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Abstract

As reliable mathematical methods for finance, various concepts of the stochas-
tic calculus are discussed in detail in this thesis such as the Ito integral, the
(continuous and discrete) Malliavin calculus and the Stratonovich integral.
The derivative of a natural number and the quantum calculus are also illus-

trated in this thesis.

The Stroock lemma and the duality formula are two methods when the Malli-
avin calculus is applied to calculate the preceding quantities. To extend the
range of application of these rules is a crucial purpose of this thesis. Solving
certain equations based on the Ito integral and the Malliavin calculus has also
been introduced and analysed in this thesis. This equation, which is also a
kind of stochastic differential equation, can be treated as an inverse applica-
tion of the Malliavin derivative. Finally, the product rule for other derivative
operators is extensively introduced and analysed throughout the whole thesis,
since this rule in the stochastic calculus or the quantum calculus is sometimes

different from the traditional infinitesimal calculus.

To explore the idea of differential dynamics with the non-standard and new

types of differentiation, the differential operators discussed and introduced



in this thesis, such as the continuous and the discrete Malliavin derivative
operator and the g¢-derivation operator are applied as transforms on some
state spaces, such as measurable space and the space constructed by the finite

fields.

vi



Chapter 1

Introduction

This thesis consists of three main parts. The three parts are loosely con-
nected. The two main joint points in all modelling and analysis are trying to
identify conditions when the Lie-bracket or the Stroock type relationship and
the duality property are satisfied. This relationship can be simply represented
by

DS =1+ 6D,

or equivalently,

[D,d] =1,
where [,] is the Lie bracket.
From the pure mathematics point of view, both parts of this thesis are in-
teresting as mathematical questions. Bernt Oksendal [38] [40] [41] and David

Nualart [34] [36] are partly treated some stochastic differential equations which

are defined as the Ito-Malliavin type equations in this thesis. The ¢-derivative,

1



or Jackson derivative, which first introduced by Frank Hilton Jackson [20] has
been widely applied in number theory such as the sums of two and of four
squares, the sums of two and of four triangular numbers [21]. It is interesting

to investigate how to apply g-derivation operator on the finite field.

From the applied mathematics point of view, both the ¢-derivation operators
and the solutions to the Ito-Malliavin type equation give another way to the
financial modelling. These notions lead to the non-standard financial mod-
elling. There are more details in the paper written by X. Ma et al. [32], the
paper written by Rukiye Samci Karadeniz et al. [22] and the Ph.D. thesis of
Wenyan Hao [16].

The inspiration of the Ito-Malliavin type equation comes from the application
of the Stroock lemma ( or called ”a fundamental theorem of calculus” by Giulia
Di Nunno et al. [38] ) in the Malliavin calculus and some Gaussian processes
such as Brownian bridge. The adapted solutions of all three Ito-Malliavin type

equations illustrated in this thesis have been given.

The Stroock lemma is an important notion in the stochastic calculus. Three
different approaches of generalization of this lemma such as the discrete Malli-
avin calculus, the traditional derivative and the arithmetic derivative are given
in the second part. Here in this part a generalised duality formula via a bilinear

map is also given in the first part.

In general, the ¢-derivation operator and the ¢-type derivation operator in-
troduced in this thesis are non-commutative. These operators, different from
the semi-derivation operators and the derivation operators ( see Chapter 10
), satisfy the g-product rule. In this thesis, these operators are applied to a
vector space of Fp-valued functions where I, is a finite field. It gives another

way to construct the famous Cox-Ross-Rubinstein model.



Main structure of the thesis

Before the main contents, all commonly used notations are listed in Chapter

2 for convenience.

e The first part of this thesis is certain equations based on the Ito integral
and the Malliavin calculus which are simply called the Ito-Malliavin type

equations in this thesis. These equations can be simply represented as

-DtXu =F (t, Wta u, Wu) .

Furthermore, the Stratonovich-Malliavin type equations are also intro-

duced and analysed in this part.

All terminologies and methods can be found in Chapter 3. Several simple
lemmas and examples are illustrated in Chapter 4. The specific defini-

tions and methods of preceding equations are shown in Chapter 5.

e The second part of this thesis is about the general Stroock lemma. To
find different forms of this lemma, several concepts, such as the discrete
Malliavin calculus and the derivative of a natural number are introduced

in this part.

All terminologies and methods can be found in Chapter 6. Several simple
lemmas and examples are illustrated in Chapter 7. Various topics about

the general Stroock lemma are shown in Chapter 8.



e The third part of this thesis is a discrete differential dynamics. The ¢-
derivation operator is applied to F,»-valued vectors to investigate how

differential dynamics works.

All terminologies and methods can be found in Chapter 9. Several simple
lemmas and examples are illustrated in Chapter 10. The discrete differ-
ential dynamics of g-derivation and the characterization of g-derivation
are shown in Chapter 11. The application of the g-derivation operator

to Cox-Ross-Rubinstein model is demonstrated in Chapter 12.

Results: There are too many to state. Chapter 4, 5, 7, 8, 10, 11 and 12 are

based on my results.



Chapter 2

Notations

In this chapter, some commonly used notations of the whole thesis are illus-

trated here.

{X;:t >0}, X, X;.: stochastic process

{Xt(m) itz O}, Xt(m): a sequence of stochastic processes

{W; :t > 0}, W;: Wiener process

{B; : t > 0}, By: standard Brownian motion

{F::t >0}, F: filtration

A, A: delta operator, shift-equivariant linear operator

L%([0,T]"): standard space of square integrable Borel real functions on [0, 7]"

L2([0,7]™"): standard space of symmetric square integrable Borel real functions

on [0,77"



I,,: n-fold iterated Ito integrals
L? (P): space of square integrable random variables
(9, ) 2(joymy: the inner product of L2 ([0, T]")

ot tn,t) = fua (b, s tn) = fu (1) ,n =1,2,---: functions of n + 1

variables, that is (t1,--- ,¢,) € [0,7]" and the parameter t € [0, T]

ﬁl(tl,~-- s tnr1) = fn,n = 1,2,---: symmetric functions derived from

fn('at)vn: 1727"'
d (u): Skorohod integral of the stochastic process w;
D;: Malliavin derivative at time ¢

D) »: subspace of L? (P) of which function F satisfies || ||, , = >0, nnl|| full72 0.0y <

(0. 9]

DY ,: the set of all F € L* (P) whose chaos expansion has only finitely many

terms

G (t, X;): function of the process X; and the time ¢

fOT G (t, X;) o dW;: Stratonovich integral of the function G (¢, X;)
H, (A, z): Hermite polynomial of degree n and parameter A > 0
(Q, F, P): a complete probability space

R: the set of real numbers

Ro: R\ {0}

N: the set of natural numbers



A: discrete time set
w: Bernoulli random variable
Q: set of w

£2(Q, P): discrete version of the Wiener space with respect to the uniform

probability measure P

B, B,: discrete Brownian motion

X, (%S)S€ A: discrete stochastic process
X, (t1,- -+ ,t,): symmetric function X, on A"
X5 (t1,- -+ ,tn; s): coefficient function with respect to the process variable s

B: bilinear map

[F,: finite field with p elements

F,n: finite field with p™ elements and characteristic p

D,: g-derivation operator

Anp={(f1, -, f)" : fi € F,}: a vector space of F,-valued functions

Ou,,—A,,: & class of matrices from A, , to A, ,



Part 1 :

Ito-Malliavin Equations

Main definitions from the Ito integral, the Stratonovich integral and the Malli-
avin calculus are introduced in Chapter 3. Chapter 4 contains several exam-
ples and lemmas on the Ito integral, the Stratonovich integral and Mallaivin
calculus. The Ito-Malliavin type equations, the Stratonovich-Malliavin type

equations and related main results are in Chapter 5 based on [9].



Chapter 3

Terminology and Methods

In this chapter, all crucial notations and methods are introduced in details in-
cluding definitions and properties. These concepts will be applied throughout

part 1. Several lemmas with proofs are also given here.

3.1 Ito integral

Ito stochastic integral is a stochastic generalization of the RiemannStieltjes
integral. This notion has a lot of applications in financial mathematics and

stochastic differential equations.

This section follows Rogers Chris et al. [5] and Revuz Daniel et al. [8].

3.1.1 Definition

Let {tg,t1, - ,tx} be a partition of the interval [0, T, that is,

O=to<ti <---<tp="T.

9



Assume that an adapted stochastic process {X; : ¢ > 0} is constant in ¢ on
each subinterval [t;,t;41),7 = 0,1,---k — 1, such that for each ¢t € [0,T],
E, [(Xt)ﬂ < 4o00. This kind of process is often called a simple process. Let
(Q, F, P) be a probability space and (Q, FAFi 0> P) be a filtered probabil-

ity space. The Ito integral can be defined as

t
/ X, dW,,t € [0,T],
0

where {W, :t > 0} is an adapted Wiener process with respect to a natural

filtration {F; : ¢t > 0} which is a sub-c-algebra of F. Then, for t € [t;, t;11],

t
I(t) = / X, dW,
0
i—1
= Zth (Wtj+l - Wtj) + th‘ (I/Vt - Wtz) :
=0

Then, consequently, the definition of the Ito integral is given as follow.

Definition 3.1.1. (Ito integral)

Suppose {Wy : t = 0} is a Wiener process and {X; : t > 0} is an adapted stochas-
tic process with respect to a filtration {F; : t > 0}. Then the Ito integral is
defined as

i

T
/ Xtth:hrn E Xti(Wti+l—Wt),’i:O,1,“',k'—l,
0 i

where the symbol of limit represents that the mesh of the partition 0 = ty <

ty <---<tpy=T of [0,T] tends to 0.

10



3.1.2 Properties

Since the definition of Ito integral is given, some important properties which

will be used in this thesis are illustrated in this section.

As a simple application of discretization method, the Ito isometry is proved in

details.

Lemma 3.1.1. (Ito isometry)

The Ito integral satisfies

2

E

t t
/XSdWS :E[/ |XS\2ds}.
0 0

Lemma 3.1.2. (Convergence)

Let {Xt(m) t>0m=1,2,--- } be a sequence of adapted stochastic processes

with respect to a filtration {F; : t > 0} which satisfies

XM - X,

in L* (P) which is a space of square integrable random variables. Then,

T T
/ XMdw, — / X, dW,
0 0

in L? (P) with respect to m — oo.

Proof.
For each m,

11



E =F

T T 2
(/)Xﬁuw;—/ XAWQ
0 0

Through Ito isometry ( Lemma 3.1.1 ),

(AT@yﬂ—Xgmu)2:E{ATgyﬂ—Xg%4.

From the condition that X\™ — X, in L2 (P),

E

lim || X™ — X,||> = 0.
m—00

Therefore,

T
EU(&MﬂQ%S%O
0

in L? (P) with respect to m — oco. This completes the proof. [J

3.1.3 Ito process

Definition 3.1.2. (Ito process)
Let {F; : t = 0} be a filtration and let {W; : t > 0} be an adapted Wiener pro-

cess. An Ito process is a stochastic process of the form

t t
X, =Xo+ / Hsds + / osdWs,
0 0

where X is deterministic and {p; : t > 0} and {0} : t > 0} are adapted stochas-

tic processes, which satisfy

t
E {/ |u5|2ds} < 400
0

12



and

< +00.

t
EURW%
0

The former definition is the integral form of the Ito process. The differential

form of the Ito process is
dXt = ,LLtdt —+ Utth.

Lemma 3.1.3. (Uniqueness)
Suppose {X,, : u > 0} and {Y,, : u > 0} are two Ito processes defined in Defi-

nition 3.1.2 which can be represented as

dXy, = pdu + o, dW,

and

dY,, = fiudu + G4dW,.

If these two processes satisfy

Xt—l—/ usds+/ osdWy :Y}—l—/ ﬂpds—l—/ osdWp,
t t t t

then ps = s and o3 = 04 almost surely, and therefore X; =Y; almost surely.

13



3.2 Wiener-Ito chaos expansion

This section follows Giulia Di Nunno et al. [38].

Let L? ([0, T]") be the standard space of square integrable Borel real functions
on [0, 7]" such that

HgH%Q([O,T]") = /[OT}" g9 (tr, - tn)dty - - dt, < oo.

Let L2([0,T]") < L2([0,T]") be the space of symmetric square integrable
Borel real functions on [0, T]".
Definition 3.2.1. (n-fold iterated Ito integrals)

If g € L* ([0, T]"), the n-fold iterated Ito integrals can be defined as

L@ = [ gl ) db,

[O,T] n
|

T tn to
Y o S R
0 0 0

The function g in Definition 3.2.1 is defined to be symmetric because it is
convenient to explain the Wiener-Ito chaos and the Malliavin calculus through
symmetric expansion, as opposed to the time-ordered expansion. Through the
definition of the n-fold iterated Ito integrals I,,, the following Wiener-Ito chaos

expansion is given here as a theorem.

Lemma 3.2.1. (The Wiener-Ito chaos expansion)

14



Let € be an F; - measurable random wvariable in L* (P), that is the space

of square integrable random wvariables. Then there exists a unique sequence

{fn:n=1,2,--- o0} of functions f, € L2 ([0, T]") such that

n=0

where the convergence is in L? (P). Moreover, the isometry can be written as
||€||%2(P) = Zn!anH%?([O,T]”)'
n=0

The proof of Lemma 3.2.1 can be found in section 1.3 of Chapter 1 in the book
”Malliavin Calculus for Levy Processes with Applications to Finance” written

by Giulia Di Nunno et al. [38].

If g € L2([0,7)™) and h € L2 ([0,T]"), remark that the following relations

always hold:

0, n#*m

man:1727"' )
(gah)LQ([QT]")a n=m ( )

Bl () I (h)] = {

where

G Py = [ gl ) ) de e,
L2([0,771")
T tn to
= n' / / g(tlvatn)h(t177tn>dtldtn
0 0 0

is the inner product of L* ([0, T]").

15



3.3 Skorohod integral

The Skorohod integral was introduced for the first time by A. Skorohod in
1975. This stochastic integral is connected to the Malliavin calculus which

will be introduced in the next part.

This section follows Giulia Di Nunno et al. [38].

3.3.1 Definition

Let froir = for(t, s tn), (b1, ,t,) €[0,T]", n=1,2,--- be the symmetric
functions and f,; € L2 ([0,77™). Since the functions f,;, n =1,2,--- depend

on the parameter ¢ € [0, 77,

fn (tla"' atnathrl) = fn (t17"' 7tn7t) - fn,t (tla"' 7tn)

and f,, can be regarded as a function of n + 1 variables. The symmetrization

ﬁl of f, is given by

~ 1
ntv"'atnatn = ntv"'atnatn
ot W) = )

+fn (t27 T 7tn+17t1) Tt fn (th te ;tn—l;tn—l-l;tn)] :

Definition 3.3.1. (The Skorohod integral)
Let u, t € [0,T], be a measurable stochastic process such that for all t €
[0, 7] the random variable u; is Fr-measurable and E [fOT ufdt} < 00. Let its

Wiener-Ito chaos expansion be

16



Uy = ZIR (fn,t) - ZIR (fn ('ut)) .

Then the Skorohod integral of u can be defined by

d(u) = /DT u oWy = i]n_i,_l (ﬁ)
n=0

when convergent in L? (P). Here f;, n=1,2,---, are the symmetric functions
derived from f, (-,t), n=1,2,---. u is Skorohod integrable if 3 ", I, +1 (ﬁ)

converges in L? (P), which can be represented as u € Dom (9).

By isometry in Lemma 3.2.1 a stochastic process u belongs to Dom (§) if and

only if

E 5] =3 00+ DUE s ) <

n=0

3.3.2 The connection between the Skorohod integral
and the Ito integral

The Skorohod integral is an extension of Ito integral. The two integrals are
the same elements of L?(P) if the integrand u is F adapted. This will be

proved in this section.

Lemma 3.3.1. Let u = uy, t € [0,T], be a measurable stochastic process
such that, for all t € [0,T), the random wvariable u; is Fr-measurable and

E[u?] < oo. Let

17



=3 L (1)

be its Wiener-Ito chaos expansion. Then u is F adapted if and only if

fn(tlv"’ 7tmt) =0

if t < maxjcicnt;. The above equality is meant almost everywhere in [0, T]"

with respect to Lebesgue measure.

Proof.

First note that for any g € L2 ([0,7]"),

E[L(9)|F] = E[ /0 PRICHSNOLLCR thnm]

_IE U/ / (tr,--- 1) AWV, -- thn|]-"t}
= Tl'// / tl, thl thn

= (g (tla iyl ) X{maxtl<t})

Now, u is F adapted if and only if E [u]F;] = w;. Namely, if and only if
S o L (o (40) = 20 B [ (o () 1F) = S50 L (fo (1) Xgmaeti<ar)-
And thus if and only if f, (t1, -+ 10, 1) - Xqmaxti<ty = fn (t1, -+ 5, 1) almost
everywhere in [0,7]" with respect to Lebesgue measure. By uniqueness of
the sequence of deterministic functions on the Wiener-Ito chaos expansion (

Lemma 3.2.1 ), this lemma is proved. [J

18



Lemma 3.3.2. Let u = uy, t € [0,T], be a measurable F adapted stochastic

process such that

T
E [/ ufdt] < 00.
0

Then u € Dom (8) and its Skorohod integral coincides with the Ito integral

T T
/ Ut(SWt = / Utth.
0 0

Proof.

Let uy =Y 2 o I, (f5 (-, 1)) be the chaos expansion of u;. By Lemma 3.3.1,
1

J};(tl,"' 1) = n——i—lf" (t1, - St tipn, o sty b))

where

J = argmaxigicniiti.

Counsider the set

Hence

19



anH (OT]nJrl)

= n+1'/ fn Z517"'7
Sn+1
(n+1)!

'/
= 2 (ty,---
2 ’ 9
(n+1) an

nl

_n+10/0/0 0
T T
_”+10/0/0 0

toy1) dty -+ dtpgq

tpy1) dty -+ dtpgq

f (tr, - tn, t)dty - - dt,dt

f (ty, - tn,t)dly - dt,dt

— 2
= [ U GO

again by using Lemma 3.3.1. Hence, by isometry in Lemma 3.2.1,

Z anHLQ([OTﬂ+1) =

n=0

This proves that u € Dom (). Finally,

20
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E {/ u?dt} < 00.
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/O D W
-3 |t e aw

0 T
= Z/ n!/ fo(ty, - tn ) AWy, - - - dW,, W,
n=00 0<t1 <<t <t

0 a7

- Z/ n! (n+1)/ fn (t1,~~ 7tn7tn+1)th1 "'thnthn+1
n=0 0 Ogtlg“'gtngtn—kl

- S ()
n=0

T
= / Ut(SWt
0

By this the proof is complete. [

3.4 Malliavin calculus for Brownian motion

Paul Malliavin is the first one who introduces the Malliavin calculus, an
infinite-dimensional differential calculus on the Wiener space, to the public
in the 1970s. Many new applications of this calculus have appeared as a result
of the development of this theory. In this thesis, the Malliavin derivative op-

erator has been applied to both the Ito integral and the Stratonovich integral.

In those famous researches did by Fournie E. et al. [13] [14], the Malliavin
calculus has been used to calculate Delta, Gamma and Vega for no jump
process. Their approach is based on the integration-by-parts formula which
is also called the duality formula somewhere. Such calculations can be also

found in the lecture notes of Eulalia Nualart [37] and the book written by Paul

21



Malliavin et al. [44]. Then Fournie E. et al. [13] [14] did numerical experiments
by using Monte Carlo simulations after calculating those Greeks. On the other
hand, Evangelia Petrou [45] gives her calculation of the Greeks for a general
stochastic volatility model with jumps both in the underlying and the volatility.
These works show that the Malliavin calculus has widespread applications in
finance. Considering the practicability of the Malliavin calculus, it plays an

important part in hedging and related topics.

