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CHAPTER 1

THE GENERAL MOTION OF AN ARTIFICIAL SATELLITE

1.1  E l l i p t i c  Motion

I f  th e  Earth was a sphere w ith  a r a d ia l ly  symmetric d e n s ity  

d is t r ib u t io n ,  had no atm osphere, was s itu a te d  in  a Newtonian u n iv e r se , 

and was is o la t e d  from oth er  bod ies in  the so la r  system , th e o r b it  o f  an 

a r t i f i c i a l  s a t e l l i t e  would be an e l l i p s e  o f  co n sta n t s i z e  and shape in  

a plane whose d ir e c t io n  remained f ix e d  r e la t iv e  to  the s t a r s .  F ive  

param eters, c a l le d  o r b it a l  e lem en ts, are required  to  c h a r a c te r is e  the  

s i z e ,  shape and o r ie n ta t io n  o f  a s a t e l l i t e ’s o r b i t .  A s ix th  o r b ita l  

elem ent d e f in e s  th e angular p o s it io n  o f  the s a t e l l i t e  in  i t s  o r b i t .

Two a n g les  s p e c ify  the o r ie n ta t io n  o f the o r b ita l  p la n e , 

namely the in c l in a t io n .  I ,  o f the o r b ita l  p lane to  the c e l e s t i a l  equator  

and the lo n g itu d e  o f  th e  ascending node, 0  , measured eastw ards from 

th e vern al eq u in ox , Y , to  the a scen d in g  node, N, (F igure 1 . 1 ) .  Three 

fu rth er  param eters d e f in e  the s i z e  and shape o f  the o r b it  and i t s  

o r ie n ta t io n  in  th e  o r b ita l  p la n e . The s i z e  i s  s p e c if ie d  by th e  sem i­

major a x is ,  a , and the shape by the e c c e n t r ic i t y ,  e ,  (F igure 1 . 2 ) .

The f i f t h  o r b i t a l  elem ent i s  th e  argument o f  p e r ig e e , w , the a n g le  

between the a scen d in g  node and the p e r ig e e  o f  the o r b i t ,  measured in  

the p lane o f  th e  s a t e l l i t e ’s motion (F igu re 1 .1 ) .  The l a s t  parameter 

i s  the mean anom aly, M, d e fin ed  by

M = ( ^  ( t  -  T) (1 .1 )

where fJ i s  th e  K eplerian  con sta n t GM ,̂ G i s  the g r a v ita t io n a l  c o n sta n t. 

Mg the mass o f  th e  E arth , t  th e tim e and T the tim e o f  th e  most recen t  

p assage o f  th e  s a t e l l i t e  through p e r ig e e .
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In a d d it io n  to  th e mean anomaly, two o th er  v a r ia b le s  are  

o fte n  used to  s p e c ify  th e angular p o s it io n  o f  a s a t e l l i t e  in  i t s

o r b it .  The f i r s t  o f  th e se  a lt e r n a t iv e  v a r ia b le s  i s  the tru e  anomaly, f ,  

d efin ed  as th e a n g le  subtended a t  the E arth 's  c en tre  by th e s a t e l l i t e ' s  

radius v e c to r , jr, and th e d ir e c t io n  o f p e r ig e e  (F igure 1 . 2 ) .  The tru e

anomaly i s  r e la te d  to  r ,  a and e by the eq u ation

r  = a ( l  -  e^) (1 .2 )
(1 + e cos f )

The second a lt e r n a t iv e  v a r ia b le  to  M i s  the e c c e n tr ic  anomaly, E, the  

angle between th e  v e c to r  C£̂  and the major a x is  AB o f th e  o r b it  (F igure  

1 .2 ) .  I t  can be shown th a t M, f  and E are r e la te d  to  each  o th er  by 

the s e t  o f  eq u a tio n s  (Brouwer and Clemence, 1961):

M = E -  e s in  E (1 .3 )

r co s  f  = a (c o s  E -  e )  ( 1 .4 )

o i
r  s in  f  = a ( l  -  e ) s in  E (1 .5 )

r^ d f = a ^ (l -  e^)^  (1 .6 )
dM

r = a ( l  -  e  co s E) ( 1 .7 )

1 .2  O sc u la tin g  Motion and the Lagrangian P la n eta ry  Equations

In r e a l i t y  th e  Earth i s  not a sphere w ith  a r a d ia l ly  symmetric 

d e n s ity  d is t r ib u t io n ;  i t  does have an atmosphere and i t  i s  n ot s itu a te d  

in  a Newtonian u n iv e r se  is o la t e d  from oth er  b od ies in  th e  s o la r  system . 

C onsequently , th e  a c tu a l path o f  an Earth a r t i f i c i a l  s a t e l l i t e  w i l l  be 

somewhat d i f f e r e n t  from an e l l i p s e  when th ese  p ertu rb in g  in f lu e n c e s  are  

taken in to  acco u n t. Suppose a t some epoch , t^ , th e  d is tu r b in g  a c t io n  

o f th ese  p er tu rb a tio n s  c e a se s  to  e x e r c is e  any e f f e c t  on th e  s a t e l l i t e .
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the o r b it  o f the s a t e l l i t e  would be an e l l i p s e  w ith  co n sta n t elem ents  

a^, e^, Iq , w Q, n o and Mq. I f  th e  p er tu rb a tio n s  had ceased  a t  an 

epoch, t^ , ju s t  subsequent to  t^ , th e  o r b it  would have been an e l l i p s e  

w ith  a d if f e r e n t  s e t  o f  e lem ents , e ^ , I^ , w ^ , 0^ and , say;

and s o ,  to o , fo r  epochs t^ , t^ • • •  t^ . C le a r ly , th e perturbed o r b it  

o f  an a r t i f i c i a l  s a t e l l i t e  can be con sid ered  to  be an o s c u la t in g  e l l i p s e  

whose o r b it a l  elem ents are fu n c t io n s  o f  tim e; the p o s it io n  and v e lo c ity  

v e c to r s  o f  the o s c u la t in g  o r b it  b e in g  equal to  th o se  o f  th e  true o r b it .  

The concept o f  an o s c u la t in g  o r b it  forms th e  b a s is  fo r  th e  d e r iv a tio n  

o f  the Lagrangian p lan etary  eq u a tio n s -  a s e t  o f  eq u ation s fundamental 

to  c e l e s t i a l  m echanics. A b r ie f  d is c u s s io n  o f  th e se  eq u ation s w i l l  

now be g iv e n .

For an unperturbed s a t e l l i t e ,  the v ec to r  equation  o f motion 

r e la t iv e  to  an in e r t i a l  frame i s

^  = 0 ( 1 . 8 ) 
3r

I f  p ertu rb in g  fo r c e s  a c t  on a s a t e l l i t e ,  th e  r ight-hand  s id e  o f  

eq u ation  (1 .8 )  w i l l  not be z e r o . The perturbed equation  o f  motion i s  

o f  th e form

r +  ̂r_ /  r^ = F (1 .9 )

where F i s  the p ertu rb in g  fo r c e  per u n it  m ass. In g e n e r a l, F w i l l  be 

a fu n c tio n  o f  th e p o s it io n a l  c o -o r d in a te s  (x ,  y , z )  and v e lo c it y  

components (Û g, Uy, U^) o f  th e  s a t e l l i t e  and a s e t  o f  param eters 

p e c u lia r  to  each in d iv id u a l p ertu rb in g  fo r c e .  The fo r c e ,  ]F, can be 

d iv id e d  in to  two b a s ic  typ es -  c o n se r v a tiv e  and n o n -co n ser v a tiv e . I f  

th ere  e x i s t s  a s c a la r  p o te n t ia l  fu n c tio n  0 ( x ,  y , z )  such th a t
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F = V p (x ,y ,z )  = C i  3 ^  + j  £0  + k 3^ ^  (1 .1 0 )
\  3x 3y 3 z /

A  A  A
then the fo r c e ,  F, i s  sa id  to  be co n se r v a tiv e ;  i ,  j  and k are a s e t  

o f  u n it  v ec to r s  p a r a l l e l  to  th e  C artesian  axes x ,  y and z cen tred  a t  

th e  Earth (F igu re 1 . 1 ) .  The s c a la r  p o te n t ia l  fu n ctio n  0 ( x , y , z ) ,  

known commonly as th e  d is tu r b in g  fu n c t io n , i s  on ly  dependent upon the  

s a t e l l i t e ' s  p o s i t io n a l  c o -o r d in a te s  and th e  parameters o f  th e  p ertu rb in g  

fo r c e  ( s ) .  For a n o n -co n ser v a tiv e  fo r c e , jF, no sc a la r  p o te n t ia l  

fu n c tio n  e x i s t s  which s a t i s f i e s  equation  ( 1 ,1 0 ) .  In the n o n -co n serv a tiv e  

c a se . F i s  a fu n c tio n  o f  th e  p o s it io n a l  c o -o r d in a te s  (x ,  y , z )  and 

v e lo c i t y  components (Ux, Uy, U^), and the param eters o f  th e  p ertu rb in g  

fo r c e  ( s ) .

Let th e  o r b i t a l  elem ents o f  the o s c u la t in g  o r b i t ,  now 

fu n c tio n s  o f  tim e, be a , a , a , a , a and a , correspon d in g  to1 A w 4 O O

a , e .  I ,  w , Q and M, r e s p e c t iv e ly .  The p o s it io n  v e c to r , r̂ , o f  th e  

s a t e l l i t e  can be expressed  as a fu n ctio n  o f  ( j  = 1 ,2  . . .  6) and

th e tim e (Sm art, 1 9 6 5 ), v iz

r  = r (a  , t )  (1 .1 1 )

On d i f f e r e n t ia t in g  eq u ation  (1 .1 1 )  w ith  re sp ec t to  tim e  

dr _ / 3 r  \  \  3r

d t U t  j  ^
  . a ( 1 .1 2 )
3a. J

S in ce  th e  v e lo c i t y  v ec to r s  o f  th e o s c u la t in g  o r b it  and th e  a c tu a l o r b it  

are th e  same a t  any in s ta n t

! £  =
d t 3ty!

U sing eq u a tio n  ( 1 .1 3 ) ,  ( 1 .1 2 )  becomes
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6

= 0  (1 .1 4 )) —  •
j= l j

I f  (1 .1 3 )  i s  then d i f f e r e n t ia t e d  w ith  r e sp e c t  to  tim e

Ù  =  A  +  T  . L  (1 .1 5 )
. 2  ^ 2  Z_/ a a  a t  •’

J=1

I f  the equation o f motion o f th e o s c u la t in g  o r b it  ( 1 .8 )  and the

corresponding eq u ation  ( 1 . 9 )  o f  perturbed motion fo r  a c o n serv a tiv e

3^r d^rfo rce  are used to  e lim in a te   — and  ~  from ( 1 .1 5 ) ,  then

3t^ dt^

2
^  ' d j = V0 (1 .1 6 )

j= i  ̂ « t

When V0 i s  expressed  as a fu n ctio n  o f  ( j  = 1 ,2  . . .  6 ) ,  th e  v ec to r

eq u ation s (1 .1 4 )  and (1 .1 6 )  can be so lv ed  fo r  the s i x  a ,  (Sm art,
. . • • •

1 9 5 3 ). The ex p ress io n s  fo r  a , e .  I ,  w , fi and M are found to  be

^  = 2 l^a y  (1 .1 7 )
d t J  dM

2^ 2 A^  = 1 (1 -  e ) -  (1 -  e r  ^  ^
"It T T ir r  3 œ )

(1 .1 8 )

d l  = 1 l^cot I -  co sec  I (1 .1 9 )

11 ( p a ) L l - e ^ ) ^  ^

dy = (1 -  e^) (  1 . a0 -  c o t  I . a0 ^

11 ( u a A  ( l - e = )

(1 . 2 0 )

dn  = 1   . ^  (1 .2 1 )

( p a )^ ( l-e ^ )^  s in  I

M  = . M  -  2 ( ^ a ^ ^ .( ^ 3 0 ^  (1 .2 2 )
1 1  l a ^ J  e (  p a ) l
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(n)The d e r iv a t iv e  f  d 0 ]  in  equation  (1 .2 2 )  r e fe r s  to  d i f f e r e n t ia t io n  o f

0  e x p l i c i t l y  w ith  r e sp e c t  to  *a*: not through the dependence o f  M

on a . The s ix  eq u a tio n s  (1 .1 7 )  -  (1 .2 2 )  are th e  Lagrangian p lan etary  

eq u a tio n s  fo r  a c o n se r v a tiv e  p ertu rb in g  fo r c e .

I f  Fy, F^ and F  ̂ are the m agnitudes o f  th e  r a d ia l ,  tra n sv erse  

and normal components o f  the p ertu rb in g  fo r c e , JF, r e la t iv e  to  the  

o r b it a l  p lan e (F igu re  1 . 3 ) ,  th e  Lagrangian p lan etary  eq u ation s can be 

w r itte n  in  th e  a l t e r n a t iv e  form (Roy, 1 9 6 5 ).

&
Tp e s in  f  + a ( l - e ^ )  p j  (1 ,2 3 )

2 i ,  ide = (1 -e  ) f a  1 I F s in  f  + F„ ( c o s  E + c o s  f )  I (1 .2 4 )
d t

) ^ a  J ĵ F̂  s in  f  + F^ (cos E + cos  f ) j

d l = r  c o s ( w + f )  . F.. (1 .2 5 )

2 4*
dû» = (1 - e  '
d t

) [p L ^ l + r ^ s in  f  -  F cos f  1

-  r s ln (w  + f ) c o t  I . F (1 .2 6 )

( M a)^  (1 -e ^ )*

dQ = r s in  (w + f)_________  . F̂  ̂ (1 .2 7 )

11 (fi a)^  (1 -e ^ )*  s in  1

ËM = f ü - t  + , r
11 ^ a ^ /  ( n a ) i  L

2
a ( l - e  ) co s  f  . F -  2r F " ■ ■ " r r

-  r  s in  f  f  i  + a ( l - e ^ )   ̂ P_ I (1 .2 8 )1  A  + a ( l - e  ) F.p j



SATELLITE ORBIT

Figure 1 ,3

D e f in it io n  o f  perturb ing fo r c e  components.
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Equations (1 .2 3 )  -  (1 .2 8 )  are th e  G aussian form o f  th e Lagrangian  

planetary  eq u a tio n s: t h i s  form i s  a p p lic a b le  to  both c o n se r v a tiv e

and n on -co n serv a tiv e  fo r c e s .

I f  th e  ex a c t form o f  F or 0  as a fu n c tio n  o f  th e p o s it io n a l  

co -o rd in a tes  and v e lo c it y  components o f  th e s a t e l l i t e  and th e param eters 

o f  the p ertu rb in g  fo r c e  i s  known, F or 0 can then be expanded as a 

fu n ction  o f  th e  o s c u la t in g  e lem en ts , a , e .  I ,  w , 0  and M w ith  the  

a id  o f  the eq u ation s o f  e l l i p t i c  m otion. When F o r  0 i s  in  t h is  

form, the ap p rop riate s e t  o f  Lagrangian p la n eta ry  eq u ation s can be used  

to  ob ta in  a , e ,  e t c . ,  as a fu n c tio n  o f  th e  s ix  o s c u la t in g  e l l i p t i c  

elem en ts. The r e s u lt in g  s ix  d i f f e r e n t i a l  eq u a tio n s , when in te g r a te d ,  

w i l l  g iv e  th e tim e v a r ia t io n  o f  th e  e l l i p t i c  elem ents produced by th e  

perturb ing fo r c e ,  F, or the d is tu r b in g  fu n c t io n , 0 .

1 .3  Types o f  O r b ita l Changes

The ex a ct form o f  the expansion  o f  or 0 in  terms o f  the  

o s c u la t in g  o r b it a l  e lem en ts and th e param eters o f the d is tu r b in g  fo r c e s  

fo r  the various p ertu rb a tio n s a f f e c t in g  th e motion o f an a r t i f i c i a l  

s a t e l l i t e  has been d erived  by a number o f  authors (F igure 1 .4 ) .

However, in  a l l  c a s e s ,  th e  expansions can be expressed  in  terms o f  a 

P oisson  s e r i e s ,  v iz .  (Dçprit Anj Rom^ 1^60^

/  A .B j ( a ,e ,I )  ( Y. w +C 0 + U.M + U. j  (1 .2 9 )J j  cos ‘ J  J  J J

where Â  i s  a co n sta n t dependent on th e  p ertu rb in g  param eters; B̂  

i s  a fu n ctio n  o f  a , e  and I; y j  * Uj and are in te g e r  co n sta n ts ;  

and Uj i s  a fu n c tio n  o f  c e r ta in  o f  th e  p ertu rb in g  param eters. In 

g e n e r a l, i s  found to  vary l in e a r ly  w ith  tim e. Such a P o isso n  s e r ie s

can produce f i v e  typ es o f  changes in  a s a t e l l i t e ' s  o r b i t a l  e lem en ts;



FORCE ACTING ON SATELLITE AimiOR(S)

ZONAL HARMONICS Cook (1966)

TESSERAL HARMONICS Kaula (1 9 6 1 ) , A llan  (1965)

LUNISOLAR GRAVITY

AIR DRAG

SOLAR RADIATION PRESSURE

RELATIVITY

Kaula (1 9 6 2 ), A llan  (1 9 6 9 ), 

G la c a g lla  (1974)

King-H ele (1964 , 196 6)

King-H ele and S c o tt  (1 9 6 9 ) ,  

King-H ele and Walker (1972,1976)

Hughes (1977)

Rubincam (1975)

TIDAL: Body and Ocean Kaula (1 9 6 9 ),

Musen and E stes  (1 9 7 2 ) ,

Musen and F e lse n tr e g e r  (1 9 7 4 ), 

Lambeck e t  a l .  (1974)

F igure 1 .4  Authors o f  V arious P ertu rb in g  Force Expansions
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they  are

( i )  S ecu lar

(1 1 ) Long-Period

( i l l )  S h ort-P eriod

( iv )  Resonant

(v )  I n te r a c t iv e

Let us examine th ese  in  turn:

( i )  SECULAR

A s e c u la r  change in  an o r b ita l  elem ent cau ses a continuous

in c r e a s e , or d e c r e a se , in  i t s  magnitude w ith  tim e. For a c o n serv a tiv e

p ertu rb in g  f o r c e ,  such a change i s  produced by th e s e t  o f  term s,

0  » in  th e  P o isso n  s e r ie s  (1 .2 9 )  which are independent o f  w , f ) ,  Msec

and U j , v iz .

0se c = A jB j ( a , e , I )  (1 .3 0 )

From th e s e t  o f Lagrangian p lan etary  eq u ation s (1 .1 7 )  -

(1 .2 2 )  i t  i s  seen  th a t ,  i f  a , e and I are assumed to  be approxim ately

c o n s ta n t, then th e  terms in  0 w i l l  produce l in e a r  and, hence,sec

se c u la r  changes in  a s a t e l l i t e ' s  argument o f  p e r ig e e , w , i t s  nodal 

lo n g itu d e , 0 ,  and i t s  Mean anomaly, M. The param eters a , e  and I do 

n o t s u f f e r  s e c u la r  changes when a s a t e l l i t e  i s  acted  upon by c o n serv a tiv e  

p ertu rb in g  fo r c e s .

The s i t u a t io n  fo r  se c u la r  changes produced by n o n -co n serv a tiv e  

p ertu rb in g  fo r c e s  i s  somewhat d i f f e r e n t .  I f  terms in  JF are o f  the form 

shown in  ( 1 .3 0 ) ,  then  they w i l l  not a u to m a tic a lly  produce se c u la r  changes 

in  w ,  n , and M, a s  they d id  fo r  the ca se  o f  a c o n se r v a tiv e  p ertu rb in g  

fo r c e .  T his i s  because in  the G aussian-L agrangian p la n eta ry  eq u ation s
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c e r ta in  c o e f f i c i e n t s  co n ta in  the p e r io d ic  fu n c tio n s  f ,  E and M, In

order fo r  a term in  F to  produce a se c u la r  change in  an o r b it a l

elem ent, i t  must combine w ith  th ese  p e r io d ic  c o e f f i c i e n t s ,  as w e ll  as

the n o n -p er io d ic  c o e f f i c i e n t s ,  to  form terms o f  th e  form, 0  • Thesec

G aussian-Lagrangian p lan etary  eq u ation s fo r  which t h is  i s  tru e w i l l  

g iv e  se c u la r  v a r ia t io n s  in  i t s  ap p rop ria te  o r b ita l  e lem en t.

( i i )  LONG-PERIOD

I t  has a lread y  been seen  th a t w and Q s u f fe r  se c u la r

changes when a s a t e l l i t e  i s  acted  upon by c o n se r v a tiv e  p ertu rb in g

fo r c e s .  C onsequently , th e  term s, 0  in  the P o isson  s e r ie s  (1 .2 9 )lon g

o f  the form

* lo » g  = L  cos h "  + ( j O  + " j )  ( '  31)
j

r e s u lt in g  from a c o n se r v a tiv e  p ertu rb in g  fo r c e ,  w i l l  be s lo w ly  vary ing

p er io d ic  fu n c t io n s  producing lo n g -p er io d  changes in  the o r b i t a l

elem ents e .  I ,  and M. Such changes are known as lo n g -p er io d

p ertu rb a tio n s -  th e  p er io d s  u su a lly  b e in g  o f  th e  order o f  s e v e r a l weeks.

For a n o n -co n serv a tiv e  p ertu rb in g  fo r c e ,  lo n g -p er io d  changes

in  an o r b it a l  e lem ent w i l l  occur i f  i t s  tim e r a te  o f  change obta ined

from th e ap p rop ria te  G aussian-Lagrangian p la n eta ry  eq u ation  co n ta in s

terms o f  th e  type 0 . The o r b ita l  e lem en ts s u f fe r in g  lon g -p er io dlo n g

changes w i l l  be dependent on the ex a c t form o f  F. I f  F co n ta in s  on ly  

a normal component, F^, such th a t F^ s in  (w + f)  eq u a ls  a s e r ie s  o f  

the type ( 1 ,3 1 ) ,  then lon g-p eriod  changes w i l l  be produced in  th e  

o r b ita l  e lem en ts 0  and w (eq u ation s 1 .2 3  -  1 .2 8 ) .
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( i l l )  SHORT-PERIOD

A sh o r t-p e r io d  p ertu rb a tio n  in  a s a t e l l i t e ' s  e l l i p t i c

elem ents i s  one which has a p eriod  equal t o ,  or l e s s  than, the

s a t e l l i t e ' s  o r b it a l  p er io d . Such changes fo r  a c o n serv a tiv e  p ertu rb in g

fo r c e  are produced by th ose  term s, 0  , , in  the P o isson  s e r ie ssh ort

(1 ,2 9 )  which are dependent on th e  Mean anomaly. Here, M -  the Mean

anomaly -  has a period  approxim ately equal to  the s a t e l l i t e ' s  o r b ita l

p er io d : 0   ̂  ̂ i s  th e r e fo r e  o f  the formsh ort

‘’sh o rt = L l  co s
j

(1 .3 2 )

From th e  co n se r v a tiv e  form o f the Lagrangian p lan etary  eq u a tio n s , i . e .  

eq u ation s (1 .1 7 )  -  ( 1 .2 2 ) ,  i t  i s  seen  th a t ,  i f  0  co n ta in s terms o f the  

typ e 0ghort* then a l l  s ix  o r b ita l  e lem en ts can s u ffe r  sh o rt-p er io d  

p e r tu r b a tio n s .

In th e case  o f  a n o n -co n serv a tiv e  p ertu rb in g  fo r c e , sh o r t-  

p eriod  changes in  an o r b it a l  elem ent w i l l  occur i f  i t s  tim e r a te  o f  

change co n ta in s  a P o isson  s e r ie s  o f  the type ( 1 .3 2 ) .  A n o n -co n serv a tiv e  

p ertu rb a tio n  w i l l ,  in  g e n e r a l, a ls o  produce sh o rt-p e r io d  changes in  

a l l  the o r b ita l  e lem en ts.

( i v )  RESONANT

Under c e r ta in  c ircu m sta n ces, when acted  upon by a c o n serv a tiv e  

p ertu rb in g  fo r c e  the sem i-m ajor a x i s ,  a , the e c c e n t r ic i t y ,  e ,  and the  

in c l in a t io n .  I ,  o f  a s a t e l l i t e ' s  o r b it  are such that they cause th e  

argum ents, ij) , o f  p a r t ic u la r  terms in  th e P o isson  s e r ie s  (1 .2 9 )  to  

become approxim ately c o n s ta n t , i . e .
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ij} = Ŷ û) + Ç,̂ Q + + Uj 0 (1 .3 3 )

The p eriod s o f  th e se  s o -c a l le d  resonance terms are th e r e fo r e  very  

la rg e  -  a ty p ic a l  p eriod  b ein g  o f  the order o f s e v e r a l y e a r s . The 

o r b ita l  e lem ents s u f fe r in g  a resonant change w i l l  be dependent on 

which angular v a r ia b le s  e x i s t  in  ^ . For exam ple, i f  ^  c o n ta in s  on ly  Q , 

then j u s t  I ,  w , 0  and M can be a f fe c te d .

In th e  c a se  o f  a n o n -co n serv a tiv e  p ertu rb in g  fo r c e ,  a resonant 

change w i l l  occur in  a p a r t ic u la r  o r b ita l  elem ent i f  i t s  r a te  o f  change, 

obtained  from th e appropriate G aussian-Lagrangian p la n eta ry  eq u a tio n , 

co n ta in s  a term fo r  which i/t ^  0 . The nature o f  resonance o r b it s

and the e f f e c t  o f  resonant p ertu rb ation s on a s a t e l l i t e ' s  o r b i t a l  

elem ents are d isc u sse d  in  g rea te r  d e t a i l  in  Chapter 2; s p e c ia l  emphasis 

b ein g  g iven  to  lu n is o la r  g r a v ity  and s o la r  r a d ia tio n  p ressu re  resonance  

o r b i t s .

(v) INTERACTIVE

An in te r a c t iv e  o r b ita l  change i s  a com bination o f  the previous  

four ty p e s . A ll a r t i f i c i a l  s a t e l l i t e s  a t any in s ta n t  are su b jec ted  

n ot to  on e, but to  a number o f  p e r tu r b a tio n s , each a f f e c t in g  i t s  m otion. 

S ince the e f f e c t  o f  a g iven  p ertu rb ation  i s  dependent upon th e  p o s it io n  

and v e lo c i t y  o f  th e s a t e l l i t e  -  which are a f fe c te d  by th e  o th er  

d is tu r b in g  f o r c e s ,  and v ic e  versa  -  a l l  th e p er tu rb a tio n s  a c t in g  on 

th e s a t e l l i t e  tend to  in te r a c t  w ith  each o th e r . T his i s  r e f le c t e d  in  

the e x p ress io n  fo r  th e  tim e v a r ia t io n s  o f i t s  o r b it a l  e le m e n ts . Such 

ex p ress io n s  are found to  con ta in  not on ly  terms w ith  p ertu rb in g  

param eters from a s in g le  d is tu r b in g  fo r c e , but com binations o f two, 

or more, such s e t s  o f  p ertu rb in g  param eters a r i s in g  from o th er  

p e r tu r b a tio n s . The la t t e r  s e t  o f  p ertu rb a tio n s are known as in te r a c t iv e  

perturbât io n s .
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1 .4  The P ertu rb a tio n s A ctin g  on an A r t i f i c ia l  S a t e l l i t e

The main p er tu rb a tio n s  a f f e c t in g  th e motion o f  an a r t i f i c i a l  

s a t e l l i t e  are:

(a )  th e r a d ia l ly  asymmetric n atu re o f  th e E arth 's  g r a v ita t io n a l

f i e l d ;

(b ) the g r a v ita t io n a l  a t t r a c t io n  o f  the Sun and Moon;

(c )  s o la r  r a d ia t io n  p ressu re;

(d ) the E a rth 's  atm osphere.

In a d d it io n , a s a t e l l i t e  i s  su b jected  to  a number o f  minor 

p ertu rb a tio n s which in c lu d e:

(e )  g en era l r e l a t i v i s t i c  a f f e c t s ;

( f )  o cea n ic  and body Earth t id e s .

We w i l l  examine th ese  in  turn .

(a ) The r a d ia l ly  asymmetric nature o f the Earth g r a v ita t io n a l  f i e l d

Newton (1687) showed th a t ,  i f  the Earth was a sphere o f  

con stan t d e n s ity ,  or a sphere w ith  a r a d ia l ly  symmetric d e n s ity  

d is t r ib u t io n ,  then the Earth cou ld  be trea ted  as a p o in t m ass. I f  

th is  was tr u e , and no o th er  fo r c e s  acted  on a s a t e l l i t e ,  i t s  o r b it  

would be an e l l i p s e  h aving c o n sta n t o r b ita l  e lem ents w ith  th e  E a rth 's  

cen tre  At one fo c u s .

In r e a l i t y ,  th e  Earth i s  not a sphere and i t s  d e n s ity  

d is tr ib u t io n  i s  not r a d ia l ly  sym m etric. C onsequently , th e  E arth 's  

g r a v ita t io n a l p o t e n t ia l ,  U, a t  an e x te r io r  p o in t ( r ,  0 ,  0 )  i s  dependent 

not on ly  on i t s  r a d ia l d is ta n c e ,  r ,  from th e E arth 's  ce n tr e  o f  g r a v ity  

but a ls o  on i t s  g e o c e n tr ic  la t i t u d e ,  0 ,  and i t s  lo n g itu d e , 0 ,  measured 

eastw ards from Greenwich a lo n g  th e c e l e s t i a l  eq u ator. I f  th e non­

s p h e r ic ity  and inhom ogeneity o f  th e  Earth i s  taken in to  a ccou n t, i t s  

g r a v ita t io n a l p o t e n t ia l ,  U ( r ,0 ,0 ) ,  can be shown to  s a t i s f y  L a p la ce 's
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equation  (T issera n d , 1 8 9 2 ).

I d  f r ^  d V ^  + 1 d f a l n e  3U ^ + 1 8^U = 0

7 ^  I  7 : 1 7 ^  I

(1 .3 4 )

The s o lu t io n  o f ( 1 .3 4 )  fo r  the E arth 's  g r a v ita t io n a l p o te n t ia l  can 

be exp ressed  as a double i n f in i t e  s e r ie s  o f  sp h e r ic a l harm onics, 

(F itz p a tr ic k , 1 9 7 0 ), v iz .

00 oo

"  =  ^  [ l  -  Yj y  E  ’’n"

X [ c  cosm0 + S sinm0] ( 1 . 3 5 )  n,m n,m ■* J

where i s  the mean e q u a to r ia l rad iu s o f  th e  Earth; ( s in 0 )  -  the

Legendre polynom ial o f  degree n and argument 0; ( s in 0 )  -  the

a s so c ia te d  Legendre fu n ctio n  o f degree n , order m and argument 0 .

J i s  the zon a l harmonic c o e f f i c i e n t  o f  d egree n . L a s t ly , C and n n,m

S a re  th e  t e s s e r a l  harmonic c o e f f i c i e n t s  o f  degree n and order m. n ,m

The f i r s t  term in  equation  ( 1 . 3 5 )  i s  th e  g r a v ita t io n a l  

p o te n t ia l  th e  Earth would have i f  i t  was a homogeneous sphere: the two 

subsequent s e t s  o f  terms rep resen t the la t i t u d in a l  and lo n g itu d in a l  

dependence o f  the E arth 's  g r a v ita t io n a l f i e l d ,  r e s u lt in g  from i t s  

n o n -sp h e r ic ity  and inhom ogeneity.

The zon a l harmonic c o e f f i c i e n t s ,  J^, are the param eters 

which c h a r a c te r is e  th e lo n g itu d in a lly  averaged shape and d e n s ity  

d is t r ib u t io n  o f  th e  E arth . In p a r t ic u la r , th e even zo n a ls  r e f l e c t  

sym m etries about the eq u ator, w h ils t  the odd zo n a ls  r e f l e c t  the  

asym m etries. For exam ple, i f  o n ly  was p resen t in  the E a rth 's
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g e o p o te n t ia l ,  a p o la r  c r o s s - s e c t io n  through the Earth would be e l l i p t i c a l  

in  shape; s im ila r ly ,  i f  on ly  was p resen t, the same c r o s s - s e c t io n  

would be 'pear shaped '; and i f  on ly  was p r e se n t , th e  c r o s s - s e c t io n

would be cube shaped ( s e e  F igure 1 .5 ) ,  However, i f  a l l  the zo n a l 

harmonics are in c lu d ed , then to  a f i r s t  approxim ation, th e  equation  fo r  

the p o lar  c r o s s - s e c t io n  o f th e  E arth 's  shape, averaged over a l l  

lo n g itu d e s , i s  g iven  by r = [ 1 -  A (0 ) + A(O) -  A ' ( 0 ) ]  where

00

= )  J P <
l _ i  n n

2 R  ̂ 2A (0) = )  J P ( s in 0 )  - I n  E co s  0
3 °  —

2 3
A '(0 )  = 3J^ P 2(sin 0) A »(0) -  A" (0 )  + % E A” (0 )

2 3 2 3
A" (0 ) = J P ( s in 0 )  -  J P (O) + E -  *̂ o E cos 0

 ̂  ̂  ̂  ̂ 2 IJL 2 / i

+ terms o f  order (n  ̂ J_ , J_^ n [ j ^ , J n ^ , J J ; n  > 2 j )o 2 2 o '  n n o n 2

where n^ i s  th e  angular v e lo c ity  o f  the Earth; r -  the d is ta n c e  from 

the E arth 's  cen tre  o f  a p o in t on the su rfa ce  a t a la t i t u d e ,  0 . I t  

should be p o in ted  out th a t the 'shape o f the Earth* b ein g  d isc u sse d  

here i s  th e  shape o f  th e  mean s e a - le v e l  su rfa ce  (continued  under the  

la n d ). Such a su rfa ce  i s  o fte n  c a l le d  the g o o id , ( f ig u r e  1 * 1 0 ).

In g e n e r a l, the changes in  the E a rth 's  g r a v ita t io n a l f i e l d  

caused by the even zo n a l harmonics lead  to  two major p er tu rb a tio n s in  

a s a t e l l i t e ' s  o r b i t .  F i r s t ,  th e lo n g itu d e  o f the ascen d in g  node, 0  , 

p ro cesses  s e c u la r ly  in  a d ir e c t io n  o p p o site  to  the E arth 's r o ta t io n  

( i f  the in c l in a t io n  o f  the o r b it  i s  < 9 0 ° ) ,  and in  th e same d ir e c t io n

( i f  I i s  > 9 0 ° ) .  The r a te  o f  change o f fi i s  given  by (K ing-IIele ,

1958)



2ND HARMONIC 3RD HARMONIC

J2=0.1 J3=-0.15

4TH HARMONIC 5TH HARMONIC

J4=-0.16 J5= -0 ,25

Figure 1 .5  

Form o f 2nd-5th zon al harmonics
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O  T  R  2

dû -  2 E f  ^  ^  co s I (1 .3 6 )

2a^ (l
E  ^ Ü -1  cos I
- e V

Secondly, th e  major a x is  o f  th e  o r b it  r o ta te s  in  th e  o r b ita l  p la n e , 

so that th e  argiunent o f  p e r ig e e , w , changes a t a ra te  g iven  by

2 i
dû) ~  f  it <5 c o s ^ I -1 )  (1 .3 7 )

4a= (l

For a c lo s e  (p e r ig e e  h e ig h t < 1600 Km) Earth s a t e l l i t e ,  the changes

in  0 and OJ can be o f  th e  order o f  s e v e r a l d eg rees  per day. I f  

num erical v a lu es  fo r  the c o n s ta n ts , / i , R and J are s u b s t itu te d  in to  

(1 .3 6 )  and ( 1 .3 7 ) ,  the r a te s  o f  change o f  and w are found to  be

3 .5
dQ ^  -  9 .9 7  r ( 1 - e ^ )   ̂ co s  I deg/day (1 .3 8 )
d t I  a J

and
/R ^3*5 2 - 2  2

do) 21 (__£.] (1 -e  ) (5 cos I - l )  deg/day (1 .3 9 )
d t l a /

|0I i s  approxim ately  zero  fo r  s a t e l l i t e s  in  near p o la r  o r b it s  ( i . e .

I 2  9 0 ° ):  w i s  zero  when cos 1 = 1 1 / ^ 5  or 1 =  t3iforlU-^ • The o r b ita l

in c l in a t io n  o f  6 3 .4 °  i s  o fte n  c a l le d  the ' c r i t i c a l  in c l in a t io n * . I f

the s a t e l l i t e ' s  in c l in a t io n  i s  l e s s  than 6 3 .4 °  th e  p er ig ee  advances

round th e o r b it  in the same d ir e c t io n  as th e  s a t e l l i t e ' s  m otion; fo r

I g rea ter  than 6 3 .4 °  i t  moves backwards. The eq u a tio n s fo r  Ü and (o

are not e x a c t  because the e f f e c t s  o f  th e o th er  even zo n a ls  J . ,  J_ , e t c . ,4 6

have been n e g le c te d . However, the terms are by fa r  th e most 

im portant, s in c e  i s  approxim ately 1000 tim es g r e a te r  than subsequent 

J^. R ecen tly  determ ined v a lu es  fo r  -  J^q are g iven  in  T able 1 .1 .

The odd zo n a ls  a ls o  produce changes in  Ù and w , but th e ir  e f f e c t s  

are sm a ll, e s p e c ia l ly  for  s a t e l l i t e s  w ith  n e a r -c ir c u la r  o r b it s
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TABLE 1.1

V alues o f  Zonal Harmonie C o e ff ic ie n ts

. . .  from Wagner (1 9 7 3 ); Jg ,Jg  . . .  from K ing-H ele and Cook (1 9 7 4 ) ,)

9 9
10 Jg 1082635 t  11 10 -  2531 ± 7

(0  ̂ -  1600 1 12 |o9 Jg -  246 î  9

10̂  Jg 530 î  26 10  ̂ -  326 î  11

lÔ  Jg -  200 t  29 |0^ Jg 94 + 12

J -  224 + 45 10̂  J , ,  159 + 1610  -  11

lô"* J^2 -  208  + 17 lÔ  J j 3  -  131 + 22

10** -  166  t 25 10*̂  J^g 26 t 24

lÔ  J^g 3 + 55 -  258  t 19

86 t  56

\ Ô U ^ 0  -  85 î  61
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(e  < 0 .0 3 ) .  The main e f f e c t  o f  the odd zon a l harmonics i s  to  cause

lo n g-p eriod  changes in  th e  e c c e n t r ic i t y  and in c l in a t io n  o f  a s a t e l l i t e ' s  

o r b it .

I f  a s a t e l l i t e ' s  o r b it a l  e c c e n t r ic i t y  i s  sm a ll, th e  u sua l s e t  

o f  o r b ita l  e lem ents a , e .  I ,  w , Q and M are u n su ita b le  fo r  th e study  

o f  i t s  m otion. T his s i tu a t io n  a r i s e s  because th e p er ig ee  o f th e o r b it ,  

and, hence, w and M, becomes i l l - d e f in e d  as e tends to  z e r o . The 

r e s u l t  i s  th a t s in g u la r i t i e s  occur in  th e Lagrangian p lan etary  

eq u ation s fo r  e ,  w and M when e = 0 . For s tu d ie s  o f  n e a r -c ir c u la r  

o r b it s ,  the v a r ia b le s  a , e cos w , e  s in  w , I ,  w + M and 0 are  

found to  be more s u ita b le  (Cook, 1 9 6 6 ). I f  the e c c e n t r ic i t y  i s  sm all 

(which i s  true fo r  most s a t e l l i t e s  launched to  d a t e ) ,  the lon g-p eriod  

changes in  e ,  and I ,  caused by th e odd zo n a l harm onics, can be

obtained  from th e su b s id ia ry  v a r ia b le s ,  , x^, x^ and y^, d efin ed  

by (Hughes and Meadows, 1977)

x  ̂ = y  lÂ a x^ = y  x  ̂ e s in  w

x_ = X 1  [1 " (Xg + y 2  )/x^ j co s I (1 .4 0 )

e cos (i)

The changes in  x^ , x^ , x^ and y^ are g iven  by

Xj = co n sta n t (1 .4 1 )

= P/A + (x  -  P/A) co sj y / ( x  -  P /A )j (1 .4 2 )

y 2  = ( ^ 2  -  P/A) s in  [ / ( x ^  -  P /a )Î  (1 .4 3 )

Xg = Xj cos I^ = co n sta n t (1 ,4 4 )
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where

“==* (1 .4 5 )

3 J . /  RA  ==  2 ^ _JE ^ ^ A* J (5 cos -  1 ) (1 .4 6 )

and

* o * o *
y2 = y2 -  (P -  AXg ) t  (1 .4 7 )

0 * 0 *and yg are th e  co n sta n ts  o f  in te g r a t io n  obtained  from the

i n i t i a l  c o n d it io n s . The eq u ation s g iv in g  the lon g -p eriod  zo n a l harmonic 

p ertu rb ation s in  the e c c e n t r ic i t y ,  argument o f p er ig ee  and in c l in a t io n  

can e a s i ly  be ob ta in ed  from (1 ,4 0 )  -  ( 1 .4 5 ) ,  The r e s u lt s  are

e = 1 Rp/A)^ + ^  (x  -  P/A) cos [ y /< x  -  P/A) -  At j 1 (1 .4 8 )

L J

w = tan - 1  r  P/A + (x  -  P/A) cos ( y / ( x  -  P/A) -  At J (1 .4 9 )

—1I = cos

(Xg -  P/A) s in  [ y^ /(x ^  -  P/A) -  At }

cos I r 1 -  1 r(P /A )^ + 2P (x_* -  P/A)

cos [ yg /(X g  -  P/A) -  Atj + (Xg -  P/A)^] j  j

(1 .5 0 )

S in ce A i s  th e  se c u la r  r a te  o f  change o f  w caused by the harm onic, 

and P^^(O) = 0 fo r  even n , the v a r ia t io n s  in  e and I fo r  near c ir c u la r  

o r b it s  are lo n g -p er io d  changes produced by th e  odd zon a l harmonics 

in  the g e o p o te n t ia l .  The correspon d in g  eq u ation s g iv in g  th e zo n a l 

harmonic p er tu rb a tio n s  in  th e  elem ents w + M and Q , when e i s  sm a ll.
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have been g iven  by Hughes and Meadows (1 9 7 7 ).
* o *

On e lim in a t in g  y^ / ( x ^  -  P/A) from eq u ation s (1 .4 2 )  and

( 1 .4 3 ) ,  Xg and y^ are found to  s a t i s f y  th e eq u ation

(x^ -  P/A)^ + = (Xg -  P/A)^ (1 ,5 1 )

which i s  the eq u ation  o f  a c i r c l e  in  th e  (x^ , y^) p lane (s e e  f ig u r e  1 .6 ) ,  

having a rad iu s o f  | x^ -  P/A | and c e n tr e  a t  the p o in t (P/A , 0 ) .

The v e c to r  Z from th e  o r ig in ,  0 , to  th e  p o in t (x^ , y^) has a modulus 

o f  (/i a )^  e  and an argument, w , measured anticlocK r e la t iv e  to  the  

a x is  Oy^. C onsequently , i f  | x^ -  P /A | < P/A ( f ig u r e  1 .6 a ) ,  the  

argument o f  p e r ig e e , w ,  i s  r e s t r ic t e d  to  th e v a lu e s , 7T/2 ~ 0<«<7r/2 + 0 

(when P/A > 0 ) ,  and to  the v a lu es  3 # / 2  -  0 <  w < 3 i r / 2  + 0  (when 

P/A < 0 ) .  The an g le  0  i s  g iven  by

0 = s in ”  ̂(A I  Xg" -  P/A I /P )  (1 .5 2 )

For I x^ -  P/A I < P /A , th e  o r b ita l  e c c e n t r ic i t y ,  e ,  v a r ie s  between the

l im it s  ( I P/A | 1  |x g  -  P/A | ) / (  /i a )^ . S im ila r ly , i f  | x^ -  P/A | > P/A  

( f ig u r e  16 b ), the argument o f p e r ig ee  tak es a l l  p o s s ib le  v a lu e s , and 

the e c c e n t r ic i t y  v a r ie s  between the l im it s  (  | x ^  -  P/A I 1  I P/A I ) / (  ^ a )^ .

The eq u ation  g iv in g  the zo n a l harmonic v a r ia t io n s  in  the  

o r b it a l  elem ents a , e .  I ,  w , fi and M fo r  la r g e , or m oderate, 

e c c e n t r i c i t i e s  have been ob ta in ed  by a number o f  authors (Brouwer,

1959; G roves, 1960; Merson, 1 9 6 1 ). However, s in c e  most s a t e l l i t e s  

launched to  d a te  have sm all o r b i t a l  e c c e n t r i c i t i e s  (e  < 0 .0 3 ) ,  a

s o lu t io n  v a lid  fo r  n e a r -c ir c u la r  o r b it s  w i l l  be g e n e r a lly  a p p lic a b le .  

R e c e n tly , th e p er tu rb a tio n  th e o r ie s  o f Hori and D ep rit (H ori, 1966;

D e p r it , 1969) have been used to  ob ta in  h ig h ly  accu rate  s o lu t io n s  fo r  

the m otion o f  a s a t e l l i t e  a cted  upon by th e  zo n a l harmonics (A ksnes,

1970; D ep rit and Rom, 1969; Kutuzov, 1975; K in o sh ita , 1 9 7 6 ). Such 

th e o r ie s  are based on th e dynam ical methods o f  H am ilton, J a co b i,
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Delaunay and L ie (L ie , 1888; v o n -Z e ip e l, 1916; Smart, 1 9 5 3 ) , and can 

be ap p lied  to  s a t e l l i t e s  having sm all or moderate o r b i t a l  e c c e n t r ic i t i e s  

(e  < 0 .1 ) .  The s o lu t io n s  obtained  by th e se  methods a l l  co n ta in  a 

s in g u la r ity  fo r  s a t e l l i t e s  w ith  o r b it a l  in c l in a t io n s  equal to  th e  

' c r i t i c a l  in c lin a t io n *  o f  6 3 .4 ° .  Thus the eq u ation s (1 .4 2 )  and (1 .4 3 )  

con ta in  a s in g u la r i ty  i f  A = 0 ( i . e .  i f  I ~  6 3 .4 ° ) .  Opinion as to  

the nature o f  th e s in g u la r ity  a t  the ' c r i t i c a l  in c l in a t io n '  i s  d iv id ed  

in to  two s c h o o ls .  F i r s t ,  th ere  are th o se  who b e l ie v e  i t  r e s u l t s  from 

the p h y s ic a l nature o f  the motion fo r  a s a t e l l i t e  w ith  an o r b it a l  

in c l in a t io n  o f  6 3 .4 ° .  Message e t  a l .  (1962) su g g est th a t the  

s in g u la r ity  o ccu rs because o f  a resonance between th e s a t e l l i t e ' s  

o r b ita l  period  measured r e la t iv e  to  i t s  node and i t s  o r b i t a l  p eriod  

r e la t iv e  to  i t s  p e r ig e e . The second sch o o l o f thought m ain ta in s that 

the ' c r i t i c a l  in c l in a t io n '  i s  due e n t ir e ly  to  the method o f  m athem atical 

a n a ly s is  ad op ted , ra th er  than to  any p h y s ic a l e f f e c t  (Lubowe, 1 9 6 9 (1 )) . 

Lubowe has compared, by num erical in te g r a t io n ,  th e  o r b it a l  changes 

caused by the zo n a l harmonics in  the g e o p o te n t ia l fo r  s a t e l l i t e s  o f  

d if f e r in g  o r b it a l  in c l in a t io n .  He concludes th a t th ere i s  no n o t ic e a b le  

d if fe r e n c e  between th e  ' c r i t i c a l  in c l in a t io n '  and any o th er  in c l in a t io n .  

More r e c e n t ly ,  D ep rit (1977) has used the dynam ical methods o f  Hamilton 

and L ie to  show th a t i t  i s  p o s s ib le  to  gen erate  two new ' c r i t i c a l  

in c l in a t io n s '  away from 6 3 .4 °  when a s a t e l l i t e ' s  o r b i t a l  e c c e n t r ic i t y  

i s  sm a ll.

The E a r th 's  g r a v ita t io n a l f i e l d ,  in  a d d itio n  to  s u f fe r in g  

la t i t u d in a l  v a r ia t io n s ,  a ls o  undergoes v a r ia t io n s  w ith  lo n g itu d e  

(I z sa k , 1961; K aula, 1 9 6 3 ). The g r a v ita t io n a l p o t e n t ia l ,  

r e p r e se n tin g  th e  lo n g itu d in a l v a r ia t io n s ,  i s  g iven  by th e second s e t  

o f  terms in  eq u ation  ( 1 .3 5 ) ,  v iz .
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-A  ^  n
U, = \  \  P ™(sin 0 )  X [ C cos m0 + S s in  m0 ]

long  L j L j ~ \ T )  ^

^=2 ™=1 (1 .5 3 )

The t e s s e r a l  harm onics, l i k e  th e  zon a l harm onics, c h a r a c te r is e  th e  

E arth 's  shape and d e n s ity  d is t r ib u t io n .  The t e s s e r a l  harm onics, 

however, n ot o n ly  r e f l e c t  la t i t u d in a l  v a r ia t io n s , but lo n g itu d in a l  

v a r ia t io n s  as w e l l .  In o th er words, the t e s s e r a l  harmonics c h a r a c te r is e  

th e lo n g itu d in a l v a r ia t io n s  in  th e g e o p o te n t ia l as a fu n c tio n  o f  

la t i t u d e .  The s u f f i x  n in  equation  (1 .5 3 )  may be regarded as s p e c ify in g  

the la t i t u d in a l  v a r ia t io n s ,  and th e s u f f i x  m -  the m erid ion al v a r ia t io n s .  

