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Abstract

In this thesis, we are interested in the study of cohomology of differentiable stacks
and we want to provide a good notion of equivariant cohomology for differentiable
stacks. For this we describe in detail some of the cohomology theories found in
the literature and give some relations between them. As we want a notion of
equivariant cohomology, we discuss the notion of an action on a stack by a Lie
group G' and how to define the quotient stack for this action. We find that this
quotient stack is a differentiable stack and we describe its homotopy type. We
provide a Cartan model for equivariant cohomology and we show that it coincides
with the cohomology of the quotient stack previously defined. We prove that the G-
equivariant cohomology can be expressed in terms of a T-equivariant cohomology
for T" a maximal torus of GG and its Weyl group. Finally we construct some spectral
sequences that relate the cohomology of the nerve associated to the Lie groupoid

of the quotient stack with the previously described equivariant cohomology.
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Chapter 1

Introduction

This thesis is concerned with equivariant cohomology theories of differentiable
stacks. Historically, the concept of stacks as algebraic stacks was introduced by
Grothendieck in algebraic geometry for the study of moduli problems and non-
abelian cohomology in algebraic geometry and it can be found in Giraud’s work
[25]. Later, Deligne and Mumford used algebraic stacks in [17] to study moduli
spaces of algebraic curves and their irreducibility. Meanwhile in 1974, Artin in
[3] introduced a generalisation of Deligne-Mumford stacks; which is now called
an Artin stack to study moduli problems, quotient spaces and generalised global
deformations. Recently, stacks were also introduced in other areas like algebraic
topology, differential geometry and mathematical physics. For instance, in alge-
braic topology the notion of a topological stack was introduced by Noohi in [51]
to study quotient spaces and cohomology theories. In differential geometry and
mathematical physics the notion of a differentiable stack was introduced to study
objects that are not smooth manifolds like for example orbifolds, which were in-
dependently introduced by Satake [54] and Thurston [59], classifying spaces of
compact Lie groups or quotients of Lie group actions on smooth manifolds that
are not necessarily free actions as in [5]. Some general approaches to the notion
of a differentiable stack were given by Behrend in [5, 6] and Heinloth in [28]. In
particular they initiated to study de Rham cohomology of diffferentiable stacks

and Lie groupoids.

The notion of a stack is based on the language of 2-categories as we are here
considering a stack as a pseudo functor from the opposite category of smooth
manifolds to the category of groupoids, M : Diff” — Grpds (described for

example in [28, 50]), with conditions for gluing objects and morphisms. If X is
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Introduction 2

a smooth manifold, the stack associated to it will be given by the pseudo-functor
Hom( , X), the set of all smooth maps with codomain in X. A stack M is then
a differentiable stack if there exists a morphism of stacks X — M between the
stack associated to a smooth manifold and M which in addition is a surjective

submersion, which means that we have the following commutative diagram

TxuyX — X

| !

7' — M

where T Xy X is a differentiable manifold and T" x X — T is a submersion
for any morphism of stacks 7' — M, with T" a smooth manifold. The main
examples of differentiable stacks are the ones given by a smooth manifold X, that
is the pseudo-functor Hom( , X), the classifying stack BG and the quotient stack
[X/G] associated to a Lie group action of G on a smooth manifold X such that for
any smooth manifold T this gives a groupoid of pairs (E 5T E END'S ), where p
is a principal G-bundle and f is a G-equivariant map. If X is a point, we recover
the classifying stack BG, which classifies principal G-bundles and plays a similar

role then the classifying space in algebraic topology.

If we have a differentiable stack M with an atlas X — M, we can consider the
smooth manifold X x s X and this helps us to get a Lie groupoid (X xy X = X)
associated to M. Conversely, we can get for a Lie groupoid I' = (I'y = I'y) a dif-
ferentiable stack built by principal I'-bundles. This relation between differentiable
stacks and Lie groupoids gives an equivalence of categories if we keep in mind
that two Lie groupoids define the same differentiable stack if and only if they
are Morita equivalent. Now we can use the nerve of the associated Lie groupoid
which is a simplicial smooth manifold to get different cohomologies for differen-
tiable stacks as sheaf cohomology, cohomology of the associated Lie groupoid, de
Rham cohomology and hypercohomology (see for these [4, 28]) and also a notion
of Cech cohomology that uses coverings of simplicial smooth manifolds as in [20].
Dupont’s work on de Rham cohomology for simplicial smooth manifold in [19]
shows that the fat geometric realisation || X, || gives in fact the homotopy type

for a given differentiable stack with atlas X — M.

It is possible to define principal G-bundles over a differentiable stack M with atlas
X — M as a principal G-bundle over X. If we consider the classifying stack BG,

we get that the collection of morphism of stacks from a differentiable stack M into
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BG is equivalent to the collection of all principal G-bundles on M, that is

Mapsg, (M, BG) = Bung(M).

The aim in this thesis is to develop a good notion of equivariant cohomology for dif-
ferentiable stacks with an action of a Lie group . For this we consider a compact
Lie group G and we follow the classical point of view that consists of associating a
Borel model and a Cartan model to this equivaraint situation. In order to pursue
this we will first define an action of a Lie group G on a differentiable stack M
as first described in general terms by Romagny in [53] and Ginot-Noohi in [24] in
the algebraic geometric context. We then prove that the quotient stack M /G is
in fact a differentiable stack and its cohomology coincides with the cohomology of
EGx¢ || X, ||; such that when M is the stack associated to a smooth manifold
we recover the classical Borel model. For the Cartan model version of a differen-
tiable G-stack we follow a construction given by Meinreken in [46] for simplicial
smooth manifolds and we verify that actually its cohomology is equivalent to the
cohomology of EGxq || X, ||. Therefore, we conclude that both models coincide
in cohomology like in the classical result on smooth manifolds as first proven by

Cartan in [14].

We can also restrict the Lie group G to a closed subgroup and we prove that the G-
equivariant cohomology can be expressed in terms of the equivariant cohomology
of a maximal torus 7" of G and the Weyl group W of this torus as follows by the
ring of invariants

H: (X, R) =2 Hi(X., R)W.

This generalises a result by Guillemin and Sternberg [27], when we have a G-atlas
X = M.

In the last part of this thesis we get some comparison results via spectral sequences
for the equivariant cohomology of differentiable stacks that generalises previous
results. For instance, the group cohomology of each level in the simplicial smooth

manifold is related to the equivariant cohomology by a general spectral sequence

EY" = HP(G, H"(M,§)) = H""(M/G,§).
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generalising a result by Felder et al., in [20]. In a similar way, we prove that there

is a spectral sequence

E;? =Toty € H?(G, @ ¥°(X,) © S'(g) = Hyi?(M/G)

qg+n=~k s+t=q

which is a more general version of the spectral sequence
Ey" = H"(G; S'(g)) = H'""(BG,R)

first described by Bott in [9] and by Stasheff in [55], when M is a point. Related
spectral sequences in the manifold case was also developed more recently by Abad-
Uribe [1] and Garcia-Compean-Paniagua-Uribe [22]. These are also concerned with
general actions of non-compact Lie groups on smooth manifolds using Getzler’s

model [23]. We aim to address also non-compact Lie group actions in the future.

As a consequence of the results of this thesis, it should be noted that the notion of
equivariant cohomology and the two given models allow us to relate the quotient
stack with its smooth structure given by the atlas with equivariant differential
forms. It also gives us the versatility to calculate different properties such as those
seen previously that occur in the classic case. Last but not least, the concepts
and results of this thesis allow us to think about a possible classification of K-
equivariant principal T-bundles over a differentiable stack X via the equivariant
cohomology group H'(EG x¢ X, T) similar as was discussed in the smooth man-
ifold case by Brylinsky in [13]|. This is currently another part of my research in

progress.
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Thesis outline

The content of this thesis is subdivided into three chapters after this introduction

and is organised as follows:

Chapter 2 introduces basic concepts on categories, 2-categories and simplicial sets.
It reviews some basic definitions in the category of smooth manifolds and smooth
maps with special attention on principal G-bundles, simplicial smooth manifolds
and the two classical models of equivariant cohomology, the Borel model and the
Cartan model. It recalls the definition of groupoids and Lie groupoids with sev-
eral examples and the definition of a principal I'-bundle where I" is a Lie groupoid.
Finally it introduces the concept of spectral sequences and some important prop-

erties of them.

Chapter 3 is concerned with the general theory of differentiable stacks. We define
what is a stack and we give a Yoneda lemma version for stacks. We define fibered
products for stacks and using this we define the notion of an atlas for a stack.
From this we get the notion of a differentiable stack. We provide the main exam-
ples of differentiable stacks as the ones associated to a smooth manifold and the
classifying stack BG of a Lie group. For a Lie group GG, we define then principal
G-bundles and we show their relation with the classifying stack BG. We discuss
the relation between differentiable stacks and Lie groupoids and we prove that
both categories are equivalent up to Morita equivalences. We give the definition
of a sheaf on a differentiable stack and define sheaf cohomology. We use the nerve
of the Lie groupoid associated to a differentiable stack to define the cohomology
of the associated groupoid, the de Rham cohomology, singular homology, singular
cohomology, hypercohomology and Cech cohomology. We check that these coho-
mologies are well defined, that is they are Morita invariant. Also we prove a de
Rham theorem version for differentiable stacks. We show that hypercohomology
and de Rham cohomology are equivalent. We get a similar result for de Rham co-
homology and Cech cohomology under the condition of the existence of an acyclic

covering.

Chapter 4 defines general Lie group actions on differentiable stacks and also defines
quotient stacks for this kind of actions. We check that these quotient stacks
are in fact differentiable stacks and we describe their homotopy types. Then we
introduce the concept of equivariant cohomology for differentiable stacks with G-

actions. We define a Cartan model for differentiable stacks and we show that this
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model has the same cohomology as the equivariant cohomology described before.
We then restrict the group in the equivariant cohomology to a subgroup and we
get a relation between the equivariant cohomology of the Lie group and of its
maximal torus. Finally, we derive some general spectral sequences that relate the
cohomology of the nerve of the Lie groupoid associated to the differentiable stack
with the equivariant cohomology of the differentiable stack. We will analyse them

in particular situations and discuss their homological properties.



Chapter 2

Preliminaries

We begin with the necessary preliminaries for our discussion and, with them,
we will conceive the equivariant cohomology for differentiable stacks and their
fundamental properties. In most of the cases the technicalities can be found in

the references provided, and we will only give them when necessary.

2.1 Categories

Categories and 2-categories are going to unify the language in our discussion, since
they provide a rigorous definition for stacks being examples of pseudo-functors
between 2-categories. Hence, it is necessary to recall some aspects about them.

For this, we follow [32, 40].

Definition 2.1.1. A category C consists of:

e a collection of objects Ob(C),

e a collection of morphisms Morc¢(z,y) for two objects z,y € Ob(C),

with the following properties:
1. For z,y,z € Ob(C), there exists a function
More(y, z) x More(z,y) — More(x, 2)

(9, f)=gof
7
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called a composition.

2. For each element x € Ob(C) there is a morphism 1, € Morc(z,z) called
identity of x, such that for each f € More(z,y), fol, =1,0 f.

3. For each f € Mor¢(x,y), g € More(y, z) and h € More(z,w), ho(go f) =
(hog)of.

Remark 2.1.2. If the collections of objects and morphism are sets, we say that the

category is a small category.

Example 2.1.3.

1. The category of sets and functions is denoted by Sets.

2. The category of topological spaces with morphism being continuous functions

is denoted by Top.

3. The category of smooth manifolds with smooth maps as morphisms is de-
noted by Diff.

4. The category of groups with group homomorphisms, is denoted by Gr. If
we ask for only abelian groups the category is going to be denoted by Ab.

Definition 2.1.4. For each category C, there exists a category called the opposite

category, C°P, that consists of:

e objects of C°? the same objects as C,

e morphisms of C? are arrows f° in one-one correspondence with arrows f of C
such that if f? :x — y then f:y — x.

The composition in C% is defined as f o g = (g o f).

We can relate two categories in the following functorial way:

Definition 2.1.5. Let C and D be categories. A covariant functor F : C — D

consists of:

e a function Ob(C) — Ob(D),

e for each morphism f € More(z,y), there is a morphism F(f) € Morp(F(x), F(y)),
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such that:

L. F(go [) = F(g)o F(f).

2. F(1;) = 1p() for any x € Ob(C).
Definition 2.1.6. Let C and D be categories. A contravariant functor F : C — D
consists of:
e a function Ob(C) — Ob(D),

e for each morphism f € Mor¢(z,y), there is a morphism F'(f) € Morp(F(y), F(x)),

such that:

L. F(go f) = F(f) e F(g)-

2. F(1;) = lp(y for any € Ob(C).
In our work it will be necessary to consider higher categories as well, so we recall
some aspects of the theory of 2-categories, for this we follow [50, 2.1].

Definition 2.1.7. A 2-category consists of the following:

e a collection of objects, denoted by ob(C),
e a collection of 1-morphisms of Home(X,Y") for any two objects X, Y € ob(C),

e a collection of 2-morphisms « of Home(f,g) between two 1-morphism f,g €
Home(X,Y). An element a € Home(f, g) will be illustrated as arrows in the

following way:

with the conditions

1. Objects and 1-morphisms form a category.

2. For fixed objects X and Y, Hom¢(X,Y) and the collection of 2-morphisms

on it, form a category under the operation known as vertical composition:
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f

Pl T 2%
~_ ¥~

h
This vertical composition is denoted by S -« : f = h and its identities

1f2f:>f.

3. There is a horizontal composition:

f u uf
X oy |z — X " |paz

The horizontal composition is denoted by v *x a : uf = vg. With this

composition, the 2-morphisms form a category with identities:
1x
Tt
X X
~_
1x

4. If there is:

f v
\l_}/‘fr \Uﬁ/,r
h w

then (0% 5) - (yx o) = (6-7) * (5 - a).

5. And if there is:

f u
X gy T lz
~ T

then 1, * 15 = 1,¢.

Definition 2.1.8. Let X and Y be objects in a 2-category C. They are equivalent
if there exist two 1-morphisms f: X — Y ¢g:Y — X and two 2-isomorphisms,
thatis,a:gofiidx andﬁ:fogiidy.

Definition 2.1.9. Let C and D be two 2-categories. F : C — D is a pseudo-functor
if the following data is given:
e For every object X € C there is an object F(X) € D.

e For each 1-morphism f : X — Y in C there is a l-morphism F(f) : F(X) —
F(Y) in D.
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e For each 2-morphism « : f = ¢ in C there is a 2-morphism F(«) : F(f) = F(g)
in D.

such that:

1. F respects identity 1-morphisms, that is F(idx) = idr(x),
2. F respects identity 2-morphisms, that is F(f) = idz(y),

3. F respects composition of 1-morphism up to 2-isomorphism, that is for any
diagram of the form
xLy4z

there is a 2-isomorphism ¢, ¢ : F(g) o F(f) = F(g o f) such that:

(a) €riax = Eiay,r = idr(p).
(b) ¢ is associative, that is

€h,g*id}'(f)
_

F(h) o F(g) o F(f) F(hog)oF(f)

ﬂid}'(h)*eg,f ﬂ%wf

€h,gof

F(h)o F(go f) === F(hogo[)

4. F respects vertical composition of 2-morphisms, that is, for every pair of

2-morphisms o : f — f  and 8 : g — ¢ then

F(Boa)=F(f)oF(a),

5. F respects horizontal composition of 2-morphisms, that is, for every pair of

2-morphism « : f — f" and B : g — ¢ the following diagram

Flg)o F(f) 2229 7(¢) o F ()
ﬂegyf ﬂag’,f’
Flgof) =222 F(g'o ).

commutes.

Definition 2.1.10. Consider two 2-categories C and D. A 2-functor F : C — D
is a correspondence that takes objects to objects, 1-morphisms to 1-morphisms
and 2-morphisms to 2-morphisms, such that all compositions and all identities are

preserved.
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The following notion of a site of a category will be important to define sheaf

cohomology later.
Definition 2.1.11. If C is a category then C; is a site, where J is a Grothendieck
topology, and J is a Grothendieck topology if:

1. (Existence of fibered products). X — Y, Z — Y in J then X xy Z — X.

2. (Stability under base change). For any ¥ — X and for every {X, — X}

covering, {X, Xxx Y — Y} is a covering.

3. (Local character). {X, — X} in J and {Xg, — X,} in J then {Xz, —
X, — X}isin J.

4. (Isomorphism). If Y — X is an isomorphism, then {Y — X} is in J.
Example 2.1.12.
1. In Top a site can be considered with all the topological spaces with open
coverings.

2. In Diff a site can be considered with all the smooth manifolds and local

diffeomorphisms.

2.2 Simplicial sets

Some basic concepts of simplicial homotopy theory are relevant for the study of

stacks and their cohomology. Most of this information can be found in [26, 43, 52|.

Definition 2.2.1. A simplicial set is a graded set K, such that K, is a set for each
q=0,1,... together with face maps 0; : K; = K,_1, 0 <1 < ¢, and degeneracy
maps o; : Ky = Kg41, 0 <@ < g, which satisfy the following identities:

1. 0,0, = 010, if i < J,
2. 0,0 = 04105 if ¢ < j7

3. 81'0'j = O'jflai ifi < j>

8jaj =1id = 8Z-+1aj,
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&Jj = O'jai_l if i > j + 1.

Remark 2.2.2. Consider A the category of finite ordinal numbers. That is, if
[n] € A we have that [n] = (0 < 1 < ... < n) and morphisms given by 0 : [m] —
[n] order-preserving set functions. We can simply say that a simplicial set is a

contravariant functor X, : A% — Sets.

Definition 2.2.3. A simplicial map f : Ko — Lo is a map, such that for each
degree ¢ there is f, : K, — L, and these functions commute with the face and

degeneracy maps. That is,

fqai = az‘fq—l—l
fqgi = Uifq—l-

Example 2.2.4. Let A" = {(tg,...,t,) | 0 <t < 1,3t = 1} C R* the
standard n-simplex. By a singular n-simplex of a topological space X we mean a
continuous function f : A™ — X. We consider S, (X), namely the set of singular
n-simplices of X, and the graded set S(X) of all singular simplices is called the total
singular complex of X. S(X) is a simplicial set if we define face and degeneracy
maps by:

(O F)to, .- stu1) = fto, .- tio1,0,t5, .. tu_1)

and
(")t .. tnr) = flto, .. tici, ti +tigt, tivos oy bng)-

Definition 2.2.5. For a simplicial set X,, its geometric realisation is the quotient
space
[ Xe| =lp = X| = U AP X X[ ~
peN
with the identifications (9',x) ~ (t,0;z) and (07t,z) ~ (t,0;z) for any = € X,
te AP~ 4 7=0,...,n and p.

If we only use the identifications (9, z) ~ (¢, 0;x), the resulting set is called fat

geometric realisation and it is denoted by || X, or ||p — X, ||.

Definition 2.2.6. A bisimplicial set X, o is a simplicial object in the category of

simplicial sets or as a functor given by:
Xeo : AP x A? — Sets.

The set of X, , has bidegree (m,n), where m is the horizontal degree and n the

vertical degree.
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Remark 2.2.7. In this way, a bisimplicial set has vertical and horizontal face maps,

as vertical and horizontal degeneracy maps that commute with each other.

2.3 Smooth manifolds

In this section we give some definition and relevant results on the de Rham com-
plex, Borel model and Cartan model for equivariant cohomology. A good overview
on this subject can be found in [10, 12, 61].

2.3.1 Smooth maps

The category of smooth manifolds and smooth maps is denoted by Diff. We recall

some important morphisms in this category.

Definition 2.3.1. A smooth map f : M — N is a diffeomorphism if there exists an
inverse smooth map for it, and a smooth map f’ : M — N is a local diffeomorphism
if every m € M has an open set U such that f'(U) is open in N and f’ |: U —
f/(U) is a diffeomorphism.