This section follows Peter K. Friz [15], Giulia Di Nunno et al. [38], Bernt
Oksendal [40], David Nualart [34] and Eulalia Nualart [37]. There are more

details in the book written by Paul Malliavin himself [44].
3.4.1 Definition

Definition 3.4.1. (Malliavin derivative)

Let F € L*(P) be Fr-measurable with chaos expansion

F=Y IL(f),
n=0
where f, € L*([0,T]"), n=1,2,---.

(1) F € Dy if

IF3,, =D nnlllfall 2oy < 0.
n=1

(2) If F € Dy 9, the Malliavin derivative DiF of F at time t as the expansion

can be defined as

DiF = inln—l (fn ('at)) RS [OaT] )

22



where I,y (fn (-,t)) is the (n — 1)-fold iterated integral of fp (t1,-- ,tn_1,1t)

with respect to the first n—1 variables ty, -+ ,t,_1 andt, =t left as parameter.

Lemma 3.4.1. (Closability of the Malliavin derivative)
Suppose F € L*(P) and Fy, € D12, k = 1,2, ..., such that

(1) F, — F, k — oo, in L? (P)
(2) {DFy.}-, converges in L? (P X \).

Then F € D15 and DyFy, — D,F, k — oo, in L? (P x \).

The proof can be found in the book written by Giulia Di Nunno et al. [38].

3.4.2 Properties

Let ]D)%2 be the set of all FF € L? (P) whose chaos expansion has only finitely

many terms.

Proposition 3.4.1. (Product rule)
Suppose Fi, Fy € ]D)(l),2' Then Fy, Fy € D19 and also F1F, € Dy o with

D, (F\Fy) = FiDFs + F5 D, F}.

Proposition 3.4.2. (Sum rule)

Suppose F1Fy € Dy 5. and o and B be two constants. Then,

Dt (OéFl + 6F2> == OéDtFl + /B.DtFQ.
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Proposition 3.4.3. (Chain rule)
Let F € Dy and f is a function with bounded derivative. Then f (F) € Dy

and

Dif (F) = ' (F) DiF.

Here f' (z) = df (x) /dx.

Lemma 3.4.2. Let G C [0,T] be a Borel set and v = v, t € [0,T], be a

stochastic process such that
(1) for all t, v, is measurable with respect to F; N Fe
(2) E [fOT vfdt} < 00.

Then

/ Utth
G

18 Fg-measurable.

Proposition 3.4.4. Let u = ug, s € [0,T], be an F adapted stochastic process

and assume that us € Dy o for all s. Then
(1) Dyus, s € [0,T], is F adapted for all t;

(2) Dyus =0, fort > s.

All proofs provided by Giulia Di Nunno et al. [38].
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Proposition 3.4.5. (Constant rule)

Let Cy be a function with respect to t. Then, for all t,

DtCs == O

This proposition is a direct result of the definition of the Malliavin derivative.

3.4.3 Duality formula

This section follows Giulia Di Nunno et al. [38]. The Malliavin derivative
operator is the adjoint operator of the Skorohod integral, which will be shown
as the following lemma. Note that the following lemma may be defined as the

integration-by-parts formula in some papers ( Fournie E. et al. [13],[14] ).

Lemma 3.4.3. (Duality formula)
Let F' € Iy o be Fr-measurable and let v be a Skorohod integrable stochastic

process. Then

T T
0 0

Proof.

Let FF = Y 02 1,(f,) and, for all ¢, uy = > 7 Iy (9% (+,t)) be the chaos

expansions of F' and wu,, respectively. Then
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T [ oo
E[F / ut(swt] = E|> L(f) / ka g ( 6Wt]
0 L n=0 0 k=0

- E Z[n(fn)szﬂ (ﬁ)]

= B> Lt (fre1) I @Vk)]
L k=0

o0

= kX; (k+1)! /[oﬂk“ Jr1 (2) gi (z) dz

= Z (k + 1)' (fk+17§;i))L2([O7T]k+1) ,

k=0

where g, is the symmetrization of g (x1, -+ ,z,,t) as a function of n + 1

variables. On the other side,

E[ / utDtht] - o|f (ka<gk<~,t>>) (zzjlnfn_mfn(-,t))) dt]
- / SO B+ 1) 4 (96 () T ior (1)) de

OkO

= /0 Z (k4 1) k! (fega (5 1) 5 gk ('7t))L2([O,T]k) dt

k=0

= (k+1)! (fk+1;gk>L2([o,T]’“+1) :
k=0

Now

(fk—i-l; g})Lg([O’T]kH) = /0 (fk—i—l ( t) s Ok (-, t))Lz([O T]k) dt

k+1

- k+1z/ (frer (515 95 (1)) 1201y s
— /0 (frs1 (5 8), gn (- 25))L2([“’T] )&

= (fk—i—la gk)LQ([QT]’““) :
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This finishes the proof. [
Note that if u is an F adapted process with

T
E [/ uidt
0

< 00.

Then

T T
0 0

Lemma 3.4.4. (Integration by parts)
Let ug, t € [0, T, be a Skorohod integrable stochastic process and F' € Dy o such

that the product Fuy, t € [0,T], is Skorohod integrable. Then
T T T
F/ Utéwt = / Fut(WVt + / utDtht
0 0 0

Proof.

Assume that F € DY,. Choose G € DY,. By product rule ( Proposition 3.4.1

) and duality formula ( Lemma 3.4.3 ),

T T
0 0

T T
0 0

Since the set of all G € DY, is dense in L* (P), it follows that

T T T
F/ ut5Wt = / Fut(SWt -+ / UtDtht, P —a.s.
0 0 0
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Then the result follows for general ' € D; 5 by approximating F by F(™ & D?,z
such that F™ — Fin L? (P) and D,F"™ — D,F in L? (P x \), for n — oo.
O

The duality formula can be also used to prove the following important result.

Lemma 3.4.5. (Closability of the Skorohod integral)
Suppose that u,ﬁ”), te[0,T],n=1,2,---, is a sequence of Skorohod integrable

stochastic processes and that the corresponding sequence of Skorohod integrals

T
) (u(")) = / ugn)5Wt,n =1,2,---
0

converges in L (P). Moreover, suppose that

lim u™ =0 in L*(P x\).

n—oo

Then
lim ¢ (u(”)) =0 in L*(P).
n—oo

Proof.

By duality formula ( Lemma 3.4.3 ),

((5 (u(”)) ,F) = (u("), DF) — 0,n — o0,

L2(P) L2(Px))
for all ' € Dy,. Then, conclude that & (u™) — 0 weakly in L? (P). Since
{5 (u(”)) n=0,1,---, oo} is convergent in L? (P), it can be seen that § (u(”)) —

0in L2(P). O
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3.4.4 A fundamental theorem of calculus

This section follows Giulia Di Nunno et al. [38].

The relation between differentiation and Skorohod integration is given as the

next lemma.

Lemma 3.4.6. (The fundamental theorem of calculus)

Let u = ug, s € [0,T], be a stochastic process such that

T
El/ u§d3}<oo
0

and assume that, for all s € [0,T], us € D12 and that, for all t € [0,T],

Dyu € Dom (§). Assume also that

E [/OT 6 (Dtu))zdtl < .

Then fOT us0Ws is well-defined and belongs to D o and

T T
Dy (/ us(SWS) = / DiyugdWy + uy.
0 0

Proof.

First assume that

us = Ip (fn (’7‘9)) )

where f, (t1, -+ ,tn,s) is symmetric with respect to t1,--- ,t,. Then
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/0 ' wedWy = I [};] ,

where
1

n+1 o Cwn) + 4 o (0]

fn (zla e 7$n+1) =

is the symmetrization of f,, as a function of all its n 4+ 1 variables. Hence

D, (/OT uséws) —(n+1)1, [}; () t)] ,

where

1

ﬁt(’?t) = nt1 [fn(t"axl)+"’+fn(tv'7xn)+fn("t)]'

Then, by linearity and former results, it is clear that

D, </0Tu35Ws> = Lfa(t - x)+ 4 fu(t,zn) + fu (1)

= I [fn<t7'7x1)+"'+fn(t>'7xn)]+u(t)' (1)

Consider
T
d (Dyu) = / Dyug oW
0T
= / nl, 1 [fn ('7 t, 3)] oW
0
- n]n |:fn ('7ta )] )
where

~

fn (xlv e ,.’L’n,ht,dln) = % [fn <t7 '>x1) +ot fn (ta ,In)]
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is the symmetrization of f, (z1, -, zp_1,t,2,) with respect to xi,--- , .

Then,

/O DitgdW, = I [fo (b 0) + 4 fu (o 20)] . (2)

After comparing (1) and (2), the result is clear. Next, consider the general

case when

=D Lulfa(9)]

Define

ugm):ifn[fn(',s)], m=1,2,---

n=0

By E [fOT uﬁds} < o0, ||lu— u(m)||%2(PM) — 0, m — oo. Then, for all m,

Dy (6 (u(m))) =90 (Dtu(m)) + u,gm).

By 0 (Dyu) = nl, [fn (-, t, )] ) [fOT (6 (Dyu))? dt} < o0 is equivalent to saying

that

B[ [ 6owya) - Znn' [ 1 Gt M

Znnnfnnp oy <% ()

since Dyu € Dom (9). Hence, for m — oo,

o0

16 (Dyu) — 6 (Dtu(m)) H%Q(Px)\) = Z n’n! ||anL2<[0 ) — 0. (4)

n=m+1

31



Therefore,

Dy (6 (u™)) = 8 (Dyu) +u (t), m — oo,

in L? (P x \). Note that

(n + 1) ﬁl ('7t) = nfn ('ata ) + fn ('7t)

and hence
2n n!
Therefore,
H(S(u)”%lg - Z(n+l) (n+1) ||anL2(0T]n+1>
n=0
< Z |:2/n’ n: ||fn||L2([0T’ﬂ+1) + 2n ||fn||L2([0Tn+1):|
n=0

< 2[)6 (Dtu)||2L2(Px,\) + 2||u||%2(P><)\) < 00,

by (3) and E [f st} < 00. Then 6 (u) is well-defined and belongs to Dy 5.

Similarly,
T T
| Dy (/ U55Ws)—Dt (/ ugm)5WS)‘|i2(P><>\)
0 0
= 1Y 4 D) L (B (5 0) By
n=m+1
:/ S+ DRl Ol d
n=m-+1
<2 Y Al oy + Pl oy B)
n=m-+1
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which vanishes when m — oo. Hence given (4) and (5),

D; (6 (u)) = 6 (Dyu) +u (i),

by letting m — oo in D, (8 (u™)) = § (Du™) + W™ O

Lemma 3.4.7. (Stroock lemma)
Let w be as in Lemma 3.4.6 and assume in addition that ug, s € [0,T] is F

adapted. Then

T T
Dt (/ U,SdWS) = / DtUSdWS + Ut.
0 t

Proof.

This lemma can be proved directly by Lemma 3.3.2 and Lemma 3.4.6. [J

3.5 Hermite polynomials

This section follows Pierre-Simon Laplace [29].
The definition of Hermite polynomials are given here, since it will be used

many times in the following examples.

Definition 3.5.1. (Hermite polynomials)

The Hermite polynomials of degree n and parameter A > 0 can be defined by

H, ()\,x):(—/\)"eﬁd e x,n>1lxeR,
’xn

where Hy (A, z) = 1.



Moreover, the following properties hold:

Proposition 3.5.1.

0
%Hn (N z)=nH,1(\z),n> 1

Proposition 3.5.2.

Hyy (N ) =aH,(M\z) —nAH,_1 (\,z),n > 1.

Proposition 3.5.3.

Proposition 3.5.4.

0 102

—_ = —— > 1.
8/\Hn()\,x) anan()\,x),n/l

Note that Hermite polynomials satisfy the following lemma.

Lemma 3.5.1. Let H, (A, z) be the Hermite polynomials defined by Definition
3.5.1. Then,

2 X in
exp (tx - Q) = —H, (\x).
n=0
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3.6 Stratonovich integral

Stratonovich integral was developed by Ruslan L. Stratonovich and D. L. Fisk
simultaneously, which is a stochastic integral. The history of Stratonovich in-
tegral is explored by Jarrow Robert et al. [48]. The application of Stratonovich
integral exists in applied mathematics and physics. This part is motivated by
Ruslan L. Stratonovich [52] and D. L. Fisk [12]. One can find more details
in Chapter 3 of the book ’Stochastic Differential Equations, An Introduction

with Applications’ written by Bernt Oksendal [41].

3.6.1 Definition

Definition 3.6.1. (Stratonovich integral)
Suppose W, is a Wiener process and {X;:t > 0} is an adapted stochastic
process according to the nature filtration {F; : t > 0}. Then the Stratonovich

integral is defined as

T L X 5
/ G(t,Xt)oth:hmZG(t“ ““);G(t“ ) Wiy = W)
0 i

i=0,1, k-1,

where the symbol of limit represents that the mesh of the partition 0 = ty <

ty <. <tpy=T of [0,T] tends to 0 and G (t,-) is a F; measurable function.

There is an another way to define the Stratonovich integral. The Stratonovich

integral can be also defined as
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T X+ X,
/ G (t,X;)odW, =lim» G (t %) (Wi, = W),
0 i

i=0,1,-- k—1,

where the symbol of limit represents that the mesh of the partition 0 = t; <
t1 < -+ <ty =T of [0,T] tends to 0 and G (¢, -) is a Fi-measurable function

according to Suresh P. Sethi et al. [50].

3.6.2 Properties

Next lemma shows the relationship between the Ito integral and the Stratonovich
integral. This lemma can be found at page 101 of the book written by Suresh

P. Sethi et al. [26] where also proof is provided.

Lemma 3.6.1. (Conversion between Ito integral and Stratonovich integral)

Suppose f (t,Wy) is any continuously differentiable function of two variables

Wi and t, then

r 1 [t oof
/Of(t7Wt>Oth—§ ; oW,

T
(t, W) dt + / f (&, W) dWy.
0

Example 3.6.1.

Let B; be a standard Brownian motion. By Definition 3.6.1,

T
BT:/ lodB;.
0

For n > 1,
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T T 1 T
(n+1)/ BfodBt:(n+1)/ deBﬁ@/ Brlat
0 0 0

by Lemma 3.6.1. According to the Ito representation,

T T
1
B = By+ (n+1) /0 BrdB, + @ /0 Brldt.

Therefore,

T
Byttt = (n—l—l)/o B} odBi,n > 1.

Finally, concluding the former results,

T
B;z“:(nﬂ)/o Bl'odB,neN. O

3.7 Stochastic differential equation

A stochastic differential equation is a differential equation in which one or
more of the terms is a stochastic process, resulting in a solution which is also

a stochastic process.

The Ito stochastic differential equation in the form of

dXt = f (t, Xt) dt + g (t, Xt) th, Xto =0

is one of the classical stochastic differential equations which has been used in
many fields, such as physics and finance. This kind of stochastic differential

equations will be considered many times in this thesis.
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The Brownian bridge introduced next is an important example. This Gaussian
process is the inspiration of the Equation B and Equation C in Chapter 5.
This example can be also found in page 75 of the book ’Stochastic Differential

Equations’ written by Bernt Oksendal [41].

Example 3.7.1. (Brownian bridge)

For fixed a,b € R, consider the following equation

b—Y,
dY, = 7 du+dB,,0 <u<1,Y,=a.
—u

Turn the differential form of the former process Y, to the integral form

u _Y u
Yu:Yo—i-/ (b S)ds—l—/ dB;.
0 I—s 0

For fix ¢, applying Malliavin derivative operator D, to the process Y,

DtYu = / Dt( )dS"’l

= / i ds + 1.
t 1

— S

Let A, = D,Y, therefore,

The derivative of A, is

Solve former equation and get
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InA, = —/ L du
1—u

= In(l1—-u)+InC,

and then,

A, =C(1—u)

where C' is a constant. Since A; =1,

Conclude former results,

where 0 <t <u < 1.

There is another form of Brownian bridge, which is

“ dB
Yu:a(l—u)+bu+(1—u)/ d = 0<u< 1.

0 — S

For fix t, applying derivative operator D; to the process Y,

DY, = Dt{a(l—u)—kbu_,_(l_u)/“ st}

0 1_5
“ dBs
0 1_8

1—u “ dB,
= D
1—t+/0 "1—s

1—wu
1—1t

where 0 <t<u<1l 0O
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Chapter 4

Simple Results

In this chapter, numerous examples and lemmas are treated as simple results
here. These results may help to understand not only several lemmas given
before but the inspiration of this part as well. Note that these lemmas given

here will be applied in following chapters.

4.1 Some related results of Malliavin calculus

The following lemma gives another way to prove the Stroock lemma which

follows Professor Utev.

Lemma 4.1.1. (Direct proof of Stroock lemma)
Let F' = fOT o.,dW, in which o, is F, adapted and W, is the Wiener process.

Then, for fized t,

T
DtF = / DtO'uqu + Oy¢.
0
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Proof.
This equation holds if proven for

Nay @ <t<b,
O —
0, else,

where 7, is a random variable and a,b € [0, 7). Then,

o = nd(a<t<Db)

= nI(a<t<T)—I(b<t<T).

Without loss of generality, it is equivalent to proof

or=nd (a<t<T).

According to the definition of the Ito integral,

T
F = / o, dW,

0
- Tt (Vth+1 - Wt]‘)
J

= MNa (WT - Wa)

= naWhy

where W), = fOT h(s) dW and

1, a<t<T,

h(t) :{ 0, else.

Applying Proposition 3.4.1 and the fact that
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DtWh — h (t) 5

the left-hand side of the equation is

DF = D;(nWy)
= NaDWy + WyDing
= N (a<t<T)+ (Wr—W,) Dy,
= 1.k (t) + (Wp — W,) Dyn.

Meanwhile, applying the fact that D;h = 0,

Doy, = Dml(a<t<T)
= Dtnah (t)

= h <t> Dtn(u
and then the first term of the right-hand side of the equation is

T
/ DtO'uqu = Dt Z ntj (Wtj+1 - Wtj)
0 -

J

- Dtna (WT - Wa)

since D;o, is F, adapted because t is fixed and o, is F, adapted. The second

term of the right-hand side of the equation is

or=nd(a<t<T)=n,h(t).

In terms of the aforementioned results,

T
DtF :/ Dtauqu + O¢. D
0
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Lemma 4.1.2. Let f be a function with respect to u and Wiener process W,

such function f and its first and second derivative are bounded. Then,

DtDuf (U, Wu) = Dthf (U, Wu) .

Proof.

By Proposition 3.4.3, from left hand side of the former equation,

DD, f (U»Wu) = Dy {fll/Vu (u, Wu)}

= fw,w, @, W) I(u>t).
Similarly, from right hand side of the former equation,

D.Dif (u,W,) = Dy{fly, (w, W) I(u>1t)}

= fw,w, W, W) I(u>t).

Therefore, it is clear that

DD, f (u,W,) = DyD,f (u,W,). O

Remark that

DtDuf (S7 Ws) % Dthf (57 WS) .

Without loss of generality, assume that s > ¢ > u. Then, from left hand side

of the former equation,
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DDy f (s, W) = Dy{fiy. (s, Wy)I(s>u)}
= {fivow. (s, W) I(s>w)} I (u>1t)

= 0.

From right hand side of the former equation,

Dthf (37Ws) = D, {fI//VS (S>Ws)[(8 > t)}
= {fivow. (s, W) I (s> t)} I (t>u)

= fiw, (s, We) I (s> u).

Therefore, D, D, f (s, W) is not always equal to D, D, f (s, Ws). Lemma 4.1.2

is just a special case.