For exam ple, i f  a l l  the t e s s e r a l  harmonic c o e f f i c i e n t s  were zero  except  

th ose  o f  the second order (m = 2 , n = 2 , 3 . . . ) ,  then a cu t a lo n g  the  

equator (o r  any o th er  la t i t u d e )  would r e v e a l an approxim ately e l l i p t i c a l  

c r o s s - s e c t io n .  S im ila r ly , i f  on ly  the f i f t e e n th -o r d e r  t e s s e r a l  

harmonic c o e f f i c i e n t s  were p resen t in  equation  ( 1 .5 3 ) ,  a c r o s s - s e c t io n  

o f  the equator would rev e a l a 1 5 -p e ta lle d  shape w ith  maxima a t 24°  

in te r v a ls  in  lo n g itu d e .

The v a r ia t io n s  o f  g r a v ity  w ith  lo n g itu d e  u su a lly  produce only  

very sm all o r b i t a l  p e r tu rb a tio n s , because the s a t e l l i t e  sam ples a l l  

lo n g itu d e s  im p a r t ia lly  and the p ertu rb ation  e f f e c t s  tend to  c a n ce l 

o u t. The s o - c a l le d  ' lo n g itu d in a l Earth g r a v i ty ' resonance o r b it s  are  

an ex ce p tio n  to  t h is  r u le .  I f  a s a t e l l i t e  i s  in  an o r b it  which makes 

r e v o lu tio n s  w h ils t  the Earth r o ta te s  a tim es r e la t iv e  to  th e  

p r e c e ss in g  s a t e l l i t e ,  v i z .

a (o) + M) 21 ^  (n^ -  0 )

(where n^ i s  th e  angular v e lo c it y  o f  the E arth 's  r o ta t io n )  the s a t e l l i t e  

i s  sa id  to  be in  a : a reson an ce. The harmonics o f  order in  

the g e o p o te n t ia l  can be regarded as having 'humps' every (3 6 0 //?  ) °  in  

lo n g itu d e . T heir e f f e c t  on a reson an t o r b it  w i l l  be the same fo r  each
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c o n secu tiv e  s e t  o f  a r o ta t io n s  o f  th e  Earth; so th e ir  in f lu e n c e  

w i l l  b u ild  up day a f t e r  day, w h ile  th e e f f e c t s  o f  the o th er  t e s s e r a l  

harmonics tend to  c a n c e l o u t.

The changes in  th e o r b ita l  e lem en ts o f  a s a t e l l i t e  

ex p er ien c in g  a ' lo n g itu d in a l Earth g r a v i t y ' resonance o f  order /? 

prov id es a good method fo r  d eterm in in g  th e t e s s e r a l  harmonic c o e f f i c i e n t s  

o f  th a t ord er. T his method has been used by K ing-H ele, Walker and 

Gooding (1 9 7 5 (1 ) , 1 9 7 5 (1 1 )) to  determ ine th e t e s s e r a l  harmonic 

c o e f f i c i e n t s  o f  order 15 . A s a t e l l i t e  in  a 15th -ord er resonance i s  

p a r t ic u la r ly  w e ll  s u ite d  fo r  the d eterm in a tio n  o f  t e s s e r a l  harmonic 

c o e f f i c i e n t s .  I t  has an o r b it a l  period  near 95 m ins, which corresponds  

to  a s a t e l l i t e  h e ig h t  o f  approxim ately 500 km, where a ir  drag i s  

a p p rec ia b le . C onsequently , a number o f  s a t e l l i t e s  each year exp er ien ce  

15th -ord er resonance as th e ir  o r b it  d ecays under the In flu en ce  o f  a ir  

drag . In p r in c ip le ,  t e s s e r a l  harmonic c o e f f i c i e n t s  o f order h igh er or  

lower than 15 can be ob ta in ed  by t h is  method. In p r a c t ic e ,  a number 

o f  d i f f i c u l t i e s  a r i s e  when orders o th er  than 15 are b e in g  co n sid ered .

A s a t e l l i t e  in  a h igh er order resonance w i l l  be su b jec ted  to  a la r g er  

drag e f f e c t  owing to  i t s  low er o r b it ,  and, hence, w i l l  p ass through  

resonance more q u ic k ly . T his makes i t  d i f f i c u l t  to  o b ta in  accu rate  

o b serv a tio n s  in  s u f f i c i e n t l y  la r g e  numbers, b efore the s a t e l l i t e  

p a sses  through the reson an ce. On the o th er  hand, a s a t e l l i t e  in  a 

low er-order resonance w i l l  pass through th e  resonance more s lo w ly .  

C onsequently , very few s a t e l l i t e s  can be found which are ex p er ien c in g  

resonances o f  order < 15 .

The o r b it a l  in c l in a t io n .  I ,  o f  a resonant s a t e l l i t e  i s  the  

most u s e fu l o r b it a l  param eter fo r  th e d eterm in ation  o f  th e  t e s s e r a l  

harmonic c o e f f i c i e n t s .  F i r s t ,  i f  th e  reson an t terms in  equation  (1 .5 3 )  

are expanded as fu n c tio n s  o f  the s a t e l l i t e ' s  o r b i t a l  e lem en ts , th e ir
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e f f e c t  on I i s  o f  zero  order in  the e c c e n t r ic i t y ,  e  (A lla n , 1 9 6 7 (1 ) ,  

19 7 3 ). As a r e s u l t ,  changes in  I are im portant fo r  s a t e l l i t e s  w ith  

n e a r -c ir c u la r  o r b it s  -  such s a t e l l i t e s  form the m ajority  o f  s a t e l l i t e s  

launched to  d a te . Second, the e f f e c t  o f  the zon a l harmonics on a 

s a t e l l i t e ' s  o r b i t a l  in c l in a t io n  i s  sm a ll, and can be a c c u r a te ly  

removed. L a s t ly ,  accu rate  va lu es o f  th e  in c l in a t io n  can be ob tained  

from th e  o b se r v a tio n a l d a ta . The standard d e v ia t io n  in  I i s  u su a lly  

o f  the order o f  0 .0 0 1 ° , compared w ith  a resonant change in  th e  region  

o f 0 .0 2 ° .

The r a te  o f  change o f  I fo r  a s a t e l l i t e  in  a n e a r -c ir c u la r  

o r b it  due to  th e e f f e c t  o f  the 15 th -ord er resonant terms may be 

w ritten  as (A lla n , 1973)

d l = Q /J Y  (C  s in  $ - S  cos $ }
57 I—j W

C O S C O S
+ terms in  (Cg^, 2 §  ; (C^^, 3*

+ terms o f  order lOe (C S . - t  w ) e t c .n ,1 5  n ,1 5  s in
(1 .5 4 )

where

13Q = 0 .5 8 7 7  (15 -  cos I ) ( l  + cos  I) s in  I (1 .5 5 )

The resonance a n g le , $ , i s  d e fin ed  by

$ = (w  + M) + 15( n -  Y )

where Y i s  the s id e r e a l  a n g le . Exact 15 th -ord er  resonance occu rs when 

$ = 0 . The q u a n t i t ie s  C, , 8 , C e t c .  are th e lumped harmonic
% O  1 0  w U

c o e f f i c i e n t s ,  and are r e la te d  to  th e  in d iv id u a l t e s s e r a l  harmonic 

c o e f f i c i e n t s  by l in e a r  ex p ress io n s  o f  th e  form
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C = ^ 15 .15  + ^17^17,15 + ^19^19,15 + S i  S i  ,15  + . . .
N N N N15 ,1 5  1 7 ,1 5  1 9 ,1 5  21 ,15

where th e are c o e f f i c i e n t s  dependent on th e in c l in a t io n  I (A lla n ,

1 9 7 3 ), and th e N *s are n o rm a lisin g  fa c to r s  d efin ed  by n,m

N = [ 2(n-m)J (2n+l)/(n+m )J j n,m I

S im ilar  e x p r e ss io n s  e x i s t  fo r  8 . ,  C  ̂ and 8„^, e t c . ,  which are l in e a r1 5 , 30 30

fu n c tio n s  o f  the t e s s e r a l  harmonic c o e f f i c i e n t s  8 . C ._  andn ,15  n ,1 5

Sp 2 Q e t c .  By f i t t i n g  the t h e o r e t ic a l  changes in  I to  th e observed

v a r ia t io n s ,  the v a lu es  o f  8^^, e t c . ,  can be determ ined fo r  a

p a r t ic u la r  s a t e l l i t e .  V alues o f  th e se  lumped c o e f f i c i e n t s  ob ta in ed

from a number o f  s a t e l l i t e s  a t  a v a r ie ty  o f  in c l in a t io n s ,  a l l  o f  which

are s u f fe r in g  15 th -o rd er  reson an ce, g iv e  a s e t  o f  sim ultaneous l in e a r

eq u ation s in  the unknown t e s s e r a l  harmonic c o e f f i c i e n t s .  These

eq u ation s can then be so lv ed  to  o b ta in  v a lu es  fo r  the c o e f f i c i e n t s  o f

order 15 and degree 15 , 17 , 19 . . . ;  order 30 and degree 30, 32 . . .  34 ,

e t c .  8 in c e  the exp ected  m agnitude o f a t y p ic a l  C or 8 c o e f f i c i e n tn , m n , m
-5  2i s ,  accord in g  to  Kaula*s ru le -o f-th u m b  law , o f  the order o f  10 /n  Nn , m

(K aula, 1 9 6 6 ), th e 3 0 th , 45th  and h ig h er-o rd er  terms are l i k e ly  to  be 

co n sid era b ly  sm a ller  than th o se  o f  th e  15th  ord er . The va lu es  o f  th e  

t e s s e r a l  harmonic c o e f f i c i e n t s  o f  order 15 and degree up to  33 have 

been ob ta in ed  by K ing-H ele , Walker and Gooding (1 9 7 5 (D )  from the  

a n a ly s is  o f  11 reson an t o r b it s  o f  in c l in a t io n s  o f  between 30° and 9 0 ° .  

T heir r e s u l t s  are g iv en  in  T able ( 1 .2 ) .  From the changes in  the  

o r b ita l  e c c e n t r ic i t y  o f  a s a t e l l i t e  ex p e r ie n c in g  15th -ord er reso n a n ce , 

th e t e s s e r a l  harmonics o f  order 15 and even degree (n = 16 , 18 , 20 ,

22 . . . )  can be o b ta in ed  (A lla n , 1 9 6 7 (1 1 )) . The va lu es o f  the t e s s e r a l  

harmonic c o e f f i c i e n t s  o f  order 15 and even d egree up to  22 ob tained  

by K ing-H ele , Walker and Gooding (1 9 7 5 (1 1 ))  are l i s t e d  in  Table ( 1 .3 ) .
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TABLE 1 . 2

Values o f  T e sse r a l Harmonie C o e f f ic ie n ts  o f  Order 15 and Odd Degree 

(From K ing-H ele, Walker and Gooding (1 9 7 5 ( 1 ) ) .)

9 —“ 9
C ».15 ®n,15

15  - 2 3 . 5  + 0 . 8  - 7 . 7  ± 0 . 8

17  6 . 3  t  1 . 5  5 . 6  1  1 . 5

19 - 2 5 . 1  ± 2 . 5  - 7 . 3  t 2 . 3

21 2 7 . 8  t  3 . 6  - 0 . 7  t  3 . 4

23 1 7 . 1  + 4 . 1  1 3 . 9  t 4 . 8

25 -  1 . 1  t 3 . 0  ' 8 . 5  t 4 . 2

27  1 0 . 0  t  3 . 3  6 . 7  t  2 . 7

29 -  9 . 4  i  3 . 5  0 . 1  t 4 . 7

31 1 0 . 1  t  5 . 4  3 . 8  Î  5 . 6

33 1 . 1  ± 5 . 7  3 . 1  t  5 . 8

C , and S  ̂ are the norm alised harmonic c o e f f i c i e n t s ,  r e la te d  n ,15  n ,1 5

to  C .  ̂ and S .  ̂ by the equation  n ,1 5  n ,15

^ n , 1 5  ^ n , 1 5 ^ \ , 1 5  ®n, 15  ^ n , 1 5 ^ \ , 1 5

where N i s  the n o rm a lisin g  fa c to r  g iven  by the equationn , 15

1 5  = I 2 (n -15 )J  (2 n + l)/(n + 1 5 )*  | ^
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TABLE 1 .3

V alues o f  T e sse r a l Harmonie C o e f f ic ie n t s  o f  Order 15 and Even D egrees 

(From K ing-H ele, Walker and Gooding (1 9 7 5 (1 1 ) ) .)

9 — 9 —
n 10 C 10 S _n ,1 5  n ,1 5

16 - 1 3 .7  ± 1 .3  -1 8 .5  t  2 .7

18 - 4 2 .3  1 1 .8  -3 4 .7  t  3 .4

20 1 0 .5  t  3 .1  29 .8  Î  5 .2

22 -  8 .6  t 3 .8  2 0 .2  t 7 .4
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More r e c e n t ly ,  the 31:2  and 29:2  resonances have been stu d ied  ( H i l le r  

and K ing-H ele, 1977; W alker, 1 9 77 ). V alues fo r  the lumped harmonic 

c o e f f i c i e n t s  were o b ta in ed , but more o r b it s  o f  s a t e l l i t e s  ex p er ien c in g  

th ese  resonances need to  be analysed b efo re  an yth in g  can be sa id  about 

the in d iv id u a l t e s s e r a l  harmonic c o e f f i c i e n t s .

(b ) The g r a v ita t io n a l  a t tr a c t io n  o f th e  Sun and Moon

For an a r t i f i c i a l  s a t e l l i t e  in  a n e a r -c ir c u la r  o r b it  (e  < 0 .0 3 ) ,  

having an a l t i t u d e  o f  l e s s  than 1600 km (a/R  < 1 .2 5 ) ,  th e  e f f e c t  o f

lu n is o la r  g r a v ity  p ertu rb a tio n s on the o r b it  i s  sm a ll. The change in

the p e r ig e e  h e ig h t u su a lly  amounts to  le s s  than 0 .2  km fo r  a s a t e l l i t e  

in  such an o r b i t ,  the corresponding zon al harmonic p ertu rb ation  b e in g  

o f  the order o f  20 km. A ll s ix  o r b ita l  e lem en ts s u ffe r  changes; 

th e ir  v a r ia t io n s  b ein g  in  gen era l a com bination o f  two, or more, o f  

the f iv e  typ es d isc u sse d  in  S ec tio n  ( 1 .3 ) .  The sem i-m ajor a x is  

undergoes o n ly  sh o r t-p e r io d  f lu c tu a t io n s ,  and on ly  w , Q and M 

su ffe r  s e c u la r  changes due to  lu n is o la r  g r a v ity  p er tu rb a tio n s .

The v ec to r  equation  o f motion fo r  a s a t e l l i t e  perturbed by

lu n is o la r  g r a v ity  i s  (Roy, 1965)

2

V + p r /r^  = G ^  “ i  I “ r ) /  (1 .6 6 )

i= l

*

where i  = 1 r e f e r s  to  the Moon and i  = 2 r e fe r s  to  the Sun; i s

the mass o f  th e  d is tu r b in g  body; R̂  i s  the p o s it io n  v ec to r  o f  the  

d is tu r b in g  body from the Earth; A  ̂ i s  th e d is ta n c e  o f  th e  s a t e l l i t e  

from th e d is tu r b in g  body. The correspond ing e x p ress io n  fo r  the lunar  

or s o la r  g r a v ity  d is tu r b in g  p o te n t ia l ,  U^, i s

U, = GM * ( 1 / A ,  -  r . R^/R/ )  ( 1 . 5 7 )i  i  i  — “T. i
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Now A  ̂ can be w r itte n  as

= « i  ^ -L .J  -  co s  S ^ j  (1 .5 8 )

where 5. Is  th e an g le  subtended a t th e  E arth 's  cen tre  by the s a t e l l i t e

—  1and the d is tu r b in g  body. S in ce  A  ̂ i s  the g en era tin g  fu n c tio n  fo r

the Legendre polynom ials o f  argument 5  ̂ (S p ie g e l ,  1974), and r, . =

r cos 5^ , equation  (1 .5 7 )  becomes

= GM, \  P (c o s  S , ) f  r^ 1 (1 .5 9 )M, \  P (c o s  8 ) f  r ^

i  n=2

The n = 0 term has been om itted  from (1 .5 9 )  because i t  i s  independent

o f  the s a t e l l i t e ' s  c o -o r d in a te s  and w i l l  th e r e fo r e  produce no changes

in  i t s  o r b i t a l  e lem en ts . For a c lo s e  Earth s a t e l l i t e  the r a t io s

—*2 *“4r/R^ and r/R^ are approxim ately  2 x 10 and 5 x 10 , r e s p e c t iv e ly .

The r a t io ,  cr , o f  th e  lunar and s o la r  g r a v ity  d is tu r b in g  fu n c t io n s ,  

and U^, a t  a p o in t in  i t s  o r b it  i s  th ere fo re  approxim ately g iven  by

^  ~  ! l l l  * 1 ) ( 1 .6 0 )

»2 “ 2 * «1 P2(C°=S g )

«  *
w hich, a f t e r  the s u b s t itu t io n  o f  num erical v a lu es  fo r  M̂ ' ^ 2  * ^1

and R_, becomes 2

cr 2 : 1 .8 5  ^2^°°^  ̂1^ (1 .6 1 )
P gfcos 8 g )

C onsequently , i f  the angu lar d isp lacem en ts o f  th e Sun and Moon from 

th e l i n e  p a ss in g  through the c e n tr e  o f  the Earth and the s a t e l l i t e  

are comparable ( i . e .  | co s  8^ | = | cos 8 ^ 1 ) ,  th e g r a v ita t io n a l e f f e c t

o f  the Moon on a c lo s e  Earth s a t e l l i t e  i s  approxim ately tw ice  th a t o f  

th e  Sun.
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I f  equation  (1 .5 9 )  i s  expanded as a fu n c tio n  o f  the o r b it a l  

elem ents o f  the s a t e l l i t e  and the d is tu r b in g  body (K aula, 1962;

A lla n , 1 9 6 9 (1 1 )) , the Lagrangian p la n eta ry  eq u ation s can then be 

used to  o b ta in  ex p ress io n s  fo r  the tim e d e r iv a t iv e s  o f  th e  o r b ita l  

elem ents o f  a s a t e l l i t e  perturbed by th e  g r a v ita t io n a l in f lu e n c e  o f  

th e d is tu r b in g  body. A number o f  authors (K oza i, 1959; Cook, 1962; 

Sm ith, 1962; Gooding, 1966) have used t h is  method to  ob ta in  th e  

lu n is o la r  g r a v ity  p ertu rb ation s in  th e o r b ita l  e lem ents over one 

r e v o lu t io n . However, none o f  the above-m entioned authors gave e x p l i c i t

a n a ly t ic a l  ex p ress io n s  fo r  the gen era l tim e . v a r ia t io n s  .in  t h e .....

o r b ita l  e lem en ts produced by the g r a v ita t io n a l in f lu e n c e  o f  th e  Sun 

and th e Moon. T his i s ,  perhaps, not s u r p r is in g  c o n s id e r in g  the enormous 

com plexity  o f  such a ta sk  (F ish e r , 1 9 7 2 ). More r e c e n t ly  Cook (1973)  

and G ia c a g lia  (1974) have adopted a s e m i-a n a ly t ic a l approach, o b ta in in g  

a n a ly t ic a l  ex p ress io n s  fo r  th e tim e d e r iv a t iv e s  o f  th e o r b ita l  

elem ents and in te g r a t in g  them n u m erica lly  by m achine. As y e t  no-one  

has p u blish ed  a com plete a n a ly t ic a l  approach to  t h is  problem.

(c )  S o lar  r a d ia t io n  p ressure p ertu rb a tio n s

The p ertu rb ation s due to  s o la r  r a d ia tio n  p ressu re are sm all

fo r  s a t e l l i t e s  o f  normal c o n s tr u c t io n , but can be la r g e  fo r  b a llo o n -

type s a t e l l i t e s ,  which have an enorm ously la r g e  area-to-raass r a t io
2

o f  the order o f  10 cm /gm . (A ty p ic a l  s a t e l l i t e  o f  normal c o n str u c tio n
2

w i l l  have an area-to -m ass r a t io  o f  about 0 .0 4  cm /g m .)  For exam ple, 

an o s c i l l a t io n  in  p er ig ee  h e ig h t o f  500 km was produced in  th e  o r b it  

o f  the b a llo o n  s a t e l l i t e  Echo 1 by s o la r  r a d ia t io n  p ressu re  

p e r tu r b a tio n s . The p eriod  o f  the c y c le  -  about 10 months -  was the  

synodic period  o f  the p e r ig e e , th a t i s  th e  tim e i t  took to  make one 

r o ta t io n  o f  th e  Earth r e la t iv e  to  the Sun.
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S o lar  r a d ia t io n  p ressure p ertu rb a tio n s are o f  two ty p es:  

f i r s t ,  th o se  r e s u l t in g  from the d ir e c t  e f f e c t  o f  th e  s o la r  f lu x  on 

th e s a t e l l i t e ;  and, seco n d ly , th o se  due to  su n lig h t  b e in g  r e f le c t e d  

or r e -r a d ia te d  back on to  the s a t e l l i t e  from th e E a rth 's  atm osphere.

The a n a ly s is  o f  th e  e f f e c t  o f  so la r  ra d ia tio n  p ressu re  p er tu rb a tio n s  

on a r t i f i c i a l  s a t e l l i t e  o r b it s  i s  one o f  the most d i f f i c u l t  problems 

in  c e l e s t i a l  m echanics. Let us examine each o f  the two ty p es  o f  so la r  

r a d ia tio n  p ressu re  p e r tu rb a tio n s , beg in n in g  w ith  the sim p ler o f the  

two -  th e  d ir e c t  p e r tu r b a tio n s .

In order to  compute the d ir e c t  e f f e c t  o f  s o la r  r a d ia tio n  

p ressu re  on a s a t e l l i t e  o r b it  i t  i s  n ecessa ry  to  make a number o f  

assum ptions -  some o f  which are n ot e n t ir e ly  c o r r e c t .  F i r s t ,  we 

assume th a t  the Su n 's output o f energy i s  known, and i s  c o n s ta n t . 

Second, th e  so la r  r a d ia tio n  f lu x  v a r ie s  in v e r se ly  as th e  square o f  the  

d is ta n c e  from the S u n 's cen tre  and i s  in c id e n t  on the s a t e l l i t e  in  a 

d ir e c t io n  p a r a l le l  to  the l in e  jo in in g  the c e n tr e s  o f  th e  Sun and th e  

s a t e l l i t e .  T h ird , th e area-to -m ass o f  the s a t e l l i t e  can be rep resen ted  

by some mean v a lu e . Fourth, the p r o p e r tie s  o f  the r e f l e c t io n  occu rr in g

a t  the s a t e l l i t e  are  f u l ly  known, or can be rep resen ted  by some known

average v a lu e . L a s t ly ,  the en try  and e x i t  o f  the s a t e l l i t e  in to  th e  

shadow c a s t  by the Earth can be rep resen ted  by some sim ple model.

These are j u s t  a few o f  the more im portant assum ptions th a t  need to  be 

made about th e d ir e c t  s o la r  r a d ia t io n  p ressu re  p ertu rb in g  fu n c t io n .

I f  th ese  assum ptions are accep ted , then the v ec to r  eq u ation  o f  motion

o f a s a t e l l i t e  perturbed  by d ir e c t  s o la r  r a d ia tio n  p ressu re  i s

(Hughes, 1977)

r + ^ r /r ^  = ~ ~ (1 .6 2 )
.3  cm A 8
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«
where i s  the so la r  ra d ia tio n  f lu x  a t a d is ta n c e ,  a , from the Sun's  

«
cen tre ; a -  the sem i-m ajor a x is  o f  th e  E a r th 's  o r b it;  C -  the

fr a c t io n  o f  the Sun's r a d ia tio n  absorbed by th e  s a t e l l i t e ;  A -  th e

average c r o s s - s e c t io n a l  area o f  th e  s a t e l l i t e  exposed to  th e Sun's

r a d ia tio n ; c -  the speed o f  l i g h t ;  m -  th e  mass o f  th e  s a t e l l i t e ;s

f i n a l l y ,  o' i s  the 'shadow' param eter, which tak es a va lu e o f  1 i f

the s a t e l l i t e  i s  in su n lig h t  and a va lu e o f  0 i f  i t  i s  in  shadow.

The correspond ing ex p ress io n  fo r  th e  s o la r  r a d ia t io n  p ressure d is tu r b in g

p o t e n t ia l ,  $ i s  rad

$  ̂ ^  (1 .6 3 )rad -----------------------------------
cm A s

T his m odel, although perhaps th e b e s t  a v a i la b le ,  s t i l l  s u f fe r s  from a 

number o f  l im ita t io n s  and d i f f i c u l t i e s .  In p r a c t ic e ,  the area-to -m ass  

r a t io  may n ot be w e ll known; t h is  i s  com p lica ted  by the fa c t  th a t  

most s a t e l l i t e s  are ir r e g u la r ly  shaped and r o ta t in g  in  sp a ce . The 

area -to -m ass r a t io  in  such ca ses  w i l l  be an extrem ely  com plicated  

fu n c tio n  o f  tim e. S im ila r  remarks a ls o  apply to  a s a t e l l i t e ' s  

r e f l e c t iv e  p ro p er tie s  -  which may be poorly  determ ined , perhaps 

vary in g  over the s a t e l l i t e ' s  su r fa ce  and changing w ith  tim e. In the  

ca se  o f  a s a t e l l i t e  such as the la s e r  ran g in g  s a t e l l i t e ,  L ageos, which  

i s  a sphere o f uniform te x tu r e  w ith  a c c u r a te ly  known va lu es fo r  A/m8

and c , the e f f e c t  o f  d ir e c t  s o la r  r a d ia tio n  p ressure on i t s  o r b it  

w i l l  be w e ll  known.

Perhaps the most d i f f i c u l t  and u n cer ta in  problem con cern in g  

d ir e c t  s o la r  r a d ia tio n  p ressu re p ertu rb a tio n  i s  the 'shadow e f f e c t ' .

Two d i f f e r e n t  types o f  approach have been used to  a llow  fo r  the  

'shadow e f f e c t ' ;  both o f  which r e ly  on th e  assum ption th a t cr = 1 ,  

when th e  s a t e l l i t e  i s  in  s u n l ig h t ,  and cr = 0 when in  shadow. The 

f i r s t  method adopted by Bryant (1 9 6 1 ) , E scobal (1962) and Aksnes (1976)
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c o n s is t s  o f  i n i t i a l l y  d eterm in in g  w hether, or n o t , the s a t e l l i t e  p a sses

in to  th e E a r th 's  shadow during the cou rse  o f  an o r b it .  I f  i t  d o es ,

then the tim e o f  en try  in to  the shadow and the tim e o f  e x i t  from th e

shadow are com puted. Once th e se  tim es are known, th e expansion

o f $ , in  terms o f  th e  o r b it a l  elem ents o f  the s a t e l l i t e  and th erad

Sun, to g e th er  w ith  the Lagrangian p la n eta ry  eq u a tio n s , can be used to  

ob ta in  th e p ertu rb in g  e f f e c t s  o f  d ir e c t  s o la r  r a d ia tio n  p ressu re  on 

th e o r b i t .  The in te g r a t io n  o f  the r e s u l t in g  d i f f e r e n t i a l  eq u ation  i s  

ca rr ied  ou t o n ly  d u rin g  the tim es the s a t e l l i t e  i s  in  s u n l ig h t .

The second method approxim ates the s te p  fu n c tio n  

1 su n lig h t

(cr =
shadow

a t  any g iv en  tim e by some known fu n c tio n  or F ou rier  s e r ie s  (L a la  and

Sehnal, 1969; F erra z-M ello , 1 9 64 ), which i s  then expanded in  terms

o f  the o r b i t a l  e lem en ts o f  the s a t e l l i t e  and th e  Sun. I f  th e  r e s u l t in g

s e r ie s  fo r  the ' shadow fu n c t io n ' ,  cr , i s  in se r te d  in to  th e expansion

o f  $ , ,  th e  changes in  the s a t e l l i t e ' s  o r b ita l  elem ents due to  d ir e c trad

so la r  r a d ia t io n  p ressu re  can be o b ta in ed . In t h i s  c a s e , th e  in te g r a t io n  

o f the r e s u l t in g  d i f f e r e n t i a l  eq u ation s i s  c a rr ied  out over th e  whole 

time in te r v a l  -  the shadow fu n c tio n , o' , having allow ed fo r  th e  

passage o f  th e s a t e l l i t e  in to  and out o f  the E arth 's  shadow. The 

' shadow e f f e c t '  i s  com plicated  by the f a c t  th a t o' i s  n o t a sim p le  

s te p  fu n c tio n  which can on ly  take va lu es  o f 0 or 1. In r e a l i t y ,  the  

E arth 's shadow i s  n o t c y l in d r ic a l  in  shape as a sim ple s te p  fu n c tio n  

would su g g e s t:  i t  i s ,  in  f a c t ,  c o n ic a l ,  w ith  c e n tr a l re g io n s  o f

umbra fo r  which O' = 1 and p er ip h era l reg io n s o f  penumbra where O' l i e s  

between 0 and 1 .

The problem s con cern in g  the p ertu rb in g  e f f e c t  o f  d ir e c t  s o la r  

r a d ia tio n  p ressu re  on an Earth s a t e l l i t e  are w e ll  known, but com p arative ly
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l i t t l e  a t te n t io n  has been g iven  to  the in d ir e c t  e f f e c t  o f  s o la r  

r a d ia tio n  sc a tte r e d  or r e f le c t e d  from th e E arth . This la ck  o f a t te n t io n  

i s  probably due in  p art to  the f a c t  th a t a l l  e s t im a te s  o f  the l a t t e r  

e f f e c t  su g g est i t s  magnitude i s  sm a ller  than th a t o f  d ir e c t  r a d ia t io n ,  

and th e r e fo r e  o f  l e s s  im portance. I t  i s  a ls o  a more d i f f i c u l t  

problem , d e fy in g  a s im p le , but r e a l i s t i c ,  a n a ly t ic a l  s o lu t io n .

The Earth albedo r a d ia tio n  can be d iv id ed  in to  3 components -  

th e  in fr a r e d , the d if f u s e  and th e sp e c u la r . The in frared  i s  la r g e ly  

a r e -e m iss io n  o f  r a d ia t io n  rece iv ed  a t  o th er  w avelengths; w h ile  the  

d if f u s e  and sp ecu lar components are r e f l e c t io n s  in  the o p t ic a l  o f  th e  

in c id e n t  s u n lig h t . The r e f le c t e d  r a d ia t io n  as a fr a c t io n  o f  th e  

in c id e n t ra d ia tio n  i s  c a l le d  the a lb ed o , and i s  composed o f  d i f f u s e  

and sp ecu lar  r a d ia t io n . I f  eq u ilib r iu m  i s  assumed ( i . e .  the Earth  

retu rn s as much r a d ia t io n  in to  space as i t  r e c e iv e s ) ,  then

«D + «8 + “ iR = '

where a i s  the a lb ed o , and th e s u f f ix e s  D, S and IR in d ic a te  the

d i f f u s e ,  sp ecu lar  and in fra re d  com ponents, r e s p e c t iv e ly .

S ince the o p t ic a l  albedo ( a ^ + a ^) i s  about 0 .4  (A lle n , 

1 9 6 2 ), th ere fo re  = 0 .6 ,  im ply ing  th a t eq u a l c o n s id era tio n  should

be given  to  both the o p t ic a l  and in fra re d  p e r tu rb a tio n s . I t  i s  

d i f f i c u l t  to  say what fr a c t io n  o f  the o p t ic a l  albedo i s  d i f f u s e  and 

what fr a c t io n  i s  sp e c u la r . However, s in c e  d i f f u s e  r e f l e c t io n  i s  

produced by the c o n t in e n ts ,  the c loud s and snow f i e l d s ,  w h ile  on ly  

very calm sea s  or la k es  tend to  produce sp ecu la r  r e f l e c t io n ,  a va lu e  

o f  Kg = 0 .0 4  would seem reason ab le  (Sm ith , 1 9 6 6 ).

The E a rth 's  albedo i s ,  o f  c o u r se , a v a r ia b le  in  both tim e 

and p o s it io n ;  b u t, in  order to  ob ta in  an a n a ly t ic a l  s o lu t io n  fo r  th e

e f f e c t  o f  albedo r a d ia t io n  on a s a t e l l i t e  o r b i t ,  c e r ta in  assum ptions
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have to  be made about the albedo which d ep art from r e a l i t y  and may 

lead  to  in a ccu ra te  r e s u l t s .  T h is , in  e s s e n c e , i s  the d i f f i c u l t y  

con cern in g  albedo r a d ia tio n  p er tu rb a tio n s  -  how can the d is tu r b in g  

fu n c tio n  be s im p lif ie d  so  th a t th e  problem remains so lv a b le  w ithout 

th e  model becoming u n r e a li s t ic ?  Let us now co n sid er  th e various  

m odels proposed to  c a lc u la te  th e  p er tu rb a tio n s  in  a s a t e l l i t e ' s  

o r b it a l  elem ents due to  o p t ic a l  and in fra re d  albedo r a d ia t io n ,  

b eg in n in g  w ith  the in fra red  m odels.

For the in frared  albedo p er tu rb a tio n s  the s im p le s t  model th a t  

cou ld  be introduced  i s  a uniform f lu x  a c t in g  r a d ia l ly  from the ce n tr e  o f  

th e  Earth and vary in g  accord ing  to  the in v e r se  square law . Such a fo r c e  

i s  in d is t in g u is h a b le  from the c e n tr a l  fo r c e  term in  the g r a v ita t io n a l  

and produces no p ertu rb ation s in  a s a t e l l i t e ' s  o r b it .  The next s im p le s t  

model (W yatt, 1963) i s  one where every p o in t  on the E a rth 's  su rfa ce  

em its  r a d ia t io n  accord in g  to  Lamberts law. Wyatt showed by symmetry 

arguments th a t the tra n sv erse  component o f  th e  p ertu rb in g  fo r c e  i s  zero  

and on in te g r a t in g  the r a d ia l components over the v i s ib l e  cap o f  the  

Earth o b ta in s  an id e n t ic a l  r e s u lt  to  th a t ob tained  fo r  th e  very s im p le s t  

m odel. Two o th er  models were proposed by W yatt, both in tro d u c in g  

l a t i t u d in a l  v a r ia t io n s  in  the in fra re d  r a d ia t io n s  o f  the form 

(1 )  cos S , and (2 )  cos 8 , where 8 i s  the la t t i t u d e  and

and Cg are c o n s ta n ts . In order to  s im p lify  th e  problem, Wyatt assumed 

th a t  th e  photons move r a d ia l ly  outwards from the E arth 's  cen tre  and 

th a t  th e o b liq u ity  o f  the e c l i p t i c  i s  z e r o . For th ese  two models 

Wyatt found no se c u la r  or lo n g -p er io d  v a r ia t io n s  in  e i th e r  the 

a n o m a lis t ic  period  or the e c c e n t r ic i t y .  As y e t  no-one has attem pted to  

in trod u ce  a sim ple lo n g itu d in a l v a r ia t io n  in to  the in fra re d  albedo  

p e r tu r b a tio n s . The r e s u lt s  o f  Wyatt do , however, tend to  su g g est th a t  

s im p le  models which assume smooth v a r ia t io n s  in  th e r a d ia tio n  w ith
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resp ect to  p o s it io n  a l l  produce l i t t l e ,  or no, p ertu rb in g  e f f e c t  on a 

s a t e l l i t e  o r b i t .  I t  may th ere fo re  be th a t any long-term  in frared  

p ertu rb a tio n s w i l l  be due to  asym m etries and ir r e g u la r i t ie s  in  the  

r a d ia t io n , and th a t any sim ple model w i l l  a u to m a tica lly  in d ic a te  

l i t t l e ,  or no , e f f e c t .

In order to  c a lc u la te  th e e f f e c t  o f  o p t ic a l  albedo ra d ia tio n  

on a s a t e l l i t e  o r b it  i t  i s  n ecessary  to  compute th e  p ertu rb in g  fo r c e s  

a r is in g  from the r e f le c t io n  o f  su n lig h t  from th e Earth accord in g  to  

Lambert's law . T his problem has been stu d ied  by a number o f  authors 

(Cunningham, 1962, 1963; L evin , 1962; S eh n a l, 1963, 1965; Wyatt,

1963; Baker, 1965; Lautman,(1 9 7 7 (1 ) ) .  However, in  a l l  ca ses  

s im p lif ic a t io n s  had to  be made to  th e  b a s ic  problem so  th a t the models 

remained s o lv a b le .

The f i r s t  study th a t d erived  e x p ress io n s  fo r  the p ertu rb ation s  

by d i f f u s e  r e f le c t io n  was Sehnal (1 9 6 3 ), who ob tained  the changes in  

the period  and e c c e n t r ic i t y  fo r  a uniform albedo model. He made the  

a d d it io n a l assum ptions th a t the fo rce  on th e  s a t e l l i t e  i s  r a d ia l ,  the  

Sun l i e s  in  th e o r b it  p la n e , and the fo r c e  i s  zero  when th e s a t e l l i t e  

i s  above th e  dark s id e  o f the E arth . For a s a t e l l i t e  o f  the Echo 1 

type in  a n e a r -c ir c u la r  o r b it  a t  a h e ig h t o f  1600 km, Sehnal found a 

change o f  5 x 10  ̂ in  the period  per o r b it .  Wyatt (1963) has a ls o  

con sid ered  d if fu s e  albedo p ertu rb a tio n  and proposed th ree  sim ple  

m odels. The f i r s t  model i s  the same as S eh n a l*s. The second assumes 

that th e fo r c e  v a r ie s  as th e  c o s in e  o f  the z e n ith  angle o f the Sun.

In the th ir d ,  Wyatt t r ie s  to  account fo r  th e  f a c t  th a t the Earth phase 

fu n ctio n  i s  more peaked than i s  p red ic ted  by d i f f u s e  Lambert r e f l e c t io n .  

The most im portant r e s u l t  o f W yatt's study i s  th a t a l l  th ree  models 

tend to  su g g e st  p ertu rb ation s due to  d i f f u s e  albedo r a d ia t io n  are about 

8 to  10 percent o f  th ose  produced by d ir e c t  s u n l ig h t .
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The models o f Cunningham, L evin , Baker and Lautmann are

con sid erab ly  more complex -  th e  p ertu rb in g  fo r c e s  b e in g  c a lc u la te d

from the d if fu s e  r e f le c t io n  o f  su n lig h t  o f f  the Earth accord in g  to

Lambert's law . Y et, in  a l l  c a s e s ,  s im p lif ic a t io n s  had to  be made

( e .g .  the assum ption o f a co n sta n t a lb e d o ). Perhaps the la r g e s t  source

o f  error in  any o f  the models mentioned so fa r  i s  the lack  o f  la t i t u d in a l

v a r ia t io n . Much o f  the albedo v a r ia t io n  i s  due to  changing cloud  co v er ,

which has w e ll known v a r ia t io n s  w ith  la t i t u d e .  In a d d it io n , th ere

are the po lar ic e  ca p s, which can add to  o th er  sea so n a l v a r ia t io n s

in  the a lb ed o .OLautraan,(1 9 7 7 (1 1 )) has taken th ese  fa c t s  in to  accou n t,

and has m odified  h is  o r ig in a l  model to  in c lu d e  a la t i t u d in a l  v a r ia t io n
2

in  the albedo o f the form C, + s in  S , where C, and C are c o n s ta n ts .1 2  1 2
Specular r e f l e c t io n  has been d isc u sse d  e x te n s iv e ly  by W yatt. 

Wyatt argues th a t the s iz e  o f  th e  s o la r  image on the su rfa ce  o f  the  

Earth fo r  near s a t e l l i t e s  i s  on ly  a few k ilo m etres  in  rad iu s; and, 

hence, any waves or r ip p le s  on the su r fa ce  o f  the sea  w i l l  tend to  

smear out the r a d ia t io n . I f  t h i s  i s  tr u e , th e sp ecu lar  component o f  

th e r e f le c t e d  ra d ia tio n  w i l l  be l o s t  in  th e  ir r e g u la r i t ie s  o f  the d i f f u s e  

r a d ia t io n . Assuming = 0 .0 2 ,  Wyatt has c a lc u la te d  th e  p ertu rb a tio n s  

in  the e c c e n t r ic i t y  and the p eriod  o f  a s a t e l l i t e  produced by sp ecu la r  

r e f l e c t io n ,  and found them to  be n e g l ig ib le .

(d ) The E arth 's  atmosphere

The E arth 's  atmosphere e x e r ts  a drag on an a r t i f i c i a l  s a t e l l i t e  

in  a d ir e c t io n  o p p o site  to  th a t o f  th e  s a t e l l i t e ' s  m otion. Such a 

drag fo r c e  i s  due to  the c o n tin u a l c o l l i s i o n s  o f  a ir  m o lecu les , atoms 

and ion s w ith  the s a t e l l i t e .  S in ce  th e  d e n s ity  o f  the E arth 's  

atmosphere d ecrea ses  ra p id ly  w ith  h e ig h t ( f ig u r e  1 .7 ) ,  a s a t e l l i t e  in  

an e l l i p t i c a l  o r b it  i s  a f fe c te d  most by a ir  drag a t  th o se  p o in ts  in  i t s
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and day to  n ig h t  e f f e c t s ,  show ing  sem i-a n n u a l  v a r i a t i o n .  From a n a l y s i s  

o f  th e  o r b i t  o f  1970-65D . (W alker, 1974)
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o r b it  which are c l o s e s t  to  the Earth. T h erefore , to  a f i r s t  

approxim ation, the e f f e c t  o f  a ir  drag i s  to  retard  the s a t e l l i t e  as 

i t  p asses i t s  p e r ig e e . The r e s u l t  i s  th a t i t s  subsequent apogee 

h eigh t i s  reduced , w h i ls t  i t s  p e r ig ee  h e ig h t remains v ir t u a l ly  

u n a ffe c te d . The o r b it  th ere fo re  c o n tr a c ts  and becomes l e s s  e l l i p t i c a l  

( i . e .  th e  sem i-m ajor a x is ,  a , and the e c c e n t r ic i t y ,  e ,  d ecrea se  

s e c u la r ly ) .  I f  th e Earth*s atmosphere were n o n -r o ta t in g  and s p h e r ic a l ,  

only th e sem i-m ajor a x is  and th e  e c c e n t r ic i t y  o f  a s a t e l l i t e ’ s o r b it  

would be a f fe c te d  by a ir  drag p e r tu r b a tio n s . In r e a l i t y ,  the E arth ’ s 

atmosphere i s  n e ith e r  s ta t io n a r y  nor sp h e r ic a l:  i t  r o ta te s  a t  the r a te

o f 1 r e v o lu tio n  per day and i s  o b la te  in  shape w ith  an e l l i p t i c i t y  o f  

about 0 .0 0 3 3 5 . As a r e s u lt  o f  th is  atm ospheric r o ta t io n , the s a t e l l i t e  

i s  su b jected  to  sm all la t e r a l  fo r c e s  which s l i g h t l y  a l t e r  the o r ie n ta t io n  

o f the o r b ita l  p la n e , le a d in g  to  sm all s e c u la r  changes in  the in c l in a t io n ,  

I ,  and sm all p e r io d ic  changes in  the lo n g itu d e  o f  the ascen d in g  node, 0  

(K ing-H ele, 1964; 1 9 6 6 ). The e f f e c t  o f  the atm ospheric o b la te n e s s  i s

to  produce sm all p e r io d ic  changes in  the o r b i t ’ s p e r ig e e ,

(C ook , 19 6 1 ).

I f  a s a t e l l i t e  i s  moving w ith  a sp eed , V, r e la t iv e  to  the  

ambient a ir  in  a reg io n  o f  atmosphere o f  d e n s ity ,  p , then th e  a ir  

drag fo r c e , F, per u n it  mass a c t in g  on th e s a t e l l i t e  i s  g iv en  by 

(K ing-H ele, 1964)

F = V (1 .6 4 )
2ms

where i s  the aerodynamic drag c o e f f i c i e n t ;  A the average c r o s s -  

s e c t io n a l  area o f  th e  s a t e l l i t e ;  i s  i t s  m ass. In g e n e r a l, a

s a t e l l i t e  w i l l  be su b jec ted  to  l i f t  f o r c e s ,  as w e ll as drag f o r c e s .

Both typ es o f  fo r c e s  w i l l  change w ith  tim e i f  th e  s a t e l l i t e  i s  sp in n in g  

and tum bling as i t  p a sse s  w ith  varying v e lo c i t y  through reg io n s  o f
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d if f e r e n t  d e n s ity . In th e absence o f  p r e c is e  knowledge o f  the s a t e l l i t e ' s  

a t t itu d e  and th e  atm ospheric d e n s ity  a t  any in s ta n t  in  tim e, i t  i s  not 

p o s s ib le  to  p r e d ic t  th e  s a t e l l i t e ' s  ex a c t p ath . C onsequently, 

approxim ations have to  be made con cern in g  l i f t  fo r c e s ,  the v a r ia tio n  

o f  atm ospheric d e n s ity  and the ch o ic e  o f  a s u ita b le  value fo r  C^.

For p r a c t ic a l  p u rp oses, i t  can be assumed th a t l i f t  fo r c e s  w i l l  average  

ou t as th e  s a t e l l i t e ' s  a t t itu d e  changes. Indeed, Cook (1964) and 

Fiddes (1975) have shown th a t l i f t  g e n e r a lly  has on ly  a very sm all 

e f f e c t ,  excep t fo r  s a t e l l i t e s  o f  p e c u lia r  shapes w ith  s p e c i f ic  

v a r ia t io n s  o f  in c id e n c e  ( e .g .  a f l a t  p la t e ,  or a s a t e l l i t e  which 

" f l ip s  over" a t  p e r ig e e ) .  The v a r ia t io n  in  d e n s ity  i s  u su a lly  chosen  

to  be a sim ple e x p o n en tia l change w ith  h e ig h t o f  the form (K ing-H ele,

1964)

p = p exp [ (r  -  r ) /n ]  (1 .6 5 )po po

where r i s  the d is ta n c e  o f  the s a t e l l i t e  from the E arth 's cen tre ;

p -  th e  d e n s ity  a t  the i n i t i a l  p e r ig e e  p o in t ,  r ; H -  the s c a le  po po

h e ig h t . A number o f refinem en ts are o fte n  made to  th is  b a s ic  model; 

fo r  exam ple, the in tro d u ctio n  o f  a s c a le  h e ig h t which v a r ie s  l in e a r ly  

w ith  r .  The d a y -to -n ig h t  v a r ia t io n  in  th e a ir  d e n s ity  can a ls o  be 

incorporated  in to  th e d e n s ity  model g iv en  by equation  ( 1 .6 5 ) .

The c h o ic e  o f s u ita b le  v a lu e s  o f  C  ̂ fo r  s a t e l l i t e s  o f  

d if f e r in g  shapes p resen ts  a g rea t problem . T his d i f f i c u l t y  i s  due in  

p a r t ,  f i r s t l y ,  to  the lack  o f  a good aerodynamic theory and, se c o n d ly ,  

to  th e geometry and r o ta t io n  o f  the s a t e l l i t e .  However, Cook (1960)  

has eva lu a ted  the drag c o e f f i c i e n t s  o f  b od ies  o f various shapes a t  

v a ry in g  a n g les  to  the a ir f lo w , and d er iv ed  mean valued fo r  r o ta t in g  

b o d ie s . In a l l  c a s e s ,  the va lu e ob ta in ed  fo r  C  ̂ was about 2 .2  1 0 .1 .

The problems con cern in g  the e v a lu a tio n  o f  A are the same as th ose
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d isc u sse d  in  th e s e c t io n  on s o la r  r a d ia tio n  p ressu re p er tu r b a tio n s .

I f  F i s  r e so lv e d  in to  the com ponents, F^, F^ and F^, th e  

G aussian form o f  the Lagrangian p lan etary  eq u ation s can be used to  

o b ta in  the v a r ia t io n s  in  the semi-major a x is ,  a , th e  e c c e n t r ic i t y ,  e ,  

and the in c l in a t io n ,  I ,  over one r e v o lu tio n . The r e s u lt s  are (K ing- 

H ele , 1964)

2 tt

Aa = -  f  X [ p a^  (l-fecosE)^"^^ dE ( 1 .6 6 )

\  ( l_ e c o s E ) ' / :

ar

e = -  (  C X f p a  (1 -e^ ) (1+ecosE)*^^ cosE dE

l " s J  J o  ( 1 - e c o s E ) ' / : (1 .6 7 )

2tt

I = - A ^X^ C f p w r ^ ^ s in l (l+ecosE)^^^cos^(w +f )dE
I  2m V . . 1 / 2 , ,  2 .1 /2

( 1 . 6 8 )o p (1 —e )

where X i s  a fu n c tio n  o f  w, V , r and I d e fin ed  by
po po o

X = / I  -  wr cos I \ ^  (1 .6 9 )/ I  -  wr cos 1 \

( ^  °)po

where w i s  the angular v e lo c it y  o f  th e  E a rth 's  atm osphere; -  the

v e lo c i t y  o f  the s a t e l l i t e  a t the i n i t i a l  p e r ig e e  p o in t ,  r ; I -  thepo o

i n i t i a l  o r b ita l  in c l in a t io n .  The s e t  o f  eq u ation s (1 .6 6 )  to  (1 .6 9 )  

are o f  fundam ental im portance in  a ir  drag s tu d ie s :  th ey  form th e  b a s is

fo r  th e developm ent o f  th e  theory used in  th e  d eterm in ation  o f a ir  

d e n s ity  and atm ospheric r o ta t io n  r a te s  a t v ar iou s h e ig h ts  from th e  

a n a ly s is  o f  s a t e l l i t e  o r b it s  (K ing-H ele, 1964; 1966; K ing-H ele and

S c o tt j  1969; K ing-H ele and Walker* 1972; K ing-H ele , 1 9 7 6 ). The 

a p p lic a t io n  o f t h is  theory  to  the E a rth 's  atm osphere a t  h e ig h ts  above 

150 km has y ie ld e d  a number o f im portant r e s u l t s  con cern in g  v a r ia t io n s
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in  wind speed and a ir  d e n s ity .

