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Abstract. We present a new hp-version space-time discontinuous Galerkin (dG) finite element
method for the numerical approximation of parabolic evolution equations on general spatial meshes
consisting of polygonal/polyhedral (polytopic) elements, giving rise to prismatic space-time elements.
A key feature of the proposed method is the use of space-time elemental polynomial bases of total
degree, say p, defined in the physical coordinate system, as opposed to standard dG time-stepping
methods whereby spatial elemental bases are tensorized with temporal basis functions. This approach
leads to a fully discrete hp-dG scheme using fewer degrees of freedom for each time step, compared
to dG time-stepping schemes employing a tensorized space-time basis, with acceptable deterioration
of the approximation properties. A second key feature of the new space-time dG method is the
incorporation of very general spatial meshes consisting of possibly polygonal/polyhedral elements
with an arbitrary number of faces. A priori error bounds are shown for the proposed method
in various norms. An extensive comparison among the new space-time dG method, the (standard)
tensorized space-time dG methods, the classical dG time-stepping, and the conforming finite element
method in space is presented in a series of numerical experiments.
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1. Introduction. The discontinuous Galerkin (dG) method can be traced back
to [44], where it was introduced as a nonstandard finite element scheme for solving
the neutron transport equation. This dG method was analyzed in [39], where it
was also applied as a time-stepping scheme for initial value problems for ordinary
differential equations, and it was shown to be equivalent to certain implicit Runge—
Kutta methods. Jamet [37] introduced a dG time-stepping scheme for parabolic
problems on evolving domains, later extended and analyzed in [25, 20, 21, 22, 23,
24]. For an introduction, we refer the reader to the classic monograph [55] and the
references therein. In [41], the quasi-optimality of the dG time-stepping method for
parabolic problems in mesh-dependent norms is established. Also, dG time-stepping
convergence analyses under minimal regularity were shown in [60, 14, 15]. In all of the
aforementioned literature, convergence of the discrete solution to the exact solution is
achieved by reducing spatial mesh size h and time step size 7 at some fixed (typically
low) order.

On the other hand, the p- and hp-version finite element method (FEM) appeared
in the 1980s (see [7, 6] and also the textbook [49] for a extensive survey). p- and
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hp-version FEMs can achieve exponential rates of convergence when the underlying
solution is locally analytic by increasing the polynomial order p and/or locally grading
the mesh size towards corner or edge singularities. In this vein, the analyticity in the
time variable in parabolic problems has given rise to the use of p- and hp-version
FEMs for time-stepping [4, 5], followed by [47], where hp-version dG time-stepping in
conjunction with FEM in space was shown to converge exponentially.

Space-time hp-version dG methods have risen in popularity over the last 15 years
[52, 56, 59|, typically employing space-time slabs with possibly anisotropic tensor-
product space-time elemental polynomial basis. More recently, space-time hybridiz-
able dG methods have been developed for flow equations [45, 46] and for Hamilton—
Jacobi-Bellman equations [50].

The aim of this work is to present a new hp-version space-time dG method for
the numerical approximation of parabolic evolution equations. A key attribute of the
new method is the use of space-time elemental polynomial bases of total degree, say p,
defined in the physical coordinate system, as opposed to standard dG time-stepping
methods, whereby spatial elemental bases (conforming or nonconforming) are ten-
sorized with temporal basis functions and are mapped from a reference element. This
approach leads to a fully discrete hp—dG scheme which uses fewer degrees of free-
dom for each time step, compared to dG time-stepping schemes employing tensorized
space-time bases. On the other hand, the use of total degree space-time bases leads to
half an order loss in mesh size of the expected rate of convergence in the La(Lg)-norm
and in the Lo, (L2)-norm. Nonetheless, the method is shown to converge optimally in
the broken Lo(H*')-norm, with the error dominated asymptotically by the spatial con-
vergence rate. The marginal deterioration in the convergence properties, compared
to the standard space-time tensorized basis paradigm, turns out to be an acceptable
trade-off given the substantial reduction in the local elemental basis cardinality. For
earlier use of linear space-time basis functions for large flow computations, we refer
the reader to [57, 58].

A second key attribute of the proposed method, stemming from the use of phys-
ical frame basis functions, is its immediate applicability to extremely general spatial
meshes consisting of polytopic elements (polygonal/polyhedral elements in two/three
space dimensions), giving rise to prismatic space-time elements. Finite element meth-
ods with general-shaped elements have enjoyed a strong recent interest in the lit-
erature, aiming to reduce the computational cost of standard approaches based on
simplicial or box-type elements; see, e.g., [18, 19, 17, 16, 2, 8, 13, 42, 35] for dG
schemes, [34, 53, 10, 9] for conforming schemes, and the references therein.

Here, we prove the unconditional stability of the new space-time dG method via
the proof of an inf-sup condition for space-time elements with arbitrary aspect ratio
between the time step 7 and the local spatial mesh size h; this is an extension of the
respective result from [11, Lemma 5.1], where global shape regularity was required.
As in [13, 11], the analysis allows for arbitrarily small/degenerate (d — k)-dimensional
element facets, k = 1,...,d — 1, with d denoting the spatial dimension. However, by
considering different mesh assumptions compared to [13, 11], the proposed method
is proved to be stable also, independently of the number of (d — 1)-dimensional faces
per element. (Note that the elemental basis is independent of the element’s geometry,
and in particular of the number of faces.) To the best of our knowledge, this is the
first result in the literature whereby polytopic meshes with arbitrary number of faces
are allowed. This setting gives great flexibility in resolving complicated geometrical
features without resorting to locally overly refined meshes, and in designing multilevel
solvers [2, 8]. For instance, this result can be viewed as the theoretical justification
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for the numerical experiments in [1, 3].

Furthermore, under a space-time shape-regularity assumption, hp-a priori error
bounds are proven in the broken Lo(H')- and Ls(Lz)-norms, combining the classi-
cal duality approach with careful use of approximation arguments to circumvent the
fundamental impossibility of applying “tensor-product” arguments (as is standard in
this context [55]) in the present setting. Instead, a new argument, based on judicious
use of the space-time local degrees of freedom, eventually delivers the Lo(H')-norm
and Lo(Lg)-norm error bound, with constants independent of the number of faces per
element.

The remainder of this work is structured as follows. In section 2, we introduce the
model problem and define the set of admissible subdivisions of the space-time com-
putational domain, while the new space-time dG method is formulated in section 3.
In section 4, we prove an inf-sup condition for the dG scheme. Section 5 is devoted
to the a priori error analysis. The practical performance of the new space-time dG
method is studied through a series of numerical examples in section 6, where extensive
comparison among different combinations of the spatial and temporal discretizations
and the new approach is given.

2. Problem and method. For a Lipschitz domain w C R?, d = 2, 3, we denote
by H®(w) the Hilbertian Sobolev space of index s > 0 of real-valued functions defined
on w, with seminorm |- | () and norm || || s (). For s = 0, we have H%(w) = Ly(w)
with inner product (-, -),, and induced norm || - ||,,; when w = Q, the problem domain,
we shall drop the subscript and write (-, -) and || - ||, respectively, for brevity. We also
let Ly(w), p € [1,00], denote the standard Lebesgue space on w, equipped with the
norm |-, (w)- Further, with |w| we shall denote the d-dimensional Hausdorff measure
of w. Standard Bochner spaces of functions which map a (time) interval I to a Banach
space X will also be employed. La(I; X)) and H*(I; X) are the corresponding Lebesgue
and Sobolev spaces, while C(I; X) denotes the space of continuous functions.

