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Abstract

The concept of crossed modules was introduced by J.H.C. Whitehead in the
late 1940s and then Loday [27] reformulated it as cat!-groups. Crossed modules
and cat!-groups are two-dimensional generalisations of a group. Loday showed in
[9] that crossed modules can be understood also as 2-groups. In much the same
way, a higher dimensional analogue of crossed modules, the concept of crossed
squares was introduced by Loday and Guin-Valery [27] and then Arvasi [2] linked
it to the concept of higher categorical groups, namely cat?-groups. From the
same point of view, crossed squares and cat?-groups are analogues of a three-
dimensional generalisation of a group namely 3-groups. A group can be seen
as a category with one object and morphisms given by the elements and with
composition being the group multiplications. In classical representation theory
the elements of a group can be realised as automorphisms of some object in some
category, particularly in the category of vector spaces over a field K (see [13]).
A 2-categorical analogue of the category of vector spaces over a field K has been
described by Forrester-Barker [17] as the concept of a 2-category of length 1
chain complexes. Here, we describe a 3-groupoid of length 2 chain complexes as
a 3-categorical analogue of the category of vector spaces over a field K. In this
thesis, we first construct a 3-groupoid of length 2 chain complexes and describe
it in a matrix language respecting the chain complex conditions. Also, imitating
representations of a group GG and homomorphisms of the group G into the general
linear group of a vector space, we discuss representations of a category, which is
a functor into a category of vector spaces over a field K. Here we develop a
notion of representation of cat?-groups and crossed squares, which will be defined
as 3-functors. This extends the previous work by Forrester-Barker [17] where
he defined the representation theory of cat!-groups and crossed modules, which
are given by 2-functors from the categorical dimension two to the categorical
dimension three. The main objective in this thesis is to construct the general
form of the automorphism Aut(y) after we introduce the path between matrices,

which represents length 2 chain complexes v and automorphisms of them.
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Cat = Category of categories and functors.

Grp = Category of groups.

Grpd = Category of groupoids.

2Cat = 2-Category of categories.

GL(V) = Group of general linear transformations on a vector space V.
Cat! — group = Category of cat!-groups.

Cat? — group = Category of cat?-groups.

Cat™ — group = Category of cat™-groups.

Vectx = Category of K-vector spaces and linear transformations over a field K.
Rep& = Category of K-linear representations of a group G.

C’hg) = 3-category of length 2 chain complexes over Vecty.

Aut(y) = Automorphism cat?-group of a linear transformation .

K™ = n x n matrices with coefficients in a field K.

K™™ = n x m matrices with coefficients in a field K.
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Chapter 1

Introduction

Representation theory is an area that was started in 1896 by F. G. Frobenius. The
theory investigates any abstract algebraic structure such as groups, Lie groups
or modules, by representing their elements as linear transformations of vector
spaces over a field. One of the reasons that representation theory is considered
a very important subject is that it has many applications in different fields of
mathematics such as algebra, number theory, probability theory, mathematical
physics and many others. Representation theory comes in many ways depending
on what the problem addresses; for instance, the representations of groups present
groups in terms of linear transformations of vector spaces, so every element of
the group is mapped to an invertible linear transformation and also permutation
representations of groups are the same thing as group actions (see [10]). If a
group G acts on a set S, then the action gives a homomorphism from G to the

group of permutations on S,
GxS—S;(a,r) = ax

Linear representations are defined as group homomorphisms from the group G to
the general linear group GL(K) for a field K. As a basic example, we can see a
linear representation as a functor from G (seen as a category with only one object
and invertible morphisms) to the category of vector spaces over a field k. We are
thus lead to Repf, which is the category of K-linear representation of a group

G, whose objects are the functors G — Vectx from the category of the group
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G to a category of vector spaces over a field K and morphisms are the natural
transformations between such functors (see [5] and [0]). In general, representa-
tion theory provides calculational tools using matrices, and it is a useful tool
for connecting group theory with other abstract algebraic structures. While it is
well known that the theory of representations is easily extended to group theory,
Forrester-Barker [17] has also shown that it can be successfully applied to higher
dimensional representation theory of 2-groups which are 2-dimensional categor-
ical analogs of groups. The aim of this thesis is to extend Forrester-Barker’s
generalisation to the categorical dimension three. As such, this thesis focuses on
the representation theory of higher dimensional groups referred to as 3-groups.
Let us put this in a general perspective. In homotopy theory, we define a homo-
topy n-type as a space X with trivial homotopy groups m; for i > n ie. mX =0
for ¢ > n. In the case n = 1, the homotopy type of a space X is determined
by its fundamental group m (X, ), therefore a homotopy 1-type is modelled by
the fundamental group 7 (X, z). When n = 2 the homotopy type is determined
by the action of 7(X,z) on m(X,z) (see [31]). Furthermore, cat'—groups or
categorical groups as they are known in some other sources, are group objects
in the category of small categories. They are a convenient algebraic model for
homotopy 2-types. Cat!—groups are given as a triple € = (e; ¢, h,: G — R), con-
sisting of groups G and R, two surjections t,h : G — R and e : R — G satisfying
two conditions:

(CAT1) : te = he = idp.

(CAT2) : [Ker t,Ker h] = 1g.

Moving up to the higher dimensional cat?-groups, we describe an algebraic model
for homotopy 3-types which are analogous to Gray 3-groupoids in higher category
theory (see [32]).

A number of phenomena in group theory are better seen from a crossed module
perspective. A crossed module is a triple (G, Ga, o) consisting of a group homo-

morphism o : G; — G5 between two groups G; and G5, together with an action
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(92,91) = 92g1 of Gy on G satisfying:

(1) = g20(g1) g2 ",

gy =sg157,

for all go € Gy and s,9; € (1. In the 2-group case, an important example of
crossed modules emerges which is equivalent to a cat!-group (see [2] and [30]).
Here, we study the higher dimensional versions such as 2-crossed modules and
crossed squares. This model generalises a higher-dimensional categorical concept
from dimension two to three namely 2-crossed modules of groups and cat?-groups
and morphisms between each of them. These concepts will be described explic-
itly. Furthermore, the collection of all cat?-groups with their morphisms, crossed
squares with their morphisms and 2-crossed modules with their morphisms form
categories.

As the present study focuses on three-dimensional groups, our analysis will con-
centrate on the higher dimensional versions of crossed modules, which are 2-
crossed modules or crossed squares, and cat?-groups. Furthermore, these two
concepts are equivalent and related to 3-groups.

To achieve this, an equivalence between cat?-groups and 2-crossed modules and
3-groupoids will be described. 3-Categories, presented here as 3-groups with one
object, in which all 1-cells, 2-cells and 3-cells are invertible, are the higher dimen-
sional analogues of 2-categories, which can be described as strict 2-categories or
bicategories. They are referred to as strict 3-categories, tricategories and Gray
categories.

In the classical representation theory, the simplest algebraic structure of a rep-
resentation of category C is a functor from C to the category of vector spaces
Vect(K) over a field K. In order to describe the representations of cat®-groups
&, we have to replace Vect(K) by the Gray category of length 2 chain complexes
of vector spaces.

v OQLC&L)OO

This study generalises the 2-category of length 1 chain complexes Ch!) to a Gray
category of length 2 chain complexes Ch(®). The latter consists of the following:
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1. 0-morphisms, which are chain complexes of length 2,

2. 1-morphisms, which are chain maps between chain complexes of length 2,
3. 2-morphisms, which are homotopies between chain maps,

4. 3-morphisms, which are 2-homotopies between homotopies.

For ease of calculation, Gray category of length 2 chain complexes Ch® is con-
verted into a matrix form, which respects the conditions and properties of chain
complexes. One of the most important result in this thesis is the construction of
the matrix form for 3-groupoids of length 2 chain complexes consists of two ma-
trices: each one represents the morphism or differential or boundary map between
two objects or chains depending on the algebraic structure under study, whether
categories or a singular chain complex. This matrix form is far more informative
than the chain complexes themselves; for instance, the forms for chain maps are
constructed between chain complexes and homotopies between chain maps and
also 2-homotopies between homotopies. In the cat?-group and the crossed square
representation, automorphisms of length 2 chain complexes should also be con-
sidered as a 3-group of chain automorphism on a length 2 chain complex and
1-homotopies and 2-homotopies between them. The notion of a group automor-
phism, which is an isomorphism from a group to itself, corresponds to the notion
of a chain complex automorphism, which is a morphism from a length 2 chain

complex to itself. If

v CQLCHLCQ

is a 2-length chain complex, a 3-groupoid of length 2 chain complexes Aut(~y) can

be described using the following diagram

CQACQ

'YQJ l’yz
I3

C,——C

ok

C’oACO
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with different morphisms, starting with 0-morphisms and finishing with 3-morphisms
to construct the group of automorphisms of cat?-groups. The general form of
automorphism of cat?-groups Aut(v) are represented as matrices in different ex-
amples. For a representation of a category C by objects in another category D is
nothing but a 1-functor C — D and Forrester-Barker [17] defined a representation
of cat!-groups, which are 2-groups € as a 2-functor € — C’hg). Following this
lead, the new notion of a cat?-group representation will be defined as a 3-functor

B — Chg), generalising the notion of a cat!-group representation.



Thesis outline

This thesis has six main chapters presenting the main subject coherently as fol-

lows:

The introduction in Chapter 1 reviews some basic background of representation
theory and homotopy n-types and also describes algebraic models for homotopy
types. Then, we introduce crossed modules and cat!-groups and the relation
between them. Then we introduce our primary idea about higher dimensional
analogues of both cat!-groups and crossed modules and discuss the relationship
between them. At the end of this chapter, we give a basic description of how
to convert the representation theory from the group theoretical language to the

3-group language that we will use throughout the next chapters.

Chapter 2 is first concerned with recalling the notions of categories and mor-
phisms between them, namely functors and natural transformations. We give
several examples for illustration. We also introduce 2-categories and morphisms
between them and lay out some examples. The third section of this chapter
presents the most important part which is the theory of 3-categories. As well
as defining the morphisms between them, we give an explicit construction for
3-functors and 3-natural transformations by presenting some diagrams to explain

them.

Chapter 3 introduces categorical representation theory. We describe how rep-
resentation theory deals with different algebraic structures such as group repre-

sentations and representations of a category and a 2-category with some examples.

Chapter 4 provides the definitions of crossed modules and cat!-groups and the
categorical equivalence between them. Then we discuss the higher dimensional
analogues of crossed modules which are given by 2-crossed modules and crossed

squares and the higher analogues of cat!-groups which are cat®-groups and the
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categorical equivalence between them.

Chapter 5 introduces the particular Gray categories of chain complexes C'h used
here. We begin by constructing a Gray category of length 2 chain complexes C' hg)
as a 3-categorical analogue of vector spaces. The second section provides some
important basic results which relate the length 2 chain complexes to particular

matrices for easy calculations.

In chapter 6 a representation of cat?-groups and crossed squares will be given.
Then, we provide the definition of automorphisms of cat?-groups and introduce a
free path between matrices, which represent length 2 chain complexes v and au-
tomorphisms of them. Then, we construct the general form of the automorphism
Aut (), and give examples of such automorphisms to remove any ambiguity in

constructing Aut for cat?-groups. Finally, .



Chapter 2

Classic Categorical Concepts

Category theory is a relatively new branch of abstract algebra which aims to de-
scribe general characteristics of structures in mathematics and the relationships
between them. One of the most important reasons why categories are so inter-
esting is that many similarities have been identified across very different areas
of mathematics, thus providing a common unifying language. Category theory,
like set theory, is now considered fundamental in the mathematical discourse. In
set theory, the most basic concept is an element. In category theory, the basic
structures are the objects and the maps between any two objects are called mor-
phisms; whatever internal structure they may possess is ignored. The morphisms
of category theory are often said to represent a process connecting two objects,
or in many cases a structure-preserving transformation connecting two objects.
This definition results in almost any structure either being its own category or
the collection of all such structures with their obvious structure-preserving map-
pings forming a category. Gradually, the 2-categorical concepts are shown in this
chapter as well for instance 2-categories, 2-functors and 2-natural transformation
are explained with some examples. The main concepts in this chapter are Gray
categories and 3-groupoids that are assumed to be a classification of the concept
of 3-categories, using the definition of Gray-categories outlined in the paper by

Crans in [11].
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2.1 Categories, functors and natural transfor-
mations

2.1.1 Categories

Basic description will be given about our main concept in this section which is
the notion of a category. The definition and some examples of categories will be

considered. The main books will be used in this section [1] p.4-10 and [7] p.4-10.

Definition 2.1.1. A category C is given by a collection Cj of objects and a

collection C'j of morphisms which have the following structure.

e Each morphism has two objects which are called domain (dom) and codomain
(cod); one writes f : X — Y if X is the domain of the morphism f, and
Y its codomain. One also writes X = dom(f) and Y = cod(f).

e Given two morphisms f and g such that cod(f) = dom(g), the composition

of f and g, written g o f, is defined and has dom(f) and cod(g)

x-1iy2t,7 5 x*2Ly
e Composition is associative, that is: given f : X — Y ,¢g:Y — Z and
h:Z—W,ho(gof)=(hog)o f.

e For every object X there is an identity morphism idyx : X — X, satisfying
idxg =g forevery g: Y — X and foidy = f forevery f: X = Y.
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Examples of Categories

Categories List
Category Objects morphisms
Set Sets functions
Grp Groups group homomorphisms
Top Topological Spaces continuous functions
Vect Vector Spaces linear transformations
Pos posets monotone functions
CAT Categories functors
Funct Functors natural transformations

Table 2.1: Table of some examples of categories

On the first level, categories consist of a number of algebraic properties of
transformations between mathematical objects, known as morphisms (such as bi-
nary relations, groups, sets, topological spaces, etc.) of the same type; conditions
vary depending on the kind of collections. Moreover, these categories contain a
unit (identity) morphism and a composition of morphisms. On the second level,
2- categories, which generalise categories consist of morphisms and 2-morphisms,
which are morphisms between morphisms. There are, however, many applications
where far more abstract concepts are represented by objects and morphisms.
The most important property of the morphisms is that they can be ”composed”
in other words, arranged in a sequence to form a new morphism.

In sets, we often consider elements and functions, but in category theory, we
will consider objects and the morphisms between them in categories and in 2-

categories. As well as, objects and morphisms, 2-morphisms will be considered.

2.1.2 Functors

The morphisms between categories, which are called functors, consist of a pair of
functions sending objects and morphisms of the first category to items of the same
types in the second category in order to preserve all of the categorical structures,

as the following definition explains (see section 1 in [28] and also section 1 in

[33])-

Definition 2.1.2. A functor is a morphism between categories. Given two
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categories C' and D, a functor F' from C' to D consist of an object F(A) in D for
all Ain C

o I, =1pu

e whenever f: A — B and g : B — C'is a pair of composable morphisms in

C
F(go f) = F(g)o F(f)

Functors can be composed, and there is an identity functor for each category.
In the category theory, there are lots of functors between the categories and every
functor has a unique source category and a unique target category. Here we define

covariant and contravariant functors.

Definition 2.1.3. A (covariant) functor F' from one category C to another

category D assigns

e to each object X in C' an object F(X) in D,

e to each morphism f: X — Y a morphism F(f): F(X) — F(Y)
such that the following two properties hold:

o (1x) = lp(x), for every object X in C',

e F(go f)=F(g)o F(f) for all morphisms f: X - Y andg:Y — Z.

Definition 2.1.4. A (contravariant) functor F' from one category C to another

category D assigns

e to each object X in C' an object F(X) in D,

e to each morphism f: X — Y a morphism F(f): F(Y) — F(X)
such that the following two properties hold:

e F(1x) = lpx), for every object X in C',

e F(gof)=F(f)oF(g) for all morphisms f: X - Y andg:Y — Z.
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Examples of functors

e Forgetful functor(Grp — Set): This functor takes a group to its underlying

set and homomorphism to its underlying function.
e The inclusion functor (Ab — Grp).

e Free functor (Set — Vecty): This takes a set X to the space of formal
k-linear combination of elements of X which is a vector space with X as

basis.
e Order-Preserving functor: (Pos — Pos) This takes a poset P to a poset Q).

e Diagram : A diagram A; in a category C' of shape [ is a functor Ay : I — C

where [ is a category (Index category). For example

I: eo—— e A.LB-
| |
[ ] — C.