In the f i r s t  p la c e , s tu d ie s  o f  th e changes in  th e o r b ita l  

in c l in a t io n  o f  s a t e l l i t e s  have shown th a t  the E a rth 's  atm ospheric 

r o ta t io n  r a te  i s  not a c o n s ta n t , but a fu n c tio n  o f  both tim e and 

h e ig h t . K ing-H ele and Walker (1976) have used a number o f  e a r l ie r  

o r b ita l  d eterm in ation s ( e .g .  H i l l e r ,  1974; Walker, 1975) and some new 

d eterm in ation s to  ob ta in  the v a r ia t io n  o f  wind speed w ith  h e ig h t and 

tim e ( f ig u r e  1 .9 ) .  The r e s u lt s  ob ta in ed  in d ic a te  th a t the r o ta t io n  

r a te  averaged over a l l  lo c a l  tim es in c r e a se s  from near 1 .0  rev /d ay  

a t  150 km h e ig h t to  1 .3  near 350 km (corresp on d in g  to  an average  

w e s t - to -e a s t  wind o f  120 m /s ) ,  and then d ecre a se s  to  1 .0  a t  400 km 

and, probably, to  0 .8  a t  g rea te r  h e ig h ts .  As regards tim e v a r ia t io n s ,  

th e maximum w e s t - to - e a s t  winds occur in  th e even ing  hours 18-24 h 

lo c a l  tim e: th ese  even in g  winds in c r e a se  to  a maximum o f  about 150

m/s a t h e ig h ts  near 350 km and d e c l in e  to  zero  a t  600 km. In the  

morning, 4-12  h lo c a l  tim e, the winds are e a s t - t o - w e s t ,  w ith  speeds o f  

50-100 m/s above 200 km.

The second im portant g e o p h y s ic a l a p p lic a t io n  o f  a ir  drag  

p ertu rb a tio n s i s  the d eterm ination  o f  atm ospheric d e n s i t ie s  a t various  

h e ig h ts  and tim es from th e a n a ly s is  o f  d ecay in g  s a t e l l i t e  o r b i t s .  From 

such s tu d ie s  a number o f im portant r e s u l t s  are o b ta in ed .

F i r s t l y ,  the atm ospheric d e n s ity  d ecrea ses  r a p id ly  w ith  

h e ig h t . From f ig u r e  1 .7  i t  can be seen  th a t the d e n s ity  can change 

by a fa c to r  o f  up to  10^ in  th e h e ig h t  range 150-1000 km. Secondly , 

th e atm ospheric d e n s ity  undergoes a number o f  v a r ia t io n s  w ith  tim e: 

fo r  exam ple, the a ir  d e n s ity  i s  a f fe c te d  by s o la r  a c t i v i t y ,  the d e n s ity  

b ein g  lo w est a t tim es o f  low s o la r  a c t i v i t y  and h ig h e s t  a t  tim es o f  

high  s o la r  a c t iv i t y  ( s e e  f ig u r e  1 . 7 ) .  Geomagnetic storm s caused by 

th e  s o la r  wind a ls o  produce changes in  th e  a ir  d e n s ity :  th e  d e n s ity

may in c r e a se  by a fa c to r  o f  up to  6 a t  h e ig h ts  near 600 km. Even a t
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h e ig h ts  near 200 km, where the atmosphere i s  r e la t iv e ly  in s e n s i t iv e  to  

so la r  a c t i v i t y ,  th e d e n s ity  can in c r e a se  by a fa c to r  o f  n ea r ly  2 

during a geom agnetic storm . However, th e  most b a f f l in g  v a r ia t io n  in  

the a ir  d e n s ity  i s  the sem i-annual v a r ia t io n  (Cook, 1 9 6 9 ), ( f ig u r e  1 .8 ) ,  

so c a l le d  because th e d e n s ity  e x h ib it s  a minimum in  mid-January every  

y ea r , r i s e s  to  a maximum in  A p r il, d ecrea ses  in  May, s u f fe r s  a deeper  

minima in  Ju ly  and then r i s e s  to  another maxima in  la t e  O ctober, 

u su a lly  h igh er than th a t in  A pril (J a c c h ia , Slowey and Campbell, 1969), 

T his e f f e c t  occu rs a t h e ig h ts  in  th e range 100-1000 km, th e maximum 

d e n s ity  ex ceed in g  th e  minimum by a fa c to r  o f  about 1 .5  a t  200 km, 

in c r e a s in g  to  2 .5  a t  500 km and then d e c r e a s in g  to  about 2 a t  an 

a lt i t u d e  o f  1000 km. The am plitude o f  the sem i-d iu rn a l v a r ia t io n  i s  

not d ir e c t ly  dependent on so la r  a c t i v i t y ,  but v a r ie s  from year to  year. 

Opinion as to  th e  ex a c t nature o f  i t s  lon g-term  am plitude v a r ia t io n  i s  

somewhat d iv id e d . V o isk o v sk ii e t  a l .  (1973) m aintain  th a t th e stren g th  

o f  the sem i-annual v a r ia t io n  i s  ir r e g u la r .  I t  has a ls o  been su ggested  

th a t a th r e e -y e a r  recurren ce period  e x i s t s  (K ing-H ele and W alker,

1969; Cook, 1 9 7 2 ), The cause o f  th e  sem i-annual v a r ia t io n  i s  not 

known fo r  c e r t a in .  Cook (1969) has d isc u sse d  a number o f proposed  

th e o r ie s ,  but perhaps th e  most l i k e ly  i s  th a t i t  a r is e s  from a sea so n a l 

v a r ia tio n  a t  h e ig h ts  below 100 km, in c r e a s in g  in  am plitude as i t  r i s e s  

in to  more r a r e f ie d  a ir  (V o llan d , 1969a, 1969b ),

(e )  G eneral r e l a t i v i s t i c  e f f e c t s

I t  i s  now known through th e  work o f  E in s te in  th a t the u n iverse  

i s  non-Newtonian and, h en ce, th e in v e r se  square law o f  g r a v ita t io n  as 

form ulated by Newton w ith in  the framework o f  E u clid ia n  geometry i s  

on ly  an approxim ation . C onsequently , th e  a c tu a l o r b it  o f  an a r t i f i c i a l  

s a t e l l i t e  about a s p h e r ic a l ly  symmetric body w i l l  n ot be an e l l i p s e .
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Although E in s te in  and o th e r s  developed  the gen era l theory o f  

r e l a t i v i t y  in  terms o f  n on -E u clid ian  geom etry, an eq u iv a le n t d e sc r ip t io n  

o f  a s a t e l l i t e ’ s motion about a s p h e r ic a l ly  symmetric body can be 

obtained  by r e ta in in g  E u clid ian  geom etry and m odifying the law o f  

g r a v ita t io n .  On t h is  approach, an a r t i f i c i a l  s a t e l l i t e  o r b it in g  

the Earth w i l l  be a cted  upon by a g r a v ita t io n a l fo r c e , such

th a t (M cV ittie , 1962; Krause, 1962)

3 2 2 5F = -  GM„ r / r  -  3GM h r /c  r  + terms o f order J^, . . .  J e t c .-g ra v  E — E — 2 3 n

(1 .7 0 )

where c i s  the speed o f l i g h t  and h -  th e  angular momentum o f the  

s a t e l l i t e .  The f i r s t  term in  eq u ation  (1 .7 0 )  i s  the usual in v er se  

square fo r c e ; th e  second term b e in g  th e  main r e l a t i v i s t i c  p ertu rb in g  

fo r c e . Other r e l a t i v i s t i c  c o r r e c t io n  terms e x i s t ,  but are o f n e g l ig ib le  

im portance, the la r g e s t  having a s i z e  approxim ately  1 /1 000th o f  th a t  

o f th e  main r e l a t i v i s t i c  term. The correspon d in g  d is tu r b in g  p o t e n t ia l ,  

o f  the main r e l a t i v i s t i c  term i s  g iv en  by

U = *’ (1 .7 1 )
~ r r

c r

Rubincam (1975) has expanded eq u ation  (1 .7 1 )  in  terms o f  a s a t e l l i t e ’ s 

e l l i p t i c  e lem en ts, and used th e Lagrangian p la n eta ry  eq u ation s to

o b ta in  e x p ress io n s  fo r  th e ir  tim e v a r ia t io n  due to  the main r e l a t i v i s t i c

p ertu rb in g  fo r c e . For th e s ix  o r b i t a l  e lem en ts , Rubincam found th a t  

th e  in c l in a t io n .  I ,  and the lo n g itu d e  o f  th e ascen d in g  node, fi , 

were u n a ffe c te d . The argument o f  p e r ig e e , w , and the Mean anomaly,

M, s u f fe r  s e c u la r , as w e ll  as sh o r t-p e r io d , p er tu r b a tio n s . The 

rem aining two e lem en ts, a , and e ,  s u f f e r  o n ly  sh o r t-p e r io d  changes.

For exam ple, the se c u la r  r a te  o f  change in  th e  argument o f  p e r ig e e .

[f] i s  such th a t
sec
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3 /2
Fdwl = (1 -  . 2 ) - !  (1 .7 2 )

2 5 /2  
sec  c a

[ I f ]
The value o f  | dw | fo r  a ty p ic a l  s a t e l l i t e ,  such as Nimbus 6

sec

which has an o r b it  w ith  a sem i-m ajor a x is  o f  7476 km and an e c c e n t r ic i t y

-6o f  0 .0 0 0 7 , i s  found to  be about 8 x 10 d eg /d a y , compared w ith  a 

correspond ing zo n a l harmonic change o f  more than 2 d eg /d ay . Such 

changes are ex c e e d in g ly  sm a ll, and as y e t  cannot be separated  from 

th e o th er  p ertu rb a tio n s  a c t in g  on a s a t e l l i t e .  However, w ith  an 

improved knowledge o f  s a t e l l i t e  p er tu rb a tio n s , and p a r t ic u la r ly  th ose  

due to  r a d ia tio n  and t id a l  e f f e c t s ,  i t  may become p o s s ib le  to  measure 

the r e l a t i v i s t i c  fo r c e s  a c t in g  on la s e r  ranging s a t e l l i t e s  such as 

LAGEOS and STARLETTE.

( f ) Oceanic and body Earth t id e s

Due to  th e g r a v ita t io n a l a t tr a c t io n  o f  the Sun and the Moon 

on the Earth; i t s  shape and d e n s ity  d is t r ib u t io n s  are not c o n s ta n t , but 

a re , in s te a d , p e r io d ic  fu n c tio n s  o f  tim e. The amount o f  t id a l  

deform ation  from the mean a t a p a r t ic u la r  p o in t on the E arth ’ s su rfa ce  

i s  dependent on the p o s it io n s  o f  the Sun and th e Moon and on the  

e l a s t i c  and f lu id  p r o p e r t ie s  o f  the Earth, As a r e s u lt  o f  such t id a l  

d eform ation s, th e g e o p o te n t ia l i s  i t s e l f  tim e dependent, which th e r e fo r e  

in trod u ces a d d it io n a l p ertu rb a tio n s in  th e o r b it  o f an a r t i f i c i a l  

s a t e l l i t e .  P er tu rb a tio n s  o f  t h is  kind are known as t id a l  p e r tu r b a tio n s , 

and can be d iv id ed  in to  two typ es -  o cean ic  and body. The o cean ic  

p ertu rb a tio n s a r e , as th e ir  name su g g e s ts , produced by th e t id a l  

deform ations o f  th e  E arth ’s sea s  and o cea n s. The body p ertu rb a tio n s  

r e s u lt  from the t id a l  deform ations o f  the s o l id  Earth.

I f  the Earth (assumed sp h e r ic a l)  was p e r fe c t ly  e l a s t i c  in  

i t s  s o l id  p arts and p e r f e c t ly  f lu id  in  i t s  seas and o cea n s , th e  t id a l
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e f f e c t s  o f  the Sun and the Moon would deform the Earth a t  a p a r t ic u la r
2

p o in t by an amount eq u al to  R (U +U )/GM , where U and U are the
E 1 2 E 2 1

d is tu r b in g  p o te n t ia ls  o f  the Sun and Moon, r e s p e c t iv e ly  ( s e e  S ec tio n  

1 ,4 b ) ,  eva luated  a t  the p o in t under c o n s id e r a t io n . S in ce th e  Earth i s  

n e ith e r  p e r fe c t ly  e l a s t i c ,  nor p e r f e c t ly  f lu id ,  the am plitudes are 

reduced by fa c to r s  as la r g e  as the Love numbers K^, . . .  K^. The

s itu a t io n  i s  fu r th er  com p licated  by the f r i c t io n  which accompanies the  

deform ation . T h is , to g e th er  w ith  the r o ta t io n  o f  the E arth, cau ses  

th e t id a l  bu lge to  be c a rr ied  forw ard, r e s u lt in g  in  the t id e  b ein g  

h ig h , not when the Sun or Moon i s  overhead , but a t some la t e r  tim e. In 

order to  in c lu d e t h is  e f f e c t  in  th e  m odel, i t  i s  n ecessary  to  in trod u ce  

a second s e t  o f  t id a l  param eters, f  f   ̂ . , .  known as the phase

la g s .  These w i l l  be d e fin ed  s h o r t ly .  I t  i s  th ese  two s e t s  o f param eters -  

the Love numbers and th e phase la g s  -  which c h a r a c te r ise  th e e l a s t i c  

and f lu id  p r o p e r tie s  o f  th e  E arth . An accu ra te  knowledge o f  such  

param eters i s  o f  g rea t im portance in  the understand ing o f  the E arth’s 

in t e r io r  and the m otion o f  i t s  se a s  and o cea n s. The a n a ly s is  o f  

a r t i f i c i a l  s a t e l l i t e  o r b it s  p ro v id es  a u s e fu l  method fo r  the determ ination  

o f  the K*s andf ’ s .

The t id a l  deform ation  due to  th e  Sun and the Moon a t  a 

p a r t ic u la r  p o in t on the E arth ’s su rfa ce  i s  now given  by

‘’e r ü â i  p (cos"  s ) p ( c o s " s . )

(1 .7 3 )

where th e an g les  8  ̂ and ^ 8  ̂ are th e a n g le s  subtended a t  the cen tre  

o f  th e  Earth between the p o in t under c o n s id e r a tio n  and th e  nth f i c t i t i o u s  

Moon and th e nth f i c t i t i o u s  Sun, r e s p e c t iv e ly .  The nth f i c t i t i o u s  Moon 

has an o r b it  w ith  th e  same v a lu e s  o f  a , e ,  I and w , but d i f f e r in g  0.
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and M, The va lu es  o f  th e lon g itu d e  o f  the ascen d in g  node, ^

and the mean anomaly, fo r  the nth  f i c t i t i o u s  Moon are r e la te d  to

th ose  o f  th e  r e a l  Moon by the equations

(1 .7 4 )

"m = M -  e1 I n

The correspon d in g  ex p ress io n  fo r  the d is tu r b in g  p o t e n t ia l ,

a c t in g  on an a r t i f i c i a l  s a t e l l i t e  due to  th e 1u n iso la r  t id e s  i s  g iven  by

2  00

U = \  \  K ” e P ( c o s  " 8  ) (1 .7 5 )TID    n i

1=1 " n=2

where r i s  the g e o c e n tr ic  d is ta n c e  o f  the s a t e l l i t e  and 8  ̂ and 8 ^

are the g e o c e n tr ic  a n g les  o f  the rad iu s v ec to r  o f  the s a t e l l i t e  to  

the d ir e c t io n s  o f  th e  nth  f i c t i t i o u s  Moon and th e nth f i c t i t i o u s  Sun, 

r e s p e c t iv e ly .

A number o f  authors have proposed o th er  t id a l  m odels, a l l  o f

which r e ly  on th e same b a s ic  approach used in  o b ta in in g  the model

d escr ib ed  by equation  ( 1 .7 5 ) .  For exam ple, Kozai (1965) assumes a l l

the phase la g s  to  be eq u a l, i . e .   ̂ = . . .  w h ils t  Musen

and E stes  (1972) put a l l  th e  phase la g s  equal to  z e r o . In a la t e r

m odel, Musen and F e lse n tr e g e r  (1974) s t i l l  have € ^ = 0 ,

but now take in to  account the o b la te n e ss  o f  the E arth . The most

com plicated  model to  d a te  i s  the one proposed by Kaula (1 9 6 9 ), which

in c lu d es  the e f f e c t s  o f  la t i t u d in a l  v a r ia t io n s  in  a t i d e ’s am plitude

and phase, i . e .  K = K (6 )  and c = € ( 0 ) .n n n n

In c o n s is te n t  v a lu es  have been ob tained  fo r  th e  Love numbers 

and phase la g s  when such models are ap p lied  to  s p e c i f i c  s a t e l l i t e  

o r b it s .  Kozai (1968) an alysed  the t id a l  p er tu rb a tio n s  in  th e in c l in a t io n s
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o oo f  three s a t e l l i t e s  w ith  in c l in a t io n s  in  th e range 33 -  50 , o b ta in in g

valu es fo r  the Love number va ry in g  between 0 .2 3  and 0 ,3 3  and phase 

la g s  from 0^ to  9^. Newton (1968) has an alysed  the t id a l  p ertu rb ation s  

in  the in c l in a t io n  and node o f  four p o la r  s a t e l l i t e s .  Once again  the

r e s u lt s  were n ot c o n s is t e n t ,  K b e in g  in  th e range 0 .2 8  to  0 .4 4 ,2 . . . . .

w h ile  v a r ie s  between 0° and 2 -  5^,

More r e c e n t ly ,  Lambeck e t  a l .  (1973) and Cazenave e t  a l ,

(1977) have p o in ted  out th a t  th e  va lu es  ob ta in ed  fo r  and by

Kozai and Newton are n ot in  agreement w ith  the expected  v a lu es o f

K̂  = 0 ,3  and ^ ^ < 0 -  5° fo r  a s o l id  Earth. T his im p lies  th a t
2 2

the ocean ic  t id e s  have a s ig n i f ic a n t  e f f e c t  on a s a t e l l i t e  o r b i t .  A 

b e tte r  method o f  e v a lu a t in g  t id a l  p e r tu r b a tio n s , they  su g g e st , would 

be to  have two sep ara te  models -  one fo r  the ocea n ic  t id e s  and one fo r  

th e  body t id e s ,  in stea d  o f  a u n if ie d  model in co r p o r a tin g  both ocean ic  

and body t id e s  (Lambeck e t  a l . ,  1 9 7 4 ). T h is approach has the advantage 

th a t i t  becomes p o s s ib le  to  d is t in g u is h  between the e f f e c t s  o f  ocean ic  

t id e s  and body t id e s  on a s a t e l l i t e  o r b i t .  Inform ation can then be 

r e a d ily  ob ta in ed  con cern in g  th e E arth ’s e l a s t i c  p r o p e r t ie s , as d i s t in c t  

from i t s  f lu id  p r o p e r t ie s ,  and v ic e - v e r s a .

1 .5  The P resen t S ta te  o f  Knowledge

The perturbed motion o f  an a r t i f i c i a l  s a t e l l i t e  p resen ts  

m athem aticians w ith  a dynam ical problem o f  g rea t d i f f i c u l t y  th a t  

d e f ie s  a s im p le  s o lu t io n .  T his i s  due in  part to  the r e la t iv e ly  

la rg e  number o f  p ertu rb in g  fo r c e s  a c t in g  on a s a t e l l i t e ,  and, in  p a rt, 

to the u n c e r ta in t ie s  th a t  a r is e  in  th e  developm ent o f  m athem atical 

models which ad eq u ately  r e p r e se n t the p h y s ic a l nature o f  the p ertu rb in g  

fo r c e s .  Although s u b s ta n t ia l  p rogress has been made in  the s u b je c t ’s 

tw enty-year h is to r y  -  p a r t ic u la r ly  in  th e  d eterm in ation  o f  g eop h ysica l
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data from changes In the o r b i t s  o f  s a t e l l i t e s  -  a number o f  unsolved  

problems s t i l l  remain.

P r io r  to  1957, very l i t t l e  was known about the E arth ’s 

shape, excep t fo r  the p o lar  f l a t t e n i n g ,  which was thought to  be about 

1 p art  in  297.1 ( J e f f r e y s ,  1952).  This s i t u a t io n  was d r a s t i c a l l y  

a lte r e d  by the  launch ings o f  the f i r s t  a r t i f i c i a l  s a t e l l i t e s .  A nalysis

o f  the o r b i t  o f  Sputnik 2 and o f  o th er  s a t e l l i t e s  (Merson and King-Hele,

1958; King-Hele and Merson, 1959) showed that the accepted  va lu e  o f  

the f l a t t e n i n g  was ap p reciab ly  in  e r r o r .  The va lue now e s ta b l i s h e d  i s  

1 p art  in  2 9 8 .2 5 ,  so  th a t  the eq u a to r ia l  diameter exceeds  the p o lar  

diameter by about 4 2 .7 7  km, which i s  about 170 m l e s s  than was p rev io u s ly  

thought. Such a r e v i s io n  was not on ly  important fo r  a r t i f i c i a l  

s a t e l l i t e  o r b i t  theory but a ls o  fo r  geophysics  and geodesy . I t  was 

important fo r  g e o p h y s ic s ,  because i t  showed that the f l a t t e n i n g  was 

s i g n i f i c a n t l y  d i f f e r e n t  from the h y d r o s ta t ic  value fo r  a l iq u id  Earth 

o f  1 part in  2 9 9 .7  (Khan, 1973); and fo r  geodesy, because some

measurements a t  th at time were accurate  to  w ith in  5 m ,  and an error

o f  over 100 m in the  b a s ic  spheroid was unacceptab le . S ince  th en ,  

a d d it io n a l  harmonics, both zonal and t e s s e r a l ,  have been determined  

with ever in c r e a s in g  accuracy, en ab lin g  geoid  maps to  be drawn ( f ig u r e  

1 .1 1 )  w ith  a ccu ra c ie s  o f  2 or 3 m (Richardson and Lerch, 19 7 4 ) ,  As a 

r e s u l t  o f  such d eterm in ations  togeth er  w ith  the recen t dynamical 

methods o f  D ep rit  and H ori, a n a ly t i c a l  th e o r ie s  have now been developed  

fo r  the zo n a l harmonics p ertu rb ation s  on s a t e l l i t e s ,  which are equal  

in  accuracy to  th o se  obtained  by numerical in te g r a t io n  (K in o sh ita ,

1976).

Two o th er  s i g n i f i c a n t  advances a l s o  need to  be mentioned. 

F i r s t l y ,  th e  d eterm ination  o f  a ir  d e n s i t i e s  and atmospheric winds fo r  

various h e ig h ts  and tim es have g r e a t ly  improved our knowledge o f  the
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Earth*s atmosphere a t  h e ig h ts  between 150 km and 600 km. Secondly ,  

th e  recen t  work o f  D ep rit  (1977) on th e  problem o f  the ‘c r i t i c a l  

In c l in a t io n *  In s a t e l l i t e  theory  has f i n a l l y  s e t t l e d  the arguments on 

t h i s  I s s u e ,  which have la s t e d  over twenty years (Message e t  a l . ,  1962; 

Lubowe, 1 9 6 9 (1 ) ,  Lubowe, 1 9 6 9 (11 );  G a r fln k e l,  1969, 1970),

D esp ite  th e se  g rea t  Improvements, numerous problems and 

d e f i c i e n c i e s  s t i l l  e x i s t .  To I l l u s t r a t e  t h i s  p o in t  l e t  us mention  

four p a r t ic u la r  examples. F i r s t l y ,  no com plete ly  a n a ly t ic a l  theory  

has been developed fo r  th e  e f f e c t  o f  lu n ls o la r  g r a v i ty  on a s a t e l l i t e  

o r b i t ,  a lthough  a number o f  good numerical and s e m l-a n a ly t lc a l  models 

e x i s t .  Secondly , no s a t i s f a c t o r y  mathematical model e x i s t s  which 

adequately  rep resen ts  the p h y s ic a l  nature o f  albedo r a d ia t io n  e f f e c t s .  

T hird ly , Improvements need to  be made to  the t h e o r e t i c a l  rep r e se n ta t io n  

o f  t id a l  e f f e c t s .  I f  s a t e l l i t e s  are to  be used fo r  accurate  d eterm inations  

o f  Love numbers and phase la g s .  F ou rth ly ,  a purely  a n a ly t i c a l  theory  

fo r  the combined e f f e c t  o f  a i r  drag and g r a v i ty  on a s a t e l l i t e  o r b i t  

has not been attempted s in c e  th e  e f f o r t s  o f  Brouwer and Horl (1 9 6 1 ) .

The theory obtained  by them Is  on ly  v a l id  fo r  s a t e l l i t e s  w ith  v i r t u a l l y  

c ir c u la r  o r b i t s .

I t  I s  hoped th a t  th e  n ex t  twenty years  o f  a r t i f i c i a l  s a t e l l i t e  

o r b it  resea rch  w i l l  prov ide  s o lu t io n s  to  th ese  o u tsta n d in g  problems.
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CHAPTER 2

LUNISOLAÏt GRAVITY AND DIRECT SOLAR RADIATION PRESSURE RESONANCE ORBITS

2,1  The Nature o f  the Resonance O rbits

An a r t i f i c i a l  s a t e l l i t e  o r b i t in g  the  Earth I s  su b jec t  to  a 

number o f  p e r io d ic  perturbing f o r c e s .  For example, the  s a t e l l i t e ’ s 

o r b i t a l  motion ca u ses  I t  to exp erience  the  same lo n g i t u d in a l ly  averaged  

g e o p o te n t ia l  every  rev o lu tio n ;  the r o ta t io n  o f  the Earth and the  

s a t e l l i t e ’s own motion combine to  produce p e r io d ic  v a r ia t io n s  In the  

l o n g i t u d in a l ly  dependent part o f  the g e o p o te n t ia l  a c t in g  on the  

s a t e l l i t e ;  the  perturb ing  In flu en ces  o f  the Sun and th e  Moon are  

p e r io d ic  by v ir tu e  o f  th e ir  motion and the o r b i t a l  motion o f  the  

s a t e l l i t e ;  and so on. This p e r io d ic i t y  o f  the perturb ing  fo r c e s  Is

r e f l e c t e d  In the expansion o f  t h e ir  d is tu r b in g  p o t e n t ia l s  as fu n ct io n s  

o f  a s a t e l l i t e ’s o r b i t a l  elements and the parameters o f  the perturb ing  

f o r c e .  In such expan sions, s in e  and c o s in e  terms occur , having arguments 

o f  the form 8 ij}, where

^ = aw + (  M + n + u ( 2 .1 )

6  , a , and  ̂ are In teg ers  and u i s  a l in e a r  fu n ct io n  o f  c e r ta in  

o f  the p er tu rb in g  parameters. In the ca se  o f  lu n l s o la r  p er tu rb a t io n s ,  

u i s  a fu n c t io n  o f  the argument o f  p e r ig e e ,  the mean anomaly,

and the lo n g itu d e  o f  the  ascending node, G^ , o f  t h e ir  r e s p e c t iv e  o r b i t s  

r e l a t iv e  to  th e  e c l i p t i c  p lane. Each tp , because o f  the approximately  

l in e a r  time dependence o f  w , fi , M and u ( s e e  s e c t io n  2 . 3 ) ,  w i l l

cause the magnitude o f  the corresponding s in e  or c o s in e  terra In the

d is tu r b in g  fu n c t io n  expansion to  o s c i l l a t e  p e r io d ic a l ly ;  th e  period  

o f  the o s c i l l a t i o n  b eing  dependent on the non-angular elem ents o f  a 

s a t e l l i t e ’s o r b i t  ( I . e .  the  semi-major a x i s ,  a ,  th e  e c c e n t r i c i t y ,  e ,  and
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the in c l in a t io n  1 ) and c e r t a in  parameters o f  the perturb ing  f o r c e s .

Under c e r ta in  c ircu m stan ces ,  the  semi-major a x i s ,  e c c e n t r i c i t y  and 

I n c l in a t io n  o f  a s a t e l l i t e ’ s o r b i t  are such th a t  they cause the  

periods o f  some o f  th e se  terms to  become n ear ly  I n f i n i t e .  In such a 

c a s e ,  the argum ent,5 , a s s o c ia t e d  with one o f  th ese  terms w i l l  be

approximately a c o n s ta n t .  I . e .

tp = aw + (  M + /9Q + Û «  0 ( 2 .2 )

A r e la t io n s h ip  o f  the type ( 2 .2 )  I s  known as a commensurability c o n d i t io n ; 

a s a t e l l i t e  whose o r b i t a l  e lem ents  s a t i s f y  such a c o n d it io n  I s  sa id  to  

be In the  com mensurablllty ip ^  0 . The o r b i t s  o f  s a t e l l i t e s  which are  

In a commensurablllty ( 2 . 2 )  are c a l l e d  resonance o r b i t s . A s a t e l l i t e  

e x i s t i n g  In the com m ensurablllty  'ip ^  0 w i l l  have an o r b i t  which Is

In resonance w ith  th ose  terms In the  d is tu r b in g  p o t e n t ia l  expansion  

having arguments o f  the form hip , where S i s  an In teger; which may 

be e i t h e r  p o s i t iv e  or n e g a t iv e .  Each o f  th ese  terms has an amplitude  

fa c to r  dependent on the s a t e l l i t e ’ s a ,  e and 1  and c e r ta in  parameters  

o f  the p ertu rb in g  f o r c e .  In the c a se  o f  lu n ls o la r  g r a v i ty  p e r tu r b a t io n s ,  

th ese  pertu rb in g  parameters are th e  mass o f  the d is tu r b in g  body, the  

semi-major a x i s ,  a^, th e  e c c e n t r i c i t y ,  e^, and the I n c l in a t io n ,  1^, 

o f  the d is tu r b in g  body’s o r b i t  r e l a t i v e  to  the e c l i p t i c  p la n e .  For 

s o la r  r a d ia t io n  p ressure  p e r tu r b a t io n s ,  the d is tu r b in g  parameters are  

a^, e^, 1 ^ and a f a c t o r  dependent on the so la r  co n stan t  and the  

p h y s ica l  p r o p e r t ie s  o f  the s a t e l l i t e .  S in ce  a s a t e l l i t e  In the  

commensurablllty ^  m 0  I s  In resonance with a number o f  terms having  

amplitude f a c t o r s  o f  d i f f e r i n g  magnitudes, the resonant changes In 

the s a t e l l i t e ' s  o r b i t a l  e lem ents  I s  the  sum o f  the e f f e c t s  o f  each o f  

th ese  terms. The Importance o f  each term b ein g  determined by th e  s i z e  

of I t s  amplitude f a c t o r .  Furthermore, because o f  the q u a s l - s e c u la r
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nature o f  a resonant term, the changes in  the o r b i t a l  elem ents o f  a 

s a t e l l i t e  produced by a resonant term are in  g en era l la r g er  than those  

produced by a non-resonant terra having an amplitude fa c to r  o f  comparable 

magnitude.

The l i t e r a t u r e  on lu n ls o la r  g r a v i ty  and s o la r  r a d ia t io n  

pressure resonance o r b i t s  Is  sm a ll .  Cook (1 9 6 2 ) ,  In h is  paper on 

lu n ls o la r  p ertu rb ation s  o f  a r t i f i c i a l  s a t e l l i t e s ,  mentioned the  

p o s s i b i l i t y  o f  resonances occu rr in g  w ith  some o f  the le a d in g  terms In 

the lu n l s o la r  g ra v ity  and s o la r  r a d ia t io n  p ressu re  d is tu r b in g  p o t e n t ia l  

exp an sion s. The d is c u s s io n  g iven  was v a l id  on ly  fo r  those  resonant  

terms which produce changes In a s a t e l l i t e ’s o r b i t a l  e c c e n t r i c i t y  

( I . e .  th o se  whose arguments depend on w ) .  The method used In o b ta in in g  

the commensurablllty c o n d it io n s ,  th a t  o f  expanding the d is tu r b in g  

p o te n t ia l  term by term and tru n ca t in g  the r e s u l t i n g  s e r i e s  expansion ,

I s  t o t a l l y  u n su ita b le  fo r  a genera l d is c u s s io n  o f  lu n ls o la r  resonance  

o r b i t s .  U sing t h is  method o f  approach, on ly  th e  le a d in g  terms in  the  

lu n is o la r  g r a v i ty  and s o la r  r a d ia t io n  p ressure  d is tu r b in g  p o t e n t ia l  

expansions which produce changes in  e were co n s id ered .  Consequently,  

the le a d in g  terms dependent on 0 ,  but Independent o f  w, were excluded .  

In any g e n e r a l  theory o f  lu n is o la r  resonance o r b i t s .  I t  I s  n ecessary  

to  Include a l l  types o f  com raensurab ll lt les , and not j u s t  p a r t ic u la r  

ca se s  as was done by Cook.

In t h i s  ch ap ter ,  a gen era l d i s c u s s io n  o f  lu n ls o la r  g r a v i ty

and so la r  ra d ia t io n  pressure resonance o r b i t s  w i l l  be g iven  with

p a r t ic u la r  emphasis on the fo l lo w in g  a s p e c t s ,

( I )  The c l a s s i f i c a t i o n  o f  resonance o r b i t s  In terms o f  the

. gen era l commensurablllty c o n d it io n  ( 2 . 2 ) .

( I I )  The form o f  the genera l com m ensurablllty  c o n d it io n  when
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exp ressed  as a fu n ct io n  o f  the s a t e l l i t e ’s non-angular  

o r b i t a l  e lem ents and the parameters o f  the lu n is o la r  

p e r tu r b a t io n s .

( i l l )  The predominant resonance terms fo r  each c l a s s  o f  com m ensurablllty .

( I v )  Examples o f  Important resonance o r b i t s  fo r  both lu n ls o la r

g r a v i ty  and s o la r  r a d ia t io n  p ressure  p er tu rb a t io n s .

(v )  C r i t e r ia  which determ ine whether, or n o t ,  resonance o r b i t s

e x i s t  f o r  a p a r t ic u la r  commensurablllty c o n d it io n .

2 .2  The General Commensurablllty Condition fo r  Lunlso lar  G ravity

and D ir e c t  So lar  R adiation  P ressu re  Resonance O rbits

The lu n l s o la r  g r a v i ty  and d ir e c t  s o la r  r a d ia t io n  p ressure

d is tu r b in g  p o t e n t i a l s ,  R, when expanded as a fu n ction  o f  a s a t e l l i t e ’s

o r b i t a l  elem ents a ,  e ,  1, w , Q and M and the o r b i t a l  elem ents o f  the

lunar or s o la r  o r b i t s  r e l a t i v e  to  the c e l e s t i a l  equator, are o f  the

form (A lla n ,  1969; Hughes, 1977)

 ̂ n n
R = C ^  K_ (n-m).» F (1 )  ST F ^(1*)

2_/ (3*)"+! (n+m): U  U
n=t m= 0  p= 0  h= 0

+00  +00

q = —00 j = —00

*  *  *  _

X COS L(n-2p)w + (n-2p+q)M -  (n-2h) w -  (n-2h+j )M + m(fi - f i  )J

( 2 .3 )

where C = GM̂  and t  = 2 fo r  lu n ls o la r  g r a v i ty  p e r tu rb a t io n s ,  b e in g  

the mass o f  the d is tu r b in g  body ( I . e .  the Sun or Moon): fo r  d i r e c t

s o la r  r a d ia t io n  p ressu r e  p er tu rb ation s
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—  *  2 ^ _ - S ^ A ( 2 - e ) a  O’

cms

and t  = 1 ; o’ = 1  when the s a t e l l i t e  Is  In s u n l ig h t ,  and o’ = 0  when

the s a t e l l i t e  I s  In the E arth ’s shadow. The q u a n tity  I s  such th a t

K = 1  and K_ = 2 f o r  m > 0 .  The fu n c t io n s  G ( e )  and H (e  )o -m n ,p ,q  n , h , j

are the Hansen c o e f f i c i e n t s  ^^v(e) and ^ ^ \ e  ) ( s e e( n - 2 p+q) ( n - 2 h+j)
—  —  *

Appendix 1 );  the q u a n t i t i e s  F (1 )  and F ^(1 ) are the m odifiedn,m,p n,m,h

Allan I n c l in a t io n  fu n c t io n s  (A lla n ,  1965; Hughes, 1977) ,  d e f in ed  by

F (1 )  = n , m, p (n+m) ! y   ̂ ( - 1 )^ ( 2 n - 2 p V  2 p ^
>"(n-p)’p! K \  X  n-m-K J

(cosll)3*-m -2p-2K  ( 3 inii)m-n+2p+2K

w ith a s im i la r  ex p ress io n  fo r  F . (1 ) .  The s tarred  q u a n t i t i e s  Inn,m,h

( 2 .3 )  r e fe r  to  the lunar or s o la r  o r b i t s  r e l a t i v e  to  the  c e l e s t i a l  

equator.

The v a r ia t io n s  In th e  argument o f  p e r ig e e ,  w^, and the

lon g itu d e  o f  th e  ascen d in g  node, 0  o f  the lunar o r b i t  r e l a t i v e  to

the e c l i p t i c  p lane are  la r g e ly  caused by the pertu rb in g  e f f e c t  o f  the

Sun’s g r a v i ty ,  and are approxim ately l in e a r  w ith  periods o f  the order

o f  9 years and 1 8 .6  y ea rs  r e s p e c t iv e ly  (Brown, 1895).  However, th e  
» *

motions o f  w and Q fo r  the Moon r e l a t i v e  to  the c e l e s t i a l  equator  

as a r e s u l t  o f  the Sun’s g r a v i ty  are somewhat d i f f e r e n t .  Cook (1962)

has shown th a t  0  v a r i e s  between -1 3 °  and +13° roughly every  1 8 .6
« *

years ,  the correspond ing  change In w Is  a l s o  n o n - l in e a r ,  w ta k in g

about 9 years  to  a com plete  a c y c le  o f  360°, In a d d it io n ,  the non-
*  *

l in e a r  v a r ia t io n  In Q a l s o  cau ses  the I n c l in a t io n ,  1 , o f  the lunar

o r b it  r e l a t i v e  to  the c e l e s t i a l  equator to  o s c i l l a t e  between the l i m i t s  

18 .4 °  and 2 8 .6 °  In a period  o f  1 8 .6  years (K ozai, 1965).  I t  w i l l  

th erefore  be found co n v en ien t  In the subsequent a n a ly s is  to  expand the
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lu n ls o la r  g r a v i ty  and d ir e c t  so la r  r a d ia t io n  p ressure  d is tu r b in g

p o t e n t ia l s  as fu n c t io n s  o f  a s a t e l l i t e ’s o r b i t a l  elem ents r e l a t i v e  to

the c e l e s t i a l  equator and elem ents o f  the lunar or so la r  o r b it s  (g iven

the s u b sc r ip t  D) r e l a t i v e  to  the e c l i p t i c  p la n e . In such an expansion

the lu n l s o la r  elem ents a_, e and 1 _ are approximately c o n s ta n ts ,D D D

w h i ls t  th e  th ree  remaining elem ents w^, and vary almost

l i n e a r ly  w ith  tim e. For the Sun, the r a te s  o f  change o f  w 0 ^ and 

are approxim ately 4.71 x 10  ̂ d eg /day , 0 deg/day and 0 .99  deg /d ay ,  

r e s p e c t i v e ly .  The corresponding va lues  fo r  the Moon are 0 .T 6 deg /day ,  

-0 .0 5  deg/day and 13 .07  deg /day . I f  the lu n l s o la r  g r a v ity  and d ir e c t  

s o la r  r a d ia t io n  pressure  d is tu r b in g  fu n c t io n s  are expanded In terms o f  

a s a t e l l i t e ’s o r b i t a l  elem ents r e l a t i v e  to  the c e l e s t i a l  equator and 

the lunar or s o la r  elem ents r e l a t i v e  to  the e c l i p t i c  p lan e , then ,  

fo l lo w in g  the method o f  G la ca g lla  (1 9 7 4 ) ,  equation  ( 2 .3 )  becomes

n

R = C   ~
—L / \n+l ^  (n+m)! —n=t (a^) m= 0  s = 0  p= 0  h= 0

+00  +00

^  ^  “n . h . j V

q = - o o  j = - o o

X [ ( -1 )^ ^ ^  ®  ̂ cos  I $ ^ ^ ^ (n ,m ,p ,q ,h , j ,s ) i  + c o s i  $  ̂ ^

( n ,m ,p ,q ,h , j , s ) j ]  ( 2 .4 )

where

^ / ç o s  M  d^’  ̂ [z * -* (Z - l)" + " ]  , ( 2 .5 )
^  (n + s)!  L 2 J L 2 j  n+s

uZ

2
Z = co s  (Ej^/2) , E  ̂ = o b l iq u i t y  o f  the  e c l i p t i c  ( 2 .6 )

$ ^ ^ ^ ( n ,m ,p ,q ,h , j , s )  = [ (n -2p )w  + (n-2p+q)M + ( n - 2 h)w^ + (n -2 h + j) i^

+ mQ + s ( f i  ^  + 7T/2)]



5 5 .

and

\ n , m , p , q , h ,  j  , s )  = [ ( n - 2 p ) w +  (n-2p+q)M -  (n-2h)w^ -  (n -2 h + j) l^

+ mO — s ( f i  + ir /2 )  ] ( 2 .7 )

The Kaula in c l in a t io n  fu n c t io n s  (Kaula, 1962) as used by G la c a g l la ,

have been rep laced  In ( 2 .4 )  by the e q u iv a le n t ,  but s im pler , A llan

I n c l in a t io n  fu n c t io n s ,  F (1 )  and F _ (1 _ ) .n,m,p n , s , h  D

A s a t e l l i t e  In th e  lu n l s o la r  commensurablllty

(jj = acu + Cm + Ti(0 ^  + + /9 fl + kDjj ^  0 ( 2 .8 )

where a , ,  ( ,  U>Y and k are in t e g e r  c o n s ta n ts ,  w i l l  have an o r b i t  

which Is resonan t  w ith  those  terms In ( 2 .4 )  th a t  are ch a r a c te r ise d

by the s e t ( s )  o f  In te g e r s  n ,r a ,p ,q ,h , j , s  and 8 s a t i s f y i n g  the r e l a t io n s

( n - 2 p)^ = aS

( n - 2 p+q)"̂  = ( 8

( n - 2 h)^ = rjB
( 2 .9 )

( n - 2 h+j )■* = yS

m  ̂ = /36

s^  = k 6

S im i la r ly ,  a s a t e l l i t e  In the lu n ls o la r  commensurablllty ( 2 .8 )
_ ( - )

w i l l  have an o r b i t  which Is  In resonance w ith  th ose  ® terras In

( 2 .4 )  th a t  are ch a r a c te r ise d  by the  s e t ( s )  o f  in te g e r s  n , m , p ,q ,h , j , s  

and V s a t i s f y i n g  the r e la t io n s

( n - 2 p) = av

( n - 2 p+q) = Cv

( n - 2 h) = -T}v
(2 . 1 0 )

( n - 2 h + j) = “Yv

m = y9v

s = -k v
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The (+) and ( - )  su p e r sc r ip ts  In ( 2 .9 )  and ( 2 .1 0 )  are used to  d is t in g u is h  the  

and $  ̂  ̂ resonance terms. In order to  make the d e f i n i t i o n  o f  

the com m ensurablllty ( 2 .8 )  unique. I t  I s  n ecessa ry  to  p la ce  two 

s t ip u la t io n s  on equation  ( 2 . 8 ) .  F i r s t ,  (p ^  0 must be a prime q u a n tity .  

Secondly, /3 i s  d e f in ed  as a p o s i t i v e  In teg er ;  I f  /9 = 0 then the  

n ext non-zero In te g e r  con stant  Immediately to  I t s  l e f t  In equation

( 2 .8 )  I s  d e f in ed  as always b e in g  p o s i t i v e ,  I . e . Y > 0 I f  = 0 ;  I f

Y = 0 then 7 7  > 0: and so on. From t h i s  d e f i n i t i o n  and the  r e la t io n s

( 2 .9 )  I t  fo l lo w s  th a t .  In order fo r  a s a t e l l i t e  In a commensurablllty

( 2 .8 )  to  be In resonance w ith  term s, k and 8 must s a t i s f y  th e

co n d it io n s

(1 )  /? > 0 8 > 0 AND k >  0

( I I )  k > 0

/? = 0

( I I I )  k < 0

/3 =  0

( i v )  k = 0

= 0

8 > 0

( 2 . 1 1 )

8 < 0

— 0 0  < 8 < ooj 8 p£ 0

Hence, fo r  /9 > 0 , a s a t e l l i t e  in  the  lu n i s o la r  coramensurability ( 2 .8 )  

can on ly  be in  resonance with # t erms i f  k ^  0 . However, i f

^  = 0 ,  then resonance w i l l  occur w ith  terms i r r e s p e c t iv e  o f  the

value o f  k. S im i la r ly ,  In order fo r  a s a t e l l i t e  In a commensurablllty

( 2 .8 )  to  be In resonance with  ̂ term s, k and v must s a t i s f y  the

co n d it io n s
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( i )  > 0 V > 0 AND 0

( i i )  k >  0

/3 =  0

( i l l )  k <  0

/? = 0

( I v )  k = 0

/? = 0

V < 0

( 2 . 1 2 )

V > 0

— 00 < V < cOj V /  0

Hence, f o r /?  > 0 ,  a s a t e l l i t e  In the  lu n ls o la r  commensurablllty ( 2 .8 )  

can on ly  be In resonance w ith  $  ̂  ̂ terms provided k ^  0 . However,

I f  ^  — 0 then resonance w i l l  occur w ith  $  ̂  ̂ terms I r r e s p e c t iv e  o f

the value o f  k. F i n a l ly ,  I t  fo l lo w s  from co n d it io n s  (2 .1 1 )  and ( 2 .1 2 )  

th a t .  I f  k = 0 , then a s a t e l l i t e  In such a lu n ls o la r  commensurablllty  

w i l l  be In resonance w ith  both and  ̂ terms.

2 .3  The C l a s s i f i c a t i o n  o f  L u n lso lar  G ravity and D ir e c t  So lar

R adiation  P ressure Resonance O rbits

For a c l o s e  Earth s a t e l l i t e ,  the  harmonic In the g e o p o te n t ia l  

produces the g r e a t e s t  change in  a s a t e l l i t e ’s p e r ig e e  and node. The 

r a te s  o f  change o f  a s a t e l l i t e ’s argument o f  p e r ig e e ,  w , and I t s  

nodal lo n g itu d e ,  0   ̂ caused by the harmonic on ly  are such th a t  

(K ing-H ele, 1958)

w 2 1  4 .98  (1 -e ^ )   ̂ (5 co s^ l-1  ) deg/day (2 .1 3 )

and
3 .5

Q 2 1  - 9 .9 7  ^^E J (1 -e ^ )  ^ cos  1 deg/day (2 .1 4 )



5 8 .

where i s  th e  mean e q u a to r ia l  rad ius o f  the Earth. The corresponding

r a te  o f  change o f  a s a t e l l i t e ’s mean anomaly, M, w ith  the e f f e c t  o f

the harmonic included i s  
2

. yp 3 /2  p 3^5 2 - 3 / 2  2
M ^ 6 135 .7 / “e ^  + 9 .9 7  f E  ^ (1 - e  ) '  ( 1 - 3 /2  s in  i )  (2 .1 5 )

I f  equations ( 2 .1 3 ) ,  ( 2 .1 4 )  and (2 .1 5 )  are s u b s t i tu te d  in to  ( 2 . 8 ) ,  

then Ip ^  0 can be w r it ten  as

/ p  2 - 2  2 / R \ * ^
Ip = 4 .9 8 a  I 2s. I (1 -e  ) (5 cos  1 -  1) + 6135.7 U  ^E |

+ 9.97C

+ YMjj -  9 .970 ,, 2 .-2  (1 - e  ) co s  1

+ 21 0 . ( 2 .1 6 )

S ince  the  semi-major a x i s ,  a , the  e c c e n t r i c i t y ,  e ,  and the  

i n c l i n a t i o n ,  i ,  o f  a s a t e l l i t e ’s o r b i t  are not c o n s ta n ts ,  the a , e and 

1 conta ined  in  equation  ( 2 .1 6 )  have to  be regarded as mean v a lu e s ,  or  

as c o n s ta n ts  o f  in t e g r a t io n .

I t  i s  seen  from (2 .1 6 )  th at ^ i s ,  to  a good approximation,  

a fu n ct io n  o f  a s a t e l l i t e ’s non-angular o r b i t a l  elem ents and the  

parameters and 0^ a s so c ia te d  w ith  the lunar or  s o la r  o r b i t s

r e l a t i v e  to  the e c l i p t i c  p la n e .  C le a r ly ,  the  c h a r a c t e r i s t i c s  o f  a 

resonance o r b i t  ( i . e .  i t s  o r b i t a l  e lem en ts)  depend e n t i r e l y  on the  

type o f  com m ensurability  in  which the s a t e l l i t e  e x i s t s  ( i . e .  upon the  

va lu es  o f  a ,/?  , C , y  , 7 7 and k ) .  The su b d iv is io n  o f  resonance o r b i t s  

accord ing  to  t h e i r  com m ensurability c o n d it io n  i s  th e r e fo r e  the obvious  

method o f  c l a s s i f i c a t i o n .  The gen era l com m ensurability  c o n d it io n  ( 2 .8 )  

can be d iv id e d  in to  the f o l lo w in g  f i f t e e n  types fo r  both lu n i s o la r
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g r a v ity  and s o la r  r a d ia t io n  p ressure  p er tu rb a t io n s .