Definition 2.3.2. Let M be a smooth manifold and v : R — M a smooth curve
with v(0) = p (7 need only be defined in a neightborhood of 0.) Let f : U — R be
smooth where U is an open neightborhood of p. Then the directional derivative
of f along v at p is

D) = S FO(0) lemo

The operator D, is called the tangent vector to y at p. For two such curves v and

7" we regard D., = D., if they have the same value at p on each such function f.

Definition 2.3.3. If M is a smooth manifold and p € M, T,M denotes the vector

space of all tangent vectors to M at p.

Definition 2.3.4. If f : M — N is a smooth map between two smooth manifolds
then we define the differential of f at p € M to be the function

f* : TpM — Tf(p)N

given by f.(D,) = Djos.
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Definition 2.3.5. A wvector field on a smooth manifold M is a function & on M,
such that £(p) € T,M and which is smooth in the following sense: Given local

coordinates x1,...,x, near p € M, one can write

£ S ailp)d)0x
i=1
and smoothness of £ means that the a; are smooth functions.

For a smooth manifold M of dimension n put TM = |—|p€ v IpM. This is the set
of all ordered pairs (p,§) where ¢ € T,M. There is a projection 7 : TM — M.
Let ¢ : U — U’ C R™ be a chart giving the local coordinates x1,...,x, near
p.Then any tangent vector at a point of U is of the form ) . a;0/0;. Therefore
71 U) =2 U xR*" 2 U x R" and a specific map is

(pom)x ¢ 7 H(U) = U x R"

taking v € T,M to (¢(m(v)), d«(v)) = (¢(p), ¢« (v)). We can take this as a chart to
TM. Ifvp : V — R™ is another chart on M so that § = v¢~ ! : ¢(UNV) — »(UNV)
is the transition function, then the corresponding transition function on T'M is
0 x 6,. This makes T'M into a smooth 2n-manifold, called the tangent bundle of
M. A wvector field £ in M is then just a smooth section of this bundle. That is, it
is a smooth map £ : M — T'M such that m o & = Idy,.

Definition 2.3.6. A smooth map f : M — N is called a submersion if f, :
TonM — Ty N is surjective for each point m € M. If f, is injective, f is called

an tmmersion.

Example 2.3.7.

1. If My, ..., M, are smooth manifolds, each projection m; : My x---x M, — M;

is a submersion.

2. If f is a local diffeomorphism then f is a submersion and an immersion.

Thus smooth covering maps are submersions and immersions.

We recall some useful properties of a submersion map, since these properties are
a first approach for the concept of an atlas of a differentiable stack. These are the

following:
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Proposition 2.3.8. [38, 7.16/
Let f: M — N be a submersion. Then the following holds:

1. f is an open map.
2. FEvery point of M 1is in the image of a local section of f.
3. If f 1s surjective then it is a quotient map.

4. For any smooth map g : P — N the pullback space g*(P) = {(p,m) €
P x M | g(p) = f(m)} induced by g is a smooth manifold.

Remark 2.3.9. The last property follows because a submersion is transversal to

every smooth map. For further details see |12, 15.2].

2.3.2 De Rham complex

The de Rham complex of a manifold allows us to get information about the topol-
ogy and geometry of a smooth manifold via differentiable forms. For example, we
can compute its cohomology directly using the calculus of differentiable forms. In
fact, singular cohomology (with real coefficients) and de Rham cohomology are
the same via the classical de Rham theorem (see for example [12, V.9.1] ). For

this section we recall some results on the de Rham complex and we follow [10].

For a complete construction of a differential p-form and the exterior derivative on
smooth manifolds, we follow [10, 12, 38, 61]. With these concepts, we get that:

Let M be a smooth manifold.

Definition 2.3.10. A differential p-form w on M is a differentiable function which
assigns to each point x € M, an element in w, € AP(T, M) where AP(T,M) is the

vector space of all alternating multilinear p-forms on T, M.

Remark 2.3.11. We denote the vector space of all differentiable p-forms on M by
QP(M). Note that Q°(M) is the space of all real valued smooth functions on M.

Definition 2.3.12. If f : M — N is smooth then the pullback map f* : QP(N) —
QP(M) is defined by

Frlo)Xags - Xp,) = w(fu(Xay), - ful(X,)

where X, ,...,X,, are tangent vectors to M at x. On functions f*(g) =go f.
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Definition 2.3.13. The exterior derivative on a smooth manifold M of dimension
n is an operator dgg : QP(M) — QPTH(M) defined as

1. If f € QM) then it is locally defined as

)
dde = Z ajdl’z S QI(M)
i=0 *

2. If w e QP(M) with a local form given by w = ) frdx; then

dgrw = de[ Ndxy € Qp+1<M)_

Proposition 2.3.14. [12, V.2.2] For the exterior derivative one has that
ddR O ddR =0.

Definition 2.3.15. Let M be a smooth manifold of dimension n. The de Rham
complex consists of the collection Q*(M) of differential forms on M and can be

graded as
(M) = P
p=0

where QP (M) is the collection of differential p-forms with the exterior derivative

dgr on smooth manifolds such that
ddR : QP(M) — QP+1(M)
for each p.

We recall some functorial properties of the de Rham complex.

Proposition 2.3.16. [61, 2.25] Let f : M — N be a smooth map. The pullback
map f*: QUN) — QUM) commutes with the differential operator dyr, for each q

and * is a contravariant functor over Diff.

Based on |61, Chapter 2|, we recall the following useful definitions and properties.

Definition 2.3.17. [61, 2.21] The interior multiplication with X € TM, where
TM is the tangent space of M, is an operator tx : Q¥(M) — QF1(M) whose
value at z € M is given by

(//XCU(X/Q, . 7Yk>) |$: LX|xw:E(}/2 ‘17 LI 7Yk |:E) == ww(X ’:qu }/2 ‘17 L 7Yk) ’:p)
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Proposition 2.3.18. Foreach XY € TM, txoty = —tyoiryx. Henceitxoirx = 0.

Also, it is important to know the relation between the interior multiplication and

the Lie derivative.

Definition 2.3.19. The Lie derivative is defined as

d
Lxw= — *w
X di tZOSOt

where X € TM, and ¢ : U C R x M — M is the flow of the vector field X,
that is, ¢/(t,2) = X (¢(t,)) which is uniquely defined on an open neighborhood
of 0 € R for any x € M, see 36, IV.1].

Some of the Lie derivative properties are useful for us later and given by the next
proposition.

Proposition 2.3.20. /61, 2.25] Let X € TM then

1. Lx(f) = df(X), for [ € C=(M).

2. ,CX:dOLX—i-LXOd.

2.3.3 Lie groups and Lie algebras

As we will be concerned with actions of Lie groups on differentiable stacks, it is
convenient to present some properties related to Lie groups and Lie algebras. More

details about this discussion can be found in [61].

Definition 2.3.21. A Lie group is a smooth manifold GG, which has the structure
of a group and the map

GxG—=G
(9.h) = g-h~"
is a smooth map.
Definition 2.3.22. A Lie algebra g over R is a real vector space with a bilinear

function [, | : g x g — g such that:

1. [x,y] = —[y, =], anti-commutativity.
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2. [[z,y], 2] + [y, 2], z] + [[z, 2], y] = 0, Jacobi identity.
The important relation between Lie group and Lie algebras is based on the fact

that we can assign to each Lie group G a Lie algebra g.

Definition 2.3.23. The Lie algebra g associated to a Lie group G is defined as
the Lie algebra of left invariant vector fields of G.

Remark 2.3.24. The Lie algebra associated to a Lie group can be considered as

the tangent space at the identity of the Lie group. See [61, 3.8|.

Definition 2.3.25. A Lie group action on a smooth manifold M is an action of
a group G on M such that p: G x M — M is a smooth map. The action is free

if for all m € M, gm = m implies g = e, where e is identity in the group G.
Remark 2.3.26. We usually write pu(g, m) as g - m when the context is clear.

Definition 2.3.27. Let p: G x M — M and v : G x N — N be two Lie group
actions on the smooth manifolds M and N, respectively. A map f: M — N is
called an G-equivariant map if f(u(g,m)) = v(g, f(m)).

Let us also consider the next result concerned with the case of simply connected

Lie groups.

Theorem 2.1. [29, I1.3.1.5][33, 1.4] Let G be a Lie group. For every X € g there
is a unique smooth homomorphism expx : R — G such that d(expx)(0) = X.

So we can define

Definition 2.3.28. The exponential map is defined as
exp:g— G
X — exp(X) = expy(1).

It is good to remember that

Theorem 2.2. [61, 3.532] If p : H — G is a homomorphism, then the following

diagram

H— G
exp]\ )I\exp
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commutes.

Consider the action of G on itself, which is given by conjugation, that is p :
G X G — G and defined by pu(g,h) = ghg™'. Then the identity is a fixed point of

this action. We recall

Definition 2.3.29. The adjoint representation is given by

Ad: G — Aut(g)

g — dpe
TeG=g

and the adjoint action is given by
Gxg—g

(9, X) = Ady(X)

Definition 2.3.30. Let G be a Lie group and M a smooth manifold. Suppose
that G acts on m € M and X € g. The fundamental vector field of X on M is
defined as

d
X*(m) = 7 (exp(tX)-m) € T,, M.
t=0

2.3.4 Principal G-bundles

The category of principal G-bundles provides some of the main examples of dif-
ferentiable stacks (see example 3.1.4 and definition 3.1.11), and the existence of
universal principal G-bundles and the classifying space is important in the con-
struction of the Borel model for equivariant cohomology and also in the general
theory of characteristic cohomology classes. For this, we mainly follow [31] and
[56].

Definition 2.3.31. Let F be a smooth manifold with a Lie group action pu :
G x E — E. Consider M a smooth manifold and a smooth map = : £ — M.
(E,7,Q) is a principal G-bundle over M if:

1. There is an open covering {U; | i € I} of M and G-equivariant homeomor-

phisms ¢y, : G x U; — 7 'U; such that the diagram
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U U x G
l/

commutes.
2. w(g-f)=n(f)forge Gand f € E.

3. If f, f' € 71 (m) then there exists a unique g € G such that f-m = f".

The pair (U;, ¢;) is called a local trivialisation. The collection of all local triviali-
sation {(U;, ¢;)} on M is called an atlas of (E,m,G).

For any atlas (U;, ¢;) of a principal G-bundle (E, 7, G) over M, we restrict ¢; and
¢; to U;NU; and we get a unique map g, ; : U; N U; — G, the so-called transition
function, such that ¢;(b,y) = ¢i(b, g; j(b)y) for (b,y) € U;NU; x M. The functions
gi,; on U; N U; have the following properties:

e For each b € U; N U; N Uy, we have the relation g; () = g:;(0)g;x(b).
e For each b € U; we have g;; = idg.
e For each b € U; N U; we have g, ;(b) = g;.:(b)".

Definition 2.3.32. Two systems of transition functions {g;;} and {g; ;} relative
to the same open covering (U, ¢;) of a smooth manifold M are equivalent if there

exist maps 7; : U; — G satisfying the relation g ;(b) = 7:(b) ' g ;(b)7;(b).

Theorem 2.3. [31, 5.2.7] Let (E, 7, G) and (E', 7', G) be two principal G-bundles
over M. If there is an atlas (U;, ¢;) for m with transition functions {g; ;} and an
atlas (Us, ¢;) for ©' with transition functions {g;;}, then 7 and 7' are isomor-
phic over M if and only if {gi;} and {g;;} are equivalent systems of transition

functions.

Definition 2.3.33. Consider (F,7,G) and (E', 7', G) two principal G-bundles
over M and M’, respectively. A morphism of principal G-bundles is a pair (u, f)
of two smooth maps, where v : E — E’ is an equivariant map and f: M — M’ is

a smooth map such that the diagram
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commutes.

Remark 2.3.34. The category of principal G-bundles over M will be denoted by
BG(M).

Example 2.3.35. If we consider the action p: G X G x M — G x M given by
w(g,g',m)=(g-g,m), where M is a smooth manifold and G is a Lie group, then
the second projection my : G x M — M forms a principal G-bundle. This principal
G-bundle is called the product principal G-bundle.

Example 2.3.36. Let H be closed subgroup of a Lie group G. If we consider the
action p : H X G — G such that p(h, g) = hg, then the smooth map 7 : G — G/H
forms a principal H-bundle (G, 7, H) over G/H.

The next example is known as the quotient manifold theorem. To see more details
follow [31, 4.4.1] and [38, 9.16].

Example 2.3.37. Let M be a smooth manifold and GG a Lie group that acts on
M freely and properly. We get that M/G is a smooth manifold and the map
p: M — M/G is a submersion and (M, p, G) is a principal G-bundle over M/G.

Definition 2.3.38. A principal G-bundle (E,m, G) over M is a trivial principal
G-bundle if it is isomorphic to the product principal G-bundle.

Definition 2.3.39. Let (E,m, G) be a principal G-bundle over M. A local section
of the principal bundle 7 is a smooth map s : U — E, where U is an open set of
M such that 7o s =1dy. If U = M, the section is global.

Proposition 2.3.40. /31, 4.8.3] A principal G-bundle (E,m, G) is trivial if and

only if it admits a global section.
Theorem 2.4. [31, 4.53.2] Every morphism in BG(M) is an isomorphism.

Example 2.3.41. Let (F, 7, G) be a principal G-bundle over M such that 7 is a
submersion and f : N — M a smooth map, then we can get a principal G-bundle
called pullback of f given by f* : f*(E) — N where f*(F) = {(e,n) € E x N |
m(e) = f(n)} and f*(e,n) = n. Since 7 is a submersion for transversality, f*(E) is
a smooth manifold and 7* is a smooth map. G is acting on f*(E) by the induced
map of the action of GG in the first component. Notice that we have that the

diagram
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commutes.

Proposition 2.3.42. [31, 2.5.5. & 4.4.2] Consider a principal G-bundle (E,m, G)
over M, a smooth map f : N — M and the canonical morphism of principal G-
bundles (ms, ) between the pullback f* and w. If there is a principal G-bundle
(E', 7', G) over N with a morphism of principal G-bundle from 7' to 7, then there
exists a morphism of principal G-bundle (o,idy) from 7' to f* such that f*o =
7' and the principal G-bundle given by 7' and f* are isomorphic. Finally f* :

BG(M) — BG(N) is a functor.

Definition 2.3.43. A principal G-bundle (E, 7, G) over B is numerable if there
is a numerable cover {U;}ic; of B such that 7 |g: p~1(U) — U is trivial for each
1€ .

Definition 2.3.44. Let (£, 7,G) be a numerable principal G-bundle over B. 7
is a universal principal G-bundle if for each principal G-bundle (E,p, G) over M
there exists a unique up to homotopy continuous map f : M — B such that p is

isomorphic to the pullback principal G-bundle induced by f.

Remark 2.3.45. Universal principal G-bundles can be characterized as a principal
G-bundle (E, 7, G) over B, where G acts freely on E and E is contractible. See
[44, 23.8].

We recall that a Hausdorff space B is paracompact if and only if each open covering
is numerable. As every smooth manifold is a Hausdorff space and paracompact,
we have that any principal G-bundle over a smooth manifold is numerable, so we

have the next result by Milnor [48].

Theorem 2.5. (Milnor)[48, Section 3] Let G be a Lie group then there exists a
universal principal G-bundle (EG, p, G) over BG, where G is acting freely on EG.

Remark 2.3.46.
1. BG is called a classifying space, since each principal G-bundle over M is

isomorphic to a pullback principal G-bundle of a map from M to BG up to
homotopy.
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2. There are several models for FG and BG. The most relevant model for our
current discussion makes use of simplicial smooth manifolds, it is going to
be stated later in the example 2.4.20 and also can be found in [19, Ch.5
Example 3|.

2.3.5 Simplicial smooth manifolds

Due to the interplay between simplicial smooth manifolds, Lie groupoids and dif-
ferentiable stacks, as we will explore in sections 3.3 and 3.4, it will be necessary to
recall here some properties of the homotopy theory of simplicial smooth manifolds.
For this, we follow [18]| and [19].

Definition 2.3.47. A simplicial smooth manifold is a simplicial set X,, where
every X, is a smooth manifold, and all face and degeneracy maps are smooth maps.
A simplicial smooth map between simplicial smooth manifolds is a simplicial map

such that f, is a smooth map for each g.

Remark 2.3.48. We can see a simplicial smooth manifold as a functor
X, : A? — Diff

Example 2.3.49. Let G a Lie group and p: G x M — M a Lie group action. We
consider the set of smooth manifolds given by {G? x M}, and G =G x --- x G
the Cartesian product of p copies of G. We take the face maps as

60(917--'79177'27) = (927"'791)’37)

ai(gla <. 7gp7$) = (917 ey 9i-1,9i9i4+1, Giv2, - - - agpax) fOI' 1 S 1 S P — 1

ap(gla SR 7gp7$) = (g17 <o 9p—1,9p * .CL’)

and degeneracy maps as

O-i(gla s 7gp7x) = (917 -3 9056, Gi 15 - - '.gpvx)

so they are smooth maps and satisfy the conditions that make {G? x M},>o a
simplicial manifold. An important property for us occurs with the face maps with
domain GG x M, because 0, is the projection to the second component and 0, is

the action pu.
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In the same way, as in simplicial sets we can get the geometric realisation and
the fat geometric realisation for simplicial smooth manifolds. These geometric

realisations are quotient spaces.

Example 2.3.50. The fat geometric realisation of the simplicial smooth manifold
{G? x M} is a model for EG x M/G. If M is a single point, we have that the fat
geometric realisation is a model for BG and in the case M = G we get a model
for EG. Further details can be found in [19, Ch.5 Example 3|.

There exists an analogue version for group actions on simplicial smooth manifold.

Definition 2.3.51. Let G be a Lie group and X, a smooth simplicial smooth

manifold. A simplicial map
te : G X Xqg — X,

is a smooth action of G on X,, if u, : G x X,, = X, is an action for the smooth
manifold X,,.

For a simplicial smooth manifold we have a notion of covering as well. Compare
with [20, A.2].

Definition 2.3.52. A covering V of a simplicial smooth manifold X, is a collection
of open coverings V,, = {V,,.a}aer for every smooth manifold X,, such that it is
compatible with face maps, that is, if z € V}, o then 0;(z) € V,,—1 4,(a) for 0 <@ < n,
where d; : I — I with the same compatible conditions as face maps on a simplicial

set.

For simplicial smooth manifolds, we can associate a de Rham complex in the

following way.

Definition 2.3.53. Let X, be a simplicial smooth manifold. The de Rham com-

plex for a simplicial manifold is the complex given by

Ct= P (X

p+n=k

with differential operator D = dyr + (—1)P0, where dyp is the exterior derivative
and 0 = Y_.(—1)'9; the alternate sum of pullback of face maps. The cohomology
defined by this complex is the simplicial de Rham cohomology of X,, and it is
denoted by Hjp(X,).
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The relation between simplicial de Rham cohomology and singular cohomology is

given as:

Theorem 2.6. [18, 2.8] There exists an isomorphism such that
Hip(Xe) = H*(|| X[, R).

Definition 2.3.54. A bisimplicial smooth manifold is a functor
Xeo 1 AP x A — Diff.

Example 2.3.55. Let G be a Lie group acting on a simplicial smooth manifold
X.. Consider the set {G? x X™}. This can be considered as a bisimplicial smooth

manifold with the followings face horizontal maps
aéq(gl?' .. 7gp71;> = (927 s 7gn7$)

O g1y -y 9ps®) = (1, - - - Gim1, GiGit1 Git2s - - -, gy @) for 1 < i <p
a;)q(glw .. 7gp7x) = (gla s 7gn—1vgnl‘)

and degeneracy horizontal maps

U}{(gla oo 79}07*1') = (gla <3 956,901, - - -gp7x>

Meanwhile, face and degeneracy vertical maps are the induced maps by the face

and degeneracy maps of X,,.