4.2 Some related results of Stratonovich inte-
gral

The following lemma gives another way to represented the relationship between

the Ito integral and the Stratonovich integral.

Lemma 4.2.1. Suppose {X, : u > 0} is F, adapted. Then

T 1 (T T
/ Xy odW, = —/ oudu + / Xy, dW,
0 2 Jo 0

where dX,, = ,dW, + p,du.
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Proof.

According to the Definition 3.6.1, the Stratonovich integral can be represented

as

X, + X

T
0 j

= hmZXug (Wuj+1 - WuJ)
J

The first term of the right hand side of (x) is equal to fOT X, dW,. Since X, is
an [to process and the differential form of this process is d X, = o, dW, + p,du,

it can be seen that

Uj41 Uj+1
Koy — Xuy = / o, dW, +/ Loy d.

J J

Then the second term of the right hand side of (%) can be divided into two

parts. The first part of this term is

Z (/ - ,uudu> (Wqu - WUj) — 0

j i
in L? since AuAW, — 0in L? ( see Appendix ). The second part of this term

18

2

J

Uj41 T
/ auqu> (Wuj+1 — Wuj) — / o.du
u 0

in L? since AW, AW, — Au in L? ( see Appendix ). To sum up the former

results,
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T
lim > (X, = Xu,) (W, — W) = /0 oudu. O
J

The next lemma explains the uniqueness of the representation of the Stratonovich

integral.

Lemma 4.2.2. (Uniqueness)
Suppose {X,, :u >0} and {Y, : u > 0} are two adapted processes, which can

be represented as

1
dX, = (uu —3 (au);vu) du + o, dW,

and

1
dY, = (ﬂu -3 (5u)’Wu) du + G,dW,.

If these two processes satisfy

Xy = YU)
and therefore
X, = Y as
Pp = [p a.s
op = 0p Q.S

Proof.

From the definition of Stratonovich integral and Lemma 4.2.1, the left-hand

side of former equation can be illustrated as
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u 1 u u u
X +/t (up ~3 (ap);vp) dp + /t op0dW, = X; + /t pdp +/t o, dW,

and the right-hand side can be similarly illustrated as

u 1 u u u
Y}—F/t (up—§(ap)lwp)dp+/t apocZWp:Yt+/t deWp—i-/t flydt

Then, according to Lemma 3.1.3, the result is clear. [

4.3 Malliavin calculus for Stratonovich inte-
gral

The Stroock lemma can be extended to the Stratonovich integral by following

lemma.

Lemma 4.3.1. (Stroock lemma for Stratonovich integral)

Assume that f (t, W) is any continuously differentiable function of two vari-

ables W, and t. Then
T T
D, (/ f(u,Wu)oqu> :/ Dy f (u, W) o dW,, + f (t,Wy).
0 0

Proof.

Considering Lemma 4.1.1 and Lemma 3.6.1,
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D, (/OTf(u,Wu)oqu)
- D, (/Tf(u,Wu)qu) +%Dt (/OTWC@

:/Dt (u, W) dW, + f (£, W) + /Dtaf

= /Dt UW)OdW—§/0 a—md+

of (u, Wy,)

T 1 T
= / D f (u,W,) o dW, — 5/ DD, f (u, W,) du +
0 0

1 T
+§/0 D,Dof (u, W) du + f (£, W,).

According to Lemma 4.1.2,

T T
/ DD, f (u,W,,) du = / DD, f (u,W,) du.
0 0

This finishes the proof. [

Lemma 4.3.2. Assume that X; is an adapted process which can be defined as
dX; = pdt+ oy dWy where Wy is a Wiener process and D, X is also an adapted

process where D is the differential operator. Then

T T
Dt </ Xu o qu> = / DtXu o qu —+ Xt.
0 0

Proof.

Considering Lemma 4.1.1 and Lemma 4.2.1,
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T
Dt </ Xu ©) qu)
0
T 1 T
0 2 0

T 1 T
= / DtXuqu -+ Xt + 5 / DtUudU
0 0
T 1 T 1 T
B / DtXu o) qu — 5 / Oy (DtXu) dv + 5 / Dt (Uu) du + Xt
0 0 0

where o, is a operator which lets d (D;X,,), = pt, (D¢ Xy,) dv + o, (D X,,) dW,.

The process X, in the former equation can be represented as

X, = Xp +/ Ly dv —i—/ o, dW,,.
0 0

Therefore,
DtXu = / _Dt (,uv) dv + / Dt (O'v) de + 0y.
0 0

Applied the operator o,

oy (D X,) = Dy (0,). O

Next, some examples are introduced here to see how Statonovich integral

works.

Example 4.3.1.

Apply the derivative operator D; to the Stratonovich integral fOT B, o dB,.
Then,
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T T 1 T
D, (/ BuodBu> = D, (/ BudBu>+—Dt (/ 1du)
0 0 2 0

T
0

T T
1 DB
= / DB, odB, — = OD.B.
0 2 0 aBu

dU+Bt

T
= / DB, odB, + B;. O
0

Example 4.3.2.

Apply the derivative operator D; to the Stratonovich integral fOT H, (u,By) o
dB, where H, (t, By) is Hermite polynomial defined by Definition 3.5.1. Then,

D, (/OT H, (u, B,) o dBu>
= D, (/OT H, (u, B,) dBu) + %Dt (/OT nH, 1 (u, Bu)du)

T 1 T
— / D:H,, (u,B,)dB, + H, (t, B;) + 5/ nDyH, 1 (u, B,) du
0 0

1 /T OD.H, (u, B,)
0

T
— D,H, (u, B,) o dB, — ~
/0 o (u, Bu) o 0B,

5 du +

T
+g / DtHn—l (U, Bu) du + Hn (t, Bt)
0

: T OH, 1 (u, B,) I
= / DtHn(u,Bu)odBu_ﬁ/ OH, 1 (u, By) (u>t)du+
0 2 Jo 0B,

-1 T
_’_%/ Hn—2 (U, Bu) du+ Hn (t7Bt)
. t
- / D.H,, (u, B,) o dB, + H, (t, B,) .
0

In this example, n is larger than 1 because there exists a slight difference
between n = 1 and n > 1 in specific calculation. The situation of n = 1 has

been already illustrated in the example 4.3.1. [
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Example 4.3.3.

Let S; = Spe® Bt where a = u — 0?/2. Apply the derivative operator D;

again to the Stratonovich integral fOT S, odB,. Then,

T
Dt </ Su o dBu)
0
T 1 T
= Dy (/ SudBu) + =D, (/ aSudu)
0 2 0

T 1 T
0 0

T 1 (fobD,S 1 [T
= DS, odB, — = —1d — D;oS,d
/0' tS o 9 ; 8Bu U+2/0 tO'S U+St
r 1 [T 00S,I (u>t) e
= DS, 0dB, — = i - 28.d S,
/0 tOy © 2/0 OB, u—|—2/t o U+ Oy

T
= / DS, 0dB,+ S;. O
0

Lemma 4.3.3. (Duality formula for Stratonovich integral)

Let u be a Skorohod integrable stochastic process and Y; is defined by

T T 1 T
YT = / Xt ¢) th = / Xtth + —/ O'tdt
0 0 2 0

(Stratonovich integrable), where

dXt = O'tth + ,Mtdt

1s adapted. Note that o, and p, are also adapted. Suppose that

T
/ Xtth € ID)LQ
0
and
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T
/ O'tdt c DLQ.
0

Then,
E [YT /OTu ®) 6Wt} _E UOTu(t) DtYTdt] |

Proof.

Since Y7 is defined by

T
/ Xy o dWy,
0

it is equal to prove

e (f o) ([ o)
= EUO u(t)Dt</0 Xtoth)dt].

The left hand side of the former equation is

E :(/OiXtoth> (/;u(t)avv;ﬂ
_ E:</0TXtth+%/?F atdt)/o u(t)awt] T T
_ E</O Xtth) (/0 u(t)(SWtﬂJr%E[(/o otdt> (/0 u(t)(SWt)]

by linearity, and the right hand side of this equation is
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oo ([ sean)
/O i u(t) ( /0 ' DX, dW,, + X, + % /O : Dtaudu) dt]
- o (f o) o] [ [
+%E UOT u(t) (/OT Dtaudu> dt]
- B [/OTu(t) D, (/OTXuqu) dt] + %E UOTu(t) </OTDt0udu> dt}

by Lemma 4.3.2, linearity and Lemma 3.4.7. According to Lemma 3.4.3,

([ ) (f o) [ s f o)

and

([ ) ([ )] - [ ([ )]

This completes the proof. [

4.4 Stratonovich stochastic differential equa-
tion

Consider the Ito stochastic differential equation,

dXt — f (t7 Xt) dt + G (t7 Xt) th, Xt() — 0

where G (¢, x) is differentiable in x.
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For Definition 3.6.1,

(G (ti7 th‘+1) +G (tiv th)) (Wt - Wti) =

41

N —

(G (ti, Xiyy) = G (8, X1,)) (Wi W) + G (t:, X,) (W

i+l i i1

- th) )

DN | —

where ;11 and ¢; are time points of the partition 0 =) <t; < --- <t =T.

The second term of this equation is

G (ti, Xe,) Wy, — We,) — G (8, Xy) AW,

as the mash of the partition 0 =ty < t; < --- <t =T tends to 0 in L? (P).
Then, rewrite the first term, which is
1 G (tla Xt¢+1) - G (tla th)

- X
2 Xi, — X, (e

- Xy,) (Wi, = W)

i+1 i+1

i

Applying mean value theorem and the fact that X; is an Ito process, it can be

seen that
1G(tiaXt'+1) _G(tzaXt) 1
- 1 1 _ - t, X
> Xo, — Xo, = 3G (LX)
and
X —Xo, = f (t, Xy) dt + G (t, X;) dW,

as the mesh of the partition 0 =ty < t; < --- < t;, = T tends to 0 in L? (P).

Thus, using the fact that dt - dW; = 0 and dW, - dW; = dt ( see Appendix ),

1 1

o4



For another definition of the Stratonovich integral,

G (ti’ M) (Wti+1 - Wti)

X, X,
= <G (ti; tlH_”) - G(tiaXti)) (WtH_l - Wm)

2
+G (ti, Xi,) Whyy, — W),

141

where t;,1 and t; are time points of the partition 0 =t <t; < --- <ty =T.
The second term of this equation has the same representation as the former

one. Then, rewrite the first term, which is

X, X,
G (4, 2 MY G x)
2 Xti-‘rl + Xti o X (W _ W )
Xti+1 + Xy, 2 ti tit1 bi)
s X,

Applying mean value theorem and the fact that X, is an Ito process again, it

can be seen that

G( | Rt +X“’) — G (ti, X4)
v 2 I3 i
— G, (1, X
XtiJrl +Xt1 . X ( t>
2 ti
and
X, X, 1 1
HTM =Xy, = 5 (Xi = Xu) = 5 (F (£, X)) dt 4G (1, X)) dW).

as the mesh of the partition 0 =ty < t; < -+ < t, =T tends to 0 in L? (P).

Thus, using the fact that dt - dW, = 0 and dW; - dW, = dt ( see Appendix ),

1

DN | —
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Therefore, for both two definitions, the representation of the Stratonovich

stochastic differential equation is

1
dXt = (f (t, Xt) - §G.I (t, Xt) G (t, Xt)) dt -+ G (t, Xt) o) th7 Xto = 0.
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Chapter 5

Ito-Malliavin Type Equations

Since Paul Malliavin introduces Malliavin calculus in the 1970s, it has been
wildly applied in finance. For instance, Fournie E. et al. use Malliavin calculus
to calculate ” Greeks” in their famous paper [13] ( There are similar calculations
of ”Greeks” in the lecture notes of Eulalia Nualart [37]. ) and Bernt Oksendal

applies Malliavin calculus to the Black and Scholes formula as well [40].

The concept of stochastic differential equations (SDEs) is a big topic both in
physics and mathematical finance. SDEs can be driven by different processes
such as the Wiener process, the pure jump process and the Levy process.
Many SDEs ( stochastic differential equations ) are already solved [31], such
as first-order Ito equations. However, Malliavin calculus can be also applied
to solving stochastic differential equations. For more details there are many
references, such as the book written by Giulia Di Nunno et al. [38] and the

paper written by David Nualart et al. [36].

The Ito-Malliavin type equations or simply called Ito-Malliavin equations can

be treated as the inverse application of the Malliavin derivative. The aim of
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introducing Ito-Malliavin type equations and other related equations is to find
the unknown original process in these equations. In this chapter, concepts
of Ito-Malliavin type equations and Stratonovich-Malliavin type equations are
illustrated as a special series of SDEs ( stochastic differential equations ). Some

related examples are also given to explain how to solve these equations.

5.1 Ito-Malliavin type equations

Definition 5.1.1. (Ito-Malliavin type equations)

Let X, be an unknown F, adapted Gaussian process and X, € Di5. F is a
function with respect to the time t, u and the Wiener processes Wy, W, and
F (t, Wy, u, W,) is F, adapted. Dy is the Malliavin derivative operator. Then,

equations which have the form of

DX, = F (t, Wy, u,W,)

are called Ito-Malliavin type equations.

Notice that u > t is the only case considered in this chapter, since it is clear
that D, X, = 0 for all F, adapted Gaussian processes X, when u < t according
to Proposition 3.4.4. This is also the reason why F' (t, Wy, u, W,,) is F,, adapted

in Definition 5.1.1.

Next, some specific Ito-Malliavin type equations are introduced here and these
equations will be solved in the next section. The Equation A is an application
of the Stroock lemma. The inspiration of the Equation B and the Equation C

comes from the Brownian bridge which is a Gaussian process.
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Equation A:

Find all Gaussian processes X; which satisfy the equation A

T T
0 0

where g (u, W,,) is a known F, measurable function with respect to u and W,,.

The initial value of the process Xy = 0.

Equation B:

Find all Gaussian processes X; which satisfy the equation B

where f (u) is a known continuous function of u with continuous derivatives

up to order one.

Equation C:

Find all Gaussian processes X; which satisfy the equation C

DtXu = fl (u) f2 <t>

where f; (u) is a known continuous function of u and fs (¢) is a known contin-

uous function of ¢.

5.2 Solving different kinds of Ito-Malliavin type
equations

In this section, each part illustrates one of the aforementioned Ito-Malliavin

type equations as well as some related examples.
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5.2.1 Equation A

Before solving this kind of Ito-Malliavin type equations, it is necessary to
simplify this equation first. Applying Lemma 3.4.7 to the Equation A defined

in 5.1, this equation becomes

T T
/ DX, dW, = / g (u, Wy,) dW,.
0 0

Then, this Ito-Malliavin type equation is equivalent to

DtXu =g (U’a VVu)

where

g (u,W,) =g (t, W) —i—/ Omdm +/ Lo AW .
t t

Assume that

Xu:Xt—i—/ pmdm—l—/ G dW,,.
t t

Applying Lemma 3.4.7 again to X,

t t

Comparing g (u, W,) and D;X,, through using Lemma 3.1.3, solving this Ito-

Malliavin type equation is equivalent to solving the set

Om = Dip, a.s..

{g(t,Wt) = q a.s.
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Example 5.2.1. Solve the Ito-Malliavin type equation

T
Dt/ X.dB, = X, + B%—T,
0

where t is fived. The initial value of this Gaussian process is Xo = 0.

To simplify this Ito-Malliavin type equation, aforementioned method shows

that

T T
/ D, X,dB, = 2/ B,dB,
0 0

since B3 — T =2 [ B,dB,, and then

DX, =2B,

which can be also represented as

DX, =28, + 2/ dB,,.
t

Assume that

0 0

Then, combining all former results,

t t

u
t
Therefore, this Ito-Malliavin type equation is equivalent to
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Dip, = 0 a.s. (1)
q = 2B, a.s. (2).

Leave equation (1) here, it will be solved later.
The next example is more general than the former one. [

Example 5.2.2. Solve the Ito-Malliavin type equation

T
Dt/ X.dB, = X, + H, (T, Br),
0

where H, (T, Br),n > 2 is Hermite polynomials defined by Definition 3.5.1

and t is fixed. The initial value of this Gaussian process is Xog = 0.

Simplify this equation to get that

T T
/ Dy X.dB, =n / Hy_1 (u, B,) dB,
0 0

since H,, (T, Br) =n fOT H, 1 (u, B,)dB,, and then

DX, =nH, 1 (u,By)

which can be also represented as

DX, =nH, 1(t,B;) +n(n—1) / H, 5 (m, B,,) dB,.
t

Assume that

0 0
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Then, combining all former results, it can be seen that

t t

— nH, 1 (t,B) +n(n—1) / Hy s (m, Byy) dBi.
t

Therefore, this Ito-Malliavin type equation is equivalent to

Dipy, = 0 a.s. (1)
Qs = nH, 1(t,B) a.s. (2).

Similarly, here left the equation (1) where ¢ is fixed, which will be solved later.
[

Example 5.2.3. Solve the Ito-Malliavin type equation

T
Dt/ XudBu - Xt + ST7
0

(-02/2)T+0Br

where S = Spe and t is fixed. The initial value of this Gaussian

process is Xg = 0.

Simplify former equation to get that

T T
/ D.X,dB, = St = / 0S5,dB,,
0 0

and then

DtXu = O'Su
which can be also illustrated as
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DX, =0S; + o / S,ndBy,.
t

Assume that

0 0

Then, combining all former results, it can be seen that

t t

= aSt+02/ SmdB,,.
t

Therefore, this Ito-Malliavin type equation is equivalent to

Dip,, = 0 a.s. (1)
qt = 05 a.s. (2).

Now, all three former examples have left the same problem which is how to

solve

-Dtpm - 07

where ¢ is fixed and t < m < u. Split p,, of the former equation to two terms,

which can be shown as

D, (pt+/ dpv> = 0.
t

Since the operator D, is linear, this problem becomes to solving
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Dip; =0

and

Dt/ dpv =0.
t

Here dp, can be represented as

dpv = avdBv + /Bvdvu

where «, and 3, are two unknown processes, and therefore

Dt/ dpv = Dt </ OévdBv—i_/ Bvdv)
t t t

- D, / a,dB, + D, / Bydv
t t

= Oét+/ DtOévdB»U‘i‘/ Dtﬁvdv.
t t

Combine all aforementioned results,

o = 0 a.s.
D, = 0 a.s..
It is meaningless to repeat solving the second equation of the former equation

set, which means the equation D;p,, = 0 cannot be solved by this method.

Come back to the original problem and let



where h is an arbitrary function with respect to w and B,,. For w < t,

Dipm (w) = Dy (f (w) _'_h(w?Bw))
= Dif (w) + Dih (w, By)
= 0+hp I (w>t)

= 0,

since I (w >t) =0. For t < w < m,

Dipp (w) = Dy f (w) = 0.

Here p,, (w) is a solution of the equation D;p,, = 0 for some fixed ¢t. Then, for

arbitrary ¢ the solution of this equation becomes

Next, some crucial properties of this solution will be explained.

Lemma 5.2.1. (Linearity)

Assume that X, and Y, are respective solutions of

T

where f (Wi, t) is a known F; measurable function of t and Wy and

T
D, / Y dW, =Yi+ g(We, T)  (2)
0
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where g (W, t) is a known F; measurable function of t and Wy. Then, Z, =
aX, + BY, is the solution of

T
Dt/ Zuqu - Zt + O./f (WT7T) + 69 (WTa T) )
0

where a and [ are two constants.

Proof.

The equation a - (1) + - (2) is

a (Dt /OT Xuqu) + (Dt /OT Yuqu)

= a(X;+f(Wr,T))+ B +g9Wr,T)).

