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PREFACE

This thesis 1is organised and presented in nine

chapters.

The first chapter, the introduction, is in two broad
sections and begins by discussing the origins of matched
data and the reasons for matching. The general problems of
censored data are mentioned and brief descriptions of the
past attempts to analyse matched censored data are given,
together with their shortcomings. The second section de-
fines the notation used and presents the background to the
failure time distributions and the types of censoring consi-

dered.

Chapter 2 is concerned with the analysis of data from
the proportional hazards model. The two existing methods
are reviewed then a new solution, the integrated method, 1is
proposed and the theory developed. These methods are com-

pared in the following chapter, Chapter 3.

Chapter 4 concentrates on data arising from the normal
theory accelerated failure model. The previous solution is
discussed and the results are derived for a new solution
based upon the EM algorithm. This is extended to allow for
right and interval censored data. The existing solution and

the new solution are compared in Chapter 5.

Chapter 6 provides analyses of some data sets to com-
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pare the results arising from the new methods and the exist-

ing solutions, in a practical framework.

Chapter 7 discusses the relative merits of the new
methods as compared with the previous solutions in the ana-
lysis of matched censored data and concludes with an outline
of other areas in this field which require further research

and the way in which the problems might be tackled.

Chapter 8 comprises four appendices whilst Chapter 9

lists the references cited in the text.
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CHAPTER 1

INTRODUCTION

1.1 The problem - past and present.

It has long been realised in clinical trials and epi-

demiological studies that variation in a variable between
individuals is often of such a magnitude to obscure the ef-
fect of other differences that there might be such as treat-
ment. In an attempt to overcome this, the groups to be com-
pared were matched for factors which accounted for some of
the variation. These factors were often age and sex. To
tighten this up further, one-to-one matching was introduced

in the form of the case-control study.

The special feature of studies involving twin samples
is that they provide opportunities for the control of genet-
ic and environmental factors to an extent impossible when
using cases and controls. Monozygotic (MZ) twins are genet-
ically identical and, even dizygotic (DZ) twins, although
they are less concordant than MZ twins, are much more simi-
lar than the usually employed age- and sex- matched control.
Twins share the same environment before birth and often very

similar environments after birth . Hence MZ twins may be
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used to investigate effects of environmental factors since
the 'noise' produced in case-control studies by genetic var-

iability and/or gene-environment interaction, is absent.

The likelihood for matched pair data will necessarily
contain one parameter for every pair in the aata set. These
are known as nuisance parameters since they are not in them-
selves of interest and it is not required that they be esti-
mated. By looking at the difference or ratio of the outcome
measures within the pairs these parameters can usually be
conditioned out of the likelihood, leaving only the parame-
ters of interest to be estimated, as in the case of the

paired t-test.

When the outcome measure is time to an event such as
death or remission, difficulties arise since it is possible
that for some individuals the event may not have occurred by
the end of the study. These observations are said to be
censored and only a lower bound is known for the time to the
event. Censoring can also occur if the event took place
prior to the start of the study, if follow-up is at stated
intervals only and the event cannot be placed exactly but
only to have happened within an interval, or if death occurs
from some unrelated cause or the patient 1is lost to
follow-up or withdraws. If matched pair studies use an out-
come measure which is censored for some of the data then the
nuisance parameters cannot be conditioned out of the likeli-
hood by simply considering the difference in the outcome

measures within pairs.
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The history of twin studies to investigate the effects
of factors goes Dback to the 1960 's when WHO sponsored a
meeting (WHO,1966) which reviewed how twins might contribute
to the study of chronic diseases. The discussion centred
mainly on the use of twins who were discordant in the factor
of interest (e.g. smoking in respect of coronary heart di-
sease). It was mentioned that these sets of twins may not
be typical of all twins. Indeed, if a high proportion of
pairs in the sample are concordant with respect to the expo-
sure factor it seems intuitively wrong to attach no weight
to these by ignoring their outcomes. Since that time a
number of countries have set up twin registers. Both the
Swedish and U.S. Registers have been used to investigate
the effect of smoking by observing morbidity in twins (Lil-
jefors,1970; Cederlof et al,1969). The analyses used con-
tingency table methods for the estimate of risk with the
twins who smoked forming the rows and their partners the co-
lumns. Again only twins who were discordant in respect of
smoking, were analysed. Discordant twins on the Swedish re-
gister have been used to compare the extent of Ischaemic
Heart Disease (IHD) in twins whose co-twin had died of IHD
as compared with those twins whose co-twin had died of
causes other than IHD (de Faire,1974). The Danish Twin re-
gister and the Danish psychiatric register established at
the Institute of Human Genetics have provided data for a
study of schizophrenia (Fischer et al,1969). With no cen-
soring present these data can be analysed using existing
statistical procedures for matched data. Registers have,

more recently, been set up in Toronto, Budapest and Austra-
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lia. To emphasise the growth that has taken place in this
field, regular annual symposia are held on twin studies. 1In
the laboratory setting twin samples become litter matched
experiments e.g. the data of Mantel et al (1977) to study

[
the effect of a car?inogen.

Natural pairing may also occur in situations other than
human or animal twin studies. Batchelor and Hackett (1970)
investigated the length of survival of closely matched and
poorly matched skin grafts on the same individual. Another
example is the Diabetic Retinopathy study , begun in 1971,
which was a controlled clinical trial designed to determine
whether photocoagulation was of benefit in preserving the
vision of patients with proliferative diabetic retinopathy.
One eye of each patient was randomly assigned to the treat-
ment and the other was followed up without treatment (Dia-
betic Retinopathy Study Research Group,1976). No attempt
was made in this paper to use the matching and the data were
examined as two separate groups :- treated and untreated.
Pairs of kidneys from the same donor transplanted into dif-
ferent recéipients may also be looked at in this light (Kuh-
back and Tiilikainen,1975). The problem of censored times
was overcome by Kuhback and Tiilikainen by considering the
binary outcome success/ failure as opposed to the time to
failure. This generally results in much 1loss of informa-

tion.

Over the last decade since the paper by Cox (1972) a

large theory has been built up around survival time data an-
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alysis. 1In the unrelated sample field there now exists par-
ametric, non-parametric and Bayesian methods of analysis for
grouped and ungrouped survival times together with
goodness-of-fit tests, and graphical techniques. However,
the analysis of data in the form of survival times of
matched pairs/n-tuplets has not yet been resolved satisfac-
torily. 1In fact there are two aspects which might be of in-
terest:- (i) the association between pairs i.e familial re-
semblance (with respect to the outcome variable) or (ii) the
effect of some treatment or other covariate on the outcome.
The former problem has been locked at by Clayton (1978), Mak
and Ng (1981) and Oakes (1982) and will not be pursued here.
The purpose of this thesis is to propose a solution to the
second problem not only in terms of testing the treatment
effect but also on estimating its magnitude. This was first
examined by Sampford and Taylor as early as 1959. However
no further progress was made until the paper of Holt and
Prentice (1974) which wused Cox's 1972 paper to define the
problem more rigidly and to propose two solutions - a
non-parametric one and a solution based on the marginal lik-
elihood. This paper will be discussed in detail in Chapter
2. Both Sampford and Taylor and Holt and Prentice used the
observable part of the likelihood obtained when the nuisance
parameters have been conditioned out. This involves omit-
ting from the analysis those pairs in which the ordering of
the times is indeterminate. Since 1974 rank tests have been
devised by Mantel et al (1977), Mantel and Ciminera (1979),
Wei (1980) and Woolson and Lachenbruch (1980) although these

all test the hypothesis of no effect of the covariate rather
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than actually computing the magnitude of the effect. The
methods of Mantel and Ciminera involves an extension of the
logrank procedure. A logrank score is produced for each
member irrespective of litter and then these are summed
within litters to produce a score for each litter.
Allowance can only be made for other covariates by stratifi-
cation on these covariates and, since especially in the la-
boratory situation, trials rarely involve more than a hun-
dred pairs and often much less, this can result in small
numbers in each strata. The approach of Mantel et al in-
volved a modified Mantel—Haenzgl test and hence only the
rank order of the times to failure are used. Both methods
of Mantel assume weak intra-pair correlation. Woolson and
Lachenbruch extend the usual rank test for matched pairs to
include censored observations. The test allows only for
matched pairs and since it is based on within pair differ-
ences, pairs which are both censored are omitted from the
analysis as in the methods of Holt and Prentice and Sampford
and Taylor. Woolson and Lachenbruch also make the assump-
tion that the censoring time for each member of the pair is
the same although these censoring times are allowed to
differ between pairs. This is clearly a strong assumption

to make.

Hence a method of analysis is required which, using all
the data, can not only estimate the size of the effect of a
factor but test its effect as well. It will be necessary to
make some assumptions about the parameters which describe

the matching but this can be offset against the relative
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ease of dealing with other covariates and with the lack of
assumptions about the censoring times, other than the usual

one of independence between the censoring mechanism and the

factor of interest.

1.2 Notation.

1.2.1 Failure time distributions.

Let T be a nonnegative random variable representing the
failure time of an individual. The distribution of T may be

described by any one of the following functions:
(i) Density function, f(t)

f(t) = Lt Pr(t < T < t+ t) .
Sts0 *
St

(ii) Distribution function, F(t)

F(t) = Pr(T ¢ t) .

(iii) Survivor function, S(t)

s(t) = pPr(T 3 t) .

(iv) Hazard function (instantaneous failure rate, intensity)
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N t)

A(t) =Lt Pr(t <T <t+§t|T>t) .
§e20
St

(v) Integrated hazard, Jﬂx(t)

t

At) =\ Awau .

These functions are interrelated by the following ex-

pressions.

A(t)

f(t)

F(t)

)\(t)exP[ -/ (1)1

f(t)

s(t) = expl -/\ (t)]

>\(t) =9 -1ln s(t) | .

At

There are a number of parametric models which have been
used for failure time distributions. Three of these will be
considered here. The first two, the exponential and Wei-
bull, are frequently used because these distributions give
closed form expressions for survivor functions and hazard

functions. The third, the log normal distribution, does not
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have this property but is still frequently used as it has

other useful properties.

(a) The Exponential Distribution.

The density function is defined as
f(t)=>\exp(—>\t) t » O, >\>0
for some constant >\ . This gives the hazard rate >\(t) =
>\, a constant, which implies that the probability of fai-
lure in a time interval of given length is independent of
the length of time the individual has been on trial.
The survivor function, S(t) is given by

s(t) = exp( - >\t) .

(b) The Weibull Distribution.

This distribution is a generalisation of the exponen-
tial distribution. The two parameter Weibull distribution

(‘X ' q > 0) has density function, hazard rate and survivor

function given by
-
f£(t) = >\fl()\t)rl exp[ - (>\t)fl ]

A(t) = kq(\t)q_‘
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S(t) expl - (>\t)rl ]

1 this reduces to the exponential distribution.

When Q
The hazard function 1is monotone decreasing for q < 1 and

monotone increasing for q > 1.

(c) The Log-Normal Distribution.

Let
~z 2
Z(v) = (277 )° exp(- v /2)
be the ordinate of a standard normal variate,
co
Q(v) = S Z(u)du ,
\"s
and the Mills ratio be defined by

M(v) = zZ(v) .

Q(v)

Then if T has a log-normal distribution, ln T is normally

distributed, giving for ¢ > O

£(t) = 1 Z(lnt - !5)

ot c

s(t)
o

(2
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and

>\(t)=i_ M(M) .

ot o]

The hazard function is zero at t = 0, increasing to a
maximum and then decreasing more slowly, approaching zero

again as t tends to infinity.

A distribution which can be used to model failure time
but which will be met here in the context of the general li-
near model representation is the extreme minimum value dis-

tribution.

(d) Extreme Minimum Value Distribution.

If t has an exponential (A) distribution and w =
(l/q }Jlnt then w is said to have an extreme minimum value

distribution defined by

f(w)

>\Vlexp[flw->\exp(f1w)] - 00 < w <O

S(w) exp[ - X exp (q w) ]

Aw) = A N exptw)

The unit extreme minimum value distribution with .k =

q = 1 has density
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f(w) = exp [ w - exp(w)] .

l1.2.2 The General Linear Model.

The exponential, Weibull and

log

normal

PAGE 1-12

distribution

are contained in the log linear model represented by

lnt=/.L+0‘§

(1.1)

where /L and O are constants and § has some distribution

f(g ).

Table 1.1 below classifies the three distributions ac-

cording to this representation.

Distribution of t. fL o f(g )
exponential -1n )\ 1 s.e.v.
Weibull -1/ )1n A 1/ s.e.v.
lognormal fl v s.n.d.
s.e.v standard (unit) extreme value

s.n.d standard normal distribution.

Table 1.1.

Form of the general linear model when the survival

times have exponential, Weibull or lognormal distributions.
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1.2.3 Effect of Covariates.

There are often explanatory variables (or covariates)
upon which the failure time may or is known to depend.
Usually certain covariates are of interest e.g presence or
absence of treatment; others may be known to affect the fa-
ilure time and therefore need to be allowed for e.g age,

stage of a disease.

The two main forms in which covariates affect the fai-

lure time, are known as the Proportional Hazards class and

) T
the Accelerated Failure Class. Let z = (zI ,+-+,2 . ) be the

P
observed vector of covariates for an individual.

(a) The Proportional Hazards Class.

The covariates are assumed to act multiplicatively on
the hazard rate. 1If )(t;g) is defined as the hazard rate
at time t for an individual with observed covariate vector z

then this can be written as

N (t:z) = A(t) nl B'2)

where xo(t) is some baseline hazard rate, ﬁ‘r =
( P‘,..., ﬁP ) is a vector of regression parameters and h(s )
is a specified function. Forms for h( &T:g) which have been
assumed are h(B'z) = (1 + £ z); &"5) = (1 + 87 _z_)'l and

h( é.rg) = exp( éT_g) .
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The latter, employed by Cox (1972), is the form most
T .
used since h(é z) > 0 for all possible z. This form will

be used throughout.
This gives
N(tiz) = A (t)exp( 8" 2)
and the log linear model (1.1) becomes

Int = (- é_-r__z_+0’§-

The function xo(t) may be allowed to vary within sub-
sets (strata) of the data. If the data are divided into s

strata then the hazard function can be written as
T
~>v(t;z = >\ t)exp( z (3=1,...,s) (1.2)
| z) °J() pﬁ_) 3

(b) The Accelerated Failure Class.

A disadvantage with the proportional hazards model is
that there 1is no direct relationship between t and z. The
relationship with the hazard is very difficult to communi-
cate to «clinicians. With this class of models the covari-

ates act multiplicatively on the failure time, in the form
T /
T = exp( Q_ z)T

!
where T has baseline hazard %o(t’ ), independent of é .
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|
i
!
[
I
{
i
:
I
|

In terms of the hazard function this is
T

.
Nieiz) = Agee B2 )RR

and the general linear model

Int = lu..+ p-r_g_-i- c§ .

The difference in sign of g;'g between the two classes
is due to the fact that the proportional hazards model is
linking‘the covarjiates to the probability of failure in the
next instant whilst the accelerated failure class links the

covariates to the survival time.

l1.2.4 Censoring.

If it is only known that a failure time, T, exceeds
some value, t* say, this is said to be a right censored ob-
servation. i.e. T > t* . Similarly a left censored obser-
vation is one where T < t”E . Interval censoring is where T

. . . . * x .
is known to lie in some interval (t' ot ). Hence right

2
and left censoring are special cases of interval censoring
with the intervals being (t;K , ®© ) and (- 0@ , t* ) respec-
tively. Left and interval censoring are not often found in
practice and this work will concentrate on the problem of
right censored observations although left censoring could be
accommodated without much difficulty. One mechanism to pro-

duce right censored observations is the assumption of random

censorship. If T‘ se++, T, and ¢, +...,C, are the failure
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and censoring times respectively for n individuals with
T, . C; ,i=1,...,n being all stochastically independent

then the observation for the i-th individual is

Y, = min(Ty , C. )

Special cases of this are Type I, Type II and Progres-
sive Type II censoring. For Type I censoring the C:. are
fixed in advance, and this most frequently occurs when items
enter on test at the start of, or randomly throughout, a
study period of fixed length and observation ceases at this
prearranged time. Type II censoring occurs when all the
items enter together and the study continues until the r-th
smallest failure time is observed. 1In Progressive Type I1

censoring, all items again enter together but d are cen-

sored at the r-th smallest time, a further r, failures are

Observed, and dl are censored, etc.

A more general censoring mechanism, of which the above
are three special cases, is that of independent censoring.
The assumption in this case is that, for an individual with
given covariate vector z, at time t the censoring mechanism
at t does not depend upon z. Hence individuals are not
withdrawn because they are at a high or low risk of failure.
In scme studies, especially clinical trials, this may not be
a valid assumption, as a clinician may withdraw his patient
from a trial if the patient's condition has deteriorated. A
simple check of comparing the covariate values for those

censored and those who failed, can be made on the data, be-
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fore analysis. This will help to ascertain whether the as-
sumption of a random censoring mechanism is reasonable al-
though it is by no means infallible. 1If this seems a valid

assumption then, since the censoring is not informative

about é_(the regression parameter), the contribution to the
likelihood for a failure at time t is f(t; é ,z) and for a

censored observation S(t; é',g).

With regard to the problem considered in this thesis,
of survival time analysis for matched n-tuplets it will be
assumed that the likelihood factors out in the above way.
It remains to be shown what restrictions this makes on the
Ce for each member of the n-tuplet but it seems reasonable
that they should be independent of the T, but may them-
selves be correlated, i.e CL for members of the same
n-tuplet may be related. This is likely to happen in prac-
tice as matched pairs e.g twins are usually recruited to a

study at the same time.



CHAPTER 2

PROPORTIONAL HAZARDS MODEL

2.1 The Model.

Jr
tor for the 3Jj-th individual, j=1,...,n, belonging to the

Let t.. , Z“L be the observed times and covariate vec-
-J

i-th n-tuplet, i=1,...,N. A censoring indicator Sﬁ is ob-

served for each individual with

Sﬁ =11 if the individual fails at tji

0 if the individual is censored at Eﬁ
The proportional hazards model stated, by Holt and Prentice
took the form of (1.2) with the n-tuplets forming the stra-
ta. If the hazard rate at time t for the j-th individual in

the i-th n-tuplet is >Ui(t75 ) this means

jo

in(t;_z_) = Acl(t)exp[ﬁ-r_z_ 1 3=1,....,n; i=1,...,N.
A further assumption was made by Holt and Prentice that
the matching properties themselves acted multiplicatively on

the baseline hazard. This gives rise to
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Nt 200 = N (Dexplplz., ] (2.1)

i.e each n-tuplet shares an dL (i=1,..,N) which can be re-
garded as a matching' variable. From this, three models
are considered. Firstly the non-parametric model of Holt
and Prentice which is defined by (2.1). The two parametric
models considered for‘)O(t) are the exponential and the more

general Weibull. These are given by

W(trz, = o. ex Tz 2.2
>\JL( z) Lexplgz ] (2.2)
and
! y
7\n(t7z..) = K. t exp[p 2 .. ] (2.3)
v T v —Ju
For simplicity the theory will take the case of n = 2 i.e
matched pairs and a single covariate with dim (z ) =1,
Jt

the corresponding covariate values being z. and z, .
Sections 2.2 and 2.3 are , in the main, reviews of the work

of Holt and Prentice.

2.2 The Non-Parametric Approach of Holt and Prentice.

Consider the hazard rate given by (2.1). 1In the paired

case and single covariate this reduces to
)MLQE, %ji) = di)o(t) exp[@ zjt ] j=1,2; i=1,...,N.

The main problem is the estimation of ﬁ in the pres-
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ence of the ‘nuisance pararameters' &; . In the case of no
censoring and a covariate independent of time the ranks of
the tji within pairs are sufficient for @ in the absence of
knowledge of Ab(t) , (Kalbfleisch and Prentice,1973).
Hence the marginal likelihood for ﬁ>, Ih( §>) , is propor-

tional to the product, over the pairs i=1,..,N, of

-1

i

pr (t2L<tuL) [1+exp (ﬁ,d(' )]

[l1+exp (-ﬁ d, )17

Pr (tut<t:L)

with dL =z, -z, . If & = expl @ ) then the ratio of

hazards is

>\,L(t:z,-L ) = expl pd; 1= p

x2|.(t;z.2b )
and for the usual 'treatment' covariate with z,, = 1 ana
z,, =0, ® measures the hazard ratio. Therefore
N
-1
LM““H (1 + exp(e,pa )17 (2.4)
vzl
where
€. = 1 if t_.< t .
. 24 [
and
€ =-141if ¢t < t,. .