Definition 2.3.56. Let X, , be a bisimplicial smooth manifold. Its fat geometric

realisation is the quotient space

| Xeall= TT (A™ % A" x X000/ ~

m,n>0

where the equivalence relation is given by

(0" x id x id)(t,s,x) ~ (id x id x &;)(t,s,x)
for any (t,s,7) € A™ ' x A" x X,,,, and

(id x 0" x id)(t,s,x) ~ (id x id x 9})(t, s, x)

for any (t,s,2) € A™ x A" x X, ..

)



Preliminaries 27

In [52] it is shown that the geometric realisation for a bisimplicial smooth manifold
can be calculated, considering the diagonal geometric realisation or working with
any horizontal or vertical degree first. The next result is going to be fundamental
for our current discussion, since this allows us to relate the fat geometric realisation
of a simplicial smooth manifold with the one of a bisimplicial smooth manifold.
Thus we can use bisimplicial smooth manifolds to get results for the homotopy

theory of simplicial smooth manifolds.

Proposition 2.3.57. [52, Lemma p.86] There are homeomorphisms
| Xeo =l 0= Xpp 1= =l g = Xpg 1= g =l 0= Xpg lll] -

Example 2.3.58. If we consider the bisimplicial smooth manifold {G* x X,}

defined in the example 2.3.55, we get that its fat geometric realisation is given by

[ p=lln—=G"x Xy [[[=]p— "< || X, [[|= EGx || X, || /G.

In the same way, as for simplicial smooth manifolds, we can define a de Rham

complex for a bisimplicial smooth manifold.

Definition 2.3.59. Let X,, be a bisimplicial smooth manifold. The de Rham

compler C* is defined as

Ct= P (X

m+n+p=~k

with differential operator D = dyr + 0 + 0’, where dyp is the exterior derivative, 0
is the alternate sum of horizontal face maps, and @ is the alternate sum of vertical
face maps. This cohomology is called de Rham cohomology for the bisimplicial
smooth manifold X, ., and denoted by H}p(Xe.).

In addition, we have a similar result as for simplicial smooth manifolds.

Theorem 2.7. [21, p.40] There exists an isomorphism such that

Hip(Xeo) = H ([ Xooll, R).
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2.3.6 Equivariant cohomology

The idea of equivariant cohomology is important when looking for a good notion
of cohomology for the quotient space M/G, when G is a Lie group acting on a
smooth manifold M. We know that this quotient is not always a smooth manifold
and the cohomology might not be well-defined. For our current discussion we recall
two models. The first one is the Borel model, built from topological properties,
and the second is the Cartan model, built from geometric properties. We follow
here |27, Ch.1],[34], [35], |7, Ch.7], [39] and [23].

Let G be a compact Lie group and M a smooth manifold with a smooth action
w:Gx M — M.

The idea of Borel model is trying to get a space E with the following two conditions:

e F' is contractible.

e There is a free actionv: G X F — E.

So, we can consider the action:

0:GxExM-—FExM

(g, f,m) = 0(g, f,m) = (v(g, f), u(g, m))

which is a free action, because if (f,m) = 0(g, f,m) = (v(g, f), u(g,m)) this
implies that ¢ = e is the identity in G. Thus, we have the smooth manifold
E x M/G and we denote it also as E xg M.

Proposition 2.3.60. Let G be a Lie group acting freely on a smooth manifold M.
If there are two contractible spaces E, E' with free actions by G, then

H*(E xg M,R) = H*(E' x¢ M,R)

Proof. Since F and E’ are contractible, we can consider the universal principal G-
bundles (E,p,G) over E/G and (E',q,G) over E'/G. Thus we get G-equivariant
isomorphisms ¢ : £ — E" and ¢ : E' — E such that ¢ o1 ~ idg and 1o ¢ ~ idg,
that is, they are homotopic between each other. As cohomology is invariant under

homotopy equivalence, we set the result. [
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The Borel model for equivariant cohomology is independent of the choice of E.
In the subsection 2.3.4, we get the space EG, which is related with the universal
G-bundle p : EG — BG, and this space has the properties required for the Borel

model. So we say that

Definition 2.3.61. The equivariant cohomology of a smooth manifold is defined
as
H{(M) = H"(E x¢g M,R).

This model is called the Borel model.

Example 2.3.62. Let GG be a Lie group with a free smooth action on the smooth
manifold M. As EG is contractible, we get

HE(M) = H*(M/G).

The next model is the Cartan model and is formed by equivariant forms, see [14],
[34, 2.4]. For this, let G’ be a compact Lie group and a smooth action on M given
by p:Gx M — M.

Definition 2.3.63. An equivariant form of a smooth manifold M acted on by the
compact Lie group G is a polynomial function a : g — Q*(M) such that

g ——— Q(M)

lAdg lg

g ——— Q'(M)

that is, a(Ad,X) = ga(X). Here g is the Lie algebra of G and ga is given by
the pullback in differential forms of the smooth map p, : M — M such that
fg(m) = g -m. The set of equivariant forms is denoted as Map(g, 2*(M)).

Remark 2.3.64. « is a Q*(M)-valued polynomial function from g to Q*(M). This

construction comes from the Weyl algebras as it is done in 27, 3], [47, 5].
We can induce an action on Map(g, 2*(M)) in the following way
v : G x Map(g, Q" (M)) — Map(g, 2" (M))

(9, ) (X) = v(g, @)(X) = ga(Ady-1 X)

for any X € g.
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Proposition 2.3.65. Consider the action
v : G x Map(g, " (M)) — Map(g, 2" (M)).

a is an equivariant form if and only if o is invariant for the action v.

Proof. We suppose that o is an equivariant form then v(g, o)(X) = ga(Ad,1 X) =
g(gHa(X) = a(X), then « is invariant.

If we have that « is invariant then v(¢7!, a)(X) = ¢ 'a(Ad,X) = a(X), that is,

a(Ad,X) = ga(X). Then « is equivariant. [

Now we consider the morphism
de - Map(g, 2" (M)) — Map(g, Q2"(M))

given by dg(a)(X) = dar(a(X)) — tx#a(X), where dgg is the exterior derivative
of differential forms, and ty# is the interior multiplication by the fundamental
vector field X7.

Proposition 2.3.66. The morphism dg is well defined and d%, =0

Proof. To see that dg is well defined, we need to check that dg(« (X)) is equivariant
form. Firstly, it is a polynomial function since dyg is only applied in the elements
of 0*(M) and i% is applied as well in the elements of Q*(M) but in this case we get
elements with a one degree least in Q*(M) but with one degree plus as polynomial

function, compared with the one at the beginning.

Secondly, to check that is equivariant we take g € G,
dga(Ang) = ddR(a(Ang)) — L(Ang)#Oé(Ang)

= dar(90(X)) = gix#g~ ga(X) = gdar(a) — gixsa(X)

as we want.

On the other hand,
dg () (X) = dip(a)(X) — (dartx#(@)(X) + ix#dar(a) (X)) + 154 (@) (X)

:,Cxa/
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since d3, = 0, Li# = 0 and the Lie derivative Lxa = dgptx# + tx#dgr. As a(X)

is invariant we have that Lyxa = 0. Therefore d% =0. [

As an equivariant form a : g — Q*(M) is a polynomial, we can consider it as an
element in (S*(g¥)®@Q*(M))%, where g is the dual of the Lie algebra g and S*(g")
its symmetric algebra. The algebra of equivariant n-forms can be expressed as the

algebra of invariant forms:

() = @) (55" @ ().
2k+i=n
We notice that the degree of an equivariant form is twice the degree of the poly-
nomial plus the degree of the differential form. In this way, the morphism d;r
increases the degree by one. Meanwhile, 1 y# increases the degree of the polyno-
mial by one and the degree of the form decreases by one. Therefore the degree of

d¢ increases by one, and (Q% (M), dg) is a complex.

Example 2.3.67. If we consider the trivial action of the Lie group G on the point
pt, we get that
He(pt) = S(gY).

The Borel model and the Cartan model have a strong interplay. The next result
is due to Cartan in [14].

Theorem 2.8. (Cartan)[14] If G is a compact Lie group acting on a smooth com-
pact manifold M, then the complex of equivariant forms computes the equivariant
cohomology in the Borel model, i.e., the Cartan and Borel model give isomorphic

cohomologies.

2.4 Lie groupoids

The category of groupoids play an important role in the definition of stacks that
we are going to provide later. In this section we give definitions of Lie groupoids

and their morphisms following [41] and [42].

A groupoid is a small category in which every morphism is an isomorphism. How-

ever, we can provide a more structural definition, as follows:
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Definition 2.4.1. A groupoid consists of two sets I'y and I'g, and some functions

s,t : 'y — I'g, the source and the target map, respectively. Also, there is a map
1: FO — Fl

m— 1,

called inclusion map. There exists a multiplication
'y xg0 I't = Iy

(h,g) — hg

where I'; x4, 'y = {(h,g) € I'1 x I'1|s(h) = t(g)} such that:

1. s(hg) = s(g) and t(hg) = t(h) for any (h,g) € I'; x5 I'1.

2. j(hg) = (jh)g for any j, h,g € I'; such that s(j) = t(h) and s(h) = t(g).
3. s(1;) =t(1,), for all x € T.

4. glyg) = g and lygg = g for all g € T'y.

5. For each g € Ty there is an inverse g~! such that s(¢71) = t(g), t(¢g7') = s(g)
and g_lg = 18(9)7 gg_l = 1t(g)'

Remark 2.4.2.

1. A groupoid T'; over I'y is denoted by I' = (I'y = T'y).
2. Elements in I'y are called arrows and elements in I'g are called objects.
3. The arrow 1, is called the identity of x, for any x € Ty.
Proposition 2.4.3. /42, 1.1.2] Let T" = (I'1 = ['y) be a groupoid over I'y. Con-
sider g € T'y with s(g) =z and t(g) = y.
1. If h € I'y with s(h) =y and hg = g then h =1,. If j € I'y with t(j) = = and
gj] =g then j = 1,.

2. If h € Ty with s(h) =y and hg = 1, then h = g~'. If j € G with t(j) =z

and gj = 1, then j =g~ "
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Example 2.4.4. Let M be a set. Consider I'1 = M x M with s(a,b) = a,
t(a,b) = band p: 'y xs¢ 'y = I'y such that ((a,b), (b, c)) = (a,c). In this case,
we have 1 : M =Ty — I'; given by 1, = (z,x).

Definition 2.4.5. A Lie groupoid T' = (I'y = T'y) is a groupoid where I'; and
I'y are smooth manifolds such that s,t are surjective submersions. 1 and the

multiplication are required to be smooth.

Remark 2.4.6. Ty x4,T'; = (sxt)"*(Ar,) is a closed embedded smooth submanifold
of I'y x I'y where Ap, is the diagonal of I'y x I'y, since s and ¢ are submersions.
Compare with [12, I1.15.2].

Remark 2.4.7. We can define a topological groupoid I' = (I'y = I'g) where I'y
and 'y are topological spaces and the source, target and multiplication maps are

continuos.

Proposition 2.4.8. [42, 1.1.5] LetT" = (I'y = I'y) be a Lie groupoid over I'y. The

inverse function i(g) = g~ ' is a diffeomorphism.

Example 2.4.9.

1. We can consider a smooth manifold M as a Lie groupoid (M = M) over
itself with s = t = id,;. Here, every element is a identity. A groupoid, where

every element is a identity, will be called the base groupoid. Observe that
M x4 M =Ay ={(z,y) € M x M| z=y}.

2. Let be M a smooth manifold and G a Lie group. Consider (M xGxM = M)
as a Lie groupoid with

s=m3: MxGxM-—M

(m,g,n) —n
t=m :MxGxM=M
(m,g,n) —m
1:M—>MxGxM
m+— (m,1,m)

and multiplication given by (z, h,vy')(y, g,z) = (2, hg, ) defined if and only
if y = ¢'. The inverse of (y,g,z) is (z,g7',y). We call this groupoid the
trivial groupoid over M with group G.
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3. Every cartesian product M x M is a groupoid over M and it is called the

pair groupoid.

4. Let ¢ : M — @ be a surjective submersion. Then
R(q) = M xq M = {(z,y) € M x Mlq(x) = q(y)}

is a Lie groupoid over M with respect to the restriction of the structure of

the pair groupoid. This Lie groupoid is called the banal groupoid induced
by q.

5. Let M be a smooth manifold. Then, the set II(M) of homotopy classes
<~y > of relative endpoints of smooth paths v : [0,1] — M is a groupoid
on M with respect to a(< v >) =7(0), f(< v >) =~(1), 1 : M — II(M)
mw— 1,, =< C,,, >, where C,, is the constant path in m. The multiplication
is the concatenation, and the inverse element is the reverse of the path. This

groupoid is called fundamental groupoid and it is a Lie groupoid, see [49,
5.1.6).

6. Let (E,q, M) be a vector bundle over M. Let W(E) denote the set of all the
isomorphism of vector spaces n : B, — E, for z,y € M. Then (¥(E) = M)
with the structure maps «(n) = z, f(n) = y and 1(z) = 1, = idg, is a
groupoid. If £ : £, — E, then the multiplication is given by £ o 7 and the
inverse of 7 is n~!. With this structure ¥(FE) is called the frame groupoid of
(E,q,M).

The smooth structure on W(FE) is induced by E. Consider an atlas {1 :
UxV — Ey} for E. For each i and j, it is defined

G Uy x GL(V) x Uy — W(E)y)

(yu A7 ZL') = %‘,y oAo wz_,zl
where each @D_f is a bijection and any (@/J_fg)*l o @/)_f is a diffeomorphism.

Definition 2.4.10. Let I' = (I'y = I'p) and [" = (I"} = I'{)) be two groupoids. A
morphism between I and I is pair (F, f) of maps F': 'y = I'), f : Ty — [, such
that o F'= fos, t'oF = fot and F(hg) = F(h)F(g) for any (h,g) € I'y x5, I';.

Remark 2.4.11. A morphism of groupoids is also a functor I' — I".

Definition 2.4.12. Let (F,f) : I' — I'" and (G,g) : I' — I'" be morphism of
groupoids. A 2-morphism of groupoids 0 : (F, f) = (G,g) isamap 0 : Ty — I'}



Preliminaries 35

such that 6 has the same properties as a natural transformation of categories, that

is, for any element in I'y with form xz, M Zr1 the following diagram

Flar) 22 F(ah)

H(Z‘k)l le(warl)

g(wk) G(¢—>) 9(Zrt1)

k+1

commutes.

Remark 2.4.13.

1. The category constituted by groupoids and groupoid morphisms, is denoted
by Grpds.

2. If ' and T are Lie groupoids then (F, f) is a morphism of Lie groupoids if
(F, f) is a morphism of groupoids, and both F' and f are smooth. The cate-
gory of Lie groupoids and Lie groupoid morphisms is denoted by LieGrpds.

For a 2-morphism 6 of Lie groupoids, 6 : I'y — '] is a smooth map.

Proposition 2.4.14. [42, 1.2.2] Let (F, f) : I' — I" be morphism of groupoids.
Then F(1,,) = 1ty and F(g~*) = F(g9)~" for allm € Ty and g € Ty.

Definition 2.4.15. A morphism (F, f) between groupoids I' = (I'y = T'y) and
IV = (I} = Ty), is an isomorphism of Lie groupoids if F' and f are diffeomor-

phisms.

Example 2.4.16. A morphism of trivial groupoids
F:MxGxM-— MxG xM

where F(y,g,2) = (f(y),0(y)l(g)0(x)~!, f(x)) with [ : G — G’ a morphism of Lie

groups and 0 : M — G’ a smooth function.

Definition 2.4.17. The nerve of a Lie groupoid I' = (I'; = T'y) is the simplicial

smooth manifold (T',,),en where

In={(g1,92,- - 9n) | 5(g;) = t(giy1) and g; € T'1,Viz1, 0}

with face maps

80(91’927 S 7gn) = (927 s agn)7
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ai(gl7927"'agn) = (917"'7gi'gi+1a"'7gn) for 0 <i < n,

8”(91a92, ce >gn) = (gb cee 7gn71)

and degeneracy maps

O-i(glﬂg% s 7g7l) = <g17 <y Gis 1S(gi)7gi+17 R 7gn)

For a Lie groupoid we can induce a covering for its nerve, as it was defined for
simplicial smooth manifolds in the definition 2.3.52. This was provided by |20,
A.2|.

Example 2.4.18. Let I'y be the nerve of the Lie groupoid I' = (I'y = T'y). If we
have an open covering V, = {V;} of Ty, we can induce a covering V, of T',, with

the following open sets

‘/ioilu-in = {(917927 s 7gn) : t(gl) S V;oa 8(91) € ‘/;17 ety 8(911) € ‘/zn}

~

and maps for indices given by di(io---in) =to ik in. If (91,92, -,9n) € Va,
we have

ao((gla ga, ... 7971)) - (.927 o 7gn) S Vn—l,do(a)
8i((91, g2, .. 79n)) = (917 s 9i-Git 1y - - - 7gn) € anl,di(a)

8n(<glagQ> s 7gn)) = (917 ) 7gn71) € Vn—l,dn(a)-

2.4.1 Two important Lie groupoids

The first important example for us is the following Lie groupoid:

Definition 2.4.19. Let ¢ : G x M — M be a smooth action of a Lie group on a
smooth manifold M. G x M = M is a Lie groupoid in the following way

s:GxM-—-M
(g,m) = m
t:GxM—-M

(g,m) = ¢(g,m) = gm

1:M—->Gx M
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m— (1,m)

with multiplication (ga, m)(g1,n) = (9291, n) if and only if m = gyn, The inverse of
(g,m) is (g7, gz). This groupoid is called the action groupoid or transformation

groupoid.

Example 2.4.20. Consider the action groupoid (G x M = M) where G is a Lie
group and M is a smooth manifold. The nerve is given by (G x M), where an
element in (G x M),, has the form (g1, 9293 - - G, 92, G394 " * Gy« -+ 5 Gy M) -
Thus we can define a diffeomorphism between (G x M), and G x ... x G x M
with n copies of G given by

O,: (GXxM),>Gx...xGxM

(9179293 Gy, 92,9394 - My, - - . 7gn7mn) = <gla s 7gn7mn)'

If we consider this diffeomorphism, the face maps are given by

80(91)927 s 7gn7m) = (927 s 7gn7m)a

8i(gl,gg,...,gn,m) = (g1, 9iGis1,- -5 Gn,m) for 0 <7 < n,

an(glaQQa ce >gnam) = (917 ce 7gn—17gnm)

and degeneracy maps by

O-i(ghg?? s 7gn7m) = (g17 < 30,6, Gi41, - - 7gn7m)'

Thus, the nerve of this groupoid coincides with the simplicial smooth manifold
defined on the example 2.3.49, and its fat geometric realisation is a model for
EG x M/G, when M is a point this is a model for the classifying space BG.
Compare with [19, Ch.5 Example 3].

Our next example was provided in the subsection 2.3.4.

Definition 2.4.21. The category of principal G-bundles over a smooth manifold
M is a groupoid, since each morphism between principal bundles is an isomor-
phism. The multiplication for the groupoid is the composition of morphisms and
the inverse function is given by taking the inverse morphism. This groupoid is
denoted by BG(M).
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Remark 2.4.22. This example will give us later one of the most important differ-
entiable stacks and it is going to be related with the action groupoid. See section
3.1.

2.4.2 Action of Lie groupoids and principal ['-bundles

The following definitions can be found in [49, 5.7].

Definition 2.4.23. Let ' = (I'y = Iy) be a Lie groupoid and M a smooth
manifold. A left action of I' on M along a smooth map € : M — Iy is given by a

smooth map
JUn Fl X1y M — M

(9,y) = (g, y) = gy

with T'y xp, M = {(g,y) € 't x M | s(g) = e(y)} which satisfies the following
identities:

o c(gy) = 1(9),

4 1e(y)y =Y,

e J'(gy) = (9'9)v,

for ¢, g € T'1 and y € M with s(¢’) = t(g) and s(g) = €(y).