2.1. Model problem. Let Q be a bounded open polyhedral domain in R?,
d= 2,3, and let J := (0,T) be a time interval with T > 0. We consider the linear
parabolic problem:

2.1) Ou—V-(aVu)=f in J xQ,
' ulg=o =up on ), and w=gp onJ x9N

for f € La(J; Lo(R2)) and a € Lo (J x Q)4*?, symmetric with
(2.2) la(t,z)e > 0|¢)> >0 forall £€R? forae (tz)eJxQ

for some constant @ > 0. Note that the differential operator V := (01,02, ...,04),
i.e., it is applied to the spatial variables only. For uwg € Lo(Q2) and gp = 0 the
problem (2.1) is well-posed and there exists a unique solution u € La(J; H3(£2)) with
u € C(J; L2(Q)) and dyu € Lao(J; H~1(2)) [38, 40].

2.2. Finite element spaces. Let I/ be a partition of the time interval J into IVy
time steps {In}ﬁjgl, with I, = (¢,—1,t,) with respective set of nodes {tn}ffgo defined
so that 0:=tp <t <--- <tn, :=7T. Also set 7, :=t,, — t,—1, the length of I,,.

For the spatial mesh, we shall adopt the setting from [13, 11] (albeit with different
assumptions on admissible meshes, as we shall see below), with 7 being a subdivision
of spatial domain Q into disjoint open polygonal (d = 2) or polyhedral (d = 3)
elements x such that Q = Uxc7R. In the absence of hanging nodes/edges, we define
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the interfaces of the mesh T to be the set of (d — 1)-dimensional facets of the elements
k € T. To facilitate the presence of hanging nodes/edges, which are permitted in T,
the interfaces of 7 are defined to be the intersection of the (d — 1)-dimensional facets
of neighboring elements. Hence, for d = 2, the interfaces of a given element x € T will
consist of line segments (one-dimensional simplices), while for d = 3 we assume that
each interface of an element x € 7 may be subdivided into a set of coplanar triangles
(two-dimensional simplices). We shall, therefore, use the terminology “face” to refer
to a (d—1)-dimensional simplex which forms part of the interface of an element x € 7.
For d = 2, the face and interface of an element k € T necessarily coincide. We also
assume that, for d = 3, a subtriangulation of each interface into faces is given. We shall
denote by £ the union of all open mesh faces; i.e., £ consists of (d — 1)-dimensional
simplices. Further, we write &y and Ep to denote the union of all open (d — 1)-
dimensional element faces F' € £ that are contained in © and in 92, respectively.
Alsolet Ty :={z€Q:2 € F,F €&} and I'p:={zx €Q:a € F,F € £p}, while
I':=TpUT.

ASSUMPTION 2.1 (spatial mesh). For any k € T, the element boundary Ok can be
subtriangulated into nonoverlapping (d—1)-dimensional simplices {F.}"_,. Moreover,
there exists a set of nonoverlapping d-dimensional simplices {s'}" | contained in k,
such that 0s}, N Ok = F}, and

d)st]
2.3 he < Cy—2,
22 “= TR
with Cs > 0 a constant independent of the discretization parameters, the number of
faces per element, and the face measures.

Remark 2.2. Meshes made of polytopes which are finite union of polytopes, with
the latter being uniformly star-shaped with respect to the largest inscribed circle, will
satisfy Assumption 2.1.

In Figure 1, we exemplify two different polygons satisfying the above mesh reg-
ularity assumption. We note that the assumption does not apply any restrictions on
either the number or the measure of the elemental faces. Indeed, shape-irregular sim-
plices st , with base |F| of small size compared to the corresponding height d|st |/|F?|,
are allowed. The height, however, has to be comparable to h,; cf. the left polygon in
Figure 1. Further, we note that the union of the simplices s does not need to cover
the whole element &, as in general it is sufficient to assume that

(2.4) U?ng?{ C R;

cf. the right polygon in Figure 1. In the following, we shall use sZ instead of si when
no confusion is likely to occur.
The space-time mesh U x T is allowed to include locally smaller time steps as

follows. Over each time interval I,, n = 1,..., Ny, we may consider the local time
partition U, (7)) that, for each space element x € T, yields a subdivision of the time
interval I,, into N,y local time steps 17 ; = (ty j—1,tn5), § = 1,..., N}, with respect to

the local time nodes {tn,j}ﬁo, defined so that t,, 1 :=tn 0 <tn1 <+ <ty nr =t
Further, we set 7, j := ¢, j — tn j—1 to be the length of I} .

For every time interval I, € U and every space element x € 7T, with local
time partition U, (7), we define the (d + 1)-dimensional space-time prismatic ele-
ment Ky ; = Iy X Kk; see Figure 2 for an illustration. Let p., ;, denote the (posi-

) J
tive) polynomial degree of the space-time element &, ;, and collect py, ; in the vector
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FIG. 1. 30-gon with U0 5% =& (left); star-shaped polygon with U0 5% C & (right).
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Fig. 2. (a) 16 polygonal spatial elements over the spatial domain Q = (0,1)%; (b) space-time
elements over I, X Q under the local time partition Un (T).

P = (Pr,, : knj € Un(T) x T). We define the space-time finite element space
with respect to the time interval I,,, subdivision 7, local time partition U, (7), and
polynomial degree p by
VP (L TsUn(T)) i={u € La(In x Q) 2 ulw, ; € Py, (Knj), kg € Un(T) x T},

where P - (Kn,;) denotes the space of polynomials of total degree py,, ; on Ky, j. The
space-time finite element space SP(U;7T) with respect to U, T, p, and, implicitly,
Uy (T) is defined as SP(U;T) = @g;l VP(I,;T;Un(T)). As is standard in this con-
text of local time-stepping, the resulting dG method is implicit with respect to all the
local time steps within the same time interval I,,.

Note that the local elemental polynomial spaces employed in the definition of
SP(U; T) are defined in the physical coordinate system, without the need to map from
a given reference/canonical frame; cf. [13]. This setting is crucial to retaining a full
approximation of the finite element space, independently of the element shape. Note
that SP(U; T) employs fewer degrees of freedom per space-time element compared to
tensor-product polynomial bases of the same order in space and time.
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We shall also make use of the broken space-time Sobolev space H'(J x Q,U;T),
up to composite order 1:= (s, , : kinj € Un(T) x T,n =1,...,Ny) defined by

(2.5) H'(J x QU;T) ={u€ Lo(J x Q) : uls, , € H'"n3 (Ko j), inj € Un(T) X T}

Let hy,, ; denote the diameter of the space-time element «,, j; for convenience, we col-
lect the hy, ; in the vector h:= (hy, ; : knj € Un(T) x T,n=1,...,N;). Moreover,
we define the broken Sobolev space H'(£2,7T) with respect to the subdivision 7 as

follows:
(2.6) Hl(Q,T):{UELQ(Q) :u|n€H1(/<a),n€T}.

For u € HY(Q,T), we define the broken spatial gradient (Vju)|. = V(ulx), & € T,
which will be used to construct the forthcoming dG method.