There is no contribution from tied pairs , 1i.e where t
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If censoring is included then the pair ranks are known

for pairs with both times uncensored i.e S'L': 81L= 1, and

for pairs with one of the pair censored, provided

min(tu ’tzL) is uncensored. The pair ranks are indetermin-

able for pairs with 6&: 8:.-'.: 0 and those pairs with

min(tw +t,, ) censored. Figure 2.1 below shows the possibile

combinations for pairs (t|L (t.. ) , with €, = 0 if the pair

av

ranks are unknown.

€

(a) W t e 1

(b) t to o -1

(c) L ty e 0

(4) t, —* t, . 0

(e) t, . t, — -1

(£) tie s 1

(g) L — t, —* 0

(n) t, —» t, —» 0

(i) P — 0

tzL-——»
57 TiA;
. denotes a failure

—_— denotes a censored observation.

Figure 2.1
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Holt and Prentice considered only the Type 1 censoring
mechanism in which both members enter at the same time and
are censored only if they survive the study period. 1In this
case observations of type (c),(d),(g),(h) will not occur.
Holt and Prentice argue that those pairs for whom the pair

‘ ranks are undefined provide no information about P and thus
the likelihood for f is still given by (2.4), if € is
taken as zero for those pairs providing no information about
P i.e (c¢),(d),(g),(h) and (i). The log 1likelihood for

ﬁ is given by

~N
InL,(p) =- ) 1In[l + exp (g Rd; )]
[}
and therefore
N
dinL (B)=- € d_exple pd, ) (2.5)
Bﬁ = 1 + exp (EL’ad‘-_ )
N
and the maximum likelihood estimate of F ' F) , is given by
the solution of
N
2 €. 4, =0 (2.6)
‘ l+exp(—€L@dL )

[V}

This shows that pairs which are concordant with respect to

the covariate, 1i.e with dL = 0, do not contribute to the

likelihood.

For the case of a single covariate representing treat-
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ment, say, with 2z, =1, z, = 0 and hence 4. =1, i=1,...,N ,
(% 20 [

the work of Holt and Prentice can be extended further with

(2.6) having an explicit solution. Assume no ties and let g

pairs have €, = 1 , r-q pairs have €, = -1 and N-r pairs

~
have €, = 0. Then F is given by the solution of

q (r-q)

1+epr—P ) 1+exp(p )

v
(@]

and since exp(p )

"~
P = 1ln (r-q) .

q

A
From the above equation for F) can be seen a disadvan-
tage of the non-parametric method, since it can produce a

>

A N
M.L. estimate of (5 . ﬁ = -00 (i.e B = 0) if t
N

t, for all i=l,...,Nor [ = o (& =o00) if t. < t, for
all i=1,...,N. The probability of this occurrence in the
case of no censoring and the single treatment indicator co-
variate is (1+ © )'”+%14-O"TN , since this is the probabili-
ty of O or N successes in N binomial trials each with proba-
bility (1+ © ).| of success. Table 2.1 below gives selected
values of this probability for varying values of & (the
true hazard ratio) and N. The effect of censoring is to in-

crease this probability as ignoring pairs with €; = 0 effec-

tively reduces the sample size N.
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N\E| 0.1 0.25 0.5 0.75 1.0 1.5

5 0.621 0.328 0.127 0.075 0.063" 0.088

10 0.386 0.107 0.017 0.004 0.002 0.006

20 0.149 0.012 0.000 0.000 0.000 0.000

30 0.057 0.001 0.000 0.000 0.000 0.000

60 0.000 0.000 0.000 0.000 0.000 0.000

Table 2.1.

~

Probabilities of obtaining B = 0

or co for N matched

pairs with one covariate and no censoring when the true ha-

zard ratio is ©.

/N
The asymptotic variance of the M.L.E of P ' P , given

~
by the solution of (2.6), can be estimated by 1! (P) where

I( ﬁ ) is the observed information , i.e.

I(F )

I( ﬁ) is a consistent estimator of the Fisher

= -E?lnLN(ﬁ )
B(Sl

Jepor . wien

3W)=-E dn L, (p)].

information
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Thus, differentation of (2.5) gives

N
_ 2
I(R) = (e a, )" exple pa. ) .
[1+exp(e, p a, )1*
L=
I1f, as before, d. = 2. - z_.. = 1 for all i=1l,...,N
v 18 L

with gq pairs having € =1 (i.e to, <t ), r-q pairs hav-

ing € = -1 and N-r pairs having €_ = 0 then this is simpli-

fied to give

r exp(f)

[1+exp( B )1*

1([5)

and hence

~

S.E(F)) exp(—O.Sﬁ)+exp(O.5E)

Jr

[}

[ ]
>
S

]

2.3 The Marginal Likelihood Approach of Holt and Prentice.

Rather than using only the within pair ranks of the
twins, Holt and Prentice showed that marginal likelihoods
can be derived for p for the models (2.2) and (2.3) by con-
ditioning out the nuisance parameters ;. 1In the case of
all failures being observed, by conditioning on some statis-

tic w. , the likelihood is partitioned into two parts viz.

L(datal p ,o’L)=L(data| w. o F’: P X )L(w'-_'lp S X)) . (2.7)
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with the w; Dbeing chosen so that L(wilﬁ , o ) is indepen-
dent of « . This quantity is then the marginal likelihood

for @ since the w; are marginally sufficient for ﬁ in the

absence of knowledge of the CXL.

For the Weibull model defined by (2.3), and a single

covariate z..

ji ¢ 3=1.,2, then

-1
f(th )=0<»bee’z-i tjlt exp{—ﬁe@z» tJ.Q} j=1,2

and the linear model formulation is

where §M~' j=1,2 are independent with standard extreme value

distributions.

Hence, taking w. =t /tzi and dL =z, -z, 4Jgives

with q& having a logistic distribution i.e.

£( \\UL ) = exp( Y, ) -0 < Y, <0,
L1+exp( Y/f- )1 i=1,...,N.
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Thus the marginal density of w,  is
f(wtlﬁ,o(';) = q eﬁdtwtq—[ (2.8)
[1+eBdL le 1*

and the density for the exponential model defined by (2.2)
is found by putting fl = 1 in the above equation. The mar-

ginal likelihood for the Weibull model is therefore given by

LM( ﬁ,fl ) with

N
= pd -
L, (B ) N ebdow 1 . (2.9)
[1+efd le I+
Lo
Now consider the effect of censoring. Let W. be a

random variable with probability density function given by
(2.8), and w,oo= ot /tzt . Then, returning to Figure 2.1,
for cases (a),(b) there is a contribution to the likelihood
of the form q e hdi wJP' [1+e¢’°l'k wﬂ TQ';in cases (c) and (f)
all that 1is known of W, is Wc > W, giving a contribu-
tion to the likehood of [l+e5dtvkq]_\ ; cases (d) and (e)
contribute ePdt w:Q [1+ePd: WJIJJ since W_ < w_ . The
doubly censored pairs (g),(h),(i) provide no contribution
and Holt and Prentice omit these though they state that this
omission has the tendency to bias the estimate of ﬁ away

from the value ﬁ = 0. With these pairs omitted the likeli-

hood is no longer a true likelihood.

The marginal likelihood (2.9) can be amended for cen-

soring as follows
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LH(Fs ,q )X n e Pd. w:H 1 e“‘wﬂ ,
[1+e5ciL wLQ ik [1+efd: w\"l ] [l+e"d'- wL’l ]
A
' A Ay (2.10)

where A'==ipairs of observations of type (a),(b) i.e both
members of pair uncensored} : Al={'pairs of type (c),(£f)
i.e pairs with t, censored and to failedz : A3==ipairs of

type (d),(e) i.e t failed and ta censored} .

The log likelihood is given by

In L, (f r’( )= FA%A;% + rlg%m w, + N 1nn

N
- i;_ebln[l+eﬁd“wb1 ] + const (2.11)

L=1

where N = number of pairs in set A and €, is the number of

a2l ), i.e. E\_ = S'L+ SL'L-

uncensored times in (tl.L ,t

The maximum likelihood estimate of ? and ’1 are the

solutions of

N
2 a = e a ePdy (2.12)
(% - (% S
AvA
"3 [l+ef°d‘w-hfL ]
L=
and
N
- bd
ﬁl + E; 1n wL = EL e ‘WLQ lnw-L . (2.13)
AvA
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The maximum likelihood estimate of ﬁ for the exponen-

tial model (2.2) is the solution of the equation

N
E_da = e _d_ epdiwL . (2.14)
Ay A:5

[l+ekd‘wL]

From (2.14) it can be seen, as in the non-parametric
method, that pairs which are concordant with respect to the
covariate, do not contribute to the estimation of P in the

exponential model.

Differentiating (2.11) twice gives the terms of the ob-
served information matrix. In the uncensored case the Fish-
er information matrix can be shown to be

1 /N (3+ 7)) + BEar Bra*
— Lty L

c/ 9 3q1 31N

Ede 1va;

3q 3

with ¢ = N (3+TT")Zd:' .

27 rll

A A
Thus the asymptotic variances of ﬁ and q are

A2

)
3 + 9 f;l and 91 respectively.

Y a* N (3 +T7%) N (3 + T1%)

L
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For the exponential model the asymptotic variance of

A
5 is 3/2:63', i.e for a single covariate with z, =1,

”~
,. = 0, i=1,...,N the asymptotic variance of F> is 3/N.

2.4 Fitting in GLIM.

Holt and Prentice used the usual function maximisation
routines to estimate ﬁ by the non-parametric method and
#} and fz by the marginal method. The likelihoods of both
of these methods can be written in the general linear model
form and fitted wusing the GLIM package (Baker and

Nelder,1978). Consider first the non-parametric likelihood.

Since
N
e. I-e.
ol
with e = 1 if t, < tzL and zero otherwise and

T, = [l+exp(- pd_ )1, L,(p) is the likelinood for n bi-

nomial variates e with pr(e, = 1) = T, . Hence
in TN, = ﬁ a
1 =T

L

and in the GLIM notation this becomes §$YVAR i eL?; SLINK
LOG; S$ERROR B N; SWEIGHT W and $FIT d where & = {d. | : N
= { l} , a vector of 1's and the weight vector W is O for
the pairs of type (c¢),(d),(g),(h) and (i) in Figure 2.1 and

1l otherwise.
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The marginal likelihood is less simple. If, this time,

TT‘L = 1/11 + erl exp(ﬁd-‘_ )], SL = 8“ + Sn and € =

t

SuézL then (2.10) can be written as

§.- 8

N
o e [ e S
L=

and 1n[TT_ /(1 - )] = @ a, + q.ln LA

If the exponential model is to be fitted, i.e. q =1,
or there are no uncensored pairs, then the likelihood is of
the binomial form again and this is fitted by the following
GLIM declarations :- $YVAR {&L} ; SERROR B {§ }:; SLINK
LOG; SOFFSET iln ng ;  SFIT i_dL} . When q is to be es-
timated and the data includes pairs whose members have both
failed then estimation of @ can be found using the method
just mentioned. Estimation of q. . however, requires either
an iterative procedure or the inclusion of a dummy binomial
observation, with observed proportion EL out of €, . A more
general form of GLIM macros (of which these two are special
cases) can be found in Bennett and Whitehead (1981) and

Roger and Peacock (1983) respectively.

2.5 The Integrated Likelihood Approach.

One alternative to the two previously mentioned methods
is to consider the X, as fixed effects and to simply esti-

mate them along with ﬁ and q . This approach has not been
considered since as each pair contributes an &_ , the set of

observations are only partially consistent with respect to
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l
|

the &, . Even if the maximum likelihood estimate of p from
the full likelihood is consistent it need not possess asymp-
totic efficiency (Neyman and Scott,1948). The problems of
estimating many parameters are well known. For completeness
it should be added that the full likelihood and marginal
likelihood approaches give the same maximum likelihood esti-
mate of P under the exponential model, although the asymp-
totic variances differ. It may also be assumed further,
that &, = & for all i=l,...,N, which reduces the number of
parameters to be estimated but at the expense of the very
strong assumption that the pairing variable is constant over

all the pairs.

The solﬁtion to the problem which will be considered
further here is to make some assumptions about the distribu-
tion of the &_ . From a frequentist viewpoint the & might
be considered as random effects, coming from some distribu-
tion with known form though unknown parameters. If covari-
ates are also being included then the model will be a mixed
effects model. This is in contrast to the full 1likelihood
method which treats the X, as fixed effects to be estimat-
ed. Justified by the exchané%bility of the pairs, a Bayes
approach would be to feed in information about the pairing
variables in the form of a prior distribution. The 1likeli-
hood approach uses the resulting 'marginal' likelihood when
the O have been integrated out. An Empirical Bayes proce-
! dure considers that if the pairs are selected randomly then
it is reasonable to assume that the «: are independently

v

and identically distributed. In this thesis the distribu-
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tion of the &, will be referred to as a prior distribution,
for ease, and this can be interpreted as above by the other

statistical approaches, where necessary.

The full likelihood for the Weibull model is given by

N

L (I—_l 'Elkﬁ Irl :%) =“H f(tlL'tth@ Irl Idi)

L

L=t
N
v -
= ” d\(“'éul*' 614) e #(6!._1|\, 81‘115) ( t“'éu tzsz; ){L e
L=l

exp{—i(_‘__(t“rl eFreie 1 ep’“)l , (2.15)
1

where t =(t ,....t, ) . t_=(t, ,....t ), & =(cl,euesoy)
and
o=\ . . . ’
%L if tJL fails
0 if 't.J..L is censored ,

for j=1,2, i=l,...,N.

A convenient form for the distribution of the OQ is to

assume the &, have a gamma distribution with parameters a
and b, a, b > 0 ( ulnx(a,b)) such that

f(di.) = ab db—l exp(—a 0(‘- ) ’ 0 <« dL < 0 (2-16)

M(b) i=1,...,N .

As b tends towards zero, the prior distribution reduces

to the case mentioned previously, where all the & are
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equal. The form with a = b so that the o, have unit mean,
has been taken by Clayton (1978) although the main concern
in this paper was with the estimation of the association

parameter 1/a which represents the variance of the X .

Holt and Prentice considered using prior distributions

for . of the form °(L-| and o(-:b, i.e \6(0,0) and

L

x (0,1-b). The former gives an improper integral to evalu-
ate for doubly censored pairs. They found that the second
type of prior, for fixed b, gave a bias on the estimate of
ﬁ exceeding that for the marginal and non-parametric meth-

ods and this bias was found to increase with b.

From (2.15) the wunconditional 1likelihood of ﬁ and

q is given by

oo [rg] o

L (¢, 'El\P'q ,a,b)=5 ...SD—[f(tm ,tu‘lp,q co ) £(X )dox, ]

0 dv-_-o

and changing the order of integration this gives

N oo
L (¢, '31|F> 1 ,a,b)=ﬂ S £(t,, 't:.JF'{( JX) £ )de
Ltz u"L:o

=||a® (ti'“ ti“)?."

M (b)

o

5(81 \_Z\L + glg-z;;)
e

b +8,‘L‘0’é -1 gz
N * exp } -« (t'.:l eaz'“+ tz;’l e ‘“+a'l) de,
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~N

= b Sl,_-'gu ] .
= abq ) Rb+ éni,+82") (tus'l- t:.LSIL )’l ! eB(&tlu. 8:;7-M,)

r(b) (t‘:( epl" + tz:{ eﬁ21u+ aq )b+8"&gh;

~
[
-

Thus, in contrast to the non-parametric and marginal
likelihood approaches, doubly censored pairs contribute a
term (tuq ePe +t;ﬂ ebh; +aq ib to the 1likelihood. Pairs
concordant in the covariate also contribute. A paper by
Wild (1983), published whilst this thesis was being written,
used a similar solution under the heading of Empirical
Bayes. The form of the baseline hazard j\o(t), however, was
taken to be q tqq for the Weibull model. This is equivalent
to a reparametrisation of the above likelihood in terms of

ﬁ, q , a and b where a' = aq .
The log likelihood is
In Lo(t,,t, 1.1 ,a,p)=) [In M (p+§ +8 ) - 1n((D)]
+B L8z, +62,00 + T (rE46,0)
+Q<L‘(g,-kln t,: +Sz'lln t,. ) + Nblna (2.17)
-j{(b+g“+gﬁ)ln[t£leﬁlﬂ + tigeﬁzh + aq ] + const
the summation being taken for i=1l,...,N.

Differentiating (2.17) gives
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d1ln L, =Z(8 zZ. +6¢zzt ) Z(b+8 +<Su)(t’2 em“+ ta?- z’iesz“)
Bﬁ ‘ (t‘? ebri 4 tz.:l P 4 af)

%

(2.18)
dln L, = iZ(HS,L+81;) +) (&1t +§1nt )
arl n L i
Z(b+8 +S )(tft 67‘“lnt + t23 P l1nt,, +a)
ﬁZ,L 'l (5 1L
- (t'g e + afl
(2.19)
din 1, =N -2 (b8, +5,0 1
éa a : (tl:( egz"+ t:( enz‘+ af() (2.20)
L
8“-+én
Oln L, = 1 + Nln(an)
db [ b+ -1
L J:l
-Zln[tlg T tzq TN a1l . (2.21)
L L

Maximum likelihood estimates for @ ’ fl , a, b are

found from solutions of

I

of Bfl

d1ln L. =0 ; BlnLI=o :

]
o

d1n L. =0 ;  dlnL_

da 3b

The maximum likelihood estimates for the exponential

model are given by the solutions to the equations
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z (guzu +S¢\zz_k) = z(b"'g.;*l-g“)(tu z, eﬁ:z,\ + t, z,; e&n)
) . (‘l’_lL 6’52,;+ ta.i eﬁ"zs +a)

Nb = (b+8u+8ﬁ)

P

a (t eﬁz‘+ t  ePfug4a)
v 2\

2, Bz,
Nlna +z S.lgu + (8.+&-8.8.)= Z In(t, eg +t e +a) .
- | b+l b L
L
As in the marginal likelihood case, no closed form of
solution exists to the equations for the exponential or Wei-

bull model and some iterative solution needs to be employed.

The asymptotic variances can be found as in the margi-
nal method by inverting the matrix of second derivatives.

On differentiating (2.18) to (2.21) again, the matrix of

second derivatives is, with k,1 =1,...,4 , (iKl ) =
S 2 2 2
-3d1n L_ -d1n L_ -31n L -¥1n L_
¥ B3] opoa  ofew
2 2 >
-¥1n L_ -d1n L -d1n L_
b?z B’I}-a b’léb
3 <
—Bln LI -B]n LI

Be& Baésb

S
—‘aln Lr

db*
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and
. \ -2
l\\ =Z(b +§SJL)( ZJ.tJ:leﬁzJ + aVz) X q ﬁ
52L 2, - 2,
[(?tﬁe J+ar()(§tJquJLeﬁJ) (g_t“ z e J)L_]

i _Z<b+28)(2t'l P’ZJ‘+afl) X
[(Zt'?e&“+ aQ)(Z eP2i 1nt )
J Jb

LJL

- b ¢ A
(z";tJ:I J lnf:l'\.)(?t\lfs J‘ )

-2
fy = - LR80T el v ag) (zelz, eFh)
= gz“ - 7 Z;
L ‘g (§ %3e Tt aQ) (gtﬁ %Lepl)

-
]

2 =TI +T8) + L m+35 (T eleforani’
{rzele B2, . an J[zt’lech(lntJL ]
P2
- (Jthg S intg +a)‘-}

. ‘ _2
23 =Zg(b+§§u)(it7 fVh anyt x
(i "-(it’l b"‘lnt )
J
i = - ' pzl .
fay T 'l‘ +i(itq J+a'l) (:ZtJ?e “lnt;  +a)
* - -2
133 = Nba * _,1 ?(M?S&)(? tJ:Z e,sz# + afl)
i = 1 bz'i ~ | _ -
13+—-QZL(§tJte J +arl) Na

i, = 7;[5,L8“<b + 1)_2 + (8 +5u S‘.Lgh)b _]

for j=1,2 ; i=1,...,N.



i is independent of

It is interesting to note that Wh

For the exponential model and the case of no censoring

the lower triangle of the Fisher information matrix is found

to be

7z -z_ )" +bl(z+z %)
z e 2t L 1% PN

(b+3)
—bZ<z,L tz_ ) 2Nb
a(b+3) aX(p+3)
2z, +z,. ) -2N N(2b +2b+1)
(b+2) a(b+2) b (b+l) .

The inverse of this matrix gives the asymptotic vari-

A
ance - covariance matrix of ( p ,a,b) and the asymptotic

N
variance of ﬁ is

2N(b+3) ’ (2.22)

s _ L 2 S _ %
2N (z ZAL) +2Nb?(z“k +z ) b[ZL(z'i tz )]

L

With a single covariate such

which is independent of ﬁ .

that z., =1, z,, = 0 this reduces to

(2.23)
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2.6 Relative efficiencies of the three methods for the

exponential model.