(1 )  = n Cl 0

(2 )  ^2 = W 21 0

(3 )  = aw + 2lO ( a and ^  j6 0)

(4 )  = aw + Y d  0 ( a and y  ^ 0)

(5 )  = y(w^+M^) +/9Q21 0 (y  and/9 /  0)

. . • • *
( 6 ) = aw +Y (w^+Mj )̂ + /?n  2 l 0  ( a , / ?  and y  /  0)

(7 )  = /?n + 7 ]Ŵ  + 21 0 (/9 /  0: 7 7  and/or k ^ 0)

( 8 ) = aw + 7 7 Ŵ  + kOjj 2 1 0  (a /  0 : 7 7  and/or k /  0 )

(9 )  = aw + 77ŵ  + /?n  + kP^ 2 1 0 (a and/? / 0 : 7 7 and/or k /0 )

( 1 0 ) fp^^ = ocw + 7 7 Wĵ  + yM  ̂ + k(^ 2 I 0  (oc a n d y / 0 : 7 7 and/or k / 0 )

(11) + y l^  + /9Q + k(^ 2 1  0 09 and y  /O: 7 7 and/or k /0 )

( 1 2 ) ^ ^ 2  = + y l ^  + /?n + kfijj 2 1  ® (a»/9 and y / 0 : 7 7 and/or k / 0 )

(13) ^13 ~ ^ kPg 21 0 ( 7 7  and/or k /  0)

(14) ^14 “ YM̂  + 7 7 w  ̂ + kO  ̂ 21 0 (y /  0: 7 7  and/or k /  0)

(15) (p^^ = aw + YM̂  +CM + 7 7 ŵ  + /9Q + kO  ̂ ^  0 ( (  /  0)

For a c l o s e  Earth s a t e l l i t e ,  th e  mean anomaly, M, executes  s e v e r a l  

complete r e v o lu t io n s  per day, th e r e fo r e  a s a t e l l i t e  in  a com m ensurability  

in v o lv in g  M, in which w, ^  and 0  change by on ly  a few d egrees  per 

day a t  most, must have an o r b i t  w ith  an extrem ely  large  semi-major 

a x is .  S in ce  most s a t e l l i t e s  launched to  date  have o r b i t s  w ith  p e r ig e e  

h e ig h ts  o f  l e s s  than 3200 km, very few s a t e l l i t e s ,  i f  any, w i l l  be in
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com m en surab ilit les  in v o lv in g  M, Such a s a t e l l i t e  would in  any c a se  be 

too fa r  away from the Earth to  be observed . C onsequently , com m ensurab ilit ies  

o f  t h i s  typ e ,  i . e .  ® are on ly  o f  minor importance, and w i l l

th ere fo re  not be considered  fu r th er  in  t h i s  ch a p ter .  The type fou rteen  

commensurability ^ ^   ̂ can a l s o  be n e g le c te d ,

s in c e  i s  very much g rea te r  than or  0^. For both the lunar and 

s o la r  c a s e s ,  com m en surab ilit ies  o f  t h i s  type can on ly  occur fo r  la r g e  

va lues  o f  7 7  and k. In such c a s e s ,  th e  resonant terms w i l l  have 

large  n va lu es  and, hence, sm all amplitude f a c to r s  o f  the order o f  

(a /a ^ )^ ,  a /a^  «  1 ,  fo r  c l o s e  s a t e l l i t e s .

S in ce  and 0^ are sm all q u a n t i t i e s  f o r  the s o la r  o r b i t ,  i t  

fo l lo w s  th a t

[

[

SUN

SUN

SUN

SUN

= [

= [

10

= \. P
SUN 11

6 SUN

SUN

SUN

SUN

SUN

SUN

(2 .1 7 )

12 SUN

or in the short-hand n o ta t io n

 ̂ ^ i   ̂SUN  ̂ ^ i+6  ̂ SUN i  = 1 ,2  . . .  6 (2 .1 8 )

Hence, in  the subsequent d is c u s s io n  on ly  , i  = 1 , 2 ,  . . .  6 w i l l  be

considered  in  connection  w ith  s o la r  g r a v i ty  and s o la r  r a d ia t io n  pressure

p er tu rb a t io n s .  In the c a se  o f  the Moon, and 0^ are approximately
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0,11 deg/day and -0 .0 5  deg /day , r e s p e c t i v e ly ,  i t  i s  th ere fo re  necessary

to  co n s id er  and [ ÿ .+ g  i  = 1 ,2  . . .  6 as separate
• •

commensurability ty p es .  I f ,  however, 7 ? +  kQ̂  ^  0 , then

M̂OON -  i  = 1 .2  • • •  8- The c o n d it io n s  fo r  which

t h i s  occurs w i l l  be d iscu sse d  l a t e r .  We w i l l  now con s id er  the  

commensurability typ es  ^  0 to  «  0 in  g r e a te r  d e t a i l .

2 .4 (1 )  The Type (1 )  Commensurability ^ n

A s a t e l l i t e  in  a type (1 )  commensurability i s  in  resonance  

with th ose  terms in the appropriate lu n i s o la r  d is tu r b in g  fu n ction

expansion fo r  which

(n-2p)^  = 0

= 0

(n -2h+ j)^  = 0 (2 .1 9 )

0 -  lunar g r a v ity  p ertu rb ation s

-n^+2h^ -  s o la r  g r a v i ty  or so la r  r a d ia t io n
pressure  p ertu rb ation s

rn̂  = 1 ,2  . . .  n^

+
s

0 -  lunar g r a v ity  pertu rb ation s

s o la r  g r a v i ty  or sc 
pressure  p ertu rb ation s

1 ,2  . . .  n^ -  so la r  g r a v i ty  or s o la r  ra d ia t io n

5 — 1 ,2  . . .  oo

The arguments o f  th e se  terms are o f  the form S( ^  ̂^\i00N the Moon
+ +

(where ( ip̂  n̂OON ~ ^  ̂ and of  the form 6 ( ^ ^  ŝUN the Sun, with

( ^  + 77w  ̂ + kOjj (k ^ 0 ) .  S im i la r ly ,  the  ̂ resonance

terms are g iven  by
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( n - 2 p )  = 0

q = 0

(n -2h+ j)~  = 0 (2 .2 0 )

0 -  lunar g ra v ity  p ertu rb ation s

-n +2h -  so la r  g r a v i ty  or s o la r  r a d ia t io n
pressure p ertu rb ation s

m = 1 ,2  . . .  n

0 -  lunar g ra v ity  p ertu rb ation s
s =

1 ,2  . . .  n -  s o la r  g r a v i ty  or s o la r  r a d ia t io n  
pressure p ertu rb ation s

V = 1 ,2  . . .  00

The arguments o f  th ese   ̂terras are o f  the form v ( ^ ^  \nj00N the Moon,

where ( ^  ̂ \iOON ~ ^ * and o f  the form v i p   ̂ ŜUN the Sun, w ith

Since Q ^ 0 fo r  a s a t e l l i t e  in  a type (1 )  com m ensurability ,

a s a t e l l i t e  w i l l  e x i s t  in  t h i s  commensurability i f  i t  has a s ta t io n a r y

ascending node. From equation  ( 2 .1 4 ) ,  t h i s  occurs when i  90°:

th erefore  the on ly  c o n s tr a in t  on a s a t e l l i t e ’ s o r b i t a l  e lem ents fo r  i t

to be in the commensurability p^  ^  0 i s  th a t  i t  should have a po lar

o r b i t .  A resonance o r b i t  o f  t h i s  type i s  known as an i n c l in a t io n

dependent resonance o r b i t .

The amplitude fa c to r  of any resonant terra c o n ta in s  the fa c to r

(a /a^)^  G (e )  x H , . (e; ) .  S ince G ( e )  and H , . (e  ) are o fD n ,p ,q  n ,h , j  D n ,p ,q  n ,h , j  D

the order e  ̂  ̂ and e^^^^ , the f a c t o r  (a /a _ )^  G ( e )D D n ,p ,q

H , (e  ) i s  p ro p o r t io n a l to  (a/a_)^e^*^^ e^^^^ . For a c l o s e  s a t e l l i t e ,
L) D

(a /a^)"  i s  approxim ately (1 /5 0 )^  fo r  the Moon and (1 /1 7 ,0 0 0 )"  fo r  the  

Sun. The e c c e n t r i c i t i e s ,  e^, o f  the lunar and so la r  o r b i t s  are  

approximately (1 /2 0 )  and (1 /6 0 )  r e s p e c t i v e ly .  C le a r ly ,  th e  most 

important resonance terms for  any com mensurability are th o se  fo r  which
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(a /a^ )" e   ̂ e  i s  a minimum. A s i t u a t io n  might a r i s e  in which

other fa c t o r s  g r e a t ly  a f f e c t  the s i z e  o f  a resonant term 's amplitude  

f a c to r ,  thus cau s in g  the predominant resonant terms to  have n , q and

) n j q |j va lu es  d i f f e r e n t  from those which r e s u l t  in ia ./a ^ )“e being

a minimum. For example, the magnitudes o f  the in c l in a t io n  fu n c t io n s

F ( i )  and F ( i  ) may produce such a s i t u a t i o n .  However, inn,m,p n , s , h  D

the m ajority  of c a s e s ,  the predominant resonant terras can be determined  

from the c o n d it io n  th a t  (a /a^ )" e   ̂ should be a minimum. Such

resonant term s, in  a d d it io n  to  s a t i s f y i n g  th e  c o n d it io n s  ( 2 .9 )  and

( 2 .1 0 )  fo r  t h e i r  p a r t ic u la r  oc, /?, y» C and k, must a l s o  s a t i s f y  

the r e s t r i c t i o n s  on n , m, p, q , h, j and s i m p l i c i t  in  equation  ( 2 . 4 ) ,  

i . e .

2 < n < CO — lu n is o la r  g r a v i ty  p ertu rb ation s  on ly

1 < n < oo — s o la r  r a d ia t io n  p ressure  perturbations

0 < m n

0 < P < n

0 h n

0 < s n
A ll  lu n i s o la r  p ertu rb ation s

— CO ^ q 00

— CO j < oo

and the o r b i t a l  r e s t r i c t i o n s ,  e < 1 , (a /a ^ )^ _ _ ,  < 1 andD MOON

( a / a ^ ) g ^  << 1 , which are v a l id  for  a l l  Earth s a t e l l i t e s .  The n, ra, p,

q , h , j , s , 6 and v va lu es  fo r  the predominant and ^

resonant terms o f  type (1 )  are given in  t a b le s  2 .1 ( a )  and 2 . 1 ( b ) ,  

r e s p e c t i v e ly .



64 .

TABLE 2 . 1 ( a )

-  vu * ( + )-"y

o f  a S a t e l l i t e in  the L uniso lar  Commensurability ^ 0

+n + + ra p +
q h"̂

Lunar
G ravity

X

+8

Solar
P erturbations

|—1 1 0 1 0 0 0 , 1 ,2 1

2 —

—2 1 0 1 0 . 0 0 , 1 , 2 2

TABLE 2 .1 (b )

The n , m , p ,q ,h , j , s and ( - )V va lu es  fo r  the Predominant $ Resonant Terms

o f  a S a t e l l i t e in  the Luniso lar  Commensurability p  ̂ ^ 0

n ra p q h~ j
Lunar

Gravity

1

s
Solar

P erturbations

V

— 1 1 0 1 0 0 0 , 1 ,2 1

2 —

— 2 1 0 1 0 0 0 , 1 ,2 2
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2 ,4 (2 )  The Type (2 )  Commen sur a b i l i t y  tp ̂  0

A s a t e l l i t e  e x i s t s  in  t h i s  type o f  lu n is o la r  commensurability  

i f  i t s  o r b i t a l  in c l in a t io n  i s  approxim ately equal to  th a t  o f  the
Q ^

' c r i t i c a l  in c l in a t io n '  o f  63 .4  . The $ resonant terms are those

fo r  which

(n-2p)^ = 8

q^ = -  8

(n-ah+j)'*' = 0 (2 .2 1 )

0 -  lunar g r a v i ty  p ertu rb ation s

-n^+2h^ -  s o la r  g r a v i ty  or s o la r  r a d ia t io n  
p ressu re  p ertu rb ation s

+
s

0 -  lunar g r a v i ty  pertu rb ation s

so la r  g r a v i ty  or sc 
pressure p erturbation s

1 ,2  . . .  n -  so la r  g r a v i ty  or so la r  r a d ia t io n

“ o o ^  8 ^  CO, 8 /  0 .

The arg u m en ts  o f  t h e s e  term s a r e  o f  t h e  form 8 (  ^ 2^\K)0N t h e

Moon, w h ere  ( ^ 2^\lOON “ ^ * and o f  th e  form  8 ( ^ 2^^8UN

Sun, w i t h  ( ^2^^SUN = (k  ^  0 i f  8 > 0 and

k ^ O i f  S < 0 ) .  S i m i l a r l y ,  t h e   ̂ r e s o n a n t  term s f o r  a ty p e

( 2 )  c o m m e n s u r a b i l i t y  a r e  t h o s e  f o r  w h ich  

( n - 2 p )  = V

q = -  V

( n - 2 h + j ) “ = 0 ( 2 . 2 2 )

0 -  lu n a r  g r a v i t y  p e r t u r b a t i o n s

- n  +2h -  s o l a r  g r a v i t y  o r  s o l a r  r a d i a t i o n
p r e s s u r e  p e r t u r b a t i o n s

ra = 0

0 -  lu n a r  g r a v i t y  p e r t u r b a t i o n s
s  =

1 ,2  . . .  n -  s o l a r  g r a v i t y  o r  s o l a r  r a d i a t i o n  
p r e s s u r e  p e r t u r b a t i o n s

“ 00 ^  V ^  CO V X 0
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The arguments o f  th ese  resonant terms are o f  the form v ( ^

for  the Moon, where ( {A.  ̂ » and o f  the  form2 wKlüN

Y(^2")8UN' 2")8UN = + % "o + ^ 0 ^  (k >  0 i f  V < 0

and k ^ O i f v  > 0 ) ,

The n ,r n ,p ,q ,h , j ,  and s va lu es  fo r  the predominant

and  ̂ resonant terms o f  type (2 )  are g iven  in  ta b le s  2 .2 .

TABLE 2 .2 ( a )

  . . .  * (± )

Terms o f a S a t e l l i t e  in the Lunar G ravity  Commensurability i  N 0

+ -  n ,n + — + *“ 
m ,m p ,p + -  . + . -  .+ + -  q »q h ,h J , j  s , s

2

8 ,v

2 0 0 “2 1 0 0 2

2 0 2 2 1 0  0 - 2
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TABLE 2 . 2 ( b )

( + )
The n ,m , p ,q ,h , j , s ,  S and v va lu es  fo r  the Predominant $ " Resonant 

Terms o f  a S a t e l l i t e  in  the S o lar  G ravity  Commensurability ^  0

RESTRICTIONS 
ON (a /a  ) , e  
AND e^

+ -  + -  + “ + — , h — .+n ,n m ,ra p ,p q ,q h ,h j , j +  •
s , s 6 ,v

i f

2  —

- 2 0 0 , 1 , 2

0 0 , 1 , 2  - 2

i f

r - 2  1 0 , 1 , 2 , 3  1

-1 -1 0 , 1 , 2 ,3  1

1 0 , 1 , 2 ,3  -1

1 -1 0 , 1 , 2 , 3  -1

TABLE 2 .2 ( c )

( + )
The n , m , p , q , h , j , s ,  S and v v a lu es  fo r  the Predominant $ " Resonant Terms 

o f  a S a t e l l i t e  in  the S o lar  R adiation  P ressure Commensurability <P ^  0

+ “  4- — +  “  +  •
n ,n m ,m P ,p  q ,q h" ,̂h' +  —s , s

-1

-1

1

1

1

-1

1

-1

0 , 1

0 , 1

0 , 1

0 , 1

1

1

-1

-1
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2 .4 (3 )  The Type (3 )  Commensurability tp^ = aw + /90 ^  0

The th ird  important type o f  lu n is o la r  com m ensurability , p ^  % 0 ,

i s  the g e n e r a l is e d  form o f  the two prev ious ty p e s ,  ^  0 and
*  #  # .  . # .  . . . . . . . . .

P ^  0  : P  ^ 0  reduces to  ^ 0 and P ^  0 ,  i f  oc = 0 and2 3 1 2

= 0 , r e s p e c t i v e ly .  From equation  ( 2 . 1 6 ) ,  a s a t e l l i t e  e x i s t s  in  the  

lu n is o la r  com m ensurability  p ^  ^ 0 ,  i f  i t s  o r b i t a l  in c l in a t io n

s a t i s f i e s  the quadratic  equation

2
5a cos  1 -  2/5 c o s l  -  a = 0  (2 .2 3 )

On s o lv in g  ( 2 . 2 3 ) ,  c o s i  i s  found to  be g iven  by

c o s l  = ̂ l ( / ? ^  + 5 a  ^)^ (2 .2 4 )
5 a

Two ca se s  o f  equation  (2 .2 0 )  need to be considered; f i r s t  when a i s  

p o s i t i v e ,  and second when a i s  n e g a t iv e :  , by d e f i n i t i o n ,  i s  always

a p o s i t iv e  in t e g e r .  I f  a i s  p o s i t i v e ,  then

c o s i  = /3 t  ( j9^  + 5 g ^)^ (2 .2 5 )
5 a

From equation  ( 2 .2 5 ) ,  i t  i s  seen that there  are two p o s s ib l e  values  

of i  -  i^ and 1^ -  which s a t i s f y  ( 2 .2 3 ) .  I f  both s o lu t io n s  are r e a l ,  

then one -  i ^ , say -  l i e s  between 0° and 90 ° ,  and the o th e r ,  i^ ,  l i e s  

between 90° and 180° . For both i^ and i^  to  be r e a l

cosi^  = /? + ( / 9 ^  + 5 a  ^)^ ̂  1 ( 2 .2 6 )
5 a

a +ve
and

c o s l  = /? -  ( + 5 a ^)^ ^  -  1 ( 2 .2 7 )
5 a

On s i m p l i f i c a t i o n ,  ( 2 .2 6 )  and (2 .2 7 )  become

2|a| ^  /? ( 2 .2 8 )

and

2|a| + /? ^  0 (2 .2 9 )
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r e s p e c t iv e ly .  S in ce  2la| + /? i s  always p o s i t i v e ,  then , fo r  a p o s i t i v e ,  

there must always e x i s t  a s o lu t io n ,  1^, o f  ( 2 .2 3 ) ,  which l i e s  between 

90° and 180° fo r  a l l  va lu es  o f  |a |  and /? ( a  > 0 ) ,  In a d d it io n ,  

when a i s  p o s i t i v e ,  i^ can o n ly  e x i s t  i f  /? i s  l e s s  than tw ice  a .

When a i s  n e g a t iv e ,  equation  (2 .2 4 )  can be w r it ten  as

cos 1 = ± + 5 la 12 ) 1  ( 2 . 3 0 )

5 | a l

By analogy w ith  the p o s i t iv e  a c a s e ,  i t  i s  found th a t ,  fo r  a < 0 ,

there must always e x i s t  a s o lu t io n ,  1̂  o f  ( 2 .2 3 )  which l i e s  between  

0° and 9 0 ° .  A second r e a l  s o lu t io n  o f  (2 .2 3 )  e x i s t s  i f  2|%| ^

The s o lu t io n  ( s )  o f  equation  ( 2 .2 3 )  fo r  4 ^  a ^  ~ 4 and 4 ^ / 5  ^  0 

are g iven  in ta b le s  2 .3 ( a )  and 2 . 3 ( b ) .

A s a t e l l i t e  in  a lu n i s o la r  commensurability o f  the type  

p ~  0 i s  in  resonance w ith  th o se  terms fo r  which3

(n-2p)^  = aS ^

q^ = -  aS

(n -2h+ j)*  = 0 (2 .3 1 )

0 -  lunar g r a v i ty  perturbation

s o la r  g r a v ity  or solz 
p ressu re  p ertu rb ation s

-n^+2h^ -  s o la r  g r a v ity  or s o la r  r a d ia t io n

m̂  = /?5

+s
0 -  lunar g r a v i ty  pertu rb ation s

s o la r  g r a v i ty  or s( 
pressure  p ertu rb ation s

1 ,2  . . .  n^ -  s o la r  g r a v i ty  or s o la r  ra d ia t io n

Ô > 0

The arguments o f  th e se  resonant terms are o f  the form 8 i p  

for  the Moon, where ( ~ + /5Q , and o f  the form S(
O iuvx wiN O O WIN

fo r  the Sun, with ( P  = aw + 7 7  w + /9Q + kO (k ^  0 ) .O o UIN 1/ l)
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( - )S im ila r ly ,  the  resonant § terms fo r  a type (3 )  commensurability are

(n -2p )  = av

q =  ̂ a V

(n -2 h + j ) '  = 0 (2 .3 2 )

0 -  lunar g r a v i ty  p ertu rb ation

-n 4-2h -  s o la r  g r a v i ty  p ertu rb ation s  or so la r
r a d ia t io n  p ressure  p ertu rb ation s

m = V

0 -  lunar g r a v i ty  p ertu rb ation s
s =

0 , 1 ,2  . . .  n -  s o la r  g r a v i ty  or s o la r  r a d ia t io n  
p ressure  p ertu rb ation s

v > 0

As with the resonant terras, the  ̂ resonant terms have

arguments o f  the  form v( and with ( ÿ  =

aw + /3Q and ( ^ + -q (o + /3Q. + kQ (k ^  0 ) .  The
O  O  \ J i N  lJ  jLf

values  o f  n , m , p , q , h , j , s ,  8 and v fo r  the predominant and ^

resonant terms o f  type (3 )  fo r  a p a r t ic u la r  a and /? are g iven  in  

ta b le s  2 . 4 ( a ) ,  2 .4 (b )  and 2 . 4 ( c ) .

The most important com m en su rab ilit ies  o f  a p a r t ic u la r  type 

are th o se  fo r  which the amplitude f a c t o r ,  (a/aj^)"e^^^  ̂  ̂ o f  the

predominant reson ant terras i s  an a b so lu te  minimum. In the  case  o f  

lunar g r a v i ty  p e r tu r b a t io n s ,  the  most important type (3 )  

com m en surab ilit ies  are

(1) w + Q « 0

(2) -  w + n 0

(3) 2w + n « 0

(4) -2w + n « 0

(2 .3 3 )

The amplitude fa c t o r s  o f  the predominant reson an t terms fo r  the s e t  o f
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2 2
com m ensurabilit ies  ( 2 ,3 3 )  are o f  the order (a /a ^ )  e . The corresponding  

resonant o r b i t a l  in c l in a t io n s  fo r  s a t e l l i t e s  e x i s t i n g  in  th ese  

com m ensurabilit ies  can be found from ta b le  2 . 3 ( a ) .  They are:

(1) 4 6 .4 ° and 1 0 6 .9 °

(2) 7 3 .2 ° and 1 3 3 .6 °

(3) 5 6 .1 ° and 1 1 1 .0 °

(4) 6 9 .0 ° and 1 2 3 .9 °

( 2 .3 4 )

For s o la r  g r a v i ty  p e r tu rb a t io n s ,  the most important com m ensurab ilit ies  

of type (3 )  are a l s o  the s e t  ( 2 .3 3 ) .  However, the amplitude fa c to r s  

of the predominant resonant terms are ,  in t h i s  c a se ,  o f  the order  

f a  ? e^ , i f  f a  < 1 , and o f  the order f a  ee^ ,
l i - A r j  °

i f  f  a ^ > 1 .  S ince a ^ «  1 and e^ % 1 /6 0 ,
k A r j  W s u N

the e c c e n t r i c i t y ,  e ,  o f  a s a t e l l i t e  e x i s t i n g  in  such a s o la r  g r a v i ty  

commensurability would need to be very sm all ( ~  10 i f

= 1/17000 ) fo r  the predominant resonant terms to  have

D

3amplitude f a c to r s  o f  order

 ̂"'D( t )
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TABLE 2 . 3 ( a )

S o lu tion  o f  Equation 2 .2 3  fo r  Lunar G ravity  P erturbations  when

a /5

4  ^  a ^  -  4; 0 ^  4

Predominant

value

Coramen surab i l i t y  
Condition

0 1 90 .0 - AT fi «  0

1 0 6 3 .4 1 1 6 .6 Ù) ^  0

1 1 4 6 .4 106 .9 ft)” £i) + n Ri 0

1 2 0 .0 101 .5 U) + 2Q ^ 0

1 3 - 9 8 .5 (%)” w + 3 0  a  0

1 4 - 9 6 .7 (^)” w + 4G % 0

2 1 56.1 111.0 (%)” 2 w + n ^ 0

2 3 3 3 .0 103 .8 (%)” 2w + 30 ~  0

3 1 5 8 .8 1 1 2 .7 3w + Q ^ 0

3 2 53.1 109 .5 3W + 2 0  ~  0

3 4 38.1 1 0 4 .7

i k î - ’

3W + 4 0  #  0

4 1 60 .0 1 1 3 .6 4w + 0  ^ 0

4 3 5 1 .6 108 .8 (%)” 4w + 30 a  0
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TABLE 2 . 3 ( a )  CONTINUED

a /3 ^3° Predominant

f t ) " " ' ” ' - » " '
value

Commensurability
Condition

-1 1 7 3 .2 1 3 3 .6
f t ) "

-  w + Q W 0

-1 2 78 .5 180 .0

f t ) " " ”
-  w + 20 « 0

-1 3 81 .5 -

f t ) ”
— w + 30 M 0

-1 4 8 3 .3 -

f t ) "
-  w + 40  « 0

-2 1 69 .0 123 .9
f t ) ”"”

~2w + 0 « 0

-2 3 7 6 .2 147 .0

f t ) ”
-2w + 30  « 0

-3 1 67.3 121.9
f t ) ”

—3 w + 0 « 0

-3 2 70 .5 126 .9
f t ) "

-3w + 20 - 0

-3 4 7 5.3 141 .9 -3w + 40 ~ 0

-4 1 66 .4 120 .0

f t ) ' " "
“4w + 0 ^ 0

-4 3 71 .2 128 .4
f t ) " " "

—4 w + 30  ^ 0
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TABLE 2 . 3 ( b )

S o lu t io n  o f  Equation (2 .2 3 )  fo r  S o lar  G rav ity  and So lar Radiation

a Predominant Value o f Commensurability
Condition

Gravity R ad ia tion

0 1 9 0 .0 -

f t ) ” f t ) ”
Q «  0

»
1 0 63 .4 116 .6

■ f t ) ”- ” f t ) " ”
w a  0

*
1 1 4 6 .4 106.9

■ f t ) ”- ” f t ) - »
w + n a 0

1 2 0 . 0 101 .5
f t ) ”- » f t ) ”- ”

w + 2 0  ~ 0

1 3 - 98 .5
f t ) " ' ( % ) ”- »

w + 3Q a 0

1 4 - 96 .7
f t  )  ” ' f t ) ' - ”

0 ) + 4Q Ri 0

2 1 56.1 1 1 1 . 0

f t ) ”- ” f t ) ”- ”
2 w + Q a 0

2 3 33 .0 103 .8

f t ) " - ” f t ) " - ”
2 w + 30 % 0

3 1 58 .8 112 .7

f t  ) ”• ’ •» f t ) ’ - ”- ”
3w + 0 # 0

3 2 53.1 109 .5 /  n3 3

f t ) - - ' f t ) ”- ”-»
3W + 2 0  a 0

3 4 38.1 104 .7

f t ) " » f t ) ” - ”- ”

3 CJ + 4 O a 0

4 1 60.0 1 1 3 .6
f t ) " - " f t ) " " "

4  w + 0  a 0

4 3 5 1 .6 108 .8

f t ) " - " f t ) " ' "
4 w + 3 0  a 0

»
i f

) > ■
Predominant (  a  ̂ "e  ̂^

I d
value

"  (  t )
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TABLE 2 . 3 ( b )  CONTINUED

o o
X i  i  Predominant value o f  Commensurability

/  \ n  |q | Ij I Condition
® %

  ___________ Gravi t y  R adiation

* * \  2 ✓ N * *
■1 1 7 3 .2  133 .6  I a l e  f a  lee_  -  w + Q «  0

( c ) “ »

-1 180.078 .5 ee,ee

38 1 .5 ee,

( % )  " °
-1 4 8 3 .3  -  f a  ^^ee_ f  a ^^ee^ — CJ + 4Ü^ 0

( t r  ( t )
-2  1 69 .0  123 .9  fa  (  a ^^e^ -2w + G #  0

4 2 /  \ 4  2-2  3 76 .2  147 .0  f a  l"e" f a 'l ‘e" -2w + 30^^ 0

k ;

-3  1 67 .3  121 .3

■3 2 70 .5  126 .9  f  a '] e f  a ') e -3cj + 2 0 *  0

-3  4 7 5 .3  141 .9  f a  l^e e_ f a  ^ - 3 w  + 4 Q^ 0

-4 1 66 .4  120 ,0  f a   ̂ e f ^ a ' ^ e  -4w + Q ^ 0

k ;

( t )
-4  3 7 1 .2  128 .4  fa  /' ^  ^4^4 -4w + 30% 0

i f  ^a J  > 1 P red om in an t  ̂  ̂  ̂ i s  ^ ^ ee^
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TABLE 2 . 4 ( a )

The n ,m ,p ,q ,h , j ,9 ,  5 and v va lu es  f o r  the Predominant and

RESTRICTIONS ON

— 3

a and /? + -  
n ,n + -m ,m + -  

P »P
+

q »q
+ — h ,h ,+J ,3

+ -
s , s 8 ,v

a +ve 
a > /? 
a even

a /9 0 -<x a/ 2 0 0 1

a +ve 
a > / 3  
a odd

2a 0 - 2  a a 0 0 2

a +ve, a < /? 
a odd, j3 odd or  
a odd, even

2/9 2/9 /9-a -2 a /? 0 0 2

a +ve 
a < /?
a even , /? odd

(3+1 /9 i/3 -  a 
+1 ) / 2 - a C9+1)

2
0 0 1

a -ve  
|a l  > /3 
1 (X1 even

Ial l«l Ial la 1/2 0 0 1

(X -v e
| a |  ^  /9
1 a 1 odd

2|a| 2^ 2 l « | z | a | Ial 0 0 2

a -ve
Ial < ^
1 (X1 even , /? odd

/9+1 /9 C/S+|a|
+ l ) / 2 Ial (9+1)

2
0 0 1

a -v e ,  | a l  < /?
1 (X 1 odd, /9 odd or 
|a l  odd, /? even

2/9 2/9 # + k l 2 |o | /9 0 0 2
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TABLE 2 . 4 ( b )

The n , m , p , q , h , j , s ,  S and v v a l u e s  o f  t h e  Predom in ant  R e so n a n t  Terms

( and $  ̂ ^) f o r  a S a t e l l i t e  in  a S o l a r  G r a v i t y  o r  S o l a r  R a d i a t i o n

P r e s s u r e  C o m m e n s u r a b i l i t y ,  ^__ 0

RESTRICTIONS ON

a and /? n ,n m ,m p ,p  q ,q h ,h j , j  s , s  o ,v

a
a
a

+ve 
> /? 
even

a 0 -a a /2 0 0 , 1 . .  Æ 1

a +ve
" *

a 0 -a (a+1 ) / 2 1 0 , 1 . . ,a 1

a

a odd
«

a /3 0 -OL ( a - 1 ) / 2 -1 0 , 1 . .  .a 1

a
a
a

+ve
< f
even , /9 odd

(3+1 /3
(9-a+1 ) 

/ 2
-a </9+l ) / 2 0 0 , 1 . . # 1

a +ve (3 13 « 9 -a ) /2 -a 09+1) / 2 1 0 , 1 . . # 1

a < /?

a odd, /? odd _ / 9 (y9-a)/2 -a (/9-1 ) / 2 -1 0 , 1 . . # 1

a

a

+ve 

< /?

/9+1 /? (9 -a + l)
/ 2

-a (9 + 2 ) /2 1 0 , 1 . . # 1

a odd, /? even ___ /9+1 13 (/9-a+1 ) 
/ 2

-a ^ / 2 -1 0 , 1 * . # 1

«
See ta b le  2 .4 ( c) fo r predominant s o la r g r a v i ty  terras i f a = 1 .
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TABLE 2 . 4 ( b )  CONTINUED

RESTRICTIONS ON

a  and j3 + - n  , n + -m ,m
+ -  

P ,P
+

q ,q
+ — h ,h + . -  

j  tJ s+ ,s"  S,v

CL - v e
I a l  > /3 
1 a  1 e v e n

I a l I a l I a l | a | / 2 0 0 ,1 .. .%  1

a  - v e i « r /9 I a l l « l ( | a |  +1) 1 0 ,1 .. .%  1

| a |  ^  ^ ----
2

1 a 1 odd Ia l* I a l I a l ( | a l - l )
2

-1 0 ,1 .. .%  1

a  - v e  
| a |  < (3
1 a  1 e v e n , y9 odd

/3+1 /9 (9+1 + 
| a | ) / 2

I a l (9 +1 ) / 2 0 0 ,1 .. .%  1

a -ve

«I < /5

! a I odd, /? odd ----  /9

/9 Ç9+ |a |  (9 + D /2  1 0 , 1 . . #  1
|a | ) /2

/9 Ç3+ |a |  0 9 - D /2  -1 0 , 1 . . .a  1
k l ) / 2

a -ve

al < /9 —

aI odd, /9 even

/9+1 /? (/3+1+ |a |  09+2)/2 1 0 , 1 . . #  1
|a | ) / 2

/9+1 /9 ^+1+ |a |  /9/2
|a | ) / 2

—1 0 , 1 . . .a  1

i f  a = -1 then se e  ta b le  2 . 4 ( c )  for  predominant s o la r  g r a v i ty  terms,
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TABLE 2 . 4 ( c )

The n , m , p , q , h , j , 8 ,  S and v v a l u e s  f o r  t h e  P redom in ant  R e s o n a n t  Terms

( $ and $  ̂ ^) f o r  a  S a t e l l i t e  In a S o l a r  G r a v i t y  C o m m e n s u r a b i l i t y

RESTRICTIONS ON

a and /3
+ -  n ,n

+ -m ,m
+ — 

P »P
+ -  

q ,q
+ -h ,h J fJ 8 , S 8 ,v

a = 1 ; /? = 1

! d V  1 2 2 0 -2 1 0 0 , 1 , 2 2
U d A e V

a = 1 , /9 = 1 3 1 1 -1 2 1 0 , 1 , 2 ,3 1

(% %
3 1 1 -1 1 -1 0 , 1 , 2 ,3 1

a = -1 ,/? = 1

2 2 2 2 1 0 0 , 1 , 2 2

a = -1 f (3 = 1 3 1 2 1 2 1 0 , 1 , 2 ,3 1

Ï 3 1 2 1 1 -1 0 , 1 , 2 ,3 1
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2 .4 (4 )  The Type (4 )  Commensurability tfJ^ + M̂ ) w p

A s a t e l l i t e  in  a commensurability o f  the type (jf^ #  0 i s

in  resonance with th o se  terms in  the lu n is o la r  d is tu r b in g

function  expansions fo r  which

(n -  2p) = (x5

(n -  2h + j ) ^  =

= -  aS ( 2 .3 5 )

0 -  lunar g r a v i ty  p ertu rb ation s

Y& -  n + 2h -  So lar  g ra v ity  or s o la r
r a d ia t io n  pressure p ertu rb ation s

0 -  lunar g r a v i ty  perturbations

0 , l , . , n ^  -  So lar  g r a v i ty  or s o la r  r a d ia t io n
pressure  p ertu rb ation s

The arguments o f  the resonant terms are o f  the form ijf  ̂ , fo r4 MOON

the Moon, where ( ^ 4^\i00N ~ + Y ( w ^  + M^), and o f  the form

the Sun, w ith  ( = cxw +

The n ,m ,p ,q ,h , j  , s  and S v a lu e s  fo r  the predominant resonant

terms o f  a lunar g r a v i ty  com m ensurability o f  type (4 )  are g iven  in  

ta b le s  2 .5 ( a )  and 2 . 5 ( c ) ;  th e  corresponding va lues  fo r  a s o la r  g r a v i ty ,  

or s o la r  r a d ia t io n  p r e ssu r e ,  com m ensurability , ^ 0 , are g iven  in

ta b le s  2 .5 (b )  and 2 . 5 ( d ) .

S im i la r ly ,  a s a t e l l i t e  in a commensurability o f  the type  

^  0 w i l l  be in  resonance w ith  those  é   ̂ terms in  the lu n i s o la r4

d is tu r b in g  fu n c t io n  expansions ( 2 .4 )  fo r  which
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( n - 2 p )  = a v

q = -  a V

(n -2h+ j)  = -  Yv (2 .3 6 )

0 -  lunar g ra v ity  p ertu rb ation s
j  =

-  Y v-n +2h -  So lar  g r a v i ty  or s o la r
r a d ia t io n  pressure perturbations

0 -  lunar g r a v i ty  p er tu rb ation s
s =

0 , 1 . . . n -  So lar  g r a v i ty  or s o la r  r a d ia t io n  
pressure  p er tu rb a t io n s

The arguments o f  the  ̂ resonance terms are o f  the form

the Moon, w ith + Y  ( ^ + t ^ ) , and o f

the form v( ^ 4 ^guN the Sun, where ( ^ 4^sUN “

The n ,m , p ,q ,h , j , s  and v va lues  fo r  the predominant $  ̂  ̂ resonant terms 

of a s a t e l l i t e  in  the commensurability ’P ^  ^  0 are l i s t e d  in  ta b le s

2 . 5 ( e ) ,  2 . 5 ( f ) ,  2 .5 ( g )  and 2 . 5 ( h ) .

I f  y9 i s  put to  zero  in  equation (2 .1 6 )  a long  with k and C $ 

then the o r b i t a l  elem ents o f  a s a t e l l i t e  in a lu n is o la r  commensurability  

^  0 must s a t i s f y

2 4 .9  a cos^ i + Yn^^y^*  ̂ -  4 .9 8  a «  0 (2 .3 7 )

where

and

n^ = (w^ + M̂ ) (2 .3 8 )

y = ^  (l~e^)^^^ (2 .3 9 )

"e

. The lu n is o la r  com m ensurability ^  0 rep resen ts  a

departure from the three prev ious types in  th a t  i t  i s  not e n t i r e ly  

in c l in a t io n -d e p e n d e n t ,  but depends a l s o  on the semi-major a x i s ,  a ,  and
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the e c c e n t r i c i t y ,  e ,  o f  a s a t e l l i t e ’ s o r b i t .  V/hen y / a  i s  p o s i t i v e ,  

the maximum value o f  y occurs a t  i  = 90° .  The maximum value o f  y fo r

Y/a p o s i t i v e  i s  given by

2 /7y = r4 .9 8  a -  'max ' ----------- X/OL > 0 ( 2 .4 0 )

S im ila r ly ,  when Y/a < 0 ,  the  maximum value o f  y occurs a t  i  = 0 °  and

180°, and i t s  va lue  i s  g iven  by

ymax 1 9 .92  l _ a _ l  1
L %  ' Y I J

2 / 7 X/CL < 0 ( 2 .4 1 )

Now fo r  a s a t e l l i t e  to  e x i s t  in  o r b i t ,  a ( l - e )  > R . I f  y i s  w r it te n£
in the form

y = a ( l - e ) ( l + e )

R g C i-e : ) : /?

then i t  i s  e a s i l y  seen th a t  y must always be grea ter  than u n ity ,  s in c e  

( l+ e ) / ( l - e ^ ) ^ ^ ^  ^  1 and a ( l - e )  > R^. I t  th ere fo re  fo l lo w s  from

equations (2 .4 0 )  and (2 .4 1 )  th a t  c lo s e  s a t e l l i t e s  can e x i s t  in  

lu n is o la r  com m ensurab ilit ies  o f  the type (Jĵ  #  0 i f

4 .98  a > Y ( 2 ,4 2 )

for  Y/a > 0 and

19 .92  |a |  > I y n j  ( 2 .4 3 )

for  Y /a  < 0 .

I f  the  app rop riate  c o n d it io n  (2 ,4 2 )  or (2 .4 3 )  i s  not met fo r  

a given a and y , then no c l o s e  s a t e l l i t e s  can e x i s t  in the lu n i s o la r  

commensurability = aw + y(w^ + M )̂ ~  0 . When the app rop riate

values o f  n^ fo r  the ?»Ioon and the  Sun are s u b s t i tu te d  in to  eq u ation s  

(2 .4 2 )  and ( 2 .4 3 ) ,  the c r i t e r i a  fo r  the e x i s t e n c e  o f  s a t e l l i t e s  in
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s o la r  and lunar com m ensurabilit ies  o f  the type (A . ^ 0 become4

SUN
5 . 0 5  |a  I > Iy I yA  > 0

2 0 . 2  | a |  > IyI y A  < 0

and (2 .4 4 )

0 .3 8  | a |  > Iy I Y A  > 0

1 .51  la I > Iy I Y A  < 0
MOON

For s o la r  ra d ia t io n  pressure  p e r tu r b a t io n s ,  two com m ensurabilit ies  

of the type 0 are t h e o r e t i c a l l y  p o s s i b l e ,  in  which the amplitude

f a c t o r s ,  ( a /a ^ ) ° e   ̂ , o f  the predominant resonant terms have an

a b so lu te  maximum o f  (a/a^Ae. They are

(5 ) w + (w + M ) «  0
(2 .4 5 )

( 6 ) —u) + ( ) <̂  0

Reference to  c o n d it io n s  (2 .4 4 )  shows that both o f  the s o la r

com m ensurab ilit ies  o f  the s e t  ( 2 ,4 5 )  occur fo r  c l o s e  s a t e l l i t e s .  In

the case  o f  lu n is o la r  g ra v ity  p e r tu r b a t io n s ,  t]ie most important

com m ensurab ilit ies  o f  the type #  0 are (5 )  and (6 )  o f  the s e t

( 2 ,4 5 ) ,  i f  (a /a ^ e )  < 1 . The amplitude f a c to r s  o f  the predominant

2 2resonant terms are o f  the  order (a /a ^ )  e . However, i f  (a /a ^ e )  > 1 ,

then the most important type (4 )  com m ensurab ilit ies  for  lu n i s o la r  g ra v ity  

p ertu rb ation s  are th e  s e t  ( 2 .4 5 )  p lu s

(7)  w + 3(w^ + M )̂ % 0

(2 .4 6 )

(8 )  —£J + 3(Ci)̂  + ) % 0

The predominant resonant terms in  t h i s  in s ta n ce  ( i . e .  (a /a ^ e )  > 1)
3

have amplitude f a c to r s  o f  order ( a /a ^ ) e .  From c o n d it io n s  ( 2 .4 4 ) ,  

i t  i s  obvious th a t  both o f  the com m en su rab ilit ies  in  the s e t  ( 2 .4 6 )  are 

p o s s ib le  fo r  s o la r  g r a v i ty  p er tu r b a t io n s ,  but n e i th e r  are p o s s ib l e  for  

lunar g r a v i ty  p e r tu r b a t io n s .  F i n a l ly ,  on ly  commensurability (6 )  o f
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the s e t  ( 2 .4 5 )  i s  p o s s ib l e  fo r  lunar g r a v i ty  p e r tu r b a t io n s .

The graphs o f  the fu n ct io n  (2 .3 7 )  fo r  the s o la r  

com m ensurab ilit ies  (5 )  and (6 )  o f  the s e t  ( 2 .4 5 )  are g iven  in  f ig u r e s  

( 2 .1 )  and ( 2 . 2 ) ,  r e s p e c t i v e ly .  The graphs o f  s o la r  com m en surab ilit ies  

(7 )  and (8 )  are g iven  in  f ig u r e s  ( 2 .3 )  and ( 2 .4 )  and the lunar  

commensurability (6 )  in f ig u r e  ( 2 . 5 ) .
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TABLE 2 . 5 ( a )

.(+)* > I-' » M

fo r  a S a t e l l i t e in a Lunar Gravity Commensurabillty o f  the type

1 U 1 t

K

Ilia 

«  0

RESTRICTIONS ON 

a and +
n

+
m

+
p

+
q h"*"

4

+
s 8

cc +ve Y +ve
—  *

a 0 0 -a (a -Y )/2 0 0 1
a ^  Y »
a + Y even cc 0 a a (a+Y)/2 0 0 -1

ct +ve Y +ve 2a 0 0 -2  a a-Y 0 0 2
a > Y __
a + Y  odd 2a 0 2a 2a a+Y 0 0 -2

cc +ve Y +ve Y 0 (Y -a )/2 - a 0 0 0 1
Y > a —
a + Y even Y 0 (Y+oc) / 2 +a Y 0 0 -1

---
a +ve Y +ve 2Y 0 Y-ct -2  a 0 0 0 2
Y > a __
a + Y odd 2y 0 Y+a 2a 2Y 0 0 -2

---  1 *
a -ve  Y +ve u 0 U l U l ( U  U y ) 0 0 1

|a l ^  Y — 2

1K1 + Y oven u r 0 0 “ U l ( U I+ y) 0 0 -1
2

a -ve  Y +VO 2 U 0 2 UI 2 U l ( U U y) 0 0 2
U l > Y —
|d | + Y odd 2 U 0 0 “ 2 UI 1%1+Y 0 0 -2

a -ve  cc +ve Y 0 (Y+1%1) U l 0 0 0 1

Y > U l  __ 2

U l -1- Y even Y 0 (Y“ U  1 ) “ U l Y 0 0 -1
2

a -ve  Y +ve ~“ 2Y 0 Y+UI 2 UI 0 0 0 2

Y > U l —
U 1 + Y odd 2Y 0 Y -U I - 2 UI 2Y 0 0 -2

See Table 2 . 5 ( c )  fo r  predominant lunar g r a v i ty  terms i f  a = t  ^
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TABLE 2 . 5 ( b )

( + )The n , m , p , q , b , j , s  and S v a l u e s  o f  t h e  P redom in ant  $  R e so n a n t  Terms

f o r  a S a t e l l i t e  in  a S o l a r  G r a v i t y  o r  S o l a r  R a d i a t i o n  C o m m e n s u r a b i l i t y

o f  the type ^ 0

RESTRICTIONS ON

a and Y
+ + 

n m
+

p
+

q j " h*
+

s 5

a +ve Y +ve
*

0 - a 0 ( a - Y ) / 2 0 , 1 . .  . a 1

a ^  Y — a 0 —
a + Y  e v e n a a 0 ( a + Y ) / 2 0 , 1 . . .  a

"“ o -a 1 (a-Y+1 ) / 2 0 , 1 . .  .a 1
a +ve  Y +ve

0 - a -1 (a “Y —1 ) / 2 0 , 1 . .  «a 1

a > Y a 0 —
a a 1 (a +Y+1 ) / 2 0 , 1 . . . a

a + Y  odd
a a -1 ( a + Y - l ) / 2 0 , 1 . .  .a

a +ve Y +ve
— * ,

0 - a Y-a 0 0 , 1 . . . a 1
---- a —  0 —

a a a - ^ a 0 , 1 . . . a
Y > a

a - v e  Y +ve
— »

T « l U l 0 ( U U y ) / 2 0 , 1 . . . a 1

U l  ^  Y — |a l— 0 —

U l  + Y even 0 - U l 0 ( U l  +Y) / 2 0 , 1 . . . a

a - v e  Y +ve M U l 1 ( U 1 -Y+1 ) 0 , 1 . . . a 1
2

l «l U l -1 ( U l  - Y - 1 ) 0 , 1 . .  .a 1

U l  > Y
l « l — 0 —

2

0 - U l 1 ( U I + Y + 1 ) 0 , 1 . . . a -1
2

U l  + Y odd 0 - U l -1 ( U I + Y - 1 ) 0 , 1 . . . a
2

CC - v e  Y +V0
*

0 - U l -M+r 0 0 , 1 . . . a 1

— U l — 0—

Y > U l | a | U l - ^ + | a | U l 0 , 1 . .  .a -1

I f  a = t  1 then the predominant s o la r  g r a v i ty  terms can be found in  

Table 2 .5 ( d ) .
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TABLE 2 . 5 ( c )

( + )The n ,m , p ,q ,h , j , s  and S va lues  o f  the Predominant $ Resonant Terms

fo r  a S a t e l l i t e  in a Lunar Gravity Commensurabillty t  w + (w^ + A^) ^ 0

RESTRICTIONS ON 

a and Y + + + + + ,+ + gn m p q h j  s o

a = 1 Y = 1

"  t e )  '  *

0 - 2

0 - 2

1 -1

0 -1

a = -1 Y = 1

i f
t e )  '  ‘

0 —

0 - 2 0 - 2

a = -1 Y = i

i f  r  a ] > 1
U d®.