I: e ° — A, B,

I: A ! B
I ) ) — ;

g

2.1.3 Natural transformations

Lifting up the dimension of morphisms, natural transformations are 2-morphisms,
which are the morphisms between two functors, which are 1-morphisms. In this

section we will show the definition and some examples of natural transformations.

Definition 2.1.5. : A natural transformation is a morphism between func-
tors. Given functors F', G and categories C', D. Then n : F — G is a natural

transformation as follows:

(n) is given by:
There is n, : F,, — G, for all objects x in C' called a component of n at x satisfying
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naturality which is for all f in C' such that f : z — y the following diagram is
commute:
F,- G,

Fy le

Fn—u>Gy

8

<

Naturality Square

This means

Grong =mnyoFy

A cone over the diagram with vertex u is precisely one of the most important ex-
amples of natural transformation. So a cone A, — D(I) such that A, : I — C,
which maps 7 : ¢ — w and f : f — 1,, thus for all I’ and f in [ there exists

morphism u — D(f).

Composition of natural transformations

The important property of morphisms is the composition between them which
satisfies the composition conditions. As the natural transformations are mor-

phisms so they can be composed as the following definition explains.

Definition 2.1.6. Given two natural transformations n and « as in the following

diagrams
F
C 7D
\Gﬁ

G
C o D
i

The composition of  and « is denoted as a«on: F — H as in this diagram

F G r
C Y7 D+ C D = C_p3D
G H H
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The composite « o n has components as follows
(on),: Fy—2sG,—5H,

F,—> G, —H,
Ffl Gfl Hfl
F,—2a, % H,
Definition 2.1.7. Two categories C' and D are isomorphic in (Cat) if and only

if there are functors
F
—
C e D

such that FFoG =1p and Go F = 1.
Definition 2.2.3: A natural isomorphism is an isomorphism in the functor

category. That means a natural transformation 7 can be described as a diagram

F
TR
C n D
~_
€]
such that for each ¢ in C, nc is an isomorphism in D. Moreover, the most
interesting example of a natural isomorphism is a universal cone over the diagram

with vertex u.

2.2 2-Categories, 2-functors and 2-natural trans-

formations

Building on the previous discussion of categories, functors and natural transfor-
mations, the corresponding concepts will be presented in this section which are

2-categories, 2-functors and 2-natural transformations, referring to [2].

2.2.1 2-Categories

The notion of a 2-category generalises that of a category where besides of the
objects and morphisms, there are also 2-morphisms, as in the following definition

from (section 1.2 and 1.3 in [25]) and (section 7 in [%]).

Definition 2.2.1. A 2-category consists of the following data, consisting of two

kinds of things:
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e Objects O-morphisms : A, B,C, ....

e A small category C(A, B) for each pair of objects. Objects of C(A, B)
are called 1-morphisms {f, g, h, ....} while morphisms in C(A, B) are called
2-morphisms {«, 5,7, ....}.

There are the following operations:

1. A unit functor

ua: 1= C(4, A)

for each object A and 1 as a terminal category (with one object(id4) and

one morphism (id;q,)).

2. An associative composition functor (compositions of 1-morphisms)
CABC : C(A, B) X C(B,C) — C(A,C)

for every triple of objects.

3. There are two kinds of composition in a 2-category (composition of 2-

morphisms)

e vertical composition: Given two functors (2-morphisms) « and (3

in C(A, B) such that
a:f—g and [:g—h
SO
Boa:f—h

is a vertical composition.

e horizontal composition: Given two functors (2-morphisms) a €

C(A, B) and g € C(B,C) such that

f f! frof
ATV B I C = A psC
~_ \_/) ~—__"T

g g g'og
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SO

yxB:fof—=goyg
is a horizontal composition.

There are objects and morphisms and 2-morphisms as follows:

The interchange law satisfies the following

(B % B)o(a'*a)=Capc(B,B') o Capcla, ) (1)
= Capc((B,0') o (o, @) (2)
= Capc((Boa, od)) (3)
=((Boa,B o)) (4)

= (f'oa)x(Boa) ()
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Examples of 2-categories

List of 2-categories

2-Category O-morphisms 1-morphisms 2-morphisms
Cat categories functors natural transfor-
mations
Mon cat. monodial cate- || monodial func- || monodial natu-
gories tors ral transforma-
tions
Enriched cat. enriched  cate- || enriched  func- || enriched natural
gories tors transformations

Table 2.2: Table of some examples of 2-categories

Weak 2-categories or bicategories is a generalization of 2- categories,

which consists of the data of a 2-category except that the associativity and unital

axioms for horizontal composition are replaced by extra data of invertible natural

transformations of 2-morphisms as the following points explain. We use the source

[9]

e An associator is a natural family of isomorphisms of horizontal composition

from

(A-B—-C)—D

to horizontal composition

that means

A— (B—C— D)

- for any 1-morphisms f, g, h such that

A-L.B

Ny LNy

there is an invertible 2-morphisms « such that

ho(gof)

)

A adhgh) D

L)

- for any 2-morphisms F, G, H

(hog)of
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fl g/ hl

the following diagram commutes.

holgo f)EE2 (hog)o f
HO(GOF)“ ﬂ,(HOG)OF

Wolgof)z==log)of

e A left identifier is a natural family of isomorphisms from horizontal com-
position with identity on the left to the identity functor on A — B, that
means:

- for any 1-morphisms f such that
f
A— B
an invertible 2-morphisms A(f) such that

A(f)

lpo f——f

- for any 2-morphisms F'
f
IR
o
N4
f/
the following diagram commutes.

lpo 2 f

llBOFﬂ “F

1B©f&ﬁf’

e A right identifier is a natural family of isomorphisms from horizontal com-

position with identity on the right to the identity functor on A — B, that
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means.

- for any 1-morphisms f such that

ALB

an invertible 2-morphisms p(f) such that

p(f)

Jola——f

- for any 2-morphisms F'

A
N4
f/
the following diagram commutes.
Fol, 2 p(f) f

FOllAﬂ “F

/ 1 /
frolagm=t

These are called associativity and unital constraints, as associativity pentagons

and unit triangles are imposed, as the following diagrams explain.

((hog)o
1oahg/ \hogf

o(ho(gof (to(hog))
afi,h,go f) afi,h,g)oly
o
onolgo N % ionyog)or

(Pentagon Diagram)



Classic Categorical Concepts 20

(0 ,13,
go(lBof)—(g_f)—>(golB)of

1g0A(f) p(g) o1y
gof

(Unit Triangle Diagram)

2.2.2 2-Functors

In this section, the morphisms between 2-categories will be defined. This concept
is referred to as a 2-functor, which consists of a triple of functions sending objects,
morphisms and 2-morphisms of the first 2-category to items of the same types in
the second 2-category in order to preserve all of the 2-categorical structures, as

the following definition shows.

Definition 2.2.2. Given two 2-categories A and B, a 2-functor F: A — B from
A to B consists of giving:

1. for each object A in A, an object F'A in B.

2. for each pair of objects A and A" in A, a functor Fy o : A(A,A") —
B(FA,FA)

This data is required to satisfy the following axioms:
e Compatibility with composition: given three objects A, A" and A” in A,

the following equality holds:

Faamo Aaaran = Bry pyry © Faa X Faan

‘AA,A/,A”

A(A, A7) x A(A", AT A(A, A")

FA,A’XFA’,A//\[ lFA’A//

B(FA,FA') x B(FA' FA") — B(FA, FA")
F

A,FA",FA"
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e Unit: for every object A in A, the following quality holds:

Fyaouy=up,

1 —2 5 A(AA)
UF A lFA‘A

B(FA,FA)

It is evident that a 2-functor includes an ordinary functor between underlying

categories of objects and morphisms.

Examples of 2-functors
e A constant 2-functor ©,4 : D — K for all A in K which is sending
— every object D in D to the object A,

— all 1-morphisms in D to the identity 14,

— all 2-morphisms in D to the identity 2-morphism id; ,.

e A lax functor is a 2-functor between bicategories (including 2-categories).

Given bicategories C and D, a lax functor P : C — D consist of :

1. for each object x of C, an object P, of D.
2. for each C(z,y) in C, a functor P, , : C(x,y) — D(P,, P,).
3. for each object x of C, a 2-morphism Py, : idp, = P, ,(id;).

4. for each triple x,y, z of C, a 2-morphism

Px,yz(f? g) : Px,y(f) © Py,Z(Q) = Px,z(f OQ)

such that (f:x —yand g:y — 2).

5. for each C(z,y) the following diagrams commute where

A =tidyo f=foid,
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idpy © Px,y(f)

Py, oidp, , V \Pz,y(f)

Py 4 (idy) o Ppy(f) Pry(f)
Py ylidy o f) Pry(Ay)

Py y(idy o f)

and

Px’y<f) O idpy

idp, () © / \Pz,y(f)

Pypy(f) o Pyylidy) Pypy(f)
Py y(f oidy) Pry(Ar)

Py y(f oidy)

6. for each quadruple w,z,y,z in C the following diagram commutes,

where afgp: (fog)oh — fo(goh).

(Pua(f) 0 Pry(g)) 0 Posth] 225 W by o (P, (9) 0 Py ()

Pw,x,y(fa g) o Z-dPy,z(h)l lide,m(f) o Px,y,z(ga h)
Pw,y(fog)opy,z(m Pyo(f)o Pez(goh)
Pw,y,z(foga h)l le%Z(f,gOh)
Py(aggn)

Py:((fog)oh) Py:(fol(goh))

e An oplax functor is a 2-functor between two bicategories (including 2-
categories). If all morphisms in a lax functor are reversed, the notion of an

oplax functor is obtained.

e A pseudo functor is a 2-functor between two bicategories (including 2-

categories). The definition of a pseudo functor is the same as the definition
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of a lax functor, with the additional requirement that Pig, and P, .(f,9)
be invertible as follows.

Given bicategories C and D, a pseudo functor P : C — D consists of:

1. for each object x of C, an object P, in D.
2. for each C(z,y) in C, a functor P, , : C(x,y) — D(P,, P,).
3. for each object x of C, an invertible 2-morphism P,q, : idp, = P, . (id,).

4. for each triple z,y, z of C, an isomorphism (natural in f : x — y and

g:y—2)
Poy:(f,9) : Pay(f) 0 By:(9) = Pro(f o 9)
5. for each C(z,y) the following diagrams commute where
A =idyo f = foid,

idpy © Px,y(f)

Py, o idpw,yy/ \Pz,y(f)

Py (idy) © Pry(f) Pay(f)
Px,:c,y(idx o f) Px,y()\f)

Pm,y(idr o f)

and

Px,y(f) o idPy

Wrsy () © / \P“:’y(f)

Pypy(f) o Pyylidy) Pyy(f)

Py (foidy) Py y(Af)
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6. for each quadruple w,z,y, 2z of C the following diagram commutes,

where a g, (fog)oh — fo(goh)

(Pus(£) © Pay(9)) 0 Pyal B 06 1y 0 (B, () o Py 2 ()

Pw,I,y(fa g) © idpy,z (h> ide,ac(f) © P%y,z <g7 h)
Pw,y(fog)opy,2<h) Pw,:c(f)opx,z(goh)
Pw,y,z(fo.%h)l lpw,x,z(fagoh)
Py(afgn)

Py.((fog)oh) Py (fo(goh))

2.2.3 2-Natural transformations

The notion of a 2-natural transformation is a generalisation of the notion of a
natural transformation from category theory to 2-category theory. As a nat-
ural transformation is a morphism between two functors between categories,
a 2-natural transformation is a morphism between two 2-functors between 2-
categories; where a natural transformation has a commuting naturality square, a
2-natural transformation has a 2-morphism filling that square, as the following

definition explains.

Definition 2.2.3. Given two 2-categories A and B and two 2-functors F' and G
between them

F.G: A= B.

A 2-natural transformation

0:F=G@G

consisting in giving, for every object A in A, a morphism 0, : FA = GA such

that the equality

B(1pa,0a)0 Faa = B(0a,1ga) 0 Gaa.
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holds for each pair of objects A, A’ € A, as in the following diagram:

A(A, A1) 2% B(FA, FAY)

GA’A/l lB(lFA,GA/)

B(GA,GAY) —— B(FA,GA)

'9A71GA'

It can therefore be said that a 2-natural transformation includes an ordinary

natural transformation between underlying functors.

Examples of 2-natural transformations

e A 2-cone is one of the most important examples of a 2-natural transfor-
mation.
A 2-cone (A,F):©4 = F where A € K such that a 2-functor ©4 is a

constant 2-functor and a 2-functor between 2-categories ' : D — K.

e A 2-cocone (F,A):F = ©4 where A € K such that a 2-functor 04 is a

constant 2-functor and a 2-functor F': D — K between 2-categories .

e A lax natural transformation is a morphism between 2-functors between
2-categories.
Given 2-categories C and D and (lax and oplax) 2-functors F,G : C — D,

a lax natural transformation a: F' = G is given by:
1. for each A in C a 1-morphism ay : F(A) - G(A) in D.

2. for each f: A — B in C a 2-morphism oy : G(f) ocas = ago F(f) .

e An oplax natural transformation is as above, only with 2-morphisms

ay reversed.

e A pseudo natural transformation is a lax natural transformation if

each oy is invertible.
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2.3 3-Categories, 3-functors and 3-natural trans-
formations

The notion of a 3-category theory is the part of category theory dealing with
the higher dimensional categories. It generalizes that of 2-category, which con-
sists objects, morphisms, 2-morphisms. Moreover, in 3-categories an additional
kind of morphisms is added which are 3-morphisms. There are three kinds of
3-category which are strict 3-categories, the Gray categories which are semi strict
3-categories; and tricategories, which are weak 3-categories. We also have rela-
tions between 3-categories C' and D which we could represent by 3-functors and
3- natural transformations just as 2-categories and categories. The main sources
which will be used in this section are [11], [29] and [23]. To be more precise, see
(section 2 in [11]), (section 1.2.4 in [29]) and (section 4.3 in [23]). [You could find
more information about this section in the following sources [21], [22], [29], [32]

and [35]].
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2.3.1 Gray categories

Here we define the notion of Gray category. This notion explains the semi-strict
kind of 3-categories, in which composition is strictly associative and unital, but

the interchange law holds only up to isomorphism.

Definition 2.3.1. A Gray category C consists of collections Cy of objects, C}

of morphisms, Cy of 2-morphisms and C3 of 3-morphisms, together with:

e maps s, t, : C; — C, for all 0 < n < i < 3, also denoted d; and d, and

called n-source and n-target,

o maps #, : Cpi1 5, Xt, Cny1 = Chyq for all 0 < n < ¢ < 3, called vertical

composition,

e maps #, : C; 5, Xy, Chp1 — C; and #, @ Chyy 5, Xy, C; — C; for all

n

0 <n <1< 3, called whiskering,
e a map #o: Cy 4, Xy, C2 — Cs, called horizontal composition, and

e maps i1d.C; — C;q for all 0 <7 < 2, called identity,

such that:

i. C is a 3-skeletal reflexive globular set [19].

ii. for every C,C" € Cy, the collection of elements of C with 0-source
C' and O-target C” form a 2-category C(C, "), with n-composition in
C(C, ") given by #,,1 and identities given by id—,

iii. for every g : C' — C"in C; and every C and C"” € Cy, —#og is a
2-functor C(C”,C"") — C(C',C") and g#¢— is 2-functor C(C,C") —
c(c,cm.

iv. for every C' € Cy and every C and C” € Cy, —#gidcr is equal to the
identity functor C(C’,C") — C(C",C") and idc#o— is equal to the
identity functor C(C,C") — C(C, "),

f g
. T oo AT A
V. foreveryfy.C'\fU/j(C' inC,and d: C U/ C" in C,,
g

s1(0#07) = (g'#07)#1(6#0f)
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t1(0#0y) = (0#of ) #1(9#07)

and d#(7 is an iso 3-morphism,

f

N
N\ 9

; . I : A s A
vi. for every o : C 7/”7 C’ in C; and ¢ : C’\l}le in C,,

/ g
/g,

f/

(0o f")#1(g#00))#2(0#07) = (0F#07 ) F#2((g' #op)#1(0F0 f))

9

N\
\

f
and for every ~ : C’/\T/)C” in Coip: O ¢ %3%;}5 C" in Cy,

/
A

/

9

(5,#07)#2((9/#07)#1(1/}#010)) = ((¢#Of/>#l(9#07))#2(5#07)

f

Y 9
vii. for every C —ﬂﬁ C’ and ¢ : C”\LC’” in C,
w g/
f//

5#0(7,#17) = ((5#07/)#1(9#07))#2((9/#07/)#1(5#07)),

g

f s N
and for every = : C Y C" and C' — (= C" in C,
N N
g//

(6"#10)#0v = (("#of ) F#1(0#07))F#2((0'#07)F1(6#0 f)),

g
viii. for every f: C — C"in C, and § : C’ TC” in C,,
\_/){
g

O0#otdy = tdsy, s,
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f
and for every = : CEC’ inC, and g:C" — C" in C|,
f/

idg oy = g

ix. forevery c € (C,C"),,c € (C',C"),and " € (C",C"), with p+q+r <
2

Y

("#oc)#oc = "Fo(#oc).
Example of Gray categories

There are many examples of Gray categories which are weak 3-categories. One
of the important examples is a 3-groupoid, which is the higher generalisation of

a groupoid or a 2-groupoid.