Fisher (1958,p.147) suggests that the relative effici-
ency of two estimation procedures can be found from the
ratio of the informations in the two statistics. If effi-
cient methods of estimation are used this ratio is asymptot-

ically equal to the ratio of the variances of the estima-

tors.

For the exponential model the informations about
ﬁ contained in the statistics derived from the

non-parametric, marginal and integrated methods are respec-~

tively
~N N N
1, (p) = (€,d) exple; pa) : 1, =Ed‘
[1+exple B a )I* 3
L=y P ‘p ¢
and
S 2 2 2
1. = 2N<‘_‘Ld.L +2szL(Z1i +z.) - bl iL(Z,-L'F z, )]
2N(b+3)

Hence the relative efficiency of the non-parametric

method to the integrated method is given by

R‘(O) = 1 (0)




PROPORTIONAL HAZARDS MODEL PAGE 2-24

- N(b+3)ZL_ at

2 izu?jdf +28b 2 (22 + 27) - B[ T (2, + z, )3‘}

L

For a fixed scalar covariate with zm =1, z, = 0
R'(O) = b+3 = 1 + 1 .
2(b+2) 2 2(b+2)

Thus, as b tends to infinity, the efficiency of the
non-parametric method decreases to 0.5, from its maximum of

0.75 (approached as b tends to zero).

The relative efficiency of the marginal method to the

integrated approach, R does not depend on the value of

1 ’
@ and is given by

R, = 2N(b+3) Z @

3{2N2d:‘ +2Nb2(z , * +z_* )-b[T(z, +z ak)]’}

For a fixed scalar covariate with zZ. = 1, z,. = 0 this be-
comes
Rz = 2_ 1 + 1
3 (b+2)

which approaches 2/3 as b approaches infinity. As b tends
to zero, the relative efficiency of the marginal method to
the integrated method approaches 1. When b = 0 this reduces

to the case where the pairing variables, &, , are assumed to
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be the same for all pairs.

It should be added that the integrated method can be
expected to be more efficient than the other two methods
when b > 0O as extra information about the c7(L is being in-
cluded. If the number of doubly censored pairs is large,
the number of pairs analysed in the marginal and
non-parametric methods 1is reduced and it might be expected
that the relative efficiencies R, and R, would also be re-
duced. In choosing between the methods, this reduction has
to be offset against making the extra assumptions necessary
for the integrated likelihood. 1If the integrated method is

fairly robust to the true distribution of the ;

" the

extra assumptions should be worth including so that the full

data set is analysed.

2.7 Extension to n-tuplets.

The density function for the j-th member, j=1,...,n, of

the i-th n-tuplet, i=1l,...,N is

£,06) =% N (t)ePh expl-u A(t)ePZui ] 0 ¢t <0

In the non-parametric model the marginal likelihood for
ranks, if no ties within n-tuplets are present, can be shown

to be, from Kalbfleisch and Prentice (1973},

N N
)OCHH o exp( B Zy;) =TH exp(fSZ(J)L )
w t.a?:t PP 2, t :%)-e"p(/@ Z ki)
Byow Ry

L= v L

LN('B
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where z(pLis the covariate for the j-th ordered time, tg);’
within the i-th n-tuplet and the product Uj is taken over
all the uncensored times in the i-th n-tuplet. This is, in
fact, the partial likelihood of Cox (1972) which is obtained
by arguing conditionally on the set of times, within

n-tuplets, at which failures occur.

Hence the log likelihood is

N n

In L ( ’3 ) = Z Z 6(_“ [é Zi. - ln% Y exp(ﬁ) z.) 1]
==l ] d thatu)‘_
+ const (2.24)

with ggn the usual censoring indicator for the survival

time tWL of the j-th ordered member of the i-th n-tuplet.

A
Thus é is given by the solution of the eguation

N N
B in LN’( ? ) Z él;l\\. Z(J)L - t—:;t_pxzk" exp(@ Z“' )
d ; exp(Bz )
ﬁ E:Lzz_tc‘)u & st
L=\ J=\ J

=0 (2.25)

]

~
The asymptotic variance of @! can be found from the

second derivative of the log likelihood

exp( @ z, ) il S eXp(ﬁ z,) x
bﬁi s 2t te >t

18

~%
E; z:Lexp(ﬁ zKL) *it.Z%. zkbexp(g ZKL% ] (2.26)

. P X ‘13 ¢

t

V4
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Obviously any of the n-tuplets which have all the times cen-

sored, do not contribute to LN(F

The marginal likelihood is less easily extended to the

case of n-tuplets. Let w = t, , w.= t /tu, for

Ju Jt
j=2,...,n. Then, it can be shown that the log likelihood 1ln

LM( @ , fl ) is given by

N

1n Lm((% ,fl) =.Z [ >.{leéﬁdﬁ + 1nle8 + rlJil nw,

L

N

- éLlnil + z exp( f:;dJ.\)vﬁf-} ] ]

J=2

n-1 (ii) T 6
- k. W
+ In{ 1 +) (-1) we Brk L (2.27)
1 +2w£exp(ﬁdu)
with € = 2;% and B " being the r-th subset of size k from

J=1
the integers 2,...,n. The final term is only included for

those n-tuplets in which ti is censored. Any n-tuplets
which have all the Yﬁ , j=2,...,n, indeterminate i.e tJL '

j=1,...,n all censored, are omitted completely from the ana-

lysis .

The integrated likelihood method extends very easily to

the problem of matched n-tuplets. The log likelihood given

by (2.17) becomes

ln LI(El ;tl,....,ErJ ﬁ ,Q ,a,b)
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=Zb[lnr\(b+§6&) - 1n(p)] +§?}_§LZJ-L

+ 1n/{2; (b+'2}SJ-L) +1§L§%L1ntJL + Nblna

—?:(b+§ig.)ln[Z;t{2e8%1+aQ] + const. (2.28)
v g g v

with j=1,...,n ; i=1,...,N . The terms in (2.18) to
(2.21), the first derivatives of the log likelihood, extend

similarly.

The non-parametric method involves sorting the times
within n-tuplets to obtain the risk sets. This should not
pose too great a problem as the number within n-tuplets will
usually be fairly small. The marginal method is difficult
to program if the n-tuplets are of different sizes and espe-
cially if there are n-tuplets with t censored, as the
final term in (2.27) is then required. The integrated meth-
od, on the other hand, requires very little amendment to ex-
tend to either cases with n > 2 and/or n-tuplets of differ-

ing sizes.

2.8 Summary.

In this chapter the non-parametric and marginal methods
of Holt and Prentice have been reviewed. Solutions were
found for the non-parametric and marginal likelihoods using
the generalised linear models program GLIM. The theory was
developed for a proposed improved analysis of matched pair

data subject to censoring, referred to as the integrated
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'

method. For this method, the equations giving the maximum
likelihood estimates of the parameters and the observed in-
formation matrix, from which the asymptotic variances of the
paramters can be obtained, were found. The efficiencies of
the three methods in their estimation of ﬁ were compared in
the case of no censoring. All three methods were extended

to deal with matched n-tuplets.



CHAPTER 3

COMPARISONS OF THE THREE METHODS

It has already been stated that the integrated method
can be expected to perform better than the other two methods
since extra information is being included. To investigate
the amount of improvement, various measures such as bias and
mean-squared error can be calculated. Since in both the
marginal and the integrated methods, closed forms for the
estimates do not exist, the bias cannot be calculated alge-
braically. Thus various sets of simulations have been per-
formed in an attempt to determine the relative merits of the

three methods.

3.1 Method.

The data for the simulations was generated under two
models for .%o(t) viz. the Weibull with ’z = 1.5 and the
exponential (which is equivalent to the Weibull with Q =
1l). The marginal and the integrated methods treated the
data generated under the exponential model both as exponen-
tial (estimating ﬁ in the marginal method and ﬁ , a, b in
the integrated method) as well as Weibull (estimating fg and

’z in the marginal method and /3 ,’z , a, b in the integrat-
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ed method ). As in the Holt and Prentice (1974) paper, a

single covariate was used with =z = 1, =z_- =

I AW
i=1,...,N and exp( FS ) = & = 0.5.

The first set of simulations took a common C

0 for

ensoring

time, T , for all pairs with T taking initially a large

value which resulted in no censoring, and then four

succes-

sively smaller values which resulted in increasing numbers

of censored observations. This method was used to

simulate

the situation of a study where all items enter at the start

and censoring occurs only if the item has not failed by the

end of the study period at time T. Pairs of observations of

types (c), (4), (g) and (h) in Figure 2.1 will not

be pro-

duced. For the exponential model three values for N, the

number of pairs, were taken:- N = 30, 60 and 120, to provide

a reasonable range of size of study. For most stud

60 pairs would be the likely size used ( see data

ies 30 -

analysed

in Chapter 6 ), whilst 120 is an attempt to see what might

happen in the larger studies. For the Weibull model

taken as 60,

3.2 Computation.

With the above constraints on z and Cy , the

N was

failure

times t and t.. for the i-th pair have distributions, for

L

the Weibull model, of

-1 1
expl- Xt

21

L "

£E, Jo) = & t'q
2

(3.1)



:COMPARISONS OF THE THREE METHODS PAGE 3-3

and

flt, o) = & LT
20 L - L 2.

exp%—dt tzﬂf (3.2)
1

Hence, if Y, and Y, are random variables from a uniform

(0,1) distribution then

I/fl 1/‘,l
te =[—2__'1 i1n yu] and t,. = I:-Q_ln yz.',:]
o, e

have the distributions in (3.1) and (3.2), The failure times
were thus produced by generating 2N random values from a un-
iform (0,1) distribution, using the NAG 1library routine
GO5CBF, and assigning the first N to X, and the second N to
Y, - To generate the times an X; for each pair is re-
quired. Various prior distributions for the &, were tried.
The integrated method makes the assumption that the 0& are
a random sample from a gamma distribution. Three gamma dis-
tributions were used to generate sets of X for the simula-
tions :- K(40,3), 5(6,3) and X(ZO,S) where a X(a,b)
distribution is defined in (2.16). The integrated method
ought to behave best in these circumstances. Two other
non-gamma prior distributions were used to determine the ro-
bustness of the integrated method. The first non-gamma
prior to be used was that taken by Holt and Prentice with
O(:l,i=l,...,N, as cycles of the sequence 5.5,6.0,...,35.0.
A uniform (0,1) prior for °<L was also investigated. The

differences between these five distributions for the °<L can

be summarised in Table 3.1 below.
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Distribution of S Mean Median S.D Range
-1
oA, = 5.5,...,35. 0.06 0.05 0.04 (.03 ,.18)
. ~ uniform (0,1) 0.5 0.5 0.29 (0 , 1)
o/ ~ Y (40.3) 0.08 0.07 0.04 (0 ,00)
o, ~¥(20,5) 0.25 0.23 0.11 (o ,00)
«, AES(6,3) 0.5 0.45 0.29 (0 ,00)
Table 3.1.
Summary measures of the prior distributions
for O  considered.
The maximisation routine used for the integrated and

marginal methods

this reason the likelihood was maximised in

was

the NAG library routine EO4KAF.

terms of

For

& =

exp( ﬁ)) rather than p), in order that the lower bounds on

all the parameters should be zero.

In each set

of simula-

tions the average percentage of singly censored, doubly cen-

sored and uncensored pairs was recorded.

For each set of simulated data,

an estimate

of 8’ was

produced by each of the three methods and the mean and stan-

dard deviation of the estimates 6f E} over the

tions were calculated,

for each method.

100 simula-

were used for each method within the 100 simulations, d

Since the same data

irect

comparisons could be made of the closeness of the estimates

to the true value, produced by the

that of the

marginal and non-parametric methods.

integrated method

with

The re-
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sults are shown in Tables 3.2 to 3.14. The subscripts I,M
and N on the estimates of © and fz denote the method pro-
ducing the estimate viz integrated, marginal and

non-parametric respectively.

Table 3.2 gives the means and standard deviations for
’N P A

=1
' SM and %'.E when the 0(-‘ were cycles of the sequence

N
5.5,...,35. Both the integrated and non-parametric methods
give similar results. If the standard deviations multiplied
by 0.1 are taken as estimates of the standard errors of the
means then the means for éI and é'N are within two standard
errors of the true values of & = 0.5 for the vast majority
of values of N, the number of pairs, and T the censoring
time. The standard errors for the non—parameﬁric method
were found to be greater than those of the integrated meth-
od. The marginal method fared worst of the three overall,
resulting in estimates below the true value of © = 0.5 and
hence biased away from B =1 (i.e. ﬁ = 0) with the heavi-
est censoring. It should be remembered that both the
non-parametric and marginal methods discard those pairs
which are doubly censored and in the heaviest censoring case
(T = 5) this resulted in less than half the pairs being used
in these analyses. Similar conclusions can be drawn from

the other choices of CKL in Tables 3.3 to 3.6.

Table 3.7 shows the direct comparison within simula-

tions for the three methods. For each distribution of &,

N
the number of simulations in which |01_—-0.5\ K3
A ”~ ~
&, - 0.5| ana | &, - 0.5] ¢« |®, - 0.5 are shown .
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Columns 3 and 4 of the table show the intra-simulation com-
parisons when d;q were cycles of the sequence 5.5,...,35.
For column 3 the comparison of the integrated and
non-parametric methods, within censoring times shows that
the number of simulations in which the integrated method is
closer than the non-parametric method increases as N, the
number of pairs, increases. This improvement is not as
marked within each set of pairs, N, for decreasing censoring
time ( i.e. increasing number of doubly censored pairs).
Column 4 compares the integrated and marginal methods and
here the improvement achieved by the integrated method var-
ies 1little with the number of pairs but quite dramatically
as the number of doubly censored pairs increases, reflecting
the heavily biased estimates that the marginal method pro-

duces with heavy censoring.

The same pattern was found when the CXL followed a uni-
form distribution the results being shown in Table 3.3 with
the intra-simulation comparisons in columns 5 and 6 of Table
3.7. In this case the marginal likelihood method produced
less biased estimates and the intra-simulation comparisons
showed that the integrated method was closer than the other
two methods on slightly fewer simulations than previously.
Results for the gamma priors on X, are given in Tables 3.4
to 3.6 and the final six columns of Table 3.7. As expected
the integrated method performed better than previously when
non-gamma priors were used for &, . When the gamma distri-
bution had parameters a = 40 and b = 3 the marginal method

gave more biased estimates as N, the number of pairs, incre-
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ased. This held for the other two gamma distributions al-
though the bias was less marked. A similar pattern in the
intra-simulation comparisons was found, to that when C(: =
5.5,...,35 with the integrated method being closer on

slightly more of the 100 simulations.

The results for the Weibull model are given in Tables
3.8 to 3.14 similarly. With the assumption of this model

A A

the means of 8N ' B

~
M and GI from the three methods are

very similar. The marginal method does not seem to give es-
timates heavily biased away from T =1 as in the exponen-
tial case. However, heavy censoring does seem to produce an
underestimate of q for the marginal method and since the
estimated ratio of survival times for this method is
exp( ﬁ / ﬁ ) this will be overestimated. This gradient of
bias with decreasing T was not as marked with the
X, distributed uniformly. The integrated method fared
worst with estimation of fl when the X, were uniformly dis-
tributed , producing estimates with a bias directed away
from fl = 0. Comparison betweem the integrated and
non-parametric and integrated and marginal methods, for each
simulation, are shown in Tables 3.13 and 3.14 with an extra
column for each set of O(L comparing the estimates of
q achieved by the integrated and marginal methods to the
true value of q . As regards the integrated and
non-parametric methods, similar results were found to the
exponential model previously discussed. For the integrated
and marginal methods the number of simulations in which the

integrated method produced estimates closer to the true
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value of 8' was slightly less than in the earlier exponen-
tial model. The number of simulations in which the integ-
rated method resulted in a closer estimate of Q increased
rapidly as the censoring time decreased. Over all the mo-
dels for the X  , the integrated method produced closer es-
timates of © tnan the non-parametric in around 60% of simu-
lations. This percentage was slightly less comparing the
integrated and marginal methods on their estimation of o} '
though much higher for fl with the integrated method being
closer in all the 100 simulations for CX:I= 5.5,...,35 with
the heaviest censoring. When the _  were gamma distributed
the same pattern was found with respect to ’1 as was found
in respect of B in the exponential model ,with 0(;’\}{(40,3)

giving the most biased estimates for the marginal method.

3.3 Random censoring.

To examine the effect of pairs of type (c) and (d) with

min (t. ,t_

" 1L) censored the above simulations were repeated

with a random censoring mechanism, the tJL , J=1,2 Dbeing
generated as previously. Potential censoring times ¢, .,

c,  were produced from an exponential distribution with par-

ameters >M and ) . I1Ift. >c . (j=1,2, i=1,...,N) then
s Ju JL

*t.JL was said to be censored at CJL . Five pairs of values

of )\ and )\1 were taken to produce various combinations of

proportions of observations with min (¢t 'tzL) censored,

singly censored and doubly censored. These were
(.075,.075), (.1,.1), (.075,.015), (.25,.25) and (.5,.01).

The first set produced mostly uncensored pairs. The fourth
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and fifth set produced pairs with the majority having min

(. ,t

i 2L) censored and the majority doubly censored respec-

-l
tively for !Xt = 5.5,...,35 and the two gamma priors
‘6(40,3) and ‘6(20,5) whilst these were reversed for the un-

iform prior on & and the \6(6,3) prior.

The results for the exponential model are given in
Tables 3.15 to 3.19. The non-parametric method omits pairs
of type (c), (4), (g), (h) and (i) hence the analysis is
based on the percentage of pairs obtained by summing the un-
censored and singly censored columns. The marginal method
omits only the doubly censored pairs of type (g), (h) and
(i) and thus omits the percentage of pairs given in the dou-
bly censored column. The same distribution for the pairing
variables, as in the fixed censoring mechanism, were taken.
Table 3.15 gives the results for qu =5.5,...,35 . The in-
tegrated method again appeared the more stable of the three
methods although with 30 pairs and 63% of observations dou-
bly censored , the mean of the estimates of v produced by
this method was more than two standard errors above the true
value of & = 0.5 indicating that the estimates were some-
what biased away from B = 0. 1n Tables 3.15, 3.17 and
3.19, a number of the entries in the columns of mean and
standard deviation of the estimates produced by the
non-parametric method are asterisked. The mean and standard
deviations in these entries are based on fewer than 100 sim-
ulations. In the simulations omitted the non-parametric
method produced estimates of B of 0 or o0 (i.e. ﬁ‘ = -00 or

o0 ) as mentioned in Chapter 2. The intra-simulation com-
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parisons are, however, based on the whole set of 100 simula-
tions as it is valid to say, in the simulations where the
non-parametric method produced an estimate of & of O or
00 , that the integrated method produced an estimate closer
to the true value of & . With random censoring the integ-
rated method performed much better with a uniform prior for

the O

. than for the fixed censoring (Table 3.16). The re-

sults for the gamma distribution with a = 40 and b = 3 fol-

-l
lowed closely those for &, = 5.5,...,35.

The last two simulations in each set, with values of
( )\,)\1) of (.25,.25) and (.5,.01), have a majority of ob-
servations doubly censored or with the minimu;\time in the
pair censored. The non-parametric method seemed to give
slightly better results when the majority of observations
was doubly censored rather than when the majority had min

(t 'tzl) censored. The integrated method again was much

I
more stable and this stability increased with increasing N
as for the fixed censoring. The marginal method, as before,
came out worst of the three overall with very biased esti-
mates of & even with few doubly censored pairs. As with
the non-parametric method, the amount of bias was greatest

when there was a high number of pairs with min (t ,t, )

censored rather than a high number of doubly censored pairs.

Intra-simulation comparisons for the exponential model
are shown 1in Tables 3.20 to 3.24 and similar results were
yielded to those obtained for the fixed censoring mechanism

although the integrated method gave improved estimates over
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the other two methods on slightly more of the simulations.
m

The results for the Weibull model and the randop' cen-
soring mechanism begin in Table 3.25. As in the fixed cen-
soring case, two values of Q were used to dgenerate the
data, fl = 1.0 and ’l = 1.5. In Tables 3.25 and 3.27 the
asterisked entries again infer that the non-parametric meth-
od produced estimates of B =0 or © in some simulations
and hence these are not included in the calculation of the
means and standard deviations. The means and standard devi-
ations of the estimates of B'for the non-parametric method
and © ana q for the integrated method appear much the same
as for the fixed censoring case, with the integrated method
giving the closer estimates on average. This was not true
of the marginal method. 1In the fixed censoring case it was
found that the joint estimation of D ana q produced very
biased estimates of ’2 with heavy censoring but that the es-
timation of ¥ was much less biased than the exponential
model. In the random censoring case, however, the estimates
of & were still heavily biased especially when a high per-
centage of pairs had the minimum time within a pair cen-
sored. Tables 3.26 to 3.29 give the mean and standard devi-
ations of the estimates of © and 7 for the different prior
distributions of O(L . The five tables, Tables 3.30 to
3.34, show the intra-simulation comparisons. For the esti-
mation of ET , the integrated method is closer on between 52
out of 100 and 69 out of 100 simulations as compared to the

non-parametric method and between 44 out of 100 and 88 out

of 100 simulations as compared to the marginal method. With



COMPARISONS OF THE THREE METHODS PAGE 3-12

regard to the estimation of fz , the integrated method gave
improved estimates over the marginal method in between 47
cut of 100 and 90 out of 100 simulations. As with the fixed
censoring, over the five prior distributions taken for °<L'

the integrated method seemed to perform worst when the

O(L had a uniform distribution.