2 +1

1 -1 0 -1
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TABLE 2 . 5 ( d )

( + )The n ; m , p , q , h , j , s  and S v a l u e s  o f  t h e  P re dom in an t  $  R e s o n a n t  Terms

f o r  a S a t e l l i t e  i n  a  S o l a r  G r a v i t y  C o m m e n s u r a b i l i t y  t  w + y ( (^ + A^) ^  0

RESTRICTIONS ON

a and Y n m

a = 1 Y = 1

i f

-2 0 0 , 1 , 2

0 0 , 1,2  -2

-1 0 , 1 , 2,3 1

0 , 1 , 2 , 3  -1

a = 1 Y = 2

i f

D D

-2 +2 0 , 1 , 2

- 2  0 , 1 , 2 -2

a = 1 Y = 2

i f r _ ^ ]  > 1
\ a e e ^ yD D

-1

-1

1

1

-1

1

-1

0 , 1 , 2 , 3

0 , 1 , 2 , 3  

0 , 1 , 2,3 

0 , 1 , 2 , 3

1

-1

-1

2

-2(1+Y) <1

-2 2 Y - 2  0 , 1 , 2

__ 2 2 2 2-2Y 0 , 1 ,2

a = 1 Y ^  3

(:
i f (1+Y) >1

“1 0 Y-3 0 , 1 , 2 , 3  1

1 3 3-Y 0 , 1 , 2 , 3  -1

/ c o n t . .
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RESTRICTIONS ON 

a and Y

i f  f < 1

2 2

0 - 2  2

0 , 1 , 2

0 , 1 , 2  - 2

i f  f  > 1

0  _ _

2 1 1

1 - 1 2

0 , 1 , 2,3  1

0 , 1 , 2 , 3  -1

a = -1 Y = 2

0 -2 -2

0 , 1 , 2

0 , 1 , 2  - 2

G = -1 Y = 2

i f  r a ^ > 1

^ V '^ D  ^

1 -1

1 -1

-1

2 + 1  0 -1

2 +1

0 , 1 , 2 , 3  -1

0 , 1 , 2 , 3  -1

0 , 1 , 2 , 3  +1

0 , 1 , 2 , 3  +1

G = - l  Y  3

i f
(1+Y) < 1

2 ----  0

0 2 Y - 2  0 , 1 ,2

0 -2  2 2-2Y 0 , 1 , 2  -2

i f

3 ------- 0

0 Y-3 0 , 1 , 2 , 3  1

1 - 1 3  3-Y 0 , 1 , 2 , 3  -1
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TABLE 2 . 5 ( e )

( - )
----  " _? " jiii.

for  a S a t e l l i t e  in  a Lunar Gravity Commensurability o f  the Type
^ 4

^ 0

RESTRICTIONS ON 

a and Y n m p q h” j

J 4 -

8 V

G +ve Y +ve 

G >  Y

»
G

»

0 0 -G (G+Y)/2 0 0 1

+ Y even G 0 G G ( g - y ) / 2 0 0 -1

G +ve Y +ve 

G > Y

2 g 0 0 - 2 g G+Y 0 0 2

G + Y odd 2 g 0 2G 2 g G-Y 0 0 -2

G +ve Y +ve 

Y > G
Y 0 (Y-%)/2 -  G Y 0 0 1

G + Y even Y 0 (Y+G)/2 G 0 0 0 -1

G +ve Y +ve 

Y > G
2 y 0 Y-G - 2 g 2 y 0 0 2

G + Y odd 2Y 0 Y+G 2 g 0 0 0 -2

G -v e  Y +ve

U l ^  Y

U l*  

1 1*

0 U l U l ( U I + r ) / 2 0 0 1

U l + Y even U l 0 0 - U l ( U 1 -Y ) /2 0 0 -1

G -ve  Y +ve

U l  > Y

2 U I * 0 2 U I 2 U I ( 1  g | + y ) 0 0 2

U l  + Y odd 2 U I 0 0 - 2 U I 1%1-Y 0 0 - 2

G -v e  Y +ve

Iy I > U l

Y 0 (Y + U I ) /2 U l Y 0 0 1

1G1 + Y even Y 0 (Y- U  1 ) /2 - U l 0 0 0 -1

G -ve  Y +ve

Iy I > U l

2Y 0 Y+UI 2 U I 2Y 0 0 2

1G 1 + Y odd 2Y 0 Y -U I - 2 U I 0 0 0 - 2

See ta b le  2 .5 ( g )  f o r  predominant lunar g r a v i ty  terras i f  « = 1 1



91 .

( - )

TABLE 2 . 5 ( f )

The n ,m ,p ,q ,h , j , s  and v v a lu es  fo r  th e  Predominant Resonant

Terms fo r  a S a t e l l i t e  in a Solar G ravity  or So lar  Radiation Pressure  

Commensurability o f  the Type Si p

RESTRICTIONS ON

a and Y n m p q h" j S V

a +ve Y +ve
* '

" 0 ~a (a + y ) /2 0 0 , 1 . . . % 1

a ^  Y a— 0 —

a + Y even __G a (a -Y ) /2 0 0 , 1 . . . a  —1

oc +ve Y +ve ^ 0 -a (a+Y+1 ) / 2 1 0 , 1 . . . a  1

a > Y a —
J

0

_ 0 -a (a+f -1 ) / 2 -1 0 , 1 . . . a  1

\ a a (a-Y+1 ) / 2 1 0 , 1 . . . a  —1

a + Y odd
a a (a-Y-1 ) / 2 -1 0 , 1 . «.a —1

a +ve Y +ve
*

~  0 -a a a-Y 0 , 1 . . . a  1
Y > a a — 0—

a a 0 Y-a 0 , 1 . . . a  -1

a -ve Y +ve
« rui U l ( U l +Y)/2 0 0 , 1 . . . a  1

U l  >  Y U l - 0—
U l  + Y even _ o -  U l ( U l -Y ) /2 0 0 , 1 . . . a -1

a -ve Y +ve " U l U l ( U l +Y+1 ) /2 1 0 , 1 . . . a  1

JLui U l ( U l +Y-1 ) /2 -1 0 , 1 . . . a  1

U l  > Y U l — 0

\ 0 - U l ( U l -Y +1)/2 1 0 , 1 . . . a  —1

U l  +  'f  odd _ 0 -  U l ( U l “Y“l ) /2 -1 0 , 1 . . . a  -1

a -ve Y +ve
*

“"0 -  U l U l -Y+UI 0 , 1 . . . a  1

Iy I > 1a| U l - 0 ^

U l U l 0 Y-UI 0 , 1 . . .a  -1

I f  a = 1 1 then predominant s o la r  g r a v i ty  terms can be found in  

ta b le  2 .5 ( h ) .
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TABLE 2 . 5 ( g )

( - )The n ,m ,p ,q ,h , j  , s  and v va lues  fo r  the Predominant § Resonant

Terms o f  a S a t e l l i t e  in;.a Lunar G ravity  Commensurabillty o f  the form

+ w + (w_ + M ) »  0
--------------D —  D -----------

RESTRICTIONS ON 

a and Y n m

i f

0 -2

-2

a = 1 Y = 1

"  W  "

1 - 1  2 0 0

0 0 - 1

0 -2  0 0 0 -2

"  t e )  " ■
1 -1 0 -1
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TABLE 2 . 5 ( h )

( - )The n ,m ,p  ,q ,h  , j  , s  and v v a l u e s  f o r  t h e  P re dom in an t  # R e so n a n t

Terms o f  a S a t e l l i t e  in  a  S o l a r  G r a v i t y  C o m m e n s u r a b i l i t y  t  u  + Y ) Si q

RESTRICTIONS ON 

a and y n m p q h j

2  0 —

0 - 2 2 0 0 , 1 , 2

—2 2 0 0 0 , 1 , 2  - 2

a = 1  Y = 1

i f  r  a > 1

a = 1 Y = 2
i f

i f f  a ] > 1

1 -1 2 0 0 , 1 , 2,3

1 0 0 , 1 , 2,3  -1

0 - 2  2 - 2  0 , 1 , 2

0 , 1 , 2  - 2

3 ------0
A

1 -1

1 -1

'2 1

2 1

3 1

2 -1

1 1

0 -1

0 , 1 , 2,3

0 , 1 , 2,3

0 , 1 , 2,3

0 , 1 , 2 , 3

a = 1 Y ^  3 

i f
2 -----0

(1+Y) < 1

0 - 2  2 2-2Y 0 , 1 , 2

2 2 0 2Y-2 0 , 1 ,2 -2

i f
3 ------0

(1+Y) > 1

1 - 1 3  3-Y 0 , 1 , 2 , 3  1

2 1 0  y -3  0 , 1 , 2 , 3  -1

/ c o n t . .
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RESTRICTIONS ON 

a and y n m p q h j

a = -1 Y = 1

i f  ( 1 < 1

S ®

2  0 —
2 2 2 0 0 , 1 , 2

__0 - 2  0 0 0 , 1 , 2  - 2

a = -1 Y = 1

" ( * )  " '

3------ 0 —
2 1 2  0 0 , 1 , 2 , 3

__1 -1 1 0 0 , 1 , 2 , 3  -1

a = -1 Y = 2

i f

a = -1 Y = 2

2  0 —
2 2 2 - 2

3 ----- 0

0 , 1 , 2

0 - 2  0 2 0 ,1  , 2  - 2

2 1 2 - 1  0 , 1 , 2 , 3

2 1 3  1 0 , 1 , 2 , 3  1

i f  a ^ > 1

D D

a = -1 Y ^ 3

3 ------0

2 -----0

(1+Y) < 1

1 - 1  0 - 1  0 , 1 , 2, 3 -1

1 - 1 1 1  0 , 1 , 2 , 3  -1

2 2 2 2-2Y 0 , 1 , 2

0 - 2  0 2Y-2 0 , 1 , 2  -2

a = -1 Y ^  3

3 ------0
i f

( y . ) " " )
(1+Y)I > 1

2 1 3  3 -Y  0 , 1 , 2 , 3  1

1 - 1  0 y - 3 0 , 1 , 2 , 3  -1
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2 ,4 (5 )  The Type (5 )  Commensurabillty = Y + (3 Q 0

A s a t e l l i t e  in  a lu n is o la r  commensurability o f  th e  type

^  % 0 i s  in  resonance w ith  terms in  the  d is tu r b in g  fu n c t io n5

expansions ( 2 ,4 )  fo r  which

(n^ -  2p^) = 0

(n -  2p + q)^ = 0

(n -  2h + j)"  ̂ = y5 (2 .4 7 )

+
s

+m

0 -  lunar g r a v i ty  p ertu rb ation s

yS -  n^ + 2h^ -  So lar  g r a v i ty  or s o la r  r a d ia t io n
p ressure  p ertu rb ation s

0 -  lunar g r a v i ty  p er tu rb a t io n s

0 , 1 , . , n^ -  So lar  g r a v i ty  or s o la r  r a d ia t io n  
p ressure  p ertu rb ation s

/9S

The arguments o f  the resonant terms are o f  the form 5 ( ^ fo r
5 MUUN

the Moon, where ( + M̂ )̂ + /3Q , and o f  the form

sun, w ith  ( ÿ  g'")g^^ =

The n ,m ,p ,q ,h , j ,8  and 5 v a lu es  fo r  the  predominant resonant

terras o f  a lunar g r a v i ty  com m ensurability o f  type (5 )  are g iven  in

ta b le  2 , 6 ( a ) ,  The corresponding va lu es  fo r  a s o la r  g r a v i ty ,  or s o la r

ra d ia t io n  p ressu r e ,  com m ensurability ^ #  0 are g iven  in tab le5

2 , 6 (b ) ,

S im i la r ly ,  a s a t e l l i t e  in  a com m ensurability  o f  the type

* rJ ( ”“)^ 0 w i l l  be in  resonance w ith  th ose  $ terms fo r  which
5
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(n -  2p )  = 0

q = 0

(n -  2h + j ) = -  y v  ( 2 . 4 8 )

0 -  lunar g r a v i ty  p ertu rb ation s

-  yv -  n + 2h -  Solar  g r a v i ty  or s o la r  r a d ia t io n
pressure p ertu rb ation s

0 -  lunar g r a v i ty  pertu rb ation s
s =

0 , 1 . . . n  -  S o lar  g r a v ity  or s o la r  r a d ia t io n
p ressure  perturbation s

m = /5 V

The arguments o f  the  ̂ resonance terms are o f  the form v ( ^ 5 ftRJÜN

for the Moon, where ( ^ ~ y  ( w + M ) + /?Q , and o f  the form4 MOON D D

s u n ,  w i t h  ( ^  + k O p -

The n ,m , p ,q ,h , j , s  and v va lu es  fo r  the predominant  ̂ resonant terms 

of a lunar g ra v ity  com m ensurability o f  type (5 )  are g iven  in ta b le  

2 . 6 ( c ) .  The corresponding va lu es  fo r  a s o la r  g r a v i ty ,  or so la r  

ra d ia t io n  p ressu re ,  com m ensurability  % 0 are given in  ta b le  2 . 6 ( d ) .

For a c l o s e  s a t e l l i t e  to  e x i s t  in  a lu n is o la r  com m ensurability  

of type (5 )  i t s  o r b i t a l  elem ents must s a t i s f y

y(^D + M^)y^'^ -  9 .9 7  c o s i  ~  0 ( 2 .4 9 )

The maximum value o f  y fo r  a g iven  y  and /? i s  such thatmax

>97/3'Ÿ^'^ ( 2 .5 0 )f  9 .97,
L i a f  n .

^raax 1 -  r:: f ■—-  I

Since y i s  always g r e a te r  than u n i t y ,  the lu n is o la r  com m ensurability

= y / (w  + M ) + ^ 0  #  0 w i l l  e x i s t  i f  5 D D

9.97/? > ly ln ^  ( 2 .5 1 )
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On s u b s t i t u t in g  the appropriate  va lu es  o f  n^ fo r  the Sun and Moon in to  

equation ( 2 . 5 1 ) ,  i t  i s  found that a c l o s e  s a t e l l i t e  w i l l  e x i s t  in  the  

so la r  com m ensurability  (}ŝ  % 0 i f

1 0 .1 2 /9  > |a |  ( 2 .5 2 )

and in  the lunar g r a v i ty  commensurability ^ 0 i f

0 .7 5 /9  > Iy I (2 .5 3 )

In the c a se  o f  a type (5 )  com m ensurability , the t h e o r e t i c a l l y  p o s s ib le  

com m en su rab ilit ies  fo r  which the predominant resonant terms in  ( 2 .4 )  

have n va lu es  o f  2 ,  q v a lu es  o f  0 and j va lu es  o f  zero  are

(9 ) (w^ + M )̂ + n % 0

(10) 2(w + U )  + Q ~  0
(2 .5 4 )

(11) -  (w^ + M )̂ + n % 0

(12) -  2(W  ̂ + M )̂ + Q

From eq uations  (2 .5 2 )  and ( 2 .5 3 ) ,  i t  i s  e a s i l y  seen th at nô  

com m ensurab ilit ies  o f  the s e t  ( 2 .5 4 )  are p o s s ib le  for  lunar g r a v i ty  

p er tu r b a t io n s ,  w h i l s t  fo r  s o la r  p ertu rb ation s  a l l  four o f  the s e t

(2 .5 4 )  are p o s s i b l e .  The graphs o f  the o r b i t s  o f  s a t e l l i t e s  in  th ese  

com m en su rab ilit ies  are g iven  in  f ig u r e s  ( 2 .6 )  to  ( 2 . 9 ) .
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TABLE 2 . 6 ( a )

+
The n ,m+ + + . + . fP fQ fh ,J + + . , s and 8 va lu es  fo r ' the ]Predominant

Resonant Terms o f  a S a t e l l i t e in  a Lunar G ravity  Commensurability

of Type *ip « 0

RESTRICTIONS ON 

/9 and Y +n
+m

' " 0 ■ ■ 

+
P

+
q h"̂ s

/? -f-ve 

Y > /?

Y+ve 

Y even
Y /9 Y/2 0 0 0 0 1

(3 +ve Y+ve 

Y  odd
2Y 2/9 Y 0 0 0 0 2

(3 +ve

(3 > Y
/? odd

Y+ve 

Y even

/9+1 /? (/9+1 ) / 2 0 09+1-Y )/2 0 0 1

/9 +ve Y+ve /9>Y 

(3 odd Yodd 

or (3 even Y odd

2/9 2/9 /9 0 /9-Y 0 0 2

(3 +ve

Iy I > /9

Y-ve

IyI even
Iy I /9 Iy I/2 0 Iy I 0 0 1

(3 +vo

Iy I

Y-ve  

Iy I odd
2\{\ 2/9 Iy I 0 2 | y I 0 0 2

/5 +ve

/? > Iy I
/? odd

Y -ve

IyI even

/9+1 09+1) / 2 0 09+1+ IyI 
2

0 0 1

/?+ve Y“ve 

/9>|Y|:/9odd IyI odd 

or /9even |yI odd

2/3 2/9 P 0 /9+ IyI 0 0 2
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TABLE 2 . 6 ( b )

+ + + + + + + .(+)

Terms

» #M f** fU # O V vc%j.uc7o v/x cTuwmxm&am: v y

fo r  a S a t e l l i t e  in  a S o lar  G ravity or Solar R adiation P ressure

Commensurability o f the Type «  0

RESTRICTIONS ON

-4 5 —

/? and Y + + n m + + 
p q

+s S

/3 +ve Y+ve

Y > /9 /? ^ y9/2 0 0 yt9 0 , 1 . . 0 1
Y odd /9 even

y9 +ve Y +ve

Y ^ /3 + i: (3+\ /? 09+1) / 2  0 0 Y-/9-1 0,1..,9+1 1
/9 odd Yeven

or ^  odd Y odd

/9 +ve Y +ve
2 2 1 0 0 0 0 ,1 ,2 2

Y = /9 = 1

/9 +ve Y +ve “' ( /? - f+ l ) /2  1 0,1. . ,9
/9 > Y /9 /9 ~ /9 / 2  —  Ow- 1
P even Y odd _09-Y “1 ) /2  -1 0,+ l. . /9

/? +ve Y+ve

/3 > Y ^4-1 /? (9+1 ) / 2  0 (9 ^ + 1  ) /2  0 0,1..,9+1 1
/? odd Y even

/? +ve Y+ve 

/? > Y

(3 odd Y odd

^ +L—/9------(9 +1 ) / 2 —0 -

(/9-Y+2)/2 1 0 , l . . / ? + l

( ^ - ï ) / 2  -1 0 , 1 . . /9+1

/ c o n t , .



TABLE 2 . 6 ( b )  C o n t .

1 0 0 .

RESTRICTIONS Œ

/3 and Y +n +
m

+
p

+
q

+
s S

/9 +ve Y -ve

Iy I > /9

IyI odd ^  even

P /? /9/2 0
I y I

0*1* •/? 1

^  +ve Y*"Ve

Iy I ^  +1

/9 odd Iy I odd.

/3+1 /9 09+1)
2

0 /9+1 9 + 1 -
Iy I

0 . . 1 .  .y9+l 1

/9 odd Iy I even

/9 +ve Y -v e

^  = 1 Y = -1
2 2 1 0 2 0 0 , 1 , 2 2

^  +ve Y -v e (/9+|y I+1 ) 1

p  > IyI / ? - -/9 — - / 9 / 2 ---- - 0 -
2

0 , 1 . . / ? 1

^  even 1Y 1 odd (/9+Iy I - 1 ) -1
2

(3 +ve Y - v e

^  > Iy I /9+1 y9 09+1) 0 49+1+ Iy I) 0 0 , , l , / 8  +1 1

(3 odd IyI even
2 2

(3 +ve Y -v e 09+Iy I +2) 1

f i  > IyI 2
13 +1 y9 49+1)

2
0 - 0 . . 1 .  ./9+1 1

fi  odd IyI odd 49+ Iy I )
L  2

-1
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TABLE 2 . 6 ( c )

       * ( - )----  .. Jti.

Terras o f  a S a t e l l i t e

t o ,

in  a Lunar G ra v ity  Com m ensurability o f th e Type

K 05

RESTRICTIONS ON n m P q h~ j" s V

^  and Y

/9 +ve Y+ve  

Y  > (3 Y  even
Y Y /2 0 Y 0 0 1

/9 +ve Y +ve 

Y > /9 Y odd
2Y 2/9 Y 0 2Y 0 0 2

/9 +ve Y +ve

/3 > Y /9 +1 (/9+1 ) / 2 0 (/9+1+Y)/2 0 0 1

P  odd Y even

,9+ve Y+ve (3>Y

Y  odd /? odd or 2/9 /9 /9 0 /9+Y 0 0 2
Y odd ft even

(3 +ve Y - v e  

|yI>/9 IyI even
Iy I Iy | / 2 0 0 0 0 1

/9 +ve Y - v e

IyI > fi  

IyI odd
2 |f l 2/9 I y I 0 0 0 0 2

/? +ve Y -  ve

^ > Iy! P + \ /9 (/?+! ) / 2 0 (^ + 1 -  Iy I ) /2 0 0 1

Iy I even  /9odd

/9+ve Y -ve  ,9> | y I

Iy I odd y9odd or 9? 2/9 fi 0 ^ - I y I 0 0 2
Iy I odd /9 even
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TABLE 2 . 6 ( d )

( - )
f'i f*» tu

Terms fo r  a S a t e l l i t e in  a So lar  G ravity  or Solar Radiation  Pressure

Commensurability o f  the Type fp^ ^ 0

RESTHICTIWS ON

/9 and Y n m p q h“ j s V

/? +ve Y+ve

Y > /9 /9 /9 /9/2 0 /9-y 0 ,1 . . /? 1

Y odd /9 even

/9 +ve Y+ve

y >

/9 odd

/9 +1

Yeven or
,9+1 (i-y9) 0 

2
/9+1 ,9+1-Y 0 ,1 .  .,9+1 1

/9 odd Y odd

/9 +VG

/? = Y

Y +ve 

-  1
2 2 1 0 2 0 0 , 1 , 2 2

^  +ve Y +ve (,9+y +I ) 
2

1 0 ,1 . . /? 1

/9 > Y
/5 /9 /9/2 0

y9 even Y odd (,9+Y-l ) 
2

-1 0 ,1 . . ,9 1

/?  + V 0 Y+ve

/? > Y ,9+1 /? (/9+1 ) 0 (/9+Y+l ) 0 0. . 1 .  ./?+l 1

/9 odd Yeven 2 2

,9 +ve Y+ve (/9+Y+2)
2

1 0 . . 1 .  .,9+1 1

J3 > Y ,9+1 /9 (/9+1 ) 0 — 
2

(3 odd Y odd (^+Y)/2 -1 0,1 .. ,9+1 1

/ c o n t . .



TABLE 2 . 6 ( d )  C o n t .

1 0 3 .

RESTRICTIONS ON 

P  and Y n m p q

/9 +ve Y - v e

Iy I > /9

lYlodd ^  even

/? /? ^ /2  0 0 | y |-/9 0 , 1 . ./9 1

/? +ve Y - v e

Iy I ^  /9 +1
^  odd l Yl odd,  

P  odd Y even

,9+1 /? (/9+1) 0 0 lY l - f  0,1..,9+1 1
-1

/? +ve Y - v e

Iy I = /? = 1
2  2 1 0 0 0 , 1 , 2

{3 +ve Y -v e

/3 > IyI

/? even |Y|odd

IS ^ ---- ,9/2-----0 -

09- Iy M )  
2

(/9-[y | -1)  
2

1 0 , 1 . j9

—1 0 ,1 .  .,9

^  +ve Y -v e

/? > Iy I

/? odd Iy I even

,9+1 13 (,9+1) 0 (^+1- |yI )  0 0,1..,9+1 1

,9 +ve Y-ve

/9 > Iy I

,9 odd I y I odd

/9+1 /9 (/9+1) 0 —

(/?-Iy I+2) 1 0,1..,9+1 1

0 9 - I y I)/2 -1 0,1..,9+1 1
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2 . 4 ( 6 )  The Type ( 6 )  C o m m e n su r a b i l i ty  ^ ^ +/9Q ^  0

The s ix t h  lu n is o la r  commensurability c o n d it io n  i s  a combination  

o f the f i v e  prev ious ty p es :  type (1 )  can be obtained i f  a and Y are

zero; type (2 )  r e s u l t s  i f  /? and Y are put to  zero; and so  on. However,

i f  ^  and Y are not z e r o ,  then the commensurability #  0 has

a s e t  o f  p r o p e r t ie s  d i f f e r e n t  from those  o f  type (1 )  to  ( 5 ) ,

A s a t e l l i t e  in  a commensurability ^ 0 i s  in  resonance

w ith those   ̂ terms in  the lu n is o la r  d is tu r b in g  fu n ct io n  expansions

( 2 .4 )  fo r  which

(n -  2p)^ = c t 8

= - a S  

(n -  2h + j ) ^  = Y&
(2 .5 4 )

0 -  lunar g r a v i ty  perturbations
.+

J

+s

+m

-n^ +2h^ -f yS -  s o la r  g r a v i ty  or s o la r  ra d ia t io n  
pressure  perturbations

0 -  lunar g r a v ity  perturbations

0 , 1 . . . n^ -  s o la r  g r a v i ty  or s o la r  ra d ia t io n  
p ressure p erturbations

/9S

5 > 0

The arguments o f  the resonant terms are o f  the form 8( ^^^)  ̂ fo r6 MOON

lunar g r a v i ty  p e r tu r b a t io n s ,  where ( ^  = aw + Y( + AL ) + /9Q ;6 I400N D D

and of the form  ̂  ̂ ^ fo r  so la r  p e r tu r b a t io n s ,  with

( ~ + /3Q + kO The n ^ \m ^ \p * ,q * ,h * ,j^ ,

s^ and 8 va lu es  fo r  the predominant resonant terms are g iven  in

ta b le s  2 .7 ( a )  -  2 . 7 ( f ) .  S im i la r ly ,  a s a t e l l i t e  in a lu n is o la r
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• ( — )
com m en su rab ility  ip^ % 0 i s  in  reson an ce  w ith  th o se  $ terms f o r

which

(n -  2p) = av

q = -a v

(n -  2h + j )  = -y v

(2 .5 5 )

0 -  lunar g r a v i ty  p ertu rb ation s

j =
-n  + 2h -  yv  -  s o la r  g r a v i ty  or s o la r  ra d ia t io n

p ressure  pertu rb ation s

0 -  lunar g r a v i ty  p ertu rb ation s

8 =

0 , 1 . . . n -  s o la r  g r a v i ty  or s o la r  r a d ia t io n  
p ressu re  p ertu rb ation s

m = V

V > 0

( “)The arguments o f  the $ resonant terms are o f  the form v ( y _D MOON

and v( (p ^ ) g ^ ,  where i p  ^ \toON 6 ŜUN same form as

in the resonant c a s e .  The n ,m ,p  ,q ,h , j , s and v v a lu es

fo r  the predominant $  ̂  ̂ resonant terras are g iven  in  ta b le s  2 .7 ( g )  -  

2 . 7 ( 1 ) .

For a c l o s e  s a t e l l i t e  to  e x i s t  in a g iven  type (6 )  

com m ensurability , the  semi-major a x i s ,  a ,  the  e c c e n t r i c i t y ,  e ,  and 

the i n c l i n a t i o n ,  i ,  o f  i t s  o r b it  must s a t i s f y

2 3 .52 4 .9  a cos  i  -  9 .9 7  /9 c o s i  -  4 .98  a + Y  y ^ 0

(2 .5 6 )

On s o lv in g  fo r  y , equation  (2 .5 6 )  can be w r it ten  as

y = [ (4 .9 8  a -  24 .9  a c o s ^ i  + 9 .9 7  /? c o s i ) / y  n^ ]

(2 .5 7 )
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In order to  o b t a in  t h e  c r i t e r i a  which d eterm in e  whether r e so n a n c e  o r b i t s  

e x i s t  f o r  th e  c o m m e n su r a b i l i ty

= a w + Y + Mjj) + Q »  0

i t  i s  n ecessa ry  to  c o n s id e r  the four c a s e s :

(a) a +ve Y +ve

(b) a +ve Y -v e

(c )  a -v e  Y +ve

(d)  a - v e  Y -v e

Case (a )

D efin e  th e  fu n ct io n  Z ( i )  by

Z ( i )  = ( 4 . 9 8 a  -  2 4 . 9 a  cos^ i + 9 . 9 7 / 5  c o s i ) / Y  ( 2 . 5 8 )

The s ta t io n a r y  v a lu e s  o f  Z ( i )  occur a t  i  = 0^, 180^ and cos ^/5 / 4 . 9 9  a .

—1 o
If  /? > 4 . 9 9 a  , then co s  y S / 4 . 9 9  a i s  imaginary, and on ly  i  = 0

and 180^ need be c o n s id e r e d .  I f  /? = 4 . 9 9  a ,  then cos  ̂ / 9 / 4 . 9 9 a  i s

0 ° .  In t h i s  c a s e ,  the  s ta t io n a r y  values are a l s o  0° and 180^. The

second d e r i v a t i v e  o f  Z ( i )  w ith  resp ec t  to  i  i s  found from equation

(2 .5 8 )  to  be

d^Z (i)  = ( 4 9 . 8 a  c o s 2 i  -  9 . 9 7 / 9  c o s i ) / Y^j^ ( 2 . 5 9 )

di%

Since d^Z/di^ i s  p o s i t i v e  when i  = 0° and 180^ fo r  4 . 9 9 a ^  /9 , Z (0°)  

and Z (180°) are minima. When i  = cos ^ ( /9 / 4 . 9 9 a  ) ,  d^Z/di^ i s  

n egative  fo r  4 . 9 9 a  > /9 , hence Z(cos ^ / 5 / 4 , 9 9 a  ) i s  a maxima such

that

Z (cos  ̂ / ? / 4 .9 9 a  ) = (4 .9 8  a^ + /5^)/aY n^ ( 2 .6 0 )

For the com m ensurability  p ^ =  ao) + ‘̂ ((0^ + Aî )̂ + /9 Q q to  e x i s t .
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y and, hence, Z must be g r e a te r  than unity# The commensurabilitymax max

% 0 th ere fo re  occurs for  a + v e ,  Y+ve and 4.99a i f

2 2
4 .98  a + /9 > oc Y*̂ jj oc+ve, Y+ve, 4 .99  a > /9

(2 .6 1 )

When ^ > 4 .99  a , d^Z/di^ i s  p o s i t i v e  fo r  i  = 1 8 0 ^ ,  and n e g a t iv e  fo r  

i  = 0^. Hence, i f /? > 4 .99  a , Z(O^) i s  the on ly  maxima, i t s  va lue

b eing  g iven  by

Z(0°) = (9.97/9 -  1 9 .9 2 a  ) /Y n ^  (2 .6 2 )

Therefore when > 4 .99  a , the  com m ensurability #  0 w ith  a and Y

p o s i t i v e  can occur i f

9 .97  /9 > 19 .92  a + Y*̂ p a + v e ,  Y+^e, /3 > 4 .99  a (2 .6 3 )

P roceeding as in c a se  ( a ) ,  i t  can be shown th a t ,  fo r  ca ses  ( b ) ,  ( c )  and

( d ) ,  the lu n is o la r  commensurability ^  0 can occur i f
6

Case (b ) a+ve, Y"ve

19.92 a > IyI 1 1 Î  9 .9 7 /9  fo r  4 .9 9  a ^ /9
D

1 9 . 9 2  a > IyI -  0 .9 7 /9  fo r  /9 > 4 . 9 9 a

( 2 .6 4 )

Case ( c )  a - v e ,  Y+ve

1 9 . 9 2  jaj  > Y n ^ i  9 . 9 7 / 9  fo r  4 . 9 9  a ^ / 9D
( 2 . 6 5 )

19.92  jaj  > Yn^ -  9 .9 7 /9  fo r  /9 > 4 .99  a
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C ase ( d )  a - v e ,  y - v e

4 .9 8  \ol\ ^  + /3 ^  > |a |  |y |  fo r  4 .99  |a |  ^  /9

( 2 . 6 6 )
9 .97 /9  > 1 9 .9 2  |a |  + |y |  for/9  > 4 .99  |a |

For s o la r  r a d ia t io n  p ressu re  p er tu r b a t io n s ,  four con im ensurab ilit ies  o f  

type (6 )  are t h e o r e t i c a l l y  p o s s ib l e .  For n=:l and j=0 resonant terms, 

they are ;

(13) w + (w^ + M )̂ + n a  0

(14) w -  (ÜQ + M )̂ + n »  0

(2 .6 7 )

(15) -  w + (w^ + M )̂ + n «  0

(16) -  w _ + M^) + Q «  0

S im ila r ly ,  f o r  lu n i s o la r  g r a v ity  p e r tu r b a t io n s ,  e ig h t  com m ensu rab ilit ies  

of type (6 )  are t h e o r e t i c a l l y  p o s s ib le  which have n = 2 and j = 0 

resonant terms: they are  (13) -  (16 )  o f  the s e t  ( 2 .6 7 )  p lus the

fo l lo w in g

(17) 2u) + 2(w^ + M )̂ + Q «  0

(18) 2w -  2(0)^ + M )̂ + n «  0

( 2 . 6 8 )
(19) -2W + 2(w^ + M )̂ + Q «  0

(20) -2W -  2(w^ + M )̂ + Q ~  0

C onsideration  o f  e q u a tio n s  (2 .6 1 )  to  (2 .6 6 )  shows th at c l o s e  s a t e l l i t e  

o r b it s  e x i s t  whose o r b i t a l  elem ents s a t i s f y  the s o la r  commensurability  

co n d it io n s  (1 3 )  -  (20 )  and the lunar com mensurability c o n d it io n s  (1 4 ) ,  

(1 5 ) ,  (18) and ( 1 9 ) .  The graphs o f  th e  fu n ct io n  (2 .5 8 )  f o r  th e  so la r  

com m en su rab ilit ies  (13 )  -  (20) are g iven  in  f ig u r e s  (2 .1 0 )  -  ( 2 .1 7 ) ,
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w h i ls t  the correspond ing  graphs fo r  the lunar com m ensurabilit ies  ( 1 4 ) ,

(1 5 ) ,  (1 8 )  and (1 9 )  are given in f ig u r e s  (2 .1 8 )  -  ( 2 .2 1 ) .  The lu n iso la r  

g r a v ity  com m ensurab ilit ies  (13 ) -  (20) are the most important fo r

^ a ^ < 1 .  However, i f  ^ a ^ > 1 , thens a t e l l i t e  o r b i t s  f o r  which

 ̂"o'" '"D

the most important lu n is o la r  com m ensurabilit ies  o f  type (6 )  are the  

s e t  ( 2 .6 7 ) ,  and

(21) w + 3(w^ + M )̂ + n 0 (31) -w + 3(ÜQ + M )̂ + 0 29 0

(22) CJ + 3(W  ̂ + M )̂ + 20 2  0 (32 )  -w + 3(w^ + M )̂ + 2Q 0

(23) w + 3(w^ + A{̂ ) + 30 % 0 (33) -w + 3(Wĵ  + M )̂ + 3fi ^  0

(24) u) + ( ) + 20 0 (34) —cj + ( + M )̂ + 20  ^  0

(25) u) + (U)  ̂ + Ai )̂ + 30 % 0 (35 )  -w + (w  ̂ + M )̂ + 30  ^  0

(26) w -  3(W  ̂ + M^) + 0 Rf 0 (36) -w -  3(w^ + AT̂ ) + 0 ^ 0

(27) w -  3(Wp + M^) + 20 a  0 (37 )  -w -  3(w^ + AÎ ) + 2 0  0

(28) w -  3(W^ + Al )̂ + 30 2  0 (38) -w -  3(w^ + M )̂ +3*0 o

(29) w -  (Ŵ  + M^) + 20 % 0 (39 )  -w -  (w^ + AÎ ) + 20  2: 0

(30) w -  (Ŵ  + M^) + 30 #  0 (40 )  -w -  (w  ̂ + AÎ ) + 3 0  Z  0

The am plitude f a c t o r s  o f  the predominant resonant terms fo r  th ese  

com m en su rab ilit ies  are o f  the order ^ a e .  From eq u ation s  (2 .6 1 )

(2 .6 9 )

D

to  ( 2 .6 6 ) ,  i t  i s  found th a t  s a t e l l i t e  o r b i t s  occur whose o r b i t a l  

elem ents s a t i s f y  th e  s o la r  com mensurability c o n d it io n s  (21) to  (40) and 

the lunar com m ensurability  c o n d it io n s  ( 2 5 ) ,  ( 2 7 ) ,  ( 2 8 ) ,  ( 2 9 ) ,  (3 0 ) ,

(3 2 ) ,  ( 3 3 ) ,  ( 3 4 ) ,  (35 )  and (4 0 ) .  Of the two ty p es  o f  com m ensurab ilit ies  

( i . e .  s o la r  and lu n a r ) ,  the lunar g r a v i ty  com m en su rab ilit ies  ( 2 .6 8 )  and
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( 2 .6 9 )  are l i k e l y  to  be the most im portant, s in c e  fo r  the m ajority  o f
3

Earth s a t e l l i t e s  the lunar value o f  e /a^  i s  larger  than the

corresponding s o la r  va lu e .  The lunar value o f  a /a^  i s  approximately

1 /50 fo r  a c l o s e  s a t e l l i t e ;  th e r e fo r e ,  when e < 1 /5 0 ,  the most 

important lunar g r a v i ty  com m ensurab ilit ies  o f  type (6 )  are the ones
3

with predominant resonant terms o f  order ( a / a ^ )  e .  I f  e > 1 /5 0 ,  then

the most important lunar com m ensurab ilit ies  fo r  such a s a t e l l i t e  are

2 2those which have predominant resonant terms o f  order (a /a^ ) e • The 

graphs o f  th e  fu n ction  (2 .5 8 )  fo r  the lunar com m ensurab ilit ies  ( 2 5 ) ,  

(2 7 ) ,  ( 2 8 ) ,  ( 2 9 ) ,  ( 3 0 ) ,  ( 3 2 ) ,  ( 3 3 ) ,  ( 3 4 ) ,  (35) and (40 )  are g iven  in  

f ig u r e s  (2 .2 2 )  to ( 2 .3 1 ) ,
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TABLE 2 .7 ( a )

.+ _+ . +  .+ + . c ,  ̂ , *( + )

Terms of  a S a t e l l i t e  in a Lunar G ra v i ty  Commensurability 0 when

1a 1 and/or  Iy I ^

— 6

RESTRICTIONS ON

0.$ ^  and Y +n +
m + + . + p q h j "

+
s 6

a+ve Y+ve
a ^  Y
a — Y even

«

a /5 0 - a  ( a - Y ) / 2 0 0 1

a+ve Y+ve
a > Y
a -  Y odd

2a 2^ 0 -2 a  a-Y 0 0 2

a+ve Y+ve
Y > a
Y "" a even

Y ( Y - a ) / 2  - a  0 0 0 1

a+ve Y+ve
a > Y
Y -  a odd

2y /3 Y"+% - 2 a  0 0 0 2

a+ve Y “ ve 

“a + Iy I even

«
a 0 - a  ( a + l Y l )  

2
0 0 1

a+ve Y~ve 

“ ^a + Iy I odd
2a 2/9 0 -2  a a+lYl 0 0 2

a+ve Y-ve
Iy I > a
Iy I -  a even

Iy I /? (|y I “ «)  -  a Iy I 
2

0 0 1

a+ve Y -v e
Iy I > a 
Iy I -  a odd

2|y I 2/9 lY l - a  - 2 a  2 Iy I 0 0 2

»
I f  a = 1,  Y = 1 1. See ta b le  2 . 7 ( c )  f o r  the predominant $(+)

resonant terms.



RESTRICTIONS ON

TABLE 2 . 7 ( a )  c o n t .

1 1 2 .

a ,  /9 and y +n +m
+

P
+

q j'*’ s"̂ 8

a-ve
ta|  ^

Y+ve
Y

«

U l U l k l ( k  1 -Y )  0 0 1

|a|  - Y even 2

a-ve Y+ve

|al  > Y 2 U I 2 U I 2 k l k l  -Y  0 0 2

|a| - Y odd

a-ve  Y+ve 

Y > U l Y /? ( U l + Y ) k l 0 0 0 1

|a|  + Y even 2

a -ve Y+ve

Y > U1 2r 2/9 k l + Y 2 |a | 0 0 0 2

|a |  + Y odd

a -ve Y -ve
•

U l  ^  Iy I

1 a 1 + 1Y 1 even
U l k l k l ( k l + Y )  0 0 

2
1

a -ve Y -v e

k l  > 

k l  +

I y I
1Y 1 odd

2 U I 2/9 2 |a | 2 |a| k l+ h r l  0 0 2

a -ve Y -v e

Iy I >

k l  +

k l

Iy I even

I y I ( I y I +
| a | ) / 2

k l IyI  0  0 1

a -ve Y -v e

Iy I > 

k l  +

k l

Iy I odd

2|y I 2/9 ly l  + k l 2 k l 2|y I  0 0 2

«
i f a = -1 , Y = i  1 then see ta b le 2 . 7 ( c ) f o r  the predominant

resonant terms.



1 1 3 .

T a b le  2 . 7 ( b )

The and 8 v a l u e s  o f  t h e  P red o m in a n t  R e so n a n t

Terms fo r  a S a t e l l i t e  in  a So lar Commensurability o f  the Type ^  0

when I a 1 ^  /9

RESTRICTIONS ON

a ,  /9 and Y +n +m +
P

+
q h"̂

+
s 8

a+ve Y+ve
a ^  Y
a — Y even

a* 0 -a (a -Y ) /2 0 0 , 1 . .a 1

a+ve Y+ve
a > Y

— *
a /9 0 -a ( a-Y+1 ) / 2 1 0,1  *. a 1

a — Y odd 0 - a ( a -Y -1 ) /2 -1 0 , 1 . .a 1

a+ve Y+ve 
Y > a

»
a 0 -a 0 Y-a 0 , 1 . .a 1

a+ve Y-ve
a Iy I
a + Y even

«
a 0 -a («+Iy I ) / 2 0 0 ,1 .  .a 1

a+ve Y - v e  

a > IyI

— *
a /5 0 -a ( a + k l + l )

2
1 0 ,1 .  ,a 1

a + Y odd
»

a /? 0 _a ( a + k l - l )
2

-1 0 , 1 . .a 1

a+ve Y-ve
Iy I > a

«
a 0 -a 2a «~Iy I 9 , 1 . .  a 1

i f  a = 1 fo r  a s o la r  g r a v i ty  commensurability then se e  ta b le

2 .7 (d )  f o r  the predominant resonant terms.



1 1 4 .

T a b le  2 . 7 ( b )  c o n t in u e d

RESTRICTIONS ON

a ,  /? and Y n g*

a -v e  Y+ve *
k l  ^  Y k l  /9 k l  k l  ( | a | “Y>/2 0 0 , 1 . . | a |  1
k l  -  Y Gven

a -v e  Y+ve *
l “ l > Y U l  ^  U l  U l  ( U l  - y f l )  1 0 , 1 . . U l  1
k l  -  Y 2

a - v e  Y+ve •
k l  -  Y odd k l  /9 k l  k l  ( k l  -Y -1) -1 0 , 1 . . k l  i

k l  > Y ^

a -v e  Y +ve »
y  > Ictj k l  /9 k l  k l  0 Y“ |a |  0 , 1 . . k l  1

a -v e  Y -ve  «
k  ^  Y k l  /9 k l  k l  ( k l  + \r\> o  0 , 1 . . k l  1
k l  + Iy I even 2

a -v e  y - v e  «
U l  +  I y I  « i d  U l  p  U l  U l  ( U I + I y I  1 0 , 1 . . | a |  1
U l  >  Iy I +  0 / 2

a -ve  Y -v e  «
k l  +  IyI odd k l  /5 k l  k l  ( k l + k l  - i  0 , 1 . . k l  1

k l  > IyI "

a -v e  Y -ve  *
IyI > |ct| ^  k l  k l  k l  k l - k l  0 , 1 . . | a |  1

* (+)i f  a = -1 then se e  ta b le  2 .7 ( d )  fo r  the predominant $ s o la r

grav ity  resonant terms.



1 1 5 .

T a b le  2 . 7 ( c )

The n ,m ,q  and S v a l u e s  f o r  t h e  P red om in an t R eson an t

Terms o f  a S a t e l l i t e  in  a Lunar G r a v i t y  C o m m e n s u r a b i l i ty  t  w 1

+ n % 0

RESTRICTIONS ON

a , ^  and Y n^ m^ p^ q^ h^ 6

a = 1 , Y = 1 , # =  1

i f  < 1  2 2 0  - 2 0 0 0 2

% = 1 , ^  = 1 , Y =  1

i f  r  a ^ > 1  3 1  1 - 1  1 0 0 1

a = - l , Y = - l  ,/9 = 1

i f  < i  2 2 2 2 2 0 0 2

a = - l ,  Y =- i  » / 9= 1

i f  > i  3 1  2 1  2 0 0 1

a = -1 ,  Y = 1^9 = 1

i f  r _ a _ l  < 1  2 2 2 2 0 0 0 2
l a o e ;  

a = - l , Y = i  »^ = 1

i f  > 1  3 1 2  1 1 0  0 1

K = 1 ,  Y = - 1 , 0 =  1

i f f a l < l  2 2 0 - 2  2 0 0 2

a = 1, Y = - 1 ,0  = 1

i f  > 1  3 1 1 -1 2 0 0 1



1 1 6 .

T a b le  2 . 7 ( d )

The n ,m ,p  ,q  ,h  , j  , s  and S v a lu e s  f o r  t h e  P red om in an t R e so n a n t

Terms o f  a S a t e l l i t e  in  a Solar Gravity Commensurability -  ù) + Y ( ^  ̂ + A^)

+ 0  «  0

RESTRICTIONS ON 

a , /9 and Y + + + + + ,+ ■ +  . n r a p q  h j  s 8

CC= l , r  = l , / 5  = 1

i f  r  < 1 2 2 0 - 2 0 0  0 , 1 , 2  2

a = l , Y  = l , / 9  = 1

i f
( * )  ’  *

3 1 1 - 1 1 0  0 , 1 , 2 , 3  1

K= 1 , Y  = 2 , / 9  = 1  

i f  r  a  ̂ < 1 2 2 0 - 2 0 2  0 , 1 , 2  2

a = l , Y = 2 , / 9 = l  

i f  r  a  ̂ > 1 1 —1 —

1 1 0 , 1 , 2 , 3  1

0 -1 0 , 1 , 2 ,3  1

•'( ( 1 + Y ) j <  1 2 2 0 -2  0 2Y-2 0 , 1 , 2  2

a=  1 , Y ^  3,  /? = 1
ai f
( 1 + Y ) J  > 1  3 1 1 - 1 0  Y-3  0 , 1 , 2 , 3  1

a = - l , Y = 1 , ^  = 1

‘ ^ v( * )  " '
2 2 2 2 0 0 0 , 1 , 2  2

K = - l , Y = i  , = 1

">v( * )  " '

a = - l , Y = 2 , 0  = 1 

i f  f  a  ̂ < 1

3 1 2  1 1 0  0 , 1 , 2 , 3  1

2  2 2 2 0 2 0 , 1 , 2  2



1 1 7 .

T a b le  2 . 7 ( d )  c o n t in u e d

RESTRICTIONS ON

a =- l  ,Y = 2 , /9= 1 1  1 0 , 1 , 2 , 3  1

i f  (  a ^ > 1  3 1 2 1

0 -1 0 , 1 , 2,3  1

a » Y^ 3,/? = 1

a ( 1 + Y )  I < 1 2 2 2 2 0 2Y-2 0 , 1 , 2  2
D /

«=-1 ,Y ^  3 , 0 =  1 

( (1+ Y ) 1  > 1  3 1 2 1

a = - l ,Y  = - l , 0 = 1

0 Y-3 0 , 1 , 2 , 3  1

a = - l , Y  = - l ,0  = 1

i f  < 1  2 2 2 2 2 0 0 , 1 , 2

^ a 1 > 1  3 1 2 1 2 0  0 , 1 , 2 , 3  1

a = - l ,Y  = - 2 ,0  = 1

i f  f  a ^ < 1  2 2 2 2 2 -2 0 , 1 , 2

a = - l , Y  = - 2 ,0  = 1  3 1 0 , 1 , 2 , 3  1

i f  r  a  ̂ > 1  3 1 2  1
la^ee^J

D 2 - 1  0 , 1 , 2 , 3  1

a  = - 1 . I y I >  3, y9= 1

(o  pp ( I y I + 1 )  J < 1 2 2 2 2 2 2-21y| 0 ,1 ,2  2

«  = - 1 , I y I ^  3 , /S = 1

k e e / U I + l ) )  > 1  3 1 2 1 3 3 - IyI 0 , 1 , 2 , 3  1



T a b le  2 . 7 ( d )  c o n t in u e d

1 1 8 .

RESTRICTIONS ON

a , 0  and Y + + + + + ,+ + n m p q h j  s

oc — 1,  Y ——i » 0  ~

" ( * )  "

a = i , Y  = - 1 ,0  =

i f
fe )

2 2 0 - 2 2 0  0 , 1 , 2  2

3 1 1 - 1  2 0 0 , 1 , 2 , 3  1

G = 1 ,Y  = - 2 , 0  =

\ a e e  JD D

2 2 0 - 2  2 - 2  0 , 1 , 2  2

a = 1 , Y = - 2 , 0  =

i f  f - ^ 1  >\a^ee_y
3 1 1 - 1

3 1 0 , 1 , 2 , 3

2 -1 0 , 1 , 2,3

G = 1 » Iy I ^ 3 , 0  = 1

G = 1 , Iy I ^  3 , 0  = 1

(  <IyT+1)1 < i 2 2 0 -2  2 2 -2 |yI  0 , 1 , 2  2

L  ee ( I y I+1) 1  > 1  3 1 1 1  3 3 - | y I 0 , 1 , 2  1



1 1 9 .

Table 2 . 7 ( e )

The n ,m ,p ,q ,h , j  ,s^  and S v a lu es  o f  the Predominant Resonant

Terms fo r  a S a t e l l i t e  in a Lunar G ravity  Commensurability o f  the Type

 jfrg ^  0 when 0  > |a |  and Iy 1

RESTRICTIONS ON 

a , 0  and Y + + + + + ■+ + cn m  p q h j s 5

a +ve Y +ve 
0  -  a even  
0  -  Y even

0 0 C 9 -a ) /2 - a ( 0 - Y ) / 2 0 0 1

a +ve Y +ve  
0  -  a odd
0  -  Y odd

0+1 0 ( 0 + l - a ) / 2 - a (0+1 - Y ) /2 0 0 1

a +ve Y +ve  
0  - a  odd , 0  -  Y even  
o r _ 0 -  a e v e n ,  0  ~Y odd

20 20 0  -  a -2a 0  -  Y 0 0 2

a +ve Y - v e  
0  -  a even
0  + Iy I even

0 0 ( 0 - a ) / 2 - a (0+Iy I ) /2 0 0 1

a +ve Y - v e  
0  -  a odd
0  + Iy I odd

0+1 0 ( 0 - a + l ) / 2 - a (0+1 + Iy I) 
2

0 0 1

a +ve y  - v e  
0  -  a e v e n ,  0  + | y  odd 
o r 0  - a  odd, 0 +  y  [even

2 0 20 0  -  a - 2 a 0+I y I 0 0 2

a -v e  Y +ve  
0  + |a |e v e n  
0  -  Y even

0 0 (0 + | a |  ) / 2 I g I ( 0 - Y ) /2 0 0 1

a - v e  Y +ve  
0  + | a |  odd 
0  -  Y odd

0+1 0 <g+l + |R| )  
2

I g I (0 + 1 -Y )/2 0 0 1

G - v e  Y +ve
0  + k l e v e n ,  0 -  Y odd 
or 0 + | a |  odd , 0  -  Y even

20 / Î + U I 2 | a | 0  -  Y 0 0 2

a - v e  Y - v e  
0  + 1 a 1 even  
0  + Iy I even

0 0 ( /3 + I « I ) /2 Ig I (0+Iy I ) /2 0 0 1

/ c o n t . • » «



120 ,

Table 2 . 7 ( e )  continued

RESTRICTIONS ON

a , 0  and Y n* S

G -ve  Y -ve
0  + | g | odd 0+1 0  (0+ la 1+1) |a|  (0+1+ Iy I) 0 0 1
0  + Iy I odd 2 2

a -ve  Y -ve
0  + |a| even, 0  + | y |  odd 2/3 2 0  0 +  |a|  2 |a |  0+ IyI 0 0 2
or
0  + |a| odd, 0  + lyleven



1 2 1 .