Definition 2.3.2. A Gray 3-groupoid C is given by a set C of objects, a set
C of morphisms, a set C5 of 2-morphisms and a set C3 of 3- morphisms together

with maps s;,t; : Cx — C;_1, where i = 1, ...,k (and k = 1,2, 3) such that:
1. sty 0 S3t3 = Sotg, as maps C3 — Cf.
2. Ss1t1 = $1t1 0 Soty = 1t 0 S3t3, as maps C3 — (.
3. s1t1 = $1t1 0 Sato, as maps Cy — (.

4. An horizontal multiplication JhJ" of 3-morphisms if s3(.J) = t5(J’), making
(5 into a groupoid whose set of objects is Cj.

/
5. A vertical composition I'jp,I” = of 2-morphisms if s3(I") = to(17),
r

making (5 into a groupoid whose set of objects is Cf.

/

6. A vertical composition JioJ' = of 3-morphisms whenever sy(J) =

J

t2(J'), making the set of 3-morphisms into a groupoid with set of objects

C1 and such that the boundaries s3,t3 : C3 — (5 are functors.

7. The vertical and horizontal compositions of 3-morphisms satisfy the inter-

change law

(J837) b2 (i3 J1) = (Ja21)8(S 5201),
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whenever the compositions are well defined. This means that the vertical
and horizontal compositions of 3-morphisms and vertical composition of
2-morphisms give C5 the structure of a 2-groupoids, with set of objects
being C', set of morphisms C5 and set of 2-morphisms C'3 which is exactly

a 2-groupoid.

8. (Existence of whiskering by 1-morphisms): For each z,y in Cj, we can
therefore define a 2-groupoid (C)(z,y) of all 1-, 2-, 3-morphisms a such
that t1(a) = = and s1(a) = y. Given a l-morphism 7 with ¢1(y) = y and
s1(y) = z there exists a 2-groupoid map 51(7y) : (C)(x,y) — (C)(y,2),
called right whiskering. Similarly if s(7') = = and #(7) = w there exists a
2-groupoid map 'ty : (C)(z,y) = (C)(w,y) called left whiskering.

9. The horizontal composition v§,y" of 1-morphism ~ if s1(v) = ¢;(v), which
is to be associatove and to define a groupoid with set of objects Cj and set

of morphisms Cf.

10. Given 7,v" € C} we must have :

1y oy = hl(w’)

Yo'l = ()

b1 o 1y =ty o,

11. Now we define two horizontal composition of 2-morphisms

I’ Sg(r)hl I’ / /
_ = (Pouta(I7))g2(s2(0)0 )

and

= = (to(T) 5 I")5a (T s2(I))
I tao(T)b I
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and of 3-morphisms:

J’ s2(J)b J!
= = (Jita(J))2(s2(J)J")
J J 0it2(J")

and

J J 1152(J")
_ = (ta()) )2 (Tt 52(J"))
J’ ta2(J)n J'

It follows from the previous axioms that they are associative. They also
define the functor Cs(z,y) x Cs(y, z) — Cs(z, 2), where Cs(z, y)is the cat-
egory with objects 2-morphisms I" with ¢3(I') = z and so(I') = y and the
3-morphisms J with ¢5(J) = = and s9(J) = y, and the horizontal multipli-

cation as composition.

12. (Interchange 3-morphisms): For any two 2-morphisms I" and [" with s, (") =
t1(I") a 3-morphism

|- to(THT) T (D41 =

r I
13. For any 3-morphisms
Ty =t3(J) —Lo s3(J) =Ty and T = t3(J) —L5 s3(J') = T,

with s1(J) = t1(J’) the following horizontal compositions of 3-morphisms

coincide
J
| AN J| |1
— —
I I I
and
J/
I Y ropry, [T
— =
Fl FQ FIQ

14. For any three 2-morphisms v —— gzﬁlmp and ~” -, ¢" with s(T") =
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to(I'") and s1(I') = s1(I") = t1(I""), the following compositions of 3-morphisms

coincide

1 F/#F” / /! F/ﬁ 1¢// / /!
d}hl r Fhl’)/” I' hlﬁb F#F” I hl(b
Fl hl,y// N gbhl 1‘\// 3 1“ b1¢l/
F hlfy// F hl’y// ’th 1’\//

where the 2-morphism components of the 3-morphisms stand for the corre-

sponding identity 3-morphism, and

I I S L A
' gy —— | T o

2.3.2 3-Functors

There are now also higher morphism between 3-categories, which we explain now.
As we know a functor F' from a category C to a another one D is a map sending
each object z in C' to an object F(x) in D. For higher dimensions, we can
characterize a 3-functor as a morphism between 3-categories in the following

way.[The following definitions (2.3.3) and (2.3.4) has been taken from [35]].

Definition 2.3.3. We can describe 3-categories as special categories internal to

2C'at. Based on this description, a 3-category has a 2-category of objects () as in

N\
N

the following diagram
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We have a 2-category of morphisms Sy 9,

Instead of saying V' is a morphism internal 2Cat, we have to say that V is a
3-morphism, S; and Sy are 2-morphisms, ; and 7, are 1-morphisms and x and y
are objects. A 3-functor F': S — T between 3-categories S and T is a functor

internal to 2Cat, giving by the following morphism

Sl F(SI\
/ 2 ‘
" 2 — F(m) F(V) F(72)
S F(Ss)
y F(y)

2.3.3 3-Natural transformations

A morphism between two 3-functors is a 3-natural transformation, which gener-
alises the concept of a 2-natural transformation. The following definition will be

a brief explanation of it.

Definition 2.3.4. A 1-morphism n : F; — F; between two such 3-functors is
a natural transformation internal to 2Cat, hence a 2-functor from the object

2-category to the morphism 2-category, so we can illustrate the natural transfor-



Classic Categorical Concepts 34

mations as in the following diagram:

Fi(z)
T Fi(m) - = —FRis)- T\-> Fi(72)
/ N\ NN
n %<S772 — N FI(Q)QU(S);SFQ(I.) nvx
y \ \\ \

that satisfies the naturality condition

Fi(z)
1(Sy,
3 (’Yl)/ Flﬁ"))\\\xﬂ (72)
\51(52%

Systematically, 2-morphisms and 3-morphisms of 3-functors are 1-morphisms

and 2-morphisms of these 2-functors 7. For this reason, a 2-morphism 7 —2— 7/
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of our 3-functors is a 1-functor assignment.

p2(y)— Fy(y)

Fy(y)

It also satisfies the naturality conditions as the following diagram illustrates

F1<ZL') p1(z) Fl(ilf)
I
GO /
\Fl(S) a1 ’Y)
1F¥(71) /
|
n(m) ) )
) W) Fi(y) "
\
v ) : \\ ‘
\\ | n(vo(y)
4+ ¥
nyy” Fz(x\) T el 7o x? s (I)
Fz(ﬁ‘/sl\ ) \\ /
(s F(7)
\\ }2&}/1)
7
N P




Classic Categorical Concepts 36

Fi(z) ol () Fy(z)
/ l e
| Fi(32)
(), FI(S)FTQW
1)
77(::6) Mﬁ
Fi(y) W Fi(y)
| H P ) \ E»m
' P'() AR
|
I
h Ff(x) - = T 5 Fy(2)

If we restrict those p for which the horizontal 1-morphisms p;(z) and py(x) are

identities only, we can illustrate this in the following diagram.

Moving to the higher dimension, we consider the morphisms between those nat-
ural transformations p which are called modifications A\ : p; — po. It is just a
brief description of 3-morphisms of 3-functors A and we can state the technical

definition as follows
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8 ~— —

The naturality conditions are also satisfied as the next picture illustrates.




Chapter 3

Linear Representations

To consider representations of cat?-groups which are the aim of this thesis, vari-
ous aspects of representation theory will be illustrated, along with examples.

Representation theory is a very active subject which has many applications, cre-
ated more than 100 years ago by Frobenius. The concept studies different kinds
of algebraic structures by representing their elements as linear transformations of
a vector space giving by matrices incorporating numerous algebraic operations.
The categories and their higher dimensional versions are specific examples of an
algebraic structure presented in this chapter, representations of them are shown

as well. Here we use [15] and [10].

3.1 Representations of groups

Let V be a vector space over a field K and let GL(V') be the group of all au-
tomorphisms V' — V. An element a € GL(V) is a linear map from V into V,
which has an inverse a™'; the latter is also linear. Suppose {ei,es,...,e,} is a
basis for V. Then each linear map is defined by a n x n martix T : V. — V, as

the following equation explains:

T(ej) = Z tijei

Definition 3.1.1. A representation « of a group G in a vector space V over

38
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K is defined by a homomorphism

a:G— GL(V).

where GL(V) - the general linear group on V- is the group of invertible linear
maps, t : V — V. The degree of the representation is the dimension of the
vector space:

deg(a) = dimg (V).

Note that the representation « is finite if we require the vector space V to be

a finite dimensional. In this case we have GL(V) = GL(dim(V), K).

Definition 3.1.2. A representation of a group G on a vector space V'

a:G— GL(V)

is a faithful representation if ker(«) = idg.

3.1.1 Group representation examples

Some examples will be given here for further clarity.

Example 3.1.1. Trivial representation
Given any K-vector space and any group G, we can define a representation
a: G — GL(V) by a(g) = idy for any ¢ € G which it is called the trivial

representation.

Example 3.1.2. Regular representation
For any group G, we can associate the K-vector space GGy which has a basis
{g : g € G}, then G acts on G} by multiplication on the left. The induced

representation is called the regular representation.

Example 3.1.3. The symmetric group

S5 = {e, (12), (13), (23), (123), (132)}

has a representation on R by

alo)v = sgn(o)v



Linear Representations 40

where sgn is the permutation symbol of the permutation o.

Example 3.1.4. The circle group

G=Cg=<c:P=e>.

Let GL(C) be a group of non-zero complex numbers when n = 1. Define

a: G — GL,(C)

plid]
a:crres

so a(c) = e, We check a(c)® = 1, so this is a representation of Cg. But if

a(c®) = 1, the kernel of a is {e, 3} and the image of a is {1,e°3", e }, which is

isomorphic to Cs.

3.2 Matrix representations

The following section defines matrix representations, which are of great impor-
tance for this study. As such, it is useful to review the foundations of this par-
ticular kind of representation and understand its applicability to more general
cases. [30] will be used in this section. Suppose 8 = {uy, us, ..., u, } be an ordered
basis for a finite-dimensional vector space V', so for any vector v in V write it as

a linear combination of the vectors in the basis

n
v = E a;U;.
i=1

and the coordinate vector of x relative to 3, denoted [z]s is

a
a2
[z]g =

Qn

Definition 3.2.1. Let L : V' — W be a linear transformation and § = {vy, va, ..., v, }

and v = {wy, ws, ...,w, } be a basis for V and W respectively.
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A matrix representation A of L in the ordered bases [ and ~ is defined as a

m x n matrix by the scalars a;; as follows

n

L(v;) = Zaijwi for 1<j<n.

=1

We write A = [L]s".

3.3 Representations of categories

The representation of a group G can be generalised to any category as the fol-

lowing definition indicates (see section 4 in [(]).

Definition 3.3.1. Suppose C'is a category and G is a group. A representation
of G in C is a pair (X, p), where X is an object in C' and p : G — Aut(X) is a
group homomorphism.

All the representations of G in C' form a category of representations which has

objects like (X, p) and (X, p'). As well as the objects, it has

mor((X, p), (X', p'))

which are the set of all morphisms ¢ : X — X’ between objects (X, p) and
(X', p') such that for each g in G, the diagram

X-2.x
Nt
X/—/)X,
Pg

commute.

Every group can be represented by a category with one object (see [26]). Func-
tors from this category into any other category are representations of that group
in terms of the objects in the category, and choosing a functor into the category
of vector spaces recovers classical representation theory. In this case, a represen-
tation of C' on objects in another category D is a functor C' — D. Therefore,

the representation category Rep(C') is the functor category Func(C, D) which
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has all the functors between C' and D as objects and the natural transformations

between these functors as morphisms of this category.

3.4 Representations of 2-categories

Let G be a group. G may be viewed as a 2-category with one object g, whose
I-morphism Homg(g, g) is equal to G and whose 2-morphisms are all identities

(see section 3 in [13]).

Definition 3.4.1. Let C' be a 2-category. A representation of G in C is a
lax-2-functor from G to C, providing the following:

1. An object ¢ of C.

2. For each element ¢ in GG, a 1-morphism «(g) : ¢ — c.

3. A 2-isomorphism, ¢; : o(1) — id..

4. For any pair g and h in G, a 2-isomorphism ¢, 5 : (a(g) o a(h)) = a(gh).
5. For any g, h and k in G, we have ¢gp 1 (dgn 0 (k) = Qg ni(a(g) o dni).
6. We have ¢y, = ¢ 0o a(g) and ¢,1 = a(g) o ¢1.

Definition 3.4.2. Two 2-representations of G in C, a and o' are equivalent
whenever there is a lax-2-natural transformation 7 : @ = o such that each

component of 7 is an equivalence in C.



Chapter 4

Higher Dimensional Groups

There are different ways to generalise the abstract concepts of group to higher
dimensional categorical concepts. In this section we will focus on the concept of
3-groups. It is known that cat!-groups and crossed modules are equivalent formu-
lations of the categorical concepts of 2-groups. Here we will show similarly that
cat?-groups and crossed squares are equivalent. Crossed squares are equivalent to
2-crossed modules which can also be seen as Gray 3-grouoids. In this section we
will assume that all 2-crossed modules and crossed squares are given as 2-crossed

modules of groups and crossed squares of groups.

4.1 cat'-groups and crossed modules

In this section, we introduce the concepts of both cat!-groups and crossed modules
with their morphisms. We also state the equivalence between them. (Section 2
in [1]) will be followed in this section. [Also, [16] and [35] could give quiet enough

information about both cat!-groups and crossed modules].

4.1.1 cat'-groups

We consider one of the most important kinds of 2-categories namely cat!-groups

which are high dimensional analogues of categories and groups.

Definition 4.1.1. Suppose G is a group with a pair of endomorphisms

t,h:G—G

43
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having a common image R (i.e. Im(t) = Im(h) = R) and satisfying the following:
A cat'-group €, where € = (e;t,h : G — R) has domain G and codomain R
with three homomorphisms; two surjections t,h : G — R and an embedding

e : R — G as shown in the following diagram:

th
G * R

e

These homomorphisms are required to satisfy the following axioms:

Cy:te(r)=he(r)=r for all r€ R

Cy : [Ker(t), Ker(h)] = {1g}.

Morphisms of cat!-groups

The most important maps between two cat!-groups are those that preserve the
cat!-group structure, and they are called morphisms of cat!-groups which the

following definition explains.
Definition 4.1.2. A morphism of cat!-groups €; and €, is a pair (v, p) where

v: Gy — Gy and p: Ry — Ry are homomorphisms satisfying

tyy = pt1, hay = phi, eap = 7yer.

4.1.2 Crossed modules

The concept of crossed modules originated in 1946 when J.H.C. Whitehead intro-
duced it in his paper [39], arguing that the algebraic models for homotopy 2-types

are the same as 2-groups. The equivalence between them was later established.

Definition 4.1.3. A crossed module (Gy,G3,v) consist of a group homo-
morphism ¢ : G; — Gy called the boundary map, together with an action

(92, 1) =% g1 of G5 on G, satisfying

L 9(%2g1) = g20(91)92~",

2. V&) g = sg1571, for all go in Gy and gy, s in G.
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Suppose N is a subgroup of G. The inclusion homomorphism N — G together

1

with the action 9n = gng™" of G on N is an inclusion crossed module which is

the simplest example of a crossed module.

