
S F = ( Y ( T + 4 ) - Y ( T ) ) / ( Y ( T + P ) - Y ( I ) )  
r | Y r = , E * ( Y ( T + 7 ) - Y ( î )  )
A 5 = 1 .
P P  = 1 d F y »  (l/F» ( 1 , - G F  ) f F Y / C Y F )
C C = F y » ( V F ' S F - F Y / j Y F ,
0 ( 7 ) = G G / O R  
G O T O  1 3  

1 ?  V  W = V  ( T - 1  , J)
S M = ( Y ( T ) - Y ( I - 1 ) ) / ( Y ( T + î ) - Y ( T - 1 ) )n  Y .■( = . F , ( Y  ( y 4. 4 ) _ Y ( T - 1 ) )
A A  = F y * ( - V . ) * ( 1 , _ S W ) - F Y / n Y ' V )
P P = y . * F < » ( - v w » G W » F Y / n Y W )
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00 7 K=7,in HT ( K ) r u T ( K - l ) - 0 T F F 2  3 CONT T'lUFN T ( 1 1 ) = C ^ T N 1

CC F Y O P S S S  CONTOtJP H F T G H T  AS P A T I O  OF M F A N  H F I G M T
C no 711 < = 1 , 1 1MT (Y* = W T (<) 7 0 M F AN 
JJ13 C O U T T N U F

no 44 G J = l , M N 7  no 44 4 T = 1 , NN YA(T, I ) = A ( T , J ) 7 C M F A m
444 C O U T T N U FC XMAYr 1 . 9*LA*^nnA YMYsi - 1 . 1 

nOY = V''AY/9.
nny Y= 1 . 9 * Y»̂  A Y 7NNY Y M A X l = Y H A X - O O X Y  YMTUl-Y' ^ T H + n O Y YcC USC^ f h o s T P L N T T T U G  P O U T T U F S  TP "L OT Sn Aoys

C
c a l l  o i < c F HTF (MOO (YFOUNT, ■>) .N9 . q ) G O T O  7»T r ( •*'>-1 ( T , ■>) . 90 . q ) g o t o  t o

70 C 0 ‘1TTNHFr.AIL conAn9(1.79;;,q.e,7r;,-, .sq^n.OI)GAL L F c p o c r  ( 0 . 25, n. 79, ) . '' , o . 09)
G O T O  n

TO CO'IT T')i)r
c a l l  cSCA''F(n. 1 2 5 , 1 . 9 7 9 ,  1.1,1.49) 
c a l l  C S O A F 9 (q . T 9 , 0 . 7 9 , 1 . q , 1.5) mi C O N T I N U F
CALL C T c -t A 9 ( ’ )
CAL L  PLACF( 1,1)CALL T Y D F C S  I'.h c l o t  ,9)
CALL T Y P F n T (K"'ouNT)
CALL CTC'iir, (11)CALL Pl ACT ( n ,  1)CALL T Y P F C S  ( 7c, a-'QOA: ,1)
CALL T Y O P M r ( L A M R 0 a , ? )CALL T Y o r r s ( IH T= ,9) 
c a l l  T y p c «|C(T,9)CALL P L A C r ( 1 1 , q) 
c a l l  TYPrcs(,,MWT= ,4)CALL TYPFK,r ( wT , 1)CALL M r P ( X “ T N , Y M A Y , i . n , 1.1)
C A L L  W T M O 0 W ( Y M T N , X H A Y , 1 . q , 1 . 1 )
CALL n O o o F P
C A L L  scat ST (uny, 1. 1 )P0T'!T7=-i.i9'Y'"AXP O T N T Y r I . 9 9 Y Y H l y
C A L L  PLOTC-r ( C 0 T N T 7 ,  1. 59, 1H7, 1 )
CAL L  n L O T C q (p O T N T y . 1.1 , lHY,l)CAL L  W T » ! n n w ( y H T N i , y M A Y i , i . o q , i . i i )CA L L  p F O d f h



2 1 2

CALL C n u T P A ( A , I , 5 1 , 5 0 , 1 , 9 1 , 9 1 , H T , 1 , 1 1 *
CALL C T P A 9 ( 9 ITF(M09(Y90'JNr,T) .MF.O) CALL CSn ACF ( 0 . 7,1. 0, 0 . 5 , 0. 15 * IF(M'in(YCnU'IT, T) , F Q . 1 )  CAL L  CSPftCE( 0. 7, I, 0, 0.0 , 0. 4) CAlL P L A F F ( i , i )
CALL T V P P C S ( 1 ? H n P T 9 T N A L  C= , 1 ? )CALL T Y P f m f  (] 11.1 ,9)
CALL ° L A C F ( 9 , ? )
CALL T Y P F C " ( muMAX.  C= , 8 )
C A L L  T Y P 9 N F ( C M A X , 5 )  
c a l l  P L A c r m ,  1)
CALL T YPF C9 ( h h ^ T A N  C= , 1»  
c a l l  T Y P 9 4 T ( - m f a n , 9 )
CALL O L A C r ( 5 , 4 )  
call T Y D F C F  ( C= ,11
CALL TYPFNF ( C' TTM,  5 )  
c a l l  o L A C F < 5 , 7 )
c a l l  T Y P 9 C S ( m H C 0 N T 0 U “ S , 8 )
DO Go Y = 1 , 1 1  
J<=<
CALL C “ L UFn
TC ( J'F. L T .  i n  ) CALL S P A C E ( l )
CALL T Y D F N K J O  
CALL T Y O F C S ( ? H =  , ? )
CALL T Y P F r r  ( HT ( K)  , 5 )
T C ( j < . M F . G )  9 0 T 0  6G
C AL L  S P A C E (1)
call TYOFCS (1H ( M E A N  0,8)

FF COUTTNUFT F ( M O n ( < C O U N T . ? ) . E O . O )  C A L L  F R A M E
p f t U^NEND
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