2.3. Trace operators. We denote by F a generic d-dimensional face of a space-
time element k,, ; € Un(T) x T, which should be distinguished from the (d — 1)-
dimensional face F' of the spatial element x € 7. For any space-time element x, ; €
Un(T) x T, we define Ok, j to be the union of all d-dimensional open faces F of ky, ;.
For convenience, we further subdivide F into two disjoint subsets,

(2.7) Fle=FcIi;x0k and F':=FCOI;, xr,

i.e., those parallel and perpendicular to the time direction boundaries, respectively.
Hence, for each k, ;, there exist exactly two d-dimensional faces F 1, and the number
of d-dimensional faces F! is equal to the number of (d — 1)-dimensional spatial faces
F of the spatial element &.

Let ) ; and 2 ;, be two adjacent space-time elements sharing a face Fll =
Ok, j, NOKZ ;, and (t,x) € FI'C J x Tiu; let also n,: and n,2 denote the outward
unit normal vectors on Fl, relative to Oy, 5, and Ok, ;. respectively. Then for
v and q, scalar- and vector-valued functions, respectively, smooth enough for their

traces on Fl to be well defined, we define the averages {v} := 2(v]0  + |2 ),
m,J1 32
fab == Halo, +ale ) and the jumps [o] == vly B + vl B, [0 =
dl,: -0 +4q|.2 - 0.2, respectively. On a boundary face Fll'c J xTI'p and
n,j1 " .52 "

]:H C a'%?’hj’ we set {U} = U|Kn,j7 {{q}} = q|l€n,jv [[U]] = U|Kn,jﬁﬂn,jv [[q]] = q|l€n,j 'ﬁﬂn,jv
with n,, denoting the unit outward normal vector on the boundary. Upon defining

uwf = lim u(t, +s), 0<n< N;—1, u,

n

= lim u(t, —s), 1 <n <Ny

s—0t s—0t
the time-jump across t,, n =1,..., Ny — 1, is given by |u], := uw — u,, . Similarly,
the time-jump across the interior time nodes t,, ;, 7 =1,..., Ny —1,n=1,..., Ny, is
given by |u]n ; := u:{)j = Uy, -

3. Space-time dG method. Equipped with the above notation, we can now
describe the space-time dG method for the problem (2.1): Find u, € SP(U;T) such
that

(3.1) B(uh,vh) = é(vh) for all vy, € SP(L{;T),
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where B : SP(U;T) x SP(U;T) — R is defined as
Ny Ny

(3.2)  B(u,v) = Z/ ((Opu,v) + alu,v)) dt + Z(Lu]n,l, o)+ (ug,vg)
n=1"1n n=2

)3 SR

KET n=1j=2

with the spatial bilinear form a(-,-) given by
alu,v) := ,;—/n aVu - Vudr — /F ({{aVu}} ] + {avVo} - [u] — ofv] - [[v]]) ds

and the linear functional ¢ : SP(U;T) — R given by

:i/jn <(f,v) —/FD gp((aVyv) -n —ov) ds) dt + (ug, vy ).

The nonnegative function o € Lo (J x I') appearing in a and ¢ above is referred to
as the discontinuity-penalization parameter; its precise definition, depending on the
diffusion tensor a and on the discretization parameters, will be given in Lemma 4.3
below.

The use of prismatic meshes is key in that it permits us to solve for each time step
separately: For each time interval I,, € U, n = 2,..., N, the solution U,, = upl;, €
VP(I,; T;U,(T)) is given by

(3.3) /1 (U, Vi) + a(Uy, V) dt + (US|, V. +ZZ ng—1> U i 1)k

n KET j=2

:/In ((f,vn)_/FDgD((athn)-n—aVn) )dt+(Un 1 V)

for all V,, € VP(I,,; T;Un(T)), with U,,_; serving as the initial datum at time step I,,;
for n =1, we set U, = ug.

In the interest of simplicity of the presentation, we shall not explicitly carry
through the local time steps in the stability and the a priori error analysis that
follows. Indeed, the general case including local time partitions can be derived by
slightly modifying the analysis in a straightforward fashion. Removing the local time-
step notation, the last term in the dG bilinear form (3.2) and the last term on the
left-hand side of (3.3) vanish.

4. Stability. We shall establish the unconditional stability of the above space-
time dG method via the derivation of an inf-sup condition for arbitrary aspect ratio
between the time step and the local spatial mesh size. The proof circumvents the
global shape-regularity assumption, required in the respective result from [11, The-
orem 5.1] for the case of parabolic problems, and also removes the assumption of
uniformly bounded number of faces per element.

4.1. Inverse estimates. We review some hp-version inverse estimates.
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LEMMA 4.1. Let k, € U X T, and let Assumption 2.1 hold. Then, for each v €
Pyp,., (Kn), we have

(P, + 1) (P, +d) |F]

(41) ||UH§-'H < d |S£'|HU||%2(I”;L2(SE))7

with FI = I, x F, F C 0k N 0sY, and s¥ as in Assumption 2.1 sharing F with r.

K’

Proof. The proof follows from the tensor-product structure of k,, = I,, X &, to-
gether with [61, Theorem 3]. 0

LEMMA 4.2. Let v € Py, (kn), kin €U X T, and G € {rn, FI}. Then there exist

positive constants CL —and C2_, independent of v, kn, Tn, and py,, , such that
o
(42) [oll%2 < Cioy == 0lI%,..
Tn
P
2 2 Prny, 2
(4.3) 10011 < Cia—5-lI0]1G-

n

Proof. The proofs are immediate upon observing the prismatic (tensor-product)
structure of x, = I,, X K; see, e.g., [27, 28, 48] for similar arguments. a

4.2. Coercivity and continuity. For the error analysis, we introduce an incon-
sistent bilinear form a(-, -) (cf. [43]): For u,v € S := Lo(J; HY(Q)NH(J; H-1(Q)) +
SP(U;T), we set

_ Ny Ny
(4.4)  B(u,v) := Z /1 ((Oru,v) + alu,v)) dt + Z(Lu]n,l, of )+ (ugd,vg),
where

a(u,v) := Z aVu-Vu doc—/F ({{aﬂg(Vu)}}-[[U]]—l—{{al_[g(Vv)}}-[[u]]—0[[u]]-[[v]]) ds,

KET U

and a modified linear functional ¢ : S — R, given by

{(v) iznﬁ_:/ln <(f7v) - /FD gD(aHQ(VhU) ‘n— UU) dS) dt + (uo, vg );

here, IIy : [La(J; Lo(2))]? — [SP(U;T)]¢ denotes the vector-valued Lo-projection
onto [SP(U;T)]%. It is immediately clear, therefore, that B(up,vy) = B(up,vp,) and
that I(v) = l(vy) for all v, € SP(U;T).

Let v/a be the square root of a, and set a,, = |\/al3]., for k, € U x T, with |- |2
denoting the matrix lo-norm. We introduce the dG-norm |||-|||pa:

1 R 1 1/2
(4.5) lollba = </J||v||?1dt+ §||vo+||2+ > gllthnll2+§llv&tll2> ,
n=1

. 1/2
with [[[v]]la = (| VAVAv]® + | Valo]]2)
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LEMMA 4.3. Let Assumption 2.1 hold, and let o : J xT' — R, be defined facewise
over all FIl by

5@” (P, +1)(Ps,, +d)
h

4.6)  o(t,x):= C, max {

}, Flcoxr,
Ko FINR,#D

with C, > 0 sufficiently large, independent of discretization parameters and the num-
ber of faces per element. Then, for allv € S, we have

(4.7) /d(v,v)dtz cgoer/ lllv]l13 dt,
J

(48) [ atwoyar < e [ ulla ol
(4.9) B(v,v) > C[lv]lpe
for all v € S, with the positive constants C5°*, CS™, and C, independent of the

discretization parameters, of the number of faces per element, and of v.