4.1.3 Morphisms of crossed modules

We consider a crossed module as an important fundamental algebraic structure.
The following definition gives the notion of the morphism between crossed mod-

ules.

Definition 4.1.4. Suppose ¥ : G; — G5 and ¥ : G} — G are two crossed
modules, then a pair of homomorphisms ¢, ¢, where ¢ : Gy — G, ¢ : Go — G

is a morphism of crossed modules if

o(V(g1)) = V' (¢(g1))

and

e(®g1) ="19) o(g1)

for all g; in G; and g5 in Gs.

Theorem 4.1.1. The following data are equivalent:
1. a cat'-group €.
2. a crossed module.
3. a 2-groupoid with a single object.

Proof: See [17] p. 18-21.

4.2 cat’-groups and 2-crossed modules

Some light on the background of cat?-groups and crossed modules will be shed in
this section and a neat description is given of the passage from higher dimensions

of cat!-groups to higher dimensions of crossed modules (see section 3 in [3]).
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4.2.1 cat’-groups

cat?-groups are higher dimensional cat!-groups. It is a cat!-object in the category
of cat!-groups, which can also be described as double groupoids internal to the
category of groupoids Grpd. In the order of cat”-groups, we can extract the

definition of cat?-groups.

Definition 4.2.1. A cat™-group is a group together with n categorical struc-
tures which commute pairwise, with n subgroups Ny, Ns, ..., N,, of G and 2n group
homomorphisms s;,t; : G — N;, i =1,2,...,n,such that for 1 < <n,1 <5 <n,

satisfying the following conditions:
. si/Nl_ = ti/Ni = idy,, (sit; =t; and t;s; = s; for all 7).
o [Ker(s;), Ker(t;)] =1,

® 5;5; = 5;8;, tit; = t;t;, and t;s; = s;t;, © # j, such that all morphisms s;

and t; are endomorphisms for all 1 <i <n .

For a cat?-group &, we have a group, G, but this time with two independent
cat!-group € structures on it. Therefore,
A cat?-group & is a 5-tuple (G, s1,t1, S9,t2), where (G, s, t;), i = 1,2, are cat!-

groups and
1. s;55 = 558, tit; = tjt;, sit; = tjs; for 1,5 = 1,2, 1 # j.
2. [Kers;, Kert;] =1, fori =1, 2.

Morphisms of cat?-groups

The process, which connects two objects and preserves structures of them, is

usually called a morphism. Here, morphisms between cat?-groups will be shown.

Definition 4.2.2. Suppose we denote such cat?-group & by
& = (G, 51,11, 52, t2)

and other one by

&' = (G, s,1],55,15).



Higher Dimensional Groups 47

A morphism of cat?-groups f : & — &' is a group homomorphism f : G — G’
such that
sif=fs1 and shf = fso

cat?-groups and their morphisms, along with their composition, can now be con-

sidered as a category of cat?-groups.

4.2.2 Higher dimensional crossed modules

The dimension of crossed modules can then be elevated to the second dimension
to produce two concepts: one is a 2-crossed module and the other is a crossed
square. This section aims to define these two concepts and investigate if any

relationship exists between them (see section 3 in [3] and section 4 in [30].

1. Crossed squares
Crossed squares were defined by D. Guin-Walery and J.-L. Loday in [21] to
study homotopy 3-types.

Definition 4.2.3. Let P, L, M and N be groups. A crossed square of
groups is a commutative square of groups together with actions of P on L,
M and N.

Moreover, there are actions of N on L and M via y/ and M acts on L and

N via pu, and h-map h: M x N — L, such that

M x N
X
L-—2sM
W

(a) the homomorphisms A, N, p, ¢/ and K = p\ = /X are crossed
modules for corresponding actions and the morphisms of maps A\ — K

i K — u; N — K’ ; K" — p/, are morphisms of crossed modules.

(b) Ah(m,n) = m* ®m,
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(c) Nh(m,n) = p(n)=t.

(d) h(A(1),n) = Inl—".

() h(m, (1)) =" 1.

(£) h(mm!,n) = h(m',n)h(m,n).
(8) h(m,nn') = h(m,n)"h(m,n).

(h) h(fm,Fn) =F h(m,n).

Examples of crossed squares

(a) Any pullback of a crossed module along a crossed module is an example
of crossed square as the following explains:
Suppose N and M be two normal subgroups of P where N N M acts
by conjugation and h: M x N — N N M is given by h(m,n) = [m,n].

(b) From a simplicial group, which is a simplicial object in the category of
groups, and two simplicial normal groups M and N, a crossed square

can construct.

Morphisms of crossed squares

Morphisms refer to a structure-preserving morphism from one crossed square

to another.

Definition 4.2.4. A morphism of crossed squares is a commutative

diagram
¢ (f1, P2, @3, ¢4) : (L1, My, N1, Pr) — (Lo, Mo, Ny, P,)
consisting of homomorphisms
¢1: Ly — Loy

¢2:M1_>M2

¢3§N1—>N2
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¢42P1—)P2

such that the cube of homomorphisms is commutative

p1h(my, n1) = h(pa(m1), p3(n1))

with my; € My, n; € Ny and each of the homomorphisms ¢1, ¢o, ¢3 are ¢4-

equivariant (see the definition of equivariant in [37] p.128) as the following
diagram .
Ll il > Ml
é1 >
M
A2
Ly —— M, w1
w2
X Ny - > Py
o /
P4
4 ) <
N2 S > P2
Ho

Crossed squares and their morphisms form a category which is equivalent to

the category of internal crossed modules in the category of crossed modules.

. 2-Crossed modules
A crossed module is an efficient algebraic tool. This section introduces the
notion of a 2-crossed module which extends the concept of a crossed module

(see [21] p.385).

Definition 4.2.5. A 2-crossed module ¥ consists of a complex of groups

L2y M2 N

together with an action of N on L and M so that oy, oo are morphisms
of N-groups, where the group N acts on itself by conjugation, and an N-
equivariant function

{,} : M x M — L called a Peiffer lifting, which satisfies the following

axioms:

49
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(a) oxfm,m'} = (mm'm=")(o1(m) > m'™"),
() {oa(1), oo(I)} = [1,7], here [1, 1] = 0117~
(c) o {mm/;m"} = {m,m'm"m'" }o1(m) > {m’,m"}, for each m,m’
and m"”" € M
o {m,m'm"} ={m, m'}(orm >m') > {m,m"},
(d) {ool,mH{m, oal} = l(o1(m) > I71),

(e) {m,m'} >n={m>nm >n},
forall I,I' € L, m,m',m"” € M and n € N. We can define

m > 1= oo ()™, m} (1)

From condition (5) yields:

(m,m'm") = (m,m')(og > m') >" {m,m"}
= (o1({m, m'}) &' (o2(m) > m') &' {m, m"}){m, m'}

= ((m7m,>m71) > {m’m/,}>{m’m/}7 (2)

However, the above definition of 2-crossed modules has many axioms, we
need some more properties of them to make the path between 2-crossed
modules and crossed squares easy to find. the following lamma has such

important properties to use.(see [20] p.996).

Lemma 4.2.1. In a 2-crossed module T = ( L —"+M -2~ N ;>,{,}) and

for each m,m’ € M, we have

{m,m'} ' =o1(m) > {m™',mm'e"}, (3)
{m,m'} 7t = (mm'm™) >" {m,m™'}, (4)
{m, M/} = (o1(m) >m') &' {m,m' '}, (5)

by the condition (d) of definition (4.2.5) it follows that

or(m) > 1= (m ' 1){m,oa(l)'}. (6)
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also,

(o1(m) > m') >’ (o1(m) > 1)
= (o1(m) > D{(o1(m) > oo (I"Y), o1(m) > m'}

= (o1(m) > 1)(o1(m) > {oa(I"1), m'}

=o1(m) > (m' ' 1)
Proof: Using the property {1y, m} = {m, 1} = 1, for all m € M which
apply directly axioms (4) and (5) of the definition of 2-crossed modules
(4.2.5) as well as equation (2).
where we have used the fact that the Peiffer lifting {, } is G-equivariant and

that G' acts on L by automorphisms. We thus have the following identity
foreache,f € F and [ € L:

(oa(m) >m') >’ (a(m) > 1) = g3(m) > (m' >' 1)

We have also:

(m " {m/,m"}){m, oo(m’) > m"}
= ao(m) > {m/,m"H{m, (o2(m’) > m")m'm" " 'm/~} " Hm, oo(m’) > m”

= UQ(m) > {m’,m”}(ag(m) > ag(m') > m/’) >/ {m’ m/m//—lm/—l}—l
= Ug(m) > {m/,m’/}(Uz(m) > Ug(m/) > m//) >/ (Ug(m) > (m/m”*lm/*l))

[>/ {m7 m/m//mlfl}
= oo(m) > {m/,m" Y oz(m) > o {m’,m"} ' &' {m, m'm"m'~*}

= {m,m'm"m' 1 }oy(m) > {m’,m"} = {mm',m"},
by the equation (6) in the lemma (4.2.1) and the condition (e) of the def-
inition (4.2.5) and also the equation (5). The next step follows from the
fact that (o : L — E,>') is a crossed module. From all the above, the

following equations have already proved (see [29] p.8):
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Lemma 4.2.2. In each 2-crossed module we have, for each m,m’,m" € M:

{mm/,m"} = (m " {m’,m"}){e,a(m’) >m"}, (7)
{mm/,m"} = (m,m'm"m' " }o(m) > {m',m"}, (8)
and
{m,m'm"} = {m,m'}(o(e) ' m’ > {m, m"}, (9)
{m,m'm"} = ((mm/m™=") >’ {m,m"}){m,m’}, (10)
and also,

{m,m'} P =m>' {m ™t o(m)>m'}, (11)

Examples of 2-crossed modules

(a) The simplest example of 2-crossed modules are crossed modules them-
selves. So, any crossed module y = [p : Go — G1] gives a 2-crossed
module, L —2+ M -2~ N, by setting L = 1, the trivial group and
M = Gy, N = Gj.

(b) Crossed complexes are another example of 2-crossed modules. So, any

crossed complex,

in which all higher dimensional terms are trivial , by supposing L = Cj,

M = Cs5 and N = (', with trivial Peiffer lifting.

Morphisms of 2-crossed modules

As a 2-crossed module is one of the most important algebraic models, there
is a relationship between them that preserves the entire structure of 2-

crossed modules known as a morphism (see section 2 in [34]).
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Definition 4.2.6. A morphism between 2-crossed modules: If we denote
such a 2-crossed module by {L, M, N, 04,01} and the other by {L', M', N', o}, o' }.

A morphism between them is given by the diagram:

where foo, = ol f1, fioa = 04 fs

fi("ma) =P f1(ma), f(11) =P fy(1)

and

LI x fi=fl}

foralll € L, my € M, n € N.

4.2.3 Equivalence between cat?-groups and higher dimen-

sional crossed modules

After we have now described cat?-groups and 2-crossed modules, we can know
state the following theorem which gives the categorical equivalences of the dif-
ferent concepts we are using here. The content of this theorem can be extracted
from various sources (see [2], [29] and [31]), but we state it in a comprehensive
form collecting all the different categorical equivalences. We also give more ex-
plicit details in the proofs which again follow the material from (section 3 in [2]),

( section 1 in [29]) and (section 2 in [34]).
Theorem 4.2.3. The following data are equivalent:
1. a cat’>-group &.
2. a crossed square.
3. a 2-crossed module.

4. a Gray 3-groupoid with single object.
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Proof: (1)< (2).

Starting with the cat®-group (&, sy, so, t1,t2). Here, the cat!-group (&, sy, ;) will

give us a crossed module with M = ker(s1), N = Im(s;) and 0 = t;/,, and the

other cat!-group (&, sq, o) will give us another crossed module with M’ = ker(s,),

N' = Im(ts) and o’ = t5/,,, morphism of cat'-group. We thus get a morphism

of crossed modules.

ker(s1) N ker(sq) —— I'm(s1) N ker(ss)

l l

ker(s1) N Im(se) —— Im(sy) N Im(sy)

It remains to produce the h-map (see definition (4.2.3)) but this is given by

commutators within G.

If = ker(s1) N Im(sqg) and y = ker(sz) N Im(s;) then,

[z,y] € ker(s1) Nker(sy) = L,

and the h-map is given by
h:xxy—L

such that h(m,m') = [m, m/].

On the other hand, let us suppose we have a crossed square

_)\>M

L
Al ’
N——P

/

I

this gives a morphism

o:(LxN,st)— (MxP,st)

of cat!-groups. There is an action of (m,p) € M x P on (I,n) € L x N,

1, m) =" (1) = (4 ). )
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using this action, we thus form the associated cat'-group with (L x N) x (M x P)
and induced endomorphism sq,s9, t; and t,.
(2)& (3).

Suppose we have a crossed square

now we can derive

L—3MxNZ-P

a 2- crossed module, where o49(z) = (A\71(2), N (2)) for z € L,

o1(zy) = p(x)i'(y), forz € M,y € N,

Moreover the Peiffer lifting is given by

(z,y), (@', ') = h(z,yy'y ™).

On the other hand, let us suppose L —— M -2 N be a 2-crossed module
and let G* be the corresponding simplicial group. The derived crossed square

associated to G*.

N(G)y —Z ker(dy)
ker(dy) — Gy
with
N(G) = ker(do) [ ker(d:)
because

N(Q),, = Nker(d;)

So we have shown that cat?-groups, crossed squares and 2-crossed modules are
equivalent. Now, it will be demonstrated that these are equivalent to 3-categories.

(3)& (4).
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Starting with a 2-crossed module
T=L-"2M-Z%N

we can construct a Gray 3-groupoid C' with a single object. Let us suppose
Co={x},Ci =N, Cy =N xMand C3 = N x M x L. Now as boundaries
s1,t1 1 Cp — Cy = {*}, where k = 1,2,3 (see [21]). Furthermore, t5(X,e) = X

and s3(X, e) = o1(e) 1 X. Let us put a vertical composition as the following

(X, e)aa(oi(e) "X, f) = (X, ef),

and also

Y,e)mX =(YX,e)

and

Xty (Y, e) = (XY, X > )

In the same way,

Xt (Y,e,l) = (XY, X >e X >1)

and

(Vye, DX = (Y X, e,1).

Moving to 3-morphisms, put

t3(X, e l) = (X, e)

and
s3(X, e, l) = (X, az(l)’le)
and also
to(X,e,l) =X
and

59(X,e,1) = a1(e) X,

We note that s9s3(X,e,1) = so(X,02()7te) = o1(e) ' X = s9(X,e,1), because
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0109 = 1. As vertical composition of 3-morphisms we put:

(X.e Dinlor(e) X, £y = | TEOTHLR e

(X,e,l)

and as the horizontal composition of 3-morphisms, we put

(X, e,D)52(X, 0a(1) "L, k) = (X, e, k)

The vertical and horizontal compositions of 2-morphisms define a 2-groupoid
that’s because (o2 : N x L — N x M, >') is a crossed module of groupoids. Let

us now define the interchange 3-morphisms. We can see that:

(Y. ) = (XY, e(o1(e) ' X) > f)

and

= (XY, (X > f)e).
(Y, f)

We therefore take:

(X, e)#(Y, f) = (XY, e(o1(e) ' X) > fen' {e, X > f171).

We have to note that
oale ' {7, X b f} ) e(oa(e) 1 X) & f

=ee N X > fle(oi(e) ' X) > flete(or(e) ' X) > f = (X > fe.

It is easy to see that:

Y, f,10) (01(e) ' XY, 01(e) ' X > foou(e) ' X > 1)

(Xve)k> (XKB,k)

= (XY, e(o1(e) ' X) > f, (e >/ o1(e) ' X > 1)k)
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(X, e, k) _ (Xoi(f)71Y, e, k)
(Y, £, 1) (XY, X f,X1>I)

= (XY, (X > fle,(X > f) > k)X > 1).

and

Now, to prove the condition 13 in the definition (2.3.2), we must prove that for
each X € Nje,f € M and k,l € L.

e>'{e L, X I ((X> ' kX >

= (e >’ o1(e) X > Dk(oo(k)te) >’ {etog(k), X > (02(1)7'f)}~!. By using
(09 : L — M,>') is a crossed module

e’ {eL, X> fIH(X> ) kX >

= (e’ o1(e) ' X > De >’ {etoy(k), X > (o2()) 1 f)} k() (12) For

[ =1 this is equivalent to:
e’ {e' X > N (X > ) k) =en’ {(e) oa(k), X > f} k.

or

(X> )’ ke {eh, X > fl=k"ter' {(e) 'oa(k), X > f}

from the equation (7) of the lemma(4.2.2)and the definition of
e’ 1= UHoy(I™"), e}
Note that o109 = 1. For k = 1 the equation (12) is the same as:
e’ {e X I Xpl=(ep ole) ' X > e {eh, X > (o() )},
or
(Xl hep'{eh X fl=en'{(e), X > (o) ) e or(e) X > 17h).