3.4 Discussion.

The integrated method has both advantages and disadvan-
tages over the other two methods considered. The main di-
sadvantage is the increased computer time needed for estima-
tion wusing the integrated likelihood. With fixed censoring
and few doubly censored pairs there seems little to choose
between the three methods. Although, on the whole, the
non-parametric method performed well overall, with heavy
censoring it may produce estimates of D of zero or infini-
ty. The integrated method appears to remain fairly stable
with heavy censoring whilst the marginal method, which per-
formed worst overall of the three methods, has a tendency to
result in very biased estimates of & when the exponential
model for ‘xo(t) is assumed and for Q when the Weibull
model for '%0 (t) is assumed. When a random censoring me-
chanism is used the non-parametric method ceases to be as
reliable and with a large number of the pairs having the
minimum time within pairs censored, the estimates of E7 are
biased towards & =1 ( ﬁ = 0). In this case the marginal
method also performs worse and produces heavily biased esti-

mates for both & and q , assuming the Weibull model for
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)o(t). For both censoring mechanisms, the integrated

method was fairly robust with regard to the prior distribu-

tion on the O(L . The uniform prior resulted in the worst

estimates of ¥ over all the °<L distributions. This may be

due to the fact that this prior is not unimodal and this is

confirmed by the 5(6,3) prior, which has the same mean and

variance, producing much better results.

The main parameter of interest here has been ﬁ’ , the
effect of the covariate. However the integrated likelihood
method, with a little modification, could be used to look at
the association within pairs, as defined by Clayton (1978).
This involves putting a = b and reparametrising the 1likeli-
hood in terms of ﬂ ’ q and ‘& , where ‘X = 1/a measures

the association within pairs. It can be easily shown that

)o'u(t\tgi. =T, ) >\a;(t‘tll. =T ) = \6

>r5t‘t1u ’ T‘z) ~Azﬁt‘t'v > T )

or, if the observations are ages at which members succumb to

a disease, then the ratio of age-specific incidence rates
for one member of the pair with and without the disease,

should be constant for all t.
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CHAPTER 4

NORMAL THEORY ACCELERATED FAILURE MODEL

4.1 The Model.

The accelerated failure class of models differs from
the proporticnal hazards class in that the covariates act
directly on the survival time rather than the hazard rate.
This class of models has the advantage of the results being
much more easily conveyed to clinicians as the effect of a
covariate may be described as, say, ~doubling the survival
time'. The Weibull and exponential models described so far
belong to both the accelerated failure class and the propor-
tional hazards class. An obvious model to consider, which
belongs only to the accelerated failure class, is the normal
model. This is in effect, an extension of the paired t-test

to allow for censored data.

Let the survival times and covariate vector be TJ' '

Zj' , i=1,...,N, j=1,2. Then the normal theory accelerated
—Ju
failure model for the expected uncensored survival times is

-
T.. =X
i .exp( é_ EJL )§JL
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with é_ a vector of parameters as previously mentioned,
X the ‘matching' wvariable, SJ-.L/\ N(O,-c"') independently
j=1,2 and T a scale factor. For simplification consider a
single covariate, the usual ‘treatment' effect, with z, =1,
z,. =0, i=l,...,N. Then the linear model formulation for

the observed uncensored times becomes

T
t.. =1nT. =a + .+ - 4.1
it n TJL a; p Z;, TEJL ( )
with a, = 1n o ,6‘-}\ ~ N(0,1) independently j=1,2.
The data observed is
Y = Y‘| ceo e Y\N
S, i 8, (4.2)
Y:u ce e YzN
Sl S
with Y = min (t. ,c: ),
Jv ¢
: = 1 if Y. =t .
%L Ji Jt
0 i . = C.
if YJL cJL
and CJL is the logarithm of the potential censoring time

(independent of ﬁ ).

4.2 Previous Solutions.

To eliminate the a, . Sampford and Taylor (1959) con-

sidered the pairwise differences wo= t.L - taL , i=1,...,N.
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From (4.1)
W, =)Q>d.L + Te, (4.3)
with dL =2z, -z and eir\N(O,l). As in the proportional

hazards marginal 1likelihood method, no information on the
distribution of w. is provided, in this way, for those pairs

doubly censored or with min (tnL , t ) censored. These

2L
pairs were omitted from the analysis. Sampford and Taylor
used a different parametrization to (4.3) and used an itera-

tive technique to obtain maximum likelihood estimates of a

and b where in (4.1) a = - @ /T and b = 1/T

Wolynetz (1979b) extended Sampford and Taylor's methods
to allow for observations which were left censored (i.e only
the upper bound known) or confined between finite 1limits,
using the parametrization in (4.3). He also used the EM al-
gorithm (Dempster et al,1977) to find the maximum likelihood
estimates and this procedure will be explained in the sec-

tion following.

For simplification consider the ‘treatment' covariate
again with z, = 1, ZlL = 0 and dL = 1 for all i=1,...,N.
Let Z(x), 0(x) and M(x) be defined as in section (1.2.1) and

also
T(x) = OM(x)/dx = M(x)[ M(x) - x 1.

Then the log likelihood for ﬁ and T is, from Wolynetz
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(1979a)

lan(,@;,‘C)=-N‘1nt -iZ(wL- )1
2R

tl
v , "
+ Z 1nQ (w‘.- ) + Zan <—WL+é) , (4.4)
T T
A Aa
where W+ A, Az ’ A3 are as defined in Chapter 2, section
2.3, ana N = || a || .

The maximum likelihood estimates of p and T are the

solutions of

ERDAADRC IDNES

A, A‘L A3
=0 (4.5)
and
BlnL = -r + 1 (w =R ) +1 (w'= B IMfw" -
wETE AL wep )l el (wmf v op
R T T e T . T
- LZ(wf-(g )M <-w‘f+§ ) =0, (4.6)
i’y
T
As T
since M(x)= éo(x)/éx .
Let u, be defined as follows
if t\L ,tne A. u = w
if t. ,t. € —Ew|wowT) =B +TMw )
W T Al uL— E Wl W W - W

i - w _ o ®
it at e By u = E(wlw <«w¥) =P -TM(-w™). (4.7
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Substituting (4.7) into (4.5) and (4.6) gives

o>
f
c>
.
-y
Na

and M

. 2 (G‘-fg\) ,

T = () ?
[r +ZT(w*’—é)+ZT(—wf+é)] (4.%)
A, A3 <
with M = “ A v A v A3|| i.e the number of pairs neither dou-

bly censored nor with min (t  ,t r\_) censored.

2

The EM procedure consists of alternately estimating
A ~
B and T from (4.8) and (4.9) and{uil from (4.7) until

some convergence criteria are satisfied.

Wolynetz (1979a) gives an expression for an estimate of

A A

the variance - covariance matrix, V( ﬁ , T ) based on the
. . . A N PEAREA

observed information matrix where V( ICS , T )= 1 ( B , T )

A A

and I( ﬁ , T ) is the matrix of the negatives of the second
A A

derivatives of the log likelihood evaluated at ( '@ , T ).

~AOA
The elements of I(Fﬁ , L) are

> "4 "B
-0ln L =1 r +)Tf/w - +\ T/~-w +
w L
2 & £ Z( T ) £
OB £ T A A
T=T 1 A3.’

I
Q/y

—~

ja]

)

<

>

[}
-
—

>

0
>
~—— N——
+
~
N

€
o«

A 1
203
——
-3
TN
\’i.

2Ll
13
S~——
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Tal cal JR) L () ()

ot y ~
T=< oF ~ 2 ¥ A
+Z<w - )T ‘WL"”é\) . (4.10)
- T T
3 d

Wolynetz (1979b) extends the single covariate case to

multiple covariates.

4.3 The EM Algorithm.

The EM method is an iterative procedure for computing
maximum likelihood estimates in incomplete data problems.
Let X be the complete data, Y the incomplete (observed)
data, f(x ]@) a family of sampling densities dependent upon
parameters _@’é and a corresponding g(xl Q_) for the incom-

plete observations. These latter two are related by

gyl ) = Sf(glgtg)dg
R

where R is the region in which x is known to lie i.e sa-

tisfied by y = y(x). As an example, in the case of a right
. x . ) &

censored observation t > t say R is the region (t ,

00 ).

Basically, the EM algorithm consists of two steps :-
the E-step and the M-step. If 42(?) is the current estimate

of Q , these are defined as follows

E-step Compute )\(qa}é_(?)) = E[1n £(x IQ(P)) ] }'_,é]
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(+1)
M-step  Choose 42 to maximise ‘k(gé_’déq)). (4.11)

These two steps are repeated until convergence is reached.
Theorem 3 of Dempster et al (1977) guarantees that this
iterative procedure converges to the maximum likelihood es-

timate of Q .

Louis (1982) derives a procedure to find the observed
information matrix when using the EM algorithm and develops,
as a consequence of this, a method of speeding up conver-
gence of the EM procedure. The calculation of the observed
information matrix requires the calculation of first and
second derivatives of the 1log likelihood of the complete
data only not the incomplete data. If IV'( éé ) is the ob-
served information matrix evaluated at the maximum likeli-

A
hood estimate of ¢ = QQ then

A
10 @ ) = EBXx.$)|xeR]
- E[G(X, $)6 (X, ¢)| xR, (4.12)

A
where X and R are as previously defined and G(E,é) and
A
B(§,Q§) are the gradient vector and the matrix of the nega-
tives of the second derivatives of the log likelihood, res-

pectively.
In general

1,($) = E[B(X, )| XeR] - EIG(X,$ )6 (X, )| xeR]
+ E[G(_)E,Q)lgeR]E[GT(g,@)[yﬁ], (4.13)
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with the final term, E[G(X, Q )lﬁeﬂ] equating to zero
A
when @ = Q . the M.L.E. The first term is the observed

information based on the complete data. The last two com-

prise the expected information conditional on X € R .

Hence (4.13) can be written

Louis (1982) suggests that the convergence of the EM
procedure can be speeded up by the use of a further step

after the E-and M-steps. This step can be formulated as

Step 3 Compute

(pt) ) - \
gp,P = QP v (-3 (49_(")— ®y (414

(pe1) (p1)

and use $," " in place of () in the next

E-step, where if Q has dimension n then 1

A -] -

is the nxn identity matrix and (1-J) = I, Iy -

If many parameters are to be estimated the cost of in-
verting I, must be compared to the cost of running through
another iteration of the EM algorithm. In any case the ap-
proximations which produce step 3 are valid only around the
maximum likelihood estimate and therefore step 3 should not

be used until some iterations have been made.
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4.4 Proposed EM solution.

4.4.1 Theory

Returning to the ideas of complete and incomplete data,

if, in (4.1) the a; and EF had all been observed the solu-

tion would be to simply fit the regression model of tdb on
z, and a, to estimate fg and T . Hence this problem is
incomplete in two aspects :- the a, are unobserved and some

of the tJ- are unobserved through censoring. The complete

data X could be thought of as

X = /t, ty eee ty (4.15)
C“ C‘z oo C\nN
t g vt tap
C:U c11 oo C_l'\j
a\ al v e a'\’

and the observed data are the incomplete data Y given in

(4.2).

To use the EM algorithm some assumptions must be made
about the distribution of the a, in a similar way to the
integrated method in the proportional hazards model. It

will be assumed that the a, N N(fl ,G} ) independently of

€, and let 3@:(1(5,/%,0,1).

Now
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In [f(x ]Q )] = -2Nln<T - Nlno - lz(a -/u)
20"
N
- 12_[(%-#5 —a; P+ (¢, -a )]
2T
+ const (4.16)

and conditional upon t

2
a, n N((u + o (t,

Lot by 2 ph —f?; ), o ).

20’1+ -(;-L

The E-step of the EM algorithm requires computation of

N 127 = Bln £x | 9P) y ¢

Q] .
ith @ the current estimate of ‘Q

Using 4.16
o ) Y\*
N (b IQ(P)) = -2N1n<T - Nlno - 1\ (o -c)" )
— "—_q»
N 29 N
AN (O (74 - (e - ,*“” 2(s®?)
o) . (P)
LV 2L
L'_l

i 7’

rJ

(P) 3%
1\E i( S(P))z (F A(f) +F ) ) - F. } ] + const ,
— —_— 1" 2 i
21‘ [ v (4.17)
(2} 1] ) r)
) — [(2] Py > = . - ¢ = - {
where v = 2(0 )"+('C ) ’ = tn. -Iu F> ’ FzL 1:2_.L /.;. '
and the

expectations are taken over the censored survival
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times. e.g.

(D] )
l

(P _ )
E(Fn_ ) = E(tn(. _/A —P tn(. 7 Cu 'Q ) .

e
For the second step of the EM algorithm Q is the so-

lution of é_ which maximises >\(Q |¢m). Maximising (4.17)

with respect to ¢_ gives

(p+1) (p)
P ﬁ + 1 E(Fﬁ(') ) + (a"))"Z E(F L(p) )}
- th) !
J
,»*(P”) _ N lzz(cm) E(F, “’))

(U(P-n))7- - (D_(p)t(r)) + 1 (0’0)) [NZEi(F'L(P) + F;k(” )}

V(P) N (v(f) )2

ﬂ'? B(r; )}

+1Y\ %
(‘C(P NV (P 41 (e [2n Y Eg(Fle + an )1}
- = C

V(F) 8N (f)
T e, - o drer O -{Z e, )
- AN (P)
+1 [2NZE{(F'L"’ -5 )‘} -{Z E(F‘L(P) ) —Z_E(Fm(” )}23
8N " ’ (4.18)

the summations being from i=1l,...,N and j=1, 2.

4.4.2 Evaluation of Expectations

The equations (4.18) require computation of the follow-
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ing quantities

JL Ji (3% an

i=l,-uu'N0

Now conditional upon a; and _@_ R tuL and tlL have indepen-

dent normal distributions with means ﬁ + a, and

a_ respectively and variance <. as a N N( /LL ,G°) the

joint distribution of t. v t1\~_ unconditional on a, is bi-

variate normal with joint probability density function

£t 'tlei) =1 exp[-( o™ + T ) (t, - M -4 )
2mtdv 2T v (s* +T*)
-2 (b —p =B ey - M) F (e s )
(o™ +*> (o*+<¢™)
Thus E(t, ) = = +P , _E(t:u) =/¢ , var(t, ) =
var(t, ) = S~ + T* and the correlation between t, and

t is o /(o> +—?%*). This latter quantity can be thought

L

of as a measure of the variability within pairs as compared

to that between pairs.

Consider first those singly censored pairs with Y. =¢,
and YJ.L = t,. . Since all the parameters are current esti-
mates the superscript (p) will be discarded. Conditional
upon observing Y“. =Cu v Y:.L = tzL and $ then

E(F, )=¢F,, +twd 1 -¢ M(H )

E(F"; FJ.L ) = F:.L E(F\L )
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E(F'.:' ) =w(1 ¢ +€‘F: +wd 1 -pt M, ),
with

e = O , W =0 +<T » Ho=cC L - M _ﬁ -eFau

2 -
C +T w l—e‘

and M(x) is the Mills' ratio defined previously in section
1.2.1. The expressions for the singly censored pairs with

" i ,, are similarly found with H_replaced by

Y = t. and YA.= c_

=
i

(ch —,‘L-eF\L )/ (ewd 1 -Q"‘ ) and F, by F .

(1S

For doubly censored pairs with Yu = ¢. , Y .= c_ the

expectations are

E(F, ) =wlz(h_)a(k ) + z(k; Jo(H; )]

E(F, Fy0) =w'p

+de{n, 2(r )0k ) * X 2kl ) +e0 - x 10 )}

L(h;’ lk‘L 7? )

+ WGPIh z(h)Q(K,) + k 2(k )0 )+p(1 —pM)P(h; ,k 1p)]

L(hi. K. FQ)

L

where h = (c‘L S ﬁ )/w k.= (C,_‘,_-}JL )/,

§E(h‘ k.- ) = 1 Z Vh?'— 20 h. k: + k'z
v T 'e " f - Y L
anf(1 -p*) 1 -p°

(z(x) as defined in section 1.2.1)
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and L(h&. K ;Q ) is the wusual joint bivariate survivor

function such that

oo 0O
L(h 2N ;e ) = exp)- (u* - 2puv + v*){duav.
2(1 - p*)
k

‘\"

> .
The expressions for E(Fl‘ ) and E(F:“ ) are obtained
from those of E(F _ ) and E(F\L.") by interchanging h_ and

k , H and K. .
9 v v

(9]

4.4.3 Limiting Values of

((aD)] P)
Putting Q = @_ in equations (4.18) gives the limiting

~
value of $ . ¢ to be given by the solutions of

A N

p =1 E(tl-L -t )

}.L =_ E(t

~ A ~ ~

o) =1 1~;:[(t|L - o p ) (e, - M )]
;’m

~2 N ~ o

T =1E[(tu‘tz;'F’)]'
2N ¥

where the expectations are conditional upon the censoring
A

and 32 equalling Q_ . If there are no censored times then

these reduce to
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]

N
ST e 1T - pl g, op) ane

-— L3y

N

~N
' - 12 (- t.. -F' )
T

2N

bR

which are the estimates from the usual random effects model
with one fixed effect and one random effect. p , as ex-
pected, is estimated by the mean difference of t and

tZL and T  can be thought of as a measure of within pair

variability.

4.4.4 1Initial values of g; .

As with all iterative techniques, starting values for
QZ are necessary to Dbegin the EM procedure. A reasonable
starting point for ¢1 , would seem to be the estimate of
4; obtained by the assumption that all the times are uncen-

socred. This result was stated in the previous section.

4.4.5 The Observed Information Matrix.

To enable a confidence interval to be calculated for
% the procedure of Louis (1982) can be used to extract the

observed information matrix, I~1(¢) given by (4.12).
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G(X, Q ) is found by differentiating the log likelihood of

the complete data, given by (4.16), with respect to 42 .

Now G(X, Q) is

O1n[f(x |$)] = 1
oR T =
~
Sinlf(x )1 = 19 (a - p)
B,,L g* ¢!
~ A
Oln[£(x ¢ )l =-8+ 1 % (a, - )
do- o o3 L=
~N
On[f(x | )l =-28 +1 7 [k, -p-a) +(t, -a)*]
dT T v
(4.19)
and the upper triangle of the matrix B(X, é ) is
~
N 0 0 2 7 (e, -p-a)
-cﬁ- -C‘-l =1
~N
N 22(a-p) 0
UI Ul‘-"l
~
-N + 3 (a - )* 0
oy (;;Z. A
o 2.
-2N + 3 7 [(t, —F -—a )+ (t, -a r1f .

The expectation in (4.12) is taken over the missing
data i1.e over a, and the censored times. This results in

’”~
the upper triangle of the matrix E[B(X, @ )| geR ] being
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N/T™ 0 0 0
N/G* 0 0
2N/ 0
aNn/t/ .
(see Appendix 1).
The second term in (4.12) is

E{G(x

X, $ )6 (x.8 )] xeR} .
=7 E{e(x, @ )eT(x., d )} -2 [E{a(x,, & }E{c(x,, & 3 3

Led

' XJ are independent.