Proof. The proof of these inequalities is standard (see, e.g., [16]) for the most
part, and thus we shall focus on the treatment of the face terms in view of the new
definition of the discontinuity penalization parameter (4.6). To this end, using (4.1),
the stability of the Lo-projection Ils, the uniform ellipticity (2.2), together with (2.3)
and (2.4), we have

/]/{‘{anz(vhv)}} - [v] ds dt

1o (P, £ 1)(pe, +4d) |F|
<e Z Z g 1ain d |SF| HHQVUH%2(I";L2(S§))
Kn€UXT FlCOky, "

1
+4—6 Z o2 o] %

FllcaxT
eCy
(410) < =2 IVavol?, + & 3 llo 2Ll
7 kn€UXT FlcaxT

Thereby, we deduce

/J&(v,v)dtz <1-§f£) S vavel?, + <1——>//|01/2[[v 12 ds dt.

KnE€EUXT

Hence, the bilinear form (-, -) is coercive over S x S for € > 1/2 and C,, > 2Cse/6. C,
depends on constant Cy, but is independent of the number of faces per element. The
continuity relation (4.8) can be proved with similar arguments. For (4.9), integration
by parts on the first term on the right-hand side of (4.4) along with (4.7) yields

Ny— 1
N 1, _ .
B(v,v) > Cfi"“/J llolllZ dt + —Ilvo I”+ E —H Inl® + 3 llvw, I = Cllvllibe

with C' = min{1, C5°"}. O

We stress that the above proof of coercivity of the elliptic part of the bilinear form
follows different arguments from those used in [13]. Our approach is dictated by mesh-
regularity Assumption 2.1 allowing for an arbitrary number of faces per element. In
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contrast, in [13] no shape regularity was explicitly assumed at the expense of imposing
a uniform bound on the number of faces per element. Clearly, the two approaches can
be combined to produce admissible discretizations on even more general mesh settings;
we refrain from doing so here in the interest of brevity, and we refer the reader
to the forthcoming [12] for the complete treatment. Nonetheless, all convergence
and stability theory presented in this work is also valid under the mesh assumptions
from [13].

Remark 4.4. The coercivity constant may depend on the shape-regularity con-
stant Cs and on the uniform ellipticity constant . To avoid the dependence on
the latter, it is possible to combine the present developments with the dG method
proposed in [29]; we refrain from doing so here in the interest of simplicity of the
presentation.

4.3. Inf-sup condition. We shall now prove an inf-sup condition for the space-
time dG method for a stronger streamline-diffusion norm given by

(4.11) oll2 == llollbe + D AsallOwl?,,
Kn €EUXT

where Ay, := 7,/p2 for p., > 1 and py,, is defined as

Pr,, = INax { max " {p,gn}} for all kel xT.

Flcorn Fn€{ln, ki,
Flcok,nox!,

THEOREM 4.5. Given Assumption 2.1, there exists a constant Ay > 0, indepen-
dent of the temporal and spatial mesh sizes T, hy, of the polynomial degree p., , and
of the number of faces per element, such that

(4.12) inf B, )

sup — T > A..
veSP(U;T\{0} uesp(z/l oy v llslleellls

Proof. Forv € SP(U;T), we select u := v+avs, with vg|,., := As, OV, kn € UXT,
with 0 < a € R, at our disposal. Then (4.12) follows if both

(4.13) lllls < C*lllvllls
and
(4.14) B(v,p) > Ci|lv|2

hold, with C* > 0 and C, > 0 constants independent of h,, 7, p«,, of the number
of faces per element, and with Ay = C./C*.

To show (4.13), we start by considering the jump terms at time nodes {t,}",
Employing (4.2), we have

(4.15)
N¢— 1 1
Sl ||Q+Z e )ally + 50 I
anrcn
>N, X o< X 20h, T (0w, ) < Gl
Kn €EUXT FLCoky, Kn €EUXT
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Using (4.3) with G = k,,, the second term on the right-hand side of (4.11) is estimated
by

(416) Y Aol < DD R, “"p*“"(mn||atunin)sczmwn’:?.

Kn €UXT kn €EUXT

Next, for the first term on the right-hand side of (4.11), employing (4.3) with G = k,,,
the uniform ellipticity condition (2.2), together with Fubini’s theorem, we have

~ _ A2 pe
> IVavu < Y ann/\inl\at(Vu)lling Z a,,Chy “;QK"HVVII?%

Kn €UXT Kn€UXT EUxXT n
a n p TL
(117) < Y ot el mouz, < yllvil:
ranZ/{XT n

Finally, employing (4.3) with G = FI, we have

2 4
[ [olipasas 3 o2, ( max {pkn}) 12, < Callvli2.
JJr Tn

FlegxT Fn€{kn, ki }
cJx Flcor,nox!,

Combining the above, we have |[|vs||ls < C|||v|||s, where C' = \/2?21 C;, or

(4.18) lellls < MIvllls + alllvslls < 1+ aC)llv[ls = C* (@)l ls-
For (4.14), we start by noting that B(v, ) = B(v,v) + aB(v,vs); we observe

Bv,v,) —Z( > Aeallowl, + [ atwv, dt)+z s V)0 ().

n=1 “k,€UXT

Further, using (4.2) and the arithmetic mean inequality, we have

Ny
> (Whnets W) + 045, 00D € Y |LuJ|pcaM(Aﬁn > |atu||p)
n=2 Kn€EUXT FLCok,
/-cpi 1/2
< Y Iwllrrcon, | 2¢/Chy =2 | 210, )
Kn€UXT n
Ak, _

(4.19) < Y ol + 40k (I 12 + M)l + v, 7).

Kn€UXT

where, with a slight abuse of notation, we have extended the definition of the time-
jump |v] to time boundary faces. Next, from (4.8), together with (4.17) and (4.18),
we get

Ny Ny
(4.20) z / OBLEDY / ™ v lallvslla

cont cont)2+03_|_04
GOV [ iizac+ 5 [ iz ae < S J g ar
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Combining (4.9) with (4.19) and (4.20), we arrive to
B(v, ) = B(v,v) + aB(v,vs)

Ny—1
1 )
> (5 - 100k ) (612 + X Ildul? + I, )
n=1

coer (Cgont)2 + C3 + C4 2 )\Nn 2
+ (o - olES e+ Y o, - 2210w,

Kn EUXT

The coefficients in front of the norms arising on the right-hand side of the above bound
are all positive if @ < min{1/(8CL,),2C5°°"/((C5™)? + C3 + Cy)}, with the latter
independent of the discretization parameters and the number of faces per element. O

The above result shows that the space-time dG method based on the reduced
total degree p space-time basis is well-posed. It extends the stability proof from [11]
to space-time elements with arbitrarily large aspect ratio between the time step 7,, and
local mesh size h,, for parabolic problems. Moreover, the above inf-sup condition holds
without any assumptions on the number of faces per spatial mesh, too. Therefore, the
scheme is shown to be stable for extremely general, possibly anisotropic, space-time
meshes.