By linearity of Dy, the left hand side of a - (1) + 3 - (2) equals to

T T
D, <a/ X, dW, + 6/ Yuqu) ,
0 0

and then, by linearity of the Ito integral, the former equation is equivalent to

D, (/OT (aX, + BY.) qu> :

Therefore, Z, = aX, + Y, satisfies the equation
T
D [ Z.dB,=aX,+ 5%, + af Wr.T)+ 6y (Wr.T). O
0

Lemma 5.2.2. (Uniqueness)

Assume that X" and X2 are two solutions of
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T
Dt/ Xuqu - Xt + f (WT7 T)
0

where f (Wi, t) is a known F; measurable function of t and Wy. Suppose that

t is not fixed. Then,

Proof.

Let Y, = x® - x®. According to Lemma 5.2.1, it is sufficient to prove that

Y, = 0 is the almost surely solution of

T
D, / Y, dW, =0. (%)
0

Then, using Lemma 4.1.1,

T T
Dt/ Y. dW, =Y, + / DY, dw, = 0.
0 t

Solving this [to-Malliavin equation, Y; = 0 almost surely and

T
/ DY, dW, = 0.
t

Therefore,

DtYu - 0

By Proposition 3.4.5, Y,, = C'(u) for all u > t. Since ¢ is not fixed, Y, = 0 is

the almost surely solution of the (x). This completes the proof. [
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Lemma 5.2.3. (Convergence)
Let {Xt(m) t>0,m— oo} be a sequence of adapted stochastic processes with

respect to a filtration {F; : t = 0} which satisfies

XM - X,

in L? (P) and

D.X!™ — D, X,

in L* (P x \). Then,

T T
D, / Xmaw, — D, / X, dw,
0 0

in L* (P) with respect to m — oo.

Proof.

According to Lemma 3.1.2

T T
/ Xmdaw, — / X, dW,
0 0

in L? (P). Let

Applying D; to Yém),

T
DY = x!™ 4 / D, X ™aw,
¢
by Lemma 3.4.6. Similarly,
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T
DtYT == Xt + / DtXuqu
t

Then,

DY™ = DYy

in L? (P x A) with respect to m — oo, since D,X\™ — D, X, in L? (P x A).

O

Example 5.2.4. (Ezample on Lemma 5.2.3)

Let Xt(m) be as in Lemma 5.2.3 ( excluding all solutions which do not satisfy
D,X{™ — DX, in L* (P x A) ). Consider a sequence of Ito-Malliavin type

equations, which has the form of

T m
Dt/ XMdB, = X™ + S H,, (T, Br) ;m = 0,1, n,
0 m!

where H,, (T, Br) are Hermite polynomials defined by Definition 3.5.1. Then,

summing both sides of the equations,

D, /T i Xmdp, = Xn: x4 i %Hm (T, Br).
0 m=0 m=0 m=0 '

Assume that

=Y x™ v, =lim Y X"
m=0 m=0

n—oo

in L? (P). Tt can be seen that

n

m 2
Y H,(T,Br) — explal — LBy
m) 2

m=0
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in L? (P) when n — oo due to Lemma 3.5.1. According to Lemma 5.2.3,

T T n
D, / Y. ™dB, = D, / > x{mdB,
0 0 m=0

T T n
— D, / Y,dB, = lim D, / > x{mdB,
0 n— 00 V—

in L? (P x ). Let

Then,

T 0.2
0

Note that this kind of Ito-Malliavin type equations is exactly the one intro-

duced in Example 5.2.3 when p = 0, which has been solved.

5.2.2 Equation B

Note that the method solving the Equation A in 5.2.1 cannot be applied here

to solve the Equation B defined in 5.1. To see this, first assume that

X, = Xo +/ asds+/ BsdBy,
0 0

where o, and [, are F; adapted. Then, applying Lemma 3.4.7 to X,

DtXu = ﬁt +/ Dtﬂsst +/ DtOést.
t t
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Let D, X, = M, for all u > t. Then, M; = ;. The differential form of M, is

dM, = D;p,dB, + Do, du

for all w > t. Let f(u) = @, which is a function of v and a constant with

respect to W,,, and then

dQ. = ' (u) du.

Since the representation of the Equation B is D; X, = f (u),

Dy, = f'(u) a.s.
Dtﬁu =0 a.s.
Bi=M =Qy=f(t) as.

Then, former set is equivalent to

X, =Xy + fou agds + fou f(s)dBs a.s.
Do, = ' (u) a.s..

It can be seen that this method is complicated in solving equation B if the
higher-order derivative of f(u) is still differentiable with respect to u. It
even produces a recurrence in solving the Equation B if f (u) are exponential
functions. Next example is a case which can be solved directly by this method,

since f’(u) = 0.

Example 5.2.5. Solve the Ito-Malliavin type equation

DtXu = C

where C is a constant.
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Assume that

Xu:XO—i—/ asds—i—/ BsdBs,
0 0

where o, and s are F; adapted. Then, for u > t,

DX, = B +/ D,psdBs + / Do ds = M,
t t

Then,
Do, =0 a.s.
D3, =0 a.s.
Br=0C a.s..
Therefore,

= ¢, +CB,

where ¢, is an arbitrary non-random function of u. [

The Equation B can be solved by applying former method n times if f (u) is a
known continuous function of u with continuous derivative up to order n and
f™ (u) = 0. Next, an improved method is introduced to solve a more general

case.

Assume that
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where g (u) and h(u) #Z 0 are non-random function and X, is a continuous
martingale. By the chain rule of the Malliavin derivative ( Proposition 3.4.3 )

and the constant rule of the Malliavin derivative ( Proposition 3.4.5 )

D, X, = h(u) D X,.

Since X, is a continuous martingale, assume that

X=X+ [ Gas,

0

where 55 is Fs adapted. The entire reason of setting dt term to zero can be
found from Chapter 7 Section 5 of ”A First Course in Stochastic Processes”

[23] and Chapter 15 Section 12 of " A Second Course in Stochastic Processes”

[24]. Applying Lemma 3.4.7 to 3(\;,

DX, = B +/ D,3.dB..
t

Then,

DX, = h(u) By + h (u) /u DyB.dB, = f (u).

Now, it is equivalent to solve the equation set

Dtgs = 0 a.s.
h(uw)By = f(u) a.s..

Therefore, 8; = f (u) /h (u) for all t < u. According to the constant rule of the
Malliavin derivative ( Proposition 3.4.5 ), B, = C where C is a constant since
B, is F, adapted. Then, h (u) = C'f (u). Finally, after substitute all preceding

results into X,
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0 hu
= g(u)+Cf () Xo+ f (u) B,

= ¢u+ f(u)B

Xy = guw)+h(u Xo—l—h

where ¢, is an arbitrary non-random function of u.

Example 5.2.6. Solve the Ito-Malliavin type equation

DtXu = e"

According to the aforementioned method, assume that

Xu=yg (u) + h(u) Xu,

where ¢ (u) and h (u) # 0 are non-random function and

z:z+/@w&
0

where E,, is F, adapted. Then,

mﬁ=@+/D@w&
t

and therefore

DX, = h(u)X,
= h(u>§t+h(u)/th§sst
t

= €.
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Finally, it can be seen that

Xu = ¢u + euBu

where ¢, is an arbitrary non-random function of u. [J

Similarly, some crucial properties of X, are illustrated next.

Lemma 5.2.4. (Linearity)

Assume that X, and Y, are respective solutions of

where f (u) is a continuous function of u and

where g (u) is a continuous function of w. Then, aX, + BY, is the solution of

Dz, = af (u) + B9 (u)

where a and [ are two constants.

Proof.

The equation « - (1) + - (2) is

a(DXy,) + B (DY) = af (u) + Bg (u).

By linearity of Dy, the left hand side of « - (1) + 3 - (2) equals to
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Therefore, Z, = aX, + 8Y, satisfies the equation

DiZ, = Diaf (u) + Bg (u). O

Lemma 5.2.5. (Uniqueness)

Assume that X5 and X2 are two solutions of

where f (u) is a continuous function of w. Then,

XW =Xx9 1+ C(u) a.s.

where C (u) is a function of .

Proof.

Let ¥, = X{V — x{? = C'(u). By Lemma 5.2.4, it suffices to prove that

Y, = C (u) is the almost surely solution of

DtYu == 0

Then, by constant rule of the Malliavin derivative ( Proposition 3.4.5 ),

This completes the proof. [
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Lemma 5.2.6. (Convergence)
Let {Xt(m) :t>20,m— oo} be sequence of adapted stochastic processes with

respect to a filtration {F; : t = 0} which satisfies

x™ - x,

in L? (P). Then,

D X!™ — D, X,

in L? (P x \) with respect to m — oc.

Proof.

This is a direct result of Lemma 3.4.1. O

5.2.3 Equation C

The method to solve the Equation C defined in 5.1 is similar to the second

method of the Equation B introduced in 5.2.2.

First, assume that

where g (u) and & (u) % 0 are non-random function and X, is a continuous
martingale. By the chain rule of the Malliavin derivative ( Proposition 3.4.3 )

and the constant rule of the Malliavin derivative ( Proposition 3.4.5 )

DX, = h(u) X,
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Since X, is a continuous martingale, assume that

X=X+ [ Gan.
0

where B; is F, adapted. Applying Lemma 3.4.7 to ZL,

DX, =B+ / D.f.dB..
t

Then,

DX = h(w) i+ hw) | DB, = [y (u) fo (1)

Now, it is equivalent to solve

{ Dtﬁ: = 0 a.s.
h(uw) By = fi(u) fa (t) a.s..

Therefore, B, = (f1 () f2 (t)) /h (u) for all t < u. According to the constant
rule of the Malliavin derivative ( Proposition 3.4.5 ), B, = Cf (t) where C
is a constant since f, is F, adapted. Then, h(u) = Cfi (u). Finally, after

substitute all preceding results into X,

X, = g<u>+h<u>%+h<u>/ou%d&
— g+ Cf () Ko+ i (w) / " fa(s)dB,
- ¢u+f1(U)/0ufz(8)st

where ¢, is an arbitrary non-random function of u.

The next example is related to the Example 3.7.1 which is about the Brownian

bridge.

79



Example 5.2.7. Solve the Ito-Malliavin type equation

1—wu
1—1t¢

DtYu -

for all u > t.

Assume that

Yu=f(u)+g ()Y,

where f (u) and g (u) # 0 are non-random function and

0

where ES is F, adapted. Then,

DY.=fi+ | Db,
¢
and therefore
DY, = g(u)DY,

= g(u) B +g(u) / D, 5,dB,
1—u
1—t

It can be seen that

Yu:¢u+(1—u)/0u dB,

where ¢, is an arbitrary non-random function of u by aforementioned method.

— S

]
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Note that the Brownian bridge introduced in Example 3.7.1 is a special case
of the solution of former Ito-Malliavin type equation. This is the inspiration

of the Equation C comes from.

Next, some crucial properties of X,, are given here.

Lemma 5.2.7. (Linearity)

Assume that X, and Y, are respective solutions of

DX, = fi(u) f2(t) (1)

where fi (u) is a continuous function of u and f5 (t) is a continuous function

of t and

DYy =g (u)ga(t) (2

where g1 (u) is a continuous function of u and g (t) is a continuous function

of t. Then, aX, + BY, is the solution of

D, Z,, = afy (u) f2 () + Bg1 (u) g2 (t)

where a and [ are two constants.

Proof.

The equation a - (1) + - (2) is

a (D X,) + B (DY) = afi (u) fa(t) + Bar (u) g2 (1) .

By linearity of Dy, the left hand side of - (1) + - (2) equals to
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Therefore, Z, = aX, + 8Y, satisfies the equation

D, Z,, = afy (u) f2 (t) + Bg1 (u) g2 (t) . O

Lemma 5.2.8. (Uniqueness)

Assume that X5 and X2 are two solutions of

DX, = fi(u) f2 (1)

where f(u) is a continuous function of w. Then

XV =XxD 1 Cw) as.

where C (u) is a function of .

Proof.

Let ¥, = XV — x{? = C'(u). By Lemma 5.2.7 it suffices to prove that

Y, = C (u) is the almost surely solution of

DtYu == 0

Then, by constant rule of the Malliavin derivative ( Proposition 3.4.5 )

This completes the proof. [
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Lemma 5.2.9. (Convergence)

Let {Xt(m) t>0,m— oo} be a sequence of adapted stochastic processes with

respect to a filtration {F; : t > 0} which satisfies

XM = X,

in L* (P). Then,

D.X!™ — D, X,

in L? (P x \) with respect to m — oc.

Proof.

This property is exactly the same as Lemma 5.2.6. [

5.3 Stratonovich-Malliavin type equations

As a extension of the Ito-Malliavin type equations, the definition of the Stratonovich-

Malliavin type equations is given here.

Definition 5.3.1. (Stratonovich-Malliavin type equations)
Assume that X, is an unknown adapted Gaussian process and g (u,W,,) is a

known F, measurable function where W, is a Wiener process. Then equations

of the form

T T
Dt/ X, odW, :Xt—l—/ g (u, W,) o dW,
0 0
are called the Stratonovich-Malliavin type equations.
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According to Lemma 4.3.2,

T T
Dt/ XyodW, =X + / D, X, odW,.
0 0

By Definition 5.3.1, compare the former equation with the Stratonovich-Malliavin

type equations and obtain

T T
/ DX, odW, = / g (u, Wy,) o dW,.
0 0

Then, by Lemma 4.2.2, the Stratonovich-Malliavin type equations are equiv-

alent to

DXy =g (u,W,).

To solve these equations, use exactly the same method that one solve the

Equation A of the Ito-Malliavin type equations.

Here is an example of the Stratonovich-Malliavin type equations.

Example 5.3.1. Solve the Stratonovich-Malliavin type equation

T T
Dt/ X, 0dB, = X; +/ nt,_; (u, B,) o dB,
0 0

where H, (T, Br) ,n > 2 is the Hermite polynomial defined by Definition 3.5.1

and t is fized. The initial value of the Gaussian process is Xo = 0.

By Lemma 4.3.2 and Definition 5.3.1,

T T
/ D, X, odW, = / nH,_1 (u, By) o dB,.
0 0
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Then, by Lemma 4.2.2,

DX, =nH, 1 (u,B,).

Assume that

0 0

Combining former results, it can be seen that

t t

— WHa o (6 B) 4 (n—1) / Hy 5 (m, By) By
t

Therefore, this Stratonovich-Malliavin type equation is equivalent to

D, = 0 a.s.
q = nH, 1 (t,B;) a.s.
DtQm = n (n - 1) Hy, o (m7 Bm) )

which has been solved in Example 5.2.2.
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Part 2 :

A General Stroock Lemma

Main definitions from the discrete Malliavin calculus, the generating function
and a derivative of a nature number are introduced in Chapter 6. Chapter
7 contains several examples and lemmas on delta operator and the discrete
Stratonovich integral. Three types of the Stroock lemma are the main results

in Chapter 8 based on [10].
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Chapter 6

Terminology and Methods

In this chapter, all crucial notations and methods are introduced in details in-
cluding definitions and properties. These concepts will be applied throughout

this part. Numerous important lemmas with proofs are also given here.

6.1 Discrete Malliavin calculus

In a real situation, the discrete version of Malliavin calculus along with the
binomial tree can be applied to calculating Greeks according to Yoshifumi

Muroi et al. in their paper [35].

In this section, basic knowledge about the discrete Malliavin calculus is given.
This section follows Martin Leitz-Martini [33] and H. Holden et al. [18] [19].
There are more interesting details in papers written by Martin Leitz-Martini

[33] and Nicolas Privault [46].
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6.1.1 Definitions, notations and propositions

Let N € N and At =1/N. Then

A=1{0,At,- (N —1)At}

is a discrete time set. The uniform counting measure assigns p (A) = |A|/N for

A C A. The discrete version of the Lebesgue space ([0, 1], B, \) is (A, P (A), u).

According to Martin Leitz-Martini, each element in the set

Q={wjw: A —{-1,1}}

can be treated as a Bernoulli random variable. On P (£2) the uniform proba-
bility measure P for every subset S C € is given by P (S) = |S|/|2| = |S|/2".

The space £% (€2, P) with the inner product

(X,)e2 =D X (@)Y (w) P (w)

weN

is the discrete version of the Wiener space with respect to P. The dimension

of the space £ (Q, P) is 2V,

Definition 6.1.1. For A € P (A), the functions xa : Q@ — R are defined by

Xa (w) = Hw(s).

seEA

Proposition 6.1.1. The set {Xa}scp(n) i a basis for £2 (1, P).
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To simplify notations, set

P,={AcP(A):|A =n}

and

where Un Py = UpPn = 3, i1 iy Pi O Py

Definition 6.1.2. (Walsh decomposition)

For X € L*(Q, P), the Walsh decomposition of X is

X=) X(Axa=>_ > X(A)xa

Definition 6.1.3. (Wick product)
Let X =3 ,cp X(A)xa and ) = 5p D (B) x5 be random variables. Then
the Wick product X ©%) is defined by

X0 =) (Z%(A)@(B)) Xc:

CeP \AUB
where AUB=AUB— AN B.

Note that

_ XAUB = XA XB; if AmB:®7
XACXB = { 0, otherwise.
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Definition 6.1.4. (discrete analogue)

(1) A discrete stochastic process is a family of random variables (X5),.,, i-e.
amap X : Q@ x A — R such that for each fixzed s € A the map X (-, s) is in
£2(Q, P).

(2) The discrete Brownian motion B is the random walk

%:QXA%R,%(u,t):Zw(S)\/E.

s<t

(3) The forward increment of B is defined by

AB, = AB (w, 1) = B (w,t + At) — B (w, ) = w (t) VAL

(4) Let (X;),cp be an adapted discrete stochastic process. Then the Ito integral
is defined by

/xd% - /%Sd’BS - Zaes - AB,.

To compare with the continuous time theory, Martin Leitz-Martini defines
the symmetric functions to be zero on diagonals since he points out that the
diagonals do not have measure zero in a discrete measure space in his work

[33].

Let X = > ,cp X (A) xa be the Walsh decomposition of X. For n > 0 the

symmetric function X,, on A" is defined by

0, otherwise.

5 -1 : . .
%t ) = { (PR BB D) A o 2
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where X ({t1, -+ ,t,}) is the Walsh component to A = {ty,--- ,t,}. Forn =0,
Xo =X (0) = F[X]. According to these definitions,

X = ) X(Axa

AeP

= Z Z%(A)XA

n AeP,

_ Z Z X({ts, -, thHw(t) - w(tn)

n {ti,,tn}EPn

= Z Z X, ({t, -t ) At2w () - w (t,)

no (t1,- A
- Z Z n<{t1,--- ) AB (1) AB (1)
- tn) EAM

which is the discrete version of the Wiener-Ito chaos decomposition for random

variables X € £2(Q, P).

6.1.2 Conditional expectations

For B C A, Fp is the o-algebra on () generated by the random variables
{w(s):s € B}.

Proposition 6.1.2. Let X = ), X(A)xa and Fp be given. Then the

conditional expectation of X with respect to Fp is given by

E[X|Fsl =) X(A

ACB

Proposition 6.1.3. Let A, B C A and X,9) € £2(Q, P). Assume ANB =10

and that X is Fa-measurable and %)) 1s Fg-measurable. Then
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XoP=%x-9.

Martin Leitz-Martini introduces the o-algebras which constitute the discrete
filtration in his definition. In these algebras, the information of the present is

excluded.

Definition 6.1.5. Fort € A the past algebra is defined by

Fi = o—algl{w(s)|s < t}]

= oc—alg[{{w:w(s)=—1} {w:w(s)=1}}]|s <

A random variable X is said to be Fi-adapted if

EX|F]=X.
This means that the Walsh decomposition of X has the form

X= ) X(A)xa
)

AC[0,t
with

0,t) ={se€ A:s<t}.