Deriote by C the symmetric matrix

N
pa
Lz

A N ~

fo(x_, & )6T(x,,  )}-T [Efex,, & NEefcTx,, & 1}1.
=t

Then with @ =

~n A2 ,
C + T and the summations from i=1,...,N,
the terms of the upper triangle of C are

R ~ Ay
v v v
~A 2 A AN 7. ~ 2
+ 2fgw| E(F, JE(F, ) - [o_ [E(F,. )]
" Lol
v v
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E(F_)E(F, ) + 0 [E(F )7

|
<s>|d>

~
v

c(1,3) = o Z§ [E(F )E(F )E(F )2E(F )E(I?‘.LF’:Z‘)

l\3 A

v T

~

E(F, JE(F,* )] + (0™ 3*) E(F,” F, )

~Aa Aa -~ £ ~a ~ A g
(§2-2%) B(F_F2 ) +&> [ E(F_IE(F} )

+ 2 E(E?:.\. )E(F"\n. FA;L) + E(]":::.L )E(FA:) B E(Fﬁ"-z )]}

E(F )E(F )

AY S

c(1,4) =1 2%“(26‘“‘ +T) E(F )
v T

E(F, JE(F.)] -5 (5&%+6% ) B(F, F, )

- R (N%+ 58%) E(F.LFI )

4L

~

- SO+ 8% B(FD ) - E(F,IE(F*)

t:'w

2 2/~ u

+  E(F)E(F, )1+ 4&%0% E(F )E(F_F, )
%

-4 Zb" E(Flb JE(F, F;L)}

c(2,2) =N - 1 F{B(F,_)3* + 2 B(F, )E(F, ) + [B(F, 1%}

1
z's'a

~3 Ay A A A
C(2,3)=6'§{ E(F +F>) + 3 E(F*F_) + 3 E(F_F_ )
— 3 2 "w L It &L

Py
v
A ~ 2 A 2 n
- E(F, )E(F, ) - 2 E(F, JE(E_ F, )
- E(F_)E(F ) - E(F)E(F, )
-~ 2 E(F_)E(F F ) - E(F F )}

c(2,4) = 1 g (260" +e")L E(F, P + F 3 )
Adng
VT
A A2 ~ ~ ~ ~
- E(F )E(F_.) - E(F, )E(F *y - E(F “ )E(F.)
tH at L by L

A ~ A ~
+ E(F )E(F.*)] - (2&6°%*- t*)[ E(F*F_ )
i N (19 2L



NORMAL THEORY ACCELERATED FAILURE MODEL PAGE 4-19

AT A

Lo Az A A ~
+ E(F_F*)]1 +48Q% [ E(F,)E(F, F )

A A ~
+ E(F, JE(F_F ) ]}

C(3,3) = 2N%X(¥+2&™) + 3‘2% E(F +F ) + 4 E(F F )

P AG
o v v
A S M ~ 2 X
+6E(F.F,)+4E(F F-)- [(E(F, )]
LS 2L 2t
- [E(F *)1® - 4[E(F. F )I* - 4 E(F )E(F F )
d, 'L aL
A o A A LY
- 4 E(F, OE(F F,) - E(FFIEF)]
A2 ~ A
Cc(3,4) = -4Ng<T + 3’ i [ (28—‘W-4~{:")iE(F,:+ +F: )
~ AY Ay
v v T
a4 2 ~ 9 2 ~r % A a
- [E(F,0 )] [E(F )1* -2 E(F, )E(F,” )}
~ A ~ FS
+ 23T [ E(F3F, ) + E(F,F>)
'\1 A A A ~ Vo)
- E(F " JE(F_ F_ ) - E(F )JE(F_F, )]
+ 850> [E(F F, )1* - 2(260°-%*) E(F. F,. ):|

c(4,4) = 8NGD + 1 7[(0’%* + a6 { B 4ET )
2

- [E(F,7)1* - [E(F,*)17}

AT AL

—8000(1: +2U“”‘)[E(F F ) + E(F, F3

)
- E(F.‘ )E(F Fv)-— E(F )E(F F )]

Y) - 165“*[E(F,¢ F o1

A2IA2

+ 2(vt + 126%0Y) E(F F

- 2(8%T* + aF"0Y)  E(F, )E(F:‘ )]

(see Appendix 2).

The above expressions for C include not only computa-

A
tions of expectations of FJL . j=1,2, already found in sec-
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~ ~ A ~ 3
tion 4.4.2 but also E(F '+ F%), E(F3), E(F.”),
(1" 20 " 2t
~ A A ~ ~ A ~ A A "~
E(F F '), E(F®F ), E(F F>), E(F F.) and E(F. F ).
Yo an I 2\ |18 P XY I 2\ n at
For singly censored pairs with Y =t ., Y. = ciLit can be

shown (Appendix 3) that

A

E(F > ) =é3§1:’ + 35071 -@‘)Fﬁu +2(0f1 -p P M(H, )
+OJT - MEOLe, - -p e p F, (c, -}-ﬁ )
+ pTF M
and
E(F, %) = 30%1 - 2 P+ g% EY + 6p*0%(1 - $MIE
+OIT =3 ME)L(e, - -p)?
AL ~ r ~ o2

+ @ (C.'L —P—ﬁ )1 FAzL +

NS SLARY
+0" (1 -0 3te, -p -p) + 50 F 110

with B = (cu-f-B-¢ 5,0/ (01 3% ) .

>

A
The expressions for E(F +)

A
and E(F_.
24
., , ~ ~ P
similarly by replacing (c -fa-F ) by (Cli—rk ),

Ta)

above.

The expressions needed for the doubly censored

are derived

A

E by

p X8

A A A P ~ .
F. and H by K = (C:‘—fx - P F, )/(uh/l -é‘ ) in the

pairs

are Dbelow. (For proof see Appendix 4). Since all parame-

ters take their maximum likelihood estimates the circumflex

(A ) is omitted.

E(F,?. F ) = w3 L (9 (2 + h.*)z(h )O(K:)
(4% PR . L [N

t

T %

kY v ot ko))
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+(h+ o k)1 - ™) $(n x; 1]

E(Fl.f' Fu) = 3oo“e + o [e (3 + h.: )h; z(h )Q(K )
L(h; .k :p)
+ e (3 + x7e" Ik z(k)Q(H)
+ (1 - Qﬁ )(2 +Q'* )§(hi'ki7€) + h:m z(h )z(K,)
+ 0 (gt @ k1 - @ Kk z(k)z(H,)]

E(FYF ) = w (1 + 2¢)
+ W' [+ 2p" +npnz(h oK)
L(hl'ki’f)
+ (1 + 2Q’+ k-fq")k'bz(k‘L)Q(H't) +3p0(1 -€2)§(hi,k~\;€)
+ (x;+¢ )N 1 - o> zZ(h)Z(K )

+ e\ll - e* k; z(x,)z(H )]

E(F®) = w®  [(2 + hX)z(h)e(K,)
L(h .k ip)
+ g (3 - @+ xPIzlkoMH)

+

(h o+ o X)PUL - ¢’ 1Pk 10)]

E(F“~+ +ET) = 6t
+ " [(hLz + 3+ hfg" - 3¢% + 6p" ) z(n))0(K,)
L(h{ .k :¢)
+ (k" o+ 3+ k2% - 30" + 607 )k 2(k)0(H)

+€J1 - [ +e)(m* + k) + 2h kP + 10 - 49" ] x

Z(J_ZFL—kL) Z(ki - h\_> ,
1+p J1 -p*

where hi . k; . H_ . K . L(h k5P ), $ (hy ok )
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are as defined in section 4.4.2 and Q(x) was defined in sec-

tion 1.2.1. E(F.2> ), E(F F.° ), E(F F._ ) are found from
24 1 24 I T an

E(F "~ ), E(FlL F. ) and E:(Fu1 FzL) respectively by inter-

changing h and kL  H, and K .

N N N )
Hence IY (Q ) = B(X, 43 ) - C(X, Q ) and an approximate
A

~
95% confidence interval for ﬁ is F) 11.965 where a is

_l ~
the (1,1)th element of Iy (i ).

4.4.6 Improving the convergence of the EM algorithm.

As stated earlier, Louis (1982) shows that the EM pro-
cedure can be speeded up some time after the iterations have
started. To do this necessitates inverting I y ( gl ) given
by (4.13). For one covariate this is a 4x4 matrix and in-
verting this may , in some cases , prove to be faster than

completing further iterations of the EM algorithm.

If I\/( Q ) = (ikL)’ k,1= 1,...,4 then the upper

triangle of I\/ ( $ ) can be shown to be

hootx ol S [EbeO) - meor]
Tv Tt v?
) - [E(F_ )T} - 2 0w  [E(F, F,, )

E(F, JE(F_ )] ]

il'). t T - z {wli E(F|: ) - [E(FlL )]2}
v Tt vt

- o*{ E(F ) - [E(F_ )17}
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+ T E(F_F ) - E(F. )E(F_)) ]:l

i = - z[a)l[E(F-3) - E(F. JE(F *)]
2 s I8 "
Tv?
3 S
- o [E(F ") - E(F, )E(F )]
-2verE(F, +F, )+ (@"+T)E(FF )

-UIE(F{L-L )E(Fn )+ (T - o* )E(FIL Fa.':.)

“fE(F.L )E(F::' )

2E(F, F_)[w” E(F ) - o* E(Fn)]]

S = 2(20%w™ +T") ZE(F"' ) - 461w12E(F2L)
_cz v* vz_c3
-1 (2% + < W [B(F) - E(F, DE(F ™)
<v?
a 2 3 S
- E(F _)E(F, )] - o [E(F,”) - E(F  )E(F, )
- E(F *)E(F, )]}~ o (5u’+ o* IE(F F, )
+ W (" + 56 )E(F. Fy )
+ 40" W E(F, F, )L W™ E(F_) - o E(FM)]]
. kN x >
i, =28 - 1 [ E(F," ) - [E(F )" + E(F_ ")
v V1
2
- [E(F, )1* + 2[E(F  F, ) - E(F, )E(F, )]]
i

= 4q ZE(Fl.L + Fz.L) - o [E(F'.L?' ) + E(Fns )
v" V3

S

- E(F. )E(F.*) - E(F_ )E(F.* ) + 3E(F.- F_ )
" v L L 1%

2.

+ 3(F_ F,* ) - E(F" )E(F, ) - E(F_)E(F, )

- 2E(F,; F, JE(F_ +F, )]
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i
24

- _4@2E(F,L +F ) - 1 [(zc‘mc*)[zw,f)

a*
v V3"C

+ BE(F.%) - E(F_)E(F ) - E(F, )E(F, )
- E(F, JE(F,™) - E(F)E(F,; )]

2 3

- (20’w* - t*)IE(F "~ F, ) + E(F_F," )]

+ 40" E(F, F )E(F, + th)]]

. _ z 2
133 = 2N( T 20°)

v‘l.

-1 Z{: v(tT - 63*)EL(F, + F,_, )2]
v"-

o' {er ' +F") - [EEF)) - [EEFE, T

+

2E(F, )E(F_" ) + 4E(F° F_ )

1S

+

2 2 2z 2
4e(F,_ F,” ) - 4lE(F _F_)]" + 6E(F_ F, )

4E(F, F_)LE(F, ") + E(F, )J}]

. - _ b
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4 .
vV T

1 Zi { (vic“ + 4cﬂjﬂiE(F“* + an)

[(E(F* 1" - [E(F )1 - 2E(F ")E(F, )]

8c*w* (20 + T )IE(F,® F, ) + E(F, F *)

2 Cd v & 2
E(F'.L E‘l(_)IE:(F|-L + F . )] - 16c'w [E(Fu Fi»)]

2(vict + l2cﬁ)“)E(Fu1 F“1 )] .

+

the summation being over i=1,...,N.

Use of (4.14) after some iterations have taken place

can speed up convergence. See both Chapters 5 and 6 for ex-

amples.

4.5 Right and interval censored data

Wolynetz (1979b) allows for data that is right or in-
terval censored. (See section 1.2.4 for the definition of
right and interval censoring). With the proposed new EM
procedure, the expectations given in sections 4.4.2 and
4.4.5 are easily modified to allow for this type of censor-
ing. Let

hy k,
L(h‘,hl,k',kz;€ ) = 1 exp|- (uz-2€uv+v1) dudv.
2rr\[_1-—(>1h ) 2(1-p%)
!

\

Then for right censored data and r,s > O

s S
E[F. F. |t <t  ,t, <t 1
i PR

" I 2. at
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since L(-00 ,h, ,-00 ,k P P ) =L (-h, , 00 ,-k_  ,00 :? )
/ /

and E[F,r F,Slt‘ >» -t. ,t..> -t_. ] is found from the previ-

" aL Y i 2L 2L

ous expressions by replacing h  , k HL ' KL by their ne-

gatives respectively.

In the interval censored case a little more computation
is necessary. Writing x = F; /w, y = F,; /w then the joint
distribution of x and y is a standard bivariate normal dis-
tribution. If t ¢ (tllL ,t‘,L/ ) and t, € (tz: ,tlli’ ) then with
h = (t, -p=-f )/ , h,= (t,': -p =R Ve . x = (t, -
M )/w and k= (tl "/A)/b\) , the range of x and y are h <

S

x < h and k < y < k respectively. Hence with

§ (x,y: e ) defined in section 4.4.3

J-
"

]
Fem—rx

1

L(h, ,h, .k, .k, ;¢ JE[x" y ] x" y° & (x,y;p )axdy

z l 2

Ed

O

err s § (x,y: f ydxdy - x" ys§ (x,y;e )dxdy
Kk,

‘-—*“\8
r '8

h

8

xr yS § (x,y: e )dxdy.

(._.—\8
8 F——p

K

v

err yS ? (x,y;e )dxdy +
k

LI §

T
by
rl

Thus

" ! =1
E(F, F, |t e(th ,t) ), ee(e] ,t2)] = [L(h ,h, K, k10T x
/
{ L(h e,k ,00:0 JELF] F | t >t/ ,t >t ]

2 W " *l >t

; T FS . : !
- L(h,,e0,k ,00:Q JE[F_ F_ |t >t ot > £ ]

S ! ]
. l t " 2L 2;.

-
- L(h‘,oO,kz,oo:Q JE[F, F
. r 3 i I }
+ L(hz,oo,kz,oo,e )E[F'L F [ to> ot >t J¢.
wWith
L(h ,h,,k ,k :p) = [ L(h .0k ,0:f) = L(h ,00,%,,%0:¢)

- L(hzrwlk, rwfe) + L(hl lekllwl.e) ] ’
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then given a routine to evaluate the bivariate survivor
function L(h‘ , 0,k o, 00 e ), defined as L(h ,k ; e )
in section 4.4.2, the previous results for the expectations

are easily modified to allow for interval censored data.

Right censored data may arise when the outcome measure
is a variable such as time to menarche with menarche having
already occurred in some subjects prior to the start of the
study. If subjects are followed up at certain discrete
times during a study, the time to failure of a particular
subject may only be known to lie within two consecutive fol-
low-up times and in this case the data will be interval cen-

sored.

4.6 Summary.

This chapter reviews briefly the work of Sampford and
Taylor and Wolynetz on the accelerated failure model for
matched pairs with censored data. With the use of the EM
algorithm, the matching variables were treated as missing
data and a new solution to the problem was proposed, the new
EM method. The recurrence equations which lead to the solu-
tion were found and the information matrix obtained using a
procedure of Louis. Modifications were made to deal with

left and interval censored data.



CHAPTER 5

COMPARISON OF THE TWO EM METHODS

It is of interest to investigate whether the new EM
method gives improved estimates over the Wolynetz method
since all of the data are being incorporated in the ana-
lysis. The new EM method can be expected to perform better
to some extent as more information is being used, i.e. the
prior distribution of the a; is assumed to be normal. As
with the proportional hazards model the sampling distribu-
tion for the two methods cannot be explicitly calculated and

hence the comparisons are made by simulations.

5.1 Computation.

To generate the data for the simulations four parame-

ters needed to be set viz. ﬁ , fi , 0O , T . For each
set of simulations the values of }5 =1 and fL = =1 were
taken. Three sets of 0O and T were chosen to give varying

Oj'/(Ui-k'tl). These were (i) T =1, 0T =

values for Q
2 giving E> = 0.8, a high degree of correlation between
pairs; (ii) T =1, T =1 and EJ = 0.5 (iii) T =2, U =
1 and € = 0.2. Three values for N, the number of pairs

were chosen :- N = 30, 100, 300 and 100, 100, 50 simulations
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were performed for each value of N respectively.

Initially a fixed censoring mechanism with wuniform

entry was used. This was achieved as follows. For each
pair a random time u. , distributed uniformly on (0,T) was
generated. Two values t, , tzL , the logarithms of two sur-

vival times (recall equation 4.1), were generated from a N(
ﬁ + /L+ Ta ., T* ) distribution and a N(/U. + Ta , T
distribution respectively where a ~ N(0,1). If u. +
exp(th) > T for j = 1,2 then Eﬂ was replaced by 1n(T - u_ )
and deemed to be censored. Three different values of T were
used to give varying patterns of censorship :- T = 50, 5 and
0.25. This model mimics the study where pairs enter uni-
formly over the study period and become censored only if

they are alive at the end of the study period i.e withdrawal

due to other causes or loss to follow-up is not allowed.
The expectations calculated in the new EM method in-
volve the bivariate survivor function L(h, .k :e ) . To

compute this the identity

L(hukﬁQ ) = 0.5[a(h;) + a(kx )] - T(h ,K /h)

with hL ’ kL ’ H, ' KL as defined in section 4.4.2 and

2

277

a
T(x,a) = 1 exp[0.5x(1 + v 23)1 av
+ v
(]



COMPARISON OF THE TWO EM METHODS PAGE 5-3

T(x,a) was evaluated by Gaussian quadrature using a NAG rou-
tine. Algorithms AS138.1 (Wolynetz,1979) and AS66
(Hill1,1973) were used to evaluate the Mills' ratio, M(x),
and the wupper tail area of the normal distribution, Q(x),
for both methods. The method devised by Louis (1982) was
used to speed up the convergence of the EM algorithm with

the new EM method when some iterations had been performed.

Other prior distributions for a. were used to generate
the data for the simulations in an attempt to see how the
assumption of a normal distribution for the a. . which the
new EM method uses, affected the estimation of FD and T .
The two other forms taken were a; having a uniform distri-
bution on (-4,5, 4.5) and 1ln a, having a unit exponential
distribution. This latter prior distribution for the a_ is
equivalent to the assumption that the original pairing vari-

ables CXL of Section 4.1 have a unit extreme value distibu-

tion. These distributions can be summarised in the table
below
Distribution of ai Mean Median Variance Range
Normal 0 0 1 (-00,00)
Uniform 0 0 6.75 "~ (-4.5,4.5)
lna exponential -0.58 -0.37 1.64 (=00, 00)
Table 5.1.

Summary measures of the prior distributions of a. considered.
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In all simulations, for both methods, asymptotic vari-
ances were found from the observed information matrices and

95% confidence intervals for é and T were calculated.

5.2 Results.

The results when the data were generated using a prior
distibution for a; are shown in Tables 5.2 to 5.4. Means
and standard deviations of the estimates of ﬁ and T over the
set of simulations for each of the two methods is given.
The Wolynetz method omits those pairs which are doubly cen-
sored and hence the analyses using this method are based on
the percentage of pairs given by the sum of columns 2 and 3
in the tables. The standard error of the means of ﬁ and
T can be estimated by the standard deviation of the esti-
mates of F> or T divided by the square root of the number
of simulations. For all values of N the true value of ﬁ =
1.0 1is within two standard errors of the mean of ﬁ by the

new method. When 30 pairs were generated, the Wolynetz

+
method did not have the mean value of ﬁ) - two standard er-
rors covering p = 1.0 in the the most heavily censored
cases for each value of e . When N = 100 and 300 the esti-

mates using the Wolynetz method were even more biased and

+ .
the mean value of ﬁ - two standard errors failed to cover

[5 = 1.0 in all the values of e and T considered. The va-
lues of P computed by the Wolynetz method seem fairly heav-
ily biased towards (3 = 0 when many doubly censored pairs
are omitted, i.e. this method seems to be consistently un-

derestimating @) when many pairs are doubly censored.
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Since the same generated data sets were used for both
methods, intra-simulation comparisons were also made and

these are shown in Tables 5.11 to 5.13. These tables also

show the coverage of the true values of p 1.0 and T by
the 95% confidence intervals, for the two methods. As ex-
pected the confidence intervals calculated by the Wolynetz
method, in the cases where many pairs are doubly censored,
fail to have the correct coverage. With regard to the esti-
mation of T similar remarks hold, except here the estimate
of T from the Wolynetz method seems to be even more highly
underestimated. The confidence intervals for U by Wolynetz
are much wider than those for the new EM method, appearing
conservative for large values of T and anti-conservative as
the censoring increases. The new EM method did not appear
to be greatly affected by the value of e . When N took its
smallest value of 30 pairs however, although the value of
ﬁ = 1.0 was within two standard errors of the mean estimate
of ﬁ) in most cases, the same was not true of C . With 300
pairs the new EM method gave a better estimate than the Wol-
ynetz method on all of the 50 simulations when e = 0.5 and
0.2. 1In these two cases, only 1 out of the 50 confidence
intervals for T calculated by the Wolynetz method included

the true value of T

The results for the uniform a, are given in Tables 5.5
to 5.7 and when the prior distribution for the 1ln a; was a
unit exponential in Tables 5.8 to 5.10. In both of these

cases the new EM method performed best for larger values of

N. For the uniform prior on a; . although the estimation of
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P by the new EM method appeared fairly stable and the true
value of F) was within two standard errors of the mean of
the estimates for the majority of cases, U was consistently
underestimated. This understimation was on the whole, not
as extreme as that produced by the Wolynetz method. This
can be seen in column 8 of Tables 5.14 to 5.17 which show
the intra-simulation comparisons for the uniform prior on
a, . The results for the wunit exponential prior on 1n
a. show that the new EM method gives much more accurate es-
timates than the Wolynetz method for fS and T especially
when N, the number of pairs, was large. The
intra-simulation comparisons are given in Tables 5.17 to
5.19. The confidence intervals for T , calculated by the
Wolynetz method, reveal the heavy bias on the estimate of
T when a 1large number of pairs were doubly censored, as

also occurred for the other prior distributions for a_ .