The above inf-sup condition will be instrumental in the proof of the a priori
error bounds below, as the total degree p space-time basis does not allow for classical
space-time tensor-product arguments [55] to be employed.

Remark 4.6. Crucially, the stability constant in (4.12) is independent of both
the temporal mesh size and polynomial degree. However, the respective continuity
constant for the bilinear form would scale proportionally to 7, !. Nonetheless, this is
of no consequence in the a priori error analysis presented below.

5. A priori error analysis.

5.1. Polynomial approximation. In view of using known approximation re-
sults, we shall require a shape-regularity assumption for the space-time elements.

ASSUMPTION 5.1. We assume the existence of a constant c g > 0 such that
Creoy < i/ Tn < Creg,
uniformly for all k, € U X T ; i.e., the space-time elements are also shape reqular.

Following [13, 11], we assume the existence of certain spatial mesh coverings.

DEFINITION 5.2. A covering T3 = {K} related to the polytopic mesh T is a set
of shape-reqular d-simplices or hypercubes K, such that for each k € T there exists a
K € T;, with k C K. See Figure 3(a) for an illustration. Given Ty, we denote by Qy
the covering domain given by €y := (U;Cenﬁ)o, with D° denoting the interior of a
set D C RY.

ASSUMPTION 5.3. There exists a covering Ty of T and a positive constant Oq, in-
dependent of the mesh parameters, such that the subdivision T satisfies max,eT Q) <
Oq, where, for each k € T,

Op:=card{r € T: k' NK#0, K€ Ty suchthat kCK}.

As a consequence, we deduce that diam(K) < Cgiamh, for each pair k € T,
K € Ty, with k C K, for a constant Cgjam, > 0, uniformly with respect to the mesh
size.
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Fic. 3. (a) Polygonal spatial element k and covering K. (b) Space-time element kn = In X Kk
and covering Krn, := I, X K.

THEOREM 5.4 (see [51]). Let Q be a domain with a Lipschitz boundary. Then
there exists a linear extension operator € : H*(Q) — H*(R?), s € Ny, such that
Cuvlg = v and ||€v]|gsray < Cl|v| g (), with C > 0 a constant depending only on
s and §).

Moreover, we shall also denote by €v the (trivial) space-time extension Gv :
Lo(J; H3(Q)) — Lo(J; H*(R?)) defined as the spatial extension above, for every ¢ € J.

LEMMA 5.5. Let k, € U x T, let F C Ok, be a face, let K € Ty as in Defini-
tion 5.2, and let K,, = I, x K (see Figure 3(b) for an illustration). Let v € Lo(J X ),
such that Ev|x, € H'n (IC,) for some l,, > 0. Suppose also that Assumptions 5.1
and 5.3 hold. Then there exists ITv|,, € Pyp,., (Kn), such that

. hpin 1

(5.1) v =1l ga(r,) < O 1€0] ginn (k)5 lon 20,
for 0<q<lg,,

~ hsﬁn71/2
(52) ||’U—H’UHL2(8NTLQJ:L) S CWH@U”thn (Kn)s l/.gn > 1/2,
and

_ Skp—1/2
(53) ||’U — HU||L2(8/<TLH]:”) S C];,Zli—l/QHGUHHlK" (/Cn)’ lﬁn > 1/2,

with s,;, = min{p,, +1,l., }, and C > 0 a constant, depending on the shape regularity
of K., but independent of v, hy,, px,, and the number of faces per element.

Proof. The bound (5.1) can be proved in completely analogous fashion to the
bounds appearing in [13, 48]. The proof of (5.2) also follows using an anisotropic
version of the classical trace inequality (see, e.g., [27]) and (5.1) for ¢ = 0,1. We give
detailed proof for (5.3). By employing Assumption 2.1, relations (2.3), (2.4), the trace
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inequality over simplices, the arithmetic mean inequality, and (5.1), we have

Hv_ﬁvHiz(aﬁnm}‘H): Z H’U_ﬁv”iz(]—'\\)

FlCcokn
Pk, SINTD) he., o112
<Cp Y v = Tl 1,0y + p—HU = [|7, (1,501 (s7Y)
Fllcow, ~ " fon
h25,in—1
< C—— —1 HGUHHlW (Kn)? lrcn > 1/23

where the constant C' depends on the constant from the trace inequality and on Cj in
(2.3), but is independent of the discretization parameters and of the number of faces
per element; see [16, Lemma 1.49]. 0

Remark 5.6. Assumption 5.1 is the result of the use of the projector II onto the
space-time total degree P, elemental basis in the analysis. Nonetheless, we emphasize
that the dG scheme introduced in this work allows for the use of different types
of space-time bases over general-shaped space-time prismatic elements. For problems
with singularities in time, an anisotropic tensor-product space-time basis could be used
instead, while elements with a total degree P, basis would be used in spatiotemporal
regions where the solution is characterized by isotropic behavior.

5.2. Error-analysis. We first give an a priori error bound for the space-time
dG scheme (3.1) in the |||-|||s-norm, before using this bound to prove a respective
Lo(Lz)-norm a priori error bound.

THEOREM 5.7. Let Assumptions 2.1, 5.1, and 5.3 hold, and let u, € SP(U;T)
be the space-time dG approximation to the evact solution u € Lo(J;H'(2)) N
HY(J; H-Y(2)), with the discontinuity-penalization parameter given by (4.6), and sup-
pose that u|,, € H'"n (ky,), l., > 1, for each rk, € UXT, such that Culxc, € Hl» (K,,).
Then the following error bound holds:

ZSNH

h
(5.4) llu—uall < CZ gﬁn( Hnapnn)+Dﬁn(hﬁnapﬁn))”€u”mm (Kn)’
Kn€EUXT

where gnn (hnn , pnn) - /\;nl +)\nnpnn hnn +Pk., hnn +aﬁnpnn hnn +DPk., hnn max rilcox, 7
and

=2 3 -3 —1 4 -3 —1
(5.5) Dy, (N, s Pr,) = &5, <pnnh,{n Snax o + Dy e Smax o > ;

with s, = min{p, + 1,1:} and p, > 1. Here, the positive constant C is independent
of the discretization parameters, the number of faces per element, and u.

Proof. After noting that 7,, < creghw by assumption, an a priori bound can be
derived following similar methods to those in [11], where an a priori bound for general
second order linear problems is presented. However, we detail here a different treat-
ment of the trace terms to take advantages of the different mesh assumption used
here. Let p = u — ITu, with II the projector defined in Lemma 5.5. By employing
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relation (5.3) in approximation Lemma 5.5, we have

(5.6) / / oAl dsdt = 3 ol

Fllcgxr

255, —1

hi
<2 Z ( maX O')Hp||L2(aKnﬂf”)<C Z ( max 0—)7||GUHH1~71 Kn )7
Pty

Il
KnE€UXT Kn €U Flconn

the constant C' > 0 is independent of the number of faces per element. Bounds for
the remaining trace and inconsistency terms can be derived in a completely analogous
fashion to the respective result in [11]. 0

The above a priori bound holds without any assumptions on the relative size of
the spatial faces F', F' C Ok, and the number of faces of a given spatial polytopic
element k € T; i.e., elements with arbitrarily small faces and/or arbitrary number of
faces are permitted, as long as they satisfy Assumption 2.1.