This can be proved as follows, by using the equation(11) of the lemma(4.2.2)
e’ {e, X > (o) ) e o1(e) X > 171

=(X >l Nen' {e, X e {e, X > o) D o(e) ' X 171
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=(Xp>ltep' {fe, X fHX D> {eh X >o)  Hes o(e) ' X >17h

where we have used that (o9 : L — M, ') is a crossed module.
Now , by using the condition(d) of the definition(4.2.5):
(e’ {e T, X >o() '} e o1(e) ' X > 171)

—en' ({X > oo(l) e (X > 17Y)

= (eoa(X > 1) &' ({X & oa(l), e Pe ' (X > 171)
by equation (11)

= (e’ X1 e ({X > os(l),e ')
since (03 : L — M, ') is a crossed module.

— e (X > U)X > on(l), e ')

=Xt

the general case of equation(12) follows from & = 1 and | = 1 cases by the
interchange law for the horizontal and vertical compositions.
Let us now prove the condition (13) of the definition (2.3.2) , the first condition

is equivalent to:

) {f e X gt =(ef) ' {f T ole) ' X gt e/ {7 X > g}
this follows from the equation (7). The second condition is equivalent to:

e’ {eh X fXpgll=en'{e X X > e {e, X>g}!

this follows from the equation (10). We have proved that any 2-crossed module T
defines a Gray 3-groupoid C(%), with a single object. Conversely, with revising
the process: a Gray 3-groupoid C together with an object x € Cj of it defines a
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2-crossed module.



Chapter 5

A Gray Category of Chain

Complexes

As Forrester-Barker in [17] concluded, a 2-category of length 1 chain complexes
ch,(cl) is equivalent to k-vector spaces in groups. In this chapter, we discuss the
3-categories of length 2 chain complexes which are analogues of K-vector spaces

in groups as Gray categories (see [21]).

Definition 5.0.1. We work in C'h, the category of chain complexes over a field

K. Suppose C' is a chain complex, then we set
(I ® C)n = On s> Cn SY Cnfly

with differential

5I®C(x7 Y, Z) = (61—27 5y+z7 _62’)7

to get a chain complex I ® C'. This is a cylinder structure given by:

6020-)]@0

such that
60(6)(ZL‘) = (ZL’, 0, 0)

€1IC—>I®C

61
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such that
e1(c)(y) = (0,y,0)

c:IC—C

such that

o(x,y,z) =x+y

Suppose fo, f1 : C — D are two chain maps and h : I ® C' — D is a homotopy
such that h: fy ~ fi.
Then, there is a degree 1 map h' where R/, : C;, — D, 41 such that

h(l’,y, Z) = fO(‘T) + f1<y> + h/(Z).

We can recover f; from fy and A’ by the chain homotopy formula

fi=fo+ Sh'.

So, we will use (fy, h’') as an alternative form for h,

h:h— (fo,h') or h={(fo,h).

The cylinder construction I ® I ® C'is given by

(I X 1 & C)n - (Cn ©® Cn 5> Cn—l) s> (Cn s> Cn S Cn—l) S¥ (Cn—l s> Cn—l > Cn—2)

Suppose X = (z,y,2) € I ® C. The differential and the face operator:

e(IRC)=1Ie(C): IRC—-I1®I1I®C,

are given by the formula

0(Xo, X1, X3) =

(Og—20—2 Oyo—20—2 020 —22 Oy 214225 Oys 21 +y2> — 0214225 Ors—20, Oyp-t 205 —02,)
eo(I ® C)(X) = (X;0;0)

so I ®eo(C) = (2,0,0;4,0,0;2,0,0) e (I @ C)(X) = (0; X;0)

so I ®e (C)=(0,2,0;0,y,0;0, 2,0).
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A 2-homotopy « is a homotopy between homotopies having the same dom and
codom:

a:I®I®C — Dia:hy~h

hoeo(c) = hieo(c) = fo and hoei(c) = hies(c) = fi
aco(I®C)X)=hy or a(l®ey(C)) = fob.
aei(I®C)X)=h or a(I®e(C)) = fi6,.

Now, « is a chain map a — (fo, hy, @) where o € Hom(C, D), that is (), :
Cn — Dyy9, is a degree 2 map.

In fact, writing X = (z,y,2) € I ® C, we get:
a(Xo, X1, Xa) = fo(wo + 1) + fi(yo +y1) + ho(20) + A (21) + o' (22).
But as a : hg >~ h; it can be recovered from o/, h{ and f;, that means
fi=fo+dhy and R} =hy+ 0.0

Two 2-homotopies ayg, a; determine the same 2-track, which is an equivalence
class of relative homotopy classes of 2-homotopies (see [13]).

It

Qg — (an h67 a{))
a1 — (fla hllvall)
We write [ag] = [a] if there is A € Hom(C, D)3 such that o = o + 9. A.

From the definition above, we can define a length 2 chain complex over a field
K simply as the following:
Suppose Cy, € and C5 be vector spaces over K and if oo : Cy — ) and
o1 : C1 — Oy are linear transformations. Then Cy — C, 250, is a length 2
chain complex.
As we are dealing with a 3-categorical generalisation of group representations, we
need to find a 3-categorical analogue of Vecty.

Now, we include an algebraic structure of Gray categories on C'h which is Gray-
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category of arbitrary length chain complexes over Vectg.

Definition 5.0.2. A structure of a Gray category of length 2 chain complexes
(ch?) consists of:

Chyg: collection of chain complexes (objects);

Chy: collection of chain maps (1-morphisms);

Chy: collection of homotopies (2-morphisms);

Chs: collection of 2-homotopies (3-morphisms);

Source and target maps as follows:

st Chy — Ch,;0<n<i<3
lLi=1,n=0
o 55 = dom(fo)
e t{ = codom(fy)
2.1=2,n=1
o si(fo, ho) = fo
o ti(fo.ho) = fo+ ol
3.1=3,n=2
o 55(fo. ho, [']) = (fo. )

o 15(fo, ho, [@]) = (fo, hg + o)

Cy—— Dy —— Ey

By S| Ky S

Cl“,—;%D1“,—.~;>E1

I, K
o] | B |

Co—— Dy—— Ey

1- vertical composition
#n : Chn+1sn Xtn Cthrl — Cthrl

Here we have different levels of vertical compositions starting with 3-morphisms

and ending with 1-morphisms.
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e n=2 suppose a — ( fo, hy, [@/])

5 - <907k67 [6/]7 with tg(@) = 82(5)7 (f07h6 + O'O/) = (97 ké)

B2 = (fo, by, [0 + B])

e n=1
#1: Chas, Xy, Chy — Chy
suppose h — (fo, h') and k — (go, k')
with £,(h) = s1(k), (fo+ oh') = go

k#ih = (fo, ' + k)

e n=0
#o: Chygy X4y Chy — Chy
suppose f — fo and g — go
with to(f) = so(g), codom(f) = dom(g)

As a Gray category has various forms of whiskering (see definitions (2.3.1)

and (2.3.2)), we do that as in the following:

#n o Chis, X4, Chpyr — Chy

and

#n . Cthrlsn th Chz — Chu

where n +1 <7 < 3.

Here, we apply the above two forms of whisking on different levels.

1. n=1,i=3
#1 : Chgsl Xy Chg — Chg

It

h = (fo, h/) S Chg and ﬁ = (907 klv [B/])
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with t1(h) = s1(8), (fo + oh') = go, it follows

B#h = (fo, k' + 1, [687])

The whiskering from the other hand gives:

#1 . Ohgsl Xt Ohg — Chg

we have

a = (fo,ho, [o']) € Chs  and g = (go, k') € Chy

with t1(a) = s1(g), (fo + oh’) = go, it follows

g#ra = (fo,h' + K, [o])

2. n=0, i=2
#0 : ChgsO Xto Chl — Chg

If
k= (g0, k') € Chy where fe&Ch

with to(f) = so(k), it follows

k#tof = (9-f. K f)

Again for n=0 , i=2

#0 : Ohlso Xto Chg — Chg

It
h = (fo,h') € Chy where ge&Ch

with to(h) = so(g), it follows

g#oh = (9-fo,9.1")
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3. n=0, i=2
#0 . Chgso Xto Chl — Chg

It
a = (go, ky, [@']) € Chs  where [ € Chy

with to(f) = so(a), it follows

aftof = (g9-fo, ko-f. [ f])
Again for n=0 , i=3

#o : Chygy X4y Chy = Chs

If
9 € Chi,a = (fo, ho, [@]) where g € Chs

with #o(g) = so(«), it follows
g#oa = (g-fo. 9.y, [9-2])

Now, we determine another kind of composition as follows:

2- horizontal composition

#0 : OhgsO Xto Ohg — Chg

It
h = (fo,h') € Chy where k= (go,k") € Chy

with to(f) = so(g), it follows

k#oh = (go-fo, go-B + K. f1, [K'.1]).

Now, we note that Ch(C, D) is the collection of elements (1-,2-,3- morphisms)
with a source C' and a target D. There are n-compositions on Ch(C, D) given by

#n+1, n = 0,1 and identities.
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e Here we describe the identity of 1-morphisms
td—:Cy = Ciyq, 0 <1 < 2.
Then,
idf = (f,0) and idh = (f5,1,0)

e If h € Chy is a 2-morphism, then h = (fy, h'), where
dom(fo) = C,codom(fo) = D,h € Hom(C, D), and k: fi — fi+ ok

since, k#1h = (fo, k' + 1) for all h € Ch(C, D).
There is

h' € Ch(C,D),h = (fo,h') and h~' = (fo,0.l/,—I)

In 3-morphism of Ch(C, D) act in a similar way under #, making C'h(C, D)

in to 2-groupoid.

e Let g: D — E, where

g#o— : Ch(C,D) — Ch(D, E)

so, g#o(k#1h) = (g9.fo,9.(K' + h')), where

h = (fo,0.h') and k= (go,0.k)

Then

(g#ok)#1(g#0h) = (9-90, 9-K)#1(9-fo, 9.0') = (9-fo, 9.(K' + 1))

Similarly, if o and § are 3-morphisms, so that S#s« is defined where o =

(f0> h/07 [O‘l]) and § = (90? k(,)a [6/])
Then

g#o(B#2a) = g#o(fo, hy. [& + B']) = (g-fo, 9.-hg, [9a” + gB8'])
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and

(9#0B)#2(9#00) = (990, 9-ko, [98'])#2(9 fo, ghy, [90])
= (9-f0,9-ho, [92” + gB])

e If ¢ is an identity, the g#¢— and —+#,g likewise the relevant identity 2-

functor.

o Let h = (fo,h)) and k = (go, k"), where codom(f) = dom(g) and f; =
fo+oh' and g1 = go + ok’ , k#qh is defined
S0,
sa(k#toh) = (go-fo, go-h' + K. f1)
Then

(k#0.f1)#1(g0#0h) = (go-f1, k' f1)#1(g0-fo, 90-I)

= (9ofo, goh' + K. f1)
to know ty(k#oh), we will need to know o(k'Rh’)

(k/h/)n : Cn — Dn+1 — ETL+2

If o/ € Hom(C, E)3, then the usual differential formula gives

(0 ), (c) = aP(al(c)) — ol _,(c%(c)) for ceC

n n—1

For o/ = kK'h and c € C
o (KI)(€) = o (K i (€) Kby (0°()) = (K Yy (€) — K ()1 (€))
Then

ta(k#oh) = (gofo, gol’ + f1k' + ok'h' — K'al’)

= (90fo, 911" + K' fo)
= (g#oh)#1(k#0fo)
e suppose we have o = (fo, hy, []) such that dom(fy) = C and codom(fy) =

D where f; = fo+ ohj and b} = hg + od/
When
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SQ(CK) = h() = (fo, hg) and tg = h,l = (fo, hll)

Let k= (g0, k) :go~g1s0 1 =go+0k' : D — E.
Then,

((g1#F00)#1 (k#o fo))#2(k#oho) and  (k#oh)#a2((k#o f1)#1(go#H0r))

that means

[go + K':] = [K'ho + g10]

consider the composite k'a’ € Hom(C, E)s this is given by
(K'a )y = knyral,.

So,
o(k'a’)(c) = oB(K'a)(c) + Ko (o¢)
= oPk'(d/(c)) + K (cPd/(c)) — K (cPd/(c)) + K a'o%(c)
=ok'(d(c)) — K (0d/(c))
— 10/(€) — goe'(€) — K'H(€) — K'H(c)
= (910/(c) = K'hg(¢)) = (9o’ (¢) + K'h(c)).
So, the two classes are the same.
The dual rule takes § € Chs and h = (fo,h') € Cha,
B = (go, ko, [8']) with go =~ g1 = go+ 0k and k{ = kj+0c/’ with go : D — E,
where fo: C' — D, h= fo~ fi = fo+oh'.
The formula that needs verifying is the equality of

(k1#oh)#2((5#of1)#1 (go#oh))

and

((g1#0h)#1(B#0fo))#2(ko#oh)

That means f'h' : C' — E of degree 3.
Suppose 5 = (go, ky, [B']) with dom(go) = D, codom(gy) = E and h =
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(fo, hy) where fo: C'— D
[koh' + foB'] = [f18' + kih].

So
a(B'H)(c) = o= (B (c))
oB(B'H (c)) + B'(o°(c))
=P (B ()W + (aPB' ()l — (a2 (B + o B0 ()
= Bc)ah’ — a(B'(c))

e This axiom describes the interaction of interchange with composition.
If we have
h = (fo,))fo~ fi = fo+oh',k = (f1,k'), such that h,k € Ch(C, D).
Again ¢ = (go, ') : go >~ g1 = go + o/, such that « € Ch(D, E).

The axioms states the equality of

tHo(k#1h) and  (gi#ok)#1(t#0h)) #2((t#0k)F1(g0F0h))

as k#tih = (fo, K + 1Y)
We have

#o(k#1h) = (gofo, go(K' + 1) 44/ fr, [ (K" + 1))

The dual equality is the same
(k#1h)#ot such that k#1h = (fo, k' + 1),

SO

(k#1h)#ot = (fogo, (K" + R1)go + f1, [(K' + 1))

e This axiom describes the interaction of interchange with identities
Given f: C = D, f e Chy
and

k=(g,k)=g~g=g+ok':D—FE

SO

k#Oidf = (ga k,)#O(f7 0) = (gfv k,fa 0) = idk#of
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similarly for the dual.

e This last axiom gives that #, is associative.
Given ¢ € Ch(C,D),, ¢ € Ch(D,E), and " € Ch(E, F),.
Then,
("#oc)#oc = "#o(c#oc).

From here we suppose (chi) as a sub3-groupoid by taking in consideration

just the invertible maps.

5.1 A matrix formulation for calculations

Proceeding from the fact, in linear algebra, is that the linear transformations
between vector spaces are equivalent to matrices over a field K. C’hg) have been
considered in this chapter earlier as linear transformation, we will work in this
section to represent C’hg?) as the matrices for making the calculation easy to per-
formed. The category of length 2 chain complexes of K-vector spaces is denoted
by Chg). As it has been shown in the last section that C’hg) is an 3-groupoid
with 0,1,2,3-morphisms such that 0-morphisms are length 2 chain complexes, 1-
morphisms are chain maps between chain complexes, 2-morphisms are homotopies
between chain maps and 3-morphisms are 2-homotopies between homotopies with
all kinds of compositions and whiskers between morphisms. To make calculation
simpler, we will describe C’h(lg) by matrices.

In 2003, Forrester-Barker in [17] showed that for a category of length 1 chain
complexes X = Chg) with differential 6 : C; — Cj can be represented by an
no X n1 a single matrix A® for each one object in this category where n; is the
dimension of Cj.

Here a certain matrix formulation will be considered for a length 2 chain complex.
It will be shown that this can be extended depending on the length of the chain
complex. An example using C’hg) will also be given.

Objects in Chg? are chain complexes of length 2, denoted by () with two differ-
entials 7§ : Cy — C} and v¢ : C; — Cp. These differentials can be represented
by ny x ny and ng x n; matrices AS and A with AL.AZ = [0].