A discrete stochastic process (Xt),5, is adapted if the random variable X is

Fi-adapted for each t € A.
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Proposition 6.1.4. For every process (X;),c, with Walsh decomposition X, =

ZACA X (A’ t) XA,

EX|F]= ) X(At)xa= >, X(At)xa

Ac [07t) m::xzcﬁl 1; t

6.1.3 Discrete Skorohod integral

Definition 6.1.6. (discrete Skorohod integral)
Let X : Q x A — R be a discrete stochastic process. The Skorohod integral of

X with respect to the discrete Brownian motion B is defined by

/ X6%B = / X 0B, =) X oAB, =) X, 0xmVAL

sEA SEA

Proposition 6.1.5. Let

Xo=) > Xas(ti-e ) AB(t) - AB (1)

be the discrete Wiener-Ito decomposition of the discrete process X.

(1) If the discrete stochastic process X is adapted then the Skorohod integral

reduces to the Ito integral.

(2)

/3555%8:2 > Xt (b1, s tni1) AB (t1) - AB (t41)

n (tlv"' 7tn+1)€An+l
whereby i%nH (t1, - ,tne1) is the symmetrization of the coefficient function

X5 (t1, -+ ,t,) with respect to the process variable s.
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Proof.

(1) Take A < s as notation for max A < s. Since X; is adapted it has the

Walsh decomposition X, =3 ,_ X (A;s) xa. Hence A and {s} are disjoint,

/%55%8 = > > X(A;s)xaoxgVAL

s A<s
= D ) X (A;s)xa- xgs VAL
s A<s

by proposition 6.1.3.

(2)

/.’{6‘3

= Z %S < X{S}\/E

S (z S x (A XA) oxigVET

S n AeP,

= Z Z Z %n,s (tla T >tn) X{tl,u- ,tn}At% & X{s}\/Kt
s n (t

1, tn) EA™
with X, s (-) the symmetric functions in the Wiener-Ito decomposition of X;.

Let s =t,+1 and the symmetric functions :%n—i—l of n + 1 arguments by

A

%n—‘rl (tla e 7tn+1) =0
if t; = t; for some 7 # j and
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n+1
. 1
Xog1 (tr, - Jtayr) = (Z Xty (b1, s the1, biyr, - 7tn+1)>

n+1 —

n+1
1
= Z:{n—i-l (t1, - ety bty T, - - - >tn)>
n+l (k:1

otherwise. Then, changing the sum over s inside,

X8

—

. nt1
Z %n-i-l (tla e 7tn+1) X{tl,“' 7tn+1}At :

(tlv"' 7t’ﬂ+1)eAn+l

Z §n+1 (t1, - s tng) AB (1) - ADB (tqq). O

(t17"' 7t"l+1)€A"+l

B\

6.1.4 Discrete Malliavin derivative

For s € A and w € Q, w! and w; are defined by

£ (1) = w(t), for t=#s,
| £1, for t=s.
Definition 6.1.7. (discrete Malliavin derivative)
For every random variable X € £° (0, P) the Malliavin derivative (DyX),.,

are defined by the family (Dy),., of operators on £2(Q, P):

D ()= 2 2)\/_A_f 2
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This family of operators can be seen as an operator
D:g(Q,P)— L2 (XA, P xpu).
Proposition 6.1.6. Let

X=> > Ea(ti, ) AB (L) AB (L)

N (t1, tn)EAT

Then

DE=3"" S nXi(teee ) AB () AB (f ).

no(tr,etn—1)€EATTT

L.e. the Malliavin derivative acts on the discrete Wiener-Ito decomposition as

multiplication by the level number n and then just leaving aside the integration

over AB (t,).

Proof.

Clearly, (D), is linear. Then, by Definition 6.1.7 and Definition 6.1.1,
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Dt% (w) = Z Z n'%n (tla e >tn> At%X{tl, Jtn} (U))

n t1< <tn GA”
— Z Z %, (ty, - tn) At2

n (t1<-<tn)EA™

X{t1,+ tn} ( Wy ) = X{t1,tn} (wt_)

2VAt
= > D> X, (t,t)

n (t1<-<tp)EA"

s€{t1, tn} s€{t1,,tn}

-y S WX, (- ot )At Xt i1 (@)

n (t1<~»<tn)eA”
te{ty, - ,tn}

= Z Z n!%n,t (tlv e 7tn—1) At”T%XﬁL dn—1} (w)

n t1< <tn I)GA" 1

_ Z S Xt ) AB () AB (fay).

(T, tp—1)€EAn—T

Privault points out the convergence of DX [46]. He defines the £* domain of

D as the space of functional X such that

B | DX 32

or equivalently

Z nn!||%n||%z(,\n) < 00
n

fx=> %, 0O
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6.2 A derivative of a natural number

This section follows Victor Ufnarovski et al. [53] where also proofs are pro-

vided.

6.2.1 Definition

Let n be a positive integer. Victor Ufnarovski et al. define a derivative n’
of n which ignore linearity and use Leibnitz rule only [53]. This derivative is

defined by using two natural rules:
(1) p’ =1 for any prime p,

(2) (mn)" = m'n + mn’ for any a,b € N (Leibnitz rule).

Lemma 6.2.1. (Well-defined)
The derivative n' can be well-defined as follows: if n = Hlep:»“ is a factor-

1zation in prime powers, then

k
/ 1
n :ng —.
im1 Di

This is the only way to define n’ that satisfies desired properties. [21]

Note that 1’ = (1-1) = 1'-1+1-1 = 2.1 It is clear that 1’ = 0. Let
n =[5, p and m = [, ¢. Then according to lemma 6.2.1 the Leibnitz
rule looks as

k1 n; k2 m; k2 m; k1 n;
o (3520 355 = (352 (1352
=1 =1 L

i=1

98



6.2.2 Properties

Some useful properties of the derivative of a nature number defined by Victor

Ufnarovski et al. [53] are given in this section.

Lemma 6.2.2. Let p be a prime and a = p+ 2. Then 2p is a solution for the

equation n’ = a.

Corollary 6.2.1 is a direct result of lemma 6.2.2.

Corollary 6.2.1. Let p, q be two primes and b = p+q. Then pq is a solution

or the equation n' = b.
J q

Lemma 6.2.3. The differential equation n' = 1 in nature numbers has only

primes as solutions.
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Chapter 7

Simple Results

In this chapter, numerous examples and lemmas are treated as simple results

here.

7.1 Delta operator

The idea of this entire section follows Professor Utev. In this section, another
approach of Ito integral and Stratonovich integral is introduced here through
defining a delta operator. It is necessary to mention that this approach is

different to the discrete Ito integral.

7.1.1 Definition

Definition 7.1.1. (Delta Operator)

If f is a continuous function of x, then the delta operator can be defined as

Af(z) = f(z+Az) - f(z).
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According to Definition 7.1.1, if f is a continuous function of a standard Brow-

nian motion By, then

Af(Bi) = f (Biyat) — f(Br).

Next example shows how delta operator works on random variable.

Example 7.1.1.

Let B; be a standard Brownian motion. By definition of the delta operator (

Definition 7.1.1 ),

ABE = Bt2+At - Bt2
= (Buar— B+ Bt)2 — BtQ

= (Biar — Bt)2 +2(Biyat — Bi) Bi + B — By

Since

ABt - Bt—i—At - Bt;

the former equation becomes

AB? = (AB,)? + 2B,AB,.

Note that

dB? = (dB,)?+2B,dB,

by Ito formula. [
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Example 7.1.2.

Consider a more general case B;" where m € N. According to Definition 7.1.1,

AB"

Bl — B
= (Biar— B+ B)" — B"

- (ABt + Bt)m - Btm

_ i (”IZ) (AB,)* B+,

k=1

Let O [(ABt)g] represents the infinitesimal asymptotics of (AB;)®. Therefore,

m(m — 1)

AB™ =mB" 'AB, + B2 (AB)? + 0 [(AB)?].

Note that

1
dB" = %B{”‘Q (dBy)? + mB"dB,
1
= =D gt mpp-as,

by Ito formula. [

Let N; be a Possion process. Then, by similar calculation of AB}",

m

AN =Y (Z) (AN,)* Nk,

k=1

Note that (AN,)* - 0,k € N in L2.
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7.1.2 Another delta operator

Let A be the delta operator defined in Definition 7.1.1 and f is a continuous

function. According to the Taylor series,

f(Biyar) = f(By) + f'(B) AB; + %f” (Bt) (ABt>2 + O [(ABt)g}

where O [(ABt)S} represents the infinitesimal asymptotics of (AB,)®. Since
(AB,)? = At + O (A2,

[ (Biyar) = f(By) + f' (B:) AB; + %f” (B;) At + O (At%> :

Then, by the definition of the delta operator ( Definition 7.1.1 ),

Af(By) = f'(By) AB; + %f” (B;) At + O (At%) :

Now define a new delta operator as

Af(B) = Af(B,) — % £ (B) At.

Furthermore,

Af(B) = [ (B) AB, + O (At%) .

Next example shows how this operator works on random variable.

Example 7.1.3.
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Let B; be a standard Brownian motion. By Example 7.1.1,

AB? = (AB,)’+2B,AB,

— Al +2BAB,+ 0 (At%) .

Then, by the definition of A,

AB? = AB?— At

e

— 2B,AB,+0 <At

)
)

ol

— 2B,AB;+ 0O <At

Note that

t

t
ZBSdBS—i—/ dt
0

t

2B, o dB,

J
J

by Stratonovich integral. [
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Chapter 8

A General Stroock Lemma

The Stoock lemma is a fundamental concept of the Malliavin calculus. This
lemma can be used in solving various equations. In this chapter, this lemma

is illustrated through several different cases.

8.1 Discrete Stroock lemma

The idea of the discrete Stroock lemma, which can be treated as the coun-
terpart of the Stroock lemma in discrete Malliavin calculus, is inspired by the
corresponding lemma in continuous Malliavin calculus. Comparing with the
continuous Malliavin calculus, the discrete version of Stroock lemma is slightly

different.

8.1.1 Discrete Stroock lemma

Before introducing the discrete version of the Stroock lemma, an important

property is given first.
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For each fixed ¢, the discrete Wiener-Ito decomposition

st - Z Z n%nfl,s,t (tb e ;tnfl) AB (tl) - AB (tn)

n (tl An 1

equals to zero for s =t by default.

Lemma 8.1.1. (Discrete Stroock lemma)

Let

Xo=) > Eas(ti-oo b)) AB(t) - AB (1)

and

Dt% o Z Z nxn—l,s,t (tla U 7tn—1) AB (tl) - AB (tn)

tl, cAn—1
be the discrete Wiener-Ito decomposition of Xs and X, respectively. (Dt)t>0
are the derivative operators defined in Definition 6.1.7. Assume that X, s is a

symmetric function of n arguments ty,--- ,t,. Assume also that

B 1% 3] < o0

and

B 1%, olfaganan| < o0

Then,

Dt (/ 385‘35) = %t + /Dtxs(g%s.
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Y

Note that the condition 'X,, 5 is a symmetric function of n arguments ¢y, - - , %,
is necessary in former lemma. The reason will be shown by the proof of Lemma

8.1.1 in the next section.

8.1.2 Proof of Lemma 8.1.1

The proof of lemma 8.1.1 consists of three parts.

(1) For n =1, let

DY = Vi (1) AB ().

t1EA

According to Proposition 6.1.5 and Proposition 6.1.6,

o (foren)

= D[ X et + Du (12 1) AB (1) AB (1)

(t1 ,t2)6A2

= Di| > Daltr,ta) AB (1) AB (L)

(t1 7Ifz)EA2

= > 201, () AB (1),

t1EA

where 9), (£, t5) is the symmetrization of 9, (t;) and

/Dt@gl)é%s = /Q.)O,t,s (@) 5%5
= > % D1 (£ 81) + D (b1, )] AB (1)

t1EA

= > D1 () AB ().

t1EA
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Concluding all former results,

D, (/@9)5%5) DI +/D@

(2) For n =2, let

2)22) - Z 2)275 (tl, tg) A% (tl) A% (tg) .

(t1,t2)EA?

According to Proposition 6.1.5 and Proposition 6.1.6,

2258 )

= ( @3 (t1,ta,t3) + D3 (L1, t3, t2) + D3 (L3, 11, t2)]

t1 to, t3 €A3

AB (£) AB (t2) AB (1))

— ( Z Vs (t1, Lo, t3) AB (1) AB (t5) AB (ts))
(

t1,t2, t3 €A3

- 32, (t, 1) AB (t1) AB (t5),

t1 t2)6A2

where ng (t1,12,t3) is the symmetrization of 99, (t1,t2) and

/ DYP6B, = / (Z 215 (1) AB (t1)> 0B

t1EA

=Y 2D (tata) + D (1, 11)] AB (1) AB (1)

(t1,t2)€A?

= Z 292 (t1,t2) AB (1) AB (ty) .

(tl,tg)EA2

Concluding all former results,
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D, ( / @95%5) — 9@ 4 / D5

(3) For n =k,

PP = > Dyt ) AB (1) AB ().

(t1,- ,tg)EAE

According to Proposition 6.1.5 and Proposition 6.1.6,

_ Vi1 (T, Sty tngr) + -+ Qi1 (g, tr, -0 )
(t1, tk+1 JeAR+L k+1
ADB (1) - ADB (tpg1))

= Dy Z Vi1 (1, sy togr) AB (t) -+ ADB (tg41)

(1, b1 )EARTL

= > kD) Dra (b ) AB (1) - AB () ,

(t1,+- ,tg)EAE
where if)kﬂ (t1,- -+ ,tn, tns1) is the symmetrization of Yy s (t1,- - , 1) and
/ D,YM5%B

= / Z kz)k—l,t,s (tl, s 7tk—1) AB (tl) - AB (tk‘—l) (5%5

(t1, tg—1)EAF—T

1
= Z kE[@kt (tryta, - ytim1) + -+ Doer (b1, -+ st te)] -

(t1, ,tg)EAE

AB (1) AB (t,)

= > ket ) AB () AB (t)

(b1, tx)EAR
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Concluding all former results,
D, ( / @g@m) =9 4+ / D" 5B,

In general, let

X, = 90

and

Xo0=) DYW=DY D = DX,

Since £ H%SJ/H§2(Q><A2)] < oo and F [H%SH%Q(QM)] < 00,

D, (/ %55%5) =X+ /Dt%sd%s.

8.2 A generalised Stroock lemma

A generalised Stroock lemma and the related duality lemma are introduced in

this section.

8.2.1 A Generalised Stroock lemma

Consider two linear operators D and 6. Define D, as the original derivative

operator, which means

D.F =F' (1),
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where F': R — R is an arbitrary differentiable function. Let uy, (f) : R x R —
R* be an non-negative integrable function with respect to tinR and h. Suppose

that D, satisfies the Stroock lemma

Dy (6 (un () = 0 (De (un () + un (£) -

After given all definitions and conditions, the first problem is what kind of
operator ¢ satisfies the former equation. To solve this problem, it is necessary

to introduce the following lemma.

Lemma 8.2.1. Let uy, (t) = €. Define the derivative operator Dy as before.

Dy satisfies the Stroock lemma

Dy (6 (un (2))) = 0 (Dy (un (1)) + un (t) -

Then

0 (un (1)) = (t + Cn) un (2)

where Cy, is a function of h.

Proof.

Applying D, to uy, (1),

Dy (uy, (t)) = he™.

Then, by aforementioned assumption,
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Dy (6 (un (1)) = 0 (Dy (un (1)) + un (t)
= 0 (hup (t)) + up (t)
= ho (up (t)) + up ()

= hd (eht) + M.

Fix h and define 6 (uy, (t)) = 6 (e") = X (t), the former equation becomes

X'(t) = hX (t) + ™,

which is an ordinary differential equation. Solve this equation and the result

18

which completes the proof. [

Here consider ¢ (uy, (t)) = tuy, (t) only, since C, is a constant with respect to t.

Applying D, to § (uy, (1)),

Dy (0 (un (£))) = Dy (tun (£)) = un (£) + tuy, (t) .

Then, applying 0 to Dy (uy, (t)), one can obtain

0 (D¢ (un (1)) = Dy (un (1)) = tuy, (t).



After concluding all former results, o still satisfies

Dy (8 (un (1)) = 6 (Dy (un (1)) + un (1)

which is a generalised Stroock lemma.

Lemma 8.2.2. (A generalised Stroock lemma)
Let uy, (t) be a non-negative integrable function with respect to t. Define the

operator Dy by

and the operator & by

5 (up (t)) = tuy, (t) .

Then,

Dy (6 (un () = 0 (De (un () + un (2) -

8.2.2 A Generalised duality lemma

The second problem is what kind of duality formula do those aforementioned
D, and ¢ satisfy. To deduce such kind of duality formula, it is necessary to
consider a bilinear map B. Then, for all non-negative integrable functions
up (t) : R xR — R* and ¢, (t) : R x R — R, the duality formula can be

represented as

B (Dy (6 (un (1)), ¢g (1)) = B (un (1) ;6 (Dy (¢4 (1)) -
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By linearity of the bilinear map B and the generalised Stroock lemma ( Lemma

8.2.2 ), the left hand side of the former equation can be simplified as

B (D; (0 (un (1)), ¢4 (1) = B ((tun (1)), & (1))
= B (tu, (t) +un (), ¢y (1))

= B(tw, (). ¢, (t) +B(un(t), ¢4 (1)), (1)

and the right hand side of this equation is

B (un (1) ,0 (Di (¢4 (1)) = B (un (t) , 1 (t)) -

Now, this problem becomes to find that what kind of bilinear map B satisfy

B (tuj, (t) ¢y (1) + B (un (t) . 6, (1)) = B (un (1) . 1, (1)) . (2)

The following two lemmas show that the duality formula in this case is not as

simple as before.

Lemma 8.2.3. Suppose that D, and § satisfy (2). Assume that the bilinear

map B satisfies the commutative law, which means
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Proof.

By the commutative law of the bilinear map B,

B (tuj, (1) , &g (1)) = B (¢ (t) , tuy, (1)) -

Then, according to equation (2), B (uh (t),tey, (t)) is equivalent to

B (¢ (t) , tuj, (1)) + B (un (1) , &g (1)) -

Applying (2) to the first term of the former polynomial,

B (¢ (1), tuj, (t)) = B (t¢y (1) ,un (1)) + B (¢ (1) ,un (1))

Therefore, by the commutative law of the bilinear map B again,

B (up (t) ¢} (t))
= B (t¢, (1), un (1)) + B (e (), un (t)) + B (un (), by (¢))
= B (un (1), ¢ (1)) + 2B (up (t), ¢4 (1)) -

After comparing former equation and the right hand side of (2),

B (un (1), ¢4 (1)) = 0,

which completes the proof. [

Lemma 8.2.3 shows that the generalised duality formula does not satisfy the

commutative law in general.
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Lemma 8.2.4. Let D; and § satisfy (2). If B(xz(t),y(t)) # 0, there is no

such a constant a that

B(z(t),y () =aB(y(t),z(t)

for all x (t) and y (1).

Proof.