Definition 2.4.24. A right action of the Lie groupoid I' = (I} = I{)) on a

smooth manifols M along a smooth map ¢ : M — [} is given by
M xp T — M

with M xp I = {(y,9) € M x T'} | t(g) = €e(y)} which satisfies the following

identities:

e <(yg) = s(9),
. yle(y) =Y,

e (y9)9' = ylg9),

for ¢, g € T'1 and y € M with ¢(¢') = s(g) and t(g) = €(y).
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Definition 2.4.25. Let I' = (I'; = I'y) be a Lie groupoid. A principal right T'-
bundle over a smooth manifold M is a smooth manifold P equipped with a map
m : P — M and a smooth right I'-action © on P along € : P — I'y which is
fibrewise with respect to m, that is 7w(pg) = m(p) for any p € P and any g € T';
with €(p) = t(g) such that

1. 7 is surjective submersion,
2. (pri,p) : P xr, 'y = P X P given by (p,g) — (p,pg) is a diffeomorphism.

Remark 2.4.26. We can talk about a principal left I'-bundle over a smooth man-
ifold beginning with a left action of a Lie groupoid I over M by changing the

details in the previous definition.

Definition 2.4.27. An equivariant map between principal right I'-bundles 7 :
P — M and 7' : P — M is a smooth map f : P — P’ which commutes with all

the structure maps, that is 7'(f(p)) = 7(p), € (f(p)) = e(p) and f(pg) = f(p)g for
any p € P, g € 'y with e(p) = t(g).

Remark 2.4.28. Also we get a definition for equivariant map for principal left
["-bundles.

Definition 2.4.29. Let I' = (I'y = I'y) and IV = (I} = I'}) be Lie groupoids. A
-V bibundle is a right principal I'-bundle £ — I'y over I'y and a smooth right
[V-action on E along ¢’ : E — I together with a left I'-action along € : £ — Iy

such that the two actions commute.

Example 2.4.30.

1. Let I' = (I'y = I'y) be a Lie groupoid. We have that I'; is a principal I'-
bundle over I'y with projection given by the target map along the source
map. We call this the unit bundle of T'.

2. Let P — M be a principal I'-bundle. If we have a smooth map f: N — M
then the pullback N x,; P is a principal ['-bundle over V.

3. Let I' = (I'y = I'g) be a Lie groupoid. If we have a smooth map av: M — Ty,
there is a principal I'-bundle that is the pullback of « for the unit bundle of
I'. This bundle is called the trivial bundle.

Proposition 2.4.31. [/9, 5.34.4] Let ' = (I'y = ['y) be a Lie groupoid over I'y.
Any principal T'-bundle is locally trivial.
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2.5 Spectral sequences

When we try to find some properties that relate different cohomology theories or
properties that show some facts about a specific cohomology theory via successive
approximations, spectral sequences are a very useful tool to work with. In this

way, we recall some ideas from [27, Chapter 6] and [45, Chapter 2].

Let

C=pcre

DP,qEL

be a double complex of vector spaces with differential operators
d:CPtl— CPatl § . Ccp1 — CPtla
satisfying
d*=0,6> =0 and dd + dd = 0.

The associated total complex is defined by C" = @ CP*9 with differential d+0 :
ptg=n
C™ — C™*1. Hence we can look at the filtration C7' = @@  CP? of C"*! with
p+Hq=n,p>k

7} ={2€C}(d+d)z =0} and B" = (d +6)C"*

Then the map
Zr — 72 /(BN ZY)

gives a decreasing filtration
...CHy ,CH;CH, C...

of H"(C,d + ¢). Thus, we denote the successive quotients by H*"~* = H'/H}! ,
and grH™ = @H""* as the associated graded vector space.
i

Definition 2.5.1. Let ZP4 be the set of elements a € CP such that the following

system of equations has a solution

da

I
o

oa = —day

5a1 = —dag



Preliminaries 41

5&2 = —d(l3

where a;, € CPTHa—i,

Definition 2.5.2. Let B»? C C?? be the set of all b such that the following system
of equation has a solution

dCO + (50_1 = b
dC_l + (56_2 =0

dc,g + 5073 =0

where ¢; € CP~hati-1,

Remark 2.5.3. The systems of equations in the definitions 2.5.1 and 2.5.2 are
solvable if C% =0 for i +j = p+q, |i — j| > my, for some m; and for each i the

systems of equations are solvable for a bounded range of i.

Proposition 2.5.4. [27, p.64] H?? can be also described as

HP9 = ZP4 /B,

To describe this, we define Z?? as the set of elements in C™9 such that the equation
system in the definition 2.5.1 has a solution for the first » — 1 equations, and B2
the set of all b € CP? with a solution for the system in the definition 2.5.2, with
¢; =0 for ¢ > r. Then we get:

Theorem 2.9. [27, 6.1.1] Let be a € ZP9. Then
a € 7P & da,_q € Bt

for any solutions (ai,...,a,) of the first r — 1 equations in the system of the
definition 2.5.1.

. +1
We define EP = ZP4/BP and since da,_, € BV {5 C Zprtlar ¢ Zprtbar we
can see the element da, ; as an element d,a € EPr*h4 . In this way, we define

- Fp.q p+r,g—r+1
op 1 BP9 — EF :

Proposition 2.5.5. [27, p.66] The sequence of complexes (E,,,) has H(E,,6,) =
By,
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Remark 2.5.6.

1. If we have the condition in the remark 2.5.3, the spectral sequence (E,, ;)
stabilises for some r, that is, EP9 = EY? for all k > r, and we can consider

its limit as E2I = lim, EP? = HP9.
2. A spectral sequence converges if for every p, g, if r is sufficiently large then

4, vanishes on EP? and EPTHa—+1,

It is important to know the behaviour of the spectral sequences when we have
two double complexes (C,d,6), (C',d',§") and a morphism p : C' — C” of double
complexes of bidegree (m,n) such that pd = d’p, and pd = §'p. This gives rise to
a cochain map

p:(C,d+6) — (C',d +7d)
of degree m + n. It induces a map in the total cohomology

pg H(C,d+6) — H(C',d + )

of degree m + n. Similarly, p maps the cochain complex (CP*,d) into the cochain

complex ((C")P*™* d') and hence p induces a map on cohomology
p1: By — E]
of bidegree (m,n) with p16; = d]p1. Inductively, we get maps
pr i (Er,0) = (B, 0)).

VT

Here p,41 is the map on cohomology induced from p, where E, 1 = H(E,,0,).

Theorem 2.10. /27, 6.4.1] If the two spectral sequences converge, then

lim Pr = grp#
where grpy is the induced morphism in the total complex.

Theorem 2.11. [27, 6.4.2] If p. is an isomorphism for some r = ry then there
1s an tsomorphism for all v > rqy, and so, if both spectral sequences converge, then

p4 15 an isomorphism.



Chapter 3

Stacks and cohomology

In this chapter we will discuss the category of differentiable stacks, cohomology
theories in this category, and the different interplays between these cohomology
theories. For a first view on this category, we take as a main reference [28]. Thus,
we consider a stack as a pseudo-functor between the category of smooth manifolds
Diff and Grpds, instead of using the fibered categories approach, as in [4], but
always bearing in mind that both approaches are equivalent. To study cohomology
theories in the category of differentiable stacks and some techniques to work on it,

we use [4, 6, 20, 28|.

In the first three sections, we focus our efforts on discussing the category of differ-
entiable stacks and on how we can consider a geometrical environment for them.
Also, we discuss the relation between a Lie groupoid and a differentiable stack. In
particular, we discuss how a Morita equivalence for Lie groupoids gives rise to the
same differentiable stack. The fourth section is devoted to different cohomology

theories for differentiable stacks and how the theories interplay with each other.

3.1 Differentiable stacks

In this chapter, we consider Diff with the big site of smooth manifolds and local
diffeomorphisms as it was defined previously in 2.1.11 and 2.1.12. Compare with
[28, 1.2.6] and [6, 2]. We begin with a preparatory definition.

Definition 3.1.1. A prestack over Diff is a pseudo-functor

M : Diff” — Grpds.
43
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Remark 3.1.2. If M is a prestack with P € M(U) and f : U — U a smooth
map in Diff, we will denote f*P in the groupoid M(U’) as P|y.. If we have a
covering {U; AN Utier and P € M(U) we denote by P|y, the pullback i*P. We
will denote by P;|y,, the pullback i;;P; given by the smooth map j;, : Uy — U;
for P, € M(U;).

Definition 3.1.3. A stack M over Diff is a prestack
M : Diff? — Grpds C Cat

such that:

1. One can glue objects: given a covering {U; — X },cr, objects P, € M(U;)

and isomorphisms ¢y; : F;|y,, — Pj|uv,; which satisfy the cocycle condition on
threefold products ¢ o ¢s; = ¢ir|v,,, there is an object P € M(X) together
with isomorphisms ¢; : P|y, — P, such that ¢;; = ¢; o o7t

2. One can glue morphisms: given objects P, P" € M(X), a covering {U; —
X}ier and isomorphisms ¢; : Ply, — P'|y, such that ¢;|y,, = ¢;|v,,, then
there is a unique ¢ : P — P’ such that ¢; = ¢

U+

Example 3.1.4.

1. For any smooth manifold X € Diff we can associate a stack given by
X =Map(_, X) : Diff”” — Grpds

which takes a Y € Diff and associates the set of all smooth morphism
between Y and X, Map(Y, X). The morphisms in Map(Y, X) as a groupoid,

are identity maps.

(a) We can glue objects: let {U; — Y }ies be a covering of Y. If there exists
U 2 X e Map(U;, X) for each i such that p;|y,, : Uy — X and p;ly,,; :

Ui; — X are isomorphic, then p;

v; = pjluy,; o tdy,; = pilv,;, = pj
Therefore we can define p : Y = U;U; — X with p(z) = pi(2) if z € U,.

UZ_] *

This map is well defined since the maps p; coincide on U;; and they are

all smooth maps.
(b) We can glue morphisms: Let Y & X | Y 7, X be elements in X(Y).

v, = P
v,;» we know that p|y, is the element U; = Y 54X

If we have a covering {U; — Y }ie; and isomorphisms ¢; : p
such that ¢;

U;

Ui; — ¢j
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and by ¢;, we know that U;; — U; 2 Y % X is the same map as
Uij — U; 5 Y & X. Since this is true for each U;j, we get that p = p’

as we want.

2. Let G be a Lie group. Consider the functor BG : Diff” — Grpds which
assigns to any smooth manifold the category of principal GG-bundles over the

smooth manifold, as in theorem 2.4.

(a) We can glue objects: let {U; — X}icr be a covering of the smooth
manifold X. If we have principal G-bundles (P;,p;, G) over U; and

isomorphism ¢;; : Pi|ly,, — Pjlu,;, we can get an open cover {V }icr

of local trivialisations for p; and transition functions {g,,}. As ¢;; :
Pilu,;, — Pjlu,; with ¢, 0 ¢ij = dur
(P,p,G) over X by theorem 2.3, such that P|y, — Uj; is isomorphic to

U,;xo We get a principal G-bundle

P, — U; via an isomorphism ¢ : Ply, — U; and ¢;; = ¢; o o7t

(b) We can glue morphisms: let (P,p,G) and (P',p',G) be elements in
BG(X). If we have {U; — X}ier a covering of X with isomorphisms
¢i - P U, — P/|Ui such that 9252 Uj = ¢j

ering {Vj }rex of local trivialisation for P|y, 2y U, with transition func-

U,;» We can consider an open cov-

tions {gmn} and P'|y, 7, U; with transition functions {g,, ,}. We can
consider the principal G-bundles that come from the transition func-
tions, and we get an isomorphism between these principal G-bundles
by theorem 2.3, and as these principal G-bundles are isomorphic to
(P,p,G) and (P',p',G), so we get finally an isomorphism of principal
G-bundle ¢ : P — P’ with the required properties.

Definition 3.1.5. 1-morphism and 2-morphisms on stacks are defined in the fol-

lowing way:

1. A 1-morphism of stacks between two stacks M and N is given by a natural

transformation of functors of 2-categories F' : M — N, that is:

e for every smooth manifold X € Diff, a functor Fy : M(X) — N (X),

e for every morphism f : X — Y in Diff, an invertible natural transforma-
tion Fy : N(f) o Fy = Fx o M(f) which is compatible with the natural

transformations
ggf(gof) = frog,

that is, there exists the following commutative diagram for F
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M(Y) —2 s N(Y)
M(f)l % lN(f)
M(X) —2 N(X)
such that:
i. if f =1idx then F4, = idp,.
. if X i> Y % Z then Fyof is the composite of the commutative di-

agrams by Fy and F, further composed with the composition of the
pullback isomorphisms £, 7 : (g o f)* = f* o g* for M and V.

2. A 2-morphism of stacks ¢ : F — G between two 1-morphisms F': M — N
and G : M — N is given by the diagram

such that for any X € Diff there are invertible natural transformations
ox : Fx — Gx of the form

/FZ\L
ﬂ © N(X).
~—~

M(X)

As we build stacks and its different kinds of morphisms in the previous way, we

get the next property:

Proposition 3.1.6. The category of stacks over Diff with 1-morphisms and 2-
morphisms form a 2-category. This 2-category is denoted by St.

Remark 3.1.7. In the same way, we can consider the 2-category of pre-stacks and

we denote it by pre-St.

The next proposition relates pre-stacks with stacks and it is known as stackification

of a pre-stack.

Proposition 3.1.8. [15, 8.8.1] Let M be a pre-stack. Then there exists a mor-
phism of prestacks o : M — M, with M a stack, such that for every stack N, the
functor HomSt(/\;l,/\/') LA Homyye—st(M,N) is an equivalence of categories.

The next result is a version for stacks of the classical Yoneda lemma in category
theory, and it is going to allow us to consider elements of a stack as morphisms of

stacks and vice-versa. We are going to refer to this result as 2- Yoneda lemma.
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Lemma 3.1.9. (2-Yoneda lemma) Let M be a stack and X € Diff, a smooth man-
ifold. Then there is a canonical equivalence of categories M(X) = Morg, (X, M).

Proof. We define the morphism ¢ : M(X) — Morg (X, M), such that for any
element P of M(X) and we assign ®(P) = Fp(f) = f*P with YV ERN X, and for
any isomorphism ¢ : P — P’ between element P, P’ in M(X) is defined as a
natural transformation ®, : Fp — Fpr by f*P — f*P'.

Also, we define ¥ : Morg; (X, M) — M(X) given by U(F') = F(idx) = Pr where
F € Morg;(X, M). Thus we have that:

2. Do U(F) = ¢(Pr) = ®(F(idx)) = Fp,. We observe that for f € X(Y) we
have Fp,(f) = f*Pr = f*(F(idx)). Since F is a natural transformation we
get f*(Fx(idx)) = F((idx)o f), that is f*(F(idx)) = F(f). Then Fp, = F

and ® o VU = idyjorg(x,M)-

Since the compositions are equal to the identities, it is enough to show that ) is

natural.

If we fix M and consider Y % X a morphism in Diff, we have that F(f)(idy) =
F(f) = f*(F) and then the diagram commutes

Morg; (X, M) =, Morg, (Y, M)

[ Jo~

MX) —L s M(Y)
Let X € Diff be. If we consider M, M’ stacks and a natural transformation
0 : M = M’ then the following diagram

Morg: (X, M) —2=5 Morg:(X, M)

==

v v
M(X) — 2 MI(X)
commutes, since for F' : X — M we know that Oy o Fixy = (0o F)x. [

Remark 3.1.10. We will write X for the stack X, and for the diagram X — M

we understand a stack 1-morphism between the stacks X and M.



Stacks and Cohomology 48

Definition 3.1.11. Let G be a Lie group acting on a smooth manifold X via
i G x X — X. Then the quotient stack [X/G| is defined by

X/GI(Y)=(PLY,P EN X) | p forms a principal G-bundle, f is G-equivariant)

Morphisms in this groupoid are G-equivariant isomorphisms, that means, if we
have (P % Y, P EN X), (P L Y, P’ LN X) € [X/G] then a morphism between
them consists of ¢ : P — P’ such that p’ o ¢ = p and f o ¢ = f with ¢ a G-
equivariant morphism. Since it is possible to glue principal G-bundles, it follows

[X/G] is a stack.

On the other hand, if Y, Y’ are smooth manifolds and h : Y — Y’ then the

morphism induced by the stack is
[X/G](h) : [X/GI(Y') = [X/G](Y)

(p, f) = (K"p,qf)

where

Remark 3.1.12. For G acting trivially on X = pt the quotient [pt/G] is the stack
BG classifying principal G-bundles. To check this, let Y be a smooth manifold
then

pt/G)(Y) = (P =Y, P = pt)) = (P 5 Y)) = BG(Y)

and if Y/ 25 Y is a morphism in Diff then
[pt/G](h) = h*p: h*P = Y.

Hence [pt/G] = BG.

Proposition 3.1.13. If the action of G is proper and free on X, the quotient
stack [X/G| and the smooth manifold X/G define the same stack.

Proof. As the action is proper and free, X — X/G is a G-bundle. Let us consider
f:Y = X/G a smooth morphism, so we can assign the pair (f*X I Y, [*X 3
X) in the stack. Moreover, if we have the pair (P 2 Y, P ER X), we can define
¢ Y — X/G as follows, for each w € P then ¢;(p(w)) = n(f(w)) = f(w)G.
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Thus, we define ¥ : X/G — [X/G] for Y € Diff as
X/G(Y) = [X/G)(Y)
fo (X Ly xS x)
and @ : [X/G] — X/G as
[X/GI(Y) = X/G(Y)

PLY,PL X)— 4

since ¥ o ® = idix/q vy and ® o U = idx/q(vy, so [X/G] = X/G as stacks. [

3.2 Fibered products

In order to get geometric properties of morphisms like embedding morphisms, open
morphisms and others, it is necessary to define the fibered product stack, which

allows us to relate differentiable stacks with Lie groupoids as well.

Definition 3.2.1. Let F': M — N and F’ : M’ — N be morphisms of stacks,

so there is a diagram of morphisms of stacks given by

M

lp

M LN

and the fibered product M x r M’ is defined as

My MX) = (£, )| X LMX LM, 6:Fof=Fof).

We will show below that this definition gives us a stack where a morphism (f, f', ¢) —
(9,9',%) is given by a pair of morphisms

(Pry:f—=9,Pp g =4

such that
Yo F(Qsy) =F(Ppy)og.
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Remark 3.2.2. We note that if f, g € Morg, (X, M) = M(X) then ®;, is a mor-
phism and hence an isomorphism. Moreover, ¢ is an isomorphism as well, because
it is a morphism in Morg (X, N') =2 N (X).

Proposition 3.2.3. The fibered product is a stack.

Proof. 1. Consider {U;} a covering of X and (f;, f!, #;) € M xn M'(U;) with
(Pij, ©3) : (fis f1: 8i)lvi; — (fi: f}: @5)|vs; which satisfy the cocycle condition.
Then, there are f: X — M(X) and f': X — M/(X), such that there exist
® : fly, = fi and ® : f'|y, — f] isomorphisms with ®|y,, = ®; and
&’

V)
Uij — (I)zj

2. We consider (£, 1',6),(9,9',1) € M xx M{(X) and {Uskicr a open cov-
ering of X with isomorphisms (®;,®)) : (f, f',¢)|lv. — (9,4,¢)
that ®;|y,, = ®;]v,, and ®i|y,, = P)|y,;, then there exist ® : f — g and
®' : f" — ¢’ because they are morphisms in M(X) and M’(X). Besides, the
condition 1; o (F; o ®;) = F} o ®;(¢;) holds because it glues like an object in
N(X). O

v, such

Example 3.2.4. Consider pt — BG and X — BG. By the 2-Yoneda lemma,
there is a one-to-one correspondence between Morg: (X, BG) and BG(X). So if
P € BG(X) is a principal G-bundle on X, there exists Fp in Morg (X, BG) such
that

ptxa X(YV) = ((£.9.9) | Y S pt,Y & X.6: Fpog= F'o f).
Since Morg (Y, X) = X(Y), g could be considered as an element in X (Y') and
pt xse X(Y) 2 ((9,0) | Y % X,6: g"P = F'o f)
as we know that Morg (Y, pt) = pt(Y) then ' o f = f*pt. That means
ptxpe X(Y)=(g|Y 5 X, 0P f'pt =G xY)

~(g|Y L X,s:Y — ¢g*P alocal section )

so if we could consider § = ¢g*os then we get pt xpa X (V)= (g: Y — P) = P(Y).
The last equation is because if f : Y — P, then mo f : Y — X and, by the 2-

Yoneda lemma, 7 o f can be considered as an element in Morg (Y, X).
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Proposition 3.2.5. [15, 8.8.4] Let P a pre-stack. If there are two morphisms of
stacks F : M — N, F' : M' — N and the following 2-commutative diagram of

pre-stacks

P— M
| F
M LN

then the stack P is isomorphic to the fibered product M x v M'.