T a b le  2 . 7 ( f )

The n ,m ,p  ,q  ,h  , j  , s  and S v a l u e s  o f  t h e  P red o m in a n t  R eso n a n t

Terms f o r  a  S a t e l l i t e  i n  a  S o la r  C o m m e n su r a b i l i ty  P  % 0 when

0  > | g |  and Iy I

RESTRICTIONS ON 

a , 0  and y + + + + n m p q h^ 8^

G +ve Y +ve 
0  -  a even
0 ~Y even

0  0  ( 0 - a ) / 2  - a  (0 - y) / 2  0 0 , 1 , , 0  1

a +ve Y +ve 
0  -  ct odd
0 -  Y odd

0+1 (0+ l-oc)/2  - a  (0+1 -Y ) /2  0 0 , 1 . . 0  +1 1

oc +ve Y +ve 
0  -  a even
0 -  Y odd

0  ' 0  ( 0 - a ) / 2  -a -
(0 -Y + D /2  1 0 , 1 . . 0  1

(0 -Y-1 ) /2  -1 0 , 1 . . 0  1

G +ve Y +ve 
0  -  a odd 0+1 0 <0 +l-oc ) / 2  -ct_

(0+2-y >/2 1 9 , 1 . .  0  +1 1

0  -  Y even _ (0 -Y )/2 -1 9 , 1 . .  0  +1 1

a +ve Y - ve
0  -  a even  
0  + IyI even

0 0 (0-oc)/2 —(% (0 + I y I ) / 2 0 9 , 1 . . 0 1

a +ve Y - v e
0  -  a odd
0 +  IyI  odd

0+1 0 (0 -G + l) /2  - a (0+1 + I y I )  
2

0 0 , 1 . . 0  +1 1

a +ve Y - v e ( 0 + I y I+i ) 1 0 , 1 . . 0 1
0  -  oc even 0 0 (0 -G )/2  - a - 2

0  + IyI odd (0+1Y 1-1) 
2

-1 O , 1 . . 0 1

oc +ve Y - ve (0+1Y 1+2) 1 0 , 1 . . 0  +1 1
0  -  oc odd 0+1 0 (0+ l-oc)/2  - a 2

0  + IyI  even (0 + I y I ) / 2 -1 0 , 1 . . 0  +1 1



T a b le  2 . 7 ( f )  c o n t in u e d

1 2 2 .

RESTRICTIONS ON

a , 0  and y + + n m j *

a-ve  Y +ve 
0  + 1 a 1 even  
0  -  Y even

0 0 ( ^ + U | V 2 k l ( 0 - Y ) / 2 0 0 , 1 . . 0 1

a - v e  Y +ve
0 +  k l odd 0+1 0 ( /3 + U I + l ) k l ( 0 + l - y ) / 2 0 0 , 1 . . 0  +1 1
0  -  Y odd 2

a -v e  Y +ve “ (0-Y +l ) / 2 1 0 , 1 . . 0 1
0  + jaj even 0 0 ( / 3 + U | ) / 2 k l -
0  -  Y odd 03-y - 1 ) / 2 -1 0 , 1 . . 0 1

a -v e  Y +ve ~ (0 -Y + 2 ) /2 1 0 , 1 . . 0  +1 1
0 +  k l odd 0+1 0 a + / 9 + U I ) k l -
0  -  Y even 2 ( 0 - Y ) /2 -1 0 , 1 . . 0  +1 1

a - v e  Y - v e
/5 + l«l even 0 0 ( /9 + U I V 2 k l (0+ I y I ) / 2 0 0 , 1 . . 0 1
0  + Y even

a -v e  Y - v e
U l odd 0+1 0 ( /3 + U I + l ) k l (0+1 + Iy I) 0 0 , 1 . . 0  +1 1

+ Iy I odd 2 2

a -v e  y - v e r (0 + i+ lY l) 1 0 , 1 . . 0 1

^  +  U l even 0 0 ( y 9 + U |) /2 k h
2

/9 + Iy I odd ((S+Iy I - I ) -1 0 , 1 . . 0 1
2

a - v e  Y - v e (0+1Y 1+2) 1 0 , 1 . . 0  +1 1

0  + k l odd 0+1 0 _a+y3+UJ) k l -
2

0  + Iy I even 2
(0 + I y I ) / 2 -1 0 , 1 .  . 0  +1 1

—



1 2 3 .

T a b le  2 . 7 ( g )

( - )The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  o f  th e  P redom inant $ R eso n a n t

Terms fo r  a S a t e l l i t e  in  a Lunar G ravity  Commensurability «  0

w ith  |g |  and/or Irl >  ^

RESTRICTIONS ON

a , 0 and Y n m P q j h" 8 V

a +ve
a ^  Y 
a + Y

Y +ve 

even

»
a 0 0 -a 0 (a+Y)/2 0 1

a +ve
a > Y 
a + Y

Y +ve 

odd
2a 20 0 -2a 0 (G+Y) 0 2

a +ve
Y > a
Y -  G

Y +ve 

even
Y 0 (Y-g) / 2 -a 0 Y 0 1

a +ve
Y > G
Y -  G

Y +ve 

odd
2r 20 Y-a -2a 0 2Y 0 2

a -ve  
| g | >
| g |  -

Y -v e
Iy I
Iy I even

k l * 0 k l | g | 0 ( | g | - | y I) 
2

0 1

CL -ve
| g | > 
| g |  -

Y -ve
Iy I
Iy I odd

2 k  1 20 2 | a | 2 | a | 0 | g | - I y I 0 2

CL -ve  
| g|  > 
| g |  +

Y -v e
Iy
Iy even

Iy I 0 < J x I + k l ) .
2

IgI 0 0 0 1

a -ve
Iy I >

Y -ve  
| g] 2 | y I 20 Iy I+ | g | 2 | a | 0 0 0 2

Iy I odd

i f  jal _ +1 see  ta b le  2 . 7 ( 1 )  f o r  the predominant  ̂ resonant terms



1 2 4 .

T a b le  2 . 7 ( g )  c o n t in u e d

RESTRICTIONS ON

a. , 0  and Y n ” wT p" q" j~  h” s ” v

G -ve  Y +ve 
| g | ^  Y 
1 a 1 + Y even

| g |* 0 I g I I g I 0 ( | g |+Y)/2 0 1

a -ve  Y +ve 
| g | > Y

| a |  + Y
2 | a | 2 0 2 | a | 2 U I 0 I g |+ y 0 2

ct -ve  Y +ve 
Y > | g |
| a |  + Y even

Y 0 ( |g |+ Y ) /2 I g I 0 Y 0 1

ct -ve  Y +ve 
Y > | g 1
1 a 1 + Y edd

2Y 2 0 | g |+y 2 l a | 0 2Y 0 2

G +ve Y -ve
G ^  Iy I
et -  1y 1 even

| g |* 0 0 - a 0 ( g-  Iy I ) / 2 0 1

G +ve Y -ve
G > Iy I
ct -  Iy I odd

2a 20 0 - 2 a 0 G - I y I 0 2

a +ve Y -ve
Iy I > G
IyI  -  CL even

Iy I 0 ( Iy I - g) / 2 -a 0 0 0 1

G +ve Y -ve
Iy I > G 
Iy I “  G odd

2 | y I 20 Iy I - g - 2 a 0 0 0 2



1 2 5 .

T a b le  2 . 7 ( h )

( - )The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  o f  th e  P redom in an t $ R eso n a n t

RESTRICTIONS ON
k l

-  6

a , 0  and y n m P q h“ j s V

CL +ve Y +ve 
a + Y even 
a ^  Y

«
a 0 0 -  a ( of y) / 2 0 0 , 1 . . a 1

CL +ve Y +ve

a > Y

*
CL 0 0 - a (a+Y+1)/2 1 0 , 1 . . % 1

a + Y odd
«

a 0 0 _ a (%+Y-l)/2 “1 0 , 1 . . % 1

a +ve Y +ve 

Y > a
»

CL 0 0 - a a G -  Y 0 , 1 . . % 1

CL +ve Y -v e
a ^  Iy I
a -  Iy I even

»
CL 0 0 - C L ( a -  Iy I ) /2 0 0 , 1 . .  % 1

CL +ve Y - ve

a > Iy I
*,

a 0 0 - C L ( a -  Iy I+1) 
2

1 0 , 1 . . CL 1

a -  IyI odd
»

a 0 0 1 -  CL ( a -  Iy I-1) 
2

-1 0 , 1 . .  % 1

a +ve Y -v e

IyI > a
•

a 0 0 - a 0 IyI -  g 0 , 1 . .  g 1

* X Y - )i f  a = 1 then see  ta b le  2 . 7 ( j )  f o r  the predominant v  so la r  

g ra v ity  resonant terms



T a b le  2 . 7 ( h )  c o n t i n u e d

1 2 6 .

RESTRICTIONS ON

a , /9 and Y n m p q

oc -ve Y +ve 

|a |  ^  Y

I oc I + Y even

U | /? |a | la| ( la |+ Y )/2  0 0 , 1 . .I%| 1

oc -ve Y +ve 
|oc| > Y

Ioc|+ Y odd

oc| /? |oc| |a | ( | a |  +Y+1 ) 0 , 1 . . | a |  1

a -ve Y +ve 

|oc| > Y

1 oc I -f Y odd

oc I I a I 1 a 1 ( I oc 14Y-1 ) -1
2

0, 1. . 1%!  1

oc -ve Y +ve 

Y > I«1
oc| (3  I oc| I oc oc|-^ 0 , 1 . . | a |  1

|oc| ^  

al  -

oc -ve Y~ve

IyT

a I even

a |  jaj  jaj  ( | a |  - | y I ) 0 0 , 1 . .  jaj 1
2

îa î" ^

Ial  -

Î a î ^ :

l ai  -

Y -ve

y I

y I odd

Y -ve

y I

y I odd

a|  /? | a |  l a I ( U I - I y I
+ l ) / 2

oc| /? ja|  | a |  ( U I - I y I

-  l ) / 2

0 , 1 , . jal  1

-1 0 , 1 . . jal  1

oc -ve Y -ve

Iy I > |oc|
|oc| /? |a | |a | 0 Iy I-IocI 0 , 1 . . | a |  1

i f  a = -1 then see tab le  2 . 7 ( j )  for  predominant  ̂ solar gravity

resonant terras



1 2 7 .

T a b le  2 . 7 ( 1 )

The n ,m ,p  ,q  ,h  , j  , s  and v  v a l u e s  f o r  t h e  P red om in an t R eso n a n t

Terras of  a S a t e l l i t e  in  a Lunar G ravity  Commensurability t  w f  + î,^) +

n «  0

RESTRICTIONS ON 

G , 0  and Y n m p q h j  s v

a = l , Y = l » / ? = l

i f  r  a  ̂ < 1  2 2 0  - 2 2 0 0

a = l ,  Y = i »  ( 3 - 1  

i f  > 1 3 1 1 -1

a =- l  , Y = - l ,/? = 1

i f  (  a < 1  2 2 2 2 0 0 0 2

OL =“1 , Y =“i » /? = 1

i f  (  a ^  > 1  3 1 2 1 1 0 0 1

OL =- l  , Y = 1 , /? = 1

i f  < i  2 2 2 2 2 0 0 2

a = - l , Y = 1 » /? = 1

i f  Q a  j  > 1  3 1 2 1

a = 1,  Y =- l  » /? = 1

i f  f_a ^ < 1 2 2 0 - 2

G = 1 , ^  = 1 , Y  =- l

i f  r  a  ̂ > 1  3 1 1 - 1



1 2 8 ,

T a b le  2 , 7 ( . i )

The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  f o r  t h e  P red om in an t R eso n a n t

Terms o f  a  S a t e l l i t e  in  a S o la r  G r a v i t y  C o m m e n su r a b i l i ty

Ô % 0

RESTRICTIONS ON 

G , ^  and Y n m p q h

a = 1 ,Y  = 1 ,0  = 1
i f 0 -2 0 , 1 , 2  2

a = 1 ,Y  = 1 ,^  = 1

" f c )  " ■
3 1 1 - 1 0 , 1 , 2,3 1

a = 1 ,Y = 2,/9 = 1 

i f  f  a  ̂ < 1

a = l , Y = 2 , / 9  = l 

i f  f  a  ̂ > 1
l a t e e n  J

2 2 0 -2 -2

1 -1  _
-1

G = 1 , Y ^  3 , 0 =  1 

* ' ( ;

0 , 1 , 2  2

0 , 1 , 2 , 3  1

0 , 1 , 2 , 3  1

(1+Y) J < 1 2 0 -2 2-2Y 0 , 1 , 2  2

CL — 1,  Y ^  1
i f  /  a

(1+Y) > 1 3 1 -1 3-Y 0 , 1 , 2 , 3  1

CL =- l  ,Y = 1 »/? = 1

" ' V
0 , 1 , 2  2

a = - l , Y = 1 , 0 =  1 

“ ( * )  '  '
0 , 1 , 2,3  1

G = - l , Y = 2,/? = 1 

i f  (  a ^ < 1 -2 0 , 1 , 2  2



T a b le  2 . 7 ( j )  c o n t in u e d

1 2 9 .

RESTRICTIONS ON

a , 0  and Y n m p q h

a  = - l  2 , 0 =  1

i f  (  a  1 > 1 3 1 2  1

0 , 1 , 2,3

-1 0 , 1 , 2 , 3

a = - l , Y ^  3 , 0 =  1
i f

2 2 2 2 2 2-2Y 0 , 1 , 2  1

G = - l , Y ^  3 , 0 = 1  

i f ^
( 1 + Y ) 1 > 1  3 1 2  1 3  3- Y 0 , 1 , 2 , 3  1

G = - l , Y = - l , 0  =

i f  f a

D
2 2 2 2 0 0 , 1 , 2  2

G = - l , Y = “ 1 , 0  =

i f  f a 3 1 2  1 0 , 1 , 2,3 1

G =“1 , Y = - 2 , 0  =

2 2 2 2 0 0 , 1 , 2  2

G = - l , Y = -2 ,  0  =

i f
f - ^ 1  "Va_ee y

3 1 2  1 —
D D -1

0 , 1 , 2,3 1

G = - l , Y ^  ”"3, 0  = 1 

i f
f a  ne 2 2 2 2 0 2|y I - 2  0 , 1 , 2  2

G=-l , Y ^  - 3 , 0  = 1

3 1 0  1 0 Iy I- 3 0 , 1 , 2 , 3  1



T a b le  2 . 7 ( j )  c o n t in u e d

130.

RESTRICTIONS ON

G , 0  and Y n m p q

G = 1 , Y  , 0  =
i f  f  a ^ <

a oej
2 0 - 2 0 0 , 1 , 2

G = 1 ,Y  = - 1 ,0  =
i f  f _a 1 -1 0 , 1 , 2,3 1

G = 1,Y = - 2 , 0  =

i f 0 - 2 0 , 1 , 2

G = 1,Y = - 2 , 0  = 1

i f  (  a ^ > 1

*D**D

1 -1

0 -1

0 , 1 , 2,3 1

G = f l , Y ^  - 3 , 0  =1

2 2 0 -2  0 2 |y | - 2  0 , 1 , 2

G = 1 , Y ^  - 3 , 0  =1 

i f  ( —
(1 + 1y!) >1 3 1 1 1 0  IyI-3 0,1,2,3 1



1 3 1 .

T a b le  2 , 7 ( k )

( - )The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  o f  t h e  P red o m in a n t  $  R e so n a n t

J e ~  0 when 0  > 1 a 1 and | y  I

RESTRICTIONS ON

G , 0  and Y n m p q h j  s V

cc +ve Y +ve 
0  -  a even
0 + Y even

0  0  C 9-a)/2  -a  (0+y ) / 2  0 0 1

a +ve Y +ve 
0  -  G odd
0 + Y odd

0+1 0  <0+l-G )/2 -G (0+1 +Y)/2 0 0 1

G +ve Y +ve 
0  -  G o d d ,0  +Y even  
o r0  -  G e v e n ,

0  +Y odd

2 0  20  0-G -2  G 0+Y 0 0

G +ve Y -v e  
0 - G  even
0  -  Iy I even

0 0 ( 0 -G ) /2  -G ( 0 - | y I ) / 2  0 0 1

G +ve Y -v e  
0 - G  odd
0  -  Iy I odd

0+1 0  C 0-a+ l)/2  -G (0+1- IyI)  0 0 1
2

G +ve Y -v e  
0 - G  e v e n ,0  -  |Y|odd 
o r 0  -  G odd;

0  -  IyI even

2 0  2 0  0-G -2  G 0-IyI 0 0

G -v e  Y +ve 
0  + I G j even  
0  + Y even

0  0  ( 0 + |g | ) / 2  | g | (0+y) / 2  0 0 1

G -ve  Y +ve 
0  + |g |  odd 
0  + Y odd

0 + 1  0  (0+1+|g |)

2
| g | (0+1+Y)/2 0 0 1

G -v e  Y +ve
0  + IG I e v e n , 0  + Y odd 20 20  0 + | g | 2 | g

0 + | g | odd, 0+Y even
I 0+Y 0  0
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Table 2 .7 (k )  continued

RESTRICTIONS ON 

a , 0  and Y n m h J  s V

a - v e  Y -ve  
0  + I a 1 even
0 ~  1y1 even

0  0  (0 + | a l ) / 2  U l  (0 - I y I ) / 2  0 0 1

G-ve Y -v e  
0 +  | g | odd 

0 -  Iy I odd

0+1 0  (0+ |g|  +1 ) I a I (0+1- Iy I  ) 0 0 1
2 2

G -

0  + 
0 -  
0  + 
0 ”

ve Y -ve  
even ,  
odd or̂  
odd, 
even

20 20 0 + 1 G1 2|g|  0 -  Iy I 0 0 2
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T a b le  2 . 7 ( 1 )

( - )
The and v v a l u e s  o f  t h e  P red o m in a n t  $ R eso n a n t

T e r m s  f o r  a  S a t e l l i t e i n  a S o l a r  C o m m e n s u r a b i l i t y  ^ 0 w h e n

0 > 1G 1 an d Iy I

RESTRICTIONS ON

a  , 0  a n d  y n m P q h~ j s V

a  + v e  Y + v e  
0  -  a  e v e n 0 0 ( 0 - g ) / 2 - G (0  + Y ) / 2 0 0 , 1 . .  ^ 1

0 + Y  e v e n

a  + v e  Y + v e  
0 - G  o d d 0 + 1 0 ( 0 + 1 - g) / 2 -  G ( 0 + 1  + Y ) / 2 0 0 , 1 . .  0 + 1 1

0 + Y  o d d

a  + v e  Y + v e “( 0 + Y + l  ) / 2 1

0 - G  e v e n 0 0 ( 0 - G ) / 2 — Ct- 0 , 1 . .  0 1

0 + Y  o d d _ ( 0 + Y - l  ) / 2 - 1

a  + v e  Y + v e "*05 +24Y ) / 2 1

0 - G  o d d 0 + 1 0 ( 0 + 1 - g) / 2 — OC- 0 , 1 . .  0 + 1 1

0 + Y  e v e n _ ( 0  4Y ) / 2 - 1

G + v e  Y - v e  
0 - G  e v e n 0 0 ( 0 - g ) / 2 -  G ( 0 - I y I ) / 2 0 0 , 1 . .  0 1

0  -  1y 1 e v e n

G + v e  Y - v e  
0 - G  o d d
0  -  Iy I o d d

0 + 1 0 ( 0 - G + l  ) / 2 -  G ( 0 + 1 - I y I ) 
2

0 0 , 1 . .  0 + 1 1

G + v e  Y - v e ( 0 + 1 - I y I ) 1

0 - G  e v e n 0 0 0 - G — OCf 2 0 , 1 . .  0 1

0  -  Iy I o d d ( 0 - 1 - I y I ) 
2

- 1

G + v e  Y - v e “ ( 0 + 2 - Iy I ) 
2

1

0 - G  o d d . 0 + 1 0 ( 0 + l - G ) / 2 -  a- 0 , 1 . .  0 + 1 1

0  -  Iy I e v e n _ ( 0 - I y I ) / 2 - 1
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T a b le  2 . 7 ( 1 )  c o n t in u e d

RESTRICTIONS ON

a , 0  and Y n m

a -ve Y+ve 

0  + lai even 

0  f Y even

0  0  ( 0 + | a |  ) / 2  k l  05+ y ) / 2  0 0 , 1 . .0  1

a -ve Y +ve
/? + k l  odd 0+1 0  (0 + 1 + k l  ) k l  
0 + Y  odd 2

a -ve Y +ve

0  + k l  even 0  0  (0 + k l  ) / 2  k h  

0  + IyI odd

(0+1+Y)/2 0 O , 1 . . 0  +1 1 

(0+1 +y ) / 2  1

0 , 1 . . 0  1

_(0-1+Y)/2  -1

a -ve Y +ve

0  + k l  odd 0+1 0  (0 + 1 + k l  ) k l -
2

0 + Y  even

(0+Y+2)/2 1

0 , 1 . . 0  +1 1

J0 + Y ) /2  -1

a -ve Y -ve
0  + k l  even 0  0  (0 + k l ) / 2  k l  ( 0 - | y I ) / 2  0 0 , 1 . . 0  1
0  -  IyI even

a -ve Y -ve
0 +  k l  odd 0+1 0  (0+1 + k l )  k l  (0+1- k l )  0 0 , 1 . . 0  +1 1 
0  — k l  odd 2 2

a -ve Y —ve

0  + k l  even 0  0  ( 0 + k l ) / 2  kl" 

0  -  k l  odd

1 0 + 1 - k l )  1 
2

0 , 1 . . 0  1

( 0 - 1 - k l )  -1 
2

a -ve Y -ve

0  + k l  odd 0 + 1  0  (0+1 + k  1 ) k l '
2

0  -  k l  even

1 0 + 2 - k l )  1 
2

0 , 1 . . 0  +1 1

_ ( 0 - k l ) / 2  -1
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2 , 4 ( 7 )  The Type ( 7 )  Lunar G r a v i t y  C o m m e n su r a b i l i ty

à = /9Q + 7 ](y + kQ ^ o
- 7       D   D----------

A s a t e l l i t e  w i l l  e x i s t  in the lunar g r a v i ty  commensurability  

ifŝ  #  0  i f  i t s  o r b i t a l  e lem ents s a t i s f y  the equation

* * 3 59,97(3 cos  i  = + kQ^) y * (2 ,7 0 )

o
The maximum value o f  y occurs a t  an in c l in a t io n  o f  i  = 0 , i f

* * o * *( 7? + kO^) > Of and an in c l in a t io n  o f  180 , i f  + k(^) < 0 ,

Such a resonance w i l l  be p o s s ib l e  i f  y > 1 , i . e .  i fmax

• •
9,97/5 > iTyw^+kOj^l (2 ,7 1 )

S ince and 0^ fo r  the moon are approximately 0 ,1  deg/day and -0 ,0 5
• •

deg /day , r e s p e c t i v e ly ,  | 7 7 0 /  ̂ + | w i l l ,  in  g e n e r a l , be sm all,

provided T] and k are sm a ll .  However, la rg e  va lu es  o f  \r}\ and | k |

imply la r g e  n va lu es  fo r  the predominant resonance terras, and, hence,  

sm all amplitude f a c t o r s .  Consequently, a l l  type (7 )  co m m en su ra b il i t ie s , 

excep t  the very w eakest, e x i s t ,

A s a t e l l i t e  in a lunar g ra v ity  com m ensurability ^  ̂ ^ 0 i s

in  resonance with th ose  terras in  the lunar d is tu r b in g  fu n ct io n

expansion ( 2 ,4 )  fo r  which

( n - 2 p)^ = 0

q^ = 0

( n - 2 h+j)^ = 0

. (2 .7 2 )
( n - 2 h ) = 7 7 6

m̂  = /55

=  k 8

S > 0 ,  k ^  0
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The argum ents  o f  t h e  r e s o n a n t  term s a r e  o f  t h e  form 8 ( ^

where ~ ^  ^ The n^,m ,p  ,q ,h , j  , s

(+) .
and 8  va lues  fo r  the predominant  ̂ resonant terms o f  a (jŝ  ^ 0

commensurability are g iven  in  labl e s  2 . 8 (a )  and 2 . 8 ( b ) ,

S im i la r ly ,  the  ̂ resonant terms are such th a t

(n - 2 p) = 0

q = 0

( n - 2 h +j) = 0

(n-2h) = - 7 7 V (2 ,7 3 )

m = /3v

s = -kv

V > 0 , k ^  0

The n ,ra ,p ,q ,h , j , s  and v va lu es  fo r  the predominant $ resonant

terras o f  type (7 )  are g iven  in  ta b le s  2 , 8 ( c )  and 2 , 8 ( d ) ,

The most important com m en su rab ilit ies  o f  the type ip^ % 0

are those for  which the amplitude fa c to r  ^a e^^  ̂ e^^^^ i s  an

*D

ab so lu te  minimum, i . e .  f a  e^^  ̂ e = f â • The. . . .  ( 1 ^ ) " .
D '   ̂ D

com m ensurabilit ies  which s a t i s f y  such a requirement can be obtained  

from ta b le s  2 . 8 (a )  -  2 . 8 ( d ) ,  and are found to  be the fo l lo w in g

n ± ~ 0

Q + 2 ( ^  »  0 ( 2 , 7 4 )

2Q Î  0^ «  0

The o r b i t a l  elem ents o f  the s a t e l l i t e s  which e x i s t  in th ese



1 3 7 .

com m ensurabilit ies  are g iven  in  f ig u r e s  (2 .3 2 )  -  ( 2 .3 7 ) .

U n t i l  now i t  has been assumed th a t  n w + kfî /  0 ,D D

However, i f  k and Tj are such that 2rj = +k, then 7 7 = 0 ,

s in c e  «  0 ,1 6 deg/day and ^ -  0 ,0 5  deg/day. The two lunar

g ra v ity  com m en su rab ilit ies  #  0  and (p^ ^  0 w i l l  th e r e fo r e  be

e q u iv a le n t ,  as w i l l  t h e i r  corresponding resonance terms when ^+k.

The most important occu rrences  o f  such a s i t u a t io n  a r i s e  when 

7 7  = -1 and k = “3 7 7  = 1 and k = +3 , The amplitude fa c t o r s  o f  the

predominant resonant terms w i l l  be o f  the order ^ ^  e^^; which,

-9
fo r  a c l o s e  Earth s a t e l l i t e  i s  about 10 times sm aller  than the  

amplitude fa c to r s  o f  the most important type (1 )  and type (7 )  lunar  

g r a v ity  com m en su rab ili t ies .
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T a b le  2 . 8 ( a )

+ + + + + + + .(+)
.tr. jii. j

Terras fo r  a S a t e l l i t e in  a Lunar G ravity Commensurability ^7 = /9n +

Tj(ü_ + kfl
'd 0 when /9 and/or k > .  I'll

—1 7 - D

■ u

RESTRICTIONS ON

D

(3 , k and 7 ]
+n +m +

P
+

q h* +S 8

/9 > k 
T] +ve 
k +ve

y5 even 
7 7 even /5/2 0 CS-q)/2 - n k 1

k
7 7 +ve 
k +ve

/? odd 
7 7 even /9+1 (3 (/9+1 ) / 2 0 09+1-7?)

2
- 7 7 k 1

/5 ^  k 7 7 +ve k+ve 
/? even 7 7 odd 
or /? odd T j odd

2/9 2/9 /? 0 /9 - t? “ 2  77 2 k 2

/9 > k 
7 7 -ve  

k +ve

(3 even 
I7 7 I even /9 /9 /2 0 09 + h l ) / 2 h i k 1

/ ? >  k 
7 7 -ve  

k +ve

/3 odd 
7 7 even ^ + 1 /? (/9+1 ) / 2 0 ( S + i+ h l  ) 

2
h i k 1

k

/? even
7 7  -v e  k+ve 
h i  odd 2/9 2^ 0 /9+ h i 2 h l 2k 2

or /5 odd, 17 7 1 odd

k > /9 
7 7  +ve 
k +ve

k even  
7 7 even k /9 k /2 0 (k-7?)/2 -  V k 1

k > (3 
7 7 +ve 
k +ve

k odd 
7 7 even k+1 /? (k+1 ) / 2 0 (k+l-7?)/2 “ T j k 1

k >/? 7 7 +ve k+ve 
k odd 7 7 odd 
or k even t j  odd

2 k 2/9 k 0 k - 7 7 - 2 7 7 2 k 2
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Table 2 .8 ( a )  continued

RESTRICTIONS ON 

(3 , k and t] +n +m +
P

+
q

+s S

k > /9 7]-ve k+ve

k even T} even k k /2 0 (k+ h | ) / 2 h l k 1

k > (3 T]~ve k+ve
k odd 17? 1 even k+1 /9 (k +1)/2 0 (k+l + h  1 ) h l k 1

2

k > /3 Tj -v e  k+ve

k odd 1 Tj 1 odd

or 1̂ 1 odd, k even 2k 2/9 k 0 k+ h | 2 h l 2k 2
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Table 2 .8 (b )

The + + + ,m , p ,q , h + ,j+ ,
*4"

s and 8 va lu es  o f  the Predominant $ ( + ) Resonant

Terms fo r  a S a t e l l i t e in  a Lunar G ravity  Commensurability K
/3Ù + kOL + 77W_ ^  0 when h i  > /? and k

' " 7

RESTRICTIONS ON

u • - U

^ , 7? and k + + n m + + , + p q h +
s 8

7} +ve 7 7 even
k+ve n e 7 7  / 2  0  0 -77 k 1

7 7 +ve 7 7 odd
k+ve 27] 2P 7 7 0  0 - 2 7 7 2 k 2

7 7  -ve 1 7 7  [even
| t) | / 2 0 |j)|k+ve 111 p h i k 1

7 7  -v e 17 7 1 odd
k+ve 2 \ t]\ 2/5 h i  0  h i 2 h l 2k 2
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Table 2 .8 ( c )
_ _ _ _ _ _ _  ( - )

The n ,m ,p ,q ,h , j , s  and v va lu es  o f  the Predominant $ Resonant

Terms fo r  a S a t e l l i t e  in  a Lunar G ravity  Commensurability ^  H +

^ 0 when /9 and/or |k |  ^  h i

RESTRICTIONS ON

/3 , k and T] n m  p q h j s v

/9 ^  |k I 7 7 +ve, k -ve /9 /? (3/2  0  ((3+T})/2 t? | k |  1

/9 even 7 7 even

/ 3 ^  Ikj  7 7 +ve, k-ve
/9 odd 7 7 even /9+1 (3 <}9+l)/2 0  (/9+l + 77)/2 7 7 | k | 1

 ̂ /9 ^  I k| 7 7  +ve, k-ve  
7 7  odd /5even, 2 / 9  2/3 /9 0  /9 + 77 2 7 7  2 |k |  2

or 7 7  odd /9 odd

/9 ^  |k | 7 7 - v e ,  k -ve 1 t 1 1

/9 even h i  even /9 /9 /9/2 0  ( ^ - h l  ) / 2  - h i  h<| 1

/9 >  |k | T i-ye , k -ve „ i I i i i i
/9 odd h i  even  /9+1 /9 </9+l ) / 2  0 (0+4-17]I ) - h i  I k |  1

2

0  ^  h i  7 7 - v e ,  k -ve ^ 1 1  , , , ,
7 7  odd 0  even , 30 2 0  0  0  0 - |7 7 l  -3hl 2 lkl 2

or 7 7 odd /9 odd

Ikl > 0  7 7 +ve, k-ve
7 7  even | k| even |k |  0  I k| / 2  0 ( | k | + % ) / 2  V I kl 1

|k | > 0  7 7  +ve, k -ve
| k |  odd,7J even  | k | + l  0  ( | k | + l ) / 2  0 ( | k | + l  + %) r) j k j  1

2

| k | > 0  7 7 +ve, k-ve
7 7 odd h l e v e n  2 |k | 2 0  |k |  0  lk l + 7 7  277 2 |k |  2

or  7 7 odd I k j odd
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Table 2 . 8 ( c )  continued

RESTRICTIONS ON 

0  , k and T) n m

1 k| > 0  ,  T j - v e ,  k-ve | 

Ik| even V even
0  | k | / 2  0 ( | k | - h l )  - h l  jkj 1

2

| k |  > % - v e ,  k - v e  | k | + i  ^  ( | k | + l ) / 2  0 ( l k l + 1 -  - h l  1kl 1
jk |  odd TJ even h l ) / 2

|k I > 0 ,  7]-ve, k-ve  

|kI odd IV I odd 

or |k |  even, h i  o&d-

2 | k |  2 0  | k |  0 I k l - h l  - 2I77I 2 | k |  2
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T a b le  2 . 8 ( d )

, = ( - )

Terms

t

fo r  a S a t e l l i t e in  a Lunar G ravity Commensurability = 0 0  _+

7 7  w 
— D

+ kfl_ ^ c1 when 17 7 1 > 0  and Ikl

7

- D

RESTRICTIONS ON

p  . V and k n m P q h” j S V

7 7  +ve 
k-ve

7 7  even 7 7 0 7 7 / 2 0 7 7 7 7 lkl 1

7 7 +ve 
k-ve

7 7 odd 2 7 7 2 0 7 7 0 2 7 7 2 7 7 2 |k |  2

7 7  -ve  
k-ve

17 7 1 even h i 0 h l / 2 0 0 -  h i |k |  1

7 7  -v e  
k-ve

17 7 1 odd 2 h l 20 h i 0 0 - 2 h l 2 |k |  2
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2 , 4 ( 8 )  The Lunar G r a v i t y  C o m m e n su r a b i l i ty  ^ ^  = a  (O +  T) (O ^  + kO^ ^  0

A s a t e l l i t e  in  the lunar g r a v i ty  commensurability ^ ^ 0 i s8

in  resonance w ith  th ose  terms in  the lunar d is tu r b in g  fu n ct io n

expansion ( 2 .4 )  fo r  which

( n - 2 p ) ^  = aS

= -  aS

(n-2h)^  = 7 7 6  (2 ,7 5 )

= - 7 7 8

3^ = k 8

m̂  = 0

The arguments o f  the resonant terms are o f  the form S(^  ^ )  , whereo j'.lUUN

 ̂^ ~ aw + 7 7 ^^ + kQ The n ^ ,m ^ \p^ ,q ^ ,h * ,j^ ,s^  and 8  v alues

fo r  the predominant resonant terras o f  a type ( 8 ) commensurability

are g iven  in  ta b le s  2 .9 ( a )  to  2 . 9 ( f ) ,

S im i la r ly ,  the  ̂ resonant terms are such that

( n - 2 p) = a V

q = -  av
(2 .7 6 )

( n - 2 h) = -  7 7 V

J = 77 V

3  = -kv

ra = 0

The corresponding va lu es  for  the predominant resonant terras 

are g iven  in ta b le s  2 .9 ( g )  -  2 .9 (m ).

In order fo r  a s a t e l l i t e  to  e x i s t  in  a type ( 8 ) lunar g r a v i ty  

com m ensurability , th e  o r b i t a l  elem ents must s a t i s f y  the equation

4 .9 8  a (5 cos^ i  -  1) + (q w ^  + kQ^) y^"^ 0 (2 .7 7 )
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However, the commensurability ~  0 w i l l  on ly  occur i f

the maximum value o f  y i s  g rea te r  than u n i t y ,  i . e .  i f

y = -  19 .92  a > 1  a/(%w_ + kO _) < 0max---------— :-------- :-------------------- D D

(2 .7 8

or y = 4 .98  a > 1  oi/{r\oj + kO ) > 0max  r -  '   D D

Since + kO^) i s  u su a l ly  sm all (ex ce p t  fo r  some very weak

r eso n a n ces ) ,  the in e q u a l i t i e s  (2 .7 8 )  w i l l  normally be s a t i s f i e d ,  and 

th e r e fo r e  a l l  s tro n g  type (8 )  resonances w i l l  occur.

The most important type (8 )  com m ensu rab ilit ies  are the ones

fo r  which

w + 0 «  0
D

( 2 .7 9 )

2w 1 % 0

the amplitude fa c to r s  b e in g  o f  order x2 2 __ rae .(  B. ^ e . However, i f  (  ^ > 1

D ' " D

then the most important lunar g r a v i ty  com m ensurab ilit ies  o f  type (8 )  

are those  with amplitude f a c to r s  o f  order f a ee^ , i . e .  the s e t

± w + ÜQ % 0

1 w + 1 Op 2  0

(2 .8 0 )

t w + ÜQ ± 20^ ^  0

% 0

For c l o s e  Earth s a t e l l i t e s  a/a^ i s  approxim ately 1 /5 0 ,  th e r e fo r e  the  s e t
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(2 .8 0 )  w i l l  on ly  predominate over the s e t  ( 2 .7 9 )  fo r  e c c e n t r i c i t i e s ,  

which are l e s s  than about 10 The two com m ensurab ilit ies  

1 Û) + ^ 0 are o f  the type d is c u s se d  in  the  previous

s e c t io n ,  where Tj and k are such th at 7 7 ^ 0 .
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T a b le  2 . 9 ( a )

+ + + + + + The n ,m ,h  , j , s^ and 5 va lu es  fo r  the Predominant Resonant

Terms o f  a S a t e l l i t e in the Lunar Gravity Commensurability

+
s s

RESTRICTIONS ON 

a and T]

a ù) + 7} (0 % 0

+
q h"*"

D

+ + n m +
P

ce +ve 7 7  +ve 0 -  a (a-77)/2 - 7 7 0 1
a ^  7 7

«
a 0 —

a + 7 7 even a a (a+77)/2
7 7

0 -1

et +ve 7 7 +ve 0 - 2  a a - 7 7 - 2 7 7 0 2

a > 7 7 2 a 0 —

a + 7 7 odd 2 a 2 a a + 7 7 2 7 7 0 - 2

a +ve 7 7  +ve (77-a)/2 - a 0 - 7 7 0 1
7 7  > a 7 7  0 —
a + 7 7 even (77+a)/2 a 7 7 7 7 0 -1

a +ve 7 7  +ve 7 7 -a -2a 0 -27? 0 2
7 7  > a 2 7 7  0 —

a + 7 7 odd 7 7 +a 2a 277 2 7 7 0 -2

a -v e  7 7  +ve r  la i la i ( k l  -77)/2 - 7 7 0 1
k l  ^  7 7 l« l*  0 -
k l  + 7 7  even __ 0 -  k l (k l+ 7 7 ) /2 7 7 0 -1

a -  ve 7 7  +ve
2 k l 2 k l k l -  7 7 - 2 7 7 0 2

k l  > 7 7 2 k l  0  —

k l  + 7 7  odd _  0 - 2  1 a 1 k l +  7 7 277 0 -2



T a b le  2 . 9 ( a )  c o n t in u e d

1 4 8 .

RESTRICTIONS ON

a and 77 +
n

+
m

+
p +

q h"̂
+

s 8

a -ve 77 +ve (77+lal ) /2 lal 0 -77 0 1
T }  > \ a \ T } 0 -

|a|  + T \ even (77-la |)/2 - | a | n 77 0 -1

OL -ve 77 +ve "" 77 + |a| 2 UI 0 “277 0 2

77 > \ a \ 277 0 —
|a | + 77 odd 77-U I - 2 !%! 2 7 7 277 0 -2

i f  oc = i  1 , then se e  ta b le  2 . 9 ( c )  fo r  predominant resonant

terras.
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T a b le  2 . 9 ( b )

The and S v a l u e s  o f  t h e  P redom inant R eson an t

Terms for a S a t e l l i t e  in  a Lunar G ravity  Commensurability ^ =

dû) +' 0

RESTRICTIONS ON 
a and k m

a +ve k+ve 
a > k 
a even

- a a /2 0 k

a +ve k+ve 
a ^  k 
d odd

2 a -2  a 0 2k

d +ve k+ve k > a 
a odd k odd 

or a odd k even
2k k -a  -2  a 0 2k

d- +ve k+ve 
a even k > a 
k odd

k+1 0 ( k + l - a ) / 2  -a  ( k + l ) /2  0 k

d +ve k-ve  
a > I k I 
a even

d/2  0 k -1

a +ve k-ve  
a ^  |k I 
a odd

2a 2a 2a 0 2 |k |  -2

a +ve k -ve
I k I > a
a even | k ) odd

|k |+ l  0 ( |k |+ l + a )  a ( | k | + l ) / 2  0 | k| -1
2

a +ve k-ve
I k| > a
a odd 1kI odd 
or a odd |k |  even

2 |k |  0 |k |+ a 2a -2
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T a b le  2 . 9 ( c )

The and S  v a l u e s  f o r  t h e  P red o m in a n t  R eso n a n t

Terms o f  a S a t e l l i t e  in  the Lunar G ravity  Commensurability t  CJ + CJ 0

RESTRICTIONS ON 

d and V

a= 1 7 7  = 1

2 0 —

0 - 2  0 - 2  0

2 2 2 2 0 - 2

a =  1 7 7 = 1

i f  f  a > 1 3 0 —

1 - 1  1 - 1  0

2 1 2 1 0 - 1

a = - 1  77 = 1

i f 2 0 __

2 2 0 - 2 0

0 -2  2 2 0 -2

a = -1 Tj = 1

i f  f - s — ] > 1 3  0

2 1 1 - 1  0

- 1 2  1 0 - 1
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Table 2 .9 (d )

The n^\m^,p^,q and S values  o f  the Predominant Resonant

Terms fo r  a S a t e l l i t e  in  the Lunar Gravity Commensurability d(û + 7 ? +

+  kQ̂  ^  0  1 0  ̂I and/or 1 7^1^ k

RESTRICTIONS ON 

CL , 7 7  and k + + n m

CL +ve 7 7 +ve k+ve 
a ^  7 7

a even 7 7 even  
or CL odd 7 7  odd

- a  (a-77)/2 - 7 7

CL +ve Tj +ve k+ve 
CL >  Tj

a odd 7 7  even 
or a even 7 7 odd

2a 0 -2 a a -  7 7 - 2 7 7  2k

a +ve 7 7 +ve k-ve  
Tj

d  even Tj even  
or a odd Tj odd

a 0 (a+77)/2 -1

d  +ve Tj +ve 
CL >  Tj

d  even Tj odd 
or oc odd Tj even

k-ve
2a 0 2a 2 a a + 7 7 277 2 k - 2

Tj +ve k+ve

or

d  +ve 
7 7 > a
d  even Tj even  
d  odd Tj odd

(7 7 -a ) /2 -  a - 7 7

d  +ve Tj +ve 
Tj >  CL

a odd 7 7 even  
or a even Tj odd

k+ve
2 7 7 7 7  -  a -2  a - 2 7 7  2k

CL +ve Tj +ve 
Tj >  CL

a even 7 7 even  
or a odd Tj odd

k-ve
(77+a)/2 a -1

a +ve 7 7 +ve k -ve  
Tj >  CL

a odd Tj even  
or a even 7 7 odd

2 7 7  0 7 7  + a 2 a 2 7 7 277 2 |k | - 2



T a b le  2 . 9 ( d )  c o n t in u e d

1 5 2 .

RESTRICTIONS ON 

a ,  7? and k + + n ra

a -v e  7] +ve k+ve
lal ^ 7 7

I a I even 7 7 even  
or |a |  odd 7 7 odd

\d\ 0 U l  jaj ( | a | - 7 7 ) / 2  -7] k 1

a -v e  7 7 +ve k+ve 
jaj > 7 7

I a I odd 7 7  even 
or Jaj even 7 7  odd

2 |a |  0  zjaj 2 jaj |a|-% - 2 7 7  2k

a -ve  7 7 +ve k-ve
la! ^  7 7

Jaj even 7 7 even 
or I a I odd 7 7  odd

- j a j  ( | a | + 7 7 ) / 2  7 7  jkj -1

a -v e  7 7 +ve k-ve  
la! > 7 7 2 |a |  0
I a I odd Tjeven 

or I a I even 7 7 odd

- 2 |a |  ( j a j + 7 7 ) 2 7 7  2 |k |  -2

a -v e  7 7 +ve k+ve
% > 1%! 7 7  0 (77+jaj ) / 2  jaj
jaj even 7 7 even 

or l&lodd 7 7  odd

- 7 7  k

a -v e  7 7 +ve k+ve 
7 7 > jaj
jaj odd 7 7 even  

or |a |e v e n  7 7 odd

277 7 7 + U 2 a - 2 7 7  2k

a -v e  7 7 +ve k-ve
7/ > jaj 77 0 (77- | a |  ) / 2  - I a
jaj even 77even  

or I a I odd 7 7  odd

k| -1

a -v e  7 7 +ve k-ve
77 > jaj  277 0 77- l a l  - 2 | a |
I a I even 77 odd 

or | a |  odd 7 7 even

2 7 7  2 7 7  2 |k |  -2

i f  |a |  = 1 then se e  ta b le  2 . 9 ( e )  fo r  the predominant resonant terms.
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T a b le  2 . 9 ( e )

The and S  v a l u e s  o f  th e  P redom in an t R eso n a n t

Terras fo r  a S a t e l l i t e  in  a Lunar G ravity Commensurability t  w + ^0

RESTRICTIONS ON 

a , Tj and k + + + + + .+ ■** sn m p q h j s o

a= 1 T ] =  1  k

0 - 2  0 - 2

a = 1  Tj -  1 k

-1 -1

OL- 1  7 7  = 1 k = - l

< 1 2 0 2 2 2 2 2 - 2

I .a ee_ JD D

a = 1 7 7 = 1 k

i f f  a 1 > -1

a = - l  Tj = 1  k

0 - 2

a = - l  7 7  = 1  k

i f  f  a ^ > -1

a = - l  T j  =  1  k 

i f  f  a ^ < 0 0 - 2 2 - 2

a = - l  Tj = 1 k = 1  

i f  { a 1 > 1 3 -1 -1
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T a b le  2 . 9 ( f )

+
The n , + + + 

™ f P IQ f
. + .+ + . h , J , s and 8 values  o f  th e  Predominant Resonant

Terms fo r  a S a t e l l i t e  in a Lunar G ravity Commensurability aoj + 7 7  w +

kO «  0 D U[ | > |a  | and I7 7 I

D

RESTRICTIONS ON

+ + + + , + .+ +
a ,  7 7 and k n m p q h J s 8

cc +ve 7 7 +ve k+ve
k - a even k 0 ( k - a ) /2  -  a (k-77)/2 - 7 7 k 1
k -  7 7 even

a +ve 7 7  +ve k+ve
k - a odd k+1 0 (k+l-cO /2  -  cc (k+l-77)/2 - 7 7 k 1
k -  7 7 odd

a +ve 7 7  +ve k+ve
k-a even k- 7 7 odd 2k 0 k - a  -2  a k- 7 7 - 2 7 7 2k 2
or k-a odd k-- 7 7 even

a +ve 7 7  +ve k-ve
Ikl +a even |k | 0 ( |k |+ a ) / 2  a ( |k|+77)/2 7 7 Ikl -1
j k| + 7 7  even

a +ve 7 7 +ve k-ve
1k| + a odd lkl+1 0 ( |k |+ l+ a )  a ( 1 k 1 +1 +77 ) 7 7 Ikl -1
1 k| + 7 7  odd 2 2

a 4-ve 7 7  +ve k-ve
1 kl + a odd 1 k +77even 2 |k | 0 1 k 1 +a 2 a Ik l + 7 7 277 2 |k | -2
or |k |+ aeven kj +77odd

a -ve 7 7  +ve k+ve
k + |a | even k 0 ( k + | a | ) / 2  |a | (k-77)/2 - 7 7 k 1
k -  7 7 even

a -ve 7 7  +ve k+ve
k + |a | odd k+1 0 ( k + l + |a | )  2 |a | (k+1 -77)/2 - 7 7 k 1
k - 7 7 odd 2
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T a b le  2 . 9 ( f )  c o n t in u e d

RESTRICTIONS ON
+ + + + + .+ + a , 7] and k n m  p q  b j s

CL -ve  7 7  +ve k+ve
k+ 1  al  odd k - 7 7 even 2 k 0  k+ |a | 2 |a |  (k - 7 7 ) - 2 ^ 2 k 2

or k+|a | even k - 7 7 odd

a -v e  77+ve k-ve
jkj -  la] even | k |  0  ( | k | - | a |  ) - | a |  ( | k | + % ) / 2  7 7 jk| - 1

|k | + 7 7 even 2

a -ve  7 7 +ve k -ve 1 1 1 1 1 1

jkj -  I a I odd |k |+ l  0 ( lk l+ 1 -  - I& I  ( | k | +1 + 7 7  ) 7 7  |k | -1
|k | + 7 7  odd | a | / 2  2

a -v e  7 7 +ve k-ve 1 1 1 1 1 1

I k l - |  a| odd, I k|+77even 2 |k |  0 |k | - |& l  -2|%l Ik|+77 277 2 |k |  -2
or I k l - |  aI e v e n , 1 k|+77odd
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( - )

T a b le  2 . 9 ( g )

The n ,m ,p ,q ,h  ,.j , s  and v v a lu es  o f  tire Predominant Resonant

Terms o f  a S a t e l l i t e  in  the  Lunar G ravity  Commensurability

a c j  +  T ]  û ) ^  w 0

RESTRICTIONS ON 

a and 7 7 n ra

a +ve 7 7  +ve 

a ^  7 7

«
a 0  —

0 -  a (a+77)/2 T ? 0 1

a + 7 7  even _ a + a (a - % ) / 2 - Î ? 0 - 1

a +ve 7 7 +ve 0 - 2  a a+ 7 7 2 7 7 0 2

a > 7 7 2 a 0  —
a + 7 7  odd _  2 a 2 a a -  7 7 - 2 7 7 0 -2

a +ve 7 7 +ve (77-a)/2 -  a T] 7 7 0 1
7 7 > a Tj 0 -

a + 7 7  even Jî? + a ) / 2 a 0 - 7 7 0 -1

a +ve 7 7 +ve ”  7 7 - a -2  a 277 2 7 7 0 2
7 7 > a 2 7 7  0 —
a + 7 7  odd 7 7 + a 2a 0 - 2 7 7 0 -2

a -ve  7 7 +ve 

|a |  ^  7 7 l al " 0 -

-  I « l l a l ( |a |+ 77)/2 7 7 0 1

1 a 1 + 7 7  even _  0 - | a | ( |a | - 7 7 ) /2 - 7 7 0 -1

a -ve  7 7  +ve 2 |a | 2 UI 1 a 1 + 7 7 2 7 7 0 2
|a | > 7 7 2 U I 0 —
1 a 1 + 7 7  odd 0 - 2 UI |a|-77 - 2 7 7 0 -2

/c o n t in u ed



RESTRICTIONS Œ

Table 2.9(fi‘) continued

1 5 7 .

a  and rj n ro P q h" j 8 V

oc - v e Tj + v e ( 7?+|oc| ) / 2 l a l T] Tj 0 1
Tj > a Tj 0 —
\ d \  + Tj e v e n _ ( t 7- | oc| ) / 2 -  | a | 0 - T j 0 -1

oc - v e 77 + v e Tj + 1 a l 2 U I 277 277 0 2

277 0 -
|oc| + Tj odd Tj - 1 a l - 2 U I 0 -277 0 - 2

i f  % -  i 1 then see  ta b le  2 . 9 ( i )  for  predominant  ̂ resonant terms.
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T a b le  2 . 9 ( h )

( - )The n ,m ,p  ,q  ,h  , j  , s  , and v v a l u e s  o f  t h e  P redom in an t # R eso n a n t

Terms f o r  a  S a t e l l i t e  in  a Lunar G r a v i t y  C o m m en su r a b i l i ty  =

aw + kO #  0------------ D ------------

RESTRICTIONS ON 

a and k n m J s

a +ve k+ve  
a > k 
a even

a / 2 0 k -1

a + v e  k+ve  
a ^  k 
a odd

2 a  0 2a 2 a 0 2k - 2

a + v e  k+ve k> a 
a odd k even 

o r  a odd k odd
2k k + a 2 a 0 2k - 2

a+ ve  k+ve  
k > a 

a ev en  k odd
k+1 0 ( k + l + a ) / 2  a ( k + l ) / 2  O k  -1

a+ve k - v e
a > Ikl
a ev en

a 0 -  a a / 2  0 I k|

a+ve k -v e  
« > |k|
a odd

2a 0 0 - 2 a 0 2 | k |  2

a+ v e  k - v e  
| x l  > a
a ev en  |k |  odd

| k | + l  0 0 - a ( | k | + l ) / 2  0 k 1

a+ve k -v e
|k |  > «. I

a odd Ik| odd

o r  a odd |k |  ev en

2 k 0 0 - 2 a k 0 2 kl
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T a b le  2 . 9 ( 1 )

( - )The n ,m ,p  ,q  , h , j  , s  and v  v a l u e s  o f  t h e  P redom in an t $  R eso n a n t

Terms f o r  a S a t e l l i t e  in  th e  Lunar G r a v i t y  C o m m e n s u r a b i l i t i e s  i  w + w 8 / o — —  -     —  D ------

RESTRICTIONS ON 

a and 77 n m

a = 1  77 = 1

i f  a ^ < 1

0 -2

- 2 -2

a = 1 77 = 1

r _ s _ ]  > 1

1 -1

0

- 1 - 1

a = - l  77 = 1

i f 0 __

0 -2 - 2 -2

a = - l  77 = 1

0 —

-1 -1 0 -1
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( - )

T a b le  2 . 9 ( j )

The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  o f  t h e  P redom in an t R eso n a n t

Terms f o r  a  S a t e l l i t e  in  a Lunar G r a v i t y  C o m m en su r a b il i ty  

aw + Tj(û̂  — %  ^  0 | a |  a n d /o r  |r?| >  | k |

RESTRICTIONS ON 

a , 77 and k n m

a +ve TJ + ve  k+ve  ̂
a ^  77 a e v e n  77 e v e n  a

o r  a odd V odd

a +ve 77 + v e  k+ve
a > 77 a odd tj e v e n  2 a

o r  a e v e n  77 odd

(a -7 7 ) /2  - 7 7

2 a  2 a  a - 77 -277 2k

-1

- 2

a +ve 77 + v e  k - v e   ̂
a ^  77 a ev e n  77 e v e n  ^  

o r  a odd 77 odd
- a  ( a + 77)/2 77 |k l  1

a +ve 77 + v e  k - v e  
a > 77 a e v e n  77 odd 2 a

o r a odd 77 e v e n
- 2 a a +77 277 1 2 kI 2

a +ve 77 + ve  k+ve  
77 > a a ev e n  tj e v e n  77

o r  a odd tj odd
0 (T7+a) /2  a -77 k -1

a +ve Tj + v e  k +ve  
77 > a a odd 77 ev e n  277 

o r  a ev e n  Tj odd
77+a 2 a - 2 7 7  2k - 2

a +ve Tj + v e  k - v e  
77 > a a e v e n  tj ev e n

o r  a odd tj odd
77 0 (7 7 -a ) /2  -  a 7? |k

a +ve 77 +ve  
77 > a a odd  
o r a

k - v e
77 ev en  277 

e v e n  Tj odd
77—a —2a 2 7 7 277 | 2 k |  2



T a b le  2 . 9 ( j ) c on t  inu ed

I G l .