Suppose such kind of a exists. Therefore,

B (tu), (t) ¢ () = aB (¢ (1), tuy, (1)) -

Then, the left hand side of (2) is equivalent to

aB (¢ (t) tuy, () + B (un (1) , ¢ (1)) -

Applying (2) to the first term of the former polynomial,

B (¢ (1), tuj, (t)) = B (t¢y (t) ,un (1)) + B (¢ (1), un (1))

Then,

aB (¢ (), tw, (t)) + B (un (£) . &g (1))
= a(B(tdg (t),un (1)) + B¢y (1), un (1)) + B (un (t), ¢y (1))
= aB (t¢lg (t) , Up (t)) + a’B (uh (Zf) ,¢g (t)) +B (uh <t> ,¢g <t>)

= a’B (uy (t) 1) (t)) + (a® + 1) B (un (t) , ¢y (1))
After comparing former equation and the right hand side of (2),
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a® =1,
a’+1=0,
since B (z (t),y (t)) # 0 for all x (t) and y (¢). This equation set has no possible

solution, which completes the proof by contradiction. [

To find a possible generalised duality formula, consider a basis {tk}iozo on the
algebra of polynomials. Let uy (t) = w = t* and ¢, (t) = ¢ = t™. Then, the

left hand side of (2) becomes

B (kt", t™) + B (t*,t™) = kB (t",t™) + B (¢*,t™)

and the right hand side of (2) becomes

B (t*,mt™) = mB (t*,¢")

since B is a bilinear map. Let B (tk,tm) = Prm. Therefore, solving (2) is

equivalent to solving

Brm (E+1—m) =0 (3)

under this basis. Here omit the solution Sy ,,, = 0, because this is a meaningless

solution of (3). Hence, the remaining solution of (3) is k+ 1 —m = 0 and

Brp+1 # 0,
{ﬁf,ik:O, i#Fj+ 1 (4)

Then, by (4),
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k—1 k k+1 0
/Bk,k+1 = ( .. 0 1 0 R ) (ﬂi,j)i,j:0717... k+1| 1

0
where
0 1 2 3
0[O0 Box O 0
110 0 B 0
(ﬁi,j)i,jzo,l,-u - e
210 0 0 By
Now consider a more general situation. Let uy (t) = u = Z;Vio z;t7 and

g (t) = ¢ = Zﬁ\;o yit" be two sequences of partial sums associated to two

series. Then,

Yo

A1

B (u,¢) = (Io 1 - ay 0 >(Blj)1301
Yn

Without loss of generality, suppose that M > N. Therefore,
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My g Mo N g

o sgg—1 ) Y J 4

B tzj!]t Dt | +B j!t,zﬂt
j=1 i=0 Jj=0 i=0
Mo N g M ., N
_ SRy J 4 Yy I 4
- B(Z]j!t,zllt +B j!t,zi!t

j=0 i=0 §=0 i=0

M
=0
M
G+ (@5y541) Bijn
=0

<

and the right hand side of (2) is

M N g
v 9 i) _
B<Zj!t,tzi!zt ) =
§=0 i=1

M
Zj (@3Y5+1) Bjger + Z (Yj+1) B j+1
§=0

since i = j + 1 from (4). Assume that limy; .. ij‘io (7 + 1) (z5y541) Bjj+1

exists. Then,
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and therefore,

00 hj ‘ 00 g’ ' [e's) hj ' 0o gz ‘
osag—1 J 4 Y )
B(tzj!]t ,Zi!t>+B<Zﬂt, Z,!t)
7j=1 =0 7=0 =0
00 hj ‘ 00 gi ‘
_ Y g gi—1
— B(Zﬂt,t;“zt )

=0
M

— A}EPOO Z; (G + 1) (zjy541) Bjjr-
J:

According to the former equation, the bilinear map B which satisfies (2) exists

under the aforementioned assumption. Let 3; ;41 = j!. Then,

M M
dim p G+ @ype) B = Im ) (G + 1) (259541 5!
j=0 7=0
M . .
h gg+1
— IR |
]}@w;@“) G

M

. g (gh)’
- A}inoojzo 5!

= gedt.

Hence B (eht, egt) = ge9". To find a more general bilinear map B, it is neces-

sary to use inverse Laplace transform.

Lemma 8.2.5. (A generalised duality lemma)
Define the bilinear operator B by B (eht,egt) = ged". Let S be a space of all

functions which have the inverse Laplace transform. If F' € S,
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B (", [ (1) = fi (h),

where f (t) be a piecewise-continuous and exponentially-restricted real function

which s the inverse Laplace transform of F.

Proof.

The inverse Laplace transform of the function F is

=L HE @0 = o g [ @ F (o) dg

271 T—oo _iT
where 7y is a vertical contour in the complex plane chosen so that all singular-

ities of F' are to the left of it. It is equivalent to prove that

= (LHF(9)}(n),
y+iT
~ 1 im ge/"F (g) dg,

271 T—oo N—iT

since F' € §. Then, by the definition of the bilinear operator B,

1 y+iT

B (e, L7 {F t) = — i B (e, e9) F (g)d

(", L7HF (9)} (1) = 5 lim . (e, e”) F(g)dg
1 ~y+iT

= — lim ge’" F (g) dg,

271 T—oo N—iT

which completes the proof. [
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8.3 Stroock lemma for the derivative of a nat-
ural number

Consider a stochastic process {X; : t > 0}. Let X; = C for t > 0 where C' is
a constant, whereupon this process is not random. Then, it is interesting to
introduce a new concept introduced by Victor Ufnarovski et al. [53] which is

the derivative of a natural number.

Now, consider the derivative given by Lemma 6.2.1 which is

k
1y
Dn)=n"=n) —
im1 Di
where n = Hlep;” is a factorization in prime powers. To seek a proper
operator d in the related Stroock lemma
Dy=1+0D,

it is necessary to use Lemma 6.2.2 and Corollary 6.2.1 given before.

Note that p = ¢ is possible in Corollary 6.2.1 due to (p2)' = 2p. Since p, q are

two primes, one can obtain

D(pq) = (pq) =p'q+pd =p+q

by using Leibnitz rule and the fact that p’ = 1 for any prime p.

Corollary 6.2.1 gives an idea to define a linear operator d, (¢) = pg where p
is a fixed prime and ¢ is an arbitrary prime. This operator together with the

derivative of the natural number satisfy
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Dy=1+6D

which is the Stroock lemma ( [ is the identity operator ).

Lemma 8.3.1. (Stroock lemma for the derivative of a prime number)
Let p be a fixed prime and q be an arbitrary prime. The operator D is given

by Lemma 6.2.1 and the linear operator 6, is defined as 0, (q) = pq. Then,

Dby, (q) = 1(q) + 6D (q) .-

Proof.

The left hand side of the former equation is

Dé,(q) = D(pq)
= pq+pd
= q+p.

The right hand side of the former equation is

I(q)+6,D(q) = q+0,(q)
= q+p.

Note that p’ =1 and ¢’ = 1. Comparing two sides of the equation, the proof
is finish. [

The definition of ¢ in Lemma 8.3.2 can be extended to all natural number.

This leads to the following corollary.
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Corollary 8.3.1. Let n be a positive integer and p be a fized prime. The
operator D is given by Lemma 6.2.1 and the linear operator 9, is defined as

dp (n) = pn. Then,

D¢, (n) =1(n)+6,D(n).

Proof.

The left hand side of the former equation is

Dé,(n) = D(pn)
= pn+pn

= n+pn.

The right hand side of the former equation is

I(n)+0,D(n) = n+4,(n)

= n+pn.

Note that p’ = 1. Comparing two sides of the equation, the proof is finish.
O

The next question is whether the restriction of choosing p as a prime number
in Lemma 8.3.1 and following corollary is necessary or not. Lemma 6.2.3 is

the key point to answer this.
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Lemma 8.3.2. (Stroock lemma for the derivative of a natural number)
Let n be a positive integer and m be a fixed positive integer. The operator D
is given by Lemma 6.2.1 and the linear operator 6, is defined as 6,, (n) = mn.

If these two operators satisfy the Stroock lemma

Dby, (n) =1 (n) + 6D (n),

the fixed positive number m must be a prime.

Proof.

The left hand side of the former equation is

Dé,, (n) = D (mn)

= m'n+mn.

The right hand side of the former equation is

I(n)+6,D(n) = n+o,(n)

= n+mn.

Comparing the former two equations, it is clear that D and ¢ satisfy

Dby, (n) =1 (n)+ 6,D (n)

if and only if m’ = 1. Lemma 6.2.3 shows that m must be a prime. [
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Part 3 :

A Discrete Differential
Dynamics

Main definitions from the finite fields and the g-derivative are introduced
in Chapter 9. Chapter 10 contains several examples and lemmas on semi-
derivation on finite commutative algebras over finite fields and partial ¢-
derivative. A discrete differential dynamics and application to the Cox-Ross-
Rubinstein model are the main results in Chapter 11 and Chapter 12 based

on [11].
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Chapter 9

Terminology and Methods

In this chapter, all crucial notations and methods are introduced in details in-
cluding definitions and properties. These concepts will be applied throughout

this part. Numerous important lemmas with proofs are also given here.

9.1 Finite fields

The definition of finite fields is given in this section, which will be used many
times later. There are more details in the book written by Pierre Samuel [49]
and the materials of Gilberto Bini et al. [2] and other books about number

theory.

Let K be a field. There is a unique ring homomorphism ¢ : Z — K ( defined
by ¢(n)=1+1+---+1, n times, for n > 0 and by ¢ (—n) = —¢(n) ). If ¢
is not injective, its kernel is an ideal pZ where p > 0; then Z/pZ is identified
with a subring of K; thus Z/pZ is a field from which it follows that p is a

prime number. K is of characteristic p. Such K is a finite field. The subfield,
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Z/pZ, of K is the smallest subfield of K it is called the prime subfield of K.
Here, write F, for Z/pZ.

A finite field is defined on a finite set with four operations multiplication,
addition, subtraction and division ( excluding division by zero ). In other
words, these four operations are well-defined on this finite set. Since the
calculations of multiplication, addition and subtraction for F, are obvious,
division is the only operation explained specifically in this part. To define the
operation division for F, is equivalent to define the multiplicative inverse for
F,. For instance, the following four tables give the multiplicative inverse for
each nonzero element a of F3, F5 F; and F;;. Generally, the multiplicative
inverse for an element a of a finite field can be calculated by many different
ways such as Brute-force search, extended Euclidean algorithm, subtraction
of logarithms and so on. There are more details about division of nonzero
elements of a finite field in Chapter 10 of the book written by Rudolf Lidl et
al. [30].

a |1 2
I/ja |1l 2

Table 9.1: The multiplicative inverse for an element a of Fs.

a
1/a

1 3 4
1 2 4

2
3

Table 9.2: The multiplicative inverse for an element a of Fs.

a
1/a

1 2 3 4 5 6
1 45 2 3 6

Table 9.3: The multiplicative inverse for an element a of F;.

Next lemma shows that the characteristic of a finite field IF, can only be prime

number.
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10
10

a |1 2
/a1l 6

34 5 6 7 8 9
4 39 2 8 7 5

Table 9.4: The multiplicative inverse for an element a of Fy;.

Lemma 9.1.1. The ring F,, is a field if and only if p is a prime number.

The entire proof of Lemma 9.1.1 can be found in the book written by lan
Stewart [51]. Here quotes how to find the multiplicative inverse for a given

element only.

Putting n € pZ. Let n 4 r be a non-zero element of Z/pZ. Since r and p are
coprime then by Bezout’s lemma of Z there exist integers a and b such that

ar +bp =1. Then

(n+ta)(n+r)=m+1)—(n+p)(n+tb)=n+l

and similarly

(n+7r)(n+a)=n+1.

Since n+1 is the identity element of Z/pZ, there exists a multiplicative inverse
for the given element n + r. Thus every non-zero element of Z/pZ has an

inverse.

Next lemma shows some possible methods to find the multiplicative inverse

for some particular elements in a finite field of order p.

Lemma 9.1.2. Let I, be a finite field of order p. The following four state-

ments are valid for all primes p > 2:
1) The multiplicative inverse of p — 1 in F, is itself.
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2) There ezists a non-negative integer n such that p — 2|1 4+ np in Z and the

multiplicative inverse of p—2 in F, isn +1;

3) If m is the multiplicative inverse of n in I, then p—m is the multiplicative

wverse for p —n;

4) The multiplicative inverse of any non-zero element n in F, is nP~2.

Proof.
1) The proof is clear since (p —1)- (p —1) =1 in F,,.

2) Rewrite 14+np by 1+np = n (p — 2)+2n+1. Since all primes p > 2 are odd,
there exists a non-negative integer n such that p—2 = 2n+1andn = (p — 3) /2.

Therefore, (p —2)- (n+1)=1+npinZand (p—2)-(n+1)=1inF,.

3) Since m is the the multiplicative inverse for n of F,, m - n = 1. Therefore,

(p—m)-(p—n)=m-n=1

4) To prove this, the following lemma is introduced here first.

Lemma 9.1.3. IfF is a finite field with m elements, then everyn € F satisfies
n™ =n. [30]

By Lemma 9.1.3, for each non-zero element n of F,, n?~! = 1. The proof is

clear. O

Note that Lemma 9.1.3 is famous and has various statements. There are
some connections between this lemma and Fermat’s little theorem, but this is

irrelevant to the main topic and is not discussed here.

130



Generally, consider a finite field F,» of order p™ with prime number p and
positive integer n. Note that all fields of this order are isomorphic. Given
m = p" with n > 1, the finite field F,, for non-prime m can be constructed
by the quotient ring F,, = F, (z) / (P) where P is an irreducible polynomial
in F, (z) of degree n. W. H. Bussey illustrated tables of some no-prime finite

fields in his papers [3], [4].

Next example is given here to show that how to construct a specific no-prime

finite field.

Example 9.1.1.

According to the preceding concept of Fyn, Fy = Fy(2)/(P) where P =
22 + 2 + 1 since this is the only irreducible polynomial of degree 2 over F.
Let a be a root of P = 0 in Fy. The set {0,1,a,1 + a} along with addition,
subtraction, multiplication and division defined on it forms F,. Note that a is
the generator of the cyclic group formed by the non-zero element of F, along

with multiplication. [

Proposition 9.1.1. The sum of all elements of a finite field is O except for
[Fy

Proof.

Let f : F — F be a bijection such that ) .o = Y _pf(x). Since F has
more than two elements, pick a € F\ {0,1} and = + «ax is such a bijection.

Therefore, (1 —a))  px=0and 1 —a#0,ie > x=0 0O

z€F
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9.2 g¢-Derivative

This section follows by Victor Kac et al. [21] and J. Koekoek et al. [27]. There

are more details from the book written by A. Aral et al. [1].

Since there is no non-zero semi-derivation D on finite commutative algebra
over finite field which satisfies ’ordinary’ product rule ( see 12.1 ), it is inter-
esting to investigate if there exists another kind of derivation satisfying other
special kind of product rule. This is the reason why g¢-derivation is taken into

consideration.
The definitions of the g-differential and the g-derivative of the function f (z)

are given below.

Definition 9.2.1. (g-derivative)

Consider an arbitrary function f (z). Its q-differential is

The following expression,

_dof (z) _ flgz) — f(2)
D) = = =D

is called the q-derivative of the function f (x).

Note that

lim D, f (z) =

q—1 dx
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if f (x) is differentiable.

The g-derivative D, has the linear property that for any constants a and b,

D, (af (z) +bg (z)) = aD,f (x) + bD,g (x).

The g-derivative D, also have the g-product rule that

Dy (f (x)g(x)) = f(qx) Dyg (z) + g (x) Dyf (z).

By symmetry,

Dy (f (x) g () = f () Dog (x) + g (qx) Dy f ().
Note that there does not exist a general chain rule for g-derivatives, though

some special cases may exist.

The higher order g-derivative is illustrated here. The second g¢-derivative of

the arbitrary function f (z) is

f(@x) — (q+1) f(qx) + qf (x)
q(q—1)"2?

Dgf () = Dy (Dyf (7)) =

Lemma 9.2.1. If ¢; # ¢, then Dy, Dy, f(x) # DyD, f(z) for arbitrary
function f(x).

Proof.

According to the Definition 9.2.1, one has

[ (@) — f(ar) —qf (@) +q f (v)
¢ (@ —1) (g2 —1)2?

Dy, Dy, f (z) = Dy, (Dq2f (z)) =
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and

[ (@2) = f (@2) — o (@) + af (@)

quD(hf(:U):DQQ (DQ1f($)) = 0 (Q1—1) (QQ—l)l’2

Since q; # qo, the result is clear. [
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Chapter 10

Simple Results

In this chapter, numerous examples and lemmas are treated as simple results
here. These results may help to understand not only several lemmas given
before but the inspiration of this part as well. Note that these lemmas given

here will be applied in following chapters.

10.1 Semi-derivation on finite commutative al-
gebras over finite fields

Definition 10.1.1. (semi-derivation and derivation)

Let R be a ring. A mapping § : r € R — 1’ € R is a semi-derivation if

(7’17’2>, = 7’17“& + 7’/17’2
for all ri,r9 € R. This is the Leibniz rule or product rule. A semi-derivation

s a derivation if

(7’14—7'2)/:7'/14‘7“;
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for all ri,r9 € R also holds. This is additivity or the additivity rule. [6]

An example is given here to explain the existence of derivation on finite com-

mutative algebras.

Example 10.1.1.

Consider a pair (x, a) where z,« € F,,. The operation "+” and ”-” are defined

by

(z,0) + (y,8) = (x +y,a + B)

and

(z,a) - (y, ) = (aw + P, af),
respectively. Since (z,a)(0,1) = (z,a), {(z,a): z,a € F,} along with two
operations "+” and ”-” forms a finite commutative algebra. Let D be the
derivation on the preceding finite commutative algebra which can be repre-

sented by

D (z,a) = (Dz,0).

It is sufficient to check that D satisfies the Leibniz rule according to the fol-

lowing statement:

D(z, o) (y,8)] = (aDy + 5D, 0) = (x, ) D (y, 5) + (y, f) D (,r) . O

Therefore, the following lemma is clear.
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Lemma 10.1.1. In general, there exists non-zero derivation on finite commu-

tative algebras.

The preceding lemma gives a general result to this topic. The counterexample
shows that the non-zero derivation satisfying the Leibniz rule can be defined
on the finite commutative algebra with some special definitions of operation.
In other words, there exists non-zero derivation on several typical finite com-

mutative algebras.

Consider a set A, = {(f1,--, fa)" : fi € F,} together with vector addition
and scalar multiplication which is a vector space over a finite field I, spanned

by the standard basis. The operation ’®’ is the tensor product defined by

f®g:(flgl7 7fn'gn)T

where f,g € A, ,. The set A, , along with the operation '®’ forms a commu-
tative monoid with identity element 1 = (1,---,1)". This set together with
two operations '+’ and '®’ forms integral domain (or non-zero commutative

ring) since it satisfies

folg+h) = (fi-(g+h), - fur(go+ha)"
— (frogn o S gn) A (fr Ry S ho)T

= fQg+[f®h

where f,g,h € A, , (distributivity of multiplication over addition). Note that

f ® f is simply denoted by f2.
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Let D be a semi-derivation operator which can be represented as a n X n
matrix. Assume that this operator satisfies the Leibniz rule (or called product
rule) which means that it satisfies the chain rule as well. Next lemma gives a
general result which is also a crucial reason that g-derivative is applied here

in this part.

Lemma 10.1.2. Let A, , along with '®’ be a finite commutative algebra over
the finite field IF,, (p > 2) with unity and D be a semi-derivation on A, , defined

before. Then, D = 0.

Proof.

For every f € A, ,, applying the semi-derivation D to f?, one has

Dff=f@Dfr~' + fr @ Df

due to the product rule. Then, by induction and the property of F,, it is

equivalent to prove that D = 0 is the only solution of the equation

Dff =pff '@ Df =0.

According to Lemma 9.1.3 and Lemma 9.1.1, it is clear that f = f; for every
fi € F, and p can only be a prime number or a finite power of a prime number.
Therefore, one has f? = f and D fP = Df. Concluding all former results, one

can discover Df = 0, and thus D = 0 on account of arbitrariness of f. [
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10.2 Partial ¢-derivative

On the basis of ¢-derivative, the partial g-derivative is defined by following

definition.

Definition 10.2.1. (partial q-derivative)
Let f (z,y) be an arbitrary function of x and y. The partial q-derivative with

respect to x 1S

f(@r,y) — [ (2,y)
(qz - 1) x .