We can now define the notion of a differentiable stack, see [28, 1.1] and [50, 2.10].

Definition 3.2.6. A stack M is called a differentiable stack if there is a smooth
manifold X and a morphism of stacks p : X — M between the stack associated
to X, as in example 3.1.4 and the stack M such that:

1. For all morphism of stacks ¥ — M the stack associated to X x Y is
isomorphic to a smooth manifold.
2. p is a submersion, i.e., for all Y — M the projection X x Y — Y is a
submersion.
The map X — M is then called an atlas or a presentation of M.
The first property in the definition above is going to be used to get morphisms
with geometric properties.

Definition 3.2.7. A morphism of stacks F' : M — N is called representable, if
for any morphism of stacks Y — N, where Y is a smooth manifold, the fibered

product M X Y is a stack, which is equivalent to a smooth manifold.
Example 3.2.8.
1. The map pt — BG gives that pt xgg X = P by example 3.2.4. That is,
pt — BG is representable.

2. The map F : BG — pt is not representable. Consider Y = pt, I’ : pt — pt

and Z a smooth manifold, then

BG x pt(Z) = ((f.f, &) | ZLBGZ B t,¢: Flof = Fof)
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—((f,0)| 2L BG,¢:Cp=Forf)

where Cpy 1 Z — pt. Since
BG X, pt(Z) = Morgi(Z, BG) = BG(Z)

and BG is not a smooth manifold, therefore F' : BG — pt is not repre-

sentable.

Proposition 3.2.9. The quotient stack [X/G| is a differentiable stack if X and

G are smooth.

Proof. We are going to check that X — [X/G] is an atlas, defined by the trivial
G-bundle G x X % X and by the action map G x X - X, where a is considered

as a G-equivariant map.

Lx [X/G] is representable. Let be Y, T smooth manifolds and Y LN
[X/G] then we have

X xpaY(T) = ((f.f.0) | TLHXTLY 6. Fpf = F,f)

Consider (p, h) € [X/G](Y') = Morg (Y, [X/G]) then, by the 2-Yoneda Lemma,
we have F,(f') = (f)*P 5 T, ()P 255 X) and F,(f) = (f*(G x X) L
T, f*(G x X) oy X). As ¢ is the trivial principal G-bundle, we know that
f*(G x X) =G xT. Since a morphism ¢ between F,(f') and F,(f) is an
isomorphism we have (f')*P = G x T, thus X xx/q Y(T) = ((f",¢) | T LN
Y, (f)*P =G xT). Hence

1%

X Xix/q Y(T)={(f',s) | T —/> Y, T > (f')*P is a section )

and we can consider f = (f)*os: T — P and X X[x/q Y(T) & P(T).
Therefore X x(x/q Y (T) = P(T). That is, X — [X/G] is representable.

2. X — [X/G] is a submersion. We have to show that P(T) = X xx/q
Y (T) — Y(T) is a submersion, but this is already given because P — Y is

a submersion. O

Lemma 3.2.10.

1. (Composition) If F : K — M and G : M — N are representable, then FoG

18 representable.
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2. (Pull-back) If F : M — N is representable, and G : M’ — N is arbitrary,
then the projection M’ Xy M — M’ is representable.

Proof.

1. For this, we need to check that Y x K = (Y Xy M) x K. If we have a
morphism V : Y — N and T a smooth manifold, then

Y xn K(T) = (f, £,6) | f i T > Y, f:T—K,6:Vf = (GoF)f)
and for W :Y xy M — M we get
(VX A M) K(T) = (B, ) | BT — Yy M, f 2T — Kb - Wh = Ff).

Then, by the 2-Yoneda Lemma h' € Morg(T,Y Xy M) 2Y x5 M(T), that
is I = (f', Ff,6) with ¢ : V' — G(FJ).

Thus, we get the next equivalence,

(' Ff.o f) I TLY, T Mo v =GEHTL K0 WH = F)
= (f Ffo f ) T LY, T T MoV = a(FfH.TL K Ff= Ff)
= ((f 0. NITLY.0: V= GFENT LK)
=Y xu K(T)

2. We need to note that Y X ¢ (M’ X M) XY x v M.
First, we observe that Y x ¢ M'(T) =2 Y(T) for T € Diff and Y WM

because
Y a0 MUT) = (', LOIT D v, T L M Co W = ) = Y(T)
Second, Y X pp (M xpr M) Z (Y X pp M) xpr M
(Y x 0 M) X0 M(T)

— (W, u, T Y xpe M, T2 Mg GoW om(u) = Fu)

((v',v,&,u,¢)|TiY,Ti>M’,«9:v:>Wv’,Ti>M,¢:GOWv’:>Fu>
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>~

Here, we are using the 2-Yoneda lemma for v’ € Morgy(T,Y X ¢ M)
Y X M/(T), thus v/ = (v/,v,6). On the other hand,

Y %0 (M MYT) = {(f b 9)|T 55 Y, T 2 M5 M, b - Wof = moh)

(g fo T LY, T L M T L My Wof = ¢ u: Gy = Ff)
(g fo )T DY, TS M TS M Wof = ¢ u: GoWf = Ff)
Therefore, Y X pp (M Xy M) 2Y xyy M. 0O

Definition 3.2.11. A representable morphism M — A is an open embedding, if
for an atlas Y — A the map M x, Y — Y is an open embedding.

Remark 3.2.12. The previous definition can be used in the same way for different
properties such as closed embedding, submersion or proper and it does not depend

of the atlas |28, 2|, [50, 2.2]. We can see this independence in the following example.

Example 3.2.13. If M and N are smooth manifolds, we have that any sub-
mersion map is representable because transversality and the usual notion of open

embedding agree with the representable notion. To check this:

1. We assume that M L N is an open embedding and consider Y < N an
atlas, then the map M xy Y = {(m,y) € M xY | f(m) = g(y)} = Y has
image equal to g~ *(f(M)). Thus, if f(M) is open then my(M) = g~ (f(M))

is also open.

We need to check that s is diffeomorphic to its image. It is injective because
if m9(m, a) = me(n, b) implies that a = b so f(m) = g(a) = g(b) = f(n) since
f is injective then m = n. Therefore 75 is injective.

We know that there is a well-defined map 7, ' : m(M xnxY) = M xy Y
given by y — (f7'(g(y)),y) and because g and f~! are smooth, then 7y is

also smooth.

Therefore 75 is an open embedding.

2. Now if Y & N is an atlas then M xy Y =5 Y is an open embedding.

Therefore mo(M) = g~ *(f(M)) is open. But g is an atlas, so g is surjective
and open, hence g(g~'(f(M))) = /(M)

We have that f is injective, because if f(m) = f(m/') then there are y, y' such
that f(m) = g(y) and f(m') = g(y'). Therefore (m,y), (m',y) € M xxY and

thus, me(m’,y) = ma(m, y). Since 7y is injective m’ = m and f is injective.
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As 7, ! is smooth and 7, ' (y) = (f'(g(y)),y) then we have that f~'¢g and

g are smooth. Besides we know that ¢ is a quotient map and f~! is smooth.

Definition 3.2.14. A morphism M — N of differentiable stacks is smooth if for
an atlas X — M the composition X — N is smooth, i.e., for an atlas Y — N
the fibered product X x Y — Y is smooth.

Definition 3.2.15. A principal G-bundle over a stack M is given by a principal
G-bundle (Px,7x,G) over X, where X — M is an atlas for M, together with an
isomorphism of the two pullbacks of ¢12 : pPx — piPx on X x X satisfying
the cocyle condition on X X X X X, that is ¢15 0 ¢o3 = ¢P13.

The groupoid of principal G-bundles over M is denoted by Bung(M).

Remark 3.2.16. The same definition can be applied to vector bundles. Since each
rank n vector bundle can be seen as a principal Gl,-bundle where GL,, is the

general n-linear group. See [31, 1.5.3.2].

Example 3.2.17. For each principal G-bundle Px over a differentiable stack M
with an atlas X — M, there exists a differentiable stack given by

P : Diff? — Grpds
such that P(T) = ((f : T — M,s : T — Pr; a local section )) where Pr; comes
for gluing.

Remark 3.2.18. For any f : T'— M we can define a principal G-bundle (Pr s, 7, G)
over T, since X X T — T has local sections. We consider {U; < T'};c; a covering
then there exist sections U; 2 X x o T. For each of these sections we notice that
the arrow U; 2% X x0T 25 X which allows us to pullback with Py. The gluing
of this collection of pullbacks gives us the principal G-bundle. Therefore, this

automatically defines a differentiable stack P £ M where
PT)={((f:T—M,s: T — Pry alocal section ))

An atlas of this stack is given by (Px,Px 2, Px Xx Px). This shows that

universal bundles on stacks classifying principal GG-bundles exist.

Example 3.2.19.

1. pt — [pt/G] gives a G-bundle over pt and it is, in fact, the trivial bundle.
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2. We have the atlas pt — BG, so a G-bundle associated to BG is given by

G X pt

lr

ot —— BG

By the above remark, we have that the associated stack is

EG(T)=<T B, TS Pr s asection >
and an atlas for £G is given by a : G x pt — £G such that the diagram

G xpt —2— EG

lp |

pt ——— BG
commutes.

Theorem 3.2.20. There exists an equivalence of categories given by
Mapsg (M, BG) = Bung(M)

Proof. Let G be a Lie group and the classifying stack BG with its atlas pt — BG.
By The 2-Yoneda Lemma we have that for X € Diff we get

Mapsg, (X, BG) LN BG(X)

If we have © € Mapsg, (M, BG) and atlas X % M, we get ©Ooa € Mapsg, (X, BG)
and so ¢(0© o a) € BG(X). Hence, we get ¢(O o a) a principal G-bundle over X,
that is, an element in Bung(M). Observe that this principal G-bundle comes via

the 2-diagram

XXBGG > G

!

pt

|

X a M —2 BG

~

On the other hand, if we have a principal G-bundle Py £ X — M, we can define

a morphism between M and BG considering the following 2-diagram
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TXMPX >

< D
%

I pt
T—F" s nm2BG

where U, is defined as ¥, (f) = f*.

Due to the last two diagrams, we can notice that ¥y e0q)(f) = O(f) and ¢(¥poa) =
p. Hence, we get the result. [

3.3 Morita equivalence

Let X — M be an atlas of the differentiable stack M. We add another structure
which allow to define a Lie groupoid associated to M with the next structure, the
two projections py,ps : X X X — X as the source and target map respectively,
and 1 = A : X — X x4 X the identity of the Lie groupoid. The multiplication

is given by

(X XMX) X x (X XMX)(T)gXXMXXMX(T) — X XMX(T)
((f. ) (9.9, 8),0) = (.9, 0onog)
for any smooth manifold T'. Besides, if (f, f’,n), its inverse is (f’, f,n~'). This

Lie groupoid will be denoted by (X; = X) = (X xu X = X).
Conversely, for any groupoid I' = (I'y = I'g) we can define a differentiable stack

[To/TH(Y)= (P& Y,P ER ['y) where p is a principal I'-bundle along f )

as in section 2.4.2.

Lemma 3.3.1. The unit I-bundle 'y — Ty induces a map Ty = [[o/T'1] which
is an atlas for [[q/T4], the map m is the map given by the pullback T'-bundle over

[Lo/T'y]. The groupoids I' and 'y are canonically isomorphic.

Proof. Let Y Ir, [['o/T'1] be given by a bundle P in lemma 3.1.9. Then

o)

(To Xy Y)T) = (T LY, T 5 Tg),0: foof S mog)
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= <(faga90 : f*ng*Fl»
~ (T P)PryoT=f)
~{f.T— P}=P(T).

The groupoids I' and I'g, are canonically isomorphic because Ty = [[o/T] is an
atlas, then (I'g X [r,/r,)T0 = T'o) is the groupoid I'g o. Therefore, I'g Xp, /r,j To(T7) =
['y(T), for any smooth manifold 7. [

Definition 3.3.2. Let I" and I be Lie groupoids. A morphism of groupoids
¢ = (P1,¢0) : I' = I is called a Morita morphism, if:
1. ¢o: 'y — I is a surjective submersion.

2. the diagram

Fl S—Xt> FO X FO
l¢1 l¢0><¢0

RN YRS VA
comimutes.
We say that a Morita morphism ¢e = (¢1,¢p) : I' = IV admits a section if there
exists s : [y — I’y such that s o ¢g = idp;.

Definition 3.3.3. Two Lie groupoids I' and I are called Morita equivalent, if
there exists a third Lie groupoid I and Morita morphisms I — I and T — I".

That is, there exists a diagram

of Lie groupoids.

Theorem 3.1. Let I' and I be Lie groupoids. Let [I'o/I'1] and [I'y/T"}] be the

associated differentiable stacks. Then the following are equivalent:

i. The differentiable stacks [I'o/T1] and [I'y/T}] are isomorphic.

it. The Lie groupoids I' and I are Morita equivalent.



Stacks and Cohomology 59

1i. There exists a smooth manifold M with two smooth maps p : M — T'y and
P M — 1Y, and actions of I'y and I} such that M is a left I'-principal bundle
over I'{y by p/, and a right I -principal bundle over I'y by p. Such M is called
a I'-T"-principal bundle.

Proof. 1. i. implies iii. Consider the atlases 'y = [[z/T;] and I, N o/

and suppose we have an isomorphism
W2 [I/T] = [Fo/T4]

then I, e, [['o/I'1] is an atlas. Hence, it is possible to consider the smooth
manifold I'y X, r,) I'y. This smooth manifold is a right I'-principal bundle

over I'g with the following structure

F[) X [o/T1] F6 L) F6

2

Lo

2. 1. implies ii. Let M be a smooth manifold with the following right I"-
principal bundle

M —“5 T

%

Lo
and the left I'-principal bundle

M#FQ

I

I

Consider M; = I'} Xry s M Xpy; I'1. This smooth manifold is a groupoid
M over M with structure given by 3 = = ps, that is, the source and the
target map are the same projection in the second component. The identity
map is 1(m) = (1'(p'(m)), m, 1(p(m)) where 1 and 1" are the identity maps

of I and I" respectively. The multiplication is

Ml XMM1—>M1
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((',m'h),(¢",m, g)) = (h'g',m, gh)

where every function here is smooth, so (M; == M) is a Lie groupoid. A
Morita equivalence between M and T is given by ¢ = (p3,p x p) : M — T,
and a Morita equivalence between M and I is ¢’ = (ps,p’ x p/) : M — I".

3. 4i. implies 7. To prove this, it is necessary to show two things. First, if
¢ :T" — T is a Morita morphism, then M = Fg X+ 11 15 a I -T-principal

bundle over Fg with the following structure of a I'-principal bundle

top:
M —= T

2

FII

and as a [-principal bundle

Second, if M is a I'-I'"-principal bundle and M is I'"-T"-principal bundle
then
M ATo M = M o M/ ~

is a [-I"-principal bundle, where ~ is the equivalence relation defined by

1" "

(1" (u, 0", 0) ~ (u, 1" (0

"

,0))

where 1" and T are right and left I'"'-actions on M and M , respectively.
For more details about the smooth structure of M ATo M we follow 8, 2.11].
If M is a left I'-principal bundle with

M#FO

"
p

1’

Ly
then the structure of a left I'-principal bundle of M ATO D s given by

M/\FOJ/\Z&FO

lﬂopg

I
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with the action

1~ 1~

©: Ty Xpys M ATO M — M Ao M

(¥, [u, v]) = [u(¥, u), ],

where p is the left ['-action on M.

In the same way, a structure of a right I"-principal bundle can be given to

M Ao M

4. 4. implies 7. Given a I-principal bundle F over U. If we consider E = M Al
F then E is a I"-principal bundle over U, where the equivariant map is £ ~
'y given by a([m, f]) = p’(m) and the action is [m, f]g’ = [mg’, f]. Therefore,
for any element in [['o/T](U), we can obtain an element in [['j/T}](U).
Besides, any morphism between elements of [I'y/T'1](U) induces a morphism

between elements in [I')/T"].

This functor gives an equivalence of categories. [

3.4 Cohomology theories for differentiable stacks

3.4.1 Sheaf cohomology

Before we can define a sheaf for a differentiable stack we need to define the site
M. See [6, 3.1] and [50, 3.1].

Definition 3.4.1. Let M be a differentiable stack. The site M, on M is defined

as the following category:

1. The objects are given as pairs (U,u), where U is a smooth manifold and

u: U — M is a morphism of stacks.

2. The morphisms are given as pairs (¢, «) : (U,u) — (V,v), where ¢ : U — V
is a local diffeomorphism and o : u = v o ¢ is a 2-isomorphism, i.e. there is

a 2-commutative diagram of the form

U ! y vV

WA

M
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3. The coverings of an object (U, ) are families of morphisms

{(¢i, i) + (Uisui) = (U u) Yier

such that the morphism

| Joi:| Jui—U

i€l i€l
is surjective.

Remark 3.4.2. For the covering {(¢;, ;) : (Ui, u;) — (U, u) }ier, we use the notation

The notion of sheaf on stacks can be expressed in two ways. We consider both

and we check that these two approaches are equivalent.

Definition 3.4.3. Let M, be the site of the stack M. F : M, — Ab is a sheaf
over the site J in abelian groups Ab if:

1. (Presheaf). F is a contravariant functor.
2. (a) If {U; — U} covering of U and s,t € F(U) such that s|y, = t|y, for all
7, then s = t.

(b) If {U; — U} covering of U and s; € F(U;) such that s;
there exists s € F(U) such that s|y, = s;, for all i.

Definition 3.4.4. A sheaf F on a stack M is a collection of sheaves Fx_, o in
Ab for any X — M such that for any triangle

X ¢f .Y
N
M

there is a morphism of sheaves ®4 ¢ : f*Fy_ym — Fx—m such that for

it holds @y ¢ o f* Dy g = Pyo ey fog -
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Remark 3.4.5. The sheaf F is called Cartesian if ®, s are isomorphisms.
Proposition 3.4.6. Both definitions for a sheaf on a stack are equivalent.

Proof. 3.4.3 = 3.4.4. If we have a sheaf defined on M, F : M, — Ab, we can
define for each X — M a sheaf by

FX%M X, — Ab

(U— X)— Fxom(U)=FUU)

This is a sheaf since we are considering local diffeomorphism and the properties

of F. Consider the diagram

X ! Y

A

M

We get that there exists a morphism of sheaves ®, ¢ : f*Fy_ i — Fxom given

by the usual induced morphism of sheaves and it gives the required property.

3.4.4 = 3.4.3. If we have a sheaf for any X — M, we define F : M, — Ab as
U= M) = F(U) = Fuom(U)

As our site is given by local diffeomorphisms and Fy_, . is a sheaf, we get the

result. O

Definition 3.4.7. A morphism of sheaves h : F — F' on My is a collection of
morphisms of sheaves hx, : Fx. — Fx, on X for any morphism X — M with
X a smooth manifold, i.e. for all (X,z) € M, which are compatible with @ ¢
and @}, ; in the following way

f*hX,z
P Fry T PR,

l%’f l‘%,f

hX,z' /
FX@ ‘FX,:E

Remark 3.4.8. We denote by Sh/M the category of sheaves of Abelian groups
over the differentiable stack M.
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Example 3.4.9. Let M be a differentiable stack. We can define the ¢-th De
Rham sheaf Q%,, over M setting that for U — M in the site. Let (Q2%5)v = Qf,
be the sheaf of g-forms on U. Observe that if there is f : U — V such that

U ! %
N
M

there exists an isomorphism ®; : f*Q{, — Qf,, since f is a local diffeomorphism.