Although there did not seem SS be much to choose
between the methods on closeness of #’ to 1.0 with the heav-
iest censoring, the confidence intervals for ﬁ calculated
by the new EM method had better coverage of the true value
of F). This was because the Wolynetz method often underes-
timated T . Hence it is not sufficient to compare these
two methods simply on their ability to estimate ﬁ as the

estimate of TU is used to calculate confidence intervals for

B .
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5.3 Random censoring.

As with the proportional hazards marginal method, the
Wolynetz method omits pairs in which the minimum of the two
times is censored. A fixed censoring mechanism does not
generate any pairs of this kind so that a random censoring
mechanism, similar to that used with the proportional ha-

zards model, was set up to lock at estimation by the two

methods when these pairs were present. This was done as
follows. For random censoring, potential censoring times
were created, whose logarithms c,. and c,, Wwere generated

from N('%,,O.ZS) and N( %1,0.25) distributions respectively.
The sets of ()., %1 ) used were (-1.0,-2.0), (-1.5,-3.0)
and (-2.0,-1.0). Pairs of times t. and t,  were generated
as in the fixed censoring case and if tJL > ch for 3j=1,2
then tﬁ was replaced by 9]L and considered to be censored.
The same prior distributions for a;, . values of P , fb ,
O and N, the number of pairs, and the number of simula-

tions performed for each value of N were taken as were used

in the fixed censoring mechanism.

Tables 5.20 to 5.22 give the results for the normal
prior distribution on the a. with Tables 5.29 to 5.31 show-
ing the intra-simulation comparisons and percentage coverage
of the confidence intervals. It should be remembered that
the percentage of pairs used in the analyses by the Wolynetz
method are given by the sums of columns 2 and 3 in the
tables following. The estimates of P produced by the Wol-

ynetz method seemed to be more biased than the fixed censor-
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ing mechanism for e = 0.5 and (Al , A = (-2.0,-1.0) as,

L)
in this case, almost one-quarter of the pairs had the mini-
mum time censored. With regard to the estimation of T ,
the mean of the estimates was lowest when the majority of
pairs were doubly censored. The comparisons between the
methods on closeness of the estimates of p to the true
value showed that there was little to choose between the
methods. However, the percentage coverage of the true value
by the Wolynetz confidence intervals was much worse for

ﬁ and "C , whilst the new EM method did not produce marked-

ly different results than with fixed censoring.

Tables 5.23 to 5.25 and 5.32 to 5.34 show the results
when the prior distribution for a; is wuniform on
(-4.5,4.5). The mean estimates of F) from the EM method did
not vary much with N though the estimates of C were much
closer to the true value as N increased. From the mean es-
timates for both ﬁ and T the new EM method was closer to
the true values for almost all the cases of f and ( k‘,
%L) considered. The percentage coverage of {S = 1.0 by the
new EM method was similar to that with the normal prior dis-
tribution for a and higher than the percentage coverage
produced by the Wolynetz method for uniform a; - This was
not true for T . When 30 and 100 pairs were generated, the
percentages of new EM confidence intervals which contained
T were less than those produced by the Wolynetz method for
all ? and ( )\\, )\7_). With 300 pairs however, all the new
EM confidence intervals contained T and this might suggest

A
that the asymptotic variance of T was being overestimated.



COMPARISON OF THE TWO EM METHODS PAGE 5-9

Finally the results for the unit exponential prior on
ln a, are given in Tables 5.26 to 5.28 and the
intra-simulation comparisons in Tables 5.35 to 5.37. The
same pattern emerged for the mean estimates of F) and
T using the Wolynetz method as appeared when the a; were
normally distributed, although the biases on both the esti-
mates of p and of T were less. The new EM method produced
estimates of ﬁ) and T with slightly more bias than with the
normal prior on a, . However, when the intra-simulation
comparisons are looked at, the percentage coverage of the
true value of @ = 1.0 was higher than the Wolynetz method
and this was true also for the confidence intervals for
T when the number of pairs was 100 or 300. When comparing
the two methods on the percentage of simulations that the
new EM method gave closer estimates of ﬁ and [ than the

Wolynetz method, it seemed that the new EM method performed

better as Q decreased.

5.4 Discussion.

To summarise the results found, it would seem that the
performance of the new EM method improves as N, the number
of pairs, increases, with the estimation of 13 being quite
satisfactory by the time N reaches 100. This has to be off-
set against the increase in computation time needed for an
analysis by the new EM method, over that needed by the Wol-
ynetz method. The routine devised by Louis does drastically
reduce the number of iterations necessary to reach conver-

gence but the new EM method still requires around double the
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i

!

! iterations taken by the Wolynetz method. On the other hand,
computer time is relatively cheap if it means the difference

between poor and good estimates of the parameters.

Of the three prior distributions of a, considered, the
new EM method, as with the integrated method, performed
worst when a, N uniform (-4.5,4.5). Again, this could be
due to the lack of unimodality of this distribution, though
unfortunately, there does not seem to be any way of investi-
gating this prior to analysis. Despite this, the new EM
method, although worst when the a. were uniformly distri-
buted, still produced closer estimates than the Wolynetz
method, on the whole, and gave better coverage on the confi-

dence intervals for ﬁ> .
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CHAPTER 6

ANALYSIS OF SOME DATA SETS

Three data sets will be analysed. Firstly the skin
graft data of Batchelor and Hackett (1970); secondly the
data of Mantel, Bohidar and Ciminera (1977) and 1lastly the

data of Sampford and Taylor (1959).

6.1 Skin graft data.

The data are given in Table 6.1 and consists of the
survival times in days of closely matched and poorly matched
skin grafts applied to the same individual. In two cases
the second graft was a technical failure and in three cases
more than two grafts were performed on the same person. The
amount of burn is the full thickness burn as a percentage of
the body surface. BAn asterisk denotes a censored observa-
tion. Ignoring initially the amount of burn, one covariate
was considered viz. the closeness of the match and this was
coded O for a close match and 1 for a poor match. Hence in
the proportional hazards model exp( ﬁ ) measures the
‘relative risk' of receiving a poor match as opposed to a

close match.
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Case Amount of Survival
Number burn Match Time

1 22 Poor 1°
2 20 Close 24
3 23 Poor 18
Poor 18
4 30 Poor 29
Close 37
5 20 Close 19
Poor 13
6 25 Poor 19
Poor 19
7 25 Poor 15
Close 57%*
Close 57*
8 45 Close 93
Poor 26
9 20 Close 16
Poor 11
10 18 Close 21-23
Poor 15-18
11 35 Close 20
Poor 26
12 25 Poor 19-23
Close 18
13 50 Poor 43
Close 77
Close 63
Close 29
14 35 Poor 28%*
Poor 28*
15 30 Close 29
Poor 15
Poor 18
16 30 Poor 38-42
Close 60%*
Table 6.1.

Skin graft data Batchelor and Hackett

(1970).
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Where a range of times existed as in case 12, the mid-
dle time was taken for the marginal and integrated methods.
In the non-parametric method, since the second graft time
was not contained in the interval it was possible to deter-
mine the orderings of the times of the grafts for these

cases without taking the middle time.

The non-parametric method demands pairs discordant with
respect to the covariate. Hence cases 1, 2, 3, 6 and 14 are
discarded in the analysis by this method. The 1log 1likeli-

hood for the non-parametric method, given by 2.24, becomes

lnjLN( ﬁ ) = 1oﬁ - 91n(1 + e# ) - 2In(2 + eﬁ )

- 1n(1+2e£> )—ln(3+eB )

This was maximised using a NAG routine, giving a maxi-
A
mum likelihood estimate of ﬁ>, ﬁN = 1.39, with standard de-

viation from the observed information of 0.707.

As at least pairs of observations are necessary for an-
alysis by the marginal likelihood method, cases 1 and 2 are
A
omitted. Using 2.27, the marginal likelihood gave F%1= 1.63
A

with standard deviation 0.598 and /L1= 3.66 with standard

deviation 0.712.

wWhen the whole data set is used the estimates from the
[
integrated 1likelihood become ﬁI== 1.81 with standard devia-
I
tion 0.568 and qI== 3.95 with standard deviation 0.832.

Both the marginal and integrated methods reject the null hy-
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pothesis of no difference in the survival times for the poor
and close match although the non-parametric method does not.
Approximate 95% confidence intervals for F> ., for the
non-parametric, marginal and integrated methods are (0.00,

2.78), (0.46, 2.80) and (0.70, 2.92) respectively.

Since the likelihood function for fg may not be normal
in shape, a more useful measure than the confidence inter-
vals already given may be plausibility intervals for /3 .

For the covariate match, already considered, let

where §§ is the parameter space of all other parameters in
the model 1i.e. for the marginal likelihood _Q = ( /2) and
for the integrated likelihood Q = ( Q , a, b). R( ﬁ ) is
the relative likelihood function and a 100(1 - 5 )¢ plausi-

bility interval for ﬁ can be found such that R( ﬁ ) 2 \6 .

Graphs of the relative likelihoods of ﬁ for each of
the three methods, non-parametric, marginaf and integrated,
are shown in Figures 6.1 to 6.3 and 95% plausibility inter-
vals for #) are (-0.10, 3.37), (0.42, 2.88) and (0.84, 2.78)
respectively. These demonstrate the skewness of the likeli-
hood for the non-parametric method. The plausibility inter-
vals for the marginal and integrated methods do not differ
dramatically from the 95% confidence intervals. Contours

(0.75, 0.25, 0.01) of relative likelihood of Fw and 'Z for
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the marginal and integrated methods are shown in Figures 6.4
and 6.5 respectively. The contours for the integrated 1lik-
elihood are slices through the relative likelihood function

A A
parallel to the plane a = a, b = b.

Both the marginal and integrated methods reject the ex-
ponential model for the hazard rate. The estimates of the
ratio of expected survival times of poor match over close
match is exp(- ﬁ / ﬁ ) and these are 0.63 for the marginal
method based on the 14 cases and 0.63 for the integrated
method using the whole data. The corresponding approximate
95% confidence intervals using the delta method are (0.45,

0.83) and (0.47, 0.79).

Holt and Prentice, in their analysis of this data con-
sidered as a second covariate the interaction of match and
amount of burn. Since amount of burn is the same within all
n-tuplets this is implicitly allowed for in the pairing var-
iables ©&;. Using the two covariates match (coded as previ-

ously) and match x burn, the non-parametric method gives
A

ﬁ. (match) = 1.66 with standard deviation 1.946 and
é1 (match x burn) = -0.02 with standard deviation 0.057.
The results for the marginal method are él (match) = 1.04
with standard deviation 1.607, ﬁl (match x burn) = 0.02
with standard deviation 0.046 and ﬁ = 3.72 with standard
deviation 0.739. The integrated method resulted in esti-
~
mates ﬁl (match) = 2.77, S.D. = 1.736; ﬁz (match x burn) =
-0.03, s.D. = 0.053 and ? = 3.75, 8.D. = 0.894. The

Wilks likelihood ratio statistics ( -21n(L( ﬁl )/L(ﬁI ' ﬁz))
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for the three
(non-parametric,
ly). Hence all

interaction term

methods were .00746, .00434 and 0.00073
marginal and integrated methods respective-
three methods show no strong evidence of an

in the model.
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BETA

Figure 6.4.
Contours (0.75,0.25,0.01) of relative likelihood for the

marginal method using the data of Batchelor and Hackett.
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BN

Figure 6.5.
Contours (0.75,0.25,0.01 ) of P and * of relative
A A
likelihood with a = a, b = b, for the integrated

method using the data of Batchelor and Hackett.
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6.2 Data of Mantel et al.

Table 6.2 shows the number of weeks to death without
tumour or to tumour appearance of a group of treated rats
and their two litter-matched controls. The whole data-set
comprised three hundred rats, fifty male litters and fifty
female litters of size three and these were divided at ran-
dom so that one of the rats from each litter received a drug
believed to induce tumours. Table 6.2 gives the data for
the female litters. Of the males treated, none displayed
tumours whilst only two of the control males did. Hence if
the treatment is tumorigenic it would seem to be confined to

females. All rats were sacrificed at the end of 104 weeks.

For all three methods of analysis the single covariate
treated/control was taken with z 0= 1 (treated rat) and

sz = 0 j=2,3 (control) for i=1,...,50. The outcome measure
was time to tumour, with death without tumour counting as a
censored observation. No differentiation was made between

censoring due to sacrifice and censoring due to death before

the end of the study period.

The non-parametric method analyses only 20 1litters
since 30 of the litters have either all three members cen-

sored or the minimum of the three times censored.
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Litter Treated Control Control
No. rat 1 2
01 101 D 49 T 104 D
03 104 D 102 D 104 D
05 104 D 104 D 104 D
07 77 D 97 D 79 D
09 89 D 104 D 104 D
11 88 T 96 T 104 D
13 104 T 94 D 77 T
15 9¢ T 104 D 104 D
17 82 D 77 D 104 D
19 70 T 104 D 77 D
21 89 T 91 D 90 D
23 91 D 70 D 92 D
25 39T 45 D 50T
27 103 7T 69 D 91 D
29 93 D 104 D 103 D
31 85 D 72 D 104 D
33 104 D 63 D 104 D
35 104 D 104 D 74 D
37 81 D 104 D 69 D
39 67 T 104 D 68 T
41 104 D 104 D 104 D
43 104 D 104 D 104 D
45 104 D 83 D 40 T
47 87 D 104 D 104 D
49 104 D 104 D 104 D
51 89 D 104 D 104 D
53 78 D 104 D 104 D
55 104 D 81 T 64 T
57 86 T 55 T 94 D
59 34 7T 104 D 54 T
61 76 D 87 D 74 D
63 103 T 73 T 84 T
65 102 T 104 D 80 D
67 80T 104 D 73 D
69 45 T 79 D 104 D
71 94 T 104 D 104 D
73 104 D 104 D 104 D
75 104 D 101 T 94 D
77 76 D 84 T 78 T
79 80 T 81 T 76 D
81 72 T 95 D 104 D
83 73 T 104 D 66 T
85 92 T 104 D 102 T
87 104 D 98 D 73 D
89 55 D 104 D 104 D
91 49 D 83 D 77 D
93 89 T 104 D 104 D
95 88 D 79 D 99 D
97 103 T ! 91 D 104 D
99 104 D ! 104 b 79 T

Table 6.2.

Time to response of female rats in 50 litters .D

denotes week of death without tumour,

tumour appearance.

T week of
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The log likelihood given by 2.24 becomes
= - Py - p
InL_ ﬁ ) 14(5 201n(e 2) - 4ln(el + 1)
A
which is maximised at g) = ﬁN' the solution of

5exp(2{6)—7exp(ﬁ)—l4=0 ,

A
and the standard deviation of ﬁu is given by

Lexp( B ) + 2][exp B+ 1]
J44exp(3‘5 ) + 96exp(2ﬁ ) + 56exp(ﬁ ) .

A
Hence ﬁM= 0.92 with standard deviation 0.417. The
N
marginal method gave ﬁM= 0.76 with standard deviation
A
0.320, and QM = 1.84 with standard deviation 0.462. This

analysis was based on 27 litters since 23 litters had all

three members' observations censored. The integrated method
I

utilised all the data and gave ﬁr = 0.91 with standard devi-

A
ation 0.322, flt = 3.93 with standard deviation 0.569.

Table 6.3 summarises these results together with the
95% plausibility intervals calculated as for the previous
data set. The relative 1likelihoods of F) for the three
methods are shown in Figures 6.6 to 6.8 with Figures 6.9 and
6.10 showing contours of relative 1likelihood of ﬁ and
/? for the marginal and integrated methods similar to those

for the previous data set. Also shown in the table are the
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estimates of the ratio of survival times of treated rat to
2 N

control, exp%-ﬁ / q ), for the marginal and integrated

methods together with their approximate 95% confidence in-

tervals.

The 95% confidence interval and 95% plausibility inter-
val for fS from the integrated method are very similar and
firmly reject the hypothesis of no treatment effect.
Comparisons between these intervals for the other two meth-
ods demonstrate the skewness of the 1likelihood and cast
doubt wupon the rejection of the null hypothesis ﬁ = 0 by
the 95% confidence intervals. For example, the 95% confi-
dence interval for f% using the non-parametric method was
(0.22, 1.88) whilst the 95% plausibility interval for ﬁ was
(-0.09, 1.99) which covers @ = 0. The marginal method
seems to underestimate q and therefore the estimated ratio
of survival times of the treated rat to its control,
exp(- ﬁ;/ ﬁ ), 79% for the integrated method as opposed to
66% for the marginal method. This reflects the results
shown in Chapter 3 from the simulations that omission of
pairs (or in this case triplets) in which all members are

censored, considerably biases the estimation of 7 .

With regard to the computation of the 1likelihoods for
maximisation, the integrated method extends the most easily
to triplets or, indeed, to data of the previous type which

has n-tuplets with differing values of n. The

non-parametric method requires the times within each

n-tuplet to be ordered. The marginal likelihood is the most
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difficult to program for this data set since some of the
triplets have the minimum time censored and hence the final
term in the log likelihood given by 2.27 has to be evaluat-

ed.
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BETA

Figure 6.9.
Contours (0.75,0.25,0.01) of relative likelihood for the

marginal method using the data of Mantel et al.
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3.9

3.7

Figure 6.10.
Contours (0.75,0.25,0.01) of * and “* of relative
A
likelihood with a = a, b = b, for the integrated

method using the data of Mantel et al.
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6.3 Data of Sampford and Taylor.

The final data set is that given in the 1959 paper by
Sampford and Taylor. Table 6.4 shows the logarithms of the
survival times of rats treated with carbon tetrachloride and
vitamin Bl2 and their litter mates treated only with carbon
tetrachloride.The experiment was performed to investigate
whether vitamin Bl2 affected the rate of action of carbon
tetrachloride. Observation ceased after 16 hours (1lnlé =
2.98). The new EM method is used to see if the results
differ greatly from the Wolynetz method (which is a reparam-

etrized version of the original method of Sampford and Tay-

lor).
Bl2 Control
2.73 >2.98
2.80 >2.98
2.01 2.84
2.19 2.76
2.34 2.83
2.61 2.73
2.51 2.62
2.65 2.70
2.72 2.76
2.79 2.82
2.90 2.79
2.78 2.64
2.78 2.48
2.97 2.64
2.74 2.31
2.96 2.51
>2.98 2.68
>2.98 >2.98
>2.98 >2.98
>2.98 >2.98
Table 6.4.

Logs of Survival times in hours of rats treated

with carbon tetrachloride and vitamin Bl12 and their
controls treated with carbon tetrachloride only.
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The covariate, ZJ , vitamin treated/control was taken
to be 1 for treated and zero for control. Using the Wolyn-
etz method the estimates and 95% confidence intervals for
fp ana T are -0.054 (-0.25, 0.14) and 0.283 (0.06, 0.50).
This analysis is based on 17 1litters, ignoring the three
doubly censored pairs. The new EM method produced estimates
of B and T of -0.042 and 0.135 with 95% confidence inter-
vals of (-0.20, 0.12) and (0.17, 0.34) respectively. Both
show insufficient evidence to reject the null hypothesis of
p = 0. Even with only three pairs of observations doubly
censored, there is some difference between the estimates of
T from the two methods. This difference has an effect on
the expected ratio of survival times of the treated group to
the control and the approximate 95% confidence interval for
this measure. For the Wolynetz method these were 1.03 with
approximate 95% confidence interval of (0.78, 1.48) whilst
the new EM method gave results of 0.98 and (0.84, 1.27).
Obviously with only fifteen percent of the pairs doubly cen-
sored, this data set does not show off the merits of the in-

tegratea method to the full.