Remark 5.8. For later reference, we note that Dy, (hs, , Px,, ), given in (5.5), esti-
mates the inconsistency part of the error; we refer the reader to [11] for details.

COROLLARY 5.9. Assume the hypotheses of Theorem 5.4 and consider uniform
elemental polynomial degrees p., = p > 1. Assume also that h = max., cyuxT P,
Sk, =8, and s =min{p+ 1,1}, I > 1. Then we have the bound

s—1
flu — uh“Lz(J;Hl(Qﬂ’)) < Opl—% ||U||Hl(JxQ),

for C > 0 constant, independent of u, up, and of the mesh parameters.

The above bound is, therefore, h-optimal and p-suboptimal by p'/2.
Next, we derive an error bound in the Lao(J; La(2))-norm using a duality argu-
ment. To this end, the backward adjoint problem of (2.1) is defined by
-0z —V-(aVz)=¢ in J x Q,

5.7
(5:7) Zlt=r =g onQ, and u=0 onJxIN.

Assume that g € H} () and ¢ € La(J; L2(£2)). Then we have
(5.8) 2 € Lo(J; H*(Q) N Lo (J; HY (), 04z € La(J; La(2)).
We assume that 2 and a are such that the parabolic regularity estimate
(5.9) 1211 2w (512 (@) + N2l Lorim2(0)) + 2] B2 (0,20 (20))

< Crll8llLa(:La2)) + 190 H2(02))

holds with the constant C, > 0 depending only on Q, T, and a; cf. [26, p. 360]
for smooth domains, and the parabolic regularity results can be extended to convex
domains by using the results in [30, Chapter 3].

ASSUMPTION 5.10. For any two d-dimensional spatial elements k, k' € T sharing
the same (d — 1)—face, we have

(5.10) max(hy, b)) < cpmin(hy, hyer),  max(pe,,, Per ) < ¢pmin(pe, , Prr )
form=1,...,N¢, ¢, >0, ¢, >0 constants, independent of the discretization param-
eters.
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THEOREM 5.11. Consider the setting of Theorem 5.7, and assume the parabolic
reqularity estimate (5.9) holds along with Assumption 5.10. Then we have the bound

2s
hi ™™
2 Rn
le = unllz, L0y < € mAX D, > i (Gen e pi)
HHEUXTPK"

+ Ds,, (hﬁnvpnn)) ”@uHiﬂm (Kn)?

with the constant C > 0, independent of u, up, of the discretization parameters, and
of the number of faces per element.

Proof. We set g =0 and ¢ = u — uy, in (5.7). Then

Ny
[|u— Uh||2L2(J;L2(Q)) = Z /1 —(Orz,u— up) + alz,u —up)dt
n=1""n

Ny—1
(5.11) = > (=) (w—un)y) + (2, (u = un)y,) = Blu— un, 2),

with z the solution to (5.7); cf. [55]. Now, using the inconsistent formulation, we have
[t = unllF, (0000 = Bu —un, 2) — R(z,u — up),

with R(v,w) = [, [.fa(Vv — II(Vv))} - [w] dsdt. Further, for any z;, € SP(U;T),
we have

B(u — up, z) = B(u — up, zn) — B(u — up, 21) = R(u, 1),

and also R(u, zp) = —R(u, z — zp,) since R(u,z) = 0. The above implies
(5.12) |lu — uh|\%2(J;L2(Q)) = B(u —un,z — zn) — R(z,u — up) — R(u, 2 — z3).

For brevity, we set e := u — uy, and 1 := z — z5,. For the first term on the right-hand
side of (5.12), using (4.8), we have

Ny
Bl < Y IN20uel N0l + Y [ lellallnllade
K €UXT n=1"1In

N;—1

+ > ledalllmt I + N [Himg I
n=1

N, N¢—1 3
(513) < < > Aljl\nl\inﬂL(Cﬁom)QZ/l lnllgdt+2 |77f{||2> lllellls-
n=1 n n=0

Kn€UXT
Let zp, € SP(U; T) be defined on each element k, €U X T by
e
il = { tqﬁﬂﬁz for p,, even,
wﬁHﬁHz for py, odd

for p := |25, with 7} denoting the Ly-orthogonal projection onto polynomials of

degree ¢ with respect to the time variable, and where flq is the projector defined in
Lemma 5.5 over d-dimensional spatial variables. Note that this choice ensures that
zp € SP (L{; T)
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We shall now estimate the terms involving 7 on the right-hand side of (5.13).
Recalling standard hp-approximation bounds (see, e.g., [36]), we have for r € {p, p+1}

X bl <2 30 a0 Hlle = w2, + bz — w2 2)

ceuUxT Kn €UXT
—1 Tg 2 hﬁ 2
<C Z Aen | 2106215, + €27, (1, 210
K €UXT P, Pr,
h2
(5.14) < Cmathn (||Z|H1 JiLo(@)) T max 2 ||ZHL2(J H?(Q)))

using the triangle inequality, the stability of the La-projection, Assumptions 5.1 and
5.10, and, finally, Theorem 5.4, respectively. Next, we have

N;—1 Ng—1
PP IDY (12 = mh2)d 12 + (b — btz )2)
n=0 k€T
Tn pmn -
<c Y (—||atz|zn+—|w;(z—nrz>||in)
Pk Tn
FnEUXT "
Tn
<Cc > (p—||3t2|in+ ||€Z|%2(J;H2(IC)))
FnEUXT Kn nkn
P, h2
(5.15) < CH;E:X o 1203 (72000 + max == D = |2112 a2 )

using an hp-version inverse estimate and working as before. Next, we have

Z/ Sivnlzat<2 S (IVG - w22, + IV(rhz - miil,2)2, )

In weT Kn €EUXT
2 hi 2
<C Y mllVal L izate) + 5 1€2 1212000
Kn €EUXT Pk,
2 P 12
(5.16) < Cmaxhy, 1202 o rme ) + max HHZ”LQ(J;H%Q)) ;
using similar arguments. Also, since [2] = 0 = [r}z], we have [z — 7L1I, 2] = 7&[2 —

flrz]] and the technique in (5.6); thus,

S [ [ebrasa= 3 ol i,

Fllcaxr

hi
<Cc > (;Iféaa)i U)pT"H@ZHiz(J;m(zc»
KnE€EUXT " Kn
h? 9
(5.17) < CH}ij » 22, rm2 @)

Kn

by Assumption 5.10.
Using (5.14), (5.15), (5.16), (5.17) into (5.13), along with (5.9), results in

(5.18) Ble,n) < CC, max ! *|[lellsllell a0 (0))-
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Moving on to the second term on the right-hand side of (5.12), we have
Ny
R(z,e) = Z/ /{{a(Vz —II5(Vz))} - [e] dsdt
T/ Jr

< <§;/jn/Fa‘ll{{a(Vz—Hz(VZ))}}Istdt>%Illellls-

To bound further R(z,e), it is sufficient to bound I+II instead, where
N, _
[— Z/I /an—w{{a(vz LI, (V2) } 2 s dt,
n=1 n

Ny
Z/J /F2U*1|{{al_[2(7r;1:[r(Vz)—Vz)}}|2dsdt.