Hence, the sheaf 2, is Cartesian.

Definition 3.4.10. Let M be a differentiable stack with atlas X — M. Let
{fi + Ui = Ulicr be an covering in the site M. A descent datum (F;, ¢; ;) for
sheaves F; on Uj is a collection of sheaf morphisms ¢, ; : p; F; — p;‘]-"J on U;; with

pi : Uij — U; and p; : U;; — Uj, satistying the cocycle condition

Pi Ui © Piklug, = Pikluy

with Ujj, for all 7,5,k € I.

The next result allows us to consider a sheaf F over an atlas X — M, as a way
to get an atlas on the differentiable stack M. Moreover, it states that if we have a
sheaf on the atlas X — M, we can define a sheaf on the nerve of the Lie groupoid.
For further details, we refer to |28, 4.3| and [37, 12.4.5].

Proposition 3.4.11. A cartesian sheaf F is the same as a sheaf Fx on some
atlas X — M together with a descent datum, that is, ® : priFx — pr3Fx on

X X X, which satisfies the cocycle condition on X%,

Remark 3.4.12. The sheaf induced on X, by the sheaf F on M will be denoted
by F..

Definition 3.4.13. The global sections of a Cartesian sheaf on M can be defined
as
M, F)=Ker(I'(X,F) = T'(X xm X, F))

Lemma 3.4.14. For a cartesian sheaf F on M the group T'(M,F) does not

depend on the choice of the atlas.

Proof. Let X — M be an atlas for the differentiable stack M. We consider an
atlas X’ — M, which factors as X’ Iy X — M such that f has local sections.
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Since F is a cartesian sheaf and we have f o s = idyx/, we have the isomorphism
Dy pos F(X') = (f o s)*(X) =id% F(X) = F(X). Thus, any global section on X’

induces one on X and vice-versa. [

For a not necessarily Cartesian sheaf F over the differentiable stack M we have
the next definition. See 28, 4] and |50, 3.10].

Definition 3.4.15. The set of global sections of a sheaf on M is defined as
(M, F)=limI(X, Fx_m)
—

This limit is taken over all atlases X — M.

Remark 3.4.16. I'(M, F) is an inverse limit.

If {Fx_m}x_m is a collection of sheaves over all the atlases of M related to the

sheaf F on M, then we can express this inverse limit as

P(M, F) = { (@) € TID(X', Fxrom) | @plaw) = a, with X 5 X},

Lemma 3.4.17. For a Cartesian sheaf F on a stack M the two notions of global

sections coincide.

Proof. We define two functions

q

/_\

lim I(X", Fxoom) Ker(I(X, F) = T(X xm X, F))

~_

p

For (ay) € im (X', Fx/_ ), we can consider the atlas X — M and so a, €
(—

F(X7 -FX—>M> Then we deﬁne q(ax/) = A, Since X XM X j X then ¢p17¢(ax) _

®,, s(a;). Therefore a, € Ker(I'(X, F) = I'(X xpm X, F)).

On the other hand, by lemma 3.4.14, we define p(a,) = (a,) for each a, €
Ker(T'(X, F) = T'(X x X, F)) and where a/, € Ker(I'(X', F) = I'( X' x y X', F))
is the induced element by a, for any atlas X’ — M. We then get that ¢ and p are
mutually inverse since both maps are defined in terms of the isomorphisms in the

proof of lemma 3.4.14. [
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Remark 3.4.18.

1. As limits are left exact functors, then the functor of global section is left
exact [12, D.4].

2. The category of all sheaves of Abelian groups on the stack M, Sh/M is an

abelian category with enough injectives [2, 2.1.1.i].

Hence, for any F € Sh/M, we can choose an injective resolution
0—=F—=1I°

As the global section functor is left exact we can apply it to this sequence and, after
that, we can use the derived functor such that we can define the sheaf cohomology
of the differentiable stack M by

Hiyp (M, F) = H(T(M,T%)) = R*T(F).

Example 3.4.19. We know that an injective resolution for R is given by the de
Rham complex of differential forms and we get Hjp(M) = HE, (M, R).

3.4.2 Cohomology of Lie groupoids
We consider the Lie groupoid X = (X; == X)) associated to the differentiable

stack M with atlas X — M. We can consider the following simplicial smooth

manifold via iterated pullbacks

---§X2§X1:§XO

where X,, = X Xy X X ... X X, the n-times product of X with the atlas
X — M. Let Q¢ be the sheaf of ¢-forms, so we get

(Xo) == Q(X1) = QI(Xa) — -+

We can associate a complex

Q1(Xe) S 1(x) S QX)) S
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p

where 0 : Q9(X,_1) = Q4(X,) is given by 0 = Z(—l)i(?;‘ and 0% = 0. Hence we
=0

can talk about H*(X,,9), the cohomology groups of the associated Lie groupoid.

Proposition 3.4.20. Let f,g : X — Y be a morphism of Lie groupoids X =
(X1 =2 Xo),Y=M =Yy . If0: f= g a2-morphism of Lie groupoids, then

f*, g induce maps in the de Rham complex
o+ 60 0=g" — f~.

Proof. We have that f induces amap f* : Q*(Y,) — Q*(X,) with f*(w)(¢1...¢,) =
w(f(p1)...f(¢p)) in the same way as g. Also, we get that 0% : f* = ¢g* defines a

map
0" : QY1) = O9(X,)
given by
0" (w) (91 ) = ZW(f(cbl) o f(@0)0(xi)g(9i41) - 9(0p))

with f(¢:)0(2:)g(dir1) = 0(x0)g(¢1) for i = 0 and f(¢:)0(x:)g(Pir1) = f(dp)0(zp)

for i = p. Let w be an element in Q9(Y},) and an element in X,, with form

: ¢
x0&$13x23-~...-~—p>x1)

then we have that the sum 6*0w(¢1¢s . . . ¢,) has p* + 3p + 2 summands, and each
summand will be denoted by (—1)*™C}, with 0 < k < p, 0 <n < p+ 1, and
Ck,n means that this summand comes from applying 0 to k-th summand of 6*.
There are some properties about Cy ,,:

1. Coo = g*w, Cppi1 = ffw. Cppy1 has negative sign.

2. Cpp = Cio1p for 1 <k < p. Since
Crp = w(f(d1) .. [(Prr1) * O(xps1) - g(dp))

Cro1p = w(f(d1)...0(xk) * g(Prr1) - - 9(dp))

and
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Flan) DY f(apn)

9($k)l le(xk-u)

g(xx) m 9(zx11)

3. The pair of elements Cj = Cy_1 add zero to §*0w(p1¢2 ... ¢,) because

they have different signs. These are 2p summands that come to zero.

On the other hand, we have the sum 90*w(¢1 ¢z . .. ¢,) with p? +p summands, and
each summand will be denoted by (—1)*™D;,, with 0 <1 <p—1,0<m < p.
Hence, we understand by D, ,, as the [-th summand of 6* applying on J,w. D,

are related with Cj,, in the following way:

® Dyp1=Ckpforany 0 <k <p 0<n<p+1suchthat k#nandk#n—1.
If we have that k <n —1

Dy =w(f(o1) ... f(e1)0(x1)g(d1s1) - - - G(Pm * Prmy1) - - g(dp))

=w(f(e1) .- [(o)0(x)g(Prs1) - - - 9(Dm) * 9(Pmi1) - - - 9(Dp)) = Cim

If we have that £ >n —1

Dyt =w(f(01) . f(Om * Ormy1) - [(1)0(1)g(Prs1) - - - 9(dp))

= w(f (D) f(@m) * [(Dmi1) - f(@1)0(21)g(dir1) - - 9(dp)) = Chm

Dy n—1 and Cy,, have different signs, so its addition in (06* + 6*0)w is zero. As
we start with the sum 6*0w(¢¢s ... ¢,) with p* + 3p + 2 summands, we add the
pair elements C,, ,, = C,,_1,, as zero, we keep in mind that there are 2p elements.
Thus, we get p? + p + 2 summands in this addition. When we compare this with
Dy m, we add zero and we consider p® + p summands. As a result, we only have 2

elements in (00" +6*0)w, and those are g*w, — f*w, so we get the final result. [
Proposition 3.4.21.
1. Lie groupoid morphisms induce homomorphisms on cohomology groups of the
groupoid.

2. 2-isomorphic Lie groupoid morphisms induce tdentical homomorphisms on

cohomology groups of the Lie groupoid.
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3. A Morita morphism with a section induces isomorphisms on cohomology

groups of the Lie groupoid.
Proof.

1. For a morphism f of Lie groupoids we induce a morphism in the nerve of

the groupoid and then we consider f* the induced map in 9.
2. For proposition 3.4.20, we have that 6* is a chain homotopy for 0.

3. If we have a Morita morphism f : (X; = X) — (Y1 =2 Yo) with a section
s Yy = Xo, we can define 0 : Xg — X7 as 0 = ¢p oso f where ¢ is a
local section for the source map in (X; = Xj) and for proposition 3.4.20,
0*0+ 00* = (so f)* — (idx)*. We have the result because (f o s)* = idy and
(so f)* =idx in cohomology. [

Proposition 3.4.22. If X| = X, is the banal Lie groupoid associated to a sur-
jective submersion of smooth manifolds Xo — Y, then the cohomology groups
H*(X, Q%) vanish for all k > 0 and all ¢ > 0. Moreover, H°(X,Q4) = T'(Y, Q).

Proof. We verify the following cases:

1. We consider {U, };c; an open covering of Y and the surjective submersion is
given by [[,.; U; — Y. If its associated Lie groupoid is [[U;NU; = [1,, Ui,
this is a result for the usual cohomology on smooth manifolds given in [10,

8.5 & 8.8].

2. Suppose we have a Morita morphism ¢ : (X; = Xy) — (Y = Y) with
a section, where (Y =2 Y') is the pair groupoid. If we use the proposition
3.4.21, we get the result.

3. In general, if we have the Lie groupoid X; == X, and {U;};c; an open
cover of Y such that X — Y admits local sections with the Lie groupoid
Vi=1[lUin U; = W = ul;, we define the bisimplicial smooth manifold
Winn = Xpm Xy V. If we apply 27 to this bisimplicial smooth manifold, we

get a double complex with rows

QUV,) — QUXo xy Vi) = QUXy xy V,,) = QU Xy Xy V) — ...
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such that the morphisms are the differentials induced by the simplicial
smooth manifold X,, denoted by Ox, and the morphism given by the surjec-
tive submersion X, xy V,, — V,,. We observe that the groupoid (X; xy V,, =

Xo Xy V,) is in fact the banal groupoid associated to Xy xy V,, — V,,, because
(Xo Xy V) Xy, (Xo Xy Vi) =2 Xo xy Xo Xy V,, = X1 Xy V,
Moreover, we can define the Morita morphism
o (Xixy Vo =z Xoxy V) = (V, = V)

given by the projection on V;,, and a section s = (s',idy, ) : V,, = Xo Xy V,,
where s is the global section of Xy — V,, coming from all the local section

of X — Y. On the other hand, we have that the columns are
QUX,,) = QUX,, xy Vo) = QUX,, xy V) = QUX,, Xy Vo) — ..

with morphisms 0y induced by the one in V, and the one induced by the
surjective submersion X,, Xy Vi, — X,,. We observe that the groupoid

(Xm xy Vi = X, Xy Vp) is the banal Lie groupoid of X, xy Vj — X, since

(X Xy Vo) Xx,, (X Xy Vo) = X, Xy Vo xy Vo = X, Xy V1.

In this way, we have a homomorphism between complexes
(Q(Va), dv) — ( D VW), 0x + (—1)%)
m-+n—=e

Since we have that the Morita morphism ¢ has a section, and the previous
case in this proof says that we have an isomorphism in cohomology then each

column in Q¢(W,,,) given by
QUX,,) = QUX,, xy Vo) = QUX,, xy Vi) = QUX,, xy Vo) — ...

1s exact.

Also, there is a homomorphism

(Q1(X.), 0x) - ( P Qq<wmn>,ax+<—1>mav)

m+n=e
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and as each row is exact, because we are in case 1 of this proof. Thus we get

an isomorphism in cohomology.

Therefore, we get the commutative diagram

H*(W, Q1) —=225 H*(V,Q9)

case ll% %lcase 1

H*(X,Q1) —— H*(Y =Y, Q9)
and so, we get the result. [

Corollary 3.4.23. Any Morita morphism of Lie groupoids
f=(f1, fo) : (X1 = Xo) = (Y1 = Y0)
induces an isomorphism on cohomology groups f* : H*(Y,, Q%) — H*(X,,Q9).

Proof. Let M = [Yy/Y1] be the differentiable stack given by (Y; = Y5). We have
that X Jo, Yy & M is an atlas for M since f is a surjective submersion.
We consider the bisimplicial smooth manifold given by Z,,, = X,, X\ Y, and we
see that the rows of this bisimplicial smooth manifold are given by the nerve of
the Lie groupoid

(X1 Xm Y = Xo Xm Ya)

which is the banal Lie groupoid of the surjective submersion Xy x »(Y,, — Y,, since
Xo Xm Yo Xy, Xo Xm Y = Xy X Y, and the columns are given by the nerve of
the Lie groupoid

(Xm Xm Y1 = X X V)

which is the banal Lie groupoid of the surjective submersion X,, x Yo — X,

because X,, X v Yo X x,, Xon X Yo = X X aq Y1. Therefore for proposition 3.4.22,

we get two quasi-isomorphism in the following way

(21X (@ Q(Znn), Ox + (= )mf)y)

m-+n=e

(Q1(Y, (@ O Zyn), Ox + (— >may)

m-+n=e

and so we get the result. [

From theorem 3.1 and as a consequence of the previous corollary, we know that

this cohomology is well-defined for differentiable stacks and we define:
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Definition 3.4.24. Let M be a differentiable stack, then the cohomology of the

associated Lie groupoid for M is
HM(X., Q)

where X — M is an atlas.

3.4.3 De Rham cohomology
3.4.3.1 The de Rham complex

Let M be a differentiable stack with atlas X — M. We have that the exterior
derivative dgp : Q7 — Q9T connects the complexes * in the previous construction.

Thus, we get a commutative diagram

dar
Q*(Xo)
dar
Q' (Xo)

dar

AN

f)
—

dar
Q*(X4)
dar
QN X)

dar

AN

f)
—

dar
Q*(
dar
QX

dar

XQ)—>

XQ)—>

Q0(Xy) —2— QX)) —2— Q9(X,) — ...

since 0 o dgr = dgr o 0, because dyr commutes with pullbacks.
If we consider D = 04 (—1)Pdyr and Q}p(X,) = @ Q9(X,), we set the complex

pt+q=n

(Q24r(Xe), D)

because D? = 0.

Definition 3.4.25. The cohomology given by the complex (Q2%,(X,), D) is called
the de Rham cohomology of X., and it is denoted by H}p(X,).

Proposition 3.4.26. H},,(X,) is invariant under Morita equivalence.
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Proof. Let f = (f1, fo) : (X1 = Xo) — (Y1 = Y) be a Morita morphism and
M = [Y,/Y1] be the differentiable stack given by the Lie groupoid Y. We consider
the atlas X Jo, Yo & M for M and the bisimplicial smooth manifold Z,,, =
Xon Xm Yy, then for corollary 3.4.23 we know that the rows and columns can be
considered as the nerve of the of banal groupoids induced by Xy x Y, — Y, and

X Xm Yo = X, respectively. Therefore, we have the quasi-isomorphisms
(Q)r(X), D) = (Totgrmin=eQ(Zmn), Ox + (—1)"dy + (—1)""dyR)

(QpHr(Y), D) = (Totgrmin=eQ?(Zmn), Ox + (—1)™dy + (—1)""dap)
and this is what we want. [
Thus, this cohomology is well-defined for differentiable stacks. We define now the
de Rham cohomology of a differentiable stack:

Definition 3.4.27. Let M be a differentiable stack with atlas X — M, its de

Rham cohomology is given as:

Hpr(M) == Hpp(Xe).

We have that the de Rham cohomology of X, is related by theorem 2.6 with the

one of its fat geometric realisation.

Definition 3.4.28. The homotopy type of the differential stack X — M is given
by the homotopy type of the fat geometric realisation || X, ||.

Remark 3.4.29. We observe that the same construction can be done for a complex
L* of cartesian sheaves of abelian groups on the differentiable stack M with atlas

X — M. The cohomology that we get, will be denoted by
H*(M,L*) = H*(X,, L*).

Compare with |16, 3.4.27|, where for this cohomology is shown that the homotopy

type is the fat geometric realisation || X, ||.
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3.4.4 Singular homology and cohomology

In the same way as working with the cohomology of a Lie groupoid and its de

Rham complex, we can consider the simplicial set given by a differentiable stack
M and its atlas X — M

-~§X2§X1:§XO

If we apply C,, the singular chain complex, we get

T Cu(X) = (X)) = Gu(Xo)

P
We define 0 = Z(—l)i&» where 0 : Co(X,) = Co(X,—1). Thus

=0

. — C()(Xg) L) C()(Xl) L O()(Xo)

d d d
L Cl(X2> L) 01<X1) L Ol(XQ)

A A A

L CQ(XQ) L) CQ(XI) L CQ(XQ)

A A A

We define the associated total complex as Co(X) = @ C,y(X,) with differential

pt+gq=n
0:C, — C,_1 given by

0(7) = (=1PH0(v) + (=1)%d(7)

if v € Cy(X,) and 6% = 0.

Definition 3.4.30. The complex (Co(X), ) is called a singular chain complex of
the topological groupoid X, = (X; = Xj). Its homology groups H,(X,Z) are
called the singular homology groups of X,.

Remark 3.4.31. For a definition of a topological groupoid, see the definition 2.4.7.

This cohomology is invariant under Morita equivalence and hence, we can define

it for a differentiable stack.
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Theorem 3.2. The homology is invariant under Morita equivalence.

Remark 3.4.32. If we follow the same argument as in proposition 3.4.26, we get
the result.

For a topological groupoid X, = (X; = Xj), we denote the dual of the complex
Co(X) by C*(X) where

C"(X) = Hom(Cy(X), Z).

In the same way as above, we can define the singular cohomology groups of the
stack M with atlas X — M.

H"(M,Z) = H"(X,7)

Definition 3.4.33. If A is an arbitrary abelian group, the singular homology for
A is defined by
Hy(M, A) = hy(Co(X) ®7 A)

and in a similar way, the singular cohomology

H¥(M, A) = h*(C*(X) @7 A).

3.4.4.1 De Rham theorem for differentiable stacks
Theorem 3.3. [/, p.28] Let M be a differentiable stack.
Hpr(M) = H*(M,R).

Proof. Consider the Lie groupoid X, = (X; = X)) associated to the atlas X — M

and consider its singular cohomology. We define a pairing given by

O3 p(Xa) Q) Co(X.) - R

w®’y>—>/w
v

We note that fvw = 0 unless p = p’ and ¢ = ¢’. We get an homomorphism of

complexes since the pairing vanishes on coboundaries of total degree zero by the
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chain rule and Stokes’ theorem. This pairing induces one paring given by
H p(M) R) Hi(M,R) — R

for any differentiable stack M. This pairing can be used to define when a de Rham

cohomology class [w] is integral, namely by requiring

/wEZ
”

for all [y] € Hy(M). The first pairing also give rise to a homomorphism of com-

plexes
\y.