CHAPTER 7

CONCLUSIONS AND SCOPE FOR FURTHER WORK

7.1 Conclusions.

Previous work by Holt and Prentice with the proportion-
al hazards model revealed the need for a method of analysis
for matched censored data which produced less biased esti-
mates of the parameters measuring the effects of the covari-
ates in the model, especially when the amount of censoring
was large. With this in mind, the integrated method was put
forward and in Chapter 2 equations producing the maximum
likelihood estimates of the parameters and the calculations
necessary to produce the observed information matrix were
derived. This method used the added assumption that the
matching variables came from a gamma distribution. One ad-
vantage of this method was that all the data were included
in the analysis whereas previous methods omitted pairs in
which the rank order of the times within pairs or the ratio
of times within pairs was indeterminate. The results of
Holt and Prentice and Wild showed that the marginal method
produced very biased results for the estimation of F> with
heavy censoring when the exponential model was assumed.

Wild showed that the integrated method performed better.
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However neither Holt and Prentice nor Wild considered esti-
mation with the Weibull model and Chapter 3 investigated
this by means of simulations since closed forms for the es-
timates do not exist. The simulations showed that the mar-
ginal method produced less biased estimates of ﬁ with heavy
censoring but very biased estimates of the scale parameter
q . The non-parametric method performed well overall, as
Holt and Prentice had previously shown, although the integ-
rated method gave estimates as least as good as the

non-parametric method in most cases.

Both Holt and Prentice and Wild only considered the
fixed censoring scheme where observations are censored only
if they reach the end of the study period without having fa-
iled. In practice this is not a very realistic scheme as
observations are often liable to censoring from other influ-
ences such as withdrawal of the subject, loss to follow-up
or death from other causes. Thus a random censoring mechan-
ism was also investigated, which is capable of producing
pairs in which the minimum of the times is censored and
these pairs are omitted from analysis by the non-parametric
and marginal methods. Of two of the pairs of values of the
censoring parameters ( ),,‘%&) considered, one set generated
a large number of pairs with the minimum time within pairs
censored and few doubly censored pairs whilst the other gen-
erated a large number of doubly censored pairs and few with
the minimum time censored. The total number of pairs omit-
ted by the Wolynetz method, i.e. the sum of the doubly cen-

sored pairs and those with the minimum time censored, were
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approximately equal in both cases. The non-parametric meth-
od gave much more heavily biased results in the case of the
majority of pairs omitted having the minimum time censored
rather than the case with the majority of pairs omitted
being doubly censored. The integrated method did not seem

to suffer to the same extent.

The integrated method seemed to perform best when the
number of pairs was large, although the estimates were at
least as good as the estimates produced by the other two
methods for all sample sizes considered. The assumption
that the prior distribution of the matching variables was
gamma, seemed fairly robust to the actual distribution,
apart from the case when the matching variables were uni-
formly distributed and here the estimation was more biased.
One disadvantage with the integrated method which should be
mentioned is that it requires appreciably more computer time
than the other two methods considered. This, however, can
be offset against the improved estimation and, if the data
consist of n-tuplets of size greater than two, this differ-
ence in computer time diminishes since the integrated method

extends more easily to this type of data.

A similar problem existed with the normal theory accel-
erated failure model and a similar solution to the marginal
method of Holt and Prentice was suggested by Sampford and
Taylor, involving conditioning out the matching variables.
Wolynetz tightened up the estimation by using the EM algor-

ithm and treating the censored observations as missing data,
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although the basic method was the same. Both the analyses
of Wolynetz and Sampford and Taylor omitted the same type of
censored observations as did the marginal method for the
proportional hazards model, namely pairs of the type (c),
(d), (g), (h) and (i) in Figure 2.1. 1In Chapter 4 a similar
solution was proposed to the integrated method but this time
the normal form of the likelihood made use of the EM algor-
ithm possible. The problem was formulated with the matching
variables being treated as missing data along with the cen-
sored observations. An assumption was made that the match-
ing variables came from a normal distribution with unknown
mean and variance and these were then estimated. The esti-
mates of the parameters in the model together with their as-
ymptotic variances from the observed information matrix were

derived in Chapter 4.

There had been no previous work stating that the esti-
mation of the parameters by the Wolynetz method might be
subject to bias with heavy censoring, but it is suggested by
the results of Holt and Prentice with the marginal method.
Hence in Chapter 5, comparisons were made between the two
techniques, that due to Wolynetz and the proposed new EM
method. Simulations were again necessary since closed forms
for the estimates did not exist. Both fixed and random cen-
soring mechanisms were looked at and various prior distribu-
tions for the matching variables were taken to produce the
data for the simulations in order to assess the robustness
of the assumption of a normal distribution for the pairing

variables. Very similar results were found to those of the
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marginal andK integrated methods. The Wolynetz method gave
very biased estimates of the scale parameter "C with heavy
censoring whilst the bias wusing the new EM method was
slight. The new EM method seemed robust to changes in the
distribution of the pairing variables although the uniform
prior gave the greatest bias. However this bias was still
less than that using the Wolynetz method. Random censoring
produced even greater bias on the Wolynetz estimates when a
large number of pairs had the minimum time censored. The
new EM method was fairly easily extended to cope with right
and interval censored data, as was the Wolynetz method. The
same comments with regard to computer time held as were
stated previously for the integrated method. The method of
Louis was used to improve the convergence of the new EM
method and this did reduce the number of iterations re-
quired. However the new EM method was still the slower of

the two methods.

As more information is being used, it is to be expected
that the proposed new solutions, the integrated and the new
EM methods, should give better estimates than the previous
methods. It has been shown, however, that the gain in accu-
racy of the estimation is considerable, even with quite mod-
est amounts of censoring. Another by-product of the new
methods is that the strength of association of times within
pairs can be estimated also, with other factors in the form
of covariates being allowed for. This was sketched out in

section 3.4.
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7.2 Further work.

Although some of the theory presented in Chapters 2 and
4 relate to one binary covariate only, there is no reason
why the covariate cannot take any values and this is shown,
to some extent, by the fitting of the interaction term in
the model of the first data set of Chapter 6. Similarly

multiple covariates can easily be handled.

The obvious extension to the work of Chapter 4 is to
allow for data in the form of triplets or n-tuplets of gre-
ater size. The normal theory accelerated failure model was
solved only for matched pairs. Although Wolynetz extended
the work of Sampford and Taylor to deal with more than one
covariate, he does not extend it to allow for n-tuplets with
n > 2. The extension would be quite natural in the new EM
method but this would involve the evaluation of expectations
of truncated multivariate normal distributions.
Approximations may perhaps be found for the integrals and
these approximations used in the method, although this would
almost certainly increase the number of iterations necessary
for convergence. For the design with one case and multiple
controls it might be possible to overcome the difficulty of
multivariate expectations. For ease consider the problem of
one case and two controls i.e. data of the form of Mantel
et al in given Chapter 6. Let the survival times for the
case and two controls be t. oo tu’and tiurespectively. A new
survival time t: = (t, + tsL)/z can be formed from the means

of the times of the two controls. If the case and two con-
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trol times are assumed to be trivariate normal, as the nor-

mal theory model assumes, with means fL-+ ﬁ +Ca ., f& +
/ .

G’a; ' }L-+ G‘at and variances 'tz then tu and tL will De

bivariate normal with means /.4 + ﬁ +Ga; ., /JL +  a,_ and

. 2 .
variances =T and T/2. If tzLand/or t, are censored i.e.

3
x w | 4
the three cases ta;' tlL ’ t3u> t3L H t:L> tak , tsx_
L e w / .
t and t . > t , o>t then t  is known to be at least
v 20 ay 3 kY L
. /
(t: + t;. )/2. Because the variances of t“ and tL are no

longer the same, the theory of Chapter 4 needs to be

reworked to allow for this, but the same principles hold.

The difficulty that arises with most multivariate prob-
lems 1is that of testing the goodness-of-fit of the assumed
model. The proportional hazards assumption may be tested,
as in the two sample case, by the inclusion of a time depen-
dent factor which might take the form of the grouping factor
multiplied by time. However residual plots to test the Wei-
bull or normal assumptions are not easy in this type of
problem as the residuals will be correlated within
n-tuplets. If the design is balanced, 1i.e. all the
n-tuplets are of, say, size two with the case as the first
member of the pair and the control as the second member, it
might be worthwhile to plot the residuals separately for the
cases and then the controls. For larger n-tuplets with one
case as the first member and multiple controls, the residu-
als can be plotted for the cases, then the controls who are
second members of the n-tuplets followed by the third
members, etc. although this does not seem wholly satifacto-

ry especially if the n-tuplets are of different sizes, as in
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the data of Batchelor and Hackett analysed in Chapter 6.
The integrated method can be generalised for any distribu-
tion of survival times, not just exponential or Weibull. If
the general form for the hazard rate, given by (2.1) is
taken and the prior distribution of the matching variables
is again assumed to be gamma with parameters a and b then
the log likelihood (2.17) becomes
Lo, ’-t—z'fs 'i'a’b) B
Z LN+ +8) - 1)
+ ﬁ‘z.( 8& z.
+ L6, In [rg(t, s8)] +L 8, 1n [ A (ty, 5¢)]
+ L b+, + 801l A (e, sdrebs
Nt 1 )ef e a ]

+ éLizzu ) + Nb ln a

where QQ is the vector of parameters of the failure time
distribution’/\.o is the integrated hazard function and the
summation is taken over i=l,...,N. Thus in the case of the
Weibull distribution 42 = ( q ). Hence other parametric mo-
dels of failure time may be fitted, the only constraint
being the ability to express the integrated hazard in a
closed form. The Weibull assumption may then be tested by
fitting a more general parametric distribution of which the
Weibull is a special case. Although, in principle this is a
simple matter, in practice it is likely that the differenti-
ation necessary to form the maximum likelihood equations

will be difficult for more general models.

In Chapter 1 the different censoring mechanisms were

discussed and it was assumed that the likelihood factored
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out so that the distributional form of the censoring times
did not contribute to the kernel of the likelihood. 1In the
case of unmatched data, this requires that the survival
times and potential censoring times for individuals are in-
dependent. When this is extended to n-tuplets the relation-
ships within the n-tuplets need also to be taken into ac-
count. Certainly if all the TJL and CJL , the survival
times and censoring times of the j-th individual in the i-th
n-tuplet, were all independent then the 1likelihood would
factor out in the required way. However the Tbt within an
n-tuplet are not likely to be independent, except condition-
al wupon the 'matching' variable, and it is likely that the
CJL will not be either. This points to the belief that it
might be necessary only for the joint distributions of the

(T,

i reeeeTo ) and  (C

i +++++Cnhi ) to be independent.

However weaker assumptions on the relationships between the

?ﬂ and CJL may suffice.

In some cases the assumption of non-informative censor-
ing may not be valid. Little work has been done on this
topic for the unmatched data case, although the theory der-
ived for competing risks may be applied by considering the
failure time and censoring time instead of the, more usual,
failure times from two causes. Some joint distribution for
the ?ﬂ and QJL may be taken, introducing extra parameters
which would need to be estimated. The assumptions on the
distributional form of the joint distribution of the Ti and

J

Qﬂ are, however, impossible to test with the usual kind of

data set and it is not known therefore, how robust the meth-
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ods, which already exist, are for the unmatched data case.
Another problem that is likely to arise is the complexity of

the 1likelihood with Jjoint distributions between the ?ﬁ ’

j=1,...,n and between the T and C.- .
v Ju



CHAPTER 8

APPENDICES
8.1 Appendix 1.
A
Let E[B(X, ¢ )| Xe®R 1=(b, ) for k,1 = 1,...,4.

Then from page 4-16 with the summation being taken over i =

l1,...,N
" = N/%?. ’ b11 = N/G—‘l ,
bll = 13 = bll+ = b3‘f— . 0,
B, =2 BLL (t,-B-a)|xeR ¢ =27
."D‘L
byy =2 ELZ (a-p)|xeR .2 =91
G’L
b3’5 =—N/6-1. )
+3 El Z (a-p)|XxeR ., @ =¢]
G4
bqu» =—2N/%7‘
+ 3 E[i‘[(t'L_P_at)l+(tu'a‘L)13'§€Qa£=§].
T

The expectation is taken over a; and the censored times.
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Conditional upon t, ' tzL and gé
2 S
3
a, N N/.,L+U_(FIL- +F=L) . 0T
v v
3
where Fm = tni - fk - F p FaL = tz( - }A and v = 20 +
A
<*. Also, at Q = _Q , the following identities hold from

0

equating (p+l) and (p) in equations (4.18)

A A
LE(F, ) =g EF, ) =0 (8.1)
SE(F, +F_ )1 =28 (8.2)
~ ~ N
ZEL(F,, -F_ )" 1 =o28t* (8.3)
T ELF,> +F_ > 1=280" (8.4)
LEF,_ F, 1=N&" (8.5)
"~ ~ A A A
with F . =t, - P P ’ FzL = tz.’. -/u and the summa-
tions from i =1,...,N,
Hence
~
12 =ZT-LZE[ (¢, -B- a\.)l xe R '$-=4>—]
A
Ay
=—2- Z E{[F“’ - (S‘(F'i + FZ\_ )]' @ = @}
T v
= 0.
Similarly

b =
22

Bl (a, - )| xeR ., @ =¢3

E[ﬂpl{_ +F,. ) l ¢ = é}
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Now

and

33 = N/T
+ 3 i EL (a_ - pm )"I?EeR L P=¢ ]
P
= -N/G
+—3__ Z E 61-524‘ O“(F|L + F_‘_" )1 $ = ?2
5t ; =
= -N/& + 3NT /(&%)  + eN/V
= 2N/G
= -2n/T
3_ Z E{[(tu. —%— aL)1+ (t;L - aL)ZJ' Keﬂ‘¢-=é}
:‘cu
= -2n/T"
3 Z E[ %_ (a, -p - F.. )* |xe$2,c}>_=gg:|
e 4=\ Jt
T
= -2n/%°
iZ E[ 2(a; -p ) - 2(a; - p)F, +F,
B

PAGE
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A

AN (X' ~3d o) A3
= -2N + 3 2NS ¢ + 4NgT - 4NG + N(v + T )]
-~ e

T 3 3

AR
4N/T -

Thus E[B(X, ¢ ) | X eR 1 = aiag(N/T™ , N/&> , 28/&" ,

4N/%" ) with the off diagonal elements being zero.
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8.2 Appendix 2.

The symmetric matrix C is defined as

~N A N A A
> Efc(x,, )6T(x,, ¢ ) - 2 [E{c(x,, @ N} E{cT(x,, ¢ 1]].
The gradient vector G(X;, , ¢ ) is given by
((t.; - B -a, ), (a; -M), [a, ) -0 1,
T* o* o?
2 2 R T
[(t,, =P -a, ) + (t,, - a, )y -2t” ]
t3
P 2
= (F, -u. ), u, (U™ =-07),
T* ™ o3
[2ut2 - 2u (F; + F, ) + F'f' + Fn2 ] T
-E3
where u;, = a_ - B o=t - Mo ﬁ o Fpo= ot -

The following results will be required in the calcula-

tion of C.

~ ~ S
Blu | xeR.¢=¢1= & EEF, +F )
=
v
S S N A
Elu*| xeR,¢ =@ 1 =0T +0 EL(F, +F,_ )]
”~ A
v v
3 _I\ _ ~AUr2 ~ ~
Elu®| xeR.p =9 1=36E(F, +F, )
c'z.
+ 6" E[(F. +F )1
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'l
Elu”]| xeR, ¢ =@ 1 =35"t"

AL
v
~bA2 o~ - 2 AR n A [
+ 65T EL(F,, +F, )]+ c EL(F, +F,)"]
~3 AY
v v

using (8.1), and

> Elu| xR, =¢ 1=0

TElu’] xeR.¢ =9 1=n6&

>~ e S RY
~AD
v
2 Elu®| xeR gfg—b 1=3Ng T (c+4a5%)
u, el . =¢p ] =3Ng T (T c
~ 2
v
+ S TELGE, +F %]
~a
v
. ~ A
with E(F, ) =E(t, - p -B | t; >c. ,$=2¢ ) and

the summation being over i=]1,...,N.

Thus the terms of the upper triangle of the matrix C

are

cl1,1) =1 [E[(Fu ~u, | xeR .@ =91

-'tu-

- iE[(F\k U )l xeR ’ga:é]}l]
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A ~2 ~ ) AT
=_1'[2:E(F'L ) -2 o LE[F, (F, +F, )] +N&
A
v

- SR, 1% + 28*WIE(F, )E(F,, ) - s ZIE(F, )T

[ok ~ne ~a
v v v

using the identity (8.5). Then

an ~ A o ~
c(1,1) =1 &+ TTE(F ) - ot E(F, 1Y
®L5 ¢ -
2 2 ~
+ 2/6w\ E(F JE(F. ) - [& [E(F, )I*
~ ~
v v

c(1,2) = 12[}:[1:-L (F, -u_ )] xeR . =01

AL A
Tte?

- Blu| xeR ¢ =@ (R, - v )| xeR. - :l]

*YE[F, (F_ +F. )] -N&*

" " a.

-&*J E(F, +F, JOEF, )-8 EF,, )J]
v
c(1,2) = __}_Z [E(F"::‘ ) - O - ST IE(F, O
o7 ~
T v v
- % EB(F_IE(R) + 5 [E(F, T
v v
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c(1,3) = IZ[E[(F'-L - u )(u;‘ -c’z)l ZCR.-SQ"?’.\Z]

(ol
T

- EL(F, - u )| xe R .0 =@ IEl(u] -0V | zeﬂ'g‘g’-]}

a8

o3t

= 1 Z[E[(F,L u? - u® )| xeR .p=0 3

- EL(F, -u )| xeR .¢ =0 1Elu}| xeR 3=

from (8.1)

- /\'+ A ~ ~ vl ,\b ~ ~ 3

= 1 | oy E[F, (F, + F. . 1 -E_Z_E[(F|.L +F_ )7 ]
Ca 3

~Y ~ ~ ~ 2 ~rb ~ ~ A ~ 2
- EZE(Fu JEL(F .+ F )71+ EZE(FH. + F, JEL(F + F )]
~3 ~3
v v

Thus

~

A 3 A A a [} PN ~
c(1,3) =S 7 l-w [E(F)-E(F, JE(F, )-2E(F, JE(F, F )
2

A3 A

VT
A A2 ~2 A A2 oA
- E(F, JE(F, )]+ (w+T") E(F F_ )

26

~2 A ~ I\z A2 l\z o)
-(c -t )E(F F, )+ o [ E(F )E(F, )

L

+2 BE(E )E(F_F, ) + E(§ JE(F,) - E(F>)]

~

c(1,4) =i_Z ]:E{(F\L - u_)2u" - 2u (F_+ F,. )

z
A

+ 5. + 1| xeR 0= 1]

- E[(F, -u )| xeR ¢ =@ IE[20> - 2u; (F _ + F,; )
+FS 4P| xeR 2=

=1 [TE(F3) + 2e(F_F *) - 28°TEL(F, + F,, B
k= Py

v

~ A , ~ ,~ ~ ~ 2
+ 26 LEL(2F, + F, )(F, + F_ )*] -JE(F )E(F, )
AL

v
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(RS al 24

2 n ~ A~ ~
-5 YEI(F +F )(3F> +2F F. +F> )]
—_— ty L
v

v
+ 26485 - 1 ZE(F/‘:L + F,. JEL(F,, +F_ )*]
i )
- SIE(F. +F OE(F, +F, ) using (8.1).
E
Hence
c(1,4) =1 § [D280 +THL B(F,>) - E(F IE(F)
vt
- E(F,_ JE(R™)] -5"(50"+ &%) E(F}F,.)
- O%(Q%+58Y) E(F, F,7)
- S (S + &ML E(F D) - E(F IE(F) )
+  E(F] JE(F_ )] + 4520D% E(F )E(F, F, )
- 4 6'*&" E(FZ.L JE(F, Fn )] .
c(2,2) = 1 Z[E(uc"'{ xef &=
cH
- [E(u;| xeR .= é)]‘:l
c(2,2) = ¥ - iH[E(f‘ )1* + 2 E(F, )E(F, ) + LE(F, )Jj
OO
c(2,3) =

12[“‘% (w? - ") | xeR.p= 33
65

| xeR.0=3 E(u? -c")| xeR @ = g;]]

= 1 [""ZE[(F + F )31-“{E(F + F)EL(E, + F, )23:1
FX
o}

D f~3

v

v

using (8.1), giving
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~ A3 A3 Az A A ﬂz
c(2,3) = GZ[E(F. +F.°) + 3 E(F'F ) + 3 E(F, F2)
— (NS n 1% al " L Y
~3
v
~ ~ 2 FaS A A
- E(F. )E(F.“ ) - 2 E(F. )JE(F. F . )
119 it 119 " P 1N
A A
-  E(F. )E(F.") - E(F *)E(F. )
W Y (Y ay
A ~ A ~ A9
- 2 E(F, )E(F_F, ) - E(F F )]
2 2
c(2,4) = 1 [E[2U»L -2u(F, +F,. )
o

2 A
+u (F° +F.* ) xef =03
- Elu)| X eR ,g=gh_>_ JE[2u;* - 2u, (F .+ F;)

PRl xeR2-9 7]

+ F .
(3¢

= b ~ ~ 3 _ ‘Q ~ A. 2
1 ZLZE[(F'L + F)L) ] 2.2 ZE[(FH + th) J
6‘-6'5 ("5 c_z '
A A 2 A
+622E[(FIL + F;{, )(Fn. + FI.L )J
-
v
- 267§ - L\TE(F, + F OEI(E, +F, )]
~ne ~
v v
. 2 a L
- O .
Z ZE(F‘ + F )E(FL +F . )] giving

c(2,4) = 1 i[(z&‘ﬁ‘ +THL E(F3 +F3)
A% A
vT

- B(F OIEED) - E(F .