RESTRICTIONS ON 

a , 77 and k n m

a  - v e  77 +ve k+ve
77 l a l * 0 0 - | a |  ( | a | - 7 ] ) / 2 -77 k - 1

1 a 1 ev en 77 ev e n
o r  la l.  odd 7 7 odd

a - v e  77 +ve k+ve
1 a |  > 7 7 2 | a | 0 0 - 2 | a |  | a | -  77 -277 2 k - 2

1 a 1 odd 7? e v e n
o r  1 a 1 even 7? odd

a - v e  77 +ve k - v e
[a |  ^  771 p ' | a | 0 | a | | a |  ( | a |  + 77)/2 7 7 | k | 1

la l  ev e n 7 7 ev en
o r  1 a j odd 7 7 odd

a - v e  77 +ve k - v e
loti > n 2 | a | 0 2 Ia | 2 U I  | a | +  77 277 2 I k l 2

1 a 1 odd 7? e v e n
o r  1 a 1 ev en 7 7 odd

a - v e  77 +ve k+ve
>7 > k l 77 0 (7?- |a | ) / 2 - | a |  0 -7 7 k - 1

1 a 1 even 77 ev e n
o r  1 a 1 odd 77 odd

a - v e  77 +ve k+ve
77 > la l 277 0 77 - 1 a | - 2 U I  0 - 2 7 7 2 k - 2

1 a 1 odd 77 e v e n
o r  1 a 1 ev en 77 odd

a - v e  77 +ve k -v e
77 > | a | 77 0 (77+|a| ) / 2 | a |  77 77 Ikl 1

la l  e v e n 77 ev e n
o r  1 a 1 odd 77 odd

a - v e  77 +ve k - v e
77 > ja j 277 0 77 + 1 a | 2 | a |  2 7 7 277 2 | k | 2

la l  e v e n 77 odd
o r  la l  odd 77 ev e n

*  i f  k l = 1 th en  s e e t a b l e 2 . 9 ( k )  f o r th e p red o m in a n t  r e s o n a n t  te r m s .
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T a b le  2 . 9 ( k )
_ _ _ _ _ _ _  (_)

The n «m iP »q ,h  , j  , s  and v v a l u e s  o f  t h e  P red o m in a n t  $ R eson an t

Terms f o r  a S a t e l l i t e  in  a  Lunar G r a v i ty  C o m m e n s u r a b i l i ty  it w + t  ^  0 

RESTRICTIONS ON

a , 77 and k n m p q h j s v

a = 1 7 7 = i k = l

i f  /  a ^ < 1 2  0  2  2  0  - 2  2  - 2( - ^ 1  < 1

I  V o  ;

a = 1 77 = 1  k = 1

3 0 2 1 1 - 1  1 -1i f  r  a ^ > 1
V a_ee_ /D D

a = 1 77 = 1 k = - l

i f  r  a 1  < 1 2  0  0  - 2  2  2  2  2

a = 1  77 = 1  k = - l

i f  f  a ^ > 1 3 0 1 - 1 2  1 1 1

a  = - l  77 = 1 k = 1

i f  /  a  ^ < 1 2  0  0  - 2  0  - 2  2  - 2

a = - i  77 = 1 k = 1

i f  r  a ^ > 1 3 0 1 - 1  1  _ l  1 - 1i f  r  a ^ > 1
Va^ee_ /D D

a =- l  77 = 1 k = - l

i f  r  a < 1  2 0 2  2 2  2 2 2

D D‘

a = - l  77 = 1 k = 1

i f  r  a ^ > 1 3 0 2  1 2  1 1 1
f - ^ 1  > 1V a e e ^ yD D
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T a b le  2 . 9 ( 1 )

The n ,m ,p  ,q  ,h  , j  , s  and v v a l u e s  o f  t h e  P red o m in a n t   ̂ R eso n a n t

Terms f o r  a S a t e l l i t e  in  a  Lunar G r a v i t y  C o m m en su r a b i l i ty

aw + Tjoj  ̂ + kQ^ ^ 0  Ik l > 1/91 and h i

RESTRICTIONS ON

a , T) and k n m

cc +ve TJ +ve  k+ve
k + a  ev e n  k 0 ( k + a ) / 2  a ( k - r ] ) / 2  -  r] k -1
k - 7 7  ev en

a +ve 77 + ve  k+ve
k + a  odd k+ 1  0  ( k + l + a ) / 2  a ( k + l - % ) / 2  - 7 7  k - 1
k - 7 7  odd

a +ve 77 + v e  k+ve
k + a  e v e n ,k  -  77 odd 2 k 0  k + a  2  a k - 7 7  - 2  77 2 k - 2
o r  k + a  o d d ,k  -  77 even

a +ve 77 +ve k-ve
Ikl -  a even  jkj 0 ( l k | - a ) / 2  - a  (I k|+T7 ) / 2  77 |k| 1
I k I + 77 even

a +ve 77 +ve k-ve
Ikl -  a odd Ik 1+1 0 ( | k | + 1  -  a) -  a (I kl +1+77) 77 |k| 1
jkj + 77 odd 2  2

a +ve 77 +ve  k - v e
|k I -  a o d d , Ik I +77even 2 |k |  0 | k | - a  - 2 a |k|+% 27? 2 | k |  2

o r  Ikl - o o v e n ,  |k | +7?odd

a - v e  77 +ve k+ve
k -  | a |  e v e n  k 0 ( k -  I a | ) / 2  - | a |  (k -7 ? ) /2  - 7 7  k -1
k - 7 7  ev e n

a - v e  77 + ve  k+ve
k -  | a |  odd k+1 0 ( k + l - | a | )  - | a |  ( k + l - % ) /2  -7? k -1
k - 7 7  odd 2

a - v e  77 +ve  k+ve
k - | a | e v e n , k  -  77 odd 2 k 0  k - | a |  - 2 | a |  k -77 -27? 2 k - 2
o r  k - I a |o d d  , k - 7 7  even



T a b le  2 . 9 ( 1 )  c o n t in u e d

1 6 4 .

RESTRICTIONS ON 

a , 77 and k n m h J s

a - v e  77 +ve k - v e
I kl + | a |  e ve n  | k |  0 ( | k | + 1 g | ) | a |  ( | k | + R ) / 2  V | k |  1
I kl +77 eve n  2

a - v e  77 +ve k - v e
Ikl + | g |  odd l k l +1 0 ( l k l + l +  | a |  ( | k | + l + R )  rj | k |  1
| k |  + 77 odd U I / 2  2

a - v e  77 +ve k - v e
| k | + | a | e v e n ,  | k |  + r7odd 2 | k |  0 | k |  + | g |  2 U I  ( | k |  + 77) 27j 2 | k |  2

o r
I k I + 1 a I o d d , I k I +770 ven
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2 . 4 ( 9 )  The Type ( 9 )  Lunar G r a v i t y  C o m m en su r a b il i ty  = a w + T̂Wp +

/90 + kQp __ 0

The 9 t h  ty p e  o f  c o m m e n s u r a b i l i ty  ^ q  ~  aw + 7]W  ̂ + + kO^ ̂  0

n e e d s  v e r y  l i t t l e  d i s c u s s i o n ,  s i n c e  m ost o f  i t s  p r o p e r t i e s  ca n  be i n f e r r e d  

from t h o s e  a l r e a d y  o b t a in e d  f o r  t h e  c o m m e n s u r a b i l i t y  ty p e  #  0 .

A s a t e l l i t e  w h ich  e x i s t s  in  a lu n a r  g r a v i t y  c o m m e n s u r a b i l i t y  

o f  th e  t y p e  ^ 9  ^  0 , w i l l  be in  r e s o n a n c e  w i t h  t h o s e  term s in

( 2 . 4 )  f o r  w h ich

( n - 2 p )^  = a 8

+
q = - a 8

( n - 2 h ) ^  = 77S

= -  778

m̂  = ' /?8

s^  = k 8

8 > 0

and t h o s e  é   ̂ t e rm s  f o r  w h ich

( n - 2 p )  = g v

q = -  g v

( n - 2 h )  = -  77V

j  =  77V

ra = y5 v

s  = -k v

( 2 . 8 1 )

( 2 . 8 2 )

V > 0

The p r e d o m in a n t  r e s o n a n t  term s f o r  a s a t e l l i t e  in  a ty p e  ( 9 )  lu n a r

g r a v i t y  c o m m e n s u r a b i l i t y ,  su ch  t h a t  I k  l <  a ,  and 77 , c a n  e a s i l y  be  

o b ta in e d  from  t a b l e s  2 . 7 ( a ) ,  2 . 7 ( c )  and 2 . 7 ( e ) ,  i f  Y i s  r e p l a c e d  by 7 7 , 

j  = 0 by j  = -  77S , and s^  = 0 by s^  = k 8  . I f  | k | i s  g r e a t e r  th a n  g , /? 

and 7 7 , t h e n  | k | r e p l a c e s  /? i n  t h e  n^ c o lu m n ,  c o r r e s p o n d i n g  ch a n g e s
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a r e  made i n  t h e  and h^ c o lu m n s .  S i m i l a r  remarks a p p ly  t o  t h e   ̂

r e s o n a n t  t e r m s ,  w h ich  can  b e  o b t a in e d  from t h e  t a b l e s  2 . 7 ( g ) ,  2 . 7 ( i )  

and 2 , 7 ( k ) .  H owever, i n  t h i s  i n s t a n c e ,  j  = 0 i s  r e p l a c e d  by j  = 7] v .

The c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  a  p a r t i c u l a r  ty p e  ( 9 )  c o m m e n s u r a b i l i ty  

a r e  g i v e n  by th e  e q u a t i o n s  2 .6 1  -  2 . 6 6 ,  w i t h  Y r e p l a c e d  by

T}ù)  ̂ + kQ . 
D D

The m ost im p o r ta n t  ty p e  ( 9 )  c o m m e n s u r a b i l i t i e s  a r e  t h o s e  f o r

w h ich  ( ] “ e  ^ ê "̂  i s  an a b s o l u t e  minimum, i . e .  t h e  c o m m e n s u r a b i l i t i e s
( t ) "D

+ w + Q + n  « 0
” D

1 2W + 0 t  ~ 0

( 2 . 8 3 )
1 2w + 20 1 a  0

and t h e  s e t

i  w I  + /9Q + k ( ^  «  0

i f  > 1 ,  w here /9 = 1 , 2 , 3  and k = - 1 , - 2 , - 3 , 1 , 2 , 3  .

The p red o m in a n t  a m p l i tu d e  f a c t o r s  o f  th e  s e t  ( 2 . 8 3 )  a r e  o f  o r d e r  

r  a ^ ^ e^ ;  w h i l s t  t h o s e  in  t h e  s e t  ( 2 . 8 4 )  a r e  o f  o r d e r  ^ a  ^  ̂ e e _  .

[ - J  I V  “

From e q u a t i o n s  ( 2 . 6 1 )  t o  ( 2 . 6 6 ) ,  i t  i s  found  t h a t  a l l  88 c o m m e n s u r a b i l i t i e s  

i n  th e  s e t s  ( 2 . 8 3 )  and ( 2 . 8 4 )  can  e x i s t .
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2 . 4 ( 1 0 )  The Type ( 1 0 )  Lunar G r a v i ty  C o m m e n su r a b i l i ty

= CLÙ) + 7} Ù) + YM_ + kO »  0
— 10 ---------------   D — D ------  D------------

As was t h e  c a s e  w i t h  ty p e  ( 9 ) ,  t h e  c o m m e n s u r a b i l i t y  ty p e

^  0  n e e d s  v e r y  l i t t l e  d i s c u s s i o n ,  m ost o f  i t s  p r o p e r t i e s  b e i n g

a n a lo g o u s  t o  t h o s e  o f  ty p e  ( 8 ) .  The and  ̂ r e s o n a n t  term s f o r  a

s a t e l l i t e  in  a lu n a r  g r a v i t y  c o m m e n s u r a b i l i ty  a r e  g i v e n  by

( n - 2 p)^  = aS

q = - aô

( 2 . 8 5 )

and

( 2 . 8 6 )

( n - 2 h )  = TjS

= Y5 ** 7?8 

m = 0

s  = k 8

( n - 2 p ) = g v

q = -  gv

( n - 2 h ) = -  77 V

j = -  Yv + 7 7 V

m = 0

s  = -k v

r e s p e c t i v e l y .

The p red o m in a n t  and 0  ̂  ̂ r e s o n a n t  term s ca n  be e a s i l y

o b t a in e d  from  t h e  t a b l e s  2 . 9 ( a )  -  2 , 9 ( 1 )  i f  77 i s  c o n s i d e r e d  t o  be  

a lw a y s  p o s i t i v e ;  = - t ] 8  i s  r e p la c e d  by = Y^ -  7?8 , and

j  = 77 V  i s  r e p l a c e d  by j  = 77 v -  Y v .  K e e p in g  77 p o s i t i v e  g o e s  

a g a i n s t  t h e  p r e v i o u s l y  a d o p ted  s i g n  c o n v e n t i o n ,  w h ich  would  h a v e  made y  

a lw a y s  p o s i t i v e .  H ow ever, t h i s  ch a n g e  i s  c o n v e n i e n t  i n  t h a t  i t  r e a d i l y  

g i v e s  t h e  p red o m in a n t  r e s o n a n t  term s f o r  a ty p e  ( 1 0 ) c o m m e n s u r a b i l i t y .
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The c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  a  ty p e  (1 0 )  lu n a r  g r a v i t y  

c o m m e n s u r a b i l i ty  can be i n f e r r e d  from t h o s e  a l r e a d y  o b ta in e d  f o r  th e  

c o m m e n s u r a b i l i t i e s  fjf  ̂^  0 ,  i f  in  e q u a t i o n s  ( 2 . 4 2 )  and

( 2 . 4 3 )  i s  r e p l a c e d  by ( + k O ^ ) / a  , v i z

4 . 9 8  a > Y ^  + 77WQ + kO^ ( 2 . 8 7 )

f o r  ( YM^ + T}(0 ^ +  kOj^)/a > 0

and 1 9 . 9 2  a > Y ^  + Tj co + kQ ( 2 . 8 8 )D D D

when ( YWjj + + k O ^ ) /a  < 0

The m ost im p o r ta n t  lu n a r  g r a v i t y  c o m m e n s u r a b i l i t i e s  o f  t y p e  ( 1 0 )  when 

^  JL ^ < 1 a r e  t h o s e  w h ich  have  p red om in ant a m p l i tu d e  f a c t o r s

2 2p r o p o r t i o n a l  t o  ^ ^  ^ e  , i . e .  t h e  s e t

I 2w + 2(w  ̂ + M̂ ) I  0  ̂ % 0
( 2 . 8 9 )

However, i f f a  V  1 ^ > 1 ,  th en  t h e  m ost im p o r ta n t  ty p e  ( 1 0 )
i T À ê j

c o m m e n s u r a b i l i t i e s  a r e  t h e  s e t

+ w + (w^ + iM̂ ) ± 0^ % 0

( 2 . 9 0 )

i  w + 3(w^ + M̂ ) + kfi^ ^ 0

where k = - 1 , - 2 , - 3 , 1 , 2 , 3 .  The a m p l i t u d e  f a c t o r s  o f  th e  s e t  ( 2 . 9 0 )  a r e  

p r o p o r t i o n a l  t o  f a  ^ ^ e  . From e q u a t i o n s  ( 2 . 8 7 )  and ( 2 . 8 8 ) ,  i t  can

e a s i l y  be  s e e n  t h a t  th e  o n l y  c o m m e n s u r a b i l i t i e s  in  th e  s e t s  ( 2 . 8 9 )  and
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( 2 . 9 0 )  w h ich  e x i s t  a re

-  <y + (w^ + M )̂ ^ 0

-  2W + 2(W^ + M )̂ ± % 0

The s a t e l l i t e  o r b i t s  w h ich  e x i s t  i n  t h e  s e t  o f  c o m m e n s u r a b i l i t i e s

( 2 . 9 1 )  a r e  g i v e n  in  f i g u r e s  ( 2 . 3 8 )  -  ( 2 . 4 1 ) .

( 2 . 9 1 )
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2 . 4 ( 1 1 )  The Type ( 1 1 )  Lunar G r a v i t y  C o m m o n su ra b il ity

+ y M„ + /9Q + % 0— 11  D — ^ D ---- ^----------  D---------

A s a t e l l i t e  e x i s t s  i n  a ty p e  ( 1 1 )  lu n a r  g r a v i t y  co r a ra en su ra b il i ty  

i f  i t s  o r b i t a l  e l e m e n t s  s a t i s f y  th e  e q u a t io n

• • * 3 5
9 ,97 /9  c o s  i  = ( + k 0 ^ )  y  * ( 2 . 9 2 )

In o r d e r  f o r  a p a r t i c u l a r  ty p e  ( 1 1 )  c o m m e n s u r a b i l i ty  t o  o c c u r ,  th e  

maximum v a l u e  o f  y i n  e q u a t io n  ( 2 . 9 2 )  must be g r e a t e r  th a n  u n i t y ,  i . e .  i f

9
• • •

. 9 7 /9  > I YW  ̂ + ( 2 , 9 3 )

On s u b s t i t u t i n g  in  t h e  a p p r o p r ia t e  v a l u e s  o f  and 0^ f o r  t h e  Moon,

e q u a t io n  ( 2 . 9 3 )  becom es

9 ,9 7 /9  > | l 3 . 0 1  Y + 0,16%  -  0 , 0 5  k |  ( 2 , 9 4 )

The and  ̂ resonant terms fo r  a s a t e l l i t e  in  a

com m ensurability 2  0 a re  such th a t

(n~2p)^ = 0

q^ = 0

( 2 , 9 5 )

and

(n -2 h )^  = 775

(n -2 h + j)^  = Y^

m̂  = /98

s^ = kS

S > 0

( n - 2 p )  = 0

q = 0

( n - 2 h )  = -  7 7 V ( 2 , 9 6 )

(n —2h+j ) = — y v
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m = /9 V

s = -k v

V  > 0

r e s p e c t i v e l y .  The p red o m in a n t  and  ̂ r e s o n a n t  term s can  be

e a s i l y  o b t a in e d  from t a b l e s  2 . 8 ( a )  -  2 . 8 ( d ) ,  i f  = -  %8 i s  r e p la c e d  

by = Y& -  , and j  = % v i s  r e p l a c e d  by j  = %v -  Y v ,

The m ost im p o r ta n t  ty p e  ( 1 1 )  c o r a m e n s u r a b i l i t i e s  a re  t h o s e  f o r  

w h ich  ( a ^ ^e e j  i s  an a b s o l u t e  minimum, i . e .  th e

c o r a m e n s u r a b i l i t i e s

i  ("j  ̂ + M̂ ) + n Î  -  0

t  2(w^ + M^) + Q t  -  0

_  2(w^ + M̂ ) + 2 0  _

t  2(W^ + M^) + n  Ï  20^ % 0

The p red om in ant a m p l i tu d e  f a c t o r s  o f  t h e  s e t  ( 2 , 9 7 )  a r e  o f  o r d e r

 ̂''D

( 2 , 9 7 )

(t)
How ever, c o n s i d e r a t i o n  o f  e q u a t i o n  ( 2 , 9 4 )  shows t h a t  none o f  t h e  s e t

( 2 , 9 7 )  can  e x i s t .  The n e x t  m ost im p o r ta n t  c o r a m e n s u r a b i l i t i e s  w h ich  can

Je x i s t  a r e  t h o s e  o f  o r d e r  f a  , e . g

~  0

Such c o r a m e n s u r a b i l i t i e s  a r e ,  h o w e v e r ,  v e r y  w eak, and, t h e r e f o r e ,  o f  no  

g r e a t  im p o r ta n c e :  we w i l l  n o t  c o n s i d e r  them f u r t h e r .
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2 . 4 ( 1 2 )  The Type ( 1 2 )  Lunar G r a v i t y  C o m m en su r a b il i ty

= KW + + Y + kQ^   0

The lu n a r  g r a v i t y  c o m m e n s u r a b i l i t l e s  o f  t h e  ty p e  #  0

a r e  t h e  most c o m p l i c a t e d  c o m m e n s u r a b i l i t l e s  d i s c u s s e d  s o  f a r  i n  t h a t  

th e y  have t h e  g r e a t e s t  number o f  t e r m s .  H ow ever, t h e i r  p r o p e r t i e s  a r e  

e a s i l y  found from t h o s e  a l r e a d y  o b t a in e d  f o r  o t h e r  c o m m e n s u r a b i l i t y  

t y p e s ,

A s a t e l l i t e  w h ich  e x i s t s  i n  a  ty p e  ( 1 2 )  lu n a r  g r a v i t y  

c o m m e n s u r a b i l i ty  i s  i n  r e s o n a n c e  w i t h  t h o s e  and é   ̂ te rm s in  ( 2 , 4 )

f o r  w hich

( n - 2 p )^  = aS

= -aS 

( n - 2 h )^  = 778

( n - 2 h + j ) ^  = Y^

m̂  = /98

s  = k 8

( 2 . 9 8 )

( 2 , 9 9 )

and

( n - 2 p )  = a v

q = -  a V

( n - 2 h )  = -  77 V

( n - 2 h + j )  = -  Y V

m = y9  V

s = -k v

V > 0

The p red o m in a n t  ^   ̂ and  ̂ r e s o n a n t  term s f o r  a  ty p e  ( 1 2 )  

c o m m e n s u r a b i l i ty  a r e  o b t a i n e d  in  th e  same manner a s  t h o s e  o f  t y p e  ( 9 ) ,
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w i th  th e  e x c e p t i o n  t h a t  = 0 i s  r e p l a c e d  by = -  %S + yS » and 

j  = 0 by % V -  y v .  The e x i s t e n c e  c o n d i t i o n s  f o r  a p a r t i c u l a r  ty p e  

( 1 2 )  c o m m e n s u r a b i l i t y  can  be  o b t a i n e d  from e q u a t i o n s  ( 2 , 6 1 )  -  ( 2 , 6 6 )  

i f  y n ^  i s  r e p l a c e d  by y l ^  + , F i n a l l y ,  t h e  m ost im p o r ta n t

ty p e  ( 1 2 )  c o r a m e n s u r a b i l i t i e s  w i l l  be t h o s e  w h ich  have p red om in ant  

r e s o n a n t  term s o f  o r d e r  f a ^^e^  when f a  ^ 1  ^ < 1 ,  i . e .  t h e  s e t

+ w Ï  (w^ + Mp) ± + n -  0

t  2(0 ± 2 (W^ + M^) i  + n -  0

(2 ,1 0 0 )
t  2(0 t  2(W^ + M^) ± 2C^ + n 2  0

t  2(0 t  2(w^ + M̂ ) 1 + 20 a  0

3
and t h o s e  w h ich  h ave  p red om in an t r e s o n a n t  term s o f  o r d e r  f a  1 e  when

"  (t) 
( t X : )  '

D

th e  s e t

I  w + y  (w^ + M^) + ^ 0  + k Q  ~ 0  ( 2 , 1 0 1 )

w here y  = - 1 , - 3 , 1 , 3 ;  = 1 , 2 , 3  and k =  - 1 , - 2 , - 3 , 1 , 2 , 3 .  However

from e q u a t i o n s  ( 2 , 6 1 )  -  ( 2 . 6 6 )  w i t h  y n ^  r e p l a c e d  by yM^ + 7]^^ + k f i^  

i t  i s  e a s i l y  s e e n  t h a t ,  o f  t h e  s e t  ( 2 . 1 0 0 ) ,  o n ly

w -  (W + M ) + n + Q «  0
D D D

-  w + (W + i M ) + 0 ' ^ 0  ~  0 
D D -  D

2(0 -  2(W  ̂ + M )̂ + n 1 a  0

-2(0 + 2(w^ + M̂ ) + n i  ~  0 (2 ,1 0 2 )
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2(0 -  2 ( 0}^  + M^) + 20  1 «  0

'2(0 + 2(W^ + M )̂ + 20  a  0

2(0 -  2((0^ + M^) + 0  Î  20^ ^ 0 

-2io + 2(w^ + M^) + 0 t  20^ ^ 0

a r e  p o s s i b l e .  S i m i l a r l y ,  o f  th e  s e t  ( 2 . 1 0 1 ) ,  o n l y

(0 -  (w^ + A^) + 0 +kOjj 0

-  (0 + ( (Oĵ  + ) + 0 + k 0^ % ' 0

(0 + (w^ + ) + 3 0 + k 0^ ^ 0

w -  3(Wp + Mĵ ) + 2 0  + k^O^ ~ 0

CO -  2((0j^ + M^) + 3Q + kO^ ^  0

W -  (w^ + M )̂ + 20 + kOj^

CO -  (co^ + M )̂ + 30 +kOp ^ 0

•  •  •  *  1 *

CO + 3(w^ + M )̂ + 2 0 +  k Ojj ^ 0

CO + 3 + M^) + 30  + kO^ 0

CO + (w^ + M^) + 3 0  + kO^ ~  0

CO -  (w^ + H^) + 3 0  + k O ^  0

a r e  p o s s i b l e ,  w here k^ t a k e s  th e  v a l u e s  - 1 , 1 , 2 , 3 .



1 7 5 .

2 . 4 ( 1 3 )  The Type ( 1 3 )  L u n l s o la r  C o m m en su r a b il i ty  C o n d it io n

-> 1 3  ^ — 2-

The l a s t  c o m m e n s u r a b i l i ty  c o n d i t i o n  t o  be  d i s c u s s e d  i s  some­

what u n u su a l  i n  t h a t  i t  i s  e n t i r e l y  in d e p e n d e n t  o f  a s a t e l l i t e * s  

o r b i t a l  e l e m e n t s ,  d e p e n d in g  s o l e l y  on t h e  n a t u r e  o f  t h e  lu n a r  and s o l a r  

o r b i t s .  A l l  s a t e l l i t e s  t h e r e f o r e  e x i s t  in  e v e r y  ty p e  ( 1 3 )  

c o m m e n s u r a b i l i t y .  The and  ̂ r e s o n a n t  term s f o r  su ch  a

c o m m e n s u r a b i l i t y  are  g i v e n  by

( n - 2 p )^  = 0

= 0

( n - 2 h ) ^  = 776

= -  77S

m̂  = 0

s  = k 8

( 2 . 1 0 4 )

and

( n - 2 p )  = 0

q = 0

( n - 2 h )  = -  77 V

( 2 . 1 0 5 )
J =  77 V

m = 0

s = -k v

r e s p e c t i v e l y .

For t h e  Sun , 7 7 + kO^ i s  a p p r o x im a t e ly  z e r o  f o r  a l l  normal  

v a lu e s  o f  77 and k .  However, f o r  th e  Moon, 7 7 a p p r o x im a te ly  

z e r o  when 77 = 1 ,  k = 3 ,*  ( I t  i s  o n l y  n e c e s s a r y  t o  c o n s i d e r  t h e  

s o l u t i o n  77 = 1 and k = 3 ,  s i n c e  a l l  o t h e r  s o l u t i o n s  g i v e  e q u i v a l e n t  

c o m m e n s u r a b i l i ty  c o n d i t i o n s . )  I t  w i l l  t h e r e f o r e  be  found c o n v e n i e n t  t o  

d i s c u s s  t h e  lu n a r  and s o l a r  c a s e s  s e p a r a t e l y  -  s t a r t i n g  w i t h  t h e  lu n a r
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c o m m e n s u r a b i l i t l e s  o f  ty p e  ( 1 3 ) .

The p red o m in a n t  and  ̂ r e s o n a n t  term s f o r  t h e  lu n a r

c a s e  a r e  such  t h a t

n^ = 6,  m̂  = 0 ,  p^ = 3-» = Of = 2 ,  = - 2 ,  s^ = 6» S = 2

and

n = 6 , m = 0 ; p = 3 , q = 0 , h  = 2 , j  = - 2 , s  = 6 , v  = - 2

4 2
The a m p l i tu d e  f a c t o r s  o f  t h e s e  term s a re  p r o p o r t i o n a l  t o

Lunar g r a v i t y  r e s o n a n c e s  o f  ty p e  ( 1 3 )  a r e  t h e r e f o r e  v e r y  weak, and w i l l  

n o t  g r e a t l y  a f f e c t  a  s a t e l l i t e ' s  m o t io n .

The s o l a r  c o m m e n s u r a b i l i t l e s  o f  ty p e  ( 1 3 )  a r e  more c o m p l ic a t e d  

ow in g  t o  th e  g r e a t e r  v a r i a t i o n  o f  a l lo w e d  v a l u e s  f o r  77 and k ( 77 b e i n g  

a lw a y s  p o s i t i v e ) .  The m ost im p o r ta n t  ty p e  ( 1 3 )  s o l a r  c o m m e n s u r a b i l i ty  

o c c u r s  when 77 = 0 and k = 1 ,  i . e .  ^  0 ,  th e  p red o m in a n t  a m p l i tu d e

f a c t o r  b e i n g  p r o p o r t i o n a l  t o  f a  . The p red om in an t and ^
( t ) -D

r e s o n a n t  term s f o r  t h e  g e n e r a l  t y p e  ( 1 3 )  s o l a r  c o m m o n su r a b i l i ty  c o n d i t i o n  

+ kO^ ^  0 a r e  g i v e n  in  t a b l e s  2 . 1 0 ( a )  and 2 . 1 0 ( b ) .
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T a b le  2 . 1 0 ( a )

The and 8 v a l u e s  o f  t h e  p red om in an t R eso n a n t

Terms f o r  a S a t e l l i t e  i n  a Type ( 1 3 )  S o la r  C o m m en su r a b il i ty  =

nw + kO #  0J. D -----  D--------

RESTRICTIONS ON

,  -I + + + + + ,+ +
7] and k  n m p q h j s g

77+ve k+ve
% > k Tj 0  7 7 / 2  0 0 - 7 7  k 1

% ev en

77+ve k+ve
77 ^  k 277 0 77 0 0 -2 7 7  2k  2

77 odd

77+ve k + v e
k > 77 k+1 0 ( k + l ) / 2  0 (k + l -7 7 ) /2  -7 7  k l
k odd 77 ev en

77 +ve k +ve
k >77 k odd 77 odd 2 k  0 k 0 k-7 7  - 2 7 7  2k
o r  k ev en  77 odd

77 +ve k - v e
77 > Ik I 77 0 77/2 0 77 77 jkj - 1

7 7
even

77+ve k - v e  
77 > I k I 77 odd

277 0  77 0  2 7 7  2 7 7  2 |k | - 2

77+ve k - v e
I k j > 77 l k l + 1  0 ( | k | + l )  0 ( l k l + l + 77) 77 jkj -1
I k I odd 77ev en  2 2

77+ve k - v e
I k I > 77 k odd

% odd 2 | k |  0 jkj 0 jkj + 7 7  2 7 7  2 | k |  - 2
I kj ev en  - 77 odd
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T a b le  2 . 1 0 ( b )

_ _ _ _ _ _ _  (_)
The n ,m ,p  ,q ,h  , j  , s  and v v a l u e s  o f  t h e  P red o m in a n t $ R eson an t

Terms f o r  a S a t e l l i t e  in  a Type ( 1 3 )  S o l a r  C o m m e n su r a b i l i ty  ijs ~
 . . . .  ............................................

%w + kO % 0
— - D ------  D----------------

RESTRICTIONS ON

7] and k n m  p q h j s

7? +ve k +ve
77 > k 77 0 7 7 /2  0 0 - 7 7  k -1
77 ev e n

77+ve k+ve
77 ^  k 2 7 7 0  77 0 0 -277 2k  - 2
77 odd

77+ve k + v e
k > 77 k+1 0 ( k + l ) / 2  0 (k + l -7 7 ) /2  -  77 k -1
k odd 77 even

77 +ve k+ve k > 77
k odd 77 odd 2k 0 k 0 k- 7 7  -2 7 7  2k  . - 2

o r  k ev e n  77 odd

77 +ve k - v e
77 > |k l  77 0 7 7 / 2  0 77 77 I k| 1
77 ev en

77 +ve k - v e
77 >  Ikl 277  0 77 0 2 7 7  277 2 | k |  2
77 odd

7 7 +ve k -v e
| k |  > 77 | k | + l  0 ( | k | + l ) / 2  0 ( | k | + l + 7?) 77 | k |  1

jk j odd 77 ev e n  2

77 +ve k -v e  | k| > 77

I k 1 even  77 odd 
or I k 1 od d , 77 odd 2 | k |  0 | k |  0 |k |  +77 2 7 7  2 |k l  2
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2 . 5  D i s c u s s i o n  and C o n c lu s io n

In t h i s  t h e s i s ,  t h e  p r o p e r t i e s  o f  a c l a s s  o f  a r t i f i c i a l  

s a t e l l i t e  o r b i t s  known a s  l u n i s o l a r  r e s o n a n c e  o r b i t s  have  b een  a n a l y s e d .  

S p e c i a l  em p h a s is  h a s  b een  g i v e n  t o  f i v e  p a r t i c u l a r  a s p e c t s  o f  s u c h  

o r b i t s  -  c l a s s i f i c a t i o n ,  o r b i t a l  e l e m e n t s  o f  r e s o n a n t  s a t e l l i t e s ,  

p red om in ant r e s o n a n t  term s in  l u n i s o l a r  d i s t u r b i n g  f u n c t i o n ( s ) ,  im p o r ta n t  

ex a m p les  and e x i s t e n c e .  Some g e n e r a l  c o n c l u s i o n s  can  now be  drawn  

c o n c e r n in g  t h e  o r b i t s .

F i r s t l y ,  l u n i s o l a r  r e s o n a n c e  o r b i t s  ca n  be d i v i d e d  i n t o  

f i f t e e n  d i s t i n c t  t y p e s  -  a  p a r t i c u l a r  ty p e  b e i n g  c l a s s i f i e d  a c c o r d i n g  

t o  i t s  c o m m e n s u r a b i l i t y  c o n d i t i o n .  F u r th e r  a n a l y s i s  show s t h a t  t h e s e  

f i f t e e n  ty p e s  can  be r e d u c e d  t o  3 b a s i c  c l a s s e s  -  i n c l i n a t i o n  d e p e n d e n t ,  

y and i  d e p e n d e n t ,  and o r b i t  in d e p e n d e n t .  Types ( 1 ) ,  ( 2 )  and ( 3 )  b e l o n g  

to  c l a s s  ( 1 ) ;  t y p e s  ( 4 )  -  ( 1 2 )  t o g e t h e r  w i t h  ty p e  ( 1 5 )  b e l o n g  t o  c l a s s  

2; th e  t h i r d  b a s i c  c l a s s  c o n s i s t s  o f  t y p e s  ( 1 3 )  and ( 1 4 ) .

S e c o n d ly ,  t h e  c o m m e n s u r a b i l i t y  c o n d i t i o n  f o r  t h e  f i f t e e n  

ty p e s  o f  l u n i s o l a r  r e s o n a n c e  o r b i t s  ca n  be  e x p r e s s e d  as  a s im p le  

r e l a t i o n s h i p  b e tw e e n  t h e  t h r e e  n o n - a n g u la r  e l e m e n t s  o f  a  s a t e l l i t e  

o r b i t  ( i . e .  a ,  e  and i ) ,  i f  t h e  s a t e l l i t e  i s  s u f f i c i e n t l y  c l o s e  t o  t h e  

E a r th .  A s a t e l l i t e  w i l l  e x i s t  in  a p a r t i c u l a r  c o m m e n s u r a b i l i t y  i f  i t s  

o r b i t a l  e l e m e n t s  s a t i s f y  su c h  a r e l a t i o n s h i p .

T h i r d l y ,  any s a t e l l i t e  e x i s t i n g  in  a p a r t i c u l a r  l u n i s o l a r  

c o m m e n s u r a b i l i t y  i s  in  r e s o n a n c e  w i th  an i n f i n i t y  o f  term s in  th e  

l u n i s o l a r  d i s t u r b i n g  f u n c t i o n  e x p a n s i o n ( s ) , n o t  a l l  terras h a v in g  e q u a l  

w e ig h t  o w in g  t o  t h e i r  d i f f e r i n g  a m p l i tu d e  f a c t o r s .  I t  h a s  b een  shown 

t h a t  th e  m ost im p o r ta n t  r e s o n a n t  terras a r e  l i k e l y  t o  be t h o s e  f o r  w h ich  

th e  a m p l i tu d e  f a c t o r  ^ a  ^ i s  a  minimum. T h i s  c r i t e r i o n

D

has been u sed  t o  d e t e r m in e  th e  p red o m in a n t  r e s o n a n t  term s f o r  t h e
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v a r i o u s  c o m m e n s u r a b i l i ty  t y p e s .

F o u r t h l y ,  e a c h  ty p e  o f  r e s o n a n c e  o r b i t  has i t s  m ost im p o rta n t

c o r a m e n s u r a b i l i t i e s ,  n am ely  t h o s e  f o r  w h ich  (  ^ e  ^ e IS an

a b s o l u t e  minimum. So f a r  as  i n c l i n a t i o n  d e p e n d e n t  r e s o n a n c e s  a re  

c o n c e r n e d ,  th e  most im p o r ta n t  h ave  b een  shown t o  o c c u r  a t  i n c l i n a t i o n s  

o f  4 6 . 4 ° ,  5 6 . 1 ° ,  6 3 . 4 ° ,  6 9 . 0 ° ,  7 3 . 2 ° ,  1 0 6 . 9 ° ,  1 1 1 . 0 ° ,  1 1 6 . 6 ° ,  1 2 3 . 4 °  9 Ô O® 

and 1 3 3 . 6 ° .  In t h e  c a s e  o f  y and i  d e p e n d e n t  r e s o n a n c e s ,  th e  o r b i t s  

w h ich  e x i s t  in  41 o f  th e  m ost im p o r ta n t  c o r a m e n s u r a b i l i t i e s  h ave  been  

o b t a i n e d .  (The r e s u l t s  a r e  g i v e n  in  F i g u r e s  2 .1  t o  2 . 4 1 . )

L a s t l y ,  c r i t e r i a  h ave  been  found  w h ich  d e te r m in e  w h e th e r ,  o r  

n o t ,  a p a r t i c u l a r ' l u n i s o l a r  c o m m e n s u r a b i l i t y  can  e x i s t ,  i . e .  w h eth er  

s a t e l l i t e  o r b i t s  e x i s t  w h ich  s a t i s f y  t h e  c o m m e n s u r a b i l i t y  c o n d i t i o n .

I t  has been  shown t h a t  a l l  i n c l i n a t i o n  d e p e n d e n t  c o r a m e n s u r a b i l i t i e s  

a r e  p o s s i b l e ,  each  g i v i n g  a t  l e a s t  o n e  r e s o n a n t  i n c l i n a t i o n ,  w i t h  a 

maximum o f  tw o . y and i  d e p e n d e n t  r e s o n a n c e s  o n ly  e x i s t  i f  th e  

maximum v a l u e  o f  y o b t a i n e d  from t h e  c o m m e n s u r a b i l i t l e s  i s  g r e a t e r  than  

u n i t y .



181 .

APPENDIX 1 

Some Im portant H ansen C o e f f i c i e n t s

A . l  I n t r o d u c t i o n

Hansen c o e f f i c i e n t s  a r e  s e r i e s  in  t h e  o r b i t a l  e c c e n t r i c i t y  o f

a s a t e l l i t e ,  o r  d i s t u r b i n g  b ody , r e s u l t i n g  from th e  e x p a n s io n  o f  th e

p e r t u r b i n g  p o t e n t i a l  ( f o r c e )  in  t h e  term s o f  t h e  K e p le r ia n  e l e m e n t s

o f  th e  s a t e l l i t e  and t h e  d i s t u r b i n g  b o d y .  The c o e f f i c i e n t s  G , .
n , p , q ( e )

and H . ,  V u se d  in  t h e  t e x t ,  a r e  d e f i n e d  by n , h , j ( e ^ )

G ( o )  = ( o )  = 1n , p , q  (n -2 p + q )  j

2tt

c o s  [ ( n - 2 p ) f  -  (n -2p+q)M l dM

(1 )

and
2tt

^  J hn-2h) -
271-

(n -2h +j)M p  idl.l^ ( 2 )

The s u b s c r i p t  D in  ( 2 )  r e f e r s  to  t h e  o r b i t  o f  th e  d i s t u r b i n g  b o d y .

Plummer ( 1 9 1 8 )  h a s  shown how t o  d e v e l o p  ( 1 )  a s  a s e r i e s  in  e  

and t h e  s u b s i d i a r y  v a r i a b l e  /9, g i v e n  by

/? = e/i 1 + (1 -  e^)^i (3 )

The r e s u l t  i s
+00  

8=- CO

where

(- /9 )^  ^ q ^  ^ F ( - 2 p + q - 0 - l  , “ 2n+2p“l  , q - 0 + l  ; /9 ) 0  ^ q
n , ( n - 2 p )  . _
( n - 2 p + q ) , 0  g _

(~/9)  ̂ J F ( —2 n + 2 p -q + 0 - l  , - 2 p - l  , - q + 0 + l  ^)0 ^  q

( 5 )
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J^Cve) i s  the ordinary B e s s e l  funct ion  o f  degree ,  0 ,  i . e .

Jg(ve) (fT
01

- ( f T *  - ( ? ) '

l . ( 0 + l )  1.2(0+1).  (0+2)

0 ^ 0

<6 )

( - 1 ) ' ® '  J|@| (v e ) 0

and F i s  a h y p e r g e o m e t r ic  f u n c t i o n  g i v e n  by

F ( a , b , c ;  x )  =
(■

+ a . b . x  + a , ( a + 1 ) .b . (b + 1  ) x
1 . c 1 . 2 . C . ( c + 1 )

( 7)

The l e a d i n g  term  in  t h e  s e r i e s  f o r  ( e )  i s  o f  o r d e r
(n -2 p + q )

e^^) + 0 ( e ^ ^ l ^ ^ ) .  S i m i l a r l y ,  t h e  r e s u l t  f o r  ( e  ) in( n - 2 h + j ) D

terras o f  e^ and /9 ^ ,  w here

(8)

i s  such that

+ 00

- D >  = 1  I <•»>
0 = - c

( 9 )

(=D) Siven by

( -y9p)J‘ ® F ( 2 n - 2 h + J - e . 2 h . j - e + l ; / 9 / )  6 <  j

^ - ( n + l ) , ( n - 2 h )  .  . /  N
(n -2h+ j) ,e  D F ( 2 h - j + e , 2 n - 2 h , - j + l + e :  e  >  j  ( 1 0 )

The l e a d i n g  term s  i n  t h e  s e r i e s  f o r  ( e  ) i s  o f(n —2 h + j /  u

o r d e r  e^^^^ + 0 (6 ^ ^ ^ ^ ^ ^ ).  L et  u s  now c o n s i d e r  t h e  Hansen c o e f f i c i e n t s .

G ( e )  and H , , ( e _ ) ,  in  g r e a t e r  d e t a i l ,  s t a r t i n g  w i t h  G ( e ) .n , p , q ,  n , h , j  D  ̂ n , p , q
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A .2 The Hansen C o e f f i c i e n t s  G ( e )  ( e ) ]----------------------------------------------  n , p , q  —  (n -2 p + q )

In C h ap ter  2 ,  i t  was shown t h a t ,  f o r  c l o s e  E a rth  s a t e l l i t e s ,

th e  o n ly  im p o r ta n t  l u n i s o l a r  c o m m e n s u r a b i l i t l e s  a r e  t h o s e  f o r  w hich

(n -2 p + q )  = 0 .  C o n s e q u e n t ly ,  i t  i s  o n ly  n e c e s s a r y  t o  c o n s i d e r  h e r e

n , ( n - 2 p )th e  Hansen c o e f f i c i e n t  X,0

i n t e g r a l  in  ( 1 )  r e d u c e s  t o

277

( e ) .  I f  (n -2 p + q )  = 0 ,  th e n  th e

i f Ÿ  c o s  [ ( n - 2 p )  f  1 diM
( 3

(1 1 )

On c h a n g in g  th e  i n t e g r a t i o n  v a r i a b l e  from t h e  mean a n om aly ,  M, t o  th e  

e c c e n t r i c  an om aly ,  E, e q u a t i o n  ( 1 1 )  becom es

277
x b ' ^ " - 2 P \ e )  = 1_

277

n+1(1 -  e  c o s  E) c o s  mf dE (1 2 )

I f  we u s e  t h e  r e l a t i o n

c o s  f  = ( c o s  E -  e )
(1 -  e  c o s  E)

th en  ( 1 2 )  ca n  be f u r t h e r  t r a n s fo r m e d  i n t o

XQ'-*(e)  = 1
277 [m /2 ]

277 J
( 1 - e c o s E )

n+1 -m ( c o s E - e ) m-2u

u=0

[ ( 1 - e c o s E )  -  ( c o s E - e )  | dE

( 1 3 )

where m = | n - 2 p |  , and [ m / 2 ]  s i g n i f i e s  t h e  i n t e g e r  p a r t  o f  m /2 .  