Suppose that +/ is another chain complex of length 2, with two differentials:
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v dy — dy and ¢ : dy — dp, where the dimension of D; is m; and AL.A% = [0].
Moving on to the chain map between v and ~" which is f : v — 4/ is given by
the triple of matrices (Fy(mg X ng), F1(my X ny), Fo(mg X ng)) with the following

conditions and (further details are shown in the diagram):
1. Fy.AL = AL F; which is an mg x n; matrix.

2. F1.AZ = A% F, which is an m; X ny matrix.

c, 5D,

s l lwéd
IoT

Ci—— D,
" l lwid
o
Co—— Dy
Moving up to dimension two, we define a homotopy which is a map between two
chain maps. So let us suppose we have another chain map between v and ' such
that f' : v — o and a homotopy h : f ~ f'. As we work on Chg) so there are

two chain homotopies

1. b} : Cy — D; with a corresponding m; x ng matrix H; such that H;.A{ =

Fll — F1 and A?Hl = Fé — FO
2. hly: C1 — D, with a corresponding my x n; matrix Hy such that Hy A =

F} — Fy and AD.Hy = F| — I} we can describe it just like in the following

diagram:

I3
Cy =2 Dy
By 2

2 l lvéd
F1
1 5

01;§D1

Wt

" l lvid
Fo
0

Co == Dy

Again raising the dimension to three, a 2-homotopy is a map between two homo-
topies. Suppose we have another homotopy between f and f’ which is h* : f ~ f/

such that there are another two chain homotopies

1. hi": Cy — Dy with a corresponding m; x ng matrix H; such that H;.A{ =

F| — Fy and AP H? = F| — F,
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2. h3': Cy — D, with a corresponding mqy x n; matrix Hj such that Hj A§ =

F}— Fyand AP H; = F/ — F,

A 2-homotopy between homotopies o : H >~ H* is given by a : Cy — D, where

« is a matrix with dimension mqy X ng which must satisfy the following conditions:
1. A2 o= Hf — H;

2. a.AL, = H; — H,

To summarize, we have obtain the following theorem. Here we will use the same

notations in this section:

Theorem 5.1.1. The morphisms of 3-groupoid length 2 chain complezes Chg)

can be described as matrices as the following:

1. Chain complezes of length 2 (0-morphisms), denoted by (v©) with two dif-
ferentials v : Cy — Oy and ~¢ : Oy — Cy. These differentials can be

represented by ny X ng and ng X ny matrices AS and AY with AL.AZ = [0]

2. Suppose we have another chain complexes of length 2, denoted by (v ) with
two differentials AP and AP with AL.A% = [0].
A chain map between v and v (1-morphisms) which is f : v¢ — AP is
given by the triple of matrices (Fy(mg X ng), Fi(my X ny), Fo(mg X ng)) with

the following conditions:

(a) Fo.AlL = AL Fy which is an mg X ny matriz.

(b) F1.AZ = AL F, which is an my X ny matrir.

3. A homotopy (2-morphisms) which is a map between two chain maps. So
let us suppose we have another chain map between v¢ and Y such that
f' v = and a homotopy h : f ~ f'. As we work on C’h%) so there are

two chain homotopies
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(a) By : Cy — Dy with a corresponding my X ng matriz Hy such that

HlAlc = Fll - Fl and AlDHl = Fé - FO

(b) By : Cv — Dy with a corresponding mg X ny matriz Hy such that

HgAg = FQ/ — F2 and AgHg = Fll — Fl.

4. A 2-homotopy (3-morphisms) is a map between two homotopies. Suppose
we have another homotopy between f and f' which is h* : f ~ f' such that
there are another two chain homotopies A 2-homotopy between homotopies
a: H~ H" is given by a : Cy — Do, where « is a matriz with dimension

mo X ng which must satisfy the following conditions:
(a) A%.a = Hf — Hy
(b) a.AL = Hj — H,.

Proof: This follows from the section 5.1 which explains explicitly the fact

that morphisms of 3-groupoids can be described as matrices with some conditions.

5.2 Examples of a matrix formulation

For ease of computation, we work over IR with the standard basis for I /R". A
chain complexes of length 2, R* — IR* — IR?, is given
C = (A}, AL; AL AZ = [0]) where

@)
—_
)
)
)

with AL.AZ = [0]
D = (A}, A%; AL.A% = [0]) such that

. 0 0 ) 0
Ap = and A}, = ;
0 2

@]
o]
o]

with AL.AZ = [0].
Chain maps between C' and D as the following:
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10 0
10 2 0
Fy = ,Flz and Fo =10 1 1) ,
0 0 0 0
0 0 2/3
such that FoAé = AbFl and FlA% = A%FQ
Suppose we have another chain map, as follows:
10 0
1o 2 1/2
Fy = JF = and Fo=10 1 o |,
0 0 0 0
00 2/3

such that Fj.AL = AL.F] and F|.A% = A% F,.
Moving up to the homotopy which are (2 x 2) two matrices H, and Hy = F ~ F’
such that

1. HlAé‘ = Fll - Fl and A})Hl = Fé - FO

2. HQA%« = F2/ - Fg and A2DH2 = Fl/ - Fl

where
0 5
1 1/2
le and H2: 0 0
0O O
0 1/6

Again suppose there are another chain maps as the following:

1 0 O
1 0 2 1/2
Fl = JF = / and Fy =10 1 o |,
0 0 0 O
00 2/3

such that FJ.AlL = AL.F} and F/'.AZ = A% FY.
It follows that, there are other homotopies which are given by two (2 x 2) matrices

H{ and H) = F' ~ F" such that
1. H.AlL = F!' — F| and A},.H| = F} — F}

2. Hy.AZ = F) — F} and A% H, = F' — F]
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where

Progressing to a 2-homotopy which is a (3 x 2) matrix « = H ~ H’ such that
A% .o = H] — Hy and a. Al = H) — Hy where

1 =2
a=10 0
2/3 —1/6

Hence, we actually represent length 2 chain complexes C' = IR* — IR? — IR? and
D =1R* = IR — IR? in thr matrix form with AL and AZ as objects of C' and
AL and A% as objects of D. Also, chain maps between them Fy, F; and F, are

matrices and so on with chain homotopies and 2-homotopies.



Chapter 6

Automorphisms of Linear

Transformations

Suppose that v : Cy — C7; — Cj is a linear transformation of vector spaces. As
explained previously it is an object in ch,(f). Objects of ch,(f), chain automorphisms
v — 7, homotopies between them and 2-homotopies, form a subcategory of chl(f).
As is known, automorphisms indicate an isomorphism of an object to itself. Our
aim is to develop a representation of cat?-groups and crossed squares. In this
chapter, we will introduce some examples of Automorphisms and generalise the

form of automorphisms Aut (7).

Definition 6.0.1. Let v : Cy — C; — Cj be a length 2 chain complex of k-vector

spaces. The automorphism cat?-group of v, Aut(y), consists of:
1. the group Aut(); of all chain automorphisms vy — .
2. the group Aut(7)s of all homotopies on Aut(7);.
3. the group Aut(7)s of all 2-homotopies on Aut(7y)s.

4. morphisms

so, to + Aut(y)1 — Aut(v)o
s1,t1 - Aut(y)e — Aut(y),

So, to  Aut(y)s — Aut(y)s

78
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5. morphisms

iy Aut(y); — Aut(y)s
iy © Aut(y)s — Aut(y)s

Here, after we show that the morphisms in Aut(vy) form a Gray category,
we need to show that there is a O-morphism as Aut(y) which is a length 2
chain complex, which can be unpacked as a pair (1, 72).

Aut(7y1) consists of 1-morphisms vLy (fo, f1, f2) and v = (71, 72),

Aut () consists of 2-morphisms

between chain maps f = (fo, f1, f2) and ' = (f{, f1, f3), which can be
unpacked as a triple (h, f,7) such that h = (hy,h}), f = (fo, f1, fo) and
v = (71,72), while Aut(v3) consists of 3-morphisms

h
TR
F
h
between homotopies h = (h}, h}) and h = (h%, h}), which can be unpacked

as a quadruple (&, h, f,7)

The following diagram explains all the morphisms:

It is easy to compose between the elements of Aut(+y;). Now we are moving
to Aut(~y,) which are homotopies as follows:

A homotopy h: f — f'is a triple

((hlla h/2)7 (an f1>f2)’ (f(l)7 f{?fé))v
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with A, b, chain homotopies and f the source of h, along with f’ the target.

These satisfy the chain homotopy conditions

fo—fo=mhy, fi—fi=hmm

and

f1 = f1 = 7hy, f5 — fa = hyys,

we can make an equivalent condition for all these which is given by

[ = f=mhl + Wiy + yhy + Ry,

Aut(vy3) is a 2-homotopy between Aut(v2) homotopies; « : h ~ k where
a € Aut(vs). We can describe them as a triple (&, h, f), where h = (h/, h})
and f = (fo, f1, f2), with & is a 2-chain homotopy such that h is a source

and k as a target, satisfying the following conditions:

and

Yot = Ky — hl.

There is no doubt that the condition for the structure homomorphism in
Aut(y) are satisfied. The maps so,to give respectively the source f =
(fo, f1, f2) and the target f' = (f}, f1, f5), while i is an identity map of
homotopy (K, f) = ((k}, h%), (fo, f1, f2)) which comes from a chain map
f = (fo, f1, f2) together with the identity homotopy

1f0 : fO _>f071f1 : fl — f171f2 : f2 - f2
such that
ig . fo — 1f07i1 . f1 — 1f1,i2 . fg — 1f2

Moving up to Aut(y)s with two of 2-chain homotopies o and &. The source

of chain homotopy h = (I, f) = ((h}, h}), (fo, f1, f2)) while i3 maps each
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chain homotopy h = (I, f) to the identity 2-chain homotopy such that
Ly o hy = by, 1y 2 by — B

and
11 : hll — 1h’17i2 : h/2 — 1h’2

The group operation in Aut(y); is the composition of chain automorphism.
The identity is ¢d,, the chain map consisting of the identity linear transfor-
mation at both levels.

Since, every f € Aut(y); is a chain automorphism, it has an inverse f~1,
which is also a chain automorphism on v € Ch? and f~' € Aut(y);.
Vertical composition provides the group operation Aut(y),. For example

Chi, in this case if

h = ((h/p h§)7 (fo, f1, f2) and k= ((k’i, k’é), (90, 91, 92))

are homotopies, the composition k#h is the homotopy specified by the

source chain map g# f and the chain homotopy

(11 + K fo, g2l + ko fr)

and the inverse of

((h/D hl2>7 (an f17 f2>)

is the element

(A7)~ = f ha(f) ™), f71)

where f = (fo, f1, f2). The element in Aut(y), can be also joined by vertical
composition #7, which is defined for pairs of 2-morphisms for which the

target 1-morphism of the first is the source of the second, that is, if

((hllv h/2)> (an f17 f2))
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and
h= (hy, f +71h} + hiy + yehl + hyys)  where  h,h € Aut(y)s
The vertical composite is

hitih = (hy + 1 F) = (W', 1) + (B, ), (fo, fus £2))

in Aut(y)z. Turning to the composition in Aut(7)s, in this case, if

o = (d, h/,f) - (55; (h/lvh/2)7 (anfla.fQ))

and

ﬁ = (67k/7g) = (ﬁv (klbké)’ (g0791792))

with target of « is the source of 8. The composition is given by

5#205 = (d + Bv (h/17 th)a (f0> fl?f?))

and the identity of this composition as (0,15, 17). The inverse of

(647 (h/b hl?)a (f0> f17 fQ))
is the element
(=fata(fo) ™ R

An element of Aut(7y)s can also be joined by vertical composition #2, which
is defined for a pair of 3-morphisms for which the target 2-morphism of the

first is the same as the source of the second. That is,
a=(a,h',f) where h' = (h],h))

and

f=(fo, [1, f2)
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and
B= (Bl +va+ay)

are in Aut(7y)s, the vertical composite is

B#tac = ([a+ B, 1, f),

in the same groupoid operation with each 2-morphism
h=(N,f)

having an identity

1h - (O, h/, f)

for vertical composition and every 3-morphism
(d7 hl? f)

having the inverse

(—a, W +vya+ ay).

6.1 Representations of cat’-groups and crossed

squares

The idea of representations of cat!-groups will be extended to the representation
of cat?-groups in this section as we lift the dimension up. The representation
theory of cat!-groups was defined by Forrester-Barker in [17] as follows:
Suppose € is a cat!-group and ch,(cl) is a length 1 chain complex so the represen-
tation ¢ is as follows:

P:C— chg).

However, the dimension of cat!-groups have been lifted in this thesis to cat?-
groups and we have shown that it is the same thing as 3-groups. After that the

definition of cat?-groups representations can be established as follows:

¢ B — chy,
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where & is a cat?-group and ¢* is a 3-functor which takes every single element of
& to the length 2 chain complexes.

Given &, to define the representation of &, which is ¢*(®) we must find a chain
complex v to represent as a target object, ¢*(x) = . All the elements of cat?-
group & must be mapped to elements of ch,(f), with O-morphism (a lengths 2
chain complex), 1-morphisms (chain maps), 2-morphisms (homotopies) and 3-
morphisms (2-homotopies) and to ¢* be a functor, all this mapping must preserve
identities and compositions. Aut(y), which is a main concept that was considered
as an automorphism in this chapter earlier, is the image of &.

Considering Aut(y) as a cat?-group give us another way to define the represen-

tation of cat?-group as follows:

" B — Aut(y).

We explained earlier in section (4.2.3) that cat®-groups are equivalent to crossed
squares. Therefore, we conclude a representation of crossed squares as itself a

representation of cat?-groups.

6.1.1 Faithful representations of cat?>-groups

In group terms, the faithful representation is defined in (3.1.2), to use this concept
from a categorical viewpoint, we can define it as follows:

Suppose G is a category and ¢ : G = Vect is a faithful functor i.e. if for every
g,h € G and ¢(g9) = ¢(h) then g = h. As a representation of a cat?-group is
defined as a 3-functor, the faithful representations of cat?-groups are the faithful
3-functors. With an accurate search to define a faithful 3-functor we can rely on
the analysis, mentioned in [11] that a faithful representation of a cat!-group is
a faithful 2-functor, and develop this idea to higher dimensions as we study in
this thesis so the faithful representation of cat?-groups are exactly the faithful

3-functors.

6.1.2 The category of representations of cat’-groups

Here, we take a categorical view of cat 2 - groups representations and determine

the morphisms between them to discover a new category.
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In sections (3.3) and (3.4) it was introduced the definitions of representations
of categories and 2-categories respectively. Here, we define the 3-category of
representation of cat?-groups.

Since the category of (K-linear) representation of a group G is a functor category
Rep§ = (Vecty,)®

whose objects are functors G — Vectyx and whose morphisms are natural trans-
formations between such functors.

Lifting up the dimension of categories to 2-categories, cat!-groups have been de-
scribed as 2-categories in [14]. So, a 2-category of representations of cat!-group

¢ is a 2-functor 2-category

Rep% = (Ch,(cl))€

S) , whose 1-morphisms are 2-natural trans-

whose objects are 2-functors € — Ch
formations between such 2-functors and whose 2-morphisms are called modifi-
cation which are as follows:

For any two 2-natural transformations o and 8 between two 2-functors F' and F”

between two 2-categories C and D as follows
a,B:F—=F :C—1D

would consist of a function i : @ — £ such that for each O-morphism C' € C there

is a 2-morphism pc : ac — Pe in D, we can describe it as follows:

e

F
!
N
D
Now moving to the higher dimension, we can define the 3-category of repre-

sentations of cat?-group & as follows, using the concepts and notations from the

previous chapters.
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Definition 6.1.1. We consider cat?-groups as 3-groupoids which are kind of
3-categories in the theorem (4.2.3). A 3-category of representations of cat-

group & is a 3-functor 3-category
Rep® = (Ch{?)®,

whose objects are 3-functors & — C’hgf), whose 1-morphisms are 3-natural trans-
formations between such 3-functors, whose 2-morphisms are modifications be-
tween such 3-natural transformations and whose 3-morphisms are called pertur-
bation (see section 2.3 [12] p.15) which are as follows:

For any two modifications p and g’ between two 3-natural transformations n and

1’ between two 3-functors K and K’ between two 3-categories A and B as follows
o n—=n:K—->K:A—B

would consist of a function v : u — y' such that for each O-morphism A € A

there is a 3-morphism v, : u4 — /4 in B, we can describe it simply as follows:

A

)

fr—v— 1/

N

B

\

If Ki,Ky: 6 — Ch,(f) are two representations of & with representation com-
plexes v and 7/ respectively. A 3-natural transformation is a morphism 7 : v — +/

such that the following diagram commutes

! k 7/\
1\ : \ /Ké
7/ 7 ~'

ie. 7"]2K1 = KQTh.
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The following section establish to find the path between matrices and auto-

morphisms.