To bound the term I, using Lemma 5.5 and working as before gives

II :

3/2
(5.19)

(H ”Lm(JHl(Q +||zHL2(JH2(Q)))

n

By using the inverse estimation Lemma 4.1 and the stability of Il5, and working
as above, we also have

(5.20) 1< Cmaxch, (213 sy ) + 1212 acrmsco )

Therefore, (5.19) and (5.20), together with (5.9), give

(5.21) R(z,€) < CCr max b2 lellslle £ za)-

Next, we bound the last term on the right-hand side of (5.12), which is given by

Ny
Rluyn) =Y /1 /F {a(Vhu — T (Vru)} - [] ds dt.

Using the Cauchy—Schwarz inequality and (5.17) yields

(Z/ / Y a(Viu—TIy(Vyu)) }}|2dsdt (Z/ /U[[n]]stdt)

B, h2ssn 1/2
(5.22) <CC, @{ax W||€|L2(J;L2(Q))< Z T Dy, (hNniplin)H@u”f'{ln‘n (ICn)> .
" p“n Kn€UXT pﬁ”
Combining (5.18), (5.21), and (5.22) with (5.12), the result follows. O

The La(J; L2(€2))-norm error bound in Theorem 5.11 is suboptimal with respect
to the mesh size h by half an order of h, and suboptimal in p by 3/2 an order. (Using
the same approach, the respective space-time tensor-product basis dG method can be
shown to be h-optimal and p-suboptimal by one order of p.) The numerical experi-
ments in the next section confirm the suboptimality in A for the proposed method, but
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at the same time they highlight its competitiveness with respect to standard (optimal)
methods.

An interesting further development would be the use of different polynomial de-
grees in space and in time as done, e.g., in [52, 56] in this context of total degree
space-time basis. The exploration of a number of index sets for space-time polyno-
mial basis, including this case, will be discussed elsewhere. Nevertheless, the above
proof of the Lo(J; L2(€2))-norm error bound would carry through, with minor modi-
fications only, for various choices of space-time basis function index sets.

6. Numerical examples. We shall present a series of numerical experiments
to investigate the asymptotic convergence behavior of the proposed space-time dG
method. We shall also make comparisons with known methods on space-time hexa-
hedral meshes, such as the tensor-product space-time dG method and the dG time-
stepping scheme combined with conforming finite elements in space. Furthermore, an
implementation using prismatic space-time meshes with polygonal bases is presented
and its convergence assessed. In all experiments we choose C, = 10. The polygonal
spatial mesh giving rise to the space-time prismatic elements is generated through the
PolyMesher MATLAB library [54]. The High Performance Computing facility ALICE
of the University of Leicester was used for the numerical experiments.

6.1. Example 1. We begin by considering a smooth problem for which ug and
f are chosen such that the exact solution u of (2.1) is given by

(6.1) u(z,y,t) = sin(207rt)6_5(@_0'5)24'(9_0'5)2) inJx

for J = (0,1) and Q = (0,1)2, and a(z,y,t) is the identity matrix. Notice that
the solution oscillates in time. To assess the convergence rate with respect to the
space-time mesh diameter h,,, on (quasi-)uniform meshes, we fix the ratio between
the spatial and temporal mesh sizes to be h, /7, = 10.

The convergence rate with respect to decreasing space-time mesh size h,, in three
different norms is given in Figure 4 for space-time prismatic elements with rectangular
bases (standard hexahedral space-time elements) and for prismatic meshes with quasi-
uniform polygonal bases; all computations are performed over 16, 64, 256, 1024, 4096
spatial rectangular or polygonal elements and for 40, 80, 160, 320, 640 time steps,

respectively.
The three plots on the left in Figure 4 show the rate of convergence for the
proposed dG scheme, using the P, basis for p =1,2,...,6, on each three-dimensional

space-time element against the total space-time degrees of freedom (Dofs). This will be
referred to as DG(P), for short, with “rect” meaning spatial rectangular elements and
“poly” referring to general polygonal spatial elements in the legends. The observed
rates of convergence are also given in the legends. The error appears to decay at
essentially the same rate for both rectangular and polygonal spatial meshes, with
very similar constants. Indeed, the DG(P) scheme appears to converge at an optimal
rate O(hP) in the Lo(J; HY(2,T))-norm for p = 1,2,...,6 (cf. Corollary 5.9), while
the convergence appears to be slightly suboptimal, O(hP*1/2) in the Lo(J; L2(9))-
and Loo(J; L2(€2))-norms. Nonetheless, the observed Lo (.J; L2(2))-norm convergence
rate is in accordance with the a priori bound of Theorem 5.11.

To assess whether this marginal deterioration in the h-convergence rates for the
DG(P) method is an acceptable trade-off with respect to the number of Dofs gained
by the use of a reduced cardinality space-time local elemental basis, we present a com-
parison between 4 different space-time schemes over rectangular space-time meshes in
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Fiac. 4. Ezample 1. DG(P) under h-refinement (left) and comparison with other methods
(right) for three different norms.

the right plots of Figure 4. More specifically, we compare the proposed DG(P) method
to the time-dG method with (1) discontinuous tensor-product space-time bases con-
sisting of Pp-basis in space (DG(PQ), for short), (2) full discontinuous tensor-product
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Q, basis in space (DG(Q), for short), and (3) the standard finite element method with
conforming tensor-product Q,, basis in space (FEM(Q), for short) [55, 47]. Unlike the
proposed DG(P) scheme, the three other methods achieve the optimal h-convergence
rate in the three different norms: O(hPT1) in the Lo(J; Lo(€2))- and Loo(J; La())-
norms and O(hP) in the Lo(J; H'(Q, T))-norm, respectively. Nevertheless, plotting
the error against the total Dofs, a more relevant measure of computational effort, we
see, for instance, that DG(P) with p = 2 uses fewer Dofs compared to the other three
methods with p = 1 to achieve the same level of accuracy, at least for relatively large
numbers of space-time elements. More pronounced gains are observed when compar-
ing DG(P) with p = 5,6 to the other methods with p = 4, across all mesh sizes and
error norms. Analogous results hold for DG(P) with p = 3,4.

Moving on to the p-version, Figure 5 shows the error for all four methods in the
three different norms for fixed space-time mesh size under p-refinement. The three
plots in the left column are with final time T' = 1, for fixed 64 spatial elements and
80 time steps. As expected, exponential convergence is observed since the solution to
(6.1) is analytic over the computational domain. However, the convergence slope for
DG(P) with both rectangular and polygonal spatial elements appears to be steeper
compared to the other three methods. Indeed, DG(P) achieves the same level of
accuracy for p > 3 with fewer Dofs in all three different norms.

The right three plots for the same computation run for a longer time interval with
final time T' = 40, that is, 3200 time steps. Since DG(P) uses fewer Dofs per space-
time element compared to the other three methods, the acceleration of p-convergence
for the DG(P) is expected to be more pronounced for long time computations. Again
DG(P) achieves the same level of accuracy with fewer Dofs for p > 3. For instance,
the total DG(P) Dofs for this problem are about 45 million when p = 9, compared
to about 53 million Dofs with p = 6 for FEM(Q), while the error for DG(P) is about
100 times smaller than the error of FEM(Q) in all three norms.