L a v at
(o) " A ~ ~

+  E(F, )E(F;? )] - (28°0*- ¢ ¥)L E(F*F )
~N L) ~

+ E(F F )] + 486%™ E(F.
" an "

~ ~ [,
+ E(FZL)E(F“ Fz.‘) J]

c(3,3) = li[ﬁ:[(uL" - P | xeR.b=g 3
a.b

- {E[(u:‘ -o) | _)geR,gi=§ ]37]
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-

A FaN
= 1 ] 35"t (% 48%) + G°LE(F, + F,; )]
gL & o
~ & AW~y Ab A2 ~ng ~ " 2 2
- Ng* - N&'TY - ang't o+ 5 S{EL(F, + F, )1}
AL AD A
v v v
+ NGt using (8.1) and (8.2). Thus
c(3,3) = 2N% (342 87) +5 Z[E(F +F‘+) + 4 E(F F )
A2 A
C v
+ 6 E(F'.LQ ) + 4 E(FL F f ) - [E(F 2y1*
’~ 2 2
- [E(F )] - 4lE(F, F, )7 - 4 B(F2IE(, F,)
A 2 ~ A ~ 2 A o
- 4 E(F  )E(F, F,.) - E(F ~ JE(F )]

c(3,4) = 1 2[}3[2%‘+ - 2u.L3‘(F‘-L +F_ )
[l Rl
S

< 2 2 1 2
+ u.” (F, + F.. ) —2u; s + 2u, 0 (F + F.)
A
SR D )| xeR .g=d1
~
_ E[(u“" _0_1.)] _)_KGR'¢=¢JE[2U‘:‘
2 2 R _A

-~ ~ ~ [
= 1 [6N8* 2T+ 457) + 2885 EI(F . + f’:. )]

?2 A ~y
Gt v v
~ ~n ~ A
- 12N8"¢* - 28 FEL(F + F, ] + 2NGEHT - 2nEtE”
~ F v N A
v v v v
~y ~ o2 A n ~ " 24 _ Abr A 2
+ S Z E[(F ~ + F1 J(F,_ + F )°] - 8NG'¢™ + ANG'T
A Fale ~
v v v
(A 2A%
- 28%(8" - 1) TiEL(F, + F, MI}F - 2570
"~ ~ A
v v v
"
- &1 T EL(F, + F, )* IEL(F F. %))
~n
v

using (8.1) - (8.5), thus
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~ ~
C(3,4) = -4NST + G 266+ T { E(F,7 +F, ")
~- AY¥ar
v vT
_ ol RENE 5 gl S 1 ol X .
LE(F, " )1 - [E(E, )] - 2 E(F_ ~)E(F )}
I\q‘ ~ " A ~ 3
+2T [ E(F F, )+ E(F F2>)
"N 2 A A n 2 A ~
- E(F ° JE(F_F, ) - E(F, JE(F_  F, )]
2 A

+
o
Q>
&
~
t
)

2 _ AR Ay NaAa
F . )] 2(20°w ) E(F7F; )]

u

= L S 3 X i
c(4,4) = 1 [E[4u‘ 8ud (F. + F, )
T
+ 8.2 (F.* +F..* +F.F..) —4u - (F.-+F )JF*“+7F. )
L (RS &t v L [ [1% P 1Y
2 2 A
+ (R 4R | xeR 2=¢1

- {E [2u* - 20 (F; +F, ) + F,-? + F,_? | xeR = 4/.;.]}1—
(F. + F, )%+

A
= 1 [12N8‘*-’E‘(%‘+ 48*) + 4G5S EL F,+F, )%]
— ——— — \S
LL ~ S
T vi o v
A A 2 2 2
- 48NG*E* - 8GR TEI(F + F )71 + enET 240 + &)
~ /\3 ”~
v v v
~rY ~ A 2, N2 AL A~ A NGy Aba
+6 2 E(F +F J)(F®+PF  ~+F F )]-4NGT - 16NGT
~2 AL ~2
v v v
~M I Ao Ao ~ o ~% " ~ a2
- 4G TEL(F + F )" (F, > + F 7)1 - 40 F{EI(F + F,; )" 1]
~ AL
v v
~AN A ~ > S ARAl ~lL ~ ~ 2 2
- 40 J{EL(F, + ¥, 7 Jf+ eng"t* + 8s " g{ eL(F, + F, ) 1}
AT » ~Y
v v v
_ AIAT AL _ FN™Y Ay “-‘_ " A» 2
8NGO T & 4g LEL(F + F*)IEL(F + F, )%]
~ ,ra
v v
A n ~ a3l A .
+45 7 EL(F + F IEL(F +F )]  using (8.1) - (8.5).
N
v
Thus

A 4 -~
c(4,4) = 8NFGH+ 1 } [w‘eh 15°0) | BES 4R
Al A3 A%
T v VT
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[E(F )1 - [E(F*)H]7

~ ~ A A A ~n 32
8o Q (T + 25°%Y) [ E(F.:.’ F,,) + E(F_F

e

)

no2 ~ A A2 A A
E(F, )E(F F.) - E(F, JE(F, F, )]
AT A Ay ~ ~ Abp A A
+2(VTT+ 1260 E(F F, ) - 165"0*[E(F, F, )1?

ran XN ~ A
2(v e+ 45" E(F“.‘ )E(Fu."‘ )] .
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8.3 Appendix 3.

The expressions for the matrix C involve calculation of
q-

the expectations E(F“3 ), E(F‘.L

) in the case of singly
censored pairs of the data. Consider the pairs which have

ti censored at c, and t.. observed. Since all parameters
are maximum likelihood estimates the circumflex (A ) will be

omitted.

The joint distribution of t, and t, is bivariate nor-

mal with means /L + ﬁ , f& , variances cs'z+'1:1 and correla-

. _ 2 2 2 - =
tion Q =o"/(c"+T*). IfF, =t - M - . F =
. -~ M and w* = o + T’ then the joint distribution of
X, =F, /o> and y; = F_. /W is standard bivariate normal

>\

with correlation Q and h . < X, <00 and - 0O < y, ¢ oo ,

where h = (C"-_—/A - ﬁ )/ W .

Define Gr.(b) as follows

(v 2
G.(b) = j ul Z(u)du
b
—i/
where Z(u) = (27V) 1exp(-u1 /2) 1is the wusual univariate

standard normal ordinate. Then by integration, the follow-

ing recurrence result is obtained

-1
G (b) = b z(b) + (r-1)6,_, (b)

G (b)

Q(b) (8.6)
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o0
wher e Q(b) = g Z(u)du.
b

Hence conditional upon t being censored at ¢, and

t, being observed to fail and with H = (h_ -
e Y, YA -9
el
E(>t~L3 ) = 1 gxi'3 Z S P Y, dx,
V1 -¢* Q(H) J1 - "
h
o0
= 1 ((!1—Q‘u + Y, )3 Z(u)du
Q(H )
" vy

8

= [Q(H-L)]_\ [ ¢ y> G (H) + 3 1-¢* y. G, (H))
*3py. (1 'Qi)Ga(H;) + (1 -{‘)3/’ G, (H)] .

Now from (8.6)

G, (H ) =Q(H )

G, (H ) = z(H_)

G,(H)=H, Z(H ) + Q(H )

G, (H) =H z(H_ )+ 22(H )

G, (H) =[H> +H?®+ 30 +2)z2(H ) + 30(H_)

Thus, writing the Mills' ratio Z(u)/Q(u) = M(u)

E(XL3 ) 93 yL3 + 39"‘ll - y; MH )
+3p(1 -eM)y, [H_ MH_ ) +1]

+

(1 -9 [(HXM(H ) + 2M(H ;)]
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and as x, = F; /w .,y =F, /& and H = (e - M _P
e R )/ (wd 1 -9*)

E(F|.L3 ) = Q" F:’ + 3gw’(1 - e’ )FZL + 2(wJ 1 -Q‘ )SM(HL)

*wll -prME (e -pm -§)1+ pE, (e ~p-P)
PeTES Y

'S
Similarly E(Fu' ) = wt E(x‘-_* ) and

o0
E(x %) = 1 X(,h-e“u +oy, )% 2(u)du
Q(Hb)
H\v
= fom, 17" ety Y6, ) +ap>y3]1 -p*c, (1))
+6p y™ (1 - p*)6, (M) +4py, (1 -p*)"6 (5

rS
+ (1 =62 e, ()]
= Q*'y;‘* +4QZYL3J1_Q'LM(HL)
+ GQ"yLl (1 -9 )[H, M(H_) + 1]
+40 y, (1 -9 m TME, )+ 2M(H )]

+ (1-(,1)’ (.3 +8. * + 3H,

-

+ 2)M(H-" ) + 3].
Thus

E(F %) = 30*1 - p* P+ o*Fr .t + 60°0 (1 - o*)F,;

+oll - p* M), -p -B)°

+ e(c“_}*_b)l Fz\. + ei(c“ —/.A—/ﬁ )Fa:. + eng.%

tWt - sl -p - p) +spR T,
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8.4 Appendix 4.

The expressions for the matrix C involve calculation of

3 F

" 1(,)'

the expectations E(F, F, ), E(F E(F,  F, ),
E(F“r_3 ) and lE:(F‘:k + F:_LW) in the case of doubly censored
pairs of data i.e. those pairs with t, censored at ¢,, and
t, censored at c,, . Since all parameters are maximum lik-

elihood estimates the circumflex (A ) will be omitted.

The joint distribution of t, and t,. is bivariate nor-
" N 2
mal with means /LA + /6 ’ /,L , variances 0‘1 + T and correla-

tion @ = o" /(c"+ T*). IfF, =t - m -p , F, =

e 20
2

tz; -/A. and W = o~ + T then the joint distribution of
x, = F, /w and y, = F; /w 1is standard bivariate normal

with correlation ¢ and h, < x  <0® and k; < y; <00 where

h¢=(cw-/u-p )/ W andk-L=(ch—/J.)/cD.

Let f_ . =E(x" y % ). Then shah and Parikh (1964)

give the following recurrence formulae

| N,
gr,s ’ z(h )G (k, /hip A1 -Q”‘)

+

h
—L
L

s-l ’——
E} Z(kL )G( (hL lkLe ' 1 _{1)
L

-
h.

L

! s-! ] r 3 2
k1 -9 2/ [n* - 20h; Kk + k]
\|2!T L 1 -Q"‘

+ e - D=1 - +p+ s - DS

r 1, s >1 (8.7)

and
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h z(h )a(k, )

o0 —_—

L

+p2ik )6, (h, ko J1 -¢%) + (r-l)§r_lo (8.8)

L

(T )
L

§ x5 20 o, )
S —

L

]

+pz(h )G (k. .ho Ad1-pn + (s—l)fo,s—z (8.9)
L

with H_ = (h; - ¢ k, J 1= k= (x; - P he y/J 1-9%
Z(u), Q(u) as defined in section 4.4.2 and L =

L(hL Ko Q ) of section 4.4.2. The function Gr_(a,b,c) is

defined as

0
-
Gr(aJmc)= 1 u Z(u-—b)du
c c
Q.

and equation (3.2) of Shah and Parikh gives the recurrence

result for G_ (a,b,c) as

G (a,b,c)

-1
a cz(a-b) + (r-l)cl Grkz(a,b,c)
c

+ bG._, (a,b,c)
with

G, (a,b,c)

]
Lo
—_——
o}
Oll
o
~——

(8.10)

Hence
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2 3 3 3
E(Fu F;i) =0 E(x Y, ) = gz,u'

l)l

ol L

+ 2(x )6, (h k(g 1 -p%)

- nJ1 -p? thf -2p h; k_ + kx| + 2€L§'° .
27 1-0"

Now §“0 =1 [ Z(h; Ja(K, ) +pzlk ol )J

from (4.14) of Shah and Parikh. From (8.10) above is obta-
ined

G, (i vhep J1 -e*) =d1 -¢"2(K_ ) + hp Q(K_)

|
and

+ (1 -e'* + h[‘e’ )oK, ) . (8.11)

Thus
E(F* F, ) = w [\[—_1__-?}1.L z(h. )Z(K, )
L
+ o (h1+ 2)z(h; oK)
+{1-p* (h +Xx;p )alx )z(H])
+ (1 -9+ Xle™+ 20 Ja(x; Jo(H, )
-J1 -p*n z/|n® - 2ph; kg + k7
Jamr (\l 1 -p* )
Now

z(k; )z(H, ) =]1 - #P(h, k, : Q)

2T z(jhf - 2ph;, k; + | T
1 —?‘ (8.12)

z(h, )z(K, )
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where gi(rli,k( ;.{ ) 1is defined in section 4.4.2.

Therefore

W

L
(1 + x%e™ + ™ da(k ()

(gt P k)= 0P (b k :p)]

E(F F,. ) * [e (2+nM)zh)ok])

+

3 _ (g 3 _ 1%
E(F F;«L) =W E(x_ ' ) =w fa,l

and

3
§ -1 h' oz
3 — ‘

L [

+ 2(k )6, (h{ .k 1 -e?)

- b T -2 z[[h* -2ph: k. + k* + 3p L
LY ? J_\L {’ v v v E §2’°
J2Ti 1 - p*

with
§ =1 [hL Z(h'\_)Q(K'L)
2,0

L

+ 0 2(k )6, (hy kg 1 —p*) + L]

Using (8.10) to substitute for G3 (h; ,kLQ,\Jl -zQ‘) and

(8.12) gives

§3,t =3¢+ 1
L

+ (2 +p™)2(k )G, (hy kP 1 -e*)
+ h.* z(h )G, (kx_ ,hp N1 -e?)

+#xp 2k )6, (h kg W1 —Q=)]

]: 3¢ h z(h; Jo(K, )
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3

and using (8.11), E(F

F, ) is found to be

E(F)F, ) = 3u% + o' [p(3+1n2)nz(h)alK,)
L
+ ¢ (3 + k] p" )k z(k)a(H )
+ (1 -9™)(2 +e™)P (hkisp) + xJ1 - > 2(k;)z(H,)
+op (kP n )1 - p* h z(h)z(k)]

Now E(Ful F © ) = qu(xL-‘ yLz) = u)¢§21 with

§ =1 [ hi Z(h\" )Gl (k;’ :h;? :Jl _ez)
2,2
L
+ k_2z(k )G, (h, ,ki? ,J1 -p*) + (1 - ?‘)L
- h; kJ1 -9* z(jhf -2ph; k_ + k:') +3¢Lf

Jam 1"€1

and
£, =2
U —
L

+ 2k )G, (h Jkip J1 -
- V1 -¢* z{\lh.} ~2ph; k; + k'L") + QL]
Ja2T | 1 -p*
Thus

> ~ .z
‘(’2)1 (1 + 2@ ) + i I:hl- z(h, )G2 (k. .hif N1 —f)

L

[ 2(h{ )G, (k ship J1 -¢%)

t3p z(h )G, (k, .,hp J1 -eM)
* 3¢ z(k )6, (n; kP A1 -e*)

+
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- (n x, +3p)J1 -p* 2 Inf - 20 h k + k2
J2r l-e”

and using (8.11) and (8.12) gives

= (1 20
. = r2eh

+ _1_[\’1_??“% kg + @ () + K1)+ 3p12(h )z(x )
L

+ (h + hfe‘ + 2h.p” )z(h )Q(K, )

+ O+ XZeh 4 2k g% )2(k QW )]

Thus

2 ay _ W 2
E(F F, ) =wi(l +2¢)

+ RN [(1 +2p% + h ™)h z(h)Q(K,)

L
+ (1 + 20"+ ke )k z(k o(H ) + 3p (1 - ¢ Jp(h .k :0)
+ (k«t+€ h‘;)hifl - 0 z(h)z(K)

+?" 1 -9™ k¢ z(k.)z(H )]

E(F %) = 053§ and using (8.8)
1Y ‘hc

o

hY oz ek ) +eak e, (ke J1 e
L L

+ tho

1 [(2 +h . *)z(h ok, )

L
+g\l1 —¢*(h, + Xk, p)z(k, Jz(H, )
03 -t ket )zl Do)

Therefore
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E(F,®) = >  [(2+17)z(h)a(K,)
L
+ e (3 - 0% +xeM)z(k)a(H)

+ (hi+ p k)p(1 - ¢ )§(hi'ki7€)]

Finally

" .
E(F.Y +F %) = w( + ) with
|18 2 u_’o o;‘*

§ + § = 1[hL3 Z(h )Q(K, )
‘f,D 0'¢, —_—
L

+p 2k )6, (b Jkp JT %) + k2 z(k, Jo(H )
te 2(h, )G, (x, ,h.p 1 —e*) + 3(52'0 + fol_‘)] .
Now
G (x /hip . 1 -¢") = k1 -e® 2k )
+2(1 -e*)G, (x_ ,h;p J1 -e™)
+ h"? G'L (kL 'hl‘e 'Jl "?1)
= [k’ +2(1 -¢%) + hp (k +hp)11 -p* 2(K_ )
*hip [301 -9*) + 0% Jok, )

and
§z.o * §o,2 =_1_ hy z(h{ )Q(K‘t ) +k z(k  )o(H )
L
+~€Z(kL )G. (h; ,kLe ,’1 _ei)
"‘QZ(hL )G, (k; ,h o ,J1 -e*) + 2L‘]
=2+ 1 h\-(l +€")Z(hL)Q(KL' )
L
+ k(14 p*)zk Do ) + 2?11 —¢* z(h )2k )]
Thus
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(O i{ihf’ r3n, (e
L
+9'h  [3(1 -p*) +h.%p* 1] 2(h,; )a(k )
+§k.f +3k (1 +0%) + g‘kL [3(1 -p™)
+ kM 1} 2tk o, ) + @JT - p* [n*

+ 4(1 -g"') "‘k'»?(he +k'~? )+kL°'

+hie (k o +hL?)+6]z |2h.L k(| Z[k, - h;
1+ (Jl —e")
z(h; Jz(K, ) = z[|2h; k| 2k, - h;
1 +Q Jl —?‘

Hence

o+

E(F +F ) = 6w

+ v [ (> + 3 + 107" - 3% + 6¢")n 2(n))alk;)
L

+(k* + 3+ k% - 3p% + 60" )k z(k )O(H,)

1-p* [ +e")(0* + %) + 2h k. p + 10 - 40*] x

()

+
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MODELS FOR PROGNOSTIC VARIABLES IN MATCHED GROUPS WITH
CENSORED DATA

C. Jagger

(Submission for the degree of Doctor of Philosophy, Univer-
sity of Leicester, 1984)

ABSTRACT

Previous methods of analysis of matched data have used
some form of conditioning to eliminate the terms describing
the matchirng, usually considered as nuisance parameters. If
the outcome measured can be subject to censoring, these
methods break down for those n-tuplets containing only cern-
sored observations. These cases have previously beern omit-
ted from arnalyses, by arguing that these n-tuplets do rnot
contain any information about the parameters representing
the effect of the prognostic variables although in some stu-
dies this «can result in igroring a large part of the data
set arnd the estimatiorn. of the parameters can be subject to
bias.

These problems have Dbeen overcome by introducing a
prior distributior. orn the matching variables. Two classes
cf model were considered, the proportional hazards model
with Weibull (and as a special case exponential) failure
times arnd the rnormal theory accelerated failure model. Two
different censoring mechanisms, fixed and random, were also

investigated. e : —-

Although omitting rn-tuplets with all observations cen-
sored was known to produce biased estimates of the location
parameter with exporential failure times, it was shown that
this bias was transferred to the scale parameter when the
failure times were Weibull. Previous rank methods which
gave little bias with & fixed censorirng mechanism were fourd
to give much more urreliable estimates when the censoring

mechanism was rarndom. The new method compared well with the
previous methods, producing less biased results with Dboth
censoring mechanisms. The robustrness of the assumptions of

the prior distribution of the matching variables was inves-
tigated,

The new method of analysis for data from the accelerat-
ed failure model was based upor. the EM algorithm. Similar
results were fourd to those of the proportional hazards
model .

Externsions to other failure time distributions for the

proportioral hazards model arnd further research areas are
discussed.