6.2 Connection between matrices and automor-

phisms

Suppose that v : Cy L2 C N Cy is a linear transformation of vector spaces
which consists of two matrices: Ay which is an nq X ng-matrix, where n; and no
are the dimensions of C'; and C5 respectively; and the other matrix A; which
is an ng X ni;-matrix, where ng is the dimension of Cy. In order to connect the
matrices and automorphisms of linear transformation, an element of Aut(y); is
used. This is a triple

F = (Fy, Fy, Fy)

of matrices such that
nFy = Fiy and Yo'y = Fyys.

As it is known that F5, F} and Fj are invertible matrices, so the above equation

can be rewritten as the following:
Fy=m'Fim or Fy =mFyy;!

and

Fi =~ Foyy or Fy =Byt

The elements of Aut(7y)s are homotopies
hef—f,
where f and f’ are two linear transformations

f={(f2 )1, fo) and [ = (3, fi, fo)
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respectively. This we can now analyse further, the homotopy element can be

expressed as a pair (P, f) where

f = (fa, f1, fo) and h = (h/17h/2)

with A} as a ny X ng matrix H; and A, as a ny X ny matrix Ho.
As with the elements in Aut(7y);, the compatibility condition in Aut(~y)s gives the
following

Hyvy, = F1/ — Fy and o H, = F(; — Ip

and

Hoy = le —Fy and v Hy = F1/ — I1.

When this information is converted into the matrix language, it can be assumed
that
H, € K™"™ while Y1 € Koot

so both

voH, and Hivye

are defined and

Hy, € K™™ while Yo € Kmene

as well as both

Hyyi and v H,

are defined. At this point, the s,¢ and ¢ maps in the matrix formulation can be
checked.
Suppose that

F = (f2, f1. fo) and F' = (f3, fi, fo)

are elements in Aut(vy); and

(H,F): F = F'
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is an element in Aut(7y)s such that
s(HyF)=F and t(H,F)=F+~yH + H~.
This means that

t((Hy, Hy), (fa, f1, fo)) = (fo, f1, fo) + v2Hy + v1Ha + Hive + Hom

and

i(F) =(0,F)
Moving on to the elements of Aut(7y)s, a 2-homotopy

a:h— fL,
where h and h are two homotopies
h= (W), hy) and b= (W', 1),
the 2-homotopy element can be expressed as a triple

a=(a,h,F)

where

W = (h,hy) and F = (fa, f1, fo)

with & is an ny x ng a. To check the compatibility condition in Aut(7y)s, the

following criteria should be satisfied:
T1& = ﬁl — H1 and QY9 = ﬁg — hQ
As we know that

v € K"™M e K™ and v, € K"
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both

Y1 and a7y

can be defined.
Furthermore, the s,t and ¢ maps in the matrix formulation must be checked.

Suppose that
H=(W,F) and H = (I,F)

where

H,H e Aut(7)s

and

A

(o, H.F): H — H
which is an element in Aut(7)s, then

s(a, H,F) = H,t(or, H, F) = H + v + a7y

and

i(a, H,F) = (0, H, F).

In vector space language, suppose
V=<wv,.,v,> and W =< wy,...,w, >
as bases for K™. So, there is a unique non-singular matrix
P e GL,(k)
sometimes known as a change matrix from V' to W such that if
re K"

is a vector space expressed in terms of coefficients with respect to the basis V
then Px is the same vector expressed with respect to the basis W.

Each vector can be expressed depending on the basis that comes from it: for



Automorphisms of Linear Transformations 91

example X, X,,. A matrix from V to W is P, so P! is a matrix from W to V.
Suppose that
F:K™— K"

is a linear transformation such that v, w and s are bases of K™ and v, w’ and s’
are bases of K™, with matrices Pj, P,, P| and Pj such that P, from V to W, P,
from W to S, P| from V' to W’ and P} is a matrix from W’ to S".

Now, reverting to the linear transformation F', assume that there are three matri-
ces that can be extracted depending on the bases. For instance, F}, is the matrix
which can obtained from F' by using V, V' as bases, F,, is the matrix which can
obtained from F using W, W’ and the last one, Fy, can be extracted using S, S’
as bases. A a result all of the above matrices can be collected in the following

formulae:

F, = P/F,P*
F, = Py, Pyt

Depending on the linear transformation between the vector spaces, all can be

defined as Aut(y)

6.3 Examples of Aut(y)

For more in-depth understanding of automorphisms of linear transformation and
their appearance in higher categories, some simple examples will be considered,
as well as the matrix formulation of these examples. Here, we will introduce the
examples in order of the difficulty beginning with the simplest.

6.3.1 Simple example

The cyclic group is a suitable example to describe its Aut(7y). Suppose

v:C* = C—C
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to be a linear transformation between cyclic groups C? and C

v:C* = C* = !

We can convert these in matrix language,

1 0
Yo = e C*? and v = [0 1] e C1x2
0 0

Now, we describe the elements of Aut(7y); which are chain automorphisms. They

consist of a triple of non-singular matrices (F», F, Fy) such that

as by a; b

cy do a4

and they should satisfy the following conditions:
Foyn =nF1 and  Fiy = 7 kF.

To apply these conditions on what we get from matrices, for the first condition

FO’Yl = ’71F1 we will get

fon=[u o 1] o o

71F1=[() 1] “oh Z[cl dl},

a dy

0 ) =la a.

that means ¢; = 0 and ag = d;.

SO

We will keep going to check the second condition Fivs = v F5

ap b1 10 ay 0
Fl "}/2 = =
C1 dl 0 0 C1 0
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and
o Fy = 1 0f |aax by _ ay by
0 0f |c2 ds 0 0
As the condition is
Fiys = 72 Fs,

SO

a1 = as,bs =0 and ¢ = 0.

After that F' will be given as follows

F:(F27F17F0):( ;

as 0 as by
o d| |0 ]

where as, ¢o,ds, by, d; € C and as # 0.

The simplest example for matrices of the above automorphism on (71, 7,) is

| o] [t o
ZdF:(F27F17F0):( ) 7|:1]>
0 1 0 1

It definitely satisfies the compability conditions above.

Suppose we have another automorphism on

Y= (717 72)7
for instance
G - (G17 G27 GO)
with
al 0 al, Y
G2: ? 7G1: ? ! 7GO: |:d/1:|
¢ d 0 d

with the same conditions

Gonn = n1G1 and Giya = 72Gs.
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Now, to prove that Aut(7y); is a group, we have to check the group operations.

Assuming that we have two automorphisms F' and G as follows:

(05} 0 Qo bl
F:(F27F17F0):( ) 7|:d1i|)
Co d2 0 d1

a: 0 ay b
G = (G27G17G0) = ( ’ ) ? ' ) [dll])
¢ al’lo q

Then, F'#,G is a chain automorphism with
(F'#0G)o = FoGo,

a9 b1 a’2 bll

0 di| |0 &

(F#0G) =

!/ / /

0 dyd,

asa, 0

Cga/g + dQC/Q dgd/g

Moving up to the homotopies (Aut(7y)2) which are the morphisms between chain

automorphisms F' and G: Suppose given a homotopy

H:F—-=d

between two chain automorphisms F' and G. This is a pair of matrices

H = (H1>H2)7
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where H; is a (2 x 1) matrix and Hs is a (2 x 2) matrix and they must satisfy

the following condition:

Hyy1 =Gy —Fy and v H) = Gy — Fy

Also
Hyyy = Gy — Fy and o Hy = Gy — I,

Suppose H = (H;, Hy) such that

€1 €2 My

H1 = and H2 =
S Ja na

Then, we show how it satisfies the above conditions

el 0 e
Hyy = [O 1] =
Ji 0 fi
and
al b, as b
G1 - Fl - 2 ! — 2 !
0 d 0 d;

CL/2—CL2 bll—bl

0 d —d

So, by the condition
Himnm =G —F

this implies

a;—agzo,elzbll—bl and flzdll—dl
Again, with the next condition
€1
nH = [O 1} = [fl}
1

and

o= [i] - o] = -]
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So, by the condition
1Hy =Gy — Fy

this implies

f1 :dll _dl-

The process continues with the next couple of conditions

(D) 10

HQ’Y =
fa na| |0 0
€9 0
fa O
and
a’ 0 a 0
G2 - F2 - 2 - 2
¢y d o dy
ay — asg 0

CIQ — Co d/2 — d2
So, by the condition

Hyryy = Gy — F

this implies

62:a/2—a2,f2:C/2—02 and dl2—d2:0
Also with the last section of conditions

0 €2 Mo

Yo Hy =
0 J2 na
€2 M2
0 O
By the condition
Yoy =Gy — F

this implies

ey = ay — ag,mg = by — by and dj —dy = 0.
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So,

by — by ay —as b —b
dy —dy ’ ch — ¢ N9 )
with some processes, we have to prove that Aut(y), is a group. The elements of

Aut(7y), are the homotopies
(H, F)

where

H= (Hl,Hg) and F = (FQ,Fl,Fo).

By this point, we have two kinds of compositions, the first one is a horizontal
composition.

If we have two homotopies
(H,F) and (H', F")
such that
H= (Hl,HQ> F -G

where

F = (Fg,Fl,Fo) and G = (GQ,Gl,GO)

and the other homotopy
(H', F')

such that
H = (H{,H)) : F' = &

where

F' = (Fy, F, Fy) and G = (G, GY, Gp).

So, the horizontal composite
(H', F')#o(H, F)

is defined to be the homotopy with source F'#3F and the chain homotopy is

g1H + H'fy. The second one is a vertical composition.
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If
(HF):F— F' and (H,F): F — F’,

then, the vertical composition

(H/?F/)#l(Ha F)

is also defined to be a homotopy with source F' and its chain homotopy is the sum
of both chain homotopies H + H'. Lift up the dimension to get 2- homotopies
Aut(7)s which are the morphisms between homotopies and we can denote them

as a triple
(o, H, F), where H = (Hy, Hy) and F = (Fy, F1, Fy).
In this case, there are more complicated compositions; as well as all of the kinds

of compositions which have already been shown, there are many whiskers:

e The vertical composition: The vertical composition of the element in Aut(y)s.

Suppose we have

o, € Aut(v)s

such that

o = (OC,H,F) where H = (Hl,HQ> and F = (FQ,FhFo)

and the other element which is

8= (6,K,G), where K = (K1, K5) and G = (Ga, G4, Gy)

So
B2

defines a 2-homotopy with source Fy and 2-homotopy [« + f].
But regarding the horizontal compositions and whiskers will be more com-

plicated than the elements of Aut(~),.
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e The horizontal composition: If

(,H,F): H— K

and

(B,H',F'): H - K'

are 2-homotopies, the horizontal composite

(5,H/,F,)#0(Oé, HaF)

is a 2-homotopy with source

F'#oF € Aut(y)

and 2-chain homotopy

g2 + S fo.

There are many whiskers between the elements in different groups.

1. suppose we have G € Aut(y); and k, h € Aut(~y)s such that

G = (92,91, 90),

k = (G, k) where k = (ky, k»)

and

h = (F,h) where h = (hy,hs).

So
Q#O(k#lh)

is an element in Aut(y), with source gf and its chain homotopy g(k' + h’').

2. suppose we have G € Aut(y);, there are whiskers with two elements in

Aut(v)s
a and f
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such that
a=(F,h,a) and = (G, K, ()

SO

g#o(B#20)

is an element in Aut(7); with source g.f and its 2-homotopy is

ga' = gp'.

6.3.2 Inclusion example

As is well known, an inclusion map is a function that sends each element of the
domain which is a subset of the co-domain to the co-domain. Here the same idea
applies in our constructions.

Suppose v : K™ — K" — K" is an inclusion linear transformation, such that

m<n<r,wheren=m+pandr =n+s=m+ p+ s therefore
K'=K"®K?
and
K'=K"eK°=K"® Kl & K°.

The matrix formulation which corresponds to v is a pair
L,
v = (71,7%2) and 7 = 0 and 2= [0 I,],

seen as elements in Aut(7y)y. Gradually, we can describe the connection between
them as a chain automorphism between inclusion linear transformations. They
are invertible matrices F' = (Fy, F}, Fy) which must satisfy the chain automor-
phism conditions

Fo.oyi = y1.F1 and Fi.oyp = 7. Fs
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To describe them let us suppose that

F2 a d
F2 a
F = (Fy, Fy, Fy) = (Fy, o e oel)
b ¢
f g h

where @ € GL,,(K), b € K™P, c € K™* d € KP" e € GL,(k), f € KP?,
g€ K™ h e K i€ GLg(k) and they must satisfy the commutativity condi-

tion FO-’}/Z = ’)/Q.Fl.

Fy, a d 0 0 0 a
Fovo=1b ¢ el |0 L| =10 ¢
f g h 0 0 0 g
and
0 0 00
FQ a
Yol =10 I,] - =1b ¢
b ¢
0 0 0 0
So
0 a 0 0
0 c|=1b ¢
0 g 00
that means, b =0, a =0 and g = 0.
Also
FQ a Im F2
F1-71= . =
b ¢ 0 b
I I
leFQ: |:F2:| —
0
So
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that means, b = 0 and we can describe

Fs 0 d
F 0
F:(Fz,Fl,F()):([FQ], o ¢ oD
0 ¢
f 0 h

as an element of Aut(vy);. Now to consider the elements of Aut(y)y we have to

use another element of Aut(+); which is

Gy 0 d
Gy 0
G= (GGG =([a] .| |0 ¢ o))
C
f/ 0 h/

the product of G and F' is F'#,G, it is also a chain automorphism with

(F#0G)2 = [FQ.GQ] )

0 c 0 ¢ 0 cc 7
F, 0 d| |Gy 0 d FGo+dff 0 Fod +di
(F#0Go=10 ¢ 0|.-|0 ¢ 0| = 0 o 0
f 0 h 0 N fGo+hf' 0 fd+hk

Here, we describe the homotopy H = F' ~ GG which is an element of Aut(y), and

it consists of a pair of matrices (hy, he), where

hy: K" - K™ a m X n matrix

and

ho : KT — K™ a n x r matrix



Automorphisms of Linear Transformations 103

as the following diagram explains:

Ko =655 Ko

Fy
[ =]
71 71

K, == K,

J hl \I J/
72 V2

K, —e 3 K,
The homotopy should satisfy the homotopy conditions which are
’)/2.h1 = G(] — F() and hl.’}/g = G1 - Fl.

Also,
’yl.hg = Gl - F1 and hg.’}/l = G2 - FQ.

Let us now suppose that

H = (hy,hs) = ( g; ‘Z Z [ac y]),

where x € GL,,,(K),y € K™P, z € K™* [ € KP™, q &€ GL,(K) and w € KP*.

Therefore,
0 0 0 0 0
Ty z
Ye-h1 = [0 I, =1l q w
[ q w
0 0 0 0 O
and

So,Go—F,=0,d—d=0, f—f=0, —h=0,1=0 and w = 0 that means,
Go=F, f'=f,V=hand d =c.

Turning to check the second part of the first condition
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0 0
T Y z 0
hi7e = o | =
I q w 0 ¢
0 0
and
Gy — F. 0
G F = 2 2
0 d—c

SO’ Gz—Fzzo,y:Oand C'—C:q, then Gy = F5.
Checking the other condition as the following:

I Ty
Y1-ho = . [95 y] =
0 0 0

and
G2 — F2 0

G, —F, =
s0,Go— Iy =2, —c=0and y =0.
The other part to check is

= || = [

and

G2—F2:[G2—F2}-

SO, GQ—FQ =x.

We can describe it as follows:

=)= (|7 o o))

Moving up to higher dimensions to describe 2-homotopies which are chain au-

tomorphisms between homotopies, let us suppose that we have another chain
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automorphism
o Jy 0 d"
2
J=(hdi ) = (2] |7 1o @ o))
¢ f// 0 h//

and there is another homotopy K = G ~ J between G and J therefore we can

describe K as a pair of matrices

00 2
(k1. ko) = ( o o]
0 0 & —¢

at this point we can consider a 2-homotopy « : K™ — K™ as a r X m matrix

)5 o]

between two homotopies H and K with a vertical composition such that a =
H ~ K such as ayy = ky — he and vy = k1 — hy.