Next we investigate the convergence performance of the proposed approach against
a dG time-stepping spatially conforming finite element method with the cheaper con-
forming serendipity elements in space on hexahedral space-time meshes. Numerical
results under p-refinement are given in Figure 6, with FEM(Se) standing for the latter
method. We note that for d = 2 the cardinality of the local serendipity space equals
the cardinality of the Pp-basis plus two more Dofs. We observe that the convergence
slope of FEM(Se) is steeper than that of FEM(Q) and almost parallel to DG(PQ), but
it is still not steeper than the convergence slope of DG(P). We observe that DG(P)
with p = 7 gives a smaller error against Dofs than FEM(Se) with p = 6. Noting that
the serendipity basis in three dimensions uses considerably more Dofs compared to
the total degree P,-basis, it is expected that DG(P) will achieve a smaller error for
the same Dofs than FEM(Se) with lower order that 7 polynomials for d = 3.

Finally, we investigate the convergence performance of the proposed dG scheme
with anisotropic space-time P,-basis against a dG time-stepping spatially conforming
finite element method with anisotropic space-time Q,-basis on hexahedral space-time
meshes. Numerical results under p-refinement are given in Figure 7. Here, DG(AP)
uses a reduced space-time P, basis where the basis function with order p in the
temporal variable is removed, and FEM(AQ) uses the tensor-product space-time basis
with order p—1 in the temporal variable and Q,-basis on spatial variables. We observe
that the convergence slope of DG(AP) is steeper than that of FEM(AQ). DG(AP)
achieves the same level of accuracy with fewer degrees of freedom for p > 2.
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Fic. 5. Ezample 1. Convergence under p-refinement for T = 1 with 80 time steps (left) and
for T = 40 with 3200 time steps (right) for three different norms. For (left) figures, DG(P) with
p=1,...,9, DG(PQ) withp=1,...,8, DG(Q) and FEM(Q) withp=1,...,7.

6.2. Example 2. We shall now assess the performance of the hp-version of the
proposed method for a problem with initial layer. For a(x,y,t) being the identity
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Fic. 7. Ezample 1. Convergence under p-refinement for T = 1 with 80 time steps for two
different norms. For the above figures, DG(AP) withp =1,...,10 and FEM (AQ) withp=1,...,8.

matrix, ug and f are chosen so that the exact solution of (2.1) is given by

(6.2) u(zx,y,t) = t*sin(mx) sin(my)

inJ xQ

for J = (0,0.1) and Q = (0,1)%. We set a = 1/2, so that u € H'~¢(J; L2()) for all
€ > 0. This problem is analytic over the spatial domain, but has low regularity at t =
0. To achieve exponential rates of convergence, we use temporal meshes, geometrically
graded towards t = 0, in conjunction with temporally varying polynomial degree p,
starting, from p = 1 on the elements belonging to the initial time slab, and linearly
increasing p when moving away from ¢ = 0; see [49, 48, 47] for details. Following [47],
we consider a short time interval with 7' = 0.1. Let 0 < ¢ < 1 be the mesh grading
factor which defines a class of temporal meshes ¢, = ¢V " x 0.1 forn = 1,..., N. Let
also p be the polynomial order increasing factor determining the polynomial order
over different time steps by p,, := |un] for forn =1,..., N.
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Fic. 8. Ezample 2: Convergence under hp-refinement with fized p = 1.5 (left) and with fized
o = 0.1 (right) for three different norms.

The three plots in the left column in Figure 8 show the convergence history for
DG(P) and FEM(Q) for this problem. All computations are performed over 256
spatial elements with geometrically graded temporal meshes based on three different
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Fic. 9. Ezample 3. Hybrid triangular and rectangular mesh with 1516 elements (left). Polyg-
onal mesh with 349 elements (right).

grading factors o = 0.1,0.172,0.5 and fixed p = 1.5. The error for both DG(P) and
FEM(Q) appears to decay exponentially under the hp-refinement strategy described
above for all three grading factors considered. The choice of ¢ = 0.5 is motivated by
the meshes constructed in standard adaptive algorithms; o = 0.172 is classical in that
it was shown that it is the optimal grading factor for one-dimensional functions with
r®-type singularity [31, 32, 33], while 0 = 0.1 appears to be a better choice in the cur-
rent context. We also note that the convergence rate of DG(P) appears to be steeper
than FEM(Q) under the same mesh and polynomial distribution. Furthermore, per-
forming the same experiments on general polygonal spatial meshes, we observe that
the error decay does not appear to depend on the shape of the spatial elements. This
is expected, as the error in the time variable dominates in this example.

For completeness, we also report on how the choice of the polynomial order in-
creasing factor u influences the exponential error decay for DG(P) with fixed mesh
grading factor o = 0.1; these are given in the three right plots in Figure 8. For both
the La(J; La(Q))- and Lo(J; H (2, T))-norms, the results show that u = 1 gives the
fastest convergence, while 1 = 1.25 gives the fastest error decay in the Lo (J; L2(£2))-
norm.

6.3. Example 3. Finally, we consider an example with a rough boundary to
highlight the flexibility in domain approximation offered by the use of polytopic
meshes within the context of the proposed dG scheme. Let a(z,y,t) be the iden-
tity matrix and let f = 1. The domain €, illustrated in Figure 9, is constructed by
removing small triangular regions attached to the boundary of a square domain. We
set u =0 on 99, ult=o =0, and J = (0,1). The problem’s solution is not known. As
a reference solution, we shall use the DG(P) solution on a fine uniform mesh made of
15624 triangles and 256 time steps with p = 3.

We apply the proposed DG(P) scheme on two different meshes built as follows.
In both cases, we start from the reference uniform triangular mesh, fine enough to
resolve the small-scale structures on the boundary. Each mesh is iteratively coars-
ened, taking into consideration that the microstructures of the boundary need more
resolution than the interior of the domain. The first mesh is conforming and consists
of 616 triangles and 900 quadrilaterals; see Figure 9 (left). The second mesh is polyg-
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onal and is made up of 225 quadrilateral elements and 124 polygonal elements; see
Figure 9 (right). The second mesh achieves a similar resolution of the boundary with
an overall coarser subdivision of the computational domain. Note that here the square
elements neighboring the finer polygonal elements in the second mesh are treated as
polygons with more than four faces, some of which are collinear, rather than tradi-
tional square elements with hanging nodes. Numerical results obtained with these
two meshes for 16 and 32 time steps are reported in Table 1. For the first mesh,
linear basis functions are used, while for the second, polygonal, mesh quadratic basis
functions are employed. We observe that the polygonal mesh is more accurate using
a smaller number of Dofs. We note that the error is dominated by the spatial error
in the vicinity of the boundary, as can be seen by comparing the results obtained
with 16 and 32 time steps, respectively. These results suggest that the use of general
meshes and appropriate polynomial spaces may have the potential to achieve the same
level of accuracy with fewer Dofs, as they permit a more aggressive grading towards
complicated features of the computational domain.

TABLE 1
Ezxzample 3. Numerical results corresponding to the meshes of Figure 9.

Mesh and basis 349 elements P2 basis 1516 elements P1 basis
Time steps n =16 n =32 n =16 n =32
Total degrees of freedom 55840 111680 97024 194048

fu—wnllLy(sina(e) | 2:2445e-04 | 1.8833e-04 | 1.0661e-03 | 7.4505e-04
lw = unllpyrimory | 9-8263e-03 | 9.7722e:03 | 1.3131e-02 | 1.0131e-02

Acknowledgment. The authors wish to express their gratitude to Oliver Sutton
(University of Leicester) for his help in generating agglomerated meshes.
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