The cross partial q-derivative with respect to x and y is

quf (xvy) =

quqyf (fan) = qu (quf(l’,y))

by taking the partial q-derivative of f with respect to y, and then taking the

partial g-derivative of the result with respect to x.

Lemma 10.2.1. The cross partial g-derivative is unaffected by which variable
the partial q-derivative is taken with respect to first and which is taken second.

That 1s,

Dquyf<x7y) = D‘Iy%cf (ZE,y)

Proof.

By Definition 10.2.1,
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Dg,q, f (2,9)
f(@er, qyy) — f(qur,y) — f(2,q,9) + f (z,y)

(@ =Dyl — 1)z

- DQy(Iacf (.I',y) : D
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Chapter 11

A Discrete Differential
Dynamics

For a given polynomial F (x) € F,« (z) the definition of the derivative at
a € Fyn (z) \ {0} given by E. Pasalic et al [43]. is D, F (z) = F (v + a) — F (x).
Here the concept of ¢-derivative gives another possible method to define the
derivation on finite fields. It describes the relations between some different
states since there is no non-zero semi-derivation on finite commutative algebra
over finite field except some specific multiplicative operator satisfying classic
product rule. A discrete differential dynamics system can be created by choos-
ing some special ¢-derivation operators. Here consider the vector space with
dimension p™ where p is a prime number and n is a positive integer due to the

definition of finite fields.

11.1 Lemmas

All main results of this part are demonstrated in this section.
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Let F, be a finite field and n be a positive integer elements, A, , = {(f1,- - , )’
fi € Fp} be a vector space of Fp-valued functions and O, -4, , be a class of
matrices from A, , to A, ,. More exactly, the dynamics of ¢-type derivation
operators in Ogu, ,.4,, are analysed. Here define D, f = 0 where D, is a
¢-type derivation operator, f = (fo, fo, - ,fo)T and f € A, ». Note that all

g-derivation operators are ¢g-type derivation operators.

11.1.1 Differential dynamics of ¢-derivations on F,

For general prime p (p > 2), the following lemmas are true:

Lemma 11.1.1. Let g =p—1, n = q/2 and m; = 1/ (2i) for all 1 < i < n.

Then, the q-derwation operator Dy in O4, a4, 5 given by

D, = 0 0
D,
0 a pXp
where the submatrices of ZZ are
i p—i
D, =" M PTIE  <ign

Moreover, D} = 0.

Lemma 11.1.2. Letq=0,r =p—1,n=1r/2 and m; = 1/i for all 1 < i < n.

Then, the q-derwation operator Dy in Oa, ,-4,, 5 given by
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DOZ (aij)pxpaogiaj gp_]-

where

ago = 0;

ag; = mg, 1 <1< n;

ag; =P — Mypp1—;,n+1 <@ <
ai; =p—m;, 1 <1< n;

g = Mypy1—,n+1 <0<y

L a”:O,Z%O,Z#‘]

11.1.2 Characterization of ¢-type derivations on F,-valued
vectors

Since ¢ = 1 is meaningless for g-derivative, the ¢-type derivation operator D
for I, is not taken into account. Next lemma ( which is a special case of
Lemma 10.1.2 ) shows that there is no such derivation operator D satisfying

the ¢g-product rule of ¢-derivation when ¢ = 1 unless D = 0.

Lemma 11.1.3. Let r =p—1 and D = (a;;) 0<1,j<r. Then, there is

pXp’

no non-zero derivation operator D satisfying

D(f®g)=f®(Dg)+g (Df)

where f,g € A,,.

For general prime p (p > 2), the following lemmas are true:
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Lemma 11.1.4. Let ¢ = p — 1 and Dy—p_1) = (aij)pxp,() <i,7 < qin
Ou,,—4,, Forgeneral F,, there are p?—1 possible q-type derivation operators

satisfying

Dig=p-1) (f ® 9) = (Dig=p-1)f) ® g+ F @ (Dig=p-19)
where f = (fo, fgr - fqz)T valid for all f, g € A,,. Let n = q/2. These p?—1

possible q-type derivation operators have the following representation:

0 0
Dg=p-1) = _
0 Dg=p-1) pXPp
The submatrices of ﬁ(q:p,l) are
k p—k
D, = k Qi Ajp—i 1<k<n

p—k\ajpj aj;

where a;; + a;p—; = 0,1 < i@ < n and ajp—; +a;; = 0,n+1 < j < q.
Moreover, any power of the q-type derivation operator D g—,—1) 1s included in

aforementioned p? — 1 cases plus zero matriz.

Lemma 11.1.5. Let ¢ = 0, r = p — 1 and D(y—o) = (aij),,,.0 < i,j <7 in
Ou,,—4,,- For general IF,, there are p” —1 possible g-type derivation operators

satisfying

Diy=0) (f ® 9) = (Dig=0)f) @ g+ f @ (Di4=09)

where f = (fo, fo,- - ,fo)T valid for all f,g € A,,. These p" — 1 possible

q-type derivation operators have the following representation:
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D(q—O) - (aij)pxpao < Zu] < p— 1

where

ago = 0;
ag; +a; = 0,1 <i<p—1;
CLU:O,Z#O,Z#j

11.1.3 Differential dynamics of ¢-derivations on F,.

Given a non-prime finite field Fy» = F,/ (P) with prime p and integer n > 2

where P is an irreducible polynomial in [F, (z) of degree n. Let a be a root of

P =0 in Fy.. Then, the following lemma is true:

Lemma 11.1.6. Let m = p" and q = a* for integer 1 < k < m — 2. Then,

the q derwation operator Dy in Oa,, .~ A, 1S given by

Dy = (dij), im0 <0, <m—1

where
(d10:d0]:070<27j< _17
1 ) L
p—1 _ —
dij:wk_—l)ai,lﬂé@ém—l,]:%
| di; = 0, other.
Corollary 11.1.1. The trace of the g-derivation operator D, = (dij)me,

1,7 < m—1 derived in lemma 11.1.6 is 0.
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11.1.4 Characterization of ¢-type derivations on F,.-valued
vectors

Consider a non-prime finite field F,» = F,/ (P) with prime p and integer n > 2
where P is an irreducible polynomial in I, (x) of degree n. For the root a of

P =0 in ., the following lemma is true:

Lemma 11.1.7. Let m = p" and D—gry = (dij),0m 0 < i, < m in
Ot s Amm- For general Fyn, there are m™ ' — 1 g-type derivation opera-

tors satisfying

Doty (f © 9) = (Dig=ar f) ® g+ [ @ (D(g=a4)9)

where f = (fo, fq,- - ufq(m—l))T valid for all f,g € Apn. These mm=Y —1

possible q-type derivation operators have the following representation:

D(q:ak) = (dlj)me’O<Z7] <m_1
where
dip = do; = 0,0 < d,j <m —1;
di+di; =0,1<i<m—-1-k,j=i+k;

di+dij=00m—k<i<m-1l,j=i+k—(m—1);
d;; = 0, other.

11.2 Proofs and properties

All proofs of lemmas introduced before and several properties are given in this

section.
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11.2.1 Differential dynamics of ¢-derivations on F,

Proof of Lemma 11.1.1:

Consider the finite field F,, where p is a prime and p > 2. Let f be a func-
tion in A, ,. Suppose ¢ equals to p — 1. Applying the g-derivation operator
D,(=D,-1) to fin A,,. Let D,f =g = (90,91, - -gq)T. By assumption,

go = 0. Let n = ¢q/2. For each 1 <i < n,

1 1
g = %fi—i_p_—%fp—i
and for n +1 < j <gq,
1 1
2= 25 —p”

Let m; = 1/(2i). By Lemma9.1.2 3), p—m; = 1/ (p — 2i). Since 1 < p—j < n,
the proof is clear. For all submatrices D;, 1 < i < n, D? = 0, and therefore

D2 =0,

Since multiplication, addition, subtraction and division (or multiplicative in-
verse) for I, are well-defined, the g-derivation operator D, is well-defined as

well.

Let m; =1/ (2i) for 1 < i < n. Note that

(mi:1<i<n}Uu{p—m:1<i<n}={1,2--,q}.

Proof of Lemma 11.1.2:
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Suppose ¢ equals to 0. Applying the g-derivation operator Dy to f in A,,.
Let D,f = g = (9o, g1, - - -gq)T. By assumption, gy = 0. Let r = p — 1. For
each 1 <i < r,

Jo +fi

p—1 0
Let m; =1/ (p —i). By Lemma 9.1.2 3), p—m,; = 1/i. Note that for r/241 <

P =

j<r,1<p—j<r/2 Then the proof is clear. [J

Note that D = D,.

11.2.2 Characterization of ¢-type derivations on F,-valued
vectors

Proof of Lemma 11.1.3:

It is equivalent to prove that ay; = 0,7 = 0,1,--- ,r (r = p— 1) are the only

solutions of

s s

Z ki figi = fr Z arigi + gk Z ki fi (18)
i=0

i=0 i=0
for all k € {0,1,--- ,r}. The the right hand side of equation (18) equals to

r

Z (fkakigi + gkakifl-) )

1=0

Then, comparing both sides of equation (18),

T

Zaki (figi — frg9i — figr) = 0.

=0
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To find the value of each ay;, set f; = ¢g; = 1 for fixed 7 and others zero since f

and g are arbitrary functions in A, ,. Therefore, a;; = 0 where i =0,1,--- ,r.

]

Proof of Lemma 11.1.4:

Let ¢ = p — 1. The ¢-product rule is equivalent to

q q q
Z ari figi = fiqk) Z axigi + 9 Z i fi (19)
i—0 i—0 i—0

for all k£ € {0,1,---,q}. The right hand side of equation (19) equals to

q

Z (f(qk)akigi + gkakifi) .

i=0
Let ¢/ = ¢k and i" = k. Note that i’ = p — k. Then, comparing both sides of

equation (19),

Z ai fi9i = Z (f(qk)akigi + gkakifi) + Grrir fir + firagin gin
i#i/,i// Z‘#,l'/ﬂ'//

for each k. Therefore,

Z ari (fi9i — fam9i — gfi) =0
il i

and

gkak,p—kfp—k + fp—kak:kgk = 0.

To find the value of each ay; which ¢ # ¢',i", set f; = ¢g; = 1 for fixed ¢ and
others zero since f and g are arbitrary functions in A, ,. Thus, ay; = 0 if

i # k,p—k and ag,_k + age = 0 for each k € {0,1,--- ,¢}.
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For any prime p > 2 there are p different ordered pairs (z,y) in I, satisfying
r+y = 0 and Dy—p_1) # 0. These are the reasons why there are p? —1 possible

g-type derivation operators satisfying the product rule.

Let n = ¢/2. Without loss of generality, consider a submatrix of one particular

g-type derivation operator D—,_1) out of aforementioned p? — 1 cases,

k p—k
D, = k ai; P — 1<k<n
p—k\p—aj; aj
where 1 <i<nandn+1<j<q. Then,
af; + aiaj;  —ag — aia;

D? =

(e — 2 s 2
Qi — A5 a]]aquajj

which is also a submatrix of one particular g-type derivation operator D—,_1)

out of aforementioned p? — 1 cases since

2 2 _
i + Q35 — Qg — Qa5 = 0

and

2 2 _
—ajjaii — Cljj + ajjaii + Cij = 0.

This shows that any power of the g-type derivation operator D—,_1) can be

found in aforementioned p? — 1 cases plus zero matrix. [J

Proof of Lemma 11.1.5:

Let » = p — 1. The g-product rule is equivalent to
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Z ari fi9: = [0 Z akigi + Gk Z g fi
1=0 1=0 =0

for all K € {0,1,--- ,7}. The right hand side of preceding equation equals to

T

Z (fo)arigi + grawifi) -

i=0
By similar way in proving Lemma 11.1.4, the designing results are clear. [

11.2.3 Differential dynamics of ¢-derivations on F,.

Proof of Lemma 11.1.6:

Consider the finite field [F,, = F,» where p is a prime and the integer n > 2.
Note that P is an irreducible polynomial in F, (x) of degree n, a is a root
of P=0inF, and a™ ! = 1. Let f be a function in A,,,,. Suppose q
equals to a¥, 1 < k < m — 2. Applying the g-derivation operator D, = D,
to f. Let D,f = g = (90,61, -gm-1)". By assumption, gy = 0. Then, for

1<t<m—1,

p—1
ak —1)i

1
9i = ( fi+ (ak_l)ifaki'

—(m—1

According to the definition of the non-prime finite field, a" = a” ) for any

m—1<r<2(m—1). The proof is clear. [

Proof of Corollary 11.1.1:

For the g-derivation operator D, = (d;;) 0 <i,7 < m—1given in Lemma

mxXm ?

11.1.6, to prove tr (D,) = 0 is equivalent to prove ZZ’:II d;; = 0 since dyy = 0.

According to Lemma 11.1.6,
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Note that the sum of all elements of a finite field is 0 except for Fy ( Proposition

9.1.1). Thus, Y™ ?a'=0. O

11.2.4 Characterization of ¢-type derivations on F,.-valued
vectors

Proof of Lemma 11.1.7:

Let m = ¢". The ¢-product rule is equivalent to

doof + Z d() f CLJ 1 Cljil)

= f(O) doog (0) ( )d()of Zdojg a] 1

-1

+g(0) ) dojf () (20)

Jj=1

3

and
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diof (0)g (0) + Z digf (@) g (o)

= [ (0)diog (0) +g (0)diof (0) + f (1) 3 disg (')

+g (a'") Z dijf (@71)  (21)

forall7 € {1,---,m — 1}. By comparing both sides of equation (20) and (21),

dio = do; = 0,0 < 4,5 < m — 1. Therefore, equation (21) equals to

>t (@) g ()

foralli e {1,---,m—1—k} and

> digf (@) g (@)

m—1 m—1

= (") D dig (aF7) + g (@) Y digf (a7
=1 =1
for all i € {m —Fk,---,m—1} since a™ ' = 1 in F,,. By similar way in

proving Lemma 11.1.4,

diy +dij =0,1<i<m—-1-k,j=1i+k;
di+dij=00m—k<i<m-1,j=i+k—(m—1);
d;; = 0, other.

For any prime p and positive integer n > 2, there are m different ordered pairs

(z,y) in [F,, satisfying 2 +y = 0 and D,_q+ # 0. Note that for each non-zero
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element a*,0 < k < m — 2 the inverse element of a* is unique. These shows

m—1

that there are m — 1 possible ¢-type derivation operators satisfying the

g-product rule. [

11.3 Examples

In this section, several examples are given here to explain preceding lemmas.

11.3.1 Differential dynamics of ¢-derivations on F, with
small p

Differential dynamics of D, ; on F, with small p

Example 11.3.1.

Consider a finite field F3. Let f = (fo, f1, fg)T be a function in Az 3. Suppose

q equals to 2. Applying the g-derivation operator Dy in O 4, ,-,4,, to f. Then,

00 0
Dy= 10 2 1
0 2 1

The next step is to investigate whether the g-product rule of D, is satisfied in

5. To see this, it is sufficient to check

Dy (f®g) = (D2f) ® g+ [ ® (Dag), (1)

where the function g has the same form as f and f = (fo, fo, fl)T. By standard
calculation, Dy does satisfy (1) and D3 =0. [
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Example 11.3.2.

Consider a finite field F5. Suppose ¢ equals to 4. By similar calculation, the

g-derivation operator Dy in O 4,4, has the following form:

0 0
3 2
Dy = 4 1
41
0 3 2

This operator Dy has the g-product rule,

Dy(f®g) = (Daf) @ g+ f®(Dag),

where f = (f07f4,f3,f2>f1)T7 [ = (fo,f1,f2,f37f4)T and g € .A5,5. Note that
DZ =0. 0O

Example 11.3.3.

As F3 and Ty given before, other cases for small primes are given below. For

]F77
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0 0
4 3
2 5
Dg = 6 1
6 1
2 5
0 4 3

in Ou, 4., and D = 0. For Fyy,

0 0
6 5
3 8
2 9
7 4
Dy = 10 1
10 1
7 4
2 9
3 8
0 6 5

in Oy, -4, and D3y = 0. Here omit all calculations for former matrices

because these specific processes are complicated. [
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Differential dynamics of D, on [, with small p

Example 11.3.4.

Consider a finite field Fs. Let f = (fo, f1, f2)" be a function in Ass. Suppose
q equals to 0. Applying the g-derivation operator Dy in O, ;54 , to f. Then,

Dy has the form

00 0
Do= 19 1 0
10 2

This operator Dy has the g-product rule,

Dy (f®g) = (Dof)® g+ f® (Dog),

where f = (f0>f0,f0)T7 f= (fojf1>f2)T and g € Az3. Note that D = Dy.
]

Example 11.3.5.

Consider a finite field 5. Suppose ¢ equals to 0. By similar calculation, the

g-derivation operator Dy in O 4, ;45 ; has the form

0 0
41

Do= 19 3
3 2
1 4
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This operator Dy has the g-product rule,

Dy (f®g) = (Dof)® g+ f® (Dog),

where f = (fo, fo, fo, for fo) s f = (fo, f1, fa, f5, f2)" and g € As5. Note that
Dy =D,. O
Example 11.3.6.

As F3 and F5 given before, other cases for small primes are given below. For

]F77

0 0
6 1
3 4

Dy= 19 5
5 p
4 3
1 6

in O4; .., and D§ = Dy. Here omit all calculations for former matrices

because these specific processes are complicated. [

Differential dynamics of other possible ¢-derivation operators on F,
with small p

Example 11.3.7.

Consider a finite field F5. Suppose ¢ equals to 2. By the method given before,

the g-derivation operator Dy in O 4 ;4,5 has the form
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This operator Dy has the g-product rule,

Dy (f®g) = (Daf) ® g+ f @ (Dsg),

where [ = (f07f27f4>f17f3>T7 [ = (f07f17f27f37f4)T and g € As5. Note
that D3 = 0. Suppose ¢ equals to 3. By similar calculation, the g-derivation

operator Dz in O 4,4, has the form

This operator D3 has the ¢g-product rule,

Dy (f ®g) = (Dsf) @ g+ f @ (Dsg),

where f = (fo, fs, f1, fa, f2) s £ = (fo, f1, for f3, fa)" and g € As 5. Note that
D;=0. O

Example 11.3.8.
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As F5 given before, other cases for small primes are given below. For F; and

q=2,

0 0
6 1
3 4
Dy = 2 5
2 5
3 4
0 6 1

in O4, ,—4,, and D3 = 0. For F7 and ¢ = 3,

0 0
3 4
5 2
D; = 6 1
6 1
5 2
0 3 4

in Ou.;54,, and D§ = 0. Here omit all calculations for former matrices

because these specific processes are complicated. [
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11.3.2 Characterization of ¢g-type derivations on F,-valued
vectors with small p

Characterization of ¢-type derivations on Fs;-valued vectors

Example 11.3.9.

Consider a finite field F5. Let D = (a;;) 0 < 14,7 < 2be a g-type derivation

3x37

operator in O 4, , 54, ;- Suppose this operator satisfies the g-product rule which

can be represented as

D(f®g)=(Df)®g+f®(Dg), (2

where f = (fo, f1, f2)", f = (fo, fo, f1)" and g € Ass. It is interesting to
find how many such kind of ¢-type derivation operators exist in [F3 and some

related properties of these operators if they exist.