Checking the above condition, we have to work out the following:

0 0

04-72:[)\ 6] a] 0 I, :[0 ﬂ]
0 0_

and

o —ta=[o o]~ o ] =]o o
so3=0.
Also

I, AN B oo

f '[A ’ U}: 00 0
and

00 z' 00 =z 00 22—z

ey — hy = _ —
00 & —¢ 0 0 —e 0 0 +e
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soAN=0,0=2 —zand " +e=0.

After that we can consider the form of 2-homotopy as a matrix
a = [O 0 2/ — z]

6.3.3 Projection example

Suppose
v K" K"K - K" K™ — K"

be a linear transformation such that
K" K"K’ — K'"g K™

is the projection of K™ @& K™ on its direct summands, K™ @& K™ is a quotient

space of K™ @ K™ & K* and also
Yo : K" K™ — K"

is the projection of K™ on its direct summands, K™ is a quotient space of K"®K™.

So, we can choose a basis
V= {v1, 02,03, -+, U, Ung 1, ooy Unpmets
for K" @ K™ @ K* and a basis
V= {v],v3,05, .., Up o }
for K™ @ K™ and a basis
V = {517627637 -'-71}771}

for K", where v} = v; + K°, where « < n and v = v} + K™ = v; + K™ + K?,

where 1 < n.
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We can describe how « works:

n+m-+s n+m n

( Z ;) = Z U] = ZO@@'
=1 i=1

i=1

Turning to the matrix formulation, we can describe v as a pair of matrices v =

(71,72), where

0 0 0

c Kn+m+s,n+m and ,_)/2 — |:In Oi| c Kn,ner
0 I, 0

71

Moving up the dimension, the maps between the above matrices can be consid-
ered, which are chain automorphisms F' = (Fy, F}, Fy). These automorphisms
must satisfy the commutativity conditions of chain automorphisms.

Let us suppose that F' = (Fy, Fy, Fy) such that Fy € GL,(K), Fy € Krtmntm

and F, € Kntmtsntmts hag the following form:

Fhy L A
Fy L
F:<F27F17F0):F:< C D B ) 7F0>7
C D
E P J

where A S Kn,s7C € Kmma D € GLm<K)7 B S Km,s7 E € K87n, S < K™ and
J € GLs(K).

The commutativity conditions should be satisfied according to the following:

o Fy.yo =2l Fo.ye = Fo. [In 0} = [Fg L]7
F, L

’72-F1:[In O]. c D :[FO L} so, L=0

Fy, L 0O 0 0 0 L O
° Fl.’}/l :’yl.FQ Fl.’)/l = . == y
C D 0 I, O 0 D O
Iy L A
0
M-Fo = .|C D B| =

E P J
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SoL=0,B=0and C =0.

Now, we can rewrite

0 A
F, 0
F:(F27F17F0): 0 D 0 ) 7F0)‘
0 D
E 0 J

All the elements of Aut(); have the same form, so suppose

Gy 0 A
Gy O
G=(Gs,G1,Go)=(|l0 D 0], ,Go).
0 D
E 0 J

Then the composition of the elements G and F' in Aut(vy); is F#oG which con-

sists of

(F#OG)O = FOGO

Gy 0
0 DD

(F#0G)h =

oGy +AE 0 Fy A+ AJ
(F#0G)2 = 0 DD’ 0
EGy+JE 0 FEA+JJ
The homotopy consists of a pair (H, F') where H = (hy, hs) such that hy : K" —

K™ and hy : K™M — K"Hms,

Assuming that
X M

HZ( 7YN)7
Z S
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as the following diagram explains

Fy
Km+n+s % Km+n+8

" 7
1

Km+n ?; Km—l—n

l hy T l
2 72
= Ry

K, —e—K,
Homotopy should satisfy the homotopy conditions, which are
Yoh1 =Gy —Fy  and  hyy, =Gy — Fi.

Also,

yhe =G —Fy and  hyy = Gy — F.

This can be proven as follows:

X
’Y2h1:[.fn 0]- :[X]:GO_FU
Y
and
X X 0 Gy — Fj 0
hi7ys = -[]n O}Z =G —F =
Y Y O 0 D' —D
Also
X M
0 O
Yihe = Y N| =
0 I, Y N
Z S
Gy — F 0
G F = 0 0
0 D' —D
and
X M 0 M O
0 0
hey1=1Y N 0 N O
0 I,

0 S 0
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Gy — Fy 0 A —A
:GQ—FQZ O DI—D O

E' — F 0 J —J
This means, X =Gy — Fy=0,Y =0, N=D"—D and M =5 =0.

So

. 0 0
H = (hy,hy) = ( NE 0 0f)
Z 0

Moving on to 2-homotopy, another homotopy is needed. To obtain this, it is
necessary to find another chain automorphism. Suppose S is another chain au-

tomorphism such that

Qo 0 A"
. Qo O
Q=(Q2,Q1,Q)=(l0 D" 0], ,Qo),
c" D
E" 0o J"

and assume another homotopy H= (f;l, h}) between two chain automorphisms

G and @ such that

0 0 0
E[:(hAlahAQ):( 0 ) 0 0 )
Z' 0

Here, the 2- homotopy a between H and His given as:
(a, H,F) : K" — K"m+s

where

and it must satisfy the 2-homotopy conditions which are

Y1 = hAl - h1 and ayg = };2 — hg.
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So
A
0 0 0 0
m 0 5
o
and since
f;l - hl -
0
then
0 0
B 0
To apply the second part of the condition:
A 0
o= 8|1, 0| =1{8 0
o 0
Also
0 0
ho—hs=1| 0 0
Z'—7Z 0
By the above condition that means
0 0
g 0 = 0 0

So the 2-homotopy will be

6.4 General form of Aut(v)

The automorphism Aut(y) of a linear transformation of a vector space has been

defined in section 5.0.1. In this section, we aim to describe a general form of
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the automorphism Aut(7y), starting with arbitrary linear transformation ~, chain
automorphisms F', then homotopies H and 2-homotopies o as matrices with a
specific form. It is necessary to generalise all the aforementioned examples and
apply a specific form to the 3-categories of automorphisms Aut(y) over a vector
space.

We can now assume that we have a linear transformation
v K*— K*— K¢
and it can be described as
KT K" K©
with ker(v;) = K™ and ker(;) = K*® so that
K'® K" K5 K"® Kl @ K* |

where n+ s =a—m and p = b— (n+ s) such that v, (n,m, s) = (n/,0,s’), where

n' € K", s € K* and
Ko KPP KS— 2K KP o K

where n+p =0b—s and p' = ¢ — (n+ p) such that y»(n',0,s") = (n”,0,0), where
n" e K"

Now turning to matrix language, we can convert v; to v; and 5 to s, such that

I, 00
Nn=10 0 0| e K" K"K, K"® K" & K®
0 00

and
0 0

vw=10 I, 0| eK"®K'& K" K"'® K’ & K*.

e}

0 0

o
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Suppose F' is a chain map between linear transformations, it consists of three

matrices Fy, I} and F{ where

F, e GLn+m+s; Fy e GLn+p+s and FO € GLn+p+p"

Assume

satisfying the commutativity conditions which are

Yol = Fyyo  and 1. By = Froy.

We prove that

0O 0 O aq bl C1 0 0 0
Y2Fr= 0 I, O| [di er fi| = |di e fi
0 0 O 51 hl le 0 0 0

and
ay bp co| |0 0 O 0 by O

FO’)/2: do €0 f() 0 Ip o =10 €0 0
90 ho io 0 0 O 0 h() 0

Here we get by = 0,hg =0,d; =0, f{ = 0 and e; = ¢g. Also

I n 0 0 (05} bg (&) as b2 Co
4! FQ = 0 00 d2 €9 f2 =10 0 O
0O 00 [0 hQ ig 0 0 0

and
alblcl InOO CL100

Fl’Yl: d1 €1 fl 0 0 0| = dl 0 0
g hi 14 0 0O g 00



Automorphisms of Linear Transformations 114

For both of these we get a; = as,b0 = 0,5 = ¢1,dg = 0,hy = 0 and g5 = ¢4,

therefore the last form to the chain automorphism £ will be as follows:

a 0 0 as b1 ¢ ap 0 ¢
F:(FQvFlvFO):( dy ey f2 10 e O, |dy e f() )7

g2 ha i 0 h 2 go 0 1

where F' is an element in Aut(7);.

To moving up to the elements of Aut(7)s, we must have another element of G in

Aut(7); such that

a, 0 0| |ay b, | |ay 0
G=(G2,G1,Go) = (|dy ¢ fol |0 ¢ O], |dy ¢ fi])

go hy i [0 P oA |9 O

The elements of chain automorphisms can be composed as follows:

e 0 0] la 0 0
(F#0G)2a= |dy ey fol - |dy € f5

g2 ha 9 gy hy i

asal, 0 0
doaly + eady + fogh €€ + fohly eofs + foih
Goaty + hady +iags  ha€h + ishy  hafy + igiy
ay by | |dy b}
(F#0G)h1= [0 e 0] |0 ¢ 0

0 hy i| |0 B &
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CLQCLIQ CLlel + b1€,1 + Clhll (lgcll + Clill
= 0 616/1 0

0 h1€/1 + Zlh/1 Z12/1

ap 0 co| [ag 0 ¢
(F#0Glo = |do er fo| |dy e fy

g 0 dof [go O i

/ / / !

apag + Cog 0 apCy + Coly
— / !/ / / / / -/
= |doagy + erdy + fogy erey  docy + eify + folg

Joay + 0 gy 0 JoCy + o

Now consider H, the homotopy between two chain automorphisms F and G,
H = F ~ G, which consists of a pair of matrices, hy and hy, H = (hy, hy), where
hy € K"Hptp'ntpts and h, € Kntptsntmts,

Let us assume now the form of the homotopy as H = (hq, hs)

X1 i 4 Xo Yo Zy
hl = W1 Ql Rl >h2 - W2 QQ RQ
Sl M1 N1 SQ M2 N2

At this point, the chain homotopy must satisfy the following conditions:

1. ’}/Q.hl = GO — FO and hl.’)/Q = G1 — F1

0 0 0] | Xy Y1 24 0 0 O
/72-]11 =10 [p 0 W1 Ql Rl = W1 Ql Rl
0O 0 O] |S1 My ™My 0O 0 0

agy — ag 0 ch — Co

G(0_170: dé]_d() 6/1—61 fé—fo )
96 — 9o 0 iy — 1o

which gives us Wy = dy — do, Q1 = €] — e1, R1 = fi — fo.
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Also,
Xi " Z |0 0 0 0 Y, 0
hop=|Wy Q Rl |0, ol=0 @ o
Si My Ni| |0 0 O 0 M; 0
ay b as b ay—ay by —0b —c
Gi—Fi=10 € 0|—]|0 e 0|= 0 el — el 0 |,
0 Ay 4 0 hi 0 0 hy—hy i —1i

which means Y; = b] — by and M; = h] — hy

2. ’yl.hg = G1 — F1 and hg."}/l = G2 — F2

L, 0 0] [Xo Yo Zy Xy Yo Zp
Yha= 10 0 0|-|Wy Q2 Ry =110 0 0
0 00 Sy My Ny 0 0 O

Since
/ / /
a,b—ag by —by ¢ —ac
G, —F = 0 el — e 0
0 hy —hy 1) —14

For the above we get

Xy Yy 7y ay—ay by—0b ¢ —c
0O 0 0= 0 el —e 0
0 0 0 0 K —h i —i

Therefore Xy = ajy —ag, Yo = b — by and Zy = ¢, — ¢

Also hQ.’Yl = G2 - F2

Xo s Z, I, 00 X, 00
W2 QQ R2 .10 0 0] = W2 0 0
SQ MQ N2 0 0 0 52 0 0
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Since
a, 0 0 aa 0 0
Gy —Fy = dy e fy| = |d2 ex fo
gy hy iy g2 hy s
ay — as 0 0

= |dy—dy ey —ex fo3— faf

9o — 92 hy—hy i —is
which gives us

Xg 0 0 aé—ag 0 0
Wy 0 0| = |dy—da eh—ea fy—fo
SQ 0 0 gé—gg hlz—hg 2/2—12

Therefore Wy = d, — dy and Sy = gh — g¢o.

Form the above information, we get:

F ~ G or (Fy, Fy, Fy) ~ (Ga, G, Gy).

The chain homotopy can therefore be reformulated as follows:

X, H-b 7 0 W—b 0
H = (hy,he) = (|d) — dy 0 fo—fol» |dy—dys Qo  Ral)
Sl 0 N1 0 M2 N2

Sequentially, moving to a higher dimension to describe the elements of Aut(7)s,
another homotopy is needed which can compose with them either horizontally or
vertically depending on the source and target of the chain homotopy.

Suppose that 7' is another chain automorphism such that H : G ~ T where
F ~ G ~T. Consequently, H and H can be joined to a vertical composition

because, the target of H is itself a source of H as follows

" " /! 7z " /!
a, 0 0 ay, bY cf ay, 0 ¢
S = (T27T17T0) = ( d/gl 6,2/ é/ ) 0 6/1, 0 ’ dg 6/1, 6, )7

/! 1/ -/ 1 -/ /! -/
gs hy iy 0 Ry 9 0 i
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and the homotopy H as follows

X{oow-v oz 0 W—b 0
H=(hi,hs)=(|d! —d, 0 Gl | —dy Qy Ry
S 0 N; 0 My Ny

Here, we consider another homotopy H : F ~ G. The horizontal composition
between H and H is (H, F)#o(H, F) having F#,F as a source and the chain
homotopy are Gy.hy + hi.Fy and Ga.hy + ho. Fy.

Assume that « is a 2-homotopy « : H ~ H, which is an element in Aut(7y)s, we

get:
A B C
a=|D E F|,
G H I

the 2-homotopy condition should satisfy the following:
V1.0 = ]’;1 — hl and a7y = ﬁg — hg.

Hence, this gives:

I, 0 0| |A B C A B C
mMma=10 0 0 |D E F| =10 0 0
0 0 0 |G H I 0 0 O
X w— Z X, V-t %
hy—hy = di — d, 0 o — fol — |do—do 0 fo—fo
S 0 N{ Sy 0 N

X —X, b +b Z -7
= dg—Fdo 0 6/+f0
S-S 0 N -N

Therefore A = X| — X;,B =0+ b, and C' = Z| — Z;.
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Also
A B C||0 0 O 0 B O
ay=|D E F| |0 I, 0] =1]0 E 0
G H I||0 0 O 0 H O
0 bl —bv, 0 0 by —b; 0
ho—ho= |d—d, @, R, —|di—d0 Qs Ry
0 M, N 0 My Ny
0 bl + by 0
=|dy+tdy Qy—Q2 Ry— Ry
0 M} — My Nj — Ny
Therefore
0 B O 0 b + by 0
0 B 0|=|di+dy Qi—Qs R,— R
0 H O 0 M — My Nj — N

Therefore B = b + b1, E = Q) — Q2 and H = M} — M.
The final form of the 2-homotopy is

X —-X, W4+b Z -7
D Q5 — Q2 F
G M,—M, I

Q
|

To summarize, we have obtain the following theorem. Here we will use the same

notations in this section:

Theorem 6.4.1. The general form of the automorphism Aut(~y) of a linear trans-
formation of a vector space as a matrices with the following forms:

Suppose that v, and 7, are the differentials of linear transformation .

I, 00 0 0 O
=10 0 0| and 2= 1|0 I, 0
0 00 0 0 O
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A chain map F between linear transformations is as follows:

a9 0 0 a9 b1 C1 Qo 0 Co
F=(F,Fi,Fo)=(|dy es fo| |0 e 0|,|dy er fol)
g2 ha iy 0 h 4 go 0 g

where F is an element in Aut(7);.

The chain homotopy H between chain maps formulates as the following:

X, b’l—bl Al 0 b’l—bl 0
H:(hlah2>:( d6—d0 0 f(l)—fo ) d/2_d2 Qo Ry )
S1 0 Ny 0 M, Ny

where H is an element in Aut(7y)s.

The form of 2-homotopy between chain homotopies is

X —X, W+b Z—27
a = D QIQ_QQ F
G  M,—M, I

where o is an element in Aut(7y)s.

Proof: This follows from the explicit construction of a general form of Aut(~)
in section 6.4 starting with a linear transformation v, then chain automorphisms,

then homotopies and finally 2-homotopies.
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