QHp(Xe) — C*(X) @R

Since for each p, g
pPa

QP(Xy) — CP(X)

we have an isomorphism on smooth manifolds
Hpp(Xy) = HP (X, R)
then for spectral sequence, theorem 2.11, we have that ¥ induces an isomorphism

on cohomology, as we want. [

3.4.5 Hypercohomology and de Rham cohomology

Let £* be a complex of sheaves of abelian groups on M. We consider the injective

resolution 0 — £* — I*9 and
K =P K™ = PHr(M, 1)
X X
with differential from the resolution
§: K1 — KPHla

and the differential from the complex

d: KP1 Kp,q+1
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d is defined considering that d : £ — £3*1 induces a morphism in I*9 — [*9H1

because 1*7 is injective, [11, I1.3.4] and the differentials commutes.

Definition 3.4.34. The hypercohomology H*(M, L*) of the complex L* is the
total cohomology of the double complex, that is

K- - P

k  pt+q=k
with differential D = § + (—1)Pd.

Theorem 3.4. Let M be a differentiable stack and L* a complex of Cartesian
sheaves of abelian groups on M such that L% is acyclic, then there is an iso-
morphism between H*(M, L*) = H*(M, L*), where H*(M, L*) is the cohomology

associated to the complex of sheaves L* applied to the nerve X,, see remark 3.4.29.

Proof. Consider the triple complex
NPT = [9(X,)

with the three differentials: dx the simplicial differential, d; the resolution dif-

ferential and d, the differential of the complex of sheaves. Consider the double

= @) Nver

q+r=l

with differential 0’ = dx and d' = d; + (—1)%;. Then considering the I-th row of

—=e.0

N7 is

complex

0= P 1"(Xe) == P 1"(X,) = P I'(Xpga) = -
q+r=l q+r=l q+r=l
with differential ¢’ = dyx. As I™ is injective then it is flabby by [11, IL.5.3].
Therefore, the functions are surjective. Hence each row of the complex is exact

except in the zero-th column and we get a spectral sequence with

M! if p=0

B = o (3.1)
0 ifp>0

where M! = EB (M, I™), since 1™ is Cartesian. So Fy = H*(M, £*) and the

q+r=l
spectral sequence degenerates, that is, Fo, = FEy. [
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Proposition 3.4.35. The hypercohomology of M with respect to the sheaf complex

Lo s Morita invariant.

Proof. Considering the complex N»%" = ["(X,,) and filter N?¢" by @ NPT,
q+r>n
Then we get the spectral sequence Ey? = N™? = I'(M, I"?) and filtering this by

@ N™ we get B} = H"(M, L) the sheaf cohomology of £9, which is Morita
q=n
invariant by corollary 3.4.23. Therefore, the hypercohomology is Morita invariant.

]

As the de Rham sheaf is Cartesian, we have:

Proposition 3.4.36. Consider the de Rham complex of sheaves Q2*. Then de
Rham cohomology is the same as the hypercohomology of the complex )°.

Proof. We consider an injective resolution 0 — 2* — I*9 and as below, the triple
complex NP9" = [™9(X,). We are going to work with the associated double

complex given by N*" = @ NP%" Hence we have that the k-th column of the
p+q=Fk
complex N*" is given by:

0= P 1"(x,) == @ 1"(X,) » P rux,) - -

q+r=~k q+r=~k q+r=~k

Since 2°® is acyclic, this column is exact except in the zero-th row and we get a

K* ifq=0
B = b (3.2)
0 ifg>0

spectral sequence with

where K* = () Q/(X,) and the differential is § = dy + (—1)’dq. Thus Ep =
q+r=~k

Hj p(M) and it degenerates at Fs.

Therefore we have that Hj, (M) = H*(M,Q*). O

Example 3.4.37.

1. Consider the atlas pt — BG by example 3.2.8, and the nerve associated

% Pt Xpa pt Xpa pt 3 pt Xpe pt — pt
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We have that pt xgg pt = G and pt xgg G = G X G hence, the nerve can be

written as

-~~§GXGXG§G:§M

Therefore, the nerve associated to BG is the same as the nerve usually as-
sociated to the classifying space BG. If we apply the cohomology we get
H*(BG,R) = H*(BG,R)

2. Considering the example 3.2.19, we have an atlas G — £G so the nerve

associated to £G is

"'%GngGngGSGX50G:;G

and using the example 3.2.8, we get that the nerve can be seen as

-~-§GXGXG§GXG:§G

This is the usual nerve for the simplicial construction of the universal space
EG. Therefore if we find the cohomology we got that H*(£G) = H*(EG) =
H*(pt), that is, EG is contractible.

3.4.6 Cech cohomology for differentiable stacks

Let M be a differentiable stack with an atlas X — M and its nerve X,. If Fis a
sheaf on M, we get the collection of induced sheaves {F,,} on X,, for proposition
3.4.11.

If there exists a covering V for the simplicial smooth manifold X,, we can consider
k
C"r WV, F)(X,) = {slne_, Vi, -5 € Fn(X,) for any ﬂ Vie; IV}
i=0

that is, the sections in F,(X,,) restricted to k + 1 intersections of elements in V,.

With morphisms given by
§: CPTHRV,F)(X,) — CM VN Y, F)(X)

the Cech differential is 5(8)|ﬂf:+01 Viora, = Z;té(—l)jsh?:()#j Va1a,0 85 given in
[10, I1.10] and
§: CPHR Y F)(X,) = CMRV, F)(X,)
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such that 5(s)|ﬂ§:0 Vi, — Z?ZO(—DH”(@*( |ﬂ S )))

Proposition 3.4.38. The following holds:

1. 8 =0.

2. 000 =2000.
Proof.
1. If s € F(U) then:

52(5)’m§:0 Vi1, 5(5(8|ﬂf:o anlm))

=0 (Z( DO (9)I0, Vi )) = > (=) (), Vi)

=0 =0
= (—1)l+n Z(_l)']+n+la;(al*(8)) ‘ﬂl Vn+1,djdl(ai)
=0 J=0

Z l+]+18* 0:())In, o +Z(—1)l+j+18;(8f(8))

>l

i n+1,djdl(ai)

i Vnt1,d;d)(a;) +Z(_1)l+j+lal*—l (ag* (8)>

Jj>l

i Vnbl,dpdy(ey) + Z(—l)f+ha;(a;(s))

h<f

mi Vn+1,dl71dj(ai)

_ Z l+]+18* a*( ))

= S (=) 95(s)) Vg @)
h<f
=0.

2. It s € F(U) then also:

k
do 5( )|mk+1 Vis =9 (Z(_l)jshf_w# Vn—l,ai)

=0

I
WE

(=17 Y (=)0 s) |y 0,621 Vit ()
=0

<.
Il
o

*
d;'s) |mi'€:0,7;7&j Vi—1,dy(a;)

Il
—~
—_
—
+
3
7
|
—_
~—
<
—~

n

=) (=D)"*"(g)s )|m o Vi Ly (ag) =000d(s >|mk+1v H
1=0
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Definition 3.4.39. The Cech cohomology of the cover V with values in the sheaf
F as the cohomology of the double complex given by

(C™ (Y, F)(X,),6,0)

and it is denoted by
H(Xe, F).

Definition 3.4.40. Let M be a differentiable stack with an atlas X — M. For
a sheaf F on M, define the sheaf

k
C™H WV, F)U) = {5l v, 8 € FulU) for any () Via, in Va}

1=0

for any open set U of X,,, where F, is the sheaf induced on X,, by F. We call
C™k(V, F) a Cech resolution associated to V of X, with values in F,.

Remark 3.4.41. We have the complex of sheaves
0— Fp— C"OV,F) = C™'(V,F) = -
Definition 3.4.42. A covering V is acyclic if

H'( () VagFa) =0

for I > 0 and for all n.

Proposition 3.4.43. The covering V of X, is acyclic if and only if C™°(V, F) is

an acyclic resolution of F,.

We have that every resolution of F, maps to an injective resolution of F,. There-
fore, we have an induced map H}(X., F) = H'(X,,F,), for further details check
[11, 11.3.4].
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Proposition 3.4.44. [20, A.2] Let M be a differentiable stack with atlas X — M

and nerve X,. If V is an acyclic covering of the nerve X,, then
Hy(X,, F) = H*(X,, Fa) = Hg, (M, F).

Proof. As V is acyclic then the associated Cech resolution is acyclic and the map
H}(X.,F) = H'(X,,F,) is an isomorphism. [

Definition 3.4.45. Let V and U be coverings of the simplicial smooth manifold
Xo.. We say that V is finer than U if for all V,, , € Vy, there is a U, g € U,, such
that V,, o C U, g for all n and the maps ¢ : @« — 3 are compatible with face maps.
When V is finer than U it will be denoted by V < U.

The collection of maps ¢ induces a map
o C"FU,F) = CH(V, F)

This map commutes with ¢ as it is shown in [10, 10.4.1], and with 9§, since ¢ is

compatible with face maps. Moreover, we get a well-defined map in
Hy(Xe, F) = Hy(X,, F)

and thus, a direct system given by {H3(X., F)}v.

Definition 3.4.46. Let M be a differentiable stack with atlas X — M and nerve
X,. If Fis a sheaf on M then the limit

H*(X,, F) = lim F73,(X,, F)
is the Cech cohomology of X, with values in F.
As we have H}(X,, F) — H'(X., F.) for any covering V we have a map
H*(X., F) = H*(X,, F.) = H*(M, F)

and this map is an isomorphism if there exists an acyclic covering.



Chapter 4

Equivariant cohomology for

differentiable stacks

In this chapter we study the notion of an action by a Lie group GG on a stack and
the 2-category of stacks with an action by G, denoted as G — St, the 2-category
of G-stacks. We discuss the concept of a quotient stack M /G and we provide
the idea of a G-atlas for a stack in G — St, such that this G-atlas allows us to
consider M /G as a differentiable stack. Then we devote our efforts to get the
homotopy type of M /G and to understand how this homotopy type is related
to a bisimplicial smooth manifold given by G* x X,, where G? is the Cartesian
p-product and X, is the n-th element of the nerve associated to the Lie groupoid
given by the G-atlas X — M. Consequently, we get a notion of equivariant
cohomology that generalises the one in smooth manifolds. We provide a Cartan
model of equivariant cohomology based on Meinreken’s work [46] and we compare
this notion with the one found through the G-atlas. Finally, we get some spectral
sequences that converge to the equivariant cohomology and which generalise some
results by Felder et al. in [20] and by Stasheff in [55].

The first section is devoted to the notion of a group action on a stack, the category
of G-stacks, as in [53| and [24]. In addition, we discuss how a G-stack can be
considered a differentiable stack. In the next section, we provide the notion of a
quotient stack M /G, some properties of this concept and we check that this stack
is a differentiable stack. In the third section we give the notion of equivariant
cohomology working with the homotopy type of M /G and we provide a Cartan

model that coincides in cohomology with the notion of equivariant cohomology

83
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previously defined. In the fourth section we construct some spectral sequences

that are conceived from the study of the homotopy type of the quotient stack.

4.1 Group actions on a stack

Let G be a Lie group and M a differentiable stack with atlas X — M.

Definition 4.1.1. A morphism of stacks p: G x M — M is called an action on
M if for each T € Diff the following diagrams

G x G x M(T) T G p(T)

e | / lw

G x M(T (1)
and

G x M(T (T)

GXZdM(T)T %)

are 2-commutative, that is, for every T' € Diff the following holds:

L (g-af,)ab = akial,  forall g, h k€ G and z € M(T).
2. (g-a%)af, = lg, = a9%af, for every g € G, x € M(T) and with e the
identity in G.
where the dot is denoting the action p. Meanwhile, of ;, : g+ (h-z) — (gh) - x and
a®:x—e-xin M(T).
Definition 4.1.2. The pair (M, u, a, a) is a G-stack if p is an action of G on M.

Definition 4.1.3. A morphism of G-stacks between (M, u, o, a) and (N, v, 3,0)
is a morphism of stacks F' : M — N together with a 2-morphism o with the

following 2-commutative diagram
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Gx M —" s M

idGXfl / lf

GxN ——— N

such that, for every T € Diff

L al*(g- a,f),@’;}(f) = F(aj,)op,, for every g,h € G and x € M(T).

2. F(a®)o® = b¥"®@) for every object x € M(T) and e the identity element of
G.
where o7 : F(g-x) — g- F(x) in N(T).
Definition 4.1.4. A 2-morphism of G-stacks between 1-morphism of G-stacks,
(F,0) and (F',0'), is a 2-morphism of stacks ¢ : F' = F’ such that

* (02)(g - ¢2) = (¢g.0)(0,7) for every g € G and x € M(T).

Here ¢, : F(z) — F’'(x) is the 2-morphism ¢ applied to z € M(T).
Remark 4.1.5. In this way, we define a 2-category of GG-stacks denoted by G-St.

Example 4.1.6. The definition of an action of G on a smooth manifold M coincide
with the one above, where the diagrams are strictly commutative. In the same
way, the notion of G equivariant smooth maps in Diff coincides with the one of

morphism of G-stacks.

4.2 Quotient stacks

Let G be a Lie group acting on a differentiable stack M.

Definition 4.2.1. Consider the pseudo-functor
M/G : Diff’” — Grpds

such that for each 7' € Diff, an element in M/G(T) is a triple t = (p, f,0)
such that p : £ — T forms a principal G-bundle and an equivariant morphism
(f,o) : E — M. The arrows in M/G(T) are pairs (u,«) with a G-morphism

u: F — E" and a 2-commutative diagram of G-stacks given by
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E “ s B/
D
(f,o) (f',0")
M

If there is a smooth map 7' 2 S, then there exists a morphism M/G(S) —
M/G(T) given by the pullback as in the following commutative diagram

TxgE s B (f’g)>M

el

rT—" s
where M/G(h) = h*.

Proposition 4.2.2. Let GG be a Lie group with an action on M. The pseudo-
funtor M /G is a stack.

Proof. Since it is possible to glue principal G-bundles, the gluing conditions in the
definition of a stack hold. Therefore the quotient M /G is a stack. [

Example 4.2.3. Let M be a smooth manifold and an action by G on M. We
have that the usual quotient stack [M/G], given in definition 3.1.11, is the same
as the quotient M /G = Hom(_, M)/G defined as in the definition above.

Another way to consider this stack, is defining a prestack P such that for T € Diff
we have P(T') = M(T) and morphisms between x and y in M(T') are pairs (g, )
with ¢ € G and ¢ : g.x — y a morphism in M(T'). If we use stackification as in
the proposition 3.1.8, we get the stack (M /G)* = P associated to P.

Proposition 4.2.4. The stacks M /G and (M/G)* are isomorphic.

Proof. Consider the morphism ® : P — M /G such that for each T 5 M we get
as ®(z) the following principal G-bundle

po(idxx
(idxx)

GxT

&

T

M
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where p is the action on M.

We recall that a morphism (g, ¢) : © — y in P, is a morphism ¢ : g - x — y. We

define ®(g, ¢) as the 2-morphism in the following commutative diagram

GxT Moxr »y G xT
po(idx g-x) po(idxy)
M

where ¢ is the morphism described by the commutative diagram

T fT . T

® is a fully faithful morphism, for this we consider T € Diff and
.
Homp(r)(z,y) — Homu/cr)(®(2), 2(y))

then a morphism in Hom /() (®(x), P(y)) is given by h x idp : G xT — G x T,
where g1 - gr = h(g1) -y, that means h™'(gy) - (g1 - gz) Xy, but as y = g - x we
have that h™'(g1) - g1 = e, the identity element of G. Therefore h = idg, .,
is a bijection and ® is fully faithful. We observe that this morphism is locally
essentially surjective since its image are the trivial bundles. For stackification in

the proposition 3.1.8, this morphism extends to an isomorphism of stacks @’ :

(M/G)* - M/G as we want. [

Remark 4.2.5. We observe that M(T') can be considered as a subcategory of
M/G(T) where to each element x € M(T), by the 2-Yoneda Lemma we can
take its morphism 7 % M and assign the element in M/G(T) given by the

diagram

GxT po(idxx) M
&
T

that is the trivial principal bundle over T
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Example 4.2.6. For any stack A/, we can associate a G-stack given by (N, pro, id, id),
where pry : G x N — N is the projection to the second component. This is a

G-stack, since we have the following 2-commutative diagrams

G x G x N(T) 2% AN x N(T)

idex ml / \(Lpr)g
N(T

G x N(T
and
Gx N(T (T)
IXZdN(T)T %
with:

L (af p)ag = af yag, ., for all g, bk € G and z € M(T).

2. (a%)ag, =1, = a®af, for every g € G, x € M(T') and with e the identity

g,e

in G,
because o and a are identities. Then (N, pro,id, id) is a G-stack.

We can consider the 2-functor ¢ : St — G — St such that

1. for N € St, we have «(N) = (N, pro, id, id).

2. for a l-morphism of stacks M > A/, we have ¢(M) LN t(N) where «(F) =

(F,id).

3. For a 2-morphism of stacks F LN F', we have (F,id) LN (F',id).

This is a 2-functor since all the identities provided by ¢ preserve all identities and

all compositions.

Proposition 4.2.7. The stack M /G 2-represents the 2-functor St — Cat defined

by
F(N) = Homg_s¢(M, t(N))
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Proof. Let f € Homg_s¢(M,t(N)) be a morphism of G-stacks. If we consider
the prestack Py associated to N, we can see that any element in Py (T') is given
by

GxT proo(idxx M
lPQ

T

as the action is pro we have that any element in Py (7)) is in bijective corre-
spondence with the elements in N (7). Therefore if we use stackification we get
that /G =2 N. Hence we get an element in Hom(M /G, N') and we have that
Homg-_gt(M,1(N)) = Hom(M/G,N) by proposition 3.1.8. [

Proposition 4.2.8. The projection M < M /G has local sections.

Proof. Firstly we need to check how ¢ is defined. Let V' be a smooth manifold
then

MV) L M/GV)

f idg % f)

VLMo (GxVERY,Gx vy 2D pyy

We need to check that in the following diagram

VxymaegM —— M

| i

V" M/G

there exist local sections on V' X r/g M — V that makes the diagram commutes.
Now we consider a covering {U; — V} such that U; are local trivialisation of

E — V. Then we have the diagram

G

g

NI

U, —

S x

If we consider the section s; : U; — G x U; then the section for ¢ is given by
s:honosieM(Ui). ]
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Definition 4.2.9. A stack M is called a differentiable G-stack if there is a smooth
manifold X with an action by G and a 1-morphism of G-stacks p : X — M such
that:

1. p is representable.

2. pis a submersion.

The map X — M is then called an G-atlas of M.
Remark 4.2.10. We denote the 2-category of differentiable G-stacks by G —Diff St.

Proposition 4.2.11. Let M be a differentiable G-stack with G-atlas given by
X & M. If o is the smooth action by G on X, this action induces a simplicial

smooth action in the associated nerve of the Lie groupoid (X xpm X = X).

Proof. 1f we consider the fibered n-product X,, = X X (... X X, we define
o Gx X, (T) = X, (T)
such that
Un,T(.Q? (3317 Loy ... >$nap(x1> = ... = p(l’n)))

this morphism is well-defined since there exists ¢ - p(x;) = ... = ¢ - p(z,) and,
g-p(z) = plg-2) for any z € X(T') because p is a 1-morphism of G-stacks. We

observe that we have the following diagrams:

lean(T)

GxGxX,(T) —— G x X,(T)
idg xayb,Tl / lan T
G x X,( 7
and
G x X,( (T)

exldxan %)
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where o and a are identities. By construction the collection of these morphisms
is a simplicial map and it is a smooth simplicial map since makes the following

diagram

On,T

G x X, (T) ——— X, (T)

| |

Gx X(T) —>— X(T)

commutes, where the vertical maps are given by the different compositions of face

maps of X,. [

Proposition 4.2.12. Let X — M be a G-atlas. Then there is an atlas for the
quotient stack given by X - M — M/G.