The left hand side of equation (2) is equivalent to

ho = aoofogo + ao1 frg1 + ao2f292, (3)

hi = aiofogo + a1 frg1 + ar2f292 (4)

and

he = ago fogo + az1 frg1 + a2 f292, (5)

where D (f ® g) = h = (hg, h1, hy)". The right hand side of equation (2) is

equivalent to
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fogo + fogo = (aoofo + ao1 fi + ao2f2) go + (acogo + aoigr + ao2g2) fo, (6)

f191 + fog1 = (a10fo + a1 fr + a12f2) g1 + (a1090 + a1101 + a1262) fo  (7)

and

fzgz + f192 = (aso fo + a21 f1 + aza fa) g2 + (as0g0 + a21G1 + a2g2) f1,  (8)

— = = 7 T = = = =
Wheref = <f07f27f1)T7 g = <g07g17g2>T7 f = <f07f17f2) andg = (507g17g2>T'
Comparing (3) and (6), (4) and (7), (5) and (8). Then, agp = ap1 = apz = 0,

aip + aip = 0,a10 = 0, a1 + ag = 0,a9 = 0.

Concluding all former results, there are 8 ¢-type derivation operators (D # 0)

satisfying the ¢g-product rule (equation (2)), which are

00 0 00 0 00 0
Dy= 19 2 1')Po= [0 1 2[P®»= |0 2 1]
0 1 2 0 2 1 02 1
00 0 00 0 00 0
Dy= 101 21'Po= [0 2 1[Pe= |0 1 2|
0 1 2 00 0 00 0
00 0 00 0
Doy= |0 0o ol P®= 10 0 o
0 2 1 01 2
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Note that D) is the g-derivation operator defined by g-derivation.

Now consider the dynamics of the former 8 g-type derivation operators in As; 3.

It is can be seen that

and

2 _ n

For D(yy, the second order derivation is

0O 0 0
2 n
Dy= 10 2 1|=Pw=Dy,neN.
0 1 2
Then,
zD - n Zn
ePw = T+ Dy
n=1 :
o0 Zn
= I—I—D(l) ZE
n=1 ’

— ]+D(1)(6Z—1)

Similarly, for D) and D7), the second order derivation are

and
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respectively. Then,

e?Po =T+ D g) (e —1)

and

P =T+ Dy (e* = 1).

For D(3), the second order derivation is

00 0
2 _ _ M2k
Doy= 10 2 1|=Po=Dp,keN
0 1 2

and the third order derivation is

00 0
3 k—
Diy= |0 1 2|=De=Dp keN.
0 2 1

Here DYy = Dya) (D) D2)) = (D(2)D()) D) since D) is symmetric. Note

that the multiplication of two matrices A = (a;;) . and B = (b;;), . satisfy-

nxn nxn

ing AB = BA (law of commutation) if and only if >, ; , aijbjr = >, ;1 bijaji.
Then,
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n

(& 2 I+;D(2)n'

o 2k-1 o ok
= I+D —_— D
+Da | D k=11 TP 2 (2k)!
k=1 k=1
= I+ Dy (isin (iz)) + D@y (cos (iz) — 1) .

Similarly, for D(s), the second order derivation is

Dy = D@ =D keN

and the third order derivation is

Dy = Dy = D& ke N.

For D(s), the second order derivation is

and the third order derivation is

Then,

and

Dfy = Dy = D k e N.

e*Po) = I + Dgs) (isin (iz)) + D) (cos (iz) — 1)

e*P® = I + D) (isin (iz)) + Dz (cos (iz) — 1). O
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Characterization of ¢-type derivations on Fs-valued vectors

Example 11.3.10.

Consider a finite field F5. Let D = (a;;) 0 <i,7 < 4 be a ¢g-type derivation

5x5 7?7
operator in O4;;4;5- Suppose that this operator has the g-product rule

which can be represented as

D(f®g) =(Df)®g+ f@(Dg), (9

where f = (fo, fi, for f3, £2)" F = (for fus f3, fo, f1)" and g € As 5. Similarly,

it is interesting to find how many such kind of ¢g-type derivation operators exist

in Oy, 5545, and some related properties of these operators if they exist.

Similarly,

ago = g1 = gz = ag3z = ags = 0,

a0 =a12 = a13 = 0,a11 +a1a =0 (1
Ao = Q1 = Aq = 0,42 + a3 =0 (1
ago = as = azy = 0,a32 +az3 =0 (1
ago = Qg2 = ag3 = 0,a41 +agqa =0 (1

Concluding all former results, there are four pairs of non-zero integers satis-
fying equation (10), (11), (12) and (13) respectively, which are (4,1), (1,4),
(2,3) and (3,2). Then, there are 624 (= 5* — 1) (D # 0) possible g-type
derivation operators satisfying the product rule (equation (9)) including the

g-derivation operator defined by ¢-derivation.

Now consider the dynamics of these possible ¢-type derivation operators in
O 45 5—455- Since there are 624 possible g-type derivation operators, only four

examples are given here to explain some typical cases. The first one is exactly
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the same g-derivation operator defined by ¢-derivation as mentioned in last

section, which is

0 0

3 2
D) = 41
4 1

0 3 2

It is clear that

D(21) — O — D?l),n 2 2

Note that there are 24 (= 52 — 1) out of the 624 cases owning similar property.

The second one is

0 0

3 2
D) = 0 0
0 0

0 2 3

For D(y), the second order derivation is

Dy = Digy = Dy, n € N.

Then,

ePe) =T + D(2) (62 — 1) .

167



Note that there are at least 9 out of the 624 cases owning similar property.

The third one is

0 0

2 3
D) = 00
0 0

0 3 p

For D(3), the second order derivation is

D(23) = D) = D(%f), ke N

and the third order derivation is

Dy = Dy = Dtk €N,

Here Df’3) = Dy (D(g)D(g)) = (D(g)D(g)) D3y since D(3) is symmetric. Then,

e*P® = I + D) (isin (iz)) + D) (cos (iz) — 1).

Note that there are at least 9 out of the 624 cases owning similar property.

The fourth one is

0 0

4 1
Dy = 0 0
0 0

0 1 4



Let

0 4 1

For D(4), the second order derivation is

D@:D@:Dg{keN

the third order derivation is

Dy = D) = Dyt k€N,

the fourth order derivation is

4 4k
D(4) — D(Q) - D(4), k c N,

and the fifth order derivation is

Diy = Dy = D * ke N.

Here D}y = Dy (D) (D) (D D)) = (((PiayDay) Day) Diay) Dyay since

D4y is symmetric. Then,
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(e 9]
Zn

PO = T+ Diy—

n=1

o Z4k73
k=1
4k—1

D) (; (4Zk - 1)!)

+ N——
_|_
S
=

=

I[~]e
™~
=
| e
ol b
=

Similarly,

eZD(5)

D ( © L 4k-3 > . o L 4k—2
= 1+ D ar_an | TP® A o
“ (4k — 3)! — (4k — 2)!

+D 4 (Z —(42 __1)!> + D(y) (Z %) :

k=1 k=1
Note that there are at least 18 out of the 624 cases owning similar property.

]

Other situations

As T3 and F5 given before, for F; and Fy;, there are 79 —1 and 11'° —1 possible

g-type derivation operators satisfying the following g-product rule:

D(f®g) =(Df)®@g+ f®(Dyg),

where f = (fo, fi, - f)"s F = (fo, far-+ s f2)" and g € A7 (Here g = 6
for p =7 and ¢ = 10 for p = 11).
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11.3.3 Differential dynamics of ¢-derivations on [F» with
small p and n

Differential dynamics of D, on F,. with small p

Example 11.3.11.

Consider a finite field Fy. The element a is a root of 22 + 2 4+ 1 = 0 in
Fy. Let f = (fo, f1, far fa2)" = (fo, fis far fiza)" be a function in As, and
D = (a4),,,,0 <1,j <3 be a g-derivation operator in O4, ,—.4,,. Suppose ¢
equals to a. Applying the g-derivation operator D, in O4, ,-a4,, to f. Then,
D, has the form

0 14a 14+a
This operator D, satisfies the g-product rule,

Do (f®9) = (Daf) @ g+ [ @ (Dag),

where f = (fo, fa; fa2, f1)" and g € Ay4. Note that D3 =0. O

Example 11.3.12.

Consider a finite field Fy. The element «a is a root of > = 2 + 1 in Fy. Let

f = (fO?flafaafa27fa37fa47fa57fa67fa7)T
= (f0> f1: fa, f1+a7 f1+2a7 f2, faa; f2+2a7 f2+a)T
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be a function in Agg. By similar calculation, the g-derivation operator D, in

O 49949 has the form

0 0
20 a
2 1
20+1 a+2
Da = a+1 2a+2
a 2a
1 2

a+2 2a+1

0 a+1 2a + 2

9x9

This operator D, satisfies the g-product rule,

D, (f®g)=(Dof) @9+ f® (Dag),

where f_: (f07fﬂnfa27fa37fa47fa57fa67fa7af1>T and g e A979' O

Differential dynamics of D, on [Fg

Example 11.3.13.

Consider a finite field Fg. The element «a is a root of 2® = 2 + 1 in Fs. Let

f - <f07flafa7fa27fa37fa4;fa5;fa6)T
- <f0’fl’fa’f‘l27fl"ra?fa+a27f1+tl+a27f1+a2)T
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be a function in Agg. By similar calculation, the g-derivation operator D, in

O 44 5—As s has the form

0 0
a?+a ad®+a
a+1 a-+1
D, - a>  a?
a a
1 1
a?+1  a?+1
0 a*+a+1 a?+a+1

8x8

This operator D, satisfies the g-product rule,

Do (f ®g) = (Daf)® g+ f® (Dag),

Wheref:(anfa:fa27fa37fa4vfa5afa67f1)T' O

Differential dynamics of D,,, on F,

Example 11.3.14.

Let Fy4 be the finite field given before. Suppose ¢ equals to 1+ a. Applying the
g-derivation operator Dy, in Oy4,,4,, to f. Then Dy, has the following

form:
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1+a 1+a

0 1 1
This operator D;, has the ¢g-product rule,

Dita (f ®9) = (Diyaf) @ g+ f @ (D11a9) ,

where f = (f07f17fa’f1+a)T and f = (fOufl-l—avfl?fa)T' Note that D‘Ll))—i-a = 0.
]

Differential dynamics of Dy on F,

Example 11.3.15.

Let F4 be the finite field given before. Suppose ¢ equals to 0. Applying the

g-derivation operator Dy in O4,,4,, to f. Then, Dy has the following form:

0 0
1 1

1+a 1+a

a a

This operator Dy satisfies the g-product rule,

Dy (f®g)=(Dof)® g+ f® (Dog),

where f = (fo, f1, fa, fia)' and f = (fo. fo, fo. fo)". Note that Dj = D.
Il
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11.3.4 Characterization of ¢-type derivations on F,.-valued
vectors with small p and n

Characterization of ¢-type derivations on F;-valued vectors

Example 11.3.16.

Consider a finite field Fy. Let D = (a;;),,,,0 < 4,7 < 3 be a g-type derivation
operator in Oy, ,4,,- Suppose that this operator satisfies the g-product rule

which can be represented as

D(f®g) =(Df)®g+ f®(Dg), (14

where f = (fo, fi, fas fiza)'s = (fo, fas frea; f1)" and g € Ay 4. Similarly, it

is interesting to find how many such kind of ¢-type derivation operators exist

in Oy, ,-4,, and some related properties of these operators if they exist.

Then,

apy = Qo1 = gz = apz = 0,
ajo=a13 =0,a11 + a2 =0 (15),
a0 = a9 = 0, a2 + az3 =0 (16),
ago = agz = 0,a31 +ag3 =0 (17).

Concluding all former results, there are three pairs of non-zero elements sat-
isfying equation (15), (16) and (17) respectively, which are (1,1), (a,a) and
(1+ a,1+ a). Then, there are 63 (= 4*—1) (D # 0) possible g-type derivation
operators satisfying the product rule (equation (14)) including the g-derivation

operator defined by g-derivation.

Similarly, there are 63 (= 43 — 1) (D # 0) possible g-type derivation operators

satisfying the following product rule:
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D(f®g)=(Df)®g+ f®(Dyg),

where f = (fo, f1, fa fiva) > [ = (fo. fisa, f1. )" and g € Ay4. By standard

calculation,

ago = Qg1 = ag2 = agz = 0,

ayp = ajz = 0,a11 + a3 =0,

ag = azz = 0, a2 + axp =0,

azg = az; = 0,a3 +azz3 =0. [
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Chapter 12

Application to
Cox-Ross-Rubinstein Model

An effective way to simulate a realistic situation is replacing continuous model
by discrete model through letting the time period sufficient small like Yoshi-
fumi Muroi et al. [35] did in their paper. They calculate Delta, Gamma and

Vega by means of binomial tree and discrete Malliavin calculus.

The discrete differential dynamics is an important topic in this thesis. This
concept can be applied to the binomial options pricing model. In original
Cox-Ross-Rubinstein model the commutativity of the random steps makes
sure that the share price at each point does not depend on its path. If this
proposition does not work in this model, it gives an opportunity to investigate
the distinction. For instance the application of no commutative derivation
operator in high dimensional Cox-Ross-Rubinstein model has been introduced
in part 3. Beside the ¢-derivation on finite fields introduced in this thesis,
there are many other possible derivative such as the derivative defined by E.
Pasalic et al. [43] in their paper. Matsumura Hideyuki even gives another

product rule of derivation in his research [17].
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12.1 Cox-Ross-Rubinstein model via deriva-
tion operator

The original Cox-Ross-Rubinstein model is introduced by Cox J. et al. in
their paper [7], which is a simple discrete-time model for valuing options. This
simple but powerful model is commonly used to clarify option pricing. In this

section, the binomial model is derived into matrix form.

Consider a share .S,, defined by the geometric random walk

Sn = DnSn—l - Dn (Dn—l ( o (DISO)))

where D; € {D,, Dy}. Let the initial value of this share be Sy = (¢, @) which
is the pair defined in 10.1.1. Let D, be the derivation operator defined in
the same section and D, (s, @) = (Soy,0). Suppose y takes two values u and
d with probability p and 1 — p respectively. Note that the operator D, is

commutative. The first two steps of this geometric random walk are given

below.
DuDuSO
D, Sy
So DuDdSO
DdSO
DyDySo
t=0 t=1 t=2
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Therefore, by Markov property the time 0 option price of the European call

option claim 957 is

OP (51|0) = (1 +7) " [tr (DySo) qu + tr (DaSo) qa] -

where 7 is the fix interest rate and tr (-) is the trace of the matrix. By the

no-arbitrage condition OP (S1|0) = s, the Q-probability ¢, and g, are

_1l+r—d

) =1~ w-
u—d 4d q

Qu

Note that the Q-probability exists if d < 1+ 7 < w.

12.2 Cox-Ross-Rubinstein model via ¢g-derivation
operator

In former section, the original Cox-Ross-Rubinstein model can be represented
into matrix form. The operator D; € {D,, Dy} is commutative. It is inter-
esting to consider the situation of the non-commutative operator such as the

g-derivation operator.

Replace D, by the g-derivation operator D. For any aforementioned particular
finite field Fy» the set of all p* — 1 possible g-derivation operator (¢ # 1)
along with multiplication forms a semigroupoid. This semigroupoid is non-

commutative by Lemma 9.2.1.

Take g-derivation operator D for F, as an example. First let D, € {Dg, D14,}.

From preceding results,
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0 0 0 0

D,Dy., = a 1+a 1 DypuDy = l14+a 1 a
a l+a 1 l1+a 1 a

0 a 14+a 1 0 1+a 1 a

and Dz = 0. Therefore this geometric random walk only has two meaningful
steps. Note that a is merely a symbol and can be replaced by any real number
in this model. Suppose y takes two values a and 1+ a with probability p; and
1 — p; respectively. Let the initial value of the share be sy and Sy = so - [
where [ is the identity matrix. The first two steps of this geometric random

walk are given below.

DaDaSO
D,Sy
D1+aDaSO
So
DyD1.4,5
D110
Di4aD144aS0
t=0 t=1 t=2

Let the weight matrix be p = (p;;),0 < 4,5 < 3, p; = 0if i # j and
Z?:o pii = 1 by default. Then, by Markov property the time 0 option price of

the European call option claim Sy is

OP (5]0) = (14 7) " so [tr (pDa) g1 + tr (pD14a) (1 — q1)]
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where 7 is the fix interest rate. To search the Q-probability, let OP (S1|0) = s

by no-arbitrage condition. Therefore,

¢ = 14+7r—tr (le—i-a)
Lot (pDa) — tr (pDisa)

Note that the ¢; exists if

max {tr (pD114) ,tr (pDo)} < 1+ 7 < min {tr (pD1ya),tr (pDa)} .

The time 0 option price of option claim Sy is

OP (5:]0)
= (14+7)so[tr (pD2) @3 + (tr (pD11aDa) + tr (pDaD11a)) g2 (1 — g2)

t+tr (pDiy,) (1= a)" .

By letting OP (53]0) = s¢, the @-probability can be found by solving

0 = q% [tT (PDg) —1r (pDH—aDa) —1r (pDaDl-i-a) +ir (pD%—i-a)}
+QQ [t’/’ (pDH—aDa) +ir (pDaDH-a) — 2tr (pD%Jra)}

—(1+ r)2 +tr (prJra)

and discard the negative results according to the choice of a and p. If g5 exists,

q1 # @ in general.

Now take the g-derivation operator Dy for IF4 into consider. This means D, &
{Dy, Dy, D144} and DS % 0. This is a much more complicated case than
previous one. The Q-probabilities in calculating the option price of the share
Sy, at different time spots are different since D, is not commutative, which

makes the no-arbitrage condition more complicated as well.
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Appendix

Ito multiplication table

The following Ito multiplication table has been used many times as known
condition through this article. The proof of this table is given here in this
section. Some clues of the proof can be found in Chapter 7 of 7 A First Course
in Stochastic Processes” written by Samuel Karlin and Howard M.Taylor [23]
[24] and more details in [25].

dt | dB;
ad | 0] 0
dB, | 0 | dt

The proof of the Ito multiplication table here is separated into two parts, which

are (dB;)* = dt and (dB,) (dt) = 0 respectively.

(1). (dB,)* = dt.

Proof.
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Let B; be standard Brownian motion. For every fixed ¢t > 0, it is sufficient to

show that

2n 2
: k k—1
9P 2 () -8 (5] =

Let Ay = B (kt/2%) — B((k—1)t/2") ,k = 1,2,---,2" and X, = A2, —

t/2" k=1,2,--- 2" Therefore, to show

o
Z A2, —t
k=1

is equivalent to show

-
Z X, — 0.
k=1

For each n, it is clear that { X, : K = 1,2,--- ,2"} are independent, identically
distributed random variables, and

E[Xu] = E[A%] -~ =o.

t
2n

Then, the second moment is

¢ 2
Blxi) = £|(8k- )
2 2tA?
A VN P T
ot -2
2
- X

Since E [ X, X,;] = 01if j # K,
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on 2 on
E {ZXM} = Y E[X}]
k=1
2
4qn
2

= — =0
2n

277.
as n — oo. This immediately shows that > X, converges to 0 in mean
k=1

square sense.
(2). (dB,) (dt) = 0.

Proof.

Since (alBt)2 = dt has already been proved in former part, it can be seen that

(dBy) (dt) = (dB,)* .

Let B; be standard Brownian motion. For every fixed ¢ > 0, it is sufficient to

show that

(5 (5] -

k=1

Let Ape = B (kt/2") — B((k —1)t/2") k= 1,2,--- 2" and X, = A3, k =

nk>
1,2,-+-,2™ For each n, it is clear that {X,; : k=1,2,---,2"} are indepen-

dent, identically distributed random variables, and

E[X]) = E[A}] =0.
Then, the second moment is
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Since E [ X1 Xy, = 01if j # k,

E {i){nk}Q = éE[ng}

15¢3
27’l
23n
15¢3
4n

271
as n — oo. This immediately shows that > X, converges to 0 in mean
k=1

square sense.
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