E q u a tio n  ( 1 3 )  when i n t e g r a t e d  i s



184,

n + l -m  [m /2]  u u m-2u+t+2v

n , im
0 ( g ) I  L  I  I  I  (“f  )

t= 0  u=0 v=0 (Ü =0  x = t + 2 v  2

w i t h  y = ra+2t-2u+2v+2w - x  . I t  i s  t o  be n o t e d  t h a t ,  i n  ( 1 4 ) ,  y can  

o n l y  t a k e  e v e n  v a l u e s .
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A . 3 The Hansen C o e f f i c i e n t s  II . ( e _ )  ( e _ ) j------------------------------------------------ n , h , j  D— ( n - 2 h + j )  D

S i n c e  some i m p o r t a n t  l u n i s o l a r  c o m m e n s u r a b i l i t l e s  e x i s t  f o r

w h ich  ( n - 2 h + j )  /  0 ,  i t  w i l l  b e  n e c e s s a r y  t o  c o n s i d e r  ^ ^ \ e  )
vn—2 h + j )  D

when ( n - 2 h + j )  /  0 ,  b u t  f i r s t  l e t  us d i s c u s s  t h e  Hansen c o e f f i c i e n t s  

* D (e  2h)^ ( n - 2 h + j )  = 0 ,  th en  t h e  i n t e g r a l  ( 2 )  r e d u c e s  t o

277

= i -  I f c o s l  ( n - 2 h )  f p i  dM  ̂ ( 1 5 )
D 2" Jo ^ ■'d ^

On c h a n g i n g  t h e  i n t e g r a t i o n  v a r i a b l e  from t h e  mean a n om aly ,  A1 ,̂ t o  t h e

t r u e  anom aly ,  f ^ , e q u a t i o n  ( 1 5 )  becomes

277
- ( n + 1 ) , I r a  _

* (* 0 ^  '  2 F ( l - e / ) < ^ " - ^ > / "

(1 + e  c o s  f _ ) ^   ̂ c o s  mf d f^  
D D D D

( 1 6 )

where m = | n - 2 h  | . I f  ( 1 6 )  i s  i n t e g r a t e d ,  we f i n d  t h a t

n-1

—  y  L .  r  i  1 .
2 ( 2 n - l ) / 2  4 - '  ^i I  i  /  lX i - m ) /2 /  ^ e i = m  2

=  1 _ _  )  1 f n -1  I f  i  1 e i  .  ( 1 7 )

( l - C p ,

I t  i s  t o  be n o t e d  i n  ( 1 7 )  t h a t  ( i -r a )  ca n  o n l y  t a k e  e v e n  v a l u e s .  A l s o  

i f  m = n ,  X = 0 .
O(ejj)

I f  ( n - 2 h + j )  X 0 ,  t h e n  e q u a t i o n s  ( 9 )  and ( 1 0 )  hav e t o  be u sed

t o  c a l c u l a t e  H . ( e ) .  The r e s u l t s  f o r  j  -  0 ,  1 1 and 1  2 up t o  n , h , J D

2
o r d e r  (e ^ ) a r e  g i v e n  by

II , . ( e _ )  = 1 + ( n -3 n ^  + 1 6hn -  16 h^)  e_ ^  + 0 ( e _ ^ )  ( 1 8 )n , h , 0  D    D D



H

"n.h.+2^®D^ = <9"^+16h^-24h n - 1 8 h + 1 4 n + 4 )  e /  + 0 ( e / )  ( 2 1 )

and

„ ( e ^ )  = ( n ^ + l6 h ^ - 8 h n + 1 8 h - 4 n + 4 )  + 0 ( en , n , - 2  D     D D

1 8 6 .

( 1 9 )

( 2 0 )

( 2 2 )
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n

m

0

1

T a b le  T . l

Hansen Coef f i c i ents  * (e)  : l ^ n  ^  5,0 ^  m ^  n

1 2 3 4 5

2 2 2 4  2 4  2 4 6
1+ 1+ 3e  l + 3 e  + 3e  1+ 5 e  + 15 e  1 + 1 5 e  + 4 5 e  + 5o

2 2 8 8 2 8 16

3 3 3 5 4 6
— 3e  - 2 e -  e  — 5e — 1 5e —3e -  9 e  — 3e — 7e  — 3 5 e  — 35e

2 ~  2 2 8  2 8 2 4  16

2 2 4 2 4 2 4 6
5 e  1 5 e  + 1 5 e  21 e  + 21e 7e  + 7 e  + 7e

“ 2 4 8 4 8 16

3 3 „ 5 3 _ 5
— 35e — 7e — 7e — 21 e  — 63e

" " 8 8 2 16

4 4 , 6
63e 1 0 5 e  + 2 1 e

8 8 16

-  231 e^
16
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T a b le  T . 2

n

m

Hansen C o e f f i c i e n t s  ( n+1 ) ) ; l ^ n ^ S ,  n- 1

1 2

2 i
wher e R = (1 -  e^ )

^ R^ R^ 2R^ R^ 2R^ R  ̂ R  ̂ 8R^

! l _ ! d Ü d + V  Ü d + Ü d^

2V? R^ 2R^ 8R^ R  ̂ 2R^

5 7 9 9
4R 4R 2R 4R

e  3 e . "
D . D

8R 2R

4
%
16R^
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A STUDY OF ARTIFICIAL SATELLITE RESONANCE ORBITS DUE 

TO LUNISOLAR PERTURBATIONS

S. HUGHES 

A b stra c t

A stu d y  o f  a r t i f i c i a l  s a t e l l i t e  resonance o r b i t s  due to  

lu n is o la r  p e r tu rb a t io n s  i s  g iv e n . P a r t i c u la r  em phasis be ing  p la c e d  

on th e  fo llo w in g  a sp e c ts  -

1 . The c l a s s i f i c a t i o n  o f  resonance o r b i t s  acco rd ing  to  t h e i r

com m ensurab ility  c o n d itio n .

2 . The form of th e  com m ensurability  co n d itio n  when ex p ressed  in

term s o f th e  o r b i t a l  elem ents o f a s a t e l l i t e ,

3. Tile p redom inant re so jian t terios fp r_each  com m ensurability

c o n d itio n ,

1|. C r i t e r i a  which determ ine th e  e x is te n c e  o r  n o n -e x is ten c e  o f  a

p a r t i c u l a r  com m ensurability  c o n d itio n .
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A solution is obtained for the motion of a satellite in a near-circular orbit 
when acted upon by the zonal harmonics in the geopotential. It can be 
applied, in particular, to the evaluation of the indirect effects of the 
zonal harmonics on a satellite which is also acted upon by lunisolar 
perturbations. This approach avoids some of the limitations inherent in 
earlier solutions. Expressions are obtained for the time variations of all 
the elliptic elements a, e, I,  w, and M,  and the solution is valid to the 
first order of the zonal harmonics J^(n > 2) and up to the second order in 
Ĵ . It can be applied to non-equatorial satellites with orbital eccentri­
cities < 0.03 and inclinations not near the critical inclination of 63.4°.

1. I n t r o d u c t i o n

In any accurate theory for the motion of a close Earth satellite perturbed by  
lunisolar gravity or solar radiation pressure it is necessary to include the indirect 
effects of the zonal harmonics, since these produce changes in the amplitude and 
argument factors of the terms contained in the lunisolar disturbing functions. 
Before this can be done, a solution has to be obtained for the direct effect of the 
zonal harmonics on a close Earth satellite orbit. The solution obtained must be 
in a form which makes the calculation of the indirect effects of the zonal harmonics 
as simple as possible. Although a theory intended for the evaluation of indirect 
effects does not have to be as accurate as a theory designed for the direct effect 
of the zonal harmonics (see, for example, Aksnes 1970 ; Kinoshita 1976), it should 
account for the first-order effects of (n > 2 ) and the effect of up to the second 
order (i.e. J |). Since most satellites launched to date have small orbital eccentri­
cities (c < 0.03), a solution suitable for near-circular orbits is generally applicable. 
For this reason, only near-circular orbits (e < 0.03) will be considered in the 
subsequent analysis.

A number of papers have discussed the motion of satellites having small- 
eccentricity orbits; but all have been subject to certain limitations. Kozai (1959) 
and Izsak (1963) have used the Lagrangian planetary equations (Smart 1953) 
in the variables f  and y defined by

g  =  e c o s 6 ) , |  (1)
7} =  esinw,/

[ 131 ] 5-2
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to obtain the first-order effects o f the zonal harmonics J2,*/3 and J5 on the eccentricity, 
e, and argument of perigee, o). The variation of the other orbital elements was not 
considered. Chebotarev (1 9 6 3 ) has obtained expressions giving the time variations 
of all the orbital elements; but his analysis is restricted to the harmonic only. 
Cook (1966 ) has extended the analysis to include the first-order effect o f Jg and the 
general odd zonal harmonic, but, like Kozai and Izsak, he has lim ited his discussion 
to the elements e and o) only.

I f  the indirect effects o f the zonal harmonics are to  be studied for a satellite which 
is also acted upon by lunisolar perturbations, then in a Lagrangian treatm ent it  
will be found necessary to  solve the six Lagrangian planetary equations by suc­
cessive approximation, rather than by direct integration o f the differential equa­
tions. A  canonic method o f approach is therefore more suitable when indirect 
effects have to be considered. In such a treatm ent, it is only necessary to perform 
one integration and six differentiations in order to obtain the tim e variations of 
the orbital elements.

In this paper, D elaunay-von Zeipel contact transformations will be used to  
obtain expressions for the time variations o f all the orbital elements of a satellite 
when the eccentricity o f the orbit is small ( < 0.03). The first-order effects o f the 
zonal harmonics ( n  > 2 ), and the effects o f Jg to the second order, will be 
included in the analysis.

2. T h e  c a n o n i c  e q u a t i o n s  w h e n  e i s  s m a l l

Brouwer (1 9 5 9 ) and Kozai (1 9 6 2 ) have used D elaunay-von Zeipel contact 
transformations (von Zeipel 1 9 1 6 ) to study the m otion o f close Earth satellites 
when perturbed by  the zonal harmonics. However, the solutions obtained for the  
variables o) and the anomaly, M,  contain singularities when e =  0 . Consequently, 
the results are only valid for large or moderate eccentricity orbits (e > 0.03). This 
situation arises because the perigee, and, hence, (o and M,  becomes ill-defined as 
e tends to zero; with the result that the Delaunay variables L, O, H, I, g and h used  
by Brouwer and Kozai are inappropriate for the study o f near-circular orbits. The 
Delaunay variables (Smart 1953 ) L, G, H, I, g and h are related to the osculating 
elliptic elem ents by the expressions,

L  =  I =  Af,
G =  L [ l —e^)i, g =  Ù), > (2)
H  =  G co8 l ,  h —Q , ^

where p  is the gravitational constant for the Earth, a the semi-major axis o f the  
orbit, I  the inclination and Q. the longitude of the ascending node.

The Poincare variables (Smart 1 9 5 3 ) and =  1 ,2 ,3 ), defined by

=  L,  2/1 ”
=  (a7i ) i  e s in  gr -f O(e^), 2/2 =  (^1)^ e cos  gr -h O(e^), J (3 )

x  ̂ =  H,  2/3 =  ^
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appear, however, to be more suitable for use when e is small. For small e the terms 
of 0[e^) are negligible and will therefore not be considered further. The variables 

and (i =  1,2, 3) are the canonic equivalents o f the Lagrangian variables 
a, g, Tjy I , Q and (w +  Af) usually adopted for the study o f near-circular orbits 
(Chebotarev 1963 ).

The Cartesian vector equation o f m otion for a satellite perturbed by the zonal 
harmonics in the geopotential is

r + / ^ r / r 3 =  Vi?, ( 4 )
where R  is the longitudinally independent part o f the geopotential, such that

00 , ,  /  T f \  w + l

i? =  — 2  ( " r )  i^ (siu^), (5)

where is the zonal harmonic coefficient o f degree n ,  R^  is the mean equatorial 
radius of the Earth, and (sin 6 )  is the Legendre polynom ial o f degree n  and
argument 6  (with 6  the geocentric latitude o f the satellite). I f  R  is expressed as a 
function of the variables x̂  and y  ̂ (i =  1 ,2 ,3 ), then the canonic equations in x^

with R  =  fJL^I(2x\)-\-R(x,y). (7)

The expression for the expansion o f i? as a function o f the elliptic elem ents a, e, 
I ,  Ù), Q  and M  (Cook 1 9 6 6 ) is

R  =  -  (yjR^)  i ;  J^(i?E/®)”+iP„(cos/)P^(0) 2  0(e) cos mA/
n = 2 v =  — 00

- ( 2/t/Æj,) S  S  J„(-BE/a)”+‘ ((« -« )! /(w  +  s ) O n ( c o s / ) n ( 0 )
71 = 2 5 = 1

X 2  Afy^»^+i '̂®(e)cos{5(6j —Jji)-f-MAf}, (8 )
V  =  —  00

where P% (co s/) is the Legendre associated function o f degree n ,  order s  and argu­
ment cos / .  The quantities

X y (̂ +D* 0 (e) and «

are the Hansen coefficients expressed in terms o f the eccentricity, e, and defined by

/*2tt
Xy(”+i)*«(e) =  l/2ji; j  (a/r)"+^ cos (5/ —mA/) dAf, (9)

where /  is the true anomaly o f the osculating orbit. For small e, %g of
the order Since e is small (e < 0.03), and the «/g harmonic is approxim ately
10® times larger than subsequent harmonics, only secular terms up to order
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and long-period terms up to order J^e,  and short-period terms o f order 
Jg, need be considered further. Equation (8 ) now becomes

+ |^ (^ )* P i(c o s 7 )c o s 2 (w  +  J /). (10)

In  obtaining (10), use has been made o f the following identities (see appendix):

X 5-("+«'i(e) =  J ( n - l ) e  +  0 (e®) (11 )

X o * > « ( e )  =  H - J e 2  +  0 ( e * )  ( 1 2 )

X-<«+i).o(e) =  i + o ( e 2)_ (13)

On using (10) and the relations (2 ) and (3), R  can be expressed as a function o f
x  ̂ and y .̂ I f  terms o f 0(J^e*) and 0{J^e^) are neglected, equation ( 10 ) becomes

l )  P . W » J P , ( 0 )

cos 22 1̂. (14)
4 x f

In  deriving equation (14), use has been made o f the identity  

which is easily obtained from relations (3).

3. D e l a t j n a y - v o n  Z e i p e l  c o n t a c t  t r a n s e o r m a t i o n s

Suppose the variables and 2/̂  (i =  1 ,2 ,3 ) are changed to new variables xf  and 
y f  (i =  i ,  2, 3 ) by means o f the general functional equations

I f  the change of variables is such that xf  and y f { i  =  1 ,2 ,3 ) are canonically conjugate 
w ith reference to a H am iltonian R*(x*,  2/*, t), i.e.
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then the transform ation o f variables is called a ‘contact transform ation’. The 
general theorem stating the conditions for a variable transform ation to be canonic 
is as follows (Spiegel 1 9 6 7 ).

I f  there exists a generating function y)  such that

X i =  i ) 8 ( x * , y ) l ? i y t ,  \  
y f  ^  ^S{x*,y) ldxf , l

then x f  and y f  (2 =  1 , 2 , 3) are canonically conjugate w ith reference to  the H am il­
tonian 7? * (a;*, 2/*) given by  _

R^(x* ,y*)  = R ( x , y ) ,  (18)

R(Xy y)  can be expressed as a function o f x.̂  and once S  is known. In  the D elaunay-  
von Zeipel m ethod, S(x"^,y) is chosen so that, to  the order o f accuracy required, 
R[x, y)  becomes a function o ï  x f  (i =  1, 2 , 3) only. Since R  =  P * , the new  H am il­
tonian i? *  is independent o f y f \  consequently, xf  is a constant and y f  a linear 
function o f the tim e. The equations (17) are then used to  obtain the old canonic 
variables x̂  and y  ̂ as functions o f the new canonic variables x f  and y f .  Finally, 
the relations (3) give expressions for the tim e variations o f the satellite’s osculating  
elem ents, a, e, / ,  w, Q  and M .

L et S  be chosen so th at

s  =  E  +  s/a) +  ̂ 2 (^*1 2/i)> ( 19)
i = l

where 2/g) and 6 ĝ(a;*, y^) are the perturbed parts o f S,  i.e. each have a small
parameter dependent on the coefficients as a factor. W ith the use o f  equation
(19), the equations (17) become

( 2 d )

On substituting equations (2 0 ) into the right hand side o f (14), and expanding  
b y  Taylor’s theorem, neglecting powers o f

> 2 ), ( ^ ^ )  , 4 ^ ( 0 - " ^ ( 0  3̂ :' and above,

R  becomes

5  _  X  /  3x f  ̂  \  3J2 R% { 5xf^ \
2 x f ^ ^  4a:f« \ x p  /■*" S x f^  \ x f ^  )

/ I

^ 5 x P  A  2
S x * ’’ /  \  8y 2/  8a ;* ' \  a;*^ /



2

136 S. Hughes and A. J. Meadows

+  ̂ ^ ^ P l { ^ K ) ^ O B 2 y ,

J ^ p ^ A ^ 4 J ^  S ^  ifi /88A  3/t2 /05A '
4*i*« da;f ^‘ 02/, a r r le j / j

-  cos 2y , ^ .  (2 2 )

I f  and are chosen such that

3J,j;|/tV 5a;*^ /5a:*  ̂ .U^'S'iW
4a;f' W  /  " 8^2 8a;î’ W '  A W

^  I^(a:g'M) co s2ÿi (24)

then P  becomes, on neglecting short-period terms of order J%,

2a:f2 4æjf» I, a:f  ̂ / +  Sxf' (a:?*

_ I  ^ ( : ^ ) " ^ \ ( z * / z * ) ; i ( 0 )

[^i(«^?K)]^- (25)

P  is now a function o f xf  only.

4. T h e  s o l u t i o n

The short-period terms depend on the anomaly, M,  which has a period of less 
than 2 h for a close satellite. These terms are therefore of minor importance in a 
first-order theory, simply causing a rapid oscillation in the otherwise smooth time 
variations of the orbital elements. However, in a higher-order theory, short-period 
terms can combine to produce secular and long-period changes in the orbital 
elements o f a satellite. I t  is for this reason that the short-period terms of order 
have been retained. Now that these second-order secular variations have been
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obtained, the short-period term s are no longer required, and will not be considered 
further.

L et A  and P  be defined by

Equation (23) then becomes

K S )  + (^* "  3 ) (28)
The solution o f (28) is

QSJdy^ =  ( P j A - x t )  ± [(a;r - P M ) » - 2/ |] i ,  (29)

which, when integrated, yields

S i  =  - -P M )“a r c s in [ ^ ^ r ^ ^ - J  ± è y ,[ (a ;? -P M )" -ÿ i] i .  (30)

For the m om ent, both the positive and negative solutions for will be retained : 
a full discussion of the duality o f will be given in §5. Equations (2 0 ) and (2 1 ) 
can now be used to  obtain relations connecting the old canonic variables and 
to  the new canonic variables x f  and y f  in the following form

a?! =  x f , (31)
â a =  PI A  ±  (xf -  P jA )  cos {yf l (xf  -  P /A) } ,  (32)
x  ̂ =  x f , (33)

Vi =  y t +  ̂ i - s â  ± ( ^ - P I A ) s u i { y $ l ( x t - P I A ) } \  . (34)

Vi =  ± ( x t  - P I A ) s i n { y t j ( x t  - P j A ) } ,  (35)

Vz =  2 / ? + j [ - y r  ± ( ‘« ^ ? - - P M ) s m { y ? / ( : c J - P / , 4 ) } ] [ 5 ^ - ^ ] .  (36)

I t  only remains to determine the expressions for the tim e variations o f xf  and y f .  
Since i? =  /?* is a function o f the variables x f  (i =  1, 2 , 3) only, the variables ar* 
are constants and the variables y f  are linear functions o f the tim e.

The canonic equations for the variables x f  and y f  are

X* =  0iî*/02,? | (37)
ÿ? = -0 iJ * /0 a :? /  ( ’ ’ ’ ’ (38)

where J?* is given b y  equation 25).
The solution obtained here does not suffer from the difficulty usually encountered  

in von ZeipeTs m ethod: that o f  obtaining and y  ̂ as functions o f x f  and y f  when
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S  18 & function of the old canonic variables, and the new canonic variables, xf.  
Usually, in order to express x̂  and y  ̂ as a function of xf  and y f  it is necessary to 
proceed by a method of successive approximation. However, in the present solution, 

and y  ̂have been expressed exactly in terms of xf  and y f .
Integration of (37) and (38) yields

(39)
X *  =  ^2 , (40)
x f  =  i î , (41)

(42)
y* = S S - { d R * l d x i ) t , (43)
y *  =ÿJ-(S-B*/Sa:î)«, (44)

where d i f , ± f , x f , y f ,  y f  and ÿ* are the constants o f integration determined from  
the initial conditions. Expressions for dR*l^xf,  dR*jdxf  and dR*jdx* can readily be 
obtained from (25).

5. D i s c u s s i o n  

I f  the quantities B  and /? are defined as

B = ( x f - P I A )  (45)

and =  i n - y f l i x f - P / A ) ,  (46)

then equations (32) and (35) can be written in the form

X2 =  P / A  ±B8in.{At  +  fi), (47)

y  ̂ =  ± B cos (At  +  /3 ), (48)

which are the canonic equivalents of Cook’s equations (Cook 1966 ) for the time 
variations of the Lagrangian variables g and y, respectively, namely

y  =  C / K  +  B 8 \ n ( K t +  fi),
 ̂ =  P co s  (Kt-\-/3),

I f  the positive solution of (30) is chosen, then equations (47) and (48), when m ulti­
plied by 1/^Jxf, are identical with Cook’s equations. I f  the negative solution is
chosen and B  redefined as —B,  then (47) and (48), when multiplied by 1/aJx*, are
again identical with Cook’s equations. I t  therefore follows that the duality of sign 
occurring in equation (30) can be removed by a suitable choice o f the arbitrary 
constant B.  A full discussion of equations (47) and (48) has been given by Cook.
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The time variation of the elliptic elem ents a, e, / ,  w, Q  and M  can be recovered 
from the relations

a =  x\j}i, 0) =  arctan (arg/yg),

e =  (a;| +  y |) i, Q  =
(49)

The method of approach presented here has three major advantages over a 
Lagrangian treatment. First, the time variations for all the elliptic elements have 
been obtained. Secondly, in order to obtain the solution it is only necessary to  
perform one major integration; that o f solving (29) for whereas in a Lagrangian 
approach a, e, i, (o, Q  and M  have to be obtained from the solution of six sim ul­
taneous first-order differential equations. Finally, a canonic approach is more 
suitable for evaluating the indirect effects of the zonal harmonics on satelhtes 
affected by lunisolar gravity and solar radiation pressure perturbations. The 
inclusion of these indirect effects is directly obtained by the von Zeipel method  
when the lunisolar disturbing function is added to E.

The authors would like to thank Mr D. G. King-Hele, F .R .S., for a number of  
helpful suggestions made during the course o f this work. One o f us (S.H.) thanks 
the S.R.C. for financial support.

A p p e n d i x . E x p l i c i t  e x p r e s s i o n s  f o r  t h e  H a n s e n

C O E F F I C I E N T S  

B y definition, (g) is given by (Plummer 1918 )
i C 2 i r

^-(n-hi),m(g) _  I (a /r )^ + i COS m /dA f. (50)
Jo

B y using the well-known elliptic relations

d M  =  (r/a)^(l—e^)- id f  (51)

and a ( l —€̂ )
^  ~  ( l  +  e c o s / ) ’ (52)

equation (50) becomes

X 5-<»+«.>»(e)=LJ^ ( l ± ^ p g _ c o s m / d /  (53)

1 f2TT /M-] / % _  \
=  2 n (l-e ')T «» -«J„  q )  «* cos*/) cos m /d /. (54)

where (   ̂ )  is the binomial coefficient —^) ' Clearly, equation (5 4 ) can be
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developed as a series of multiple cosines in / ,  together with a constant factor. On 
integration only the constant factor remains. The constant term results from the 
combination of the cos mf  term inside the brackets in (54) with the cos mf  term 
outside the bracket. The cos m /term  inside the bracket is

( 5 5 )

and, form  =  0,
(^ 8)

Substituting (55) and (56) into (54), when m #  0 and when m =  0, respectively, 
and integrating yields

(”■ ‘)(j’ ) -  (»’)

“ “  -  (1  s  i ( "  ;  ‘ )  ( i „ ! . „ ) )  ( « )

The summations in (57) and (58) are limited to even Hq — ni), q m  and m ^ n —t,
therefore

Z g ( « + i W ( e )  =  — g  ) ( 4 ( g - m ) ) ® ® -  ( 5 2 )

I f  m =  72-, then %y(%+i),%(g) =  0.
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SATELLITE ORBITS PERTURBED BY DIRECT SOLAR 
RADIATION PRESSURE: GENERAL EXPANSION OF THE 

DISTURBING FUNCTION
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Abstract—An expression is derived for the solar radiation pressure disturbing function on an Earth 
satellite orbit which takes into account the variation of the solar radiation flux with distance from the 
Sun’s centre and the absorption of radiation by the satellite. This expression is then expanded in terms 
of the Keplerian elements of the satellite and solar orbits using Kaula’s method. The Kaula inclination 
functions are replaced by an equivalent set of modified Allan inclination functions.

The resulting expression reduces to the form commonly used in solar radiation pressure perturba­
tion studies (e.g. Aksnes, 1976), when certain terms are neglected. If, as happens quite often in 
practice, a satellite’s orbit is in near-resonsnce with certain of these neglected terms, these near­
resonant terms can cause changes in the satellite’s orbital elements comparable to those produced by 
the largest term in Aksnes’s expression. A new expression for the solar radiation pressure disturbing 
function expansion is suggested for use in future studies of satellite orbits perturbed by solar radiation 
pressure.

1. INTRODUCTION

In order to exploit the full accuracy of laser obser­
vations of artificial satellites for geophysical pur­
poses it is necessary to have a good theory for the 
motion of an artificial satellite perturbed by solar 
radiation; such a theory must include an accurate 
expression for the solar radiation pressure disturb­
ing function expanded in terms of the Keplerian 
elements of the satellite and solar orbits.

A  number of authors have suggested models for 
the effect of direct solar radiation pressure on  
artificial satellites; all of these are, however, subject 
to certain limitations. Cook (1962) proposes a 
model in which the solar radiation flux is assumed 
constant and directed along the line of centres 
joining the Sun and the Earth. Kaula (1962) gives 
an expression for the solar radiation pressure dis­
turbing potential expanded as a function of the 
satellite’s orbital elements, but the expansion was 
derived using the same assumptions as Cook. This 
type of expansion has been used in a number of 
studies of solar radiation pressure perturbations, 
e.g. Brouwer (1963), Gooding (1966) and, more 
recently, Aksnes (1976).

It may be argued that an accurate expression for 
the solar radiation pressure disturbing function ex­
pansion is unnecessary because of the uncertainties 
in the area-to-mass ratio and reflection characteris­
tics of a satellite, together with limitations in the 
theory for the “shadow” and “albedo” effects. But 
errors of the order of several per cent incurred in

the removal of direct solar radiation pressure per­
turbation will not be negligible, when information 
about the higher-order harmonics in the geopoten­
tial is being sought from laser observations. A n  
accurate expression is therefore necessary.

An obvious improvement to the existing model is 
to assume that the solar radiation flux varies in­
versely as the square of the distance from the Sun’s 
centre and is directed towards the satellite along 
the line of centres joining the Sun and the satellite. 
A  model for the solar radiation pressure disturbing 
potential and its expansion based on these as­
sumptions will now be derived.

2. THE FORM OF THE SOLAR RADIATION 
PRESSURE DISTURBING POTENTIAL

Let So be the solar radiation flux at a distance a*  
from the Sun’s centre equal to the semi-major axis 
of the Earth’s orbit, then the solar radiation flux, S, 
incident on a sunlit satellite distant A from the Sun 
is given by

Soa*"
(1)

If À  is the average cross-sectional area of the 
satellite exposed to the Sun’s radiation, e is the 
fraction of incident radiation absorbed by the satel­
lite, and c is the speed of light, then the magnitude 
of the radiation force, Frad, when the satellite is in 
sunlight, is

S o a * " A ( 2 - e )
Frad — ■

A"c
(2)

809
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In practice, the accurate theory developed here 
would be applicable primarily for satellites with 
constant Â  and e, that is, for spheres of uniform 
surface textures, such as Lageos (1976-39A ).

The vector form of (2) is

^ - S o a * 'A ( 2 - e )
cm.  A"

( 3 )

where cr =  1  when the satellite is in sunlight and 
(T = 0  when in shadow, m* is the mass of the 
satellite and A is the position vector of the Sun 
from the satellite. If (x, y, z) and (X, Y, Z ) are the 
Cartesian co-ordinates of the satellite and the Sun, 
respectively, relative to a set of axes centred at the 
Earth and in directions given by the unit vectors, i, 
j and k, then (3) can be written as:

— SoAa*^{2 — e)
cm.

i f( X - x ) i  +  ( Y - y ) j  +  ( Z -

x /  +  ( Y - y / + ( Z

: - z ) k  1

- z / r J '
( 4 )

On defining the solar radiation pressure disturbing 
potential by

( 5 )

then on equating equation (4) and (5) and integrat­
ing, is found to be given by

- S o À a * \ 2 - e )  
<Prad = --------------------- :-------------crcm, A

(6)

Now A can be written as

1/2 .

( 7 )

where r is the distance of the satellite from the 
Earth’s centre, R  is the Earth-Sun distance and 8 
is the angle subtended at the Earth’s centre by the 
satellite and the Sun. Since A“  ̂ is a generating 
function for the Legendre polynomials of argument 
cos Ô, (6 ) becomes

r̂ad =

The n =  0 term has been omitted from ( 8 ) because 
it is independent of the satellite’s co-ordinates, and 
will therefore produce no changes in its orbital 
elements. Equation (8 ) is of a comparable form to 
the expression for the lunisolar gravity disturbing

potential, viz.

(9)

where M^* is the mass of the Sun or Moon, 
although the index of summation and the constant 
term are different for the solar radiation pressure 
case. Consequently, Kaula’s method (Kaula, 1962) 
for expanding (9) in terms of the Keplerian e le­
ments of the satellite and solar orbits can be ap­
plied to (8 ). If Kaula’s inclination functions are 
replaced by the simpler, but equivalent, Allan incli­
nation functions (Allan, 1965), then (8 ) becomes

- S „ À ( 2 - e ) a * ^
4>r.d = ----------------------------------- f f

cm,

X f  f

q  =B“ 00 j  =  —co

X cos [(n — 2p)(o +  (n — 2p +  q ) M — (n — 2h)(o* 

- ( n - 2 h  +  j )M *  +  m (fi -  Ù *)], (10)

where the asterisked quantities refer to the solar 
orbit relative to the celestial equator, and

1  m =  0  

.2 mj^O.
(11)

The P„,rn,p(i) and K,m.h((*) are the Allan inclination 
functions defined by

(n +  m)!(V-ir”
2 ^ !  ( n - p ) l

X (cos l f ) m - « + 2p + 2fc ^ 2 )

with a similar expression for F„,„,,h(i*). The quan- 

titles and in ( 1 2 ) are the

binomial coefficients.

(2 n ~ 2p)l
and

2 p!
k!(2 n - 2p - k ) î  (n -  m -  k)î(2p -  n + m +  k y /

respectively. The eccentricity functions, X ”J"ÿjJ)(e) 
and X £ l 2 h+")~̂ ^̂ (̂ *)» are the usual Hansen coeffi-
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dents (Plummer, 1918). The a, e, i, (o, H and M, Appendix 1), G i,o -i(e ) and G i,i,i(e) are given by 
etc., are the usual symbols denoting the Keplerian 
elements of an orbit. Since ( l ) c o s / d M  (14) 

Gi,i.i(e) =  ̂ j  | “ j c o s ( - / ) d M ,  (14)
and fi* = 0, by definition, for the Sun, then on  

I h f s Z r L n d  n o S lio î. g! 1 ( I )  M d true anomaly of the orbit. On
ation ( 1 0 ) becom es 

~ S o Â (2  —e)

evaluating the integrals,

^rad - - I

I  Z
h=0

where

X cos [(n -  2p)(o +  (n -  2p + q ) M  

— (n — 2h)(o* — (n — 2h + j )M * +  m fi] ,

P n , m , p ( 0  ~  7 1  .  \ n - m  ^  P n , m , p ( 0  ,

(13)

(V-1)

with a_ similar expression for fL.m.h((*). The quan­
tities F„,„,p(i) and K.m.h(i*) are now real quantities.

The usual expression for the solar radiation pres­
sure disturbing function can be obtained if only the 
long-period terms having n = 1 and J =  0 are consi­
dered: such terms are characterized by the set of 
integers n, m, p, q, h and j  given by

n = 1  -

h = Q
p = 0  - - q = - i

_h =  1_
m =  0  -

~h = 0~
p = l  - - q =  +1

- _/i = 1_

p h = 0
p =  0  - - q =  - 1

_h = l_
m = 1 -

"h = 0 "
p =  l - - q =  +1

_ - h  =  1 _

- j - 0 .

Gi.o-i (e)  -  Gi,i,i(e) -
- 3 c  

2 '

(15)

From equation (39) derived in Appendix 1, 
Hi,i,o(e*) and Hi.o.o(e*) are given by

H.,,,o(e*) =  H.,„,o(c*) =  1 - Ç + 0 ( e * “) . (16)

If equation (12) is used to evaluate the Allan 
inclination functions for terms with n = 1 and ; = 0, 
then, with the aid of (15) and (16), the expression 
for the corresponding disturbing potential is

3 S „ Â (2 -6 )a c ( l -e * ' /2 )

 2 ^ .

X [2csc*s* cos {(U“ (ûj* + M*)} 

- 2 c s c * s * œ s { ( o  + ((ü* + M*)}

+  cos {0) - ( ( 0 * +  M*) +  n}

+ cos {w +  (w* +  M*) + Q]

+  s^c*^ c o s { - ( o - { o ) * + M * )  +  n}

+  COS { -  Û) + (w* + M *)+ Ü }], (17)

where c = cos |i, s =  sin|i, c* =  co s |i*  and s* =
sin^i*. Equation (17) is Aksnes’s expression for the 
solar radiation pressure disturbing function expan­
sion, although the form of the constant factor is 
slightly different here, as a result of allowing for the 
variation of solar flux with distance.

The next most important terms are those for 
which n = l  and / = ± 1 ,  i.e. terms of 0(ee*). If 
equations (35) and (36) are used to evaluate the 
Hansen coefficients Hi,o.i(e*), Hi,i,i(c*), Hi.i.-i(g*) 
and H i,o-i(e*) to 0(e*), then

H,,o.i(c*) =  Hi,,._,(c*) =  2c* + 0(c*3) 

Hi,i,i(c*) =  Hi.o._i(c*) =  0 + 0(c*3).
(18)

Using equation (12) to evaluate the appropriate 
inclination functions and making use of equations 

From the definition of a Hansen coefficient (see (18), the expression for the long-period terms with
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n =  1  and /  =  ±  1  is $rad, where 

3 e e * S o Â ( 2 - e ) a C ~
cm.

X [2csc*s* COS (ù) -  ( ü * -2 M * )

-  2csc*s* COS (o) +  û>* +  2M*)

+ c"c*" COS (ûj -  Cü* -  2M* + ft)

+  C^S*  ̂COS (o) +  ûJ* +  ft)

+ s^ c * " c o s (-w -w * -2 M *  + ft)

+ COS ( -  û) + <ü* + 2M * + ft)]. (19)

Do any other n terms, apart from n = 1, contri­
bute significantly to the disturbing function expan­
sion? Since for most close Earth satellites e is small 
(e < 0 .03) and a/a* —1/20,000, it appears that only 
the n = 2 terms of long-period and zero order in e 
and e* need to be considered. These are the terms 
for which n = 2, p = l ,  q = 0 and j =  0, that is

Fm = 0 1  r h  =  01  r  
n = 2 4  m = 1 -rp  = 1 -j h = 1-1- q = 0 - l  /  = 0.

(20)

If the solar Hansen coefficients for the terms in (20) 
which are of the order l  + 0(e*^) are put equal to 1, 
then on using (12) to evaluate the appropriate 
inclination functions and the identity Xo^(e) =  
l  + 3e^/2 (see Appendix 1), the disturbing potential 

is given by

4 > L  =
— SqA (2 —£ )a ‘‘

cm,a ( » ¥ )
X [-1 (1  sin"" i -  l)c*^s*^ cos 2(w* + M*)

+ Ki sin  ̂ i — 1) (I sin  ̂ i* — 1)

+  3cs(c^-  s^)c*s*^ cos {2((o* +  M * ) + ft}

- 3cs(c''- s^)c*^s* c o s { -2 (w *  +  M*) + ft} 

+ 3cs(c^ -s^ )c*s*(c*^ -s*^ ) cos ft  

+  COS { -2( ù) *  + M*)  +  2ft}

+  3c^s^c*^s*^ cos 2ft

+ cos {2(û>* +  M*) +  2 ft}]. (21)
It can be seen from equation (21) that the inclusion 
of the n =  2 terms of zero order in e and e* leads to 
the appearance of a secular term, albeit with small 
amplitude. Such a secular term produces secular 
changes in the argument of perigee, w, the lon­
gitude of the ascending node, ft, and the mean

anomaly M, of the satellite’s orbit when substituted 
into the Lagrangian planetary equations (Smart, 
1953) for (Û, ft  and M.

Similar expressions can be found for long-period 
terms of 0(ee*^) with n =  1 , and long-period terms 
of 0(e*) with M =  2. These are less likely to be 
important and are given in Appendix 2.

3. DISCUSSION

The ratio of the terms outside the square brac­
kets in (19) and (17) is 2e* =  0.033, so that OJad is 
by no means negligible; and its effect will be en­
hanced if some of the cosine terms are near reson­
ant, as quite often happens in practice. For exam­
ple, if a satellite has the following set of elements: 
a =  6960 km, g =  0.007 and i =  56.06°, then, on 
using the well-known expressions (King-Hele, 
1958)

c6 =  5 . o ( Ç )  ,( 1 - e  ) (5 cos i - 1 )  deg/day

(22)

and

f t — - 1 0 .0 ^— j ( 1 -g ^ )  ̂cos i deg/day

(23)

(where R e is the mean equatorial radius of the 
Earth) the argument of the first cosine term in (19) 
is found to vary at the rate of 0.08 deg/day, whilst 
the arguments of the other cosine terms are found 
to vary at rates exceeding 2 deg/day. Similarly, the 
arguments of the cosine terms in (17) vary at rates 
exceeding 1  deg/day.

Let Yj (i =  1, 2, . . .  6 ) be the orbital elements of 
the satellite such that

Yi = a Y4  =  0 )
Y2 =  e Y5 =  ft
Y 3  =  i Ye =  M .

The Lagrangian planetary equations for Y) when  
perturbed by one term in (13) can be written on 
integration as (Smart, 1953)

If/ Lcos cos JCOS

(i =  l , 2 , 3 . . . 6 ) ,  (24)

where Z JY ) is a function of the satellite’s orbital 
elements, if/ is the argument of the perturbing term 
and ij/ its time derivative. The symbol in square 
brackets in (24) means either sin if/ or cos if/; sin if/
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should be used for Y4, Ys and Yg, and cos ip should 
be used for Yj, Yg and Y3 ; Y “ and ij/̂  are the 
values of Y; and ip at time t =  0. If Qj is the ratio of 
the change in Yj due to a near-resonant term in 
(13) to that produced by a non-resonant term, then

(i =  l , 2 , 3 . . . 6 ) .  (25)

The subscript R  denotes the near-resonant part of 
(25). If terms of O(e^) are neglected, then the ratios 
Si =  RZi iY ) /Z , (Y)  (i =  1 , 2 , 3 . . .  6 ) are given by

( n - 2 p  +  q)RAR
( n - 2 p  + q)A  

q A

^ (cot i(n -  2 p) -  m cosec Q rAr
 ̂ (cot i ( n - 2 p )-  m cosec i )A

Si -

So —

S4  — '

^ÔAr .ÔAï
— e cot ï- . ,
I d e  d l  RH

/  d A  . d A \

_ d A R  IdA

( ^ + 2 a e ^ )
\  de dCL j

( ^ + 2 a e — )  
\ d e  d a j

(26)

Sfi =

Suppose the integration of the Lagrangian planet­
ary equations is carried out from t =  0 to T/2, 
where T  is the period of the near-resonant term; 
equation (25) can then be written as

|Ql> « £ > • >
The maximum values of |sin i//r®| and |cos i(/r \ are 
both unity. Consequently, if |sin i//r®| =  1, then 
|cos j//r°| =  0, and the |Qi| values for w, f t  and M  are 
such that

i a i >
f-O

(27)

whilst the |Q,| values for a, e  and i  are zero. 
Similarly, if |cos *̂ R°| =  1, then [sin ipR°l =  0, the |Q,| 
values for w, ft  and M  are now zero, whilst the j o j  
values for a, e and i are given by (27). In practice

I cos ipR°\ and |sin will have values between zero 
and unity. For the sake of argument let us assume 
that they are both equal, i.e. |sin ipR̂ \ =  |cos iPr \ =  
1/V2: equation (27) is now replaced by

I Q I = ^ s i — 1 , 2 , . . .  6. (28)

In the subsequent discussion it is assumed that 
equation (28) holds. Equation (28) is not exact since 
the effect of the Earth’s shadow has been neglected  
but it should serve to give som e indication of the 
relative magnitudes of near-resonant and non­
resonant changes in a satellite’s orbital elements, 
over a half cycle of the near-resonance. Further­
more in any accurate study involving near-circular 
orbits (e < 0 .0 3 )  the set of elements a, g cos w, 
g sin w, ft, i and w + M  (Cook, 1966) should be 
used so as to avoid small divisors in g“  ̂ occurring 
in the solution for the time variations of <0 and M. 
H owever in the qualitative discussion given here 
the set of elements a, g, i, <o, f t  and M  should 
suffice.

If a satellite has the orbital elements: a  =  
6960 km, g =  0.007 and i =  56 .06“, then IO2 I and 
IQ3 I values for the near-resonant term and the 
largest term in (17) are 0.20 and 0.24, respectively. 
It is therefore possible for a near-resonance with a 
4>Jad term to produce changes in a satellite’s orbital 
eccentricity and inclination which are 20 and 24% , 
respectively, of those produced by the main term in 
C d -  The satelhtes 1965-53B , 1965-53C , 1965- 
53D , 1965-53E , 1965-53F, 1968-70A  and 1968- 
7OB have orbital elements approximately equal to  
those considered in the above example. It is easy to 
find orbits for which î tr“ <  0.08 deg/day: for exam­
ple, changing i to 56.21° would reduce to 0.04  
deg/day. The changes in g and i would then be 40  
and 48% of those produced by the main term in 
4>?ad- It should be remembered, of course, that 
these changes occur over a half-cycle *of the near­
resonant term, that is, over about 6 yr if ipR =  0.08  
deg/day. The effects would therefore be of little 
importance in numerical day-to-day analysis of ac­
tual orbits; but it would be vital to include them in 
any accurate theoretical study covering several 
years.

Since the 0Md terms are non-zero when e =  0, the 
effects of thses terms in comparison with the 
and Ojad terms, which are proportional to g, in­
creases as g tends to zero. Consequently, for a 
circular orbit only the 0rad terms are present in the 
disturbing function, when Orad =  ^?ad + (ï*rad+^?ad- 
If the eccentricity is small (which is true for most
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Earth satellites launched to date) then the occurrence 
of a near-resonance with a term can produce 
changes in the satellite’s orbital elements which are 
comparable to those produced by the main term in 
0rad. For example, if a satellite has the following set 
of orbital elements: a -  7700 km, e =  0.002 and i =  
90.1°, then ft —0.01 deg/day and w =  - 2 .6  
deg/day. Such a satellite is in near-resonance with 
two terms in 0^^, but only the cos 2ft term need be 
considered since the value of the inclination func­
tion of the cos ft term is small when i -  90° and is 
zero for a satellite in an exact polar orbit. The 
largest [Qal value for this near-resonant term and 
the term in (17) which produces the largest change 
in i is 0.12. So when the eccentricity is small, a 
satellite in a near-resonance with a term can 
undergo changes in its orbital inclination which are 
12% of those produced by the main term in 0 “, ,̂ 
though again only on a long time scale, about 25 yr.

Errors of the order of magnitude discussed in the 
above examples incurred in the removal of solar 
radiation pressure perturbations on artificial satel­
lites cannot be ignored if accurate geophysical in­
formation is sought from long-term laser observa­
tions of artificial satellites. It is therefore essential 
in future studies of solar radiation pressure pertur­
bations on such satellites to include the 0jad and 
0 L  terms in the expression for
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APPENDIX 1

Important Hansen Coefficients

By definition, the Hansen coefficient X(“("2 hi’/"“^^)(g*) 
is given by (Plummer, 1918)

27rJo \ r j  

x c o s { ( n - 2 h ) f - ( n - 2 h + j ) M } d M ,  (29)

where /  is the true anomaly of the orbit. Plummer has 
shown how to develop (29) as a series in e* and the 
subsidiary variable jS defined by

p =  + (30)

The result is

$  —  —00

xx;;< :îa ,Ç ô" ‘>(e*), (3i>

where 

(•

 ̂ for ( / - 0 ) s 0

-  ( S /+ g )  F(0 + 2/i - 7 . 2ti - 2h, - /  + e +1; p')

for ~ j  + 0^ O .  (32)

Here Jf,{(n-2h+j)e*}  is an ordinary Bessel function of 
degree 0 and the symbol F denotes a hypergeometric 
function. It is clear from (31) and (32) that for small e*, 
the Hansen coefficient X^("2 ftfr~^^^(^*) is of order 

Since |3 = ^e* + 0(e*^) and

/ , { ( n - 2 h ^ ( n - 2 h + /)e  J  @3 ^ 0

J ,{ ( n - 2 h + ;> •}  = ( - 1 )1*1 / | , |{ ( n - 2 h + j> * }  9 « 0 .

It follows that

or

x ( “ ^."‘̂ ^*') + 0{e*''*-'} if (33)

if j < 0 .  (34)

Hence H».h,i(e*) and are obtained to order
e* if y =  i  and j = - 1  are substituted into (33) and 
(34), respectively. On simplification, it is found that

= + (35)
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and

) -
 ̂ { 4 h - n  +  l)e*

+ 0 { e n . (36)

Similarly, if /  = ± 2 , the expressions for H„̂ h,+2 (c*) and 
Hn,h.-2 (e*) to 0 (e*^) are

/ _ (9n^+16h^-24hn-  18/i + 14n+4)e*^lin,h,+2\C ) -------------------
8

(37)

and

Hn,H.-2(e*) =
 ̂ (n^ +  16h^-8hn + 18h -4n + 4)e*^

(38)

If the appropriate expressions for the Bessel and 
hypergeometric functions are used, then, after a consider­
able amount of algebra, Hn,h,o(c*) is found to be given up 
to 0 (e*^) by

in -3 n ^ + 1 6 h n -1 6 h ^ )  e*^
H „ U e* ) = l  +

APPENDIX 2

A d d itio n a l Terms in the Expression for  0 ^ 4

On making use of equations (12), (13), (37) and (38), 
the expression 0 /gd for the long-period terms of 0 (ee*^) 
and with n =  1  is found to be

0 L =
81SoÂ(2-e)aee *2

16cm,

X j^2csc*s* cos (ù) — <ü* — 3M*)

-  2csc*s* cos (û) + Û)* + 3M*)
+ c^c*  ̂cos (û) -  Û)* -  3M*+ ft)
+ cos (û) + Û)* -  M* + SI)

+ s^c*  ̂cos (—ù) — û)*~3M* 4-ft)

+ s^s*^ cos ( -< u f  + 3M* + ft) 

+ ^csc*s*  cos (w -w *+'M *) 

- ^ c s c * s *  cos (w + a)*-M *)

27

27

27

cos {(Ü -  (I)* + M * + SI)

cos (<u + <u* +  3M* + ft) 

c o s ( - w - w *  + M*4-ft)

4— COS ( —ft) 4- Û)* — M* +  ft) (40)

Similarly, the expression 0^d for the long-period terms in 
0 rad of 0 (g*) having n values of 2  is

4  _  — SqA(2— e)a^e* 
2 cm,n*

X [ -  ¥ (Isin^ i - 1) cos (2w* 4- 3Af*)

4'|(§sin^ i-l)c* ^ s* ^ co s (2 ft)*4-M*)

4- 2(2 sin  ̂i - 1) (2 sin  ̂ i * - 1) cos ft)* 

-2 1 c s (c ^ -s ^ )c * V  cos (-2ft)* -3M *-h ft)  

-h 3cs(c^ -  s^)c*^s* cos ( -  2ft)*-M * 4-ft) 

4-9cs(c^-s^)c*s*(c*^-s*^) cos (-M * 4 -ft)  
4- 9 c s ( c ^ - s ^ ) c * s * ( c * ^ - 5 * ^ )  c o s  (M*4-ft)

-  3cs(c^-s^)c*s*^ cos (2ft)* 4-M *4-ft) 

-H21cs(c^-s^)c*s*^cos (2ft)* + 3M*-Hft) 

f  ¥  c ŝ^c*'" cos ( -  2ft)* -  3M* 2ft)

c^s"c*'‘
COS ( - 2ft)*-M * 4-2ft)

-H 9c^s^c*h*^ cos (-M *4-2 ft)  

4- 9c^s^c*^s*^ cos (M*4-2ft)

-  ic^s^s** cos (2ft)* 4- M* 4- 2ft)

-H ¥  C ^s^s* '^  COS (2ft)*  -H 3 A f*  4- 2 f t ) (41)