Proof. We get that p and ¢ have local sections, so it remains to check that gop is
representable. Hence if we consider the coverings {U; — T'} and {U;; — U, } such
that the first one is the local sections for ¢ and the second one for p. Hence we

get the following commutative diagram

Uj xm X — X

| lp

U; XM/GM s M

| [

Uij > Uz > T >M/G

Thus we glue every U;; x ¢ X with this local section, we get a smooth manifold

and as the diagram commutes we have that 1" x »1/¢ X is a smooth manifold.  [J

4.3 Equivariant cohomology

4.3.1 Homotopy type of the differentiable stack M /G

Let G be a Lie group and M a differentiable G-stack with a G-atlas X £ M. We
denote the action on M by G with y : GXx M — M and the action on X by G with
0 : G x X = X. Then by proposition 4.2.12, we get an atlas X & M & M/G
and we recall that the homotopy type for the quotient stack is given by the fat
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geometric realisation of the nerve of the Lie groupoid (X x e X = X) as we
discussed in 3.4.28. In this section we will now devote our effors to get the homo-
topy type for M/G.

In order to find the homotopy type of M /G we use the following result by Ginot-

Noohi, in [24, 4] and as a consequence of proposition 3.2.5.

Proposition 4.3.1. The following diagram is a 2-commutative diagram

Gx M —E2 5 M

| lq

M—L M/G
Therefore, we can consider the 2-commutative diagram

— 3y GxX —2 5 X

l’idc Xp lp
idG Xp

Gx X B Ggx M —L 5 M

T
)l;’ "

L M —L 5 M/G

I

and we can conclude that:

Proposition 4.3.2. An equivalence of stacks is given by
X Xpme X Z2(GxX)xpm X Z2GE X (X xpX)

Proof. We have the first equivalence thanks to the diagram above X X /g X =
(G x X) xpm X. For the equivalence (G x X) xp X = G x (X xpm X), we
consider T € Diff and we see that any element in (G x X) x s X(T) has the form
(9 X x,y;9 - p(x) = p(y)), where z,y € X(T) and g € G. In the same way, an
element in G x (X X X)(7') has the form (g, (z,y;p(z) = p(y))). Then we define

the morphism

nr: (GxX)xuX(T) = G x (X xum X)(T)

-1 -1

such that n(g x =,y;9 - p(z) = p(y)) = (9, (v,97" - y;p(x) = p(g~" - y))), where

g ' y=o0(g7",y) and the morphism

Er G (X xpm X)(T) — (G x X) xm X(T)
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such that (g, (z,y;p(z) = p(y))) = (9 X z,9-y: 9 - p(x) = p(g - y)) Then we get

that nr o {r = idgx (xx v x) (1) and &7 o Ny = id(Gxx)x x(T), @S We want. [
If we iterate the last proposition, we get that the (n + 1)-product
X XM/GX XM/G - - XM/GX%JGTL XXn-H

where G™ is the cartesian n-product of G and X, 11 = X Xu X X ... Xy X i
the fibered (n + 1)-product.

If we consider T € Diff and the face maps in the nerve associated to X +% M /G,

we get the face maps for the simplicial smooth manifold (G™ X X,,11)n>0
(91' : GnJrl X Xn+2(T> — G" x XnJrl(T)
such that

0i(91,92, - - Gnt1, (T1, T2, .o, Tpgo; P(21) = ... = P(Tnt2)))

is equal to
(92,935, Gnt1, M1 (21, T2, . . ., Tpg2; P(x1) = ... = P(Tngo))) if 1 =0,

(G153 Gi"Git1s -« s G2, Ti(X1, T, o ooy Tpga; P(21) = o0 = p(Tng2))) 0 <@ <,

(91,925« -+ Gn, i1 - Tnao(T1, 22, .. Tpao;p(x1) = ... = p(Tpa2))) if i =0,

where 7; : X, 1o — X, 41 is the i-face map of the nerve of the simplicial smooth

manifold X, and g, 11 - m,12 is the action induce by ¢ in X, ;1.

Theorem 4.3.3. Let M be a differentiable stack and G a Lie group with a G-atlas
X — M. Then
H*(M/G,R) = H(EGx || X. |, R).

Proof. If we consider the bisimplicial smooth manifold given by {GP? x X, },>0.n>0,
where GP is the cartesian p-product of G and X,, = X Xy X X ... Xy X 8
the fibered n-product. With face vertical maps given by the faces in the simplicial

manifold X, and face horizontal maps given by

aé{(gla"wgpﬂ?:) = (927"'797‘“2)
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azH(gh' o agpaz) = (917' -+ 9i-1,9i9i+1, Gi+2, - - - ag’mz) for 1 S [ S p
a;)q(gl?"'agpaz) = (gla"wgnfl?gn ’ Z)

where z € X, for some n. Then by proposition 2.3.57 we get that || G* x X, ||=
EGx¢q || Xo || as we want. [

Example 4.3.4. If M = X is a smooth manifold, we have that the below defi-
nition of equivariant cohomology for stacks coincide with usual equivariant coho-

mology for smooth manifolds. Since

(GxX)xx X~GxX

and the maps of the Lie groupoid is given by the action g : G x X — X and
projection pry : G x X — X, hence this Lie groupoid coincide with the transfor-
mation groupoid and its fat geometric realisation is EG xg X. Then de Rham
cohomology of X/G is Hj,(X/G) = H*(EG x¢ X,R), which is the Borel model
as defined in 2.3.61. So when we have a differentiable stack associated to a smooth
manifold the equivariant stack cohomology coincides with the classical equivariant

cohomology of the given smooth manifold.

Since we note that in the classical case the cohomology of a quotient stack coincide

with the one given by the Borel model we give the following notion:

Definition 4.3.5. Let G be a Lie group and M a differentiable G-stack with a
G-atlas X & M. The equivariant cohomology of M, Hg(M), is given by

H(M) = H'(M/G, R)

for R any commutative ring with identity.

Remark 4.3.6. Since we are interested in the comparison with de Rham cohomol-
ogy, in our current work we focus in singular cohomology with real coefficients,

see subsection 3.4.4.1.

Remark 4.3.7. By remark 3.4.29, this definition of equivariant cohomology can be

done for any cartesian sheaf or complex of cartesian sheaves.
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4.3.2 Cartan model for differentiable stacks

In this subsection, we apply the Cartan model for simplicial smooth manifold as

described in appendix A.

Let M be a differentiable G-stack with G-atlas X — M for a compact Lie group
G. We denote the action on X by ¢ and the action on the stack M by u. Then we
can consider the simplicial smooth action ¢, induced by ¢ in X,, as in proposition

4.2.11.

Then we can consider the complex of simplicial equivariant forms
i = (@D (S7(g") @ Q4(X,)9), D =)
q+r=m

as in the subsection A.0.1. Now we can consider its cohomology H(X,). If we

apply the theorem A.0.1 to this complex, then:

Proposition 4.3.8. The cohomology of the complex C® holds that
Hg(Xe) = H (EGxq || Xo |, R)
with || X || is the fat geometric realisation of the simplicial smooth manifold X,.

If we compare this result with the theorem 4.3.3, we get that this Cartan model
and the cohomology of the quotient stack M /G coincide, that is:

HE(X.) = H (M/G,R).

Let G be a compact connected Lie group and K a closed subgroup. We denote by
g and € the Lie algebra of G and the Lie algebra of K, respectively. g¥ is the dual
of the Lie algebra g and S(g¥) its symmetric algebra. Then by subsection A.0.3
we get that:

Proposition 4.3.9. Suppose that the restriction map
S(g")¢ — S(E)*
s an isomorphism of algebras. Then the restriction map

Hg(Xe) — Hi(X,)
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wmn equivariant cohomology is an isomorphism.

By theorem A.0.6, we get that if have a differentiable G-stack M with G-atlas
X — M, then:

Theorem 4.3.10. Let G be a connected compact Lie group, T a mazimal torus
and W its Weyl group. Then

HE(X.) = Hy(X)".

4.4 Some results via spectral sequences

We state some results on spectral sequences for the equivariant cohomology of a

differentiable G-stack.

4.4.1 Sheaf cohomology on quotient stacks

Let G be a Lie group, M a G-stack and § a cartesian sheaf on the quotient stack
M/G with atlas X - M — M/G, where X — M is a G-atlas for M. So we can
get an induced sheaf § on M and also a sheaf §, on the associated bisimplicial
smooth manifold (G x X"),~o. We present two spectral sequences under the

previous assumptions.

Theorem 4.4.1. There exists a spectral sequence such that
ET" = H'([X"/G),§) = HL (M, ).

Proof. We take an acyclic equivariant resolution K? of §. Then we can consider
the induced sheaves K™% on GP x X"™. Then we get the triple complex I'(GP X
X", KP™1). We know that the geometric resolution of bisimplical smooth manifold

accomplishes
I GP > X7 =] p = n =] GP x X" [[||]] -

So the double complex T'(GP x XP+1 KP4) calculates the same cohomology. We
know that the resolution is acyclic and computing first with respect to ¢ we get
the complex given by T'(GP x XP*! &) and that is H}(M,§). On the other hand if
we consider the triple complex I'(G? x X", KP%) with differential dx given by the
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resolution and a second differential § the one provided by the bisimplicial smooth
manifold making the double complex C"™" =P, _ . T'(GF x X", KP), we get

Ey" = @) T(G” x X", K™)

r=p+q

and
Byt = H'([X"/G],5).

Therefore we get the result. [

Theorem 4.4.2. If G is a discrete group, there exists a spectral sequence such
that
EP" = H’(G,H"(M,J)) = HET(M,T).

Proof. We can consider that the sheaf induced by § on M with the same § and also
a sheaf §, on the associated bisimplicial smooth manifold (G? x X™),,~o. Consider
an acyclic resolution K*® of § and the induced sheaves in the bisimplicial smooth
manifold, then we get the triple complex I'(G? x X", KP"™%). As we know that the

geometric resolution of bisimplical smooth manifold accomplishes
I GPx XPFH[[=] p =] n =] 6" x X ]

we have again that the double complex T'(GP x XP*! KP4) calculates the same
cohomology. We know that the resolution is acyclic and computing first with
respect to ¢ we get the complex given by T'(GP x XP™ ¥) and that is H (M, F).
If we consider the triple complex I'(G? x X™ KP™9) where each element can be
seen as a map G? — I'(X™, K™?) since G is discrete and for each f(g,7) € I'(GP x
X", KP™1) we can define a map f(Z)(g) = f(3,7) € I'(X™, K™). We are going
to consider this triple complex as a double complex with a first differential given
by 6 = d,+(—1)"d,, and d,, where d, is the differential given by the resolution, d,
given by the simplicial structure of X, and d, by the simplicial structure on G,.

Besides there exists an action ¢ of G on H"(M,§) given by
¢:Gx H'(M,§) = H"(M,F)

(9, /) = (g, [f]) = [/ (9,9 - T)]

where f € T'(G™ x X" F). Hence, if we apply the differential § first, we get

EY" = CP(G, H'(M,3))
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and as d; = d¢ is the differential induced by d,, then
EY" = HP(G,H"(M,F)). O

Example 4.4.3. If M = X is a smooth manifold with an action of a discrete

group (G, we have that the previous result generalises the spectral sequence
Ey" = HP(G,H"(X,§)) = H"™([X/G], )

which is given by Felder et al., in [20, A.4].

4.4.2 Hypercohomology of a quotient stack

Let §o — §1 — -+ — §m be a complex of Cartesian sheaves of abelian groups
over M /G with an atlas given by X — M — M/G, where X — M is a G-atlas.
Consider §, the sheaf associated on M and for the bisimplicial smooth manifold

GP x X" the bisimplicial sheaf §,,, for any r.

Theorem 4.4.4. There exists a spectral sequence such that
Er" =H([X"/G), 80— T1— - = Fm) = HE"(M,To = F1 == Fm)-

Proof. Let K7 be an acyclic equivariant resolution of §, and we denote by K"

the sheaves generated on GP x X". Then we have the quadruple complex
CcPmaer = T(GP x X", KP™),

As below we can consider the complex CP%" = I'(GP x XPT! KP?) and we have
that KP4 is acyclic. That is if we compute with respect to ¢ we get the double
complex CP" = T'(GP x XP™! FP). Hence the quadruple complex has as cohomology

HE(M,Go— 81— - — )

Besides we can consider the quadruple complex as a double complex if we con-
sider the complex given by C*" =@, ., (G x X", KP?) with its respective

differential and as a second differential the one given on X,. Then

Ey"= P T(G"x X" KP)

s=p+q-+r
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and

EY"=H([X"/)G,80 =81 — = Fm). O

Theorem 4.4.5. If G is a discrete group, there exists a spectral sequence such
that

By = HY (G, HY (M, Go = 1 — - = Fn)) = HE (M, Fo = Fre = F).

Proof. Let K7 be an acyclic equivariant resolution of §, and we denote by K"

the sheaves generated on GP x X". Then we have the quadruple complex
cPmaer = T(GP x X™, KP™),

As below we can consider the complex CP4" = T'(GP x XPT! KP4). If we compute
with respect to the resolution we get the double complex CP" = T'(GP x XP*1 FP).
Hence the quadruple complex has as cohomology HE(M,§o — §1— -+ — Fm)-

Besides we can consider the quadruple complex CP™%" as a double complex given
by the differential for n,q,r and as second differential the one of the simplicial
structure of GG,. Moreover if we consider the elements in CP™%" as maps GP —
(X", K%) then

Ep*=C"(G, @ T(X"KY)

n+q+r=s

EP? =CP(G,H*(M,Fo = F1— = Fm))

and
EY® = HP(G,H*(M,T§o = F1— - = Fm)). O

Example 4.4.6. If M = X is smooth manifold with an action of a discrete group

G, we have that the previous result generalises the spectral sequence

By = HY(G,H"(X,To — &1 — -+ = §m)) = H'™([X/G), 8o = §1- - — Fm)

which is given by Felder et al., in [20, A.7].

4.4.3 Spectral sequence of group cohomology for compact
Lie group actions

Let us finally now deal with the case that the group G is a compact Lie group.

We then get the following general spectral sequence:
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Theorem 4.4.7. There exists a spectral sequence such that

Ekp @ Hp @ Qs ®St ))

q+n=k s+t=q

= Toty P H"(G, P ¥’(X,) ® S'(g")) = HEP(M,R).

q+n=k s+t=q

Proof. Let (Q9(G? x X,,),dar, 0g,0x) be the triple complex which computes the

cohomology H},(M/G). We can consider the complex of smooth functions

Coo(GP, P (X)) ® A'(g"))

s+t=q

with differentials induced for dyr, Og and Ox. So if we take the function

T QUG x X,) = Coo(GP, @P (X)) @ A'(g7))

s+t=q

> wil§. )dgidzy > § 2 (wild, 7)day @ dgr)

which commutes with the differentials and is a bijection, we have that the complex

of smooth functions computes the same cohomology as Q9(G? x X,).

Moreover if we consider the double complex

= P Cu(G?, P (X)) @ A (g"P))

q+n=k s+t=q

Then EFP = ke,

EY" = P HE(G, D @°(X,) ® HP (A (g"7)))

q+n=k s+t=q
- @ e @ ) e s)
q+n=k stt=q

Here H, means the group cohomology for smooth cochains, however these cochains
can be approximated by continuous cochains [30, 5], [55, 6], [60, I]; so we can con-

sider this cohomology as the continuous version H”. Hence we get for the second
page

=Tot, @ H"(G, P @’(X.)® S'(g")). O

q+n=k s+t=q
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Example 4.4.8. If M = pt, this result generalises the spectral sequence
E'"? = H?(G, S'(g")) = H"*"(BG,R)

which is given by Bott in [9] and by Stasheff in [55].



Appendix A

The Cartan model for simplicial

smooth manifolds

In this appendix, we give the construction of equivariant forms for simplicial
smooth manifolds, following [46, C.1], [57, 2.2] and [58]. We provide a discus-

sion about the restriction of the group of equivariance based on 27, 6.5 & 6.8|.

A.0.1 Cartan model

Let M, be a simplicial smooth manifold and a simplicial smooth action pe : G X
M, — M, with G a compact Lie group.
We can define the complex
cwrm — ( P (sr(g”) ® Q(M,)°),D - L)
qg+r=m

where D = dygp+(—1)%0 is the operator of the simplicial de Rham complex defined
in the subsection 2.3.6 and ¢ the operator defined by the interior multiplication in
the usual Cartan model, as in the definition 2.3.53. Then the cohomology of this
complex its denoted by H}(M,,R), compare with [46, C.1] and |58, 4.2].

Proposition A.0.1. /58, 4.2/,/57, 4.1] The cohomology of C* holds that

Hé(M.,R) = H*<EGXG H M, HvR)

102
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A.0.2 Cartan model as a double complex

Consider the double complex
e}
oo (1000 @ o))
s+r=q—p
with horizontal operator D and horizontal «.

Theorem A.0.2. The E; term in the spectral sequence of CP4 is
(5%(g") @ HTP(M,,R)).

Proof. The complex CP? with the boundary D sits inside the complex Z =
(S*(g¥)®( Q*(M,))) and the cohomology groups of C™4 are just the G-invariant
components of the cohomology which are appropriately graded components of
S*(g¥)® H(M,,R). O

To compute E; we are going to use that 0 txw = 1x0fw where 0; is a face in the

simplicial manifold. We get
a:(L(X)W)p(Xl, . kal) = 8:wp(X(p), X17 c. 7kal)

= Wo;(p) (X (9i(p)), daile (p), - 7daipXk71(P)) = L<X)w6¢(p)(d8¢le (), .- >d8¢pkal<p))
= L(X)(@Z‘w)p(Xl, c. 7Xk71)
and we set the following proposition
Proposition A.0.3. The connected component of the identity in G acts trivially
on H*(M,,R).
Proof. We consider
1D+ D
=u(d+ (=1)70) + (d+ (—1)910)t = td + dv = L,

So the Lie derivative L, is chain homotopic to 0 in Q9(M,). As in the Lie derivative
the action acts trivially ia connected component of the identity, we get the result.
O

Theorem A.0.4. If G is connected, then E}'? = SP(g¥)¢ @ H17P(M,,R)
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Proof. By proposition A.0.3, we get that G acts trivial on H*(M,,R) and if we
apply this in the theorem A.0.2, we get the result. []

A.0.3 Restricting the acting group

Let G be a compact connected Lie group and K a closed subgroup of G (not

necessarily connected). We then get an injection of Lie algebras
t—g

where £ is the Lie algebra of K and g is the Lie algebra of G. Also we get an
injection in the dual spaces

g\/ — E\/
which extends to the symmetric algebras
S(g”) — S(¢)

and then to

(S(g") @ P (M) = S o P (M)~

Thus we get a restriction map
Hg(M,,R) — Hy(M,,R)

and also a restriction morphism at each stage of the corresponding spectral se-
quences. Since G acts trivially on H*(M,,R) and K is a subgroup of G then K

acts trivially as well. So by the theorem A.0.2, we get a morphism on £
S(g")" @ P (M) —» SE)" @ P (M)
Then we get:

Theorem A.0.5. Suppose that the restriction map
S(g")" — S(e)¥
1s an isomorphism. Then the restriction map

Hg (Mo, R) — Hg(M,, R)
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wmn equivariant cohomology is an isomorphism.

Let T be a maximal torus of G and let K = N(T) be its normalizer. The quotient
group W = K/T is the Weyl group. It is a finite group so the Lie algebra of K is
the same as the Lie algebra of T'. Since T is abelian its action on t¥ and on S(t")

is trivial. So we get

S(EV)K — S(tV)K — S(f\/)W
According to Chevalley restriction theorem the restriction morphism
S(g")% = S

is an isomorphism, see (62, 2.1.5.1], so we can apply the theorem A.0.5. Besides

considering the inclusion T"— K we get a morphism of double complexes
Cr(M,) = Cr(M,)V

which induces a morphism
Hy (M) — Hp(M,)"

and a morphism at each level of the spectral sequences. At Ei-level we get the

identity morphism
S @ H*(M,,R) — S(t)V @ H*(M,,R)

then by theorem A.0.5 we get Hy(M,,R) = Hi(M,,R)". And we conclude:

Theorem A.0.6. Let GG be a connected compact Lie group, T a mazimal torus

and W its Weyl group. Then:

Hg (Mo, R) = Hi (M., R